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Abstract
We presenta signal-processingframework for light transport.We
study the frequency contentof radianceand how it is alteredby
phenomenasuchasshading,occlusion,andtransport.Thisextends
previouswork thatconsideredeitherspatialor angulardimensions,
andit o� ersacomprehensive treatmentof bothspaceandangle.

We show thatocclusion,a multiplicationin theprimal,amounts
in the Fourier domain to a convolution by the spectrumof the
blocker. Propagationcorrespondsto a shearin thespace-anglefre-
quency domain,while re�ection on curvedobjectsperformsa dif-
ferentshearalongtheangularfrequency axis. As shown by previ-
ouswork, re�ection is a convolution in theprimal andthereforea
multiplicationin theFourierdomain.Ourwork showshow thespa-
tial componentsof lighting area� ectedby thisangularconvolution.

Our framework predictsthe characteristicsof interactionssuch
ascausticsandthedisappearanceof theshadows of smallfeatures.
Predictionson the frequency contentcan thenbe usedto control
samplingratesfor rendering.Otherpotentialapplicationsinclude
precomputedradiancetransferandinverserendering.

Keywords: Light transport,Fourieranalysis,signalprocessing

1 Intr oduction
Light in asceneis transported,occluded,and�ltered by its complex
interactionwith objects.By thetimeit reachesoureyes,radianceis
anintricatefunction,andsimulatingor analyzingit is challenging.

Frequency analysisof theradiancefunctionis particularlyinter-
estingfor many applications,includingforwardandinverserender-
ing. The e� ect of local interactionson the frequency contentof
radiancehaspreviouslybeendescribedin a limited context. For in-
stance,it is well-known thatdi� usere�ection createssmooth(low-
frequency) light distributions, while occlusionand hard shadows
creatediscontinuitiesandhigh frequencies.However, a full char-
acterizationof global light transportin termsof signalprocessing
andfrequency analysispresentstwo majorchallenges:thedomain
of light raysis intricate(threedimensionsfor positionandtwo for
direction),andlight pathscanexhibit anin�nite numberof bounces
(i.e. in termsof signalprocessing,thesystemhasdensefeedback).

To addresstheabove challenges,we focuson theneighborhood
of light paths[Shinya et al. 1987]. This restrictionto local prop-
ertiesis both a price to pay anda fundamentaldi� culty with the
problemwe study: characteristicssuchasre�ectanceor presence
andsizeof blockersarenon-stationary, they varyacrossthescene.

This paperpresentsa theoreticalframework for characterizing
light transportin termsof frequency content.We seeka deepun-
derstandingof the frequency contentof the radiancefunction in a
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Figure1: Space-anglefrequency spectraof the radiancefunction
measuredin a 3D scene.We focuson the neighborhoodof a ray
pathandmeasurethespectrumof a4D light �eld atdi� erentsteps,
which we summarizeas2D plotsthat includeonly theradialcom-
ponentsof the spatial and angulardimensions. Notice how the
blockers result in higher spatial frequency and how transportin
freespacetransfersthesespatialfrequenciesto theangulardomain.
Aliasing is presentin the visualizedspectradueto the resolution
challengeof manipulating4D light �elds.

sceneandhow it is a� ectedby phenomenasuchasocclusion,re-
�ection, andpropagationin space(Fig.1). We�rst presentthetwo-
dimensionalcasefor simplicity of exposition.Thenweshow thatit
extendswell to 3D becausewe only considerlocal neighborhoods
of rays,therebyavoidingsingularitieson thesphereof directions.

Although we performour derivationsin an abstractsetting,we
keeppracticalquestionsin mind. In particular, we strongly be-
lieve that a good understandingof frequency creationand atten-
uation allows for more e� cient samplingstrategies for stochas-
tic approachessuchasMonte-Carloglobal illumination. Further-
more,it leadsto bettersamplingratesfor light-�eld rendering,pre-
computedradiancetransfer, andrelatedapplications.Finally, our
frequency analysiscanshedkey practicalinsightson inverseprob-
lemsandon the �eld of statisticsof naturalimagesby predicting
whichphenomenacancausecertainlocal-frequency e� ects.

1.1 Contrib utions

Thispapermakesthefollowing contributions:
Frequencystudy in spaceand angle. Our framework encom-
passesboth spatial and directional variationsof radiance,while
mostpreviouswork studiedonly oneof thesetwo components.
Local surface interactions. We describethe frequency e� ectsof
local shading,objectcurvature,andspatially-varyingBRDF.
Global light-transport. We provide expressionsfor thefrequency
modi�cation dueto light transportin freespaceandocclusion.
Mostof thederivationsin thispaperarecarriedoutin 2D for clarity,
but weshow thatthemaincharacterizationsextendto 3D.
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1.2 Related work

Radianceexhibits bothspatialandangularvariations.A wealthof
previouswork hasstudiedthefrequency contentalongoneof these
components,but rarelyhave bothspaceandanglebeenaddressed.
We do not discussall applicationsof Fourier analysis,but rather
focusonstudiesof frequency modi�cation in light transport.
Filtering and sampling Heckbert's seminalwork on texture an-
tialiasing [1989] derives local bandwidthfor texture pre-�ltering
basedona�rst-order Taylorexpansionof theperspectivetransform.
Thee� ectof perspective is alsostudiedin thecontexts of hologra-
phy andlight �eld sampling[Halle 1994;Isaksenet al. 2000;Chai
etal.2000;Stewartetal.2003],mostlyignoringvisibility andspec-
ulare� ects.
Local illumination as a convolution Recently, local illumina-
tion has beencharacterizedin terms of convolution and it was
shown that the outgoing radianceis band-limitedby the BRDF
[RamamoorthiandHanrahan2001b;RamamoorthiandHanrahan
2004;BasriandJacobs2003]. However thelighting is assumedto
comefrom in�nity andocclusionis ignored.Frolova et al. [2004]
exploredspatiallighting variations,but only for convex di� useob-
jects. We build on theseapproachesand extend them by adding
spatialdimensionsaswell asotherphenomenasuchasocclusion
andtransport,at theexpenseof �rst-order approximationsanda lo-
cal treatment.Ramamoorthiet al. [2004] have alsostudiedlocal
occlusionin a texturedobjectmadeof pits suchasa sponge.Our
treatmentof occlusionconsiderscomplex blockersat an arbitrary
distanceof theblockerandreceiver.
Waveletsand fr equencybases Waveletsandsphericalharmon-
ics have beenusedextensively asbasisfunctionsfor lighting sim-
ulation [Gortler et al. 1993; Keller 2001] or pre-computedradi-
ancetransfer[Sloanetal.2002;RamamoorthiandHanrahan2002].
They aretypically usedin a data-drivenmannerandin thecontext
of projectionmethods,whereanoraclehelpsin theselectionof the
relevantcomponentsbasedonthelocal frequency characteristicsof
radiance.Re�nementcriteriafor multiresolutioncalculationsoften
implicitly rely on frequency decomposition[Sillion andDrettakis
1995]. In our framework westudythefrequency e� ectof theequa-
tions of light transportin the spirit of linear systems,and obtain
a moreexplicit characterizationof frequency e� ects. Our results
on therequiredsamplingratecanthereforebeusedwith stochastic
methodsor to analyzethewell-posednessof inverseproblems.
Ray footprint A numberof techniquesusenotionsrelatedto band-
width in aray'sneighborhoodandpropagateafootprintfor adaptive
re�nement [Shinya et al. 1987] andtexture �ltering [Igehy 1999].
Chenand Arvo useperturbationtheory to exploit ray coherence
[2000]. Authorshave alsoexploitedon-the-�y the frequency con-
tentof theimageto makebetteruseof rays[Bolin andMeyer1998;
Myszkowski 1998;Keller 2001]. Our work is complementaryand
providesa framework for frequency-contentprediction.
Illumination di� erentials have beenusedto derive errorbounds
on radiance variations (e.g. gradients [Ward and Heckbert
1992; Annen et al. 2004], Jacobians[Arvo 1994], and Hessians
[HolzschuchandSillion 1998],but only provide local information,
whichcannoteasilybeusedfor samplingcontrol.
Fourier analysis hasalsobeenextensively usedin optics[Good-
man1996],but in thecontext of waveopticswherephaseandinter-
ferencesarecrucial. In contrast,we considergeometricopticsand
characterizefrequency contentin the visible spatial frequencies.
Thevaryingcontrastsensitivity of humansto thesespatialfrequen-
ciescanbeexploitedfor e� cientrendering,e.g. [Bolin andMeyer
1995; Ferwerdaet al. 1997; Bolin andMeyer 1998; Myszkowski
1998]. Finally we notethattheFourierbasiscanseparatedi� erent
phenomenaandthusfacilitate inverselighting [Ramamoorthiand
Hanrahan2001b;Basri andJacobs2003]depthfrom focus[Pent-
land1987]andshapefrom texture[Malik andRosenholtz1997].

`R 2D light �eld (2D) aroundrayR
x spatialdimension(distanceto centralray)
v directionaldimensionin 2-planeparameterization
� directionaldimensionin plane-sphereparamerization
bf Fouriertransformof function f

 X frequency alongdimensionX
i

p
� 1

f 
 g convolutionof f by g
d Transportdistance
V(x; v) visibility functionof theblockers
cos+(� ) clampedcosineterm: max(cos� , 0)
dE Di� erentialirradiance(aftercosineterm).
� BRDF

Figure2: Notations.
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Figure 3: (a-b) The two light �eld parameterizationusedin this
article. Locally, they aremostlyequivalent:we linearizev = tan� .
(c) Transportin freespace:theangulardimensionv is not a� ected
but thespatialdimensionis reparameterizeddependingonv.

2 Preliminaries
We wantto analyzetheradiancefunctionin theneighborhoodof a
rayalongall stepsof light propagation.For this,weneedanumber
of de�nitions and notations,summarizedin Fig. 2. Most of the
derivationsin this paperarecarriedout in 2D for clarity, but we
shallseethatourmainobservationsextendnaturallyto 3D.

2.1 Local light �eld and frequenc y content

We considerthe4D (resp. 2D) sliceof radianceat a virtual plane
orthogonalto a centralray. We focuson the neighborhoodof the
centralray, andwe call radiancein sucha 4D (resp.2D) neighbor-
hoodslicea local light �eld (Fig. 3 left). Of themany parameteri-
zationsthathavebeenproposedfor light �elds, weusetwo distinct
onesin this paper, eachallowing for a naturalexpressionof some
transportphenomena.Both usethesameparameterfor thespatial
coordinatesin the virtual plane,x, but they di� er slightly in their
treatmentof directions. For our two-planeparameterization, we
follow Chaiet al. [2000] andusethe intersectionv with a parallel
planeat unit distance,expressedin the local frameof x (Fig. 3-a).
In the plane-sphere parameterization,we usethe angle� with the
centraldirection(Fig. 3-b) [Camahortet al. 1998]. Thesetwo pa-
rameterizationsarelinked by v = tan� andareequivalentaround
theorigin thanksto a linearizationof thetangent.

We study the Fourier spectrumof the radiance�eld `R, which
we denoteby b̀R. For the two-planeparameterization,we usethe
following de�nition of theFouriertransform:

b̀R(
 x; 
 v) =
Z 1

x=�1

Z 1

v=�1
`R(x; v)e� 2i� 
 xxe� 2i� 
 vv dxdv (1)

Examplesareshown for two simplelight sourcesin Fig. 4, with
the spatialdimensionalong the horizontalaxis and the direction
alongtheverticalaxis. We discusstheplane-sphereparameteriza-
tion in Section4.

One of the motivations for using Fourier analysis is the
convolution-multiplicationtheorem,whichstatesthataconvolution
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Figure4: (a)A pointlight sourceisaDiracin spacetimesaconstant
in angle. (b) Its Fourier transformis a constantin spacetimesa
Dirac in angle.(c) A spotlight with a �nite-size bulb hasa smooth
fallo� in angle.(d) Its Fouriertransformis asinctimesabell curve.

in theprimarydomaincorrespondsto amultiplicationin theFourier
domain,andvice-versa.As weshow in thispaper, it a� ordsacom-
pactformulationof frequency modi�cation.

2.2 Overview

Whenlight �o ws in a scene,phenomenasuchastransportin free
space,occlusion,andshadingeachmodify the local light �eld in
a characteristicfashion.Theseoperationsaredescribed(in 2D) in
Section3 as�lters operatingon thefrequency signalb̀. In Section
4, we describethe generalcaseof local shadingand extend the
presentationto 3D in Section5. Section6 comparesour framework
with previouswork andshowsasimpleapplication.

3 Transpor t phenomena as linear �lter s
Thissectiondescribesthee� ectonfrequency contentof successive
stagesof light transport. All phenomenaare illustratedin Fig. 6
for a simple2D scene,wherelight is emittedat the source,trans-
portedin freespace,occludedby obstacles,transportedagain, and
re�ected by a surface. At eachstep,we show a space-direction
plot of radiance,in primal andfrequency space,aswell asspace-
direction frequency-domainplots obtainedin a similar 3D scene
(Fig. 9-b). Note the excellent qualitative agreementbetweenthe
2D predictionsand3D observations.

3.1 Travel in free space

Travel in free spaceis a crucial operationbecausethe directional
variationalsoturnsintospatialvariation.Consideraslideprojector:
At thesource,we have a Dirac in spaceandtheimagein thedirec-
tional domain.At thereceiver, thesignalof theimageis presentin
acombinationof spaceandangle.Whenlight travelsin freespace,
the valueof radianceis unchangedalonga ray, andtravel in free
spaceis a reparameterizationof thelocal light �eld (Fig. 3-c). The
valueof radianceatapoint x aftertransportcanbefoundusing:

`R(x; v) = `R0(x � vd; v); (2)

whered is thetravel distance.To computetheFouriertransformb̀R,
we insertthechangeof variablex0 = x� vd in theintegralof Eq. 1:

b̀R(
 x; 
 v) =
R1

x0=�1

R1

v=�1
`R(x0; v)e� 2i� 
 x(x0+vd)e� 2i� 
 vv dx0dv

=
R1

x0=�1

R1

v=�1
`R(x0; v)e� 2i� 
 xx0

e� 2i� (
 v+d
 x)v dx0dv;

This is ashearin thedirectionaldimension(Fig. 6, steps2 and4):

b̀R0(
 x; 
 v) = b̀R(
 x; 
 v + d
 x) (3)

Thelongerthetravel, themorepronouncedtheshear.

3.2 Visibility

Occlusioncreateshigh frequenciesanddiscontinuitiesin the radi-
ancefunction.Radianceis multipliedby thebinaryocclusionfunc-
tion of theoccluders:

`R0(x; v) = `R(x; v) V(x; v) (4)

 0

 0.5

 1

-10 -5  0  5  10
 0

 0.5

 1

-10 -5  0  5  10 -5  0  5 -5 0  5
0

3

(a)g(v) (b)bg(
 v) (c) bG(
 u; 
 v)
Figure5: Unit areain light�eld parameterisation.

whereV(x; v) is equal to 1 when thereis full visibility and to 0
whentheoccludersareblockinglight transport.At the locationof
occlusion,V mostlydependson x (Fig. 6, step3).

Accordingto the multiplication theorem,sucha multiplication
amountsto aconvolution in thefrequency domain:

b̀R0(
 x; 
 v) = b̀R(
 x; 
 v) 
 bV(
 x; 
 v) (5)

If theoccludersarelying insideaplaneorthogonalto theray, the
occlusionfunctionis a constantin angle,andits Fourier transform
is a Dirac in the angulardimension. In the generalcaseof non-
planaroccluders,their spectrumhasfrequency contentin bothdi-
mensions,but theangularfrequency contentis restrictedto awedge
with a spanproportionalto the depthextent of the blockers. Our
formulationalsohandlessemi-transparentblockersby usingnon-
binaryocclusionfunctions.

After occlusion,anothertransportstepusuallyoccurs,shearing
thespectrumandpropagatingtheocclusionfrom thespatialdimen-
sionto theangulardimension(Fig. 6, step4).

3.3 Local diffuse shading

We�rst treatlocalshadingby aplanarLambertianre�ector. Curved
andglossyre�ectorswill betreatedin greaterdetailsin Section4.

For adi� usere�ector with albedo� , theoutgoingradiancè o has
no directionalvariation;it is simply theintegral over all directions
of theincomingradianceperunit areaon thereceiver surface:

`o(x) = �
Z



` i(x; v) dA? (6)

dA? , thedi� erentialareaon thereceiver surfaceis cos+ � timesthe
Jacobianof thelight�eld parameterization;with v = tan� , wehave:

dA? =
dv

(1 + v2)
3
2

= g(v) dv

We introducedE(x; v) = ` i(x; v)g(v), thedi� erentialirradianceat
point x from thedirectionv. SincedE is aproductof two functions,
its spectrumis theconvolutionof their spectra:

cdE(
 x; 
 v) = b̀i(
 x; 
 v) 
 bg(
 v)

There�ectedradiancè o is theintegralof dE overall directionsv; it
is thereforethevalueof cdE at 
 v = 0, thatis, b̀o(
 t) = � cdE(
 t; 0):
Puttingeverythingtogether, wehave:

b̀o(
 x) = �
h
b̀i(
 x; 
 v) 
 bg(
 v)

i

 v=0

(7)

g(v) is abell-likecurve (Fig. 5-a);its Fouriertransformis:

bg(
 v) = 4� j
 vjK1(2� j
 vj)

whereK1 is the �rst-order modi�ed Besselfunctionof thesecond
kind. bg is highly concentratedon low frequencies(Fig. 5-b); the
e� ectof convolutionbybg is averysmallblur of thespectrumin the
angulardimension(Fig. 6, step5).
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