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❆❜str❛❝t✳ ❲❡ st✉❞② ❛ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ♥❡✇ st❛❜✐✲
❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈✐s❝♦✉s t❡r♠✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t ❛❧❧♦✇s ✉s t♦ r❡❝♦✈❡r✱ ❛s t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r
t❡♥❞s t♦✇❛r❞s ✐♥✜♥✐t②✱ s♦♠❡ st❛❜❧❡ ❛♥❞ ✇❡❧❧✲❦♥♦✇♥ ♥♦♥❝♦♥❢♦r♠✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❙t♦❦❡s
♣r♦❜❧❡♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡✜♥❡ ❛♥ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r✱ ❜❛s❡❞ ♦♥ t❤❡ r❡✲
❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ H(div)✲t❡♥s♦r✳ ❆♥ ❛ ♣r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s ✐s ❛❧s♦ ❝❛rr✐❡❞ ♦✉t✱
②✐❡❧❞✐♥❣ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ◆✉♠❡r✐❝❛❧ t❡sts ✐❧❧✉str❛t✐♥❣ t❤❡ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ r♦❜✉st♥❡ss ♦❢
t❤❡ s❝❤❡♠❡ ❛r❡ ♣r❡s❡♥t❡❞✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ✐♥t❡r❡st ✐♥ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ✭❞●✮ ❛♥❞ t❤❡ ❧✐t❡r❛t✉r❡
❜❡❝❛♠❡ q✉✐t❡ ✐♠♣r❡ss✐✈❡✱ t❤❛t ✐t ✇♦✉❧❞ ❜❡ ✐♠♣♦ss✐❜❧❡ t♦ ♠❡♥t✐♦♥ ❤❡r❡ ❛❧❧ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s✳ ❋♦r ❛
✉♥✐✜❡❞ ♣r❡s❡♥t❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ❡①✐st✐♥❣ ❞● ♠❡t❤♦❞s ❢♦r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ✇❡ r❡❢❡r t♦ ❬✷❪✳

❖✉r ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❙t♦❦❡s ❡q✉❛t✐♦♥s ❢♦❧❧♦✇s t❤❡ s②♠♠❡tr✐❝ ✐♥t❡r✐♦r ♣❡♥❛❧t② ♠❡t❤♦❞ ❢♦r ❡❧❧✐♣t✐❝
♣r♦❜❧❡♠s ♦❢ ❬✶❪✱ ✇❤✐❝❤ ❡♥s✉r❡s ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♦♣t✐♠❛❧✲♦r❞❡r ❡rr♦r
❡st✐♠❛t❡s✳ ■t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❜② ●✐r❛✉❧t✱ ❘✐✈✐èr❡ ❛♥❞
❲❤❡❡❧❡r ❬✶✼❪✳ ❚❤❡ ✈❡❧♦❝✐t② ✐s ❧♦♦❦❡❞ ❢♦r ✐♥ P k ❛♥❞ t❤❡ ♣r❡ss✉r❡ ❜❡❧♦♥❣s t♦ Pk−1✱ ✇✐t❤ 1 ≤ k ≤ 3✳
❚❤❡ ❡♠♣❧♦②❡❞ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✐s ❛ ♣❡♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣s ♦❢ t❤❡ ✈❡❧♦❝✐t✐❡s ❛❝r♦ss t❤❡ ❡❞❣❡s✱
♣❡♥❛❧✐③✐♥❣ t❤❡ ♥♦♥❝♦♥❢♦r♠✐t② ♦❢ t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥✳ ■♥st❡❛❞✱ ✇❡ ♣r♦♣♦s❡ t♦ ♣❡♥❛❧✐③❡ t❤❡ L2✲
♣r♦❥❡❝t✐♦♥ ♦♥ Pk−1 ♦❢ t❤❡ ❥✉♠♣s✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ✐❞❡❛ ♦❢ ❍❛♥s❜♦ ❛♥❞ ▲❛rs♦♥ ❬✶✾❪ ❢♦r t❤❡ ❡❧❛st✐❝✐t②
♣r♦❜❧❡♠✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♣r❡s❡♥ts t✇♦ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s✳

❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞● ❢♦r♠✉❧❛t✐♦♥ t❡♥❞s✱ ❛s t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r γ
❣♦❡s t♦ ✐♥✜♥✐t②✱ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P k × Pk−1 ♥♦♥❝♦♥❢♦r♠✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s
♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ st❛❜❧❡ ❢♦r 1 ≤ k ≤ 3✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥❢✲s✉♣ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❡♥❡r❣② ♥♦r♠ ♦❢ ♦✉r ♠❡t❤♦❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ γ ✇❤❡r❡❛s t❤❛t ♦❢ ❬✶✼❪ ✐s O(1/

√
γ)✳ ❚❤❡r❡❢♦r❡✱

❝♦♥tr❛r✐❧② t♦ ❬✶✼❪✱ ♦✉r ♠❡t❤♦❞ ✐s r♦❜✉st ❢♦r ❧❛r❣❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs❀ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s
❤✐❣❤❧✐❣❤t❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ◆♦t❡ t❤❛t ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ k ≤ 3✱ s✐♥❝❡ ❢♦r
k ≥ 4 ✐t ✐s ❦♥♦✇♥ ✭❝❢✳ ❬✷✼❪ ✮ t❤❛t P cont

k × P disc
k−1 ✐s ❛ st❛❜❧❡ ♣❛✐r ♦❢ s♣❛❝❡s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✱

♣r♦✈✐❞❡❞ t❤❛t s♣❡❝✐❛❧ ♠❡s❤ ❝♦♥str✉❝t✐♦♥s ❛r❡ ❛✈♦✐❞❡❞✳
❙❡❝♦♥❞✱ ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ✈❡❝t♦r ❛♣♣r♦①✲

✐♠❛t✐♦♥ ✐♥ t❤❡ ❘❛✈✐❛rt✲❚❤♦♠❛s s♣❛❝❡ RTk−1✱ ✇❤✐❝❤ ✐s ❢✉rt❤❡r ✉s❡❞ t♦ ❞❡✜♥❡ ❛ s✐♠♣❧❡ ❛ ♣♦st❡r✐♦r✐
❡rr♦r ❡st✐♠❛t♦r ❢♦r t❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❚❤✐s ❢❡❛t✉r❡ ✐s ♥❡✇ ❛s r❡❣❛r❞s t❤❡ ❞● ❛♣♣r♦①✐✲
♠❛t✐♦♥s ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✱ t❤♦✉❣❤ ✐t ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❜② ❑✐♠ ❬✷✶❪ ❢♦r t❤❡ ▲❛♣❧❛❝❡
♦♣❡r❛t♦r✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❝❛s❡ k = 1 ✇❡ s❤♦✇ t❤❛t t❤❡ ❛ ♣♦st❡r✐♦r✐ ❞● ❡rr♦r ✐♥❞✐❝❛t♦r t❡♥❞s✱ ❛s
γ → ∞✱ t♦✇❛r❞s t❤❡ ❡rr♦r ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ♥♦♥❝♦♥❢♦r♠✐♥❣ ❈r♦✉③❡✐①✲❘❛✈✐❛rt ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❘❡❝❡♥t ✇♦r❦s ♦♥ t❤❡ H(div) ✢✉① r❡❝♦♥str✉❝t✐♦♥ ✐♥ ✈✐❡✇ ♦❢ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s
✐♥❝❧✉❞❡ ❬✷✸❪ ❢♦r ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❛♥❞ ❬✶✸❪ ❢♦r ❞● ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s❀
♥♦t❡ t❤❛t ✐♥ t❤❡ ❧❛tt❡r✱ t❤❡ r❡❝♦♥str✉❝t❡❞ ✢✉① ❜❡❧♦♥❣s t♦ ❛ ❧❛r❣❡r s♣❛❝❡ t❤❛♥ ♦✉rs✱ t❤❛t ✐s RTk✳

❲❡ ❛❧s♦ ❞✐s❝✉ss ✐♥ t❤✐s ♣❛♣❡r ❛♥♦t❤❡r ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ✇r✐tt❡♥
✐♥ t❡r♠s ♦❢ t❤❡ str❛✐♥ r❛t❡ t❡♥s♦r ✐♥st❡❛❞ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t②✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✐ts ❞● ✈❡rs✐♦♥ ❛♥❞ ❛ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✱ ❛❧❧♦✇✐♥❣ t♦ r❡❝♦✈❡r t❤❡ str❡ss
t❡♥s♦r ✐♥ ❛♥ ♦❜✈✐♦✉s ✇❛②✳ ❖♥❡ ♠❛② t❤❡♥ ❜❡ ❛❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ ✐t t♦ ♥♦♥✲◆❡✇t♦♥✐❛♥ ✢✉✐❞s ♦r t♦ ✐♠♣♦s❡

✶



✷

♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ♥♦r♠❛❧ str❡ss✳ ■♥ ♦r❞❡r t♦ r❡tr✐❡✈❡ ❛ ❞✐s❝r❡t❡ ❑♦r♥✬s t②♣❡
✐♥❡q✉❛❧✐t② ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❧♦❝✐t✐❡s ✭❝❢✳ ❬✻❪ ♦r ❬✷✹❪✮✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛❞❞✐t✐♦♥❛❧ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✐♥
t❤❡ ❝❛s❡ k = 1✳ ❚❤❡ ❞● ♠❡t❤♦❞ t❤✉s ♦❜t❛✐♥❡❞ s❡❡♠s t♦ ❜❡ ♥❡✇✱ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ♠♦r❡
❝♦♠♣❧❡① ❝♦♥st✐t✉t✐✈❡ ❧❛✇s ✐♥✈♦❧✈✐♥❣ ♥♦♥❧✐♥❡❛r ❛♥❞✴♦r ❝♦♥✈❡❝t✐✈❡ t❡r♠s✳ ❆♥♦t❤❡r ✈❡❧♦❝✐t②✲♣r❡ss✉r❡✲
str❡ss ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ st❛t✐♦♥❛r② ❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✹❪✱ ✇❤❡r❡ ❛♥ ❛✉❣♠❡♥t❡❞
♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✐s st✉❞✐❡❞✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❞✐s❝r❡t✐③❛t✐♦♥s ❛r❡ ✇❡❧❧✲♣♦s❡❞
❛♥❞ ②✐❡❧❞ ♦♣t✐♠❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥✜r♠❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳

▲❡t ✉s ❛❧s♦ ❝✐t❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s
❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❞❡✈❡❧♦♣❡❞ ❜② ❇❛ss✐ ❛♥❞ ❘❡❜❛② ❬✹❪✱ ❬✸❪ ❛♥❞ ❈♦❝❦❜✉r♥ ❡t ❛❧✳ ❬✾❪✱ ❬✽❪✳
❚❤❡② ❛❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛s ❛ t❤✐r❞ ✈❛r✐❛❜❧❡ ❜✉t t❤❡② ❞✐s❝r❡t✐③❡ ✐t ❜② ♠❡❛♥s
♦❢ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ✢✉①❡s✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❬✹❪✱ t❤❡ ✉s✉❛❧ ♦♥❡ ✭❝❢✳ ❬✶❪✮ ❛♥❞
♦✉rs ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

❆ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ✇♦r❦ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥st❛t✐♦♥❛r② ❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ ❞❡✲
✈❡❧♦♣✐♥❣ ❛ s♣❛❝❡✲t✐♠❡ ❞● ❛❧❣♦r✐t❤♠✳ ■♥ ❬✷✽❪✱ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞ ❢♦r t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t
❖s❡❡♥ ❡q✉❛t✐♦♥s✱ ❜② ✉s✐♥❣ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ s♣❛❝❡s ♦♥ t❤❡ s♣❛❝❡✲t✐♠❡ ❞♦♠❛✐♥✳ ❚❤❡✐r ❞● ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✈✐s❝♦✉s t❡r♠ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs ❛♥❞ ✉s❡s t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬✸❪✱ ❜❛s❡❞ ♦♥ t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❛rt✐✜❝✐❛❧ ✢✉①✳ ❖♥❡ ❝♦✉❧❞ t❤❡♥ ❛♣♣❧② t❤❡ ❞● t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❬✷✽❪ t♦❣❡t❤❡r
✇✐t❤ ♦✉r s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚✇♦ ♦t❤❡r ❡①t❡♥s✐♦♥s✱ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t♦
t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❛r❡ ❜r✐❡✢② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠ ❛♥❞ t❤r❡❡ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧
❢♦r♠✉❧❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❛♥❞ ❙❡❝t✐♦♥ ✸✱ r❡s♣❡❝t✐✈❡❧②✳ ❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❤✐❧❡ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss
♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠s✳ ■♥ ❙❡❝t✐♦♥ ✻✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♦✉r ❞● ♠❡t❤♦❞ ❛♥❞ s♦♠❡ ✇❡❧❧✲
❦♥♦✇♥ ♥♦♥❝♦♥❢♦r♠✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐s ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✼ ✐s ❞❡✈♦t❡❞
t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s✳ ◆❡①t✱ ❛ s✐♠♣❧❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r ✐s
✐♥tr♦❞✉❝❡❞ ❛♥❞ ✐ts ❡✣❝✐❡♥❝② ❛♥❞ r❡❧✐❛❜✐❧✐t② ❛r❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳ ❋✐♥❛❧❧②✱ s♦♠❡ ❡①t❡♥s✐♦♥s ❛r❡
❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✾ ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✳

✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r♦❜❧❡♠ s❡tt✐♥❣

❲❡ ❛❣r❡❡ t♦ ✇r✐t❡ t❤❡ ✈❡❝t♦rs ✐♥ ❜♦❧❞ ❧❡tt❡rs ❛♥❞ t❤❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs ✐♥ ✉♥❞❡r❧✐♥❡❞ ❧❡tt❡rs✱
τ = (τij)1≤i,j≤2 ❀ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ t❡♥s♦rs ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ✿

τ : σ = τijσij .

❋♦r ❛ ❣✐✈❡♥ ❍✐❧❜❡rt s♣❛❝❡ V ✱ ✇❡ ♣✉t V = {v = (v1, v2); vi ∈ V, 1 ≤ i ≤ 2} = V × V ✱ r❡s♣❡❝t✐✈❡❧②
V = {τ = (τij); τij ∈ V, 1 ≤ i, j ≤ 2} ✳ ❲❡ ❡♠♣❧♦② ✐♥ t❤✐s ♣❛♣❡r t❤❡ s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥ ♦❢
❊✐♥st❡✐♥ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② t❤❡ ❧❡tt❡r c ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♣❛r❛♠❡t❡r h✳ ❋♦r ❛♥② k ∈ N✱ ✇❡ ❞❡♥♦t❡ ❜② Pk t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦♥ R

2 ♦❢ t♦t❛❧ ❞❡❣r❡❡ ≤ k✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ Ω ❞❡♥♦t❡s ❛ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ♦❢ R

2✳ ❲❡ ✉s❡ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥s ✿ Hm(Ω) ✐s t❤❡
❙♦❜♦❧❡✈ s♣❛❝❡ ♦❢ ♦r❞❡r m ∈ N✱ ‖·‖m,Ω ❛♥❞ |·|m,Ω ❛r❡ ✐ts ✉s✉❛❧ ❍✐❧❜❡rt ♥♦r♠✱ r❡s♣❡❝t✐✈❡❧② s❡♠✐✲♥♦r♠✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st❛t✐♦♥❛r② ❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ st❡❛❞② ✢♦✇ ♦❢ ❛♥ ✐♥❝♦♠✲
♣r❡ss✐❜❧❡ ◆❡✇t♦♥✐❛♥ ✢✉✐❞ ❛t ❧♦✇ ❘❡②♥♦❧❞s ♥✉♠❜❡rs✳ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ✿ t❤❡ ♠♦♠❡♥t✉♠
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇

−∇ · (τ − pI) = f ,

t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇
∇ · u = 0

❛♥❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ♦❢ ❛ ◆❡✇t♦♥✐❛♥ ✢✉✐❞

τ = 2µD(u).

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

u = g ♦♥ ∂Ω.



✸

❍❡r❡ ❛❜♦✈❡✱ τ ❞❡♥♦t❡s t❤❡ ✈✐s❝♦✉s str❡ss t❡♥s♦r✱ p t❤❡ ♣r❡ss✉r❡✱ µ t❤❡ ✢✉✐❞✬s ✈✐s❝♦s✐t② ✭s✉♣♣♦s❡❞
t♦ ❜❡ ❝♦♥st❛♥t✮ ❛♥❞ D(u) t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❡♥s♦r✱ ❣✐✈❡♥ ❜②

D(u) =
1

2

(

∇u+ (∇u)t
)

✇✐t❤ u t❤❡ ✢✉✐❞✬s ✈❡❧♦❝✐t②✳ ❚❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛r❡ f ∈ L2(Ω) ❛♥❞ g ∈H1/2(∂Ω)✳

✸✳ ❚❤r❡❡ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤r❡❡ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞❛r②
✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❧❡t ug ∈ H1(Ω) ❜❡ ❛

❝♦♥t✐♥✉♦✉s ❧✐❢t✐♥❣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t❛ g ∈H1/2(∂Ω)✱ s✉❝❤ t❤❛t ✿

ug = g ♦♥ ∂Ω ❛♥❞ ‖ug‖1,Ω ≤ c ‖g‖1/2,∂Ω .

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ✈❡❧♦❝✐t②✲♣r❡ss✉r❡ ❢♦r♠✉❧❛t✐♦♥✱ ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ τ ✳ ❚❤❡
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿







−µ∆u+ ∇p = f ✐♥Ω
∇ · u = 0 ✐♥Ω
u = g ♦♥ ∂Ω

❛♥❞ ✐ts ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐s ✿

✭✶✮







(u, p) ∈ (ug +H1(Ω)) × L2
0(Ω)

a(u, v) + b(p,v) = l(v) ∀v ∈H1
0(Ω)

b(q,u) = 0 ∀q ∈ L2
0(Ω),

✇❤❡r❡ t❤❡ ❜✐❧✐♥❡❛r ❛♥❞ t❤❡ ❧✐♥❡❛r ❢♦r♠s ❛r❡ ❞❡✜♥❡❞ ❜②

a(u,v) = µ

∫

Ω
∇u : ∇vdx,

b(p,v) = −
∫

Ω
p∇ · vdx,

l(v) =

∫

Ω
f · vdx.

❙❡❝♦♥❞✱ ✇❡ ✉s❡ t❤❛t ∆u = 2divD(u) ❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ✿

✭✷✮







(u, p) ∈ (ug +H1(Ω)) × L2
0(Ω)

c(u, v) + b(p,v) = l(v) ∀v ∈H1
0(Ω)

b(q,u) = 0 ∀q ∈ L2
0(Ω)

✇✐t❤

c(u,v) = 2µ

∫

Ω
D(u) : D(v)dx.

❲❡ ❤❛✈❡ ✉s❡❞ t❤❛t t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ ❛ s②♠♠❡tr✐❝ ❛♥❞ ❛♥ ❛♥t✐✲s②♠♠❡tr✐❝ t❡♥s♦r ✈❛♥✐s❤❡s✱ ✐✳❡✳
∫

Ω
D(u) : ∇vdx =

∫

Ω
D(u) : D(v)dx.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ✉♥❦♥♦✇♥s (τ ,u, p) ✿














−divτ + ∇p = f ✐♥ Ω
∇ · u = 0 ✐♥ Ω

τ − 2µD(u) = 0 ✐♥ Ω
u = g ♦♥ ∂Ω.



✹

■ts ✇❡❛❦ ❢♦r♠ ✐s ❣✐✈❡♥ ❜②

✭✸✮















(u, p, τ) ∈ (ug +H1(Ω)) × L2
0(Ω) × X

b(p,v) + d(τ ,v) = l(v) ∀v ∈H1
0(Ω)

b(q,u) = 0 ∀q ∈ L2
0(Ω)

d(θ,u) − e(θ, τ) = 0 ∀θ ∈ X,

✇❤❡r❡

d(τ ,v) =

∫

Ω
τ : D(v)dx

e(θ, τ) =
1

2µ

∫

Ω
θ : τdx

❛♥❞ ✇❤❡r❡

X = {θ = (θij)1≤i,j≤2; θij = θji, θij ∈ L2(Ω), i, j = 1, 2} .

◆♦t❡ t❤❛t t❤❡ s②♠♠❡tr② ♦❢ t❤❡ str❡ss t❡♥s♦r ✐s str♦♥❣❧② ✐♠♣♦s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ X✳

❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ✇❡❧❧ ❦♥♦✇♥✳ ❲❡ r❡❢❡r
❢♦r ✐♥st❛♥❝❡ t♦ ❬✶✻❪ ❢♦r t❤❡ ✜rst t✇♦ ❢♦r♠✉❧❛t✐♦♥s✱ ✇❤❡r❡❛s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✷✮✳
■♥❞❡❡❞✱ ✐❢ (u, p) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✮ t❤❡♥ (u, p, 2µD(u)) s❛t✐s✜❡s ✭✸✮✱ ✇❤✐❝❤ s❤♦✇s t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r ✭✸✮❀ r❡❝✐♣r♦❝❛❧❧②✱ ✐❢ (u, p, τ) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✮ t❤❡♥ (u, p) s❛t✐s✜❡s ✭✷✮
❛♥❞ τ = 2µD(u)✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ✉♥✐q✉❡♥❡ss✳

❚❤❡ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✐s ✉s❡❢✉❧ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✢♦✇ ♦❢ ♥♦♥✲◆❡✇t♦♥✐❛♥ ✢✉✐❞s✱ ✇❤✐❝❤
✐s ♦✉r ❢✉rt❤❡r ❣♦❛❧✳ ■♥❞❡❡❞✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ s✉❝❤ ✢✉✐❞s ♦♥❡ ❝❛♥♥♦t ❡❧✐♠✐♥❛t❡ t❤❡ str❡ss t❡♥s♦r ❜②
♠❡❛♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✱ ❛♥❞ ❤❡♥❝❡ ♦♥❡ ❞❡❛❧s ✇✐t❤ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❛t ❧❡❛st t❤r❡❡
✉♥❦♥♦✇♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡❞ ❛❧❧♦✇s ✉s
t♦ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥s ♦❢ ✭✸✮ ❛♥❞ ✭✷✮✳ ❚❤✐s✱ ✐♥ ♦✉r ♦♣✐♥✐♦♥✱ ❥✉st✐✜❡s
t❤❡ ✐♥t❡r❡st ♦❢ t❤❡ t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✭✷✮✳

❆♥♦t❤❡r ❥✉st✐✜❝❛t✐♦♥ ✐s r❡❧❛t❡❞ t♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ◆❡✉♠❛♥♥✬s t②♣❡ ✿ ✐♥ ✭✶✮✱ ♦♥❡ ❤❛s
t♦ ✐♠♣♦s❡ (∇u)n ♦♥ t❤❡ ❜♦✉♥❞❛r② ✇❤❡r❡❛s ✐♥ ✭✷✮✱ ♦♥❡ ❤❛s t♦ ♣r❡s❝r✐❜❡ D(u)n ✭✐✳❡✳✱ τn ✐♥ t❤❡
◆❡✇t♦♥✐❛♥ ❝❛s❡✮ ✇❤✐❝❤ ✐s ♠♦r❡ ♠❡❛♥✐♥❣❢✉❧ ❢r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳

✹✳ ❉✐s❝r❡t✐③❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❉● ♠❡t❤♦❞s

✹✳✶✳ Pr❡❧✐♠✐♥❛r② ♥♦t❛t✐♦♥s ❛♥❞ r❡s✉❧ts✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t Ω ✐s ❛ ♣♦❧②❣♦♥❛❧ ❞♦♠❛✐♥✳

▲❡t (Th)h>0 ❜❡ ❛ r❡❣✉❧❛r ❢❛♠✐❧② ♦❢ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ Ω ❝♦♥s✐st✐♥❣ ♦❢ tr✐❛♥❣❧❡s ✿ Ω =
⋃

T∈Th

T. ❲❡ ❛❣r❡❡

t♦ ❞❡♥♦t❡ ❜② εint
h t❤❡ s❡t ♦❢ ✐♥t❡r♥❛❧ ❡❞❣❡s ♦❢ Th✱ ❜② ε∂

h t❤❡ s❡t ♦❢ ❡❞❣❡s s✐t✉❛t❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②

∂Ω ❛♥❞ ❜② εh t❤❡ s❡t ♦❢ ❛❧❧ ❡❞❣❡s ♦❢ Th✱ εh = εint
h ∪ ε∂

h✳ ❆s ✉s✉❛❧❧②✱ ❧❡t hT ❜❡ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡
tr✐❛♥❣❧❡ T ❛♥❞ ❧❡t h = max

T∈Th

hT ✳

❖♥ ❡✈❡r② ❡❞❣❡ e ❜❡❧♦♥❣✐♥❣ t♦ εint
h ✱ s✉❝❤ t❤❛t {e} = ∂T1 ∩ ∂T2✱ ✇❡ ❞❡✜♥❡ ♦♥❝❡ ❢♦r ❛❧❧ t❤❡ ✉♥✐t

♥♦r♠❛❧ ne ♦r✐❡♥t❡❞ ❢r♦♠ T1 t♦✇❛r❞s T2✳ ❚❤❡♥✱ ❢♦r ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ϕ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛✈❡r❛❣❡ ❛♥❞
t❤❡ ❥✉♠♣ ❛❝r♦ss t❤❡ ❡❞❣❡ e ❛s ❢♦❧❧♦✇s ✿

[ϕ] = ϕ/T1
− ϕ/T2

,

{ϕ} =
1

2

(

ϕ/T1
+ ϕ/T2

)

.

■❢ e ✐s s✐t✉❛t❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω✱ ✇❡ ❛❣r❡❡ t♦ t❛❦❡ ❛s ne t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ n❀ ✐♥ t❤✐s ❝❛s❡✱
t❤❡ ❥✉♠♣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ ϕ ❛r❡ ❡q✉❛❧ t♦ t❤❡ tr❛❝❡ ♦❢ ϕ ♦♥ e✳

❲❡ ❛❣r❡❡ t♦ ❞❡♥♦t❡ t❤❡ L2(e)✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ϕ ∈ L2(e) ♦♥ t❤❡ ♣♦❧②✲
♥♦♠✐❛❧ s♣❛❝❡ Pk ✭k ∈ N✮ ❜② πkϕ✳



✺

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ t❛❦❡ k = 1✱ 2 ♦r 3 ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ✿

V h =
{

vh ∈ L2(Ω); (vh)/T ∈ P k, ∀T ∈ Th

}

,

Qh =
{

qh ∈ L2
0(Ω); (qh)/T ∈ Pk−1, ∀T ∈ Th

}

,

Xh =
{

θh ∈ X; (θh)/T ∈ P k−1, ∀T ∈ Th

}

.

▲❡t ✉s ♥❡①t r❡❝❛❧❧ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ s♣❛❝❡s V h ❛♥❞ Qh ✭s❡❡ ❛❧s♦ ❬✶✼❪✮✳ ❋♦r
❡❛❝❤ k = 1, 2, 3✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs ih ∈ L(L2

0(Ω);Qh) ❛♥❞
Ih ∈ L(H1(Ω);V h) s✉❝❤ t❤❛t✱ ❢♦r ❛♥② T ∈ Th ❛♥❞ ❛♥② e ∈ εh✱ ♦♥❡ ❤❛s ✿

∫

T
r(ihq − q)dx = 0, ∀r ∈ Pk−1, ∀q ∈ L2

0(Ω)✭✹✮

❛♥❞
∫

T
r∇ · (Ihv − v)dx = 0, ∀r ∈ Pk−1, ∀v ∈H1(Ω)

∫

e
r · [Ihv]ds = 0, ∀r ∈ P k−1, ∀v ∈H1

0(Ω).✭✺✮

▼♦r❡♦✈❡r✱ ❢♦r s ∈ [0, k] t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡s ❤♦❧❞ ✿

∀q ∈ L2
0(Ω) ∩ Hs(Ω), ‖q − ihq‖0,T ≤ Chs

T |q|s,T
∀v ∈Hs+1(Ω), |v − Ihv|1,T ≤ Chs

T |v|s+1,∆T
✭✻✮

✇❤❡r❡ ∆T ✐s ❛ s✉✐t❛❜❧❡ ♠❛❝r♦✲❡❧❡♠❡♥t ❝♦♥t❛✐♥✐♥❣ T ✳ ❚❤❡ ❝❛s❡ k = 1 ❢♦❧❧♦✇s ❢r♦♠ ❬✶✶❪ ✭✇✐t❤ ∆T = T ✮✱
k = 2 ❢r♦♠ ❬✶✺❪ ❛♥❞ k = 3 ❢r♦♠ ❬✶✵❪✳

▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ (H1(Ω) + V h) × (H1(Ω) + V h) r❡♣r❡s❡♥t✐♥❣ ♦✉r ♥❡✇
st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✿

✭✼✮ J(u,v) = µ
∑

e∈εh

1

|e|

∫

e
[πk−1u] · [πk−1v]ds.

◆♦t❡ t❤❛t J(u,v) = 0 ❢♦r ❛♥② u ∈H1
0(Ω)✳

❋✐♥❛❧❧②✱ ❧❡t | · |1,h ❞❡♥♦t❡ t❤❡ H1✲ ❜r♦❦❡♥ s❡♠✐✲♥♦r♠✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

| v |1,h=





∑

T∈Th

‖∇v‖2
0,T





1/2

, ∀v ∈H1(Ω) + V h

❛♥❞ ❧❡t ✉s ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐✲♥♦r♠ ♦♥ H1(Ω) + V h✿

‖|v|‖ =
(

µ|v|21,h + γJ(v,v)
)1/2

✇❤❡r❡ γ > 0 ✐s ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡♥ ✇❡ ❝❛♥ ♣r♦✈❡ ✿

▲❡♠♠❛ ✹✳✶✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ v →‖| v |‖ ✐s ❛ ♥♦r♠ ♦♥ V h✳

Pr♦♦❢✳ ▲❡t v ∈ V h s✉❝❤ t❤❛t |v|1,h = J(v,v) = 0. ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐t ❢♦❧❧♦✇s t❤❛t v ✐s ♣✐❡❝❡✇✐s❡
❝♦♥st❛♥t ♦♥ ❡✈❡r② tr✐❛♥❣❧❡ T ∈ Th ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ❣❡ts t❤❛t [πk−1v] = 0 ♦♥ ❡✈❡r② ❡❞❣❡
e ∈ εh ✭k = 1, 2, 3)✳ ❚❤❡ ❧❛st ❛ss❡rt✐♦♥ tr❛♥s❧❛t❡s ✐♥t♦ ✿

∫

e
[v] · rds =

∫

e
[πk−1v] · rds = 0, ∀r ∈ P k−1 ❛♥❞ ∀e ∈ εh.

❍❡♥❝❡✱ v ✐s ❝♦♥t✐♥✉♦✉s✱ r❡s♣❡❝t✐✈❡❧② ③❡r♦ ❛t t❤❡ k ●❛✉ss ♣♦✐♥ts ♦❢ ❛♥② ❡❞❣❡ e ∈ εint
h ✱ r❡s♣❡❝t✐✈❡❧②

e ∈ ε∂
h✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r♦♣❡rt② v ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t✱ ✐t ✐♠♣❧✐❡s t❤❛t v = 0 ♦♥ Ω✱ ✇❤✐❝❤

❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳



✻

✹✳✷✳ ❋✐rst t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♥❡①t ❞✐s❝r❡t❡ ❞● ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✶✮✱ ✇❤❡r❡
◆✐ts❝❤❡✬s ♠❡t❤♦❞ ✭❝❢✳ ❬✷✺❪✮ ✐s ❡♠♣❧♦②❡❞ ✐♥ ♦r❞❡r t♦ tr❡❛t t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✿

✭✽✮







(uh, ph) ∈ V h × Qh

ah(uh,vh) + bh(ph,vh) = lh(vh) ∀vh ∈ V h

bh(qh,uh) = gh(qh) ∀qh ∈ Qh.

❚❤❡ ❜✐❧✐♥❡❛r✱ r❡s♣❡❝t✐✈❡❧② ❧✐♥❡❛r ❢♦r♠s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

ah(·, ·) = A0(·, ·) + A1(·, ·) + γJ(·, ·)

A0(uh,vh) = µ
∑

T∈Th

∫

T
∇uh : ∇vhdx

A1(uh,vh) = −µ
∑

e∈εh

(∫

e

{

∂uh

∂ne

}

· [vh] ds +

∫

e

{

∂vh

∂ne

}

· [uh] ds

)

bh(qh,vh) = −
∑

T∈Th

∫

T
qh∇ · vhdx +

∑

e∈εh

∫

e
{qh}[vh · ne]ds

lh(vh) =
∑

T∈Th

∫

T
f · vhdx − µ

∑

e∈ε∂

h

∫

e

∂vh

∂ne
· gds + µ

∑

e∈ε∂

h

γ

|e|

∫

e
πk−1g · πk−1vhds

gh(qh) =
∑

e∈ε∂

h

∫

e
qhg · neds.

❚❤❡ ✜rst ♣❛rt ♦❢ A1(·, ·) ❝♦♠❡s ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rt ♦❢ −∆u✱ ✇❤❡r❡❛s t❤❡ ❧❛st ♣❛rt ✐s ❛❞❞❡❞
✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s②♠♠❡tr✐❝ ❢♦r♠ ah(·, ·)✳

■♥ ❬✶✼❪✱ t❤❡ ❛✉t❤♦rs st✉❞② ❛ ❞✐✛❡r❡♥t ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤❡r❡ t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✐s ❣✐✈❡♥ ❜② ✿

J∗(uh,vh) = µ
∑

e∈εh

1

| e |

∫

e
[uh] · [vh]ds.

❲❡ s❤❛❧❧ ♣r♦✈❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t✱ ❝♦♥tr❛r✐❧② t♦ t❤❡ ❞● ♠❡t❤♦❞ ♦❢ ❬✶✼❪✱ ♦✉rs ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✱ ✐✳❡✳ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✽✮ t❡♥❞s✱ ❛s γ t❡♥❞s t♦ ✐♥✜♥✐t②✱ t♦✇❛r❞s t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ❞✐s❝r❡t✐③❡❞ ❜② P k × Pk−1 ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ ❢♦r
❛❧❧ k = 1, 2, 3✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡ ✐♥t❡❣r❛❧s ❜② ❛ ❧♦✇❡r ❞❡❣r❡❡
●❛✉ss ❢♦r♠✉❧❛ t❤❛♥ ✐♥ ❬✶✼❪✳ ❋✐♥❛❧❧②✱ ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❧♦❝❛❧❧②
❝♦♥s❡r✈❛t✐✈❡ ✈❡❝t♦r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❘❛✈✐❛rt✲❚❤♦♠❛s s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❢✉rt❤❡r ✉s❡❞ t♦ ❞❡✜♥❡ ❛
s✐♠♣❧❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ❞● ♠❡t❤♦❞✳

❆♥♦t❤❡r st❛❜✐❧✐③❛t✐♦♥ t❡r♠
∫

Ω R([uh]) ·R([vh])dx ✇❛s ♣r♦♣♦s❡❞ ❜② ❇❛ss✐ ❛♥❞ ❘❡❜❛② ✐♥ ❬✹❪✱ ✇❤❡r❡

R ✐s ❛ ❧✐❢t✐♥❣ ♦❢ t❤❡ ❥✉♠♣s ❛❝r♦ss t❤❡ ❡❞❣❡s ✐♥ P disc
k ✳ ■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②

❛♥❞ ♠❡♠♦r② ✉s❡✱ t❤❡② r❡♣❧❛❝❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ ❣❧♦❜❛❧ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r R ✇✐t❤ ❛ ❧♦❝❛❧ ❧✐❢t✐♥❣
♦♣❡r❛t♦r Re✱ ❞❡✜♥❡❞ ❜②

∑

K̄⊃e

∫

K
Re(w) · vhdx =

∫

e
w · {vh} ds, ∀vh ∈ P disc

k .

❙♦ ✜♥❛❧❧② t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②

J#(uh,vh) =
∑

e∈εh

∑

K̄⊃e

γK

∫

K
Re([uh]) · Re([vh])dx.



✼

❇② ♠❡❛♥s ♦❢ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ ♦♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ❢♦r k = 1✱ ♦♥❡ ❛❝t✉❛❧❧② ❤❛s t❤❛t Re(w)/e =
|e|
|K| (π1w + 2π0w) ✇❤✐❝❤ ❣✐✈❡s ✿

∫

K
Re([uh]) · Re([vh])dx =

1

2

∫

e
[uh] · Re([vh])ds

=
|e|

2 |K|

∫

e
[uh] · [vh]ds +

|e|
|K|

∫

e
[π0uh] · [π0vh]ds.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❜② ❝❤♦♦s✐♥❣ γK = γ ♦♥❡ ❣❡ts ♦♥ r❡❣✉❧❛r ♠❡s❤❡s t❤❛t J#(·, ·) = J∗(·, ·) + J(·, ·). ■❢
✇❡ ❝❤❛♥❣❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r ❛♥❞ ✇❡ ❧♦♦❦ ❢♦r ✐t ✐♥ P k−1 ✐♥st❡❛❞ ♦❢ P k✱ t❤❡♥ ✐t

❢♦❧❧♦✇s ❢♦r k = 1 t❤❛t Re(w)/e =
|e|

2 |K|π0w ❛♥❞ t❤❡r❡❢♦r❡ J#(·, ·) = J(·, ·)✱ s✐♥❝❡
∫

K
Re([uh]) · Re([vh])dx =

|e|
4 |K|

∫

e
[π0uh] · [π0vh]ds.

❙✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❝❛rr✐❡❞ ♦✉t ❢♦r k = 2 ♦r 3✱ ❛❧❧♦✇✐♥❣ t♦ ❡①♣r❡ss J#(·, ·) ✐♥ t❡r♠s ♦❢
J∗(·, ·) ❛♥❞ J(·, ·)✳
✹✳✸✳ ❙❡❝♦♥❞ t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ✭✷✮ ✿

✭✾✮







(Uh, Ph) ∈ V h × Qh

ch(Uh,vh) + bh(Ph,vh) = fh(vh) ∀vh ∈ V h

bh(qh,Uh) = gh(qh) ∀qh ∈ Qh

✇❤❡r❡ ✿

ch(·, ·) = C0(·, ·) + C1(·, ·) + γJ(·, ·) + γ1J1(·, ·)

C0(uh,vh) = 2µ
∑

T∈Th

∫

T
D(uh) : D(vh)dx

C1(uh,vh) = −2µ
∑

e∈εh

(∫

e
{D(uh)ne} · [vh] ds +

∫

e
{D(vh)ne} · [uh] ds

)

J1(uh,vh) =
∑

e∈εint

h

1

|e|

∫

e
[π1(uh · ne)][π1(vh · ne)]ds

fh(vh) =
∑

T∈Th

∫

T
f · vhdx − 2µ

∑

e∈ε∂

h

∫

e
(D(vh)ne) · gds

+µγ
∑

e∈ε∂

h

1

|e|

∫

e
πk−1g · πk−1vhds

❛♥❞ ✇❤❡r❡ γ > 0 ❛♥❞ γ1 > 0 ❛r❡ ♥♦✇ t✇♦ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t
♦❢ h✮✳ ❆ s❡❝♦♥❞ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ J1(·, ·) ✐s ❛❞❞❡❞ ✐♥ ♦r❞❡r t♦ r❡tr✐❡✈❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r
❢♦r♠ ch(·, ·)✱ t❤❛♥❦s t♦ ❛ ❞✐s❝r❡t❡ ❑♦r♥✬s t②♣❡ ✐♥❡q✉❛❧✐t②✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ ✭✾✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐✲♥♦r♠ ♦♥ H1(Ω) + V h ✿

[[v]] =



2µ
∑

T∈Th

‖D(v)‖2
0,T + γJ(v,v) + γ1J1(v,v)





1/2

❛♥❞ ✇❡ s❤♦✇ t❤❡ ♥❡①t r❡s✉❧t ✿

▲❡♠♠❛ ✹✳✷✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ v → [[v]] ✐s ❛ ♥♦r♠ ♦♥ V h✱ ❢♦r ❛❧❧ k = 1, 2, 3.



✽

Pr♦♦❢✳ ▲❡t [[v]] = 0✳ ❚❤❡♥ [πk−1v] = 0 ♦♥ ❡✈❡r② ❡❞❣❡ e ∈ εh✱ [π1v · ne] = 0 ♦♥ ❡✈❡r② ✐♥t❡r♥❛❧
❡❞❣❡ e ∈ εint

h ❛♥❞ D(v) = 0 ♦♥ ❡✈❡r② tr✐❛♥❣❧❡ T ∈ Th✳ ❚❤❡ ❧❛st r❡❧❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t v ✐s ❛ r✐❣✐❞

♠♦t✐♦♥ ♦♥ ❡✈❡r② tr✐❛♥❣❧❡ T ∈ Th ✭✐✳❡✳ v = aT + bTx
⊥ ✇✐t❤ aT ∈ R

2✱ bT ∈ R ❛♥❞ x⊥ = (x2,−x1) ✮✱
s♦ v ✐s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r✳

❋♦r k = 2 ♦r 3✱ ✐t ❢♦❧❧♦✇s t❤❛t πk−1v = v ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❞❡❞✉❝❡ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s
❧❡♠♠❛ t❤❛t v ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ ❡❞❣❡s ❛♥❞ ♥✉❧❧ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❙♦ v ∈ H1

0(Ω) ❛♥❞ t❤❡
❝❧❛ss✐❝❛❧ ❑♦r♥ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t v = 0 ♦♥ Ω✳

❋♦r k = 1✱ ✇❡ ❤❛✈❡ t❤❛t v ·ne ✐s ❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ ✐♥t❡r♥❛❧ ❡❞❣❡s ❜✉t v ✐s ❝♦♥t✐♥✉♦✉s ♦♥❧② ❛t
t❤❡ ♠✐❞♣♦✐♥ts ♦❢ t❤❡ ❡❞❣❡s✳ ▲❡t ✉s ♥♦t❡ ✭❝❢✳ ❬✷✹❪✮ t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ tr❛❝❡ ♦♥ ❛ s❡❣♠❡♥t ♦❢ ❛ r✐❣✐❞
♠♦t✐♦♥ ✐s ❛ ❝♦♥st❛♥t ✭❛♥❞ ♥♦t ❛ ❢✉❧❧② ❧✐♥❡❛r ❢✉♥❝t✐♦♥✮ ✿ ✐♥❞❡❡❞✱ (bTx

⊥) · te = bTx · ne ✐s ❝♦♥st❛♥t
❛❧♦♥❣ t❤❡ ❡❞❣❡ e ♦❢ ❡q✉❛t✐♦♥ x · ne = const. ❚❤❡♥ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t v · te ✐s ❛❧s♦
❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ ✐♥t❡r♥❛❧ ❡❞❣❡s✱ ❤❡♥❝❡ v ∈ H1(Ω)✳ ❙♦ ♥♦✇ v = a + bx⊥ ♦♥ Ω ✇✐t❤ π0v = 0

♦♥ ❡✈❡r② ❜♦✉♥❞❛r② ❡❞❣❡ e ∈ ε∂
h ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s v = 0✳

❘❡♠❛r❦✳ ❋♦r k = 2 ♦r 3✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❛❞❞ t❤❡ ♥❡✇ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ J1(·, ·) ✐♥ ♦r❞❡r t♦
❡♥❤❛♥❝❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ ch(·, ·) s✐♥❝❡ KerJ ⊂ KerJ1✳ ❲❡ ♦♥❧② ❛❞❞ ✐t ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ✉♥✐✜❡❞
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ❢♦r ❛❧❧ k✳

✹✳✹✳ ❚❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞● ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✸✮ ✿

✭✶✵✮



















(U
′

h, P
′

h, τ
′

h) ∈ V h × Qh × Xh

kh(U
′

h,vh) + bh(P
′

h,vh) + dh(τ
′

h,vh) = fh(vh) ∀vh ∈ V h

bh(qh,U
′

h) = gh(qh) ∀qh ∈ Qh

dh(θh,U
′

h) − e(θh, τ
′

h) = 0 ∀θh ∈ Xh,

✇❤❡r❡

kh(·, ·) = C1(·, ·) + γJ(·, ·) + γ1J1(·, ·)

dh(θh,vh) =
∑

T∈Th

∫

T
θh : D(vh)dx.

✺✳ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥s✳ ❋♦r
t❤✐s ♣✉r♣♦s❡✱ ✇❡ s❤❛❧❧ ❛♣♣❧② t❤❡ ❇❛❜✉̌s❦❛✲❇r❡③③✐ t❤❡♦r❡♠ ❢♦r t❤❡ t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥s ✭✽✮ ❛♥❞
✭✾✮✱ ❛♥❞ ✇❡ s❤❛❧❧ ❞✐r❡❝t❧② ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✭✶✵✮ ❜② s❤♦✇✐♥❣
✐ts ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ✭✾✮✳ ▲❡t ✉s ❜❡❣✐♥ ❜② ❝❤❡❝❦✐♥❣ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠s ah(·, ·)✱
r❡s♣❡❝t✐✈❡❧② ch(·, ·) ♦♥ t❤❡ ❞✐s❝r❡t❡ ❦❡r♥❡❧ Kerhbh✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r bh(·, ·) ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♥♦r♠s ‖|·|‖✱ r❡s♣❡❝t✐✈❡❧② [[·]]✳

▲❡♠♠❛ ✺✳✶✳ ❋♦r γ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t α1 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ s✉❝❤ t❤❛t

∀v ∈ V h, ah(v,v) ≥ α1 ‖| v |‖2 .

Pr♦♦❢✳ ❖♥❡ ❤❛s ❜② ❞❡✜♥✐t✐♦♥ t❤❛t

ah(v,v) =‖| v |‖2 +A1(v,v)

s♦ ♦♥❡ ♦♥❧② ❤❛s t♦ ❝♦♥tr♦❧ t❤❡ t❡r♠

✭✶✶✮ A1(v,v) = −2µ
∑

e∈εh

∫

e

{

∂v

∂ne

}

· [v] ds = −2µ
∑

e∈εh

∫

e

{

∂v

∂ne

}

· [πk−1v] ds.



✾

❚❤❛♥❦s t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✐t ❢♦❧❧♦✇s t❤❛t

A1(v,v) ≥ −2µ

(

∑

e∈εh

|e|
∥

∥

∥

∥

{

∂v

∂ne

}∥

∥

∥

∥

2

0,e

)1/2(
∑

e∈εh

1

|e| ‖[πk−1v]‖2
0,e

)1/2

.

❆ ❝❧❛ss✐❝❛❧ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♥♦r♠s ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s
②✐❡❧❞s✱ ❢♦r ❛♥② ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ w✱ t❤❛t ✿

√

|e| ‖w‖0,e ≤ c ‖w‖0,T

✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ◆♦✇ ❧❡t e ∈ εint
h s✉❝❤ t❤❛t {e} = ∂T1 ∩ ∂T2

✇✐t❤ T1, T2 ∈ Th✳ ❖❜✈✐♦✉s❧②✱

√

|e|
∥

∥

∥

∥

{

∂v

∂ne

}∥

∥

∥

∥

0,e

≤
√

|e|
2

2
∑

i=1

∥

∥(∇v)/Ti

∥

∥

0,e
≤ c

2
(|v|1,T1

+ |v|1,T2
).

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❤♦❧❞s ♦♥ ❛ ❜♦✉♥❞❛r② ❡❞❣❡ e ∈ ε∂
h✳ ❙♦ ❜② s✉♠♠✐♥❣ ✉♣♦♥ ❛❧❧ ❡❞❣❡s ✐t ❢♦❧❧♦✇s t❤❛t

A1(v,v) ≥ −2c
√

µ|v|1,h

√

J(v,v)

❛♥❞ ✜♥❛❧❧②✱

ah(v,v) ≥ µ|v|21,h + γJ(v,v) − 2c√
γ

(
√

µ|v|1,h)
(

√

γJ(v,v)
)

.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ah(·, ·) ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢♦r γ > c2 s♦ t❤❡ st❛t❡♠❡♥t ✐s ❡st❛❜❧✐s❤❡❞✳

▲❡♠♠❛ ✺✳✷✳ ❋♦r γ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t α2 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ s✉❝❤ t❤❛t

∀v ∈ V h, ch(v,v) ≥ α2 [[v]]2 .

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✺✳✶✳ ◆♦t✐♥❣ t❤❛t

ch(v,v) = [[v]]2 − 4µ
∑

e∈εh

∫

e
{D(v)ne} · [v] ds,

♦♥❡ ✐♠♠❡❞✐❛t❡❧② ❣❡ts

ch(v,v) ≥ [[v]]2 − 4

(

µ
∑

e∈εh

|e| ‖{D(v)ne}‖2
0,e

)1/2
√

J(v,v).

❯s✐♥❣ t❤❛t
√

|e| ‖{D(v)ne}‖0,e ≤ c
(

‖D(v)‖0,T1
+ ‖D(v)‖0,T2

)

♦♥ {e} = ∂T1 ∩ ∂T2 ✜♥❛❧❧② ❧❡❛❞s t♦ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✱ ❢♦r γ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳
▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r bh(·, ·)✱ ✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ ♥♦r♠s ‖|·|‖ ❛♥❞ [[·]]✳

▲❡♠♠❛ ✺✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β1 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ µ ❛♥❞ γ s✉❝❤ t❤❛t ✿

inf
q∈Qh

sup
v∈V h

bh(q,v)

‖q‖0,Ω ‖| v |‖ ≥ β1√
µ

.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s r❛t❤❡r ❝❧❛ss✐❝❛❧✳ ❲✐t❤ ❛♥② q ∈ Qh✱ ✇❡ s❤❛❧❧ ❛ss♦❝✐❛t❡ w ∈ V h s❛t✐s❢②✐♥❣ ✿

bh(q,w) = ‖q‖2
0,Ω ❛♥❞ ‖| w |‖≤ c‖q‖0,Ω.

❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✶✻❪✮✳ ❙♦ ❧❡t q ∈ Qh ⊂ L2

0(Ω) ❛♥❞ ❧❡t z ∈H1
0(Ω) s✉❝❤ t❤❛t ✿

{

∇ · z = q
‖z‖1,Ω ≤ c‖q‖0,Ω

.



✶✵

❚❤❡♥ ✇❡ ♣✉t w = Ihz ∈ V h✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✮ ♦♥ ❡✈❡r② T ∈ Th ❛♥❞ ❡✈❡r②
e ∈ εh ✿

∫

T q∇ · Ihzdx =
∫

T q∇ · zdx = ‖q‖2
0,Ω,

∫

e {q} [Ihz · ne]ds = 0

s♦ bh(q,w) = ‖q‖2
0,Ω. ◆❡①t✱ ❧❡t ✉s ♣♦✐♥t ♦✉t t❤❛t

J(w,w) = µ
∑

e∈εh

1

|e|

∫

e
[πk−1w] · [πk−1w]ds

= µ
∑

e∈εh

1

|e|

∫

e
[πk−1w] · [Ihz]ds = 0,

t❤❛♥❦s t♦ ✭✺✮✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡ ✭✻✮ ✇❡ ❣❡t

‖| w |‖ =
√

µ |Ihz|1,h ≤ c
√

µ |z|1,h ≤ c
√

µ‖q‖0,Ω

✇❤✐❝❤ ✜♥❛❧❧② ②✐❡❧❞s

sup
v∈V h

bh(q,v)

‖| v |‖ ≥ bh(q,w)

‖| w |‖ ≥
‖q‖2

0,Ω

c
√

µ‖q‖0,Ω
≥ β1√

µ
‖q‖0,Ω.

▲❡♠♠❛ ✺✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β2 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ µ ❛♥❞ γ s✉❝❤ t❤❛t ✿

inf
q∈Qh

sup
v∈V h

bh(q,v)

‖q‖0,Ω [[v]]
≥ β2√

µ
.

Pr♦♦❢✳ ❲❡ ❝❧♦s❡❧② ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✸✳ ❲✐t❤ ❛♥ ❛r❜✐tr❛r② q ∈ Qh✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡
s❛♠❡ ❢✉♥❝t✐♦♥ w = Ihz ∈ V h ❛s ♣r❡✈✐♦✉s❧② ❛♥❞ ✇❡ ♥❡①t ♣r♦✈❡ t❤❛t

[[w]] =



2µ
∑

T∈Th

‖D(w)‖2
0,T + γ1J1(w,w)





1/2

≤ c
√

µ‖q‖0,Ω.

❋♦r k = 2 ♦r 3✱ ♦♥❡ ❤❛s t❤❛t J1(w,w) = 0✱ s✐♥❝❡ J(w,w) = 0✳ ❙♦ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✱ s✐♥❝❡ ❜② ✭✻✮
∑

T∈Th

‖D(w)‖2
0,T ≤ c |z|1,h ≤ c‖q‖0,Ω.

❋♦r k = 1✱ ✇❡ st✐❧❧ ❤❛✈❡ t♦ ❜♦✉♥❞ t❤❡ t❡r♠

J1(w,w) = µ
∑

e∈εint

h

1

|e| ‖[w · ne]‖2
0,e .

❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❣r❡❞✐❡♥ts ✿ t❤❡ ❢❛❝t t❤❛t [z · ne] = 0✱ t❤❡ tr❛❝❡
✐♥❡q✉❛❧✐t② ♦♥ {e} = ∂T1 ∩ ∂T2✿

1√
|e|

‖[(Ihz − z) · ne]‖0,e

≤ c
(

1
hT1

‖Ihz − z‖0,T1
+ 1

hT2

‖Ihz − z‖0,T2
+ |Ihz − z|1,T1

+ |Ihz − z|1,T2

)

✭✶✷✮

❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❈r♦✉③❡✐①✲❘❛✈✐❛rt ♦♣❡r❛t♦r Ih✳ ❚❤✉s✱ ✇❡ ❣❡t

J1(w,w) ≤ cµ |z|21,h

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡✳

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥ts β1 ❛♥❞ β2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ γ✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ✇❤❡♥
❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ J∗(·, ·) ♦❢ ❬✶✼❪✳ ❲❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❝♦❡r❝✐✈✐t② ❝♦♥st❛♥t α1 ❛s ✐♥
❬✶✼❪✱ ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ❡♥❡r❣② ♥♦r♠s ✭✇❡ s❤❛❧❧ s❡❡ ✐♥ ▲❡♠♠❛ ✼✳✷ t❤❛t J∗(vh,vh) ≤ c ‖|vh|‖ ♦♥ V h✮✳



✶✶

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah(·, ·)✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ❤♦❧❞ tr✉❡ ✿

µ
∑

e∈εh

∫

e

{

∂uh

∂ne

}

· [vh] ds = µ
∑

e∈εh

∫

e

{

∂uh

∂ne

}

· [πk−1vh] ds

≤
(

µ
∑

e∈εh

|e| ‖∇uh‖2
0,e

)1/2

J(vh,vh)1/2

≤
(

µ |uh|21,h

)1/2
J(vh,vh)1/2 ≤ ‖|uh|‖ ‖|vh|‖ .

❍❡r❡ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t♦ ϕ = ∇uh t❤❡ ♥❡①t tr❛❝❡ ✐♥❡q✉❛❧✐t② ♦♥ e ⊂ ∂T ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛♥
✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ✿

1
√

|e|
‖ϕ‖0,e ≤ c(

1

hT
‖ϕ‖0,T + |ϕ|1,T ) ≤ c

hT
‖ϕ‖0,T .

❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ②✐❡❧❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ch(·, ·) ✿

µ
∑

e∈εh

∫

e
{D(uh)ne} · [vh] ds ≤



µ
∑

T∈Th

‖D(uh)‖2
0,T





1/2

J(vh,vh)1/2 ≤ [[uh]] [[vh]]

❛♥❞ ♦❢ bh(·, ·)✿
∑

e∈εh

∫

e
{qh} [vh · ne] ds =

∑

e∈εh

∫

e
{qh} [πk−1vh · ne] ds

≤ 1√
µ

(

∑

e∈εh

|e| ‖qh‖2
0,e

)1/2

J(vh,vh)1/2 ≤ 1√
µ
‖qh‖0,T J(vh,vh)1/2.

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❧✐♥❡❛r ❢♦r♠s lh(·)✱ fh(·) ❛♥❞ gh(·) ❢♦❧❧♦✇s ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✳
❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✺✳ ❋♦r γ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❡❛❝❤ ♦❢ t❤❡ ♠✐①❡❞ ♣r♦❜❧❡♠s ✭✽✮ ❛♥❞ ✭✾✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛s ✺✳✶ ❛♥❞ ✺✳✸ ❢♦r ♣r♦❜❧❡♠ ✭✽✮✱ r❡s♣❡❝t✐✈❡❧② ▲❡♠♠❛s ✺✳✷ ❛♥❞ ✺✳✹ ❢♦r
✭✾✮✱ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ❇❛❜✉̌s❦❛✲❇r❡③③✐ t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞ ✭❝❢✳ ❬✼❪✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ♠✐①❡❞
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ✇❡❧❧✲♣♦s❡❞✳

❚❤❡♦r❡♠ ✺✳✻✳ ❋♦r γ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ♣r♦❜❧❡♠ ✭✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐ts s♦❧✉t✐♦♥
✐s (Uh, Ph, 2µD(Uh)) ✇❤❡r❡ (Uh, Ph) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✾✮✳

Pr♦♦❢✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t (Uh, Ph, 2µD(Uh)) ❜❡❧♦♥❣s t♦ V h × Qh × Xh ❛♥❞ s❛t✐s✜❡s t❤❡ ✈❛r✐❛✲
t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✶✵✮✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✱ t❤✐s ❡q✉❛❧❧② ❡♥s✉r❡s t❤❡
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✳

✻✳ ❘♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ s✉♣♣♦s❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t g = 0✳ ❲❡ st✉❞② ❤❡r❡ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ ♦✉r ❞● ♠❡t❤♦❞ ✇❤❡♥ γ → ∞ ❛♥❞ ✇❡ ♣r♦✈❡ ✐ts r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ ❧❛r❣❡ st❛❜✐❧✐③❛t✐♦♥
♣❛r❛♠❡t❡rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ♦✉r ❞● ♠❡t❤♦❞ ✐s r♦❜✉st ✇✐t❤ r❡s♣❡❝t t♦ ❧❛r❣❡ st❛❜✐❧✐③❛t✐♦♥
♣❛r❛♠❡t❡rs s✐♥❝❡ ✐ts s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s✱ ✇❤❡♥ γ → ∞✱ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P k × Pk−1

♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✳
▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✶✮✳ ■ts ♥♦♥❝♦♥❢♦r♠✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

✭✶✸✮







(u∗
h, p∗h) ∈Hh × Qh,

A0(u
∗
h,vh) + bh(p∗h,vh) = lh(vh) ∀vh ∈Hh

bh(qh,u∗
h) = 0 ∀qh ∈ Qh



✶✷

✇❤❡r❡

Hh =
{

v ∈ L2(Ω); (vh)/T ∈ P k, ∀T ∈ Th,

vh ❝♦♥t✐♥✉♦✉s ✭r❡s♣✳ ♥✉❧❧✮ ❛t t❤❡ ❦ ●❛✉ss ♣♦✐♥ts ♦❢ e ∈ εint
h (r❡s♣✳ ε∂

h)
}

.

❋♦r k = 1✱ Hh ✐s t❤❡ ✇❡❧❧✲❦♥♦✇♥ P 1 ♥♦♥❝♦♥❢♦r♠✐♥❣ s♣❛❝❡ ♦❢ ❈r♦✉③❡✐①✲❘❛✈✐❛rt ❬✶✶❪❀ k = 2
❝♦rr❡s♣♦♥❞s t♦ t❤❡ P 2 ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts ♦❢ ❋♦rt✐♥✲❙♦✉❧✐❡ ❬✶✺❪✱ ✇❤❡r❡❛s ❢♦r k = 3 ✇❡
r❡tr✐❡✈❡ t❤❡ P 3 ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts ♦❢ ❈r♦✉③❡✐①✲❋❛❧❦ ❬✶✵❪✳ ■t ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t t❤❛t
✭✶✸✮ ✐s ✇❡❧❧✲♣♦s❡❞ ❢♦r k = 1, 2, 3✱ t❤❛♥❦s t♦ ❛ ❞✐s❝r❡t❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ♦♥ Hh✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ②✐❡❧❞s

✭✶✹✮ KerhJ =
{

vh ∈ V h; [πk−1vh]/e = 0, ∀e ∈ εh

}

= Hh.

❚❤❡♦r❡♠ ✻✳✶✳ ▲❡t (uh, ph) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✽✮ ❛♥❞ (u∗
h, p∗h) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✸✮✳ ❚❤❡♥ ♦♥❡ ❤❛s ✿

lim
γ 7→∞

(‖| uh − u∗
h |‖ +‖ph − p∗h‖0,Ω) = 0.

Pr♦♦❢✳ ▲❡t ✉s ✜rst s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ (uh, ph)γ ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ γ✳
❇② t❛❦✐♥❣ vh = uh ❛s t❡st✲❢✉♥❝t✐♦♥ ✐♥ ✭✽✮ ❛♥❞ ❜② ✉s✐♥❣ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ♦♥❡

❝❧❛ss✐❝❛❧❧② ❣❡ts t❤❛t

ah(uh,uh) = lh(uh) ≤ ‖f‖0,Ω‖uh‖0,Ω.

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶✱ ✇❡ ❤❛✈❡ t❤❛t

ah(uh,uh) ≥ µ|uh|21,h + γJ(uh,uh) − 2c
√

µ|uh|1,h

√

J(uh,uh)

✇✐t❤ c ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ µ ❛♥❞ γ✳ ❲❡ ♥❡①t r❡❝❛❧❧ ❛ P♦✐♥❝❛ré✲❋r✐❡❞r✐❝❤s ✐♥❡q✉❛❧✐t② ❢♦r
❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s ✭s❡❡ ❇r❡♥♥❡r ❬✺❪✮ ✿

✭✶✺✮ ‖v‖0,Ω ≤ c



|v|21,h +
∑

e∈εint

h

1

|e|‖[π0v]‖2
0,e + φ(v)





1/2

, ∀v ∈ V h

✇❤❡r❡ φ : H1(Ω) → R ✐s ❛ ❝♦♥t✐♥✉♦✉s s❡♠✐✲♥♦r♠ s✉❝❤ t❤❛t ❢♦r ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ c✱ φ(c) = 0 ✐❢
❛♥❞ ♦♥❧② ✐❢ c = 0✳ ❲❡ ❝❤♦♦s❡

✭✶✻✮ φ(v) =
∑

e∈ε∂

h

‖π0v‖2
0,e

❛♥❞ ✇❡ ✉s❡ t❤❛t ‖π0v‖0,e ≤ ‖πk−1v‖0,e✱ s✐♥❝❡

‖π0v‖2
0,e =

∫

e
π0v · vds =

∫

e
π0v · πk−1vds ≤ ‖πk−1v‖0,e‖π0v‖0,e.

❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t P♦✐♥❝❛ré✲❋r✐❡❞r✐❝❤s ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ ✐♥
t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✿

✭✶✼✮ ‖v‖0,Ω ≤ c

(

|v|21,h +
1

µ
J(v,v)

)1/2

, ∀v ∈ V h.

●❛t❤❡r✐♥❣ t♦❣❡t❤❡r t❤❡ ❧❛st ✐♥❡q✉❛❧✐t✐❡s ②✐❡❧❞s✱ ❢♦r γ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❛t ‖| uh |‖≤ C√
µ ✱ ✇✐t❤ C

✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ µ ❛♥❞ γ✳



✶✸

❚❤❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✺✳✸ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ah(·, ·) ♥♦✇ ❧❡❛❞s t♦ ✿

‖ph‖0,Ω ≤
√

µ

β1
sup

vh∈V h

bh(ph,vh)

‖| vh |‖

=

√
µ

β1
sup

vh∈V h

lh(vh) − ah(uh,vh)

‖| vh |‖

≤
√

µ

β1

(

‖f‖0,Ω sup
vh∈V h

‖vh‖0,Ω

‖| vh |‖ + 2 ‖| uh |‖
)

s♦ ❛❝❝♦r❞✐♥❣ t♦ ✭✶✼✮✱ ♦♥❡ ❣❡ts ❢♦r γ ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t ‖ph‖0,Ω ≤ C ✇✐t❤ C ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ✱ µ ❛♥❞
γ✳

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐st t✇♦ s✉❜s❡q✉❡♥❝❡s ♦❢ (uh)γ ❛♥❞ (ph)γ ✇❤✐❝❤ ❝♦♥✈❡r❣❡ ❛s γ → ∞ t♦✇❛r❞s
u∞

h ∈ V h✱ r❡s♣❡❝t✐✈❡❧② p∞h ∈ Qh✳ ❋r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✽✮ ♦♥❡ ♥❡①t ❞❡❞✉❝❡s t❤❛t

u∞
h ∈ KerhJ = Hh.

❯s✐♥❣ t❤❛t

A1(uh,vh) = −µ
∑

e∈εh

(∫

e

{

∂uh

∂ne

}

· [πk−1vh] ds +

∫

e

{

∂vh

∂ne

}

· [πk−1uh] ds

)

= 0

❢♦r ❛♥② uh,vh ∈ Hh✱ ✐t ❢♦❧❧♦✇s ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✽✮ t❤❛t (u∞
h , p∞h ) s❛t✐s✜❡s t❤❡ ❧✐♠✐t

♣r♦❜❧❡♠ ✭✶✸✮✳ ❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ✭✶✸✮ ✐♠♣❧✐❡s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❛t

(u∞
h , p∞h ) = (u∗

h, p∗h)

❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛t t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡s (uh)γ ❛♥❞ (ph)γ ❛r❡ ❝♦♥✈❡r❣❡♥t✳

❘❡♠❛r❦✳ ■❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ J(·, ·) ✐s r❡♣❧❛❝❡❞ ❜② J∗(·, ·) ♦❢ ❬✶✼❪✱ t❤❡♥ t❤❡ ❧✐♠✐t (u∞
h , p∞h ) ❜❡❧♦♥❣s

t♦ KerhJ∗ × Qh✱ t❤❛t ✐s t♦ t❤❡ ✭P k✲❝♦♥t✐♥✉♦✉s✮×(Pk−1✲❞✐s❝♦♥t✐♥✉♦✉s✮ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s✳ ❚❤✐s
✐s ♥♦t ❛ st❛❜❧❡ ♣❛✐r ♦❢ s♣❛❝❡s ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ❤❡♥❝❡ t❤❡ ❞● ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✼❪ ✐s ♥♦t
r♦❜✉st ❢♦r ❛♥② k ❛s γ t❡♥❞s t♦✇❛r❞s ✐♥✜♥✐t②✳

❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✾✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭✷✮ ❜② ♠❡❛♥s ♦❢ P k × Pk−1 ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ ✇❤✐❝❤ r❡❛❞s
❛s ❢♦❧❧♦✇s ✿

✭✶✽✮







(U∗
h, P ∗

h ) ∈Hh × Qh

C0(U
∗
h,vh) + γ1J1(U

∗
h,vh) + bh(P ∗

h ,vh) = fh(vh) ∀vh ∈Hh

bh(qh,U∗
h) = 0 ∀qh ∈ Qh.

❘❡♠❛r❦✳ ■♥ t❤❡ ❝❛s❡ k = 2 ♦r 3✱ ♦♥❡ ❛❝t✉❛❧❧② ❤❛s t❤❛t J1(uh,vh) = 0 ❢♦r ❛❧❧ uh, vh ∈Hh✳

❙✐♥❝❡ ❢♦r ❛♥② uh,vh ∈Hh ♦♥❡ ❤❛s t❤❛t

ch(uh,vh) = C0(uh,vh) + γ1J1(uh,vh),

♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥ ✭✶✽✮✱ t❤❛♥❦s t♦ t❤❡
❇❛❜✉̌s❦❛✲❇r❡③③✐ t❤❡♦r❡♠ ❛♥❞ t♦ ▲❡♠♠❛s ✺✳✷ ❛♥❞ ✺✳✹✳

❚❤❡♦r❡♠ ✻✳✷✳ ▲❡t (Uh, Ph) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✾✮ ❛♥❞ (U∗
h, P ∗

h ) t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✽✮✳ ❚❤❡♥✱ ❢♦r γ1

✜①❡❞✱ ♦♥❡ ❤❛s t❤❛t ✿

lim
γ 7→∞

([[Uh −U∗
h]] + ‖Ph − P ∗

h‖0,Ω) = 0

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❝♦♥✲
❝❡r♥s t❤❡ ❞✐s❝r❡t❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✭✶✼✮ ♦♥ V h✱ ✇❤✐❝❤ ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ❤❡r❡ ❜② ❛ ❑♦r♥✬s t②♣❡



✶✹

✐♥❡q✉❛❧✐t②✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧♦✇✐♥❣ r❡s✉❧t✱ ✜rst ❡st❛❜❧✐s❤❡❞ ❜② ❇r❡♥♥❡r ✐♥ ❬✻❪ ✐♥ ❛
str♦♥❣❡r ❢♦r♠ ❛♥❞ t❤❡♥ ✐♠♣r♦✈❡❞ ❜② ▼❛r❞❛❧ ❛♥❞ ❲✐♥t❤❡r ✐♥ ❬✷✹❪ ✿

✭✶✾✮ |v|1,h ≤ c





∑

T∈Th

‖D(v)‖2
0,T +

1

µ
J1(v,v) + φ(v)





1/2

, ∀v ∈ V h

✇❤❡r❡ ♥♦✇ φ : H1(Ω) → R ✐s ❛ ❝♦♥t✐♥✉♦✉s s❡♠✐✲♥♦r♠ s✉❝❤ t❤❛t ✐❢ φ(v) = 0 ❢♦r ❛ r✐❣✐❞ ♠♦t✐♦♥ v✱
t❤❡♥ v ✐s ❛ ❝♦♥st❛♥t ✈❡❝t♦r✳ ❲✐t❤ t❤❡ s❛♠❡ ❝❤♦✐❝❡ ♦❢ φ ❛s ✐♥ ✭✶✻✮✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❑♦r♥ ✐♥❡q✉❛❧✐t✐❡s ♦♥ V h ✿

|v|1,h ≤ c





∑

T∈Th

‖D(v)‖2
0,T +

∑

e∈ε∂

h

1

|e|‖πk−1v‖2
0,e +

1

µ
J1(v,v)





1/2

,✭✷✵✮

‖v‖0,Ω ≤ c





∑

T∈Th

‖D(v)‖2
0,T +

1

µ
J(v,v) +

1

µ
J1(v,v)





1/2

.✭✷✶✮

❚❤❡ ❧❛st ❡st✐♠❛t❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✻✳✶✳
❆s r❡❣❛r❞s t❤❡ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✭✶✵✮✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t ❢♦r ✜①❡❞ γ1✱

lim
γ 7→∞

∥

∥

∥
τ

′

h − τ∗
h

∥

∥

∥

0,Ω
= 0

✇❤❡r❡ τ
′

h = 2µD(Uh) ❛♥❞ τ∗
h = 2µD(U∗

h)✳ ◆♦t❡ t❤❛t (U∗
h, P ∗

h , τ∗
h) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

P k × Pk−1 × P k−1 ♥♦♥❝♦♥❢♦r♠✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✭✸✮✱ ♥❛♠❡❧② ✿














(U∗
h, P ∗

h , τ∗
h) ∈Hh × Qh × Xh

γ1J1(U
∗
h,vh) + bh(P ∗

h ,vh) + dh(τ∗
h,vh) = fh(vh) ∀vh ∈Hh

bh(qh,U∗
h) = 0 ∀qh ∈ Qh

dh(θh,U∗
h) − e(θh, τ∗

h) = 0 ∀θh ∈ Xh.

✼✳ ❆ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r ❜♦t❤ t❤❡ ✈❡❧♦❝✐t②
❛♥❞ t❤❡ ♣r❡ss✉r❡✱ ❢♦r t❤❡ t✇♦ ❞● ❢♦r♠✉❧❛t✐♦♥s ✭✽✮ ❛♥❞ ✭✾✮✳ ❲❡ ✇✐❧❧ ✜rst ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② ♥♦r♠
♦❢ t❤❡ ❡rr♦r ❛♥❞ t❤❡♥ t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❡rr♦r✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛ O(hk+1) ❝♦♥✈❡r❣❡♥❝❡
r❛t❡ ❢♦r t❤❡ ❧❛tt❡r✳ ▲❡t ✉s ✜rst ❡st❛❜❧✐s❤ s♦♠❡ ❛✉①✐❧✐❛r② r❡s✉❧ts✳

▲❡♠♠❛ ✼✳✶✳ ❚❤❡ s♦❧✉t✐♦♥ (u, p) ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❙t♦❦❡s ♣r♦❜❧❡♠ s❛t✐s✜❡s t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡r✲
t✐❡s ✿

ah(u,vh) + bh(p,vh) = lh(vh), ∀vh ∈ V h

bh(qh,u) = 0, ∀qh ∈ Qh.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❝❧❛ss✐❝❛❧ ✭s❡❡ ❛❧s♦ ❬✶✼❪✮✱ t❤❡r❡❢♦r❡ ✇❡ ♦♥❧② ❣✐✈❡ ❤❡r❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✱ ❢♦r t❤❡
s❛❦❡ ♦❢ ❝❧❛r✐t②✳ ❚❤❡ s❡❝♦♥❞ r❡❧❛t✐♦♥ ✐s ♦❜✈✐♦✉s✱ s✐♥❝❡ ∇·u = 0 ♦♥ ❛♥② tr✐❛♥❣❧❡ ❛♥❞ [u · ne] = 0 ❛❝r♦ss
❛♥② ✐♥t❡r♥❛❧ ❡❞❣❡ e✳ ❚❤❡ ✜rst ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦♥ ❡❛❝❤
❡❧❡♠❡♥t ❛♥❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭❝❢✳ ❬✶✽❪✮ ✇✐t❤ ❞❛t❛ f ∈ L4/3(Ω)

♦♥ ❛ ▲✐♣s❝❤✐t③ ♣♦❧②❣♦♥ ✿ (u, p) ∈ W 2,4/3(Ω) × W 1,4/3(Ω)✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ❜♦t❤ ∇u ❛♥❞ p ❤❛✈❡
❛ tr❛❝❡ ♦♥ ❡❛❝❤ ❧✐♥❡ s❡❣♠❡♥t e✱ ✇❤✐❝❤ ♠♦r❡♦✈❡r ❜❡❧♦♥❣s t♦ L2(e)✳ ❙✐♥❝❡ µ∇u− pI ∈ H(div,Ω) ❛♥❞
u ∈H1(Ω)✱ ✐t ❢♦❧❧♦✇s t❤❛t µ ∂u

∂ne
−pn ❛♥❞ u ❛r❡ ❝♦♥t✐♥✉♦✉s ❛❝r♦ss ❛♥② ✐♥t❡r♥❛❧ ❡❞❣❡✱ s♦ t❤❡ ❞❡s✐r❡❞

r❡s✉❧t ❤♦❧❞s tr✉❡✳



✶✺

▲❡♠♠❛ ✼✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ s✉❝❤ t❤❛t ✿
(

∑

e∈εh

1

|e|‖[vh]‖2
0,e

)1/2

≤ c√
µ
‖|vh|‖ , ∀vh ∈ V h.

Pr♦♦❢✳ ❲❡ ♦❜✈✐♦✉s❧② ❤❛✈❡✱ ♦♥ ❛♥② e ∈ Eh ✿

‖[vh]‖0,e ≤ ‖[vh − πk−1vh]‖0,e + ‖[πk−1vh]‖0,e.

▲❡t T ❜❡ ❛ tr✐❛♥❣❧❡ s✉❝❤ t❤❛t e ⊂ ∂T ✳ ❚❤❡♥

1
√

|e|
‖vh − πk−1vh‖0,e ≤ 1

√

|e|
‖vh − πT

k−1vh‖0,e ≤
c

hT
‖vh − πT

k−1vh‖0,T ≤ c|vh|1,T

✇❤❡r❡ πT
k−1 ❞❡♥♦t❡s t❤❡ L2(T )✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ P k−1 ♦♥ t❤❡ ❡❧❡♠❡♥t T ✳ ❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s

②✐❡❧❞ t❤❡ ❞❡s✐r❡❞ st❛t❡♠❡♥t✱ ❢♦r γ ≥ 1 ✳

▲❡♠♠❛ ✼✳✸✳ ❙✉♣♣♦s❡ u ∈ Hk+1(Ω)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ
s✉❝❤ t❤❛t

∀vh ∈ V h, |ah(u− Ihu,vh)| ≤ c
√

µhk‖|vh|‖|u|k+1,Ω.

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t ah(·, ·) = A0(·, ·) + A1(·, ·) + γJ(·, ·). ❚❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②
✐♠♠❡❞✐❛t❡❧② ❣✐✈❡s t❤❛t

A0(u− Ihu,vh) ≤ µ |vh|1,h |u− Ihuh|1,h ≤ c
√

µhk‖|vh|‖|u|k+1,Ω.

❚❤❡ ♣r♦♣❡rt② ✭✺✮ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r Ih ❣✐✈❡s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❛t

J(u− Ihu,vh) = µ
∑

e∈εh

1

|e|

∫

e
[πk−1Ihu] · [πk−1vh]ds = 0

❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛t

∑

e∈εh

∫

e

{

∂vh

∂ne

}

· [u− Ihu] ds = 0.

❙♦ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❜♦✉♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ µ
∑

e∈εh

∫

e

{

∂(u−Ihu)
∂ne

}

· [vh] ds✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱

❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ k✱ ❞❡♥♦t❡❞ ❜②
Lh✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❛t
∫

e

{

∂(u− Ihu)

∂ne

}

· [vh]ds =

∫

e

{

∂(u−Lhu)

∂ne

}

· [vh]ds +

∫

e

{

∂(Lhu− Ihu)

∂ne

}

· [πk−1vh]ds

≤ ‖[vh]‖0,e‖{∇(u−Lhu)}‖0,e + ‖[πk−1vh]‖0,e‖{∇(Lhu− Ihu)}‖0,e.

▲❡t e ❜❡ ❛♥ ✐♥t❡r♥❛❧ ❡❞❣❡ ❝♦♠♠♦♥ t♦ t❤❡ tr✐❛♥❣❧❡s T1 ❛♥❞ T2❀ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r ❢♦r
❛ ❜♦✉♥❞❛r② ❡❞❣❡✳ ❚❤❛♥❦s t♦ t❤❡ tr❛❝❡ ✐♥❡q✉❛❧✐t② ✭✶✷✮ ❛♥❞ t♦ ❝❧❛ss✐❝❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡s ❢♦r
Lh✱ ♦♥❡ ♦❜t❛✐♥s ✿

1
√

|e|
‖{∇(u−Lhu)}‖0,e ≤ c

(

1

hT1

‖∇(u−Lhu)‖0,T1
+

1

hT2

‖∇(u−Lhu)‖0,T2
+ |∇(u−Lhu)|1,T1∪T2

)

≤ chk−1|u|k+1,T1∪T2
.

■t ❢♦❧❧♦✇s✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✼✳✷✱ t❤❛t

∑

e∈εh

∫

e

{

∂(u−Lhu)

∂ne

}

· [vh]ds ≤ chk

(

∑

e∈εh

1

|e|‖[vh]‖2
0,e

)1/2

|u|k+1,Ω ≤ c√
µ

hk‖|vh|‖|u|k+1,Ω.



✶✻

◆❡①t✱ ✉s✐♥❣ t❤❛t Lhu− Ihu ✐s ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ♦❜t❛✐♥ ❜② ♠❡❛♥s ♦❢ ❛ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t
t❤❛t ✿

1
√

|e|
‖{∇(Lhu− Ihu)}‖0,e ≤ c

(

1

hT1

‖∇(Lhu− Ihu)‖0,T1
+

1

hT2

‖∇(Lhu− Ihu)‖0,T2

)

.

❚❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s✱ ♦♥ ❛♥② tr✐❛♥❣❧❡ T ✱

|Lhu− Ihu|1,T ≤ |Lhu− u|1,T + |u− Ihu|1,T ≤ chk
T |u|k+1,∆T

s♦ ✜♥❛❧❧②✱
∑

e∈εh

∫

e

{

∂(Lhu− Ihu)

∂ne

}

· [πk−1vh]ds ≤ c√
µ

hk
√

J(vh,vh)|u|k+1,Ω.

■t ✐s ♥♦✇ s✉✣❝✐❡♥t t♦ ❣❛t❤❡r t♦❣❡t❤❡r t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✐♥ ♦r❞❡r t♦ ❡♥❞ t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✼✳✹✳ ❙✉♣♣♦s❡ p ∈ Hk(Ω)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ s✉❝❤
t❤❛t

∀vh ∈ V h, |bh(p − ihp,vh)| ≤ c√
µ

hk‖|vh|‖|p|k,Ω.

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t

bh(p − ihp,vh) = −
∑

T∈Th

∫

T
(p − ihp)∇ · vhdx +

∑

e∈εh

∫

e
{p − ihp}[vh · ne]ds

=
∑

e∈εh

∫

e
{p − ihp}[vh · ne]ds.

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ▲❡♠♠❛ ✼✳✷✱ ✇❡ ❣❡t ❢♦r γ ≥ 1 t❤❛t

|bh(p − ihp,vh)| ≤ c√
µ

(

∑

e∈εh

|e| ‖{p − ihp}‖2
0,e

)1/2

‖|vh|‖ .

❖♥ ❡❛❝❤ ❡❞❣❡ e ∈ εh s✉❝❤ t❤❛t e ⊂ ∂T ✱ ✇❡ ❜♦✉♥❞ t❤❡ t❡r♠ ‖p − ihp‖0,e ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✼✳✸✳ ❉❡♥♦t✐♥❣ ❜② lh t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ♦♥ Pk−1 ❢♦r k = 2 ♦r 3✱ ✇❡ ♦❜t❛✐♥ ✿

√

|e|‖p − ihp‖0,e ≤
√

|e| (‖p − lhp‖0,e + ‖lhp − ihp‖0,e)

≤ c
(

‖p − lhp‖0,T + hT |p − lhp|1,T + ‖lhp − ihp‖0,T

)

≤ c hk|p|k,T .

❋♦r k = 1✱ ✇❡ ❞✐r❡❝t❧② ❤❛✈❡ ✿
√

|e|‖p − ihp‖0,e ≤ c
(

‖p − ihp‖0,T + hT |p − ihp|1,T

)

≤ ch|p|1,T .

❙♦ t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t ❤♦❧❞s✳

❘❡♠❛r❦✳ ❋♦r γ < 1✱ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s ❛❧s♦ ❤♦❧❞ tr✉❡✱ ❜✉t ✇✐t❤ ❝♦♥st❛♥ts ❞❡♣❡♥❞❡♥t ♦❢ γ✳

❚❤❡♦r❡♠ ✼✳✺✳ ▲❡t (u, p) ∈Hk+1(Ω)×Hk(Ω) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❙t♦❦❡s ♣r♦❜❧❡♠ ❛♥❞
❧❡t γ ❜❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✭❛s ✐♥ ▲❡♠♠❛ ✺✳✶✮✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ (uh, ph) ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✭✽✮
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s ✿

‖| u− uh |‖ ≤ chk(
√

µ|u|k+1,Ω +
1√
µ
|p|k,Ω)✭✷✷✮

‖p − ph‖0,Ω ≤ chk(µ|u|k+1,Ω + |p|k,Ω)✭✷✸✮

✇✐t❤ ❛ ❝♦♥st❛♥t c ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ✳



✶✼

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺✳✶✱ ♦♥❡ ❤❛s ❢♦r γ ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t

α1 ‖| uh − Ihu |‖2 ≤ ah(uh − Ihu,uh − Ihu)

= ah(uh,uh − Ihu) − ah(u,uh − Ihu) + ah(u− Ihu,uh − Ihu)

= lh(uh − Ihu) − bh(ph,uh − Ihu) − ah(u,uh − Ihu) + ah(u− Ihu,uh − Ihu).

❚❤❛♥❦s t♦ t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② st❛t❡❞ ✐♥ ▲❡♠♠❛ ✼✳✶✱ ♦♥❡ ♥❡①t ❣❡ts t❤❛t

✭✷✹✮ α1 ‖| uh − Ihu |‖2≤ bh(p − ph,uh − Ihu) + ah(u− Ihu,uh − Ihu).

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt② ♣r♦✈❡❞ ✐♥ ▲❡♠♠❛ ✼✳✸ ✐♠♣❧✐❡s t❤❛t

ah(u− Ihu,uh − Ihu) ≤ c
√

µhk|u|k+1,Ω‖|uh − Ihu|‖.
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ✇r✐t❡ t❤❛t

bh(p − ph,uh − Ihu) = bh(p − ihp,uh − Ihu) + bh(ihp − ph,uh − Ihu)

❛♥❞ ✇❡ ♥♦t✐❝❡ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✽✮ ❛♥❞ t♦ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ Ih✱

bh(ihp − ph,uh − Ihu) = −bh(ihp − ph, Ihu) = −bh(ihp − ph,u) = 0.

❯s✐♥❣ ♥♦✇ ▲❡♠♠❛ ✼✳✹✱ ✐t ❢♦❧❧♦✇s t❤❛t

bh(p − ph,uh − Ihu) ≤ c√
µ

hk|p|k,Ω‖|uh − Ihu|‖.

❋r♦♠ ✭✷✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

✭✷✺✮ ‖| uh − Ihu |‖≤ chk(
√

µ|u|k+1,Ω +
1√
µ
|p|k,Ω).

❋✐♥❛❧❧②✱ ❜② ♠❡❛♥s ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❛♥❦s t♦ t❤❡ r❡❧❛t✐♦♥

✭✷✻✮ J(u− Ihuh,u− Ihuh) = J(Ihuh, Ihuh) = 0,

✇❡ ❞❡❞✉❝❡ ✭✷✷✮✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡ ♣r❡ss✉r❡✱ ✇❡ ✇r✐t❡ t❤❛t

‖p − ph‖0,Ω ≤ ‖p − ihp‖0,Ω + ‖ihp − ph‖0,Ω.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡t❡ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ✭s❡❡ ▲❡♠♠❛ ✺✳✸✮✱ ♦♥❡ ❤❛s t❤❛t

‖ihp − ph‖0,Ω ≤
√

µ

β1
sup

vh∈V h

bh(ihp − ph,vh)

‖|vh|‖
=

√
µ

β1
sup

vh∈V h

bh(ihp − p,vh) + bh(p − ph,vh)

‖|vh|‖
.

❚❤❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt② ♦❢ ▲❡♠♠❛ ✼✳✹ ❣✐✈❡s ✿

bh(ihp − p,vh) ≤ c√
µ

hk‖|vh|‖|p|k,Ω

✇❤❡r❡❛s ▲❡♠♠❛ ✼✳✶ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✜rst ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ ♦❢ ✭✽✮ ②✐❡❧❞

bh(p − ph,vh) = −ah(u− uh,vh), ∀vh ∈ V h.

❖♥❡ ❝❛♥ t❤❡♥ s❤♦✇✱ ✉s✐♥❣ ▲❡♠♠❛ ✼✳✸ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ah(·, ·) ♦♥ V h✱ t❤❛t

ah(u− uh,vh) = ah(u− Ihu,vh) + ah(Ihu− uh,vh)

≤ c
√

µhk|u|k+1,Ω‖|vh|‖ + 2 ‖| Ihu− uh |‖ ‖|vh|‖.
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t

‖ihp − ph‖0,Ω ≤ chk(µ|u|k+1,Ω + |p|k,Ω) + c
√

µ ‖| Ihu− uh |‖,
✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ ✭✷✺✮ ✐♠♣❧② t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡ ✭✷✸✮✳



✶✽

❚❤❡♦r❡♠ ✼✳✻✳ ❙✉♣♣♦s❡ Ω ✐s ❝♦♥✈❡①✱ (u, p) ∈ Hk+1(Ω) × Hk(Ω) ❛♥❞ γ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ s✉❝❤ t❤❛t

‖u− uh‖0,Ω ≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω).

Pr♦♦❢✳ ❲❡ ❛❞❛♣t ◆✐ts❝❤❡✬s ❛r❣✉♠❡♥t t♦ ♦✉r ❞● ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥
❬✶✼❪✱ ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ♥♦r♠ ‖|·|‖ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❞✐✛❡r❡♥t st❛❜✐❧✐③❛t✐♦♥✳

▲❡t ✉s ✜rst r❡❝❛❧❧ t❤❛t✱ ❞✉❡ t♦ t❤❡ ❝♦♥✈❡①✐t② ♦❢ Ω✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠






−µ∆φ+ ∇ξ = ψ ✐♥Ω
∇ · φ = 0 ✐♥Ω
φ = 0 ♦♥ ∂Ω

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (φ, ξ) ∈H2(Ω) × H1(Ω) ✇❤✐❝❤ ♠♦r❡♦✈❡r s❛t✐s✜❡s ✿

✭✷✼✮ µ ‖φ‖2,Ω + ‖ξ‖1,Ω ≤ c ‖ψ‖0,Ω .

❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ψ = uh − u ❛♥❞ ✇❡ ✇r✐t❡✱ t❤❛♥❦s t♦ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜②
♣❛rts ♦♥ ❡❛❝❤ tr✐❛♥❣❧❡ T ∈ Th ❛♥❞ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ φ ❛♥❞ ξ✱ t❤❛t

‖u− uh‖2
0,Ω =

∫

Ω
(uh − u) · (−µ∆φ+ ∇ξ)dx

= ah(φ,uh − u) + bh(ξ,uh − u).

❇② ✉s✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❡q✉❛t✐♦♥s ✭❝❢✳ ▲❡♠♠❛ ✼✳✶✮

ah(uh − u,vh) + bh(ph − p,vh) = 0, ∀vh ∈ V h

bh(qh,uh − u) = 0, ∀qh ∈ Qh,

✇❡ ♦❜t❛✐♥✱ ❜② ❝❤♦♦s✐♥❣ vh = Ihφ ❛♥❞ qh = ihξ ✿

✭✷✽✮ ‖u− uh‖2
0,Ω = ah(φ− Ihφ,uh − u) + bh(ξ − ihξ,uh − u) − bh(ph − p, Ihφ).

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❡st✐♠❛t❡ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ r✐❣❤t❤❛♥❞ s✐❞❡ t❡r♠s✳
❚❤❡ ❧❛st ♦♥❡ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❡①❛❝t❧② ❛s ✐♥ ❬✶✼❪✳ ▲❡t ✉s ❣✐✈❡ s♦♠❡ ❞❡t❛✐❧s✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✳

❋✐rst✱ t❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ φ ❛♥❞ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs Ih ❛♥❞ ih✱ ✇❡ ✇r✐t❡ t❤❛t

bh(ph − p, Ihφ) = bh(ihp − p, Ihφ− φ) =
∑

e∈εh

∫

e
{ihp − p}[(Ihφ− φ) · ne]ds.

❚❤❡♥ ✇❡ ❡♠♣❧♦② ✐♥t❡r♣♦❧❛t✐♦♥ ❡st✐♠❛t❡s ✭s❡❡ ❛❧s♦ ▲❡♠♠❛ ✼✳✹✮ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② st❛t❡❞ ✐♥ ✭✷✼✮ ✐♥
♦r❞❡r t♦ ❝♦♥❝❧✉❞❡ t❤❛t

✭✷✾✮ bh(ph − p, Ihφ) ≤ c

µ
hk+1 |p|k,Ω ‖u− uh‖0,Ω .

❈♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ r✐❣❤t❤❛♥❞ s✐❞❡ t❡r♠ ♦❢ ✭✷✽✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❛♥❦s t♦ ✭✹✮ ❛♥❞ t♦ t❤❡ ♣r♦♣✲
❡rt✐❡s ♦❢ u t❤❛t

bh(ξ − ihξ,uh − u) =
∑

e∈εh

∫

e
{ξ − ihξ}[(uh −Lhu) · ne]ds

≤ ch ‖u− uh‖0,Ω

(

∑

e∈εh

1

|e| ‖[uh −Lhu]‖2
0,e

)1/2

.

❇② ✉s✐♥❣ ▲❡♠♠❛ ✼✳✷✱ t❤❡ ❢❛❝t t❤❛t [u] = [Lhu] = 0 ❛s ✇❡❧❧ ❛s t❤❡ ❡rr♦r ❡st✐♠❛t❡ ✭✷✷✮✱ ✐t ❢♦❧❧♦✇s
t❤❛t
(

∑

e∈εh

1

|e| ‖[uh −Lhu]‖2
0,e

)1/2

≤ c

(

|u−Lhu|1,Ω +
1√
µ
‖|u− uh|‖

)

≤ chk(|u|k+1,Ω +
1

µ
|p|k,Ω)



✶✾

s♦ ✜♥❛❧❧②✱

✭✸✵✮ bh(ξ − ihξ,uh − u) ≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω) ‖u− uh‖0,Ω .

❲❡ st✐❧❧ ❤❛✈❡ t♦ ❡st✐♠❛t❡

ah(φ− Ihφ,uh − u) = A0(φ− Ihφ,uh − u) + A1(φ− Ihφ,uh − u) + γJ(φ− Ihφ,uh − u).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ✐s str❛✐❣❤t❢♦r✇❛r❞ ✿

A0(φ− Ihφ,uh − u) + γJ(φ− Ihφ,uh − u) ≤ ‖|φ− Ihφ|‖ ‖|uh − u|‖

≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω) ‖u− uh‖0,Ω ,

s♦ ❧❡t ✉s ♥❡①t ❝♦♥s✐❞❡r

A1(φ−Ihφ,uh−u) = −µ
∑

e∈εh

(∫

e

{

∂(φ− Ihφ)

∂ne

}

· [uh − u] ds +

∫

e

{

∂(uh − u)

∂ne

}

· [φ− Ihφ] ds

)

.

❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✸✱ ✇❡ ♦❜t❛✐♥ t❤❛t

µ
∑

e∈εh

∫

e

{

∂(φ− Ihφ)

∂ne

}

· [uh − u] ds ≤ cµh|φ|2,Ω

(

∑

e∈εh

1

|e|‖[uh −Lhu]‖2
0,e

)1/2

≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω) ‖u− uh‖0,Ω ,

✇❤❡r❡❛s ✇❡ ❝❛♥ ✇r✐t❡✱ t❤❛♥❦s t♦ ✭✺✮ ❛♥❞ t♦ t❤❡ ❢❛❝t t❤❛t
{

∂(uh−Lhu)
∂ne

}

∈ P k−1 ♦♥ ❡✈❡r② ❡❞❣❡ e ∈ εh✱

t❤❛t ✿

µ
∑

e∈εh

∫

e

{

∂(uh − u)

∂ne

}

· [φ− Ihφ] ds = µ
∑

e∈εh

∫

e

{

∂(Lhu− u)

∂ne

}

· [φ− Ihφ] ds

≤ cµhk+1 |φ|2,Ω |u|k+1,Ω ≤ chk+1 |u|k+1,Ω ‖u− uh‖0,Ω .

❚❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ②✐❡❧❞ t❤❛t

✭✸✶✮ ah(φ− Ihφ,uh − u) ≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω) ‖u− uh‖0,Ω .

❇② ❣❛t❤❡r✐♥❣ t♦❣❡t❤❡r ✭✷✽✮✱ ✭✷✾✮✱ ✭✸✵✮ ❛♥❞ ✭✸✶✮✱ ♦♥❡ ♥♦✇ ♦❜t❛✐♥s t❤❡ ❛♥♥♦✉♥❝❡❞ r❡s✉❧t✳
❖♥❡ ❝❛♥ ❡q✉❛❧❧② ❡st❛❜❧✐s❤ ♦♣t✐♠❛❧ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ ♦t❤❡r t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥ ✭✾✮✳

❚❤❡♦r❡♠ ✼✳✼✳ ▲❡t (u, p) ∈ Hk+1(Ω) × Hk(Ω) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❙t♦❦❡s ♣r♦❜❧❡♠
❛♥❞ ❧❡t γ ❜❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✭❛s ✐♥ ▲❡♠♠❛ ✺✳✶✮✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ (Uh, Ph) ♦❢ ✭✾✮ s❛t✐s✜❡s ✿

[[u−Uh]] ≤ chk(
√

µ|u|k+1,Ω +
1√
µ
|p|k,Ω)

‖p − Ph‖0,Ω ≤ chk(µ|u|k+1,Ω + |p|k,Ω)

✇✐t❤ ❛ ❝♦♥st❛♥t c ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ✳ ▼♦r❡♦✈❡r✱ ✐❢ Ω ✐s ❝♦♥✈❡① t❤❡♥

‖u−Uh‖0,Ω ≤ chk+1(|u|k+1,Ω +
1

µ
|p|k,Ω).

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✻✳



✷✵

❈♦♥❝❡r♥✐♥❣ t❤❡ ❡rr♦r ✐♥ t❤❡ ❡♥❡r❣② ♥♦r♠✱ ♦♥❡ ♦♥❧② ♥❡❡❞s t♦ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❡st✐♠❛t❡s✱
❢♦r ❛♥② vh ∈ V h✿

J1(u− Ihu,vh) = 0 ❢♦r k = 2, 3

J1(u− Ihu,vh) ≤ c
√

µ





∑

e∈εint

h

1

|e|‖[u− Ihu]‖2
0,e





1/2

[[vh]]

≤ c
√

µhk|u|k+1,Ω [[vh]] ❢♦r k = 1

‖|vh|‖ ≤ c [[vh]] ,

✇✐t❤ c ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ µ✳ ❚❤❡ ✜rst ♦♥❡ r❡s✉❧ts ❢r♦♠ t❤❡ tr❛❝❡ ✐♥❡q✉❛❧✐t② ✭✶✷✮ ❛♥❞ t❤❡ ✐♥t❡r✲
♣♦❧❛t✐♦♥ ❡rr♦r ✭✻✮ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✷✵✮✳

❆s r❡❣❛r❞s t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❡rr♦r✱ t❤❡ ♠❛✐♥ ❝❤❛♥❣❡ ✐s t❤❛t ♦♥❡ ♥♦✇ ❤❛s t♦ ❜♦✉♥❞ t❤❡
t❡r♠

∑

e∈εh

1√
|e|

‖[Uh −Lhu]‖0,e✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✼✳✷ ❛♥❞ t♦ t❤❡ r❡❧❛t✐♦♥s [Lhu] = [u] = 0✱ t❤✐s

❝❛♥ ❜❡ ❞♦♥❡ ❛s ❢♦❧❧♦✇s ✿
∑

e∈εh

1
√

|e|
‖[Uh −Lhu]‖0,e ≤ c√

µ
‖|Uh −Lhu|‖ ≤ c√

µ
[[Uh −Lhu]]

≤ c

(

‖D(u) − D(Lhu)‖0,Ω +
1√
µ

[[u−Uh]]

)

≤ chk(|u|k+1,Ω +
1

µ
|p|k,Ω).

✽✳ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s

❖✉r ❛♥❛❧②s✐s ❢♦❧❧♦✇s t❤❡ ✐❞❡❛ ♦❢ ❑✐♠ ❬✷✶❪✱ ✇❤♦ ♣r♦♣♦s❡❞ ❛♥ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r ❢♦r t❤❡
▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ H(div,Ω)✲❝♦♥❢♦r♠✐♥❣ ✈❡❝t♦r
❛♣♣r♦①✐♠❛t✐♦♥✳

❲❡ ♣❡r❢♦r♠ ❤❡r❡ ♦♥❧② t❤❡ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ♦❢ ♣r♦❜❧❡♠ ✭✽✮❀ ❛♥❛❧♦❣✉♦✉s r❡s✉❧ts ❝❛♥ ❜❡ ❡st❛❜✲
❧✐s❤❡❞ ❢♦r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✾✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♣✉t

H(div,Ω) =
{

θ ∈ L2(Ω); divθ ∈ L2(Ω)
}

❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❘❛✈✐❛rt✲❚❤♦♠❛s ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ ✭❝❢✳ ❬✷✻❪✮

Σh =
{

θh ∈ H(div,Ω); (θh)/T ∈ RT k−1, ∀T ∈ Th

}

✇❤❡r❡ RT k−1 = P k−1 + P k−1 ⊗ x✳ ❚❤❡♥ ✇❡ ❝♦♥str✉❝t ❛ t❡♥s♦r σh ∈ Σh ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ (uh, ph)
♦❢ ✭✽✮ ❜② s♣❡❝✐❢②✐♥❣ ✐ts ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛s ❢♦❧❧♦✇s ✿

σhne = µ

{

∂uh

∂ne

}

− µγ

|e| [πk−1uh] − {ph}ne, ∀e ∈ εh

❛♥❞ ❢♦r k = 2 ♦r 3✱
∫

T
σh : rdx =

∫

T
(µ∇uh − phI) : rdx, ∀T ∈ Th ❛♥❞ ∀r ∈ P k−2.

❇② t❛❦✐♥❣ ❛s t❡st✲❢✉♥❝t✐♦♥ vh ✐♥ t❤❡ ❞● ❢♦r♠✉❧❛t✐♦♥ ✭✽✮ ❛ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ k − 1✱
✐t ❢♦❧❧♦✇s t❤❛t

✭✸✷✮

∫

T
(divσh + f) · rdx = 0, ∀T ∈ Th ❛♥❞ ∀r ∈ P k−1

s♦ ♦♥❡ ❤❛s (divσh)/T = −πT
k−1f ♦♥ ❡✈❡r② tr✐❛♥❣❧❡ T ∈ Th. ❖❜✈✐♦✉s❧②✱ σh ✐s ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡✳ ■t

✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ σ = µ∇u− pI ✇❤✐❝❤ ❝❧❡❛r❧② ❜❡❧♦♥❣s t♦ H(div,Ω)✳



✷✶

❲❡ ♥❡①t ❞❡✜♥❡✱ ❢♦❧❧♦✇✐♥❣ ❬✷✶❪✱ ❛ r❡s✐❞✉❛❧✲t②♣❡ ❡rr♦r ❡st✐♠❛t♦r ❜②

η2
h =

1

µ

∑

T∈Th

‖σh − µ∇uh + phI‖2
0,T + J∗(uh,uh).

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ηh✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② S(·, ·✮ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s
❙t♦❦❡s ♣r♦❜❧❡♠ ✭✶✮✱ ✇❤✐❝❤ ✇❡ ❡①t❡♥❞ ♦♥ (H1

0(Ω) + V h) × L2
0(Ω) ❛s ❢♦❧❧♦✇s ✿

S((u, p), (v, q)) = µ
∑

T∈Th

∫

T
∇u : ∇vdx −

∑

T∈Th

∫

T
p∇ · vdx +

∑

T∈Th

∫

T
q∇ · udx

❛♥❞ ❧❡t (φ, ξ) ∈H1
0(Ω) × L2

0(Ω) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢

✭✸✸✮ S((φ, ξ), (v, q)) = S((uh, ph), (v, q)), ∀(v, q) ∈H1
0(Ω) × L2

0(Ω).

❚❤❡♥ ✇❡ s♣❧✐t t❤❡ ❡rr♦r ❜② ♠❡❛♥s ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✿

√
µ |u− uh|1,Ω + 1√

µ ‖p − ph‖0,Ω ≤
(√

µ |u− φ|1,Ω + 1√
µ ‖p − ζ‖0,Ω

)

+
(√

µ |uh − φ|1,Ω + 1√
µ ‖ph − ζ‖0,Ω

)

❛♥❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❜♦✉♥❞ ❡❛❝❤ r✐❣❤t❤❛♥❞✲s✐❞❡ t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ ηh✳

▲❡♠♠❡ ✶✳ ❚❤❡r❡ ❡①✐sts c > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ Ω ❛♥❞ k s✉❝❤ t❤❛t

√
µ |u− φ|1,Ω + 1√

µ ‖p − ζ‖0,Ω ≤

c
(

1√
µ ‖σh − µ∇uh + phI‖0,Ω +

∑

T∈Th

hT√
µ

∥

∥f − πT
k−1f

∥

∥

0,T
+
√

J∗(uh,uh)
)

.

Pr♦♦❢✳ ❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♠♣❧✐❡s t❤❛t ✿

√
µ |u− φ|1,Ω +

1√
µ
‖p − ζ‖0,Ω ≤ c sup

(v,q)∈H
1

0
(Ω)×L2

0
(Ω)

S((u− φ, p − ξ), (v, q))
√

µ |u− φ|1,Ω + 1√
µ ‖p − ζ‖0,Ω

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t ❞❡♣❡♥❞s ♦♥ Ω✳ ❯s✐♥❣ ♥♦✇ t❤❛t

S((u− φ, p − ξ), (v, q)) = S((u− uh, p − ph), (v, q))

=
∫

Ω(σ − σh) : ∇vdx +
∑

T∈Th

∫

T (σh − µ∇uh + phI) : ∇vdx

+
∑

T∈Th

∫

T q∇ · (u− uh)dx

✐t ❢♦❧❧♦✇s✱ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ❛❢t❡r ✉s✐♥❣ ✭✸✷✮✱ t❤❛t

S((u− φ, p − ξ), (v, q)) =
∑

T∈Th

(∫

T
(σh − µ∇uh + phI) : ∇vdx −

∫

T
q∇ · uhdx

)

+
∑

T∈Th

∫

T
(f − πT

k−1f) · vdx

✇❤✐❝❤ ②✐❡❧❞s

√
µ |u− φ|1,Ω + 1√

µ ‖p − ζ‖0,Ω ≤
c√
µ

∑

T∈Th

(

hT

∥

∥f − πT
k−1f

∥

∥

0,T
+ ‖σh − µ∇uh + phI‖0,T + µ ‖∇ · uh‖0,T

)



✷✷

■♥ ♦r❞❡r t♦ ❜♦✉♥❞ ‖∇ · uh‖0,T ✱ ❧❡t ✉s t❛❦❡ ❛s t❡st✲❢✉♥❝t✐♦♥ qh ✐♥ ✭✽✮ t❤❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ∇ ·uh ♦♥
T ❛♥❞ 0 ❡❧s❡✇❤❡r❡✳ ❚❤❡♥

‖∇ · uh‖2
0,T =

1

2

∑

e⊂∂T

∫

e
(∇ · uh)[uh · ne]ds

≤ c ‖∇ · uh‖0,T

(

∑

e⊂∂T

1

|e| ‖[uh]‖2
0,e

)1/2

,

✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ k✳ ❙♦ ✐t ❢♦❧❧♦✇s t❤❛t




∑

T∈Th

µ ‖∇ · uh‖2
0,T





1/2

≤ c
√

J∗(uh,uh)

✇❤✐❝❤ ✜♥❛❧❧② ❧❡❛❞s t♦ t❤❡ ❛♥♥♦✉♥❝❡❞ ❡st✐♠❛t❡✳

▲❡♠♠❡ ✷✳ ❚❤❡r❡ ❡①✐sts c > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ k ❛♥❞ Ω s✉❝❤ t❤❛t ✿

√
µ |uh − φ|1,h +

1√
µ
‖ph − ζ‖0,Ω ≤ c

√

J∗(uh,uh).

Pr♦♦❢✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ♦♥ b(·, ·) ✐♠♣❧✐❡s t❤❛t

c ‖ph − ζ‖0,Ω ≤ sup
v∈H

1

0
(Ω)

b(ph − ξ,v)

|v|1,Ω

= sup
v∈H

1

0
(Ω)

a(uh − φ,v)

|v|1,Ω

≤ µ |uh − φ|1,h

t❤❡r❡❢♦r❡ ✐t ✐s s✉✣❝✐❡♥t t♦ ❜♦✉♥❞
√

µ |uh − φ|1,h✳

❆ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ✭✸✸✮ ②✐❡❧❞✱ ❢♦r ❛♥② v ∈H1
0(Ω) ✿

µ |uh − φ|21,h − µ |uh − v|21,h

= S((uh − φ, ph − ξ), (uh − φ, ph − ξ)) − S((uh − v, ph − ξ), (uh − v, ph − ξ))

= S((uh − φ, ph − ξ), (v − φ, 0)) + S((v − φ, 0), (uh − φ, ph − ξ))

−S((φ− v, 0), (φ− v, 0))

= 2
∑

T∈Th

∫

T (ph − ξ)∇ · (v − φ)dx − µ |φ− v|21,Ω

≤ 2
∑

T∈Th

∫

T (ph − ξ)∇ · (v − uh)dx.

❚❤❡♥ ✐t ❢♦❧❧♦✇s✱ ✇✐t❤ C = 1/c✱ t❤❛t

|uh − φ|21,h ≤ |uh − v|21,h + 2C |uh − φ|1,h |uh − v|1,Ω

❛♥❞ ❤❡♥❝❡✱

|uh − φ|1,h ≤ (C +
√

1 + C2) |uh − v|1,h , ∀v ∈H1
0(Ω).

❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❬✷✶❪ ✭s❡❡ ❛❧s♦ ❬✷✵❪✮ ❛♥❞ ✇❡ t❛❦❡ ❢♦r v ∈ C0(Ω) t❤❡ ♣✐❡❝❡✇✐s❡ P k ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞
❜② ✐ts ✈❛❧✉❡s ❛t t❤❡ ▲❛❣r❛♥❣✐❛♥ ♥♦❞❡s z ❛s ❢♦❧❧♦✇s ✿

v(z) = (uh)/T (z),

✇❤❡r❡ T ∈ Th ✐s s✉❝❤ t❤❛t z ∈ T . ❚❤❡♥ ♦♥❡ ❝❛♥ ❡st❛❜❧✐s❤ ✭❝❢✳ ❬✷✶❪✮ t❤❛t ✿

|uh − v|1,h ≤ c

(

∑

e∈εh

1
√

|e|
‖[uh]‖0,e

)

✇❤❡r❡ c ❞❡♣❡♥❞s ♦♥ k✳ ❚❤✐s ❡♥❞s t❤❡ ❧❡♠♠❛✬s ♣r♦♦❢✳
❚❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ✐♥❡q✉❛❧✐t② ✿

J(uh,uh) ≤ J∗(uh,uh)

❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t♦ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ηh✱ st❛t❡❞ ✐♥ t❤❡ ♥❡①t t❤❡♦r❡♠✳



✷✸

❚❤❡♦r❡♠ ✽✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c ❞❡♣❡♥❞✐♥❣ ♦♥ k ❛♥❞ Ω s✉❝❤ t❤❛t ✿

‖|u− uh|‖ +
1√
µ
‖p − ph‖0,Ω ≤ (c +

√
γ)ηh + c

∑

T∈Th

hT√
µ

∥

∥f − πT
k−1f

∥

∥

0,T
.

❲❡ ❛r❡ ♥♦✇ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ❢♦r
❛♥② tr✐❛♥❣❧❡ T ∈ Th t❤❡ ❧♦❝❛❧ ❝♦♥tr✐❜✉t✐♦♥

η2
T =

1

µ
‖σh − µ∇uh + phI‖2

0,T +
∑

e⊂∂T

µ

|e| ‖[uh]‖2
0,e .

■t ✐s ✉s❡❢✉❧ t♦ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ♦❢ ❱❡r❢✉̈rt❤ ❬✷✾❪✳ ▲❡t bT ❞❡♥♦t❡ t❤❡ ❝✉❜✐❝ ❜✉❜❜❧❡ ❢✉♥❝t✐♦♥ ♦♥
T ∈ Th ❛♥❞ be t❤❡ q✉❛❞r❛t✐❝ ❜✉❜❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ e ∈ εh✱ s❛t✐s❢②✐♥❣ 0 ≤ bT ≤ 1 = max bT ❛♥❞
0 ≤ be ≤ 1 = max be✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♠✐♥✐♠✉♠ ❛♥❣❧❡ ♦❢ Th

❛♥❞ ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ r s✉❝❤ t❤❛t✱ ❢♦r ❛♥② v ∈ Pr(T ) ✿

✭✸✹✮ ‖v‖0,T ≤ C
∥

∥

∥b
1/2
T v

∥

∥

∥

0,T
, ‖v‖0,e ≤ C

∥

∥

∥b1/2
e v

∥

∥

∥

0,e
.

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r Pe ✇❤✐❝❤ ❡①t❡♥❞s ❛♥② ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ e ∈ εh t♦ t❤❡ tr✐❛♥❣❧❡
T ❛♥❞ s❛t✐s✜❡s ✿

✭✸✺✮ C1

√

|e| ‖v‖0,e ≤ ‖bePev‖0,T ≤ C2

√

|e| ‖v‖0,e , ∀v ∈ Pr(e).

❚❤❡♥ ✇❡ ❤❛✈❡ ✿

❚❤❡♦r❡♠ ✽✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠✐♥✐♠✉♠ ❛♥❣❧❡ ♦❢ Th ❛♥❞ ♦♥ k s✉❝❤
t❤❛t✱ ❢♦r ❛♥② T ∈ Th✱ ♦♥❡ ❤❛s

η2
T ≤ c



µ(
∑

S∈ωT

|u− uh|21,S) +
1

µ
‖p − ph‖2

0,ωT
+
∑

e⊂∂T

(1 + γ)2µ

|e| ‖[πk−1uh]‖2
0,e





✇❤❡r❡ ωT ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥ts s❤❛r✐♥❣ ❛♥ ❡❞❣❡ ✇✐t❤ T ✳ ❈♦♥s❡q✉❡♥t❧②✱

ηh ≤ c

(√
µ |u− uh|1,Ω + (1 + γ)

√

J(uh,uh) +
1√
µ
‖p − ph‖0,Ω

)

.

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ t❡r♠ 1√
µ ‖σh − µ∇uh + phI‖0,T ✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t σh−µ∇uh +phI

❜❡❧♦♥❣s t♦ RT k−1(T ) ❛♥❞ ❢♦r k ≥ 2✱ ✐ts L2(T )✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ P k−2 ✐s ③❡r♦✳ ❚❤❡r❡❢♦r❡
‖σh − µ∇uh + phI‖0,T ❛♥❞ ‖(σh − µ∇uh + phI)ne‖0,∂T ❛r❡ ❡q✉✐✈❛❧❡♥t ♥♦r♠s✳ ❆ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t
②✐❡❧❞s

‖σh − µ∇uh + phI‖0,T ≤ c
∑

e⊂∂T

√

|e| ‖(σh − µ∇uh + phI)ne‖0,e

✇✐t❤ ❛ ❝♦♥st❛♥t c ❞❡♣❡♥❞✐♥❣ ♦♥ k✳ ❋♦r ❛ ❣✐✈❡♥ ❡❞❣❡ e ⊂ ∂T ✱ ♦♥❡ ♥❡①t ❤❛s

(σh − µ∇uh + phI)ne = ± [µ∇uh − phI]ne −
µγ

|e| [πk−1uh]

t❤❡ s✐❣♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ne ✇✐t❤ r❡s♣❡❝t t♦ T ✳ ❙♦

‖σh − µ∇uh + phI‖0,T ≤

c
∑

e⊂∂T

(

√

|e| ‖[µ∇uh − phI]ne‖0,e + µγ√
|e|

‖[πk−1uh]‖0,e

)

.

▲❡t ✉s r❡♠❛r❦ t❤❛t ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❣✐✈❡s✱ ❢♦r ❛♥② w ∈H1
0(Ω)✱ t❤❛t

∑

T∈Th

∫

T (σ − µ∇uh + phI) : ∇wdx +
∑

T∈Th

∫

T div (σ − µ∇uh + phI) ·wdx

=
∑

T∈Th

∫

∂T (σ − µ∇uh + phI)n ·wds

= −
∑

e∈εh

∫

e [µ∇uh − phI]ne ·wds.



✷✹

❲❡ ♥♦✇ ❡♠♣❧♦② t❤❡ ❛r❣✉♠❡♥t ✉s❡❞ ❜② ❱❡r❢✉̈srt❤ ✐♥ ❬✷✾❪✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡✐❣❤t❡❞ ♥♦r♠s ❜②
t❤❡ ❜✉❜❜❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♦♥ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t✐❡s✳ ❇② t❛❦✐♥❣ w = bT div(σ − µ∇uh + phI) ❛♥❞ ✉s✐♥❣
✭✸✹✮✱ ✇❡ ✜rst ❣❡t t❤❛t

hT ‖div(σ − µ∇uh + phI)‖0,T ≤ c ‖σ − µ∇uh + phI‖0,T .

❲❡ ♥❡①t t❛❦❡ w = bePe([µ∇uh − phI]ne) ❛♥❞ ✇❡ ♦❜t❛✐♥✱ t❤❛♥❦s t♦ ✭✸✹✮ ❛♥❞ ✭✸✺✮✱
√

|e| ‖[µ∇uh − phI]ne‖0,e ≤ c ‖σ − µ∇uh + phI‖0,T1∪T2
,

✇✐t❤ c ♥♦✇ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠✐♥✐♠✉♠ ❛♥❣❧❡ ♦❢ Th ❛♥❞ ♦♥ k✳ ❚❤✐s ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t ✿
1√
µ ‖σh − µ∇uh + phI‖0,T ≤

c

(

√
µ
∑

S∈ωT
|u− uh|1,S + 1√

µ ‖p − ph‖0,ωT
+ γ

∑

e⊂∂T

√
µ√
|e|

‖[πk−1uh]‖0,e

)

.

❲❡ st✐❧❧ ❤❛✈❡ t♦ ❜♦✉♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠
√

µ√
|e|
‖[uh]‖0,e ♦❢ ηT ✱ ♦♥ ❡✈❡r② ❡❞❣❡ e ⊂ ∂T ✳ ❋♦r t❤✐s

♣✉r♣♦s❡✱ ✇❡ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✷ ❛♥❞✱ ✉s✐♥❣ t❤❛t [u] = 0✱ ✇❡ ✇r✐t❡ t❤❛t✿

‖[uh]‖0,e ≤ ‖[(uh − u) − πk−1(uh − u)]‖0,e + ‖[πk−1uh]‖0,e.

▲❡t S ❛ tr✐❛♥❣❧❡ ♦❢ Th s✉❝❤ t❤❛t e ⊂ ∂S✳ ❚❤❡ tr❛❝❡ ✐♥❡q✉❛❧✐t② t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
♣r♦♣❡rt✐❡s ♦❢ πS

k−1 ♥❡①t ❣✐✈❡ t❤❛t

1√
|e|
‖(uh − u) − πk−1(uh − u)‖0,e ≤ 1√

|e|
‖(uh − u) − πS

k−1(uh − u)‖0,e

≤ c
(

1
hS

‖(uh − u) − πS
k−1(uh − u)‖0,S + |(uh − u) − πS

k−1(uh − u)|1,S

)

≤ c|uh − u|1,S

✇✐t❤ c ❞❡♣❡♥❞✐♥❣ ♦♥ k✳ ❙♦ ✐t ❢♦❧❧♦✇s t❤❛t
∑

e⊂∂T

√
µ

√

|e|
‖[uh]‖0,e ≤ c

√
µ(
∑

S∈ωT

|uh − u|1,S) +
∑

e⊂∂T

√
µ

√

|e|
‖[πk−1uh]‖0,e

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳
❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t t❤❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦r ηh t❡♥❞s✱ ❛s γ → ∞✱ t♦✇❛r❞s

❛♥ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t♦r ♦❢ t❤❡ ♥♦♥❝♦♥❢♦r♠✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ ✭✶✸✮ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡✈❡❧♦♣❡❞
✐♥ ❬✶✷❪ ✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ k = 1 ❛♥❞ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t r✐❣❤t✲❤❛♥❞
s✐❞❡✳

❚❤❡♦r❡♠ ✽✳✸✳ ▲❡t k = 1 ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ f ❜❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ Th✳ ❚❤❡♥
✇❡ ❤❛✈❡ ✇✐t❤ u∗

h t❤❡ ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥ ♦❢ ✭✶✸✮✿

✭✸✻✮ lim
γ→∞

η2
h =

1

4µ

∑

T∈Th

‖f ⊗ (x− xT )‖2
0,T + J∗(u∗

h,u∗
h).

Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ▼❛r✐♥✐✱ ✇❡ ❞❡✜♥❡ ♦♥ ❡❛❝❤ tr✐❛♥❣❧❡ T ❛♥ ❡❧❡♠❡♥t ♦❢ RT 0 ❜②

σ∗
h = µ∇u∗

h − p∗hI − 1

2
f ⊗ (x− xT ).

▲❡t ❛♥② vh ∈ V h✳ ❚❤❡♥ ♦❜✈✐♦✉s❧② divσ∗
h = −f = divσh ✱ σ∗

h ∈ Σh ❛♥❞ ❛❧s♦✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t
∫

T (x− xT )dx = 0✱

∑

e∈εh

∫

e
σ∗

hne · [vh] ds =

∫

Ω
divσ∗

h · vhdx +

∫

Ω
σ∗

h : ∇vhdx

=
∑

T∈Th

(−
∫

T
f · vhdx + µ

∫

T
∇u∗

h : ∇vhdx −
∫

T
p∗h∇ · vhdx).
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▼❡❛♥✇❤✐❧❡✱ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ②✐❡❧❞s✱ t❤❛♥❦s t♦ ♣r♦❜❧❡♠ ✭✽✮ ✿

∑

e∈εh

∫

e
σhne · [vh] ds = −

∫

Ω
f · vhdx

+
∑

T∈Th

(µ

∫

T
∇uh∇vhdx −

∫

T
ph∇ · vhdx) − µ

∑

e∈εh

∫

e

{

∂vh

∂ne

}

· [uh] ds.

❚❤❡♦r❡♠ ✻✳✶ ♥❡①t ❣✐✈❡s t❤❛t

lim
γ→∞

∑

e∈εh

∫

e
σhne · [vh] ds = −

∫

Ω
f · vhdx + µ

∫

Ω
∇u∗

h : ∇vhdx −
∫

Ω
p∗h∇ · vhdx

=
∑

e∈εh

∫

e
σ∗

hne · [vh] ds.

❇② t❛❦✐♥❣ ❛s vh t❤❡ r❡str✐❝t✐♦♥ ♦♥ T ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❈r♦✉③❡✐①✲❘❛✈✐❛rt s♣❛❝❡ ❛ss♦❝✐❛t❡❞
✇✐t❤ e ⊂ ∂T ❛♥❞ ③❡r♦ ❡❧s❡✇❤❡r❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
γ→∞

‖(σh − σ∗
h)ne‖0,e = 0, ∀e ∈ εh

s♦ limγ→∞ ‖σh − σ∗
h‖0,Ω = 0. P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ηh ②✐❡❧❞s ✭✸✻✮✳

❘❡♠❛rq✉❡ ✶✳ ❚❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ♥♦♥❝♦♥❢♦r♠✐♥❣ s♣❛❝❡✱ t❤❡ t❡r♠ J∗(u∗
h,u∗

h)

❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ t❡r♠ µ
∑

e∈εh
|e|
∫

e[
∂uh

∂te
]2 ds ✇❤❡r❡ te ❞❡♥♦t❡s t❤❡ t❛♥❣❡♥t ♦❢ ❡❞❣❡ e✳ ❚❤✐s

②✐❡❧❞s t❤❡ ❢♦r♠ ♦❢ t❤❡ ♥♦♥❝♦♥❢♦r♠✐t② ❡rr♦r ❦♥♦✇♥ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✷❪✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ f 6= π0f ✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❛❞❞✐t✐♦♥♥❛❧ ❤✐❣❤❡r ♦r❞❡r t❡r♠✳

✾✳ ❊①t❡♥s✐♦♥s

❙❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❞● ♠❡t❤♦❞ ❢♦r t❤❡ st❡❛❞② ❙t♦❦❡s ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❡♥✈✐s❛❣❡❞✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t✇♦ ♦❢ t❤❡♠✳

❲❡ ❛r❡ ✜rst ✐♥t❡r❡st❡❞ ✐♥ t❤❡ tr❡❛t❡♠❡♥t ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢
t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ♥♦♥✲◆❡✇t♦♥✐❛♥ ✢✉✐❞s✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✷✮✳ ❲❡
r❡❝❛❧❧ t❤❛t τ = 2µD(u)✳ ❇❡s✐❞❡s t❤❡ ✉s✉❛❧ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ♠❛② ✇❛♥t t♦ ♣r❡s❝r✐❜❡
❛ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ τn−pn = χ✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❞✐s♣♦s❡
♦❢ ❛ ❧❛r❣❡r ♣❛♥❡❧ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐s❡✉✐❧❧❡ ✢♦✇ ❞♦❡s
♥♦t s❛t✐s❢② t❤❡ ♣r❡✈✐♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦✉t❧❡t ❜♦✉♥❞❛r②✳ ❙♦ ✇❡ ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ ♦❢
t❤❡ ❜♦✉♥❞❛r② ∂Ω = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 s✉❝❤ t❤❛t Γ2 6= ∂Ω ❛♥❞ ✇❡ ✐♠♣♦s❡ ✿

u · t = gt, u · n = gn ♦♥ Γ1 ✭♣✉r❡ ❉✐r✐❝❤❧❡t✮

τn · n− p = χn, τn · t = χt ♦♥ Γ2 ✭♣✉r❡ ◆❡✉♠❛♥♥✮

u · t = gt, τn · n− p = χn ♦♥ Γ3

u · n = gn, τn · t = χt ♦♥ Γ4.



✷✻

❚❤❡♥✱ s✐♥❝❡ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ❛r❡ tr❡❛t❡❞ ❜② ♠❡❛♥s ♦❢ ◆✐ts❝❤❡✬s ♠❡t❤♦❞✱ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠s J(·, ·)✱
C1(·, ·) ❛♥❞ bh(·, ·) ❤❛✈❡ t♦ ❜❡ ❝❤❛♥❣❡❞ ❛s ❢♦❧❧♦✇s ✿

J(uh,vh) = µ
∑

e∈εint

h
∪ε1

h
∪ε3

h

1

|e|

∫

e
[πk−1uh · te][πk−1vh · te]ds

+µ
∑

e∈εint

h
∪ε1

h
∪ε4

h

1

|e|

∫

e
[πk−1uh · ne][πk−1vh · ne]ds

C1(uh,vh) = −2µ
∑

e∈εint

h
∪ε1

h
∪ε3

h

(∫

e
{D(vh)ne · te} [uh · te]ds +

∫

e
{D(uh)ne · te} [vh · te]ds

)

−2µ
∑

e∈εint

h
∪ε1

h
∪ε4

h

(∫

e
{D(vh)ne · ne} [uh · ne]ds +

∫

e
{D(uh)ne · ne} [vh · ne]ds

)

bh(qh,vh) = −
∑

T∈Th

∫

T
qh∇ · vhdx +

∑

e∈εint

h
∪ε1

h
∪ε4

h

∫

e
{qh} [uh · ne]ds.

❚❤❡ ❧✐♥❡❛r ❢♦r♠s ❛r❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣❧② ✿

fh(vh) =
∑

T∈Th

∫

T
f · vhdx −

∑

e∈ε2

h
∪ε3

h

∫

e
χ1vh · neds −

∑

e∈ε2

h
∪ε4

h

∫

e
χ2vh · teds

−2µ(
∑

e∈ε1

h
∪ε3

h

∫

e
D(vh)ne · teg1ds +

∑

e∈ε1

h
∪ε4

h

∫

e
D(vh)ne · neg2ds)

+µγ(
∑

e∈ε1

h
∪ε3

h

1

|e|

∫

e
πk−1g1πk−1vh · teds +

∑

e∈ε1

h
∪ε4

h

1

|e|

∫

e
πk−1g2πk−1vh · neds)

gh(qh) =
∑

e∈ε1

h
∪ε4

h

∫

e
qhg2ds.

◆❡①t✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡①t❡♥❞ ♦✉r ❞✐s❝r❡t✐③❛t✐♦♥ t♦ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❜② ❢♦❧❧♦✇✐♥❣ t❤❡
❛♣♣r♦❛❝❤ ♦❢ ●✐r❛✉❧t ❡t ❛❧✳ ❬✶✼❪✱ ✇❤✐❝❤ ②✐❡❧❞s ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱
✇❡ r❡❝❛❧❧ ❤❡r❡ ❜❡❧♦✇ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡❝t✐✈❡ t❡r♠ ❣✐✈❡♥ ✐♥ ❬✶✼❪✳ ❚❤❡ ❛✉t❤♦rs
❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❧♦❝✐t✐❡s t❤❡ ✉♣✇✐♥❞ s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ❜② ▲❡s❛✐♥t ❛♥❞ ❘❛✈✐❛rt
❬✷✷❪ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ✿

cNS(u,v) =
∑

T∈Th

(∫

T
u · ∇uvdx +

∫

∂T−

|{u} · nT | (uint − uext) · vintds

)

+
1

2

∑

T∈Th

∫

T
(∇ · u)u · vdx − 1

2

∑

e∈εh

∫

e
[u] · ne{u · v}ds

✇❤❡r❡ ∂T− = {x ∈ ∂T ; {x} · nT < 0}✳ ■t ✐s ✐♠♣♦rt❛♥t✱ ❢♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ t♦ ♥♦t❡ t❤❛t
cNS(u,u) ≥ 0✳

✶✵✳ ◆✉♠❡r✐❝❛❧ t❡sts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✐♥ ♦r❞❡r t♦ ❝♦♥✜r♠ t❤❡ t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❛♥❞ ✐♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳
❈♦♠♣❛r✐s♦♥s ✇✐t❤ t❤❡ ❞● ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❬✶✼❪ ❛r❡ ❝❛rr✐❡❞ ♦✉t✱ ✐❧❧✉str❛t✐♥❣ t❤❡ r♦❜✉st♥❡ss ♦❢
♦✉r ♠❡t❤♦❞✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ ❝♦❞❡s ❛r❡ ✇r✐tt❡♥ ✐♥ ❈✰✰ ❛♥❞ ✉s❡ t❤❡ ✐♥✲❤♦✉s❡ ❈✰✰ ❧✐❜r❛r② ❈❖◆❈❍❆
✭❤tt♣✿✴✴✉♣♣❛✲✐♥r✐❛✳✉♥✐✈✲♣❛✉✳❢r✴❝♦♥❝❤❛✮✳
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✶✵✳✶✳ ▼❡s❤ ❝♦♥✈❡r❣❡♥❝❡✳

✶✵✳✶✳✶✳ ❋✐rst t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ✜rst st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✽✮ ✇✐t❤
r❡s♣❡❝t t♦ ♠❡s❤ r❡✜♥❡♠❡♥t✱ ❢♦r k = 1✱ 2 ❛♥❞ 3✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠
✇✐t❤ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ✿

✭✸✼✮ u(x, y) =

(

π cos(πx) sin(πy)
−π sin(πx) cos(πy)

)

, p(x, y) = sin(πx) sin(πy)

♦♥ t❤❡ sq✉❛r❡ Ω = [−1, 1] × [−1, 1]✳
❚❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ✜rst ♠❡s❤✐♥❣ t❤❡ ❞♦♠❛✐♥ ✐♥t♦ q✉❛❞r✐❧❛t❡r❛❧s ❛♥❞ t❤❡♥ ❞❡❝♦♠✲

♣♦s✐♥❣ ❡❛❝❤ q✉❛❞r✐❧❛t❡r❛❧ ✐♥t♦ tr✐❛♥❣❧❡s ❛s ✐♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇✳ ❖♥❡ t❤✉s ❡♥❞s ✉♣ ✇✐t❤ ❛ ✧❝r✐ss✲❝r♦ss✧
♠❡s❤✱ ❝❢✳ ❋✐❣✳ ✶✳ ❆t ❡❛❝❤ r❡✜♥❡♠❡♥t st❡♣✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡r h ✐s ❞✐✈✐❞❡❞ ❜② ✷❀ ✇❡ ❞❡♥♦t❡
❜② ne t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ tr✐❛♥❣❧❡s✳

❋✐❣✉r❡ ✶✳ ❚r✐❛♥❣✉❧❛r ♠❡s❤ ❢r♦♠ q✉❛❞r✐❧❛t❡r❛❧ ♦♥❡

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❡rr♦rs ✐♥ t❡r♠s ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ne✱ ❢♦r
❛❧❧ k✳ ❆s ❡①♣❡❝t❡❞✱ ✇❡ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ O(hk) ❢♦r t❤❡ ♣r❡ss✉r❡ ❛♥❞ ❢♦r t❤❡
✈❡❧♦❝✐t② ✐♥ t❤❡ ❡♥❡r❣② ♥♦r♠✱ ❛♥❞ ❛♥ ✐♠♣r♦✈❡❞ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ O(hk+1) ❢♦r t❤❡ ✈❡❧♦❝✐t② ✐♥ t❤❡
L2✲♥♦r♠✳ ❚❤❡ r❡s✉❧ts ❜❡❧♦✇ ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r γ = 10 ❛♥❞ µ = 1✳

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 1000

 100  1000  10000

lo
g

(E
rr

o
rs

) 

log(ne)

Energy error on the velocity

k = 1
k = 2
k = 3
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✭❜✮ ❱ ✲ ❡rr♦r ✐♥ L2 ✲ ♥♦r♠
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✭❝✮ Pr❡ss✉r❡ ❡rr♦r

❋✐❣✉r❡ ✷✳ ❋✐rst ❢♦r♠✉❧❛t✐♦♥ ✿ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢♦r ❞✐✛❡r❡♥t k

❋♦r k = 3✱ ✇❡ ❤❛✈❡ ✜rst t❛❦❡♥ γ = 10 ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s t❡sts✱ ❜✉t t❤❡♥ t❤❡ ♠❡t❤♦❞ ❞✐❞♥✬t
❝♦♥✈❡r❣❡✳ ❚❤✐s ✐s ♥♦t ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts s✐♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺✳✶✱ γ
❤❛s t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥
♣❛r❛♠❡t❡r ✇✐❧❧ ❜❡ st✉❞✐❡❞ ♠♦r❡ ❡①t❡♥s✐✈❡❧② ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥❀ ❢♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ❤❛✈❡ s✐♠♣❧②
♣❡r❢♦r♠❡❞ s✐♠✐❧❛r t❡sts ✇✐t❤ ❛ ❧❛r❣❡r ✈❛❧✉❡ ♦❢ γ ✭γ = 100✮✳
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❲❡ ♣r❡s❡♥t ✐♥ ❚❛❜❧❡s ✶✱ ✷ ❛♥❞ ✸ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡rr♦rs ♦♥ ❞✐✛❡r❡♥t ♠❡s❤❡s ❢♦r k ❡q✉❛❧ t♦ 1✱ 2 ❛♥❞
3 r❡s♣❡❝t✐✈❡❧② ❛♥❞✱ ❢♦r ❡❛❝❤ ❡rr♦r✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ✭❝♦❛rs❡✮
♠❡s❤ ❛♥❞ ♦♥ t❤❡ ❛❝t✉❛❧ ✭r❡✜♥❡❞✮ ♦♥❡✳

♥❡ ‖u− uh‖0,Ω r❛t✐♦ |‖u− uh‖| r❛t✐♦ ‖p − ph‖0,Ω r❛t✐♦
✻✹ ✵✳✽✹✸✾✺✾ ✖ ✶✵✳✵✶✵✺✻✺ ✖ ✷✳✼✾✷✺✺ ✖
✷✺✻ ✵✳✷✼✻✽✾✺ ✸✳✵✹✼✾✸ ✹✳✼✻✼✻✾✽ ✷✳✵✾✾✻✻ ✶✳✼✼✺✼✺ ✶✳✺✼✷✻✵✸
✶✵✷✹ ✵✳✵✼✽✶✹✸ ✸✳✺✹✸✹✶ ✷✳✸✽✷✺✼✽ ✷✳✵✵✶✵✼ ✵✳✽✽✹✶✼✾ ✷✳✵✵✽✸✻✵
✹✵✾✻ ✵✳✵✷✵✶✾✷ ✸✳✽✻✾✾✽ ✶✳✶✽✽✶✻✷ ✷✳✵✵✺✷✻ ✵✳✹✸✻✵✶ ✷✳✵✷✼✽✽✻
✶✻✸✽✹ ✵✳✵✵✺✵✾✵ ✸✳✾✻✻✻✹ ✵✳✺✾✷✹✻✵ ✷✳✵✵✺✹✼ ✵✳✷✶✻✾✾✶ ✷✳✵✵✾✸✹✻
✻✺✺✸✻ ✵✳✵✵✶✷✼✺ ✸✳✾✾✶✼✹ ✵✳✷✾✺✼✵✼ ✷✳✵✵✸✺✹ ✵✳✶✵✽✸✻✶ ✷✳✵✵✷✹✽✷

❚❛❜❧❡ ✶✿ ❘❛t✐♦ ♦❢ t❤❡ ❡rr♦rs ♦♥ s✉❝❝❡s✐✈❡ ♠❡s❤❡s ❢♦r k = 1 ✭γ = 10✮

♥❡ ‖u− uh‖0,Ω r❛t✐♦ |‖u− uh‖| r❛t✐♦ ‖p − ph‖0,Ω r❛t✐♦
✻✹ ✵✳✵✹✻✸✺✾ ✖ ✷✳✶✷✷✵✹✽ ✖ ✵✳✺✸✾✹✽✷ ✖
✷✺✻ ✵✳✵✵✹✾✷✼ ✾✳✹✵✽✵✷ ✵✳✹✾✷✾✻✸ ✹✳✸✵✹✻✽ ✵✳✶✷✺✵✶✸ ✹✳✸✶✺✹✵✼
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❚❛❜❧❡ ✷ ✿ ❘❛t✐♦ ♦❢ t❤❡ ❡rr♦rs ♦♥ s✉❝❝❡s✐✈❡ ♠❡s❤❡s ❢♦r k = 2 ✭γ = 10✮

♥❡ ‖u− uh‖0,Ω r❛t✐♦ |‖u− uh‖| r❛t✐♦ ‖p − ph‖0,Ω r❛t✐♦
✻✹ ✵✳✵✵✻✵✷✺ ✖ ✵✳✶✾✸✹✼✶ ✖ ✵✳✵✻✷✼✸✼ ✖
✷✺✻ ✵✳✵✵✵✸✽✼ ✶✺✳✺✺✻✹ ✵✳✵✷✹✹✶✺ ✼✳✾✷✹✶ ✵✳✵✵✼✾✶✾ ✼✳✾✷✶✾✽✹
✶✵✷✹ ✷✳✹✹✸❡✲✵✺ ✶✺✳✽✺✶✸ ✵✳✵✵✸✵✺✵ ✽✳✵✵✹✶✽ ✵✳✵✵✶✵✵✶ ✼✳✶✽✶✾✹✼
✹✵✾✻ ✶✳✺✷✽❡✲✵✻ ✶✺✳✾✽✼✻ ✵✳✵✵✵✸✽✵ ✽✳✵✷✶✸✶ ✵✳✵✵✵✶✷✻ ✼✳✾✵✼✵✹✻

❚❛❜❧❡ ✸ ✿ ❘❛t✐♦ ♦❢ t❤❡ ❡rr♦rs ♦♥ s✉❝❝❡s✐✈❡ ♠❡s❤❡s ❢♦r k = 3 ✭γ = 100✮

❆ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡rr♦r ✇❛s ♦❜s❡r✈❡❞ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✈✐s❝♦s✐t②✳ ❚♦ ✐❧❧✉str❛t❡
t❤✐s ♣♦✐♥t✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s❛♠❡ t❡st✲❝❛s❡✱ ❜✉t ✇✐t❤ µ = 100✳ ❆s ♣r❡❞✐❝t❡❞
❜② t❤❡ t❤❡♦r②✱ t❤❡ ✈✐s❝♦s✐t② ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✭s❡❡ ❋✐❣✳ ✸ ✮✳

❋✐❣✉r❡ ✸✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❡rr♦rs ❢♦r k = 1 ❛♥❞ µ = 100



✷✾

✶✵✳✶✳✷✳ ❙❡❝♦♥❞ t✇♦✲✜❡❧❞s ❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ♥♦✇ ♣❡r❢♦r♠ t❤❡ s❛♠❡ t❡st ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱
❜✉t ✇❡ ❡♠♣❧♦② t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✾✮✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❛❞❞✐t✐♦♥♥❛❧ st❛❜✐❧✐③❛t✐♦♥ t❡r♠
J1(·, ·)✱ ✇❤♦s❡ r♦❧❡ ✐s t♦ ❡♥s✉r❡ t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛❧✐t②✱ ✐s ♥❡❝❡ss❛r② ♦♥❧② ✐♥ t❤❡ ❝❛s❡ k = 1✳ ❋♦r
t❤✐s r❡❛s♦♥✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❞● ♠❡t❤♦❞ ♦♥❧② ❢♦r k = 1✳

❲❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ❝✉r✈❡s ✐♥ log s❝❛❧❡✱ ❢♦r t❤❡ ✈❡❧♦❝✐t② ✭✐♥ t❤❡
❡♥❡r❣② ♥♦r♠ ❛♥❞ ✐♥ t❤❡ L2✲♥♦r♠✮ ❛♥❞ ❢♦r t❤❡ ♣r❡ss✉r❡✳ ❚❤❡② ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts✱ t❤❛t ✐s ✿

‖u− uh‖0,Ω = O(h2), [[u− uh]] = O(h), ‖p − ph‖0,Ω = O(h).

♥❡ ‖u− uh‖0,Ω r❛t✐♦ |‖u− uh‖| r❛t✐♦ ‖p − ph‖0,Ω r❛t✐♦
✻✹ ✵✳✼✸✷✽✷✽ ✖ ✶✻✳✻✷✺✾✾✽ ✖ ✸✳✵✻✸✻✹ ✖
✷✺✻ ✵✳✶✺✻✶✽✼ ✹✳✻✾✶✾✼ ✼✳✼✹✵✶✸✶ ✷✳✶✹✽✵✸ ✶✳✵✾✹✺ ✷✳✼✾✾✶✷✷
✶✵✷✹ ✵✳✵✸✼✵✼✻ ✹✳✷✶✷✻ ✸✳✼✺✵✻✸✾ ✷✳✵✻✸✻✽ ✵✳✹✼✵✻✹✻ ✷✳✸✷✺✺✷✼
✹✵✾✻ ✵✳✵✵✾✵✸✺ ✹✳✶✵✸✹ ✶✳✽✹✼✽✽✵ ✷✳✵✷✾✼ ✵✳✷✶✷✷✾✹ ✷✳✷✶✻✾✺✸
✶✻✸✽✹ ✵✳✵✵✷✷✷✽ ✹✳✵✺✺✹✶ ✵✳✾✶✻✻✼✷ ✷✳✵✶✺✽✻ ✵✳✶✵✵✸✺✻ ✷✳✶✶✺✹✵✾
✻✺✺✸✻ ✵✳✵✵✵✺✺✸ ✹✳✵✷✽✽✸ ✵✳✹✺✻✹✷✺ ✷✳✵✵✽✸✼ ✵✳✵✹✽✼✽✺ ✷✳✵✺✼✵✽✷

❚❛❜❧❡ ✹ ✿ ❘❛t✐♦ ♦❢ t❤❡ ❡rr♦rs ♦♥ s✉❝❝❡s✐✈❡ ♠❡s❤❡s ❢♦r k = 1 ✭γ = 10✱ µ = 1✮

❋✐❣✉r❡ ✹✳ ❙❡❝♦♥❞ ❢♦r♠✉❧❛t✐♦♥ ✿ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❡rr♦rs ❢♦r k = 1

✶✵✳✷✳ ❇❡❤❛✈✐♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❧❡t γ ✈❛r②
❛♥❞ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ❣✐✈❡♥ ❜② ♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r ✭✽✮ ✇✐t❤ t❤♦s❡ ❣✐✈❡♥ ❜② t❤❡ s❝❤❡♠❡ ♦❢
❬✶✼❪✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ●❘❲ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ♣r❡✈✐♦✉s t❡st✲❝❛s❡ ❢♦r ✇❤✐❝❤ t❤❡
❡①❛❝t s♦❧✉t✐♦♥ ✐s ❦♥♦✇♥✱ ❛♥❞ t❤❡♥ ✇❡ tr❡❛t t❤❡ P♦✐s❡✉✐❧❧❡ ✢♦✇✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❡❞
❡rr♦rs ❛♥❞ s♦❧✉t✐♦♥s ❢♦r ❧❛r❣❡ γ✱ ♦♥ ❛ ✜①❡❞ ♠❡s❤✳

✶✵✳✷✳✶✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❡rr♦rs✳ ▲❡t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❜❡ ❣✐✈❡♥ ❜② ✭✸✼✮✳ ❲❡ ❡♠♣❧♦② ❛ ♠❡s❤ ❝♦♥s✐st✐♥❣
♦❢ ✹✵✾✻ ❡❧❡♠❡♥ts✳ ❲❡ ♥❡①t ❝♦♠♣❛r❡ t❤❡ ✈❡❧♦❝✐t② ❡rr♦rs ✐♥ ❡♥❡r❣② ♥♦r♠ ❛♥❞ t❤❡ ♣r❡ss✉r❡ ❡rr♦rs
❝♦♠♣✉t❡❞ ❜② t❤❡ t✇♦ ♠❡t❤♦❞s ✭♦✉rs ✐♥ ❝♦♥t✐♥✉♦✉s ❧✐♥❡s✱ t❤❡ ♦♥❡ ♦❢ ❬✶✼❪ ✐♥ ❞♦tt❡❞ ❧✐♥❡s✮✱ ❢♦r ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ γ✳ ❋✐❣✳✺ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ k = 1✱ ❋✐❣✳ ✻ t♦ k = 2 ✇❤✐❧❡ ❋✐❣✳ ✼ ❝♦rr❡s♣♦♥❞s t♦ k = 3✳
❉✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✈✐s❝♦s✐t② ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥✱ ✐♥ ♦r❞❡r t♦ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
s❝❤❡♠❡s ♦♥ t❤✐s ♣❛r❛♠❡t❡r✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❡♥❡r❣② ♥♦r♠ ♦❢ ❬✶✼❪ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② ✐s
❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜② ✿

(

µ |v|21,h + γµ
∑

e∈εh

1

|e| ‖[v]‖
2
0,e

)1/2

.
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✭❜✮ Pr❡ss✉r❡ ❡rr♦r

❋✐❣✉r❡ ✻✳ ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ γ ❢♦r k = 2 ✭µ = 10✮

❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t✱ ❝♦♥tr❛r✐❧② t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❬✶✼❪✱ ♦✉rs ②✐❡❧❞s ❛ st❛❜❧❡ s❝❤❡♠❡ ✐♥❞❡♣❡♥✲
❞❡♥t❧② ♦❢ γ✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✼❪ ❧❡❛❞s t♦ ❜✐❣❣❡r ❡rr♦rs✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡ ✇✐t❤ γ ✳

✶✵✳✷✳✷✳ ❈♦♠♣❛r✐s♦♥ ♦❢ s♦❧✉t✐♦♥s ❢♦r ❛ P♦✐s❡✉✐❧❧❡ ✢♦✇✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ P♦✐s❡✉✐❧❧❡ ✢♦✇ ✐♥ t❤❡
❞♦♠❛✐♥ Ω = [0; 0.06] × [−0.01; 0.01]✳ ❖♥ t❤❡ ✐♥✢♦✇✱ ✇❡ s❡t u · t = 0 ❛♥❞ u · n✱ ✇❤❡r❡❛s ♦♥ t❤❡
♦✉t✢♦✇ ✇❡ ✐♠♣♦s❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ ✿ µ(∇u)n− pn = 0✳

❲❡ ✜rst s❡t ❛ ♣❛r❛❜♦❧✐❝ ✈❡❧♦❝✐t② ♦♥ t❤❡ ✐♥✢♦✇ u · n = a(0.012 − y2)✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✿ u = (a(0.012 − y2), 0)✱ p = bx + c ✳ ❋♦r k ≥ 2 ❜♦t❤ ❞●
❝♦❞❡s ❣✐✈❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ ❛s ❡①♣❡❝t❡❞✳ ❲❡ ♥♦✇ ❧❡t t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r γ ✈❛r② ❛♥❞ ✇❡
❝♦♠♣❛r❡ t❤❡ t✇♦ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r k = 1✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ ❛ ✉♥str✉❝t✉r❡❞
♠❡s❤ ❝♦♥s✐st✐♥❣ ♦❢ ✶✵✾✺✹ tr✐❛♥❣❧❡s✳ ❲❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ s✐♠✐❧❛r r❡s✉❧ts ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ ❢♦r γ
❜❡t✇❡❡♥ 10 ❛♥❞ 10000✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✼❪ ♣r❡s❡♥ts s♦♠❡ ✐♥st❛❜✐❧✐t✐❡s ❛t ❧❛r❣❡ γ ✭s❡❡
❋✐❣✳ ✾ ❛♥❞ ✶✵✮✳ ◆❡✈❡rt❤❡❧❡ss✱ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡t❤♦❞s ❛♣♣❡❛r ❛s r❡❣❛r❞s t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r❡ss✉r❡✱ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ st✉❞② ✇✐t❤ r❡s♣❡❝t t♦ γ✳
❖♥❡ ♠❛② s❡❡ ✐♥ ❋✐❣✳ ✶✶ t❤❛t t❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✼❪ ✐s ❝❧❡❛r❧② ❧❡ss ❛❝❝✉r❛t❡ ❛♥❞ ❧❡ss st❛❜❧❡ t❤❛♥ ♦✉rs✳

❲❡ ❤❛✈❡ ❡q✉❛❧❧② t❡st❡❞ t❤❡ t✇♦ ❞● ♠❡t❤♦❞s ♦♥ ♥♦♥✲s♠♦♦t❤ s♦❧✉t✐♦♥s✱ ❜② ✐♠♣♦s✐♥❣ ✐♥ t❤❡ ♣r❡✈✐♦✉s
t❡st✲❝❛s❡ u ·n = 1 ♦♥ t❤❡ ✐♥✢♦✇ ❜♦✉♥❞❛r②✳ ◆♦t❡ t❤❛t t❤❡ ❡①❛❝t ✈❡❧♦❝✐t② ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ H1(Ω)✳
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Our method
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Our method
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✭❜✮ Pr❡ss✉r❡ ❡rr♦r

❋✐❣✉r❡ ✼✳ ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ γ ❢♦r k = 3 ✭µ = 100✮

✭❛✮ U0 ✭❜✮ U1 ✭❝✮ P

❋✐❣✉r❡ ✽✳ ❊①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐s❡✉✐❧❧❡ ✢♦✇ ❝♦♠♣✉t❡❞ ❜② P 2 × P1 ❡❧❡♠❡♥ts

✭❛✮ ❖✉r ♠❡t❤♦❞ ✭❜✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪

❋✐❣✉r❡ ✾✳ ❈♦♠♣❛r✐s♦♥ ♦❢ U0 ❢♦r ❛ P♦✐s❡✉✐❧❧❡ ✢♦✇ ❛t γ = 100000

■♥ ♦r❞❡r t♦ ❞✐s♣♦s❡ ♦❢ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ ✐t ❜② ♠❡❛♥s ♦❢ ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡
❡❧❡♠❡♥ts ♦❢ ❈r♦✉③❡✐①✲❘❛✈✐❛rt ✭s❡❡ ❋✐❣✳ ✶✷✮✳ ❲❡ ❤❛✈❡ ♥♦✇ ❡♠♣❧♦②❡❞ ❛ ❝r✐ss✲❝r♦ss ♠❡s❤ ❝♦♥s✐st✐♥❣ ♦❢
✶✽✹✸✷ tr✐❛♥❣❧❡s✳

❖♥❡ ❝❛♥ ♥♦t✐❝❡ ❛❣❛✐♥ ❛ ❧❛❝❦ ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✼❪✱ ✇❤✐❝❤ ❜❡❝♦♠❡s ✈✐s✐❜❧❡ ❛t r❛t❤❡r
s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✱ s✉❝❤ ❛s γ = 20✳ ❆s γ ✐♥❝r❡❛s❡s✱ t❤❡ ♣r❡ss✉r❡ ❝♦♠♣✉t❡❞
✇✐t❤ t❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✼❪ ❣❡ts ✇♦rs❡ ✇❤❡r❡❛s ♦✉r ♠❡t❤♦❞ ✐s r♦❜✉st✳
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❋✐❣✉r❡ ✶✵✳ ❈♦♠♣❛r✐s♦♥ ♦❢ U1 ❢♦r ❛ P♦✐s❡✉✐❧❧❡ ✢♦✇ ❛t γ = 10000

❘❡❢❡r❡♥❝❡s

❬✶❪ ❉✳◆✳ ❆r♥♦❧❞✳ ❆♥ ✐♥t❡r✐♦r ♣❡♥❛❧t② ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❡❧❡♠❡♥ts✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱
✶✾✭✹✮✿✼✹✷✕✼✻✵✱ ✶✾✽✷✳

❬✷❪ ❉✳◆✳ ❆r♥♦❧❞✱ ❋✳ ❇r❡③③✐✱ ❇✳ ❈♦❝❦❜✉r♥✱ ❛♥❞ ▲✳❉✳ ▼❛r✐♥✐✳ ❯♥✐✜❡❞ ❛♥❛❧②s✐s ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s ❢♦r
❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✸✾✭✺✮✿✶✼✹✾✕✶✼✼✾✱ ✷✵✵✷✳

❬✸❪ ❋✳ ❇❛ss✐✱ ❆✳ ❈r✐✈❡❧❧✐♥✐✱ ❉✳❆✳ ❉✐ P✐❡tr♦✱ ❛♥❞ ❙✳ ❘❡❜❛②✳ ❆♥ ❛rt✐✜❝✐❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t② ✢✉① ❢♦r t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s
●❛❧❡r❦✐♥ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✷✶✽✭✷✮✿✼✾✹✕✽✶✺✱ ✷✵✵✻✳

❬✹❪ ❋✳ ❇❛ss✐ ❛♥❞ ❙✳ ❘❡❜❛②✳ ❆ ❤✐❣❤✲♦r❞❡r ❛❝❝✉r❛t❡ ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✶✸✶✭✷✮✿✷✻✼✕✷✼✾✱ ✶✾✾✼✳

❬✺❪ ❙✳ ❇r❡♥♥❡r✳ P♦✐♥❝❛ré✲❋r✐❡❞r✐❝❤s ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♣✐❡❝❡✇✐s❡ H1 ❢✉♥❝t✐♦♥s✳ ❏✳ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✱ ✹✶✭✶✮✿✸✵✻✕✸✷✹✱
✷✵✵✸✳

❬✻❪ ❙✳ ❇r❡♥♥❡r✳ ❑♦r♥✬s ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♣✐❡❝❡✇✐s❡ H1 ✈❡❝t♦r ✜❡❧❞s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✼✸✭✷✹✼✮✿✶✵✻✼✕✶✵✽✼✱ ✷✵✵✹✳
❬✼❪ ❋✳ ❇r❡③③✐ ❛♥❞ ▼✳ ❋♦rt✐♥✳▼✐①❡❞ ❛♥❞ ❤②❜r✐❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✱ ✈♦❧✉♠❡ ✶✺ ♦❢ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧

▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✶✳
❬✽❪ ❇✳ ❈♦❝❦❜✉r♥✱ ●✳ ❑❛♥s❝❤❛t✱ ❛♥❞ ❙❝❤öt③❛✉✳ ❆ ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ▲❉● ♠❡t❤♦❞ ❢♦r t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲

❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✼✹✿✶✵✻✼✕✶✵✾✺✱ ✷✵✵✹✳
❬✾❪ ❇✳ ❈♦❝❦❜✉r♥✱ ●✳ ❑❛♥s❝❤❛t✱ ❉✳ ❙❝❤öt③❛✉✱ ❛♥❞ ❈✳ ❙❝❤✇❛❜✳ ▲♦❝❛❧ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s ❢♦r t❤❡ ❙t♦❦❡s

s②st❡♠✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✹✵✭✶✮✿✸✶✾✕✸✹✸✱ ✷✵✵✷✳
❬✶✵❪ ▼✳ ❈r♦✉③❡✐① ❛♥❞ ❘✳ ❋❛❧❦✳ ◆♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts ❢♦r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✺✷✭✶✽✻✮✿✹✸✼✕✹✺✻✱

✶✾✽✾✳
❬✶✶❪ ▼✳ ❈r♦✉③❡✐① ❛♥❞ P✳✲❆✳ ❘❛✈✐❛rt✳ ❈♦♥❢♦r♠✐♥❣ ❛♥❞ ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ t❤❡ st❛t✐♦♥❛r②

❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❘✳❆✳■✳❘✳❖✳✱ ✼✭❘✲✸✮✿✸✸✕✼✺✱ ✶✾✼✸✳
❬✶✷❪ ❊✳ ❉❛r✐✱ ❘✳ ❉✉rá♥✱ ❛♥❞ ❈✳ P❛❞r❛✳ ❊rr♦r ❡st✐♠❛t♦rs ❢♦r ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❙t♦❦❡s

♣r♦❜❧❡♠✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✻✹✭✷✶✶✮✿✶✵✶✼✕✶✵✸✸✱ ✶✾✾✺✳
❬✶✸❪ ❆✳ ❊r♥✱ ❙✳ ◆✐❝❛✐s❡✱ ❛♥❞ ▼✳ ❱♦❤r❛❧✐❦✳ ❆♥ ❛❝❝✉r❛t❡ ❍✭❞✐✈✮ ✢✉① r❡❝♦♥str✉❝t✐♦♥ ❢♦r ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♣♣r♦①✲

✐♠❛t✐♦♥s ♦❢ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ❈✳❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ✸✹✺✭✶✷✮✿✼✵✾✕✼✶✷✱ ✷✵✵✼✳
❬✶✹❪ ▲✳ ❋✐❣✉❡r♦❛✱ ●✳ ●❛t✐❝❛✱ ❛♥❞ ❆✳ ▼❛rq✉❡③✳ ❆✉❣♠❡♥t❡❞ ♠✐①❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r t❤❡ st❛t✐♦♥❛r② ❙t♦❦❡s

❡q✉❛t✐♦♥s✳ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉t✳✱ ✸✶✭✷✮✿✶✵✽✷✕✶✶✶✾✱ ✷✵✵✾✳
❬✶✺❪ ▼✳ ❋♦rt✐♥ ❛♥❞ ▼✳ ❙♦✉❧✐❡✳ ❆ ♥♦♥❝♦♥❢♦r♠✐♥❣ ♣✐❡❝❡✇✐s❡ q✉❛❞r❛t✐❝ ✜♥✐t❡ ❡❧❡♠❡♥t ♦♥ tr✐❛♥❣❧❡s✳ ■♥t❡r♥❛t✳ ❏✳ ◆✉♠❡r✳

▼❡t❤♦❞s ❊♥❣r❣✳✱ ✶✾✭✹✮✿✺✵✺✕✺✷✵✱ ✶✾✽✸✳
❬✶✻❪ ❱✳ ●✐r❛✉❧t ❛♥❞ P✳✲❆✳ ❘❛✈✐❛rt✳ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✈♦❧✉♠❡ ✺ ♦❢ ❙♣r✐♥❣❡r ❙❡r✐❡s

✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✽✻✳
❬✶✼❪ ❱✳ ●✐r❛✉❧t✱ ❇✳ ❘✐✈✐èr❡✱ ❛♥❞ ▼✳ ❲❤❡❡❧❡r✳ ❆ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ✇✐t❤ ♥♦♥♦✈❡r❧❛♣♣✐♥❣ ❞♦♠❛✐♥ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ❢♦r t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜❧❡♠s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✼✹✭✷✹✾✮✿✺✸✕✽✹✱ ✷✵✵✺✳
❬✶✽❪ P✳ ●r✐s✈❛r❞✳ ❊❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✐s ♥♦♥s♠♦♦t❤ ❞♦♠❛✐♥s✱ ✈♦❧✉♠❡ ✷✹ ♦❢ P✐t♠❛♥ ▼♦♥♦❣r❛♣❤s ❛♥❞ ❙t✉❞✐❡s ✐♥ ▼❛t❤❡✲

♠❛t✐❝s✳ P✐t♠❛♥✱ ❇♦st♦♥✱ ✶✾✽✺✳
❬✶✾❪ P✳ ❍❛♥s❜♦ ❛♥❞ ▼✳ ▲❛rs♦♥✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♥❞ t❤❡ ❈r♦✉③❡✐①✲❘❛✈✐❛rt ❡❧❡♠❡♥t✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❡❧❛st✐❝✐t②✳

▼✷❆◆✱ ✸✼✭✶✮✿✻✸✕✼✷✱ ✷✵✵✸✳
❬✷✵❪ ❖✳ ❑❛r❛❦❛s❤✐❛♥ ❛♥❞ ❋✳ P❛s❝❛❧✳ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s ❢♦r ❛ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛

s❡❝♦♥❞✲♦r❞❡r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✹✶✭✻✮✿✷✸✼✹✕✷✸✾✾✱ ✷✵✵✸✳
❬✷✶❪ ❑✳ ❑✐♠✳ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s ❢♦r ❧♦❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ♠✐①❡❞ ♠❡t❤♦❞s✳ ▼❛t❤✳ ❈♦♠♣✳✱ ✼✻✭✷✺✼✮✿✹✸✕✻✻✱ ✷✵✵✼✳



✸✸

✭❛✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 100 ✭❜✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 100

✭❝✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 1000 ✭❞✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 1000

✭❡✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 10000 ✭❢✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 10000

✭❣✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 100000 ✭❤✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 100000

❋✐❣✉r❡ ✶✶✳ P♦✐s❡✉✐❧❧❡ ✢♦✇ ✿ ❝♦♠♣❛r✐s♦♥ ♦❢ ♣r❡ss✉r❡s ❢♦r ❞✐✛❡r❡♥t γ

❬✷✷❪ P✳ ▲❡s❛✐♥t ❛♥❞ P✳❆✳ ❘❛✈✐❛rt✳ ❖♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ♥❡✉tr♦♥ tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ▼❛t❤❡♠❛t✐❝❛❧
❆s♣❡❝ts ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❈✳❆✳ ❞❡ ❇♦♦r ✭❊❞✳✮✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✶✾✼✹✳



✸✹

✭❛✮ ❋✐rst ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✭❜✮ Pr❡ss✉r❡

❋✐❣✉r❡ ✶✷✳ ◆♦♥✲s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ♥♦♥❝♦♥❢♦r♠✐♥❣ P 1 × P0 ❡❧❡♠❡♥ts

❬✷✸❪ ❘✳ ▲✉❝❡ ❛♥❞ ❇✳ ❲♦❤❧♠✉t❤✳ ❆ ❧♦❝❛❧ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ ❡q✉✐❧✐❜r❛t❡❞ ✢✉①❡s✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳

❆♥❛❧✳✱ ✹✷✭✹✮✿✶✸✾✹✕✶✹✶✹✱ ✷✵✵✹✳
❬✷✹❪ ❑✳✲❆✳ ▼❛r❞❛❧ ❛♥❞ ❘✳ ❲✐♥t❤❡r✳ ❆♥ ♦❜s❡r✈❛t✐♦♥ ♦♥ ❑♦r♥✬s ✐♥❡q✉❛❧✐t② ❢♦r ♥♦♥❝♦♥❢♦r♠✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✳

▼❛t❤✳ ❈♦♠♣✳✱ ✼✺✭✷✺✸✮✿✶✕✻✱ ✷✵✵✺✳
❬✷✺❪ ❏✳ ◆✐ts❝❤❡✳ Ü❜❡r ❡✐♥ ❱❛r✐❛t✐♦♥s♣r✐♥③✐♣ ③✉r ▲ös✉♥❣ ✈♦♥ ❉✐r✐❝❤❧❡t✲Pr♦❜❧❡♠❡♥ ❜❡✐ ❱❡r✇❡♥❞✉♥❣ ✈♦♥ ❚❡✐❧rä✉♠❡♥✱

❞✐❡ ❦❡✐♥❡♥ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ✉♥t❡r✇♦r❢❡♥ s✐♥❞✳ ❆❜❤✳ ▼❛t❤✳ ❙❡♠✳ ❯♥✐✈✳ ❍❛♠❜✉r❣✱ ✸✻✿✾✕✶✺✱ ✶✾✼✶✳ ❈♦❧❧❡❝t✐♦♥ ♦❢
❛rt✐❝❧❡s ❞❡❞✐❝❛t❡❞ t♦ ▲♦t❤❛r ❈♦❧❧❛t③ ♦♥ ❤✐s s✐①t✐❡t❤ ❜✐rt❤❞❛②✳

❬✷✻❪ ❏✳❊✳ ❘♦❜❡rts ❛♥❞ ❏✳✲▼✳ ❚❤♦♠❛s✳ ▼✐①❡❞ ❛♥❞ ❍②❜r✐❞ ▼❡t❤♦❞s✱ ✈♦❧✉♠❡ ■■ ♦❢ ❍❛♥❞❜♦♦❦ ♦❢ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✳
◆♦rt❤ ❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✾✶✳

❬✷✼❪ ▲✳❘✳ ❙❝♦tt ❛♥❞ ▼✳ ❱♦❣❡❧✐✉s✳ ◆♦r♠ ❡st✐♠❛t❡s ❢♦r ❛ ♠❛①✐♠❛❧ r✐❣❤t ✐♥✈❡rs❡ ♦❢ t❡❤ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ✐♥ s♣❛❝❡s ♦❢
♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧s✳ ❘✳❆✳■✳❘✳❖✳✱ ✶✾✿✶✶✶✕✶✹✸✱ ✶✾✽✺✳

❬✷✽❪ ❏✳❏✳❲✳ ✈❛♥ ❞❡r ❱❡❣t ❛♥❞ ❏✳❏✳ ❙✉❞✐r❤❛♠✳ ❆ s♣❛❝❡✲t✐♠❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t
❖s❡❡♥ ❡q✉❛t✐♦♥s✳ ❆♣♣❧✳ ◆✉♠❡r✳ ▼❛t❤✳✱ ✭✺✽✮✿✶✽✾✷✕✶✾✶✼✱ ✷✵✵✽✳

❬✷✾❪ ❘✳ ❱❡r❢ürt❤✳ ❆ r❡✈✐❡✇ ♦❢ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t✐♦♥ ❛♥❞ ❛❞❛♣t✐✈❡ ♠❡s❤✲r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡s✳ ❲✐❧❡②✲❚❡✉❜♥❡r✱
✶✾✾✻✳

❯♥✐✈❡rs✐té ❞❡ P❛✉✱ ▲✳▼✳❆✳ ❈◆❘❙ ❯▼❘ ✺✶✹✷✱ ❇P ✶✶✺✺✱ ❆✈✳ ❞❡ ❧✬❯♥✐✈❡rs✐té✱ ✻✹✵✶✸ P❛✉✱ ❋r❛♥❝❡
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✭❛✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 10 ✭❜✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 10

✭❝✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 100 ✭❞✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 100

✭❡✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 1000 ✭❢✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 1000

✭❣✮ ❖✉r ♠❡t❤♦❞ ❢♦r γ = 10000 ✭❤✮ ▼❡t❤♦❞ ♦❢ ❬✶✼❪ ❢♦r γ = 10000

❋✐❣✉r❡ ✶✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣r❡ss✉r❡s ❢♦r ❛ ♥♦♥✲s♠♦♦t❤ s♦❧✉t✐♦♥


