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A Frequenc y Analysis of Light Transpor t

FrédoDurand NicolasHolzschuch Cyril Soler
MIT-CSAIL ARTIS GRAVIR/IMAG-INRIA
Abstract

We presenta signal-processinframework for light transport.We
study the frequeng contentof radianceand how it is alteredby
phenomenauchasshadingpcclusion andtransport.This extends
previouswork thatconsidereckitherspatialor angulardimensions,
andit o ersacomprehensk treatmenbf bothspaceandangle.
We shaw thatocclusion,a multiplicationin the primal, amounts
in the Fourier domainto a cornvolution by the spectrumof the
blocker. Propagtioncorrespondso a sheatin the space-anglére-
gueny domain,while re ection on curved objectsperformsa dif-
ferentshearalongthe angularfrequeng axis. As shawn by previ-
ouswork, re ection is a corvolution in the primal andthereforea
multiplicationin the Fourierdomain.Ourwork shavs how the spa-
tial componentsf lighting area ectedby thisangularconvolution.
Our frameawork predictsthe characteristic®f interactionssuch
ascausticsaandthedisappearancef the shadavs of smallfeatures.
Predictionson the frequeng contentcanthen be usedto control
samplingratesfor rendering. Other potentialapplicationsinclude
precomputedadianceransferandinverserendering.

Keywords: Light transportFourieranalysissignalprocessing

1 Introduction

Lightin ascenas transportedoccludedand ltered by its complec
interactionwith objects.By thetime it reache®ureyes,radiancds
anintricatefunction,andsimulatingor analyzingit is challenging.
Frequeng analysisof theradianceunctionis particularlyinter
estingfor mary applicationsijncludingforwardandinverserender
ing. The e ectof local interactionson the frequeng contentof
radiancehaspreviously beendescribedn alimited context. Forin-
stanceit is well-known thatdi usere ection createssmooth(low-
frequeng) light distributions, while occlusionand hard shadavs
creatediscontinuitiesand high frequencies.However, a full char
acterizationof global light transportin termsof signal processing
andfrequeng analysispresentswo major challengesthe domain
of light raysis intricate (threedimensiondor positionandtwo for
direction),andlight pathscanexhibit anin nite numberof bounces
(i.e.in termsof signalprocessingthe systemhasdensegeedback).
To addresghe above challengeswe focuson the neighborhood
of light paths[Shinya et al. 1987]. This restrictionto local prop-
ertiesis both a price to pay anda fundamentaldi culty with the
problemwe study: characteristicsuchasre ectanceor presence
andsizeof blockersarenon-stationarythey vary acrosshescene.
This paperpresentsa theoreticalframeavork for characterizing
light transportin termsof frequeng content. We seeka deepun-
derstandingf the frequeng contentof the radiancefunctionin a
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Figure 1: Space-anglérequeng spectraof the radiancefunction
measuredn a 3D scene.We focuson the neighborhoodf a ray
pathandmeasurehespectrunof a4D light eld atdi erentsteps,
which we summarizeas2D plotsthatincludeonly theradialcom-
ponentsof the spatialand angulardimensions. Notice how the
blockers resultin higher spatialfrequeng and how transportin
freespacdransferghesespatialfrequenciesgo theangulardomain.
Aliasing is presentin the visualizedspectradueto the resolution
challengeof manipulatingdD light elds.

sceneandhow it is a ectedby phenomenauchasocclusion,re-
ection, andpropagtionin spaceFig. 1). We rst presenthetwo-
dimensionatasefor simplicity of exposition. Thenwe shawv thatit
extendswell to 3D becauseave only considerdocal neighborhoods
of rays,therebyavoiding singularitieson the sphereof directions.

Although we performour derivationsin an abstractsetting,we
keep practicalquestionsin mind. In particular we strongly be-
lieve that a good understandingf frequeng creationand atten-
uation allows for more e cient samplingstratgjies for stochas-
tic approachesuchasMonte-Carloglobal illumination. Further
more,it leadsto bettersamplingratesfor light- eld renderingpre-
computedradiancetransfer andrelatedapplications. Finally, our
frequeng analysiscanshedkey practicalinsightson inverseprob-
lemsandon the eld of statisticsof naturalimagesby predicting
which phenomenaancausecertainlocal-frequeng e ects.

1.1 Contrib utions

This papemalkesthefollowing contritutions:

Frequencystudy in spaceand angle. Our framevork encom-
passedoth spatial and directional variationsof radiance,while
mostpreviouswork studiedonly oneof thesetwo components.

Local surfaceinteractions. We describethe frequeng e ectsof
local shadingobjectcurvature ,andspatially-\aryingBRDF.
Global light-transport. We provide expressiongor the frequeny
modi cation dueto light transportin free spaceandocclusion.

Mostof thederivationsin this paperarecarriedoutin 2D for clarity,
but we shav thatthe maincharacterizationextendto 3D.
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1.2 Related work

Radiancesxhibits both spatialandangularvariations. A wealthof
previouswork hasstudiedthefrequeng contentalongoneof these

componentshut rarely have both spaceandanglebeenaddressed.

We do not discussall applicationsof Fourier analysis,but rather
focuson studiesof frequeng modi cation in light transport.

Filtering and sampling Heckberts seminalwork on texture an-
tialiasing [1989] derives local bandwidthfor texture pre- Itering

basedna rst-order Taylorexpansiorof theperspectietransform.
Thee ectof perspectieis alsostudiedin the contets of hologra-
phy andlight eld sampling[Halle 1994;Isakseretal. 2000;Chai
etal. 2000;Stewvartetal. 2003],mostlyignoringvisibility andspec-
ulare ects.

Local illumination as a convolution Recently local illumina-

tion has beencharacterizedn terms of corvolution and it was
shavn that the outgoing radianceis band-limitedby the BRDF

[Ramamoorthiand Hanrahar2001b; Ramamoortheand Hanrahan
2004;BasriandJacob2003]. However thelighting is assumedo

comefrom in nity andocclusionis ignored. Frolova etal. [2004]

exploredspatiallighting variations but only for corvex di useob-

jects. We build on theseapproachesnd extend them by adding
spatialdimensionsaswell asotherphenomenauchasocclusion
andtransportattheexpenseof rst-order approximationsndalo-

cal treatment. Ramamoorthiet al. [2004] have also studiedlocal

occlusionin a texturedobjectmadeof pits suchasa sponge.Our

treatmentof occlusionconsiderscomplex blockersat an arbitrary
distanceof the blocker andrecever.

Wavelets and frequencybases Waveletsand sphericalharmon-
ics have beenusedextensiely asbasisfunctionsfor lighting sim-

ulation [Gortler et al. 1993; Keller 2001] or pre-computedadi-

ancetransfefSloanetal. 2002;RamamoorthandHanrahar2002].

They aretypically usedin a data-drven mannerandin the context

of projectionmethodswhereanoraclehelpsin the selectionof the

relevantcomponentdasednthelocal frequeny characteristicef

radiance Re nementcriteriafor multiresolutioncalculationsoften

implicitly rely on frequengy decompositioriSillion and Drettakis
1995]. In our framewnork we studythefrequeng e ectof theequa-
tions of light transportin the spirit of linear systemsand obtain

a more explicit characterizatiorof frequeny e ects. Our results
ontherequiredsamplingratecanthereforebe usedwith stochastic
methodsor to analyzethe well-posednessf inverseproblems.

Ray footprint A numberof techniquesisenotionsrelatedto band-
widthin aray'sneighborhoodndpropagteafootprintfor adaptve
re nement[Shinya et al. 1987]andtexture Itering [Igehy 1999].
Chenand Arvo use perturbationtheory to exploit ray coherence
[2000]. Authorshave alsoexploited on-the- y the frequeng con-
tentof theimageto make betteruseof rays[Bolin andMeyer 1998;
Myszkowski 1998;Keller 2001]. Our work is complementarand
providesa framework for frequeng-contentprediction.

lllumination di erentials have beenusedto derive errorbounds
on radiance variations (e.g. gradients [Ward and Heckbert
1992; Annen et al. 2004], JacobiandArvo 1994], and Hessians
[HolzschuchandSillion 1998], but only provide localinformation,
which cannoteasilybe usedfor samplingcontrol.

Fourier analysis hasalsobeenextensiely usedin optics[Good-
man1996],but in thecontext of wave opticswherephaseandinter
ferencesarecrucial. In contrastwe considergeometricopticsand
characterizefrequeng contentin the visible spatial frequencies.
Thevaryingcontrasisensitvity of humango thesespatialfrequen-
ciescanbeexploitedfor e cientrenderingg.g.[Bolin andMeyer
1995; Ferwerdaet al. 1997; Bolin and Meyer 1998; Myszkowski
1998]. Finally we notethatthe Fourierbasiscanseparateli erent
phenomenandthusfacilitate inverselighting [Ramamoorthiand
Hanrahar2001b;Basriand Jacobs2003] depthfrom focus[Pent-
land 1987]andshapefrom texture [Malik andRosenholt2997].

‘R 2D light eld (2D) aroundray R

X spatialdimension(distanceo centralray)
Y directionaldimensionin 2-planeparameterization
directionaldimensionin plane-sphergaramerization
P Fouriertransformof function f
X fﬁequeng alongdimensionx
i 1
f g convolutionof f by g
d Transpordistance
V(x;v)  visibility functionof theblockers

clampedcosineterm: max(cos , 0)
dE Di erentialirradiance(aftercosineterm).
BRDF

Figure2: Notations.

v'irtual glane at vilrtual
plane distance 1 plane

(@) (b)

Figure 3: (a-b) The two light eld parameterizatiorusedin this
article. Locally, they aremostly equivalent: we linearizev = tan .
(c) Transportn free spacetheangulardimensionv is nota ected
but the spatialdimensionis reparameterizedependingnv.

2 Preliminaries

We wantto analyzethe radiancefunctionin the neighborhoof a
ray alongall stepsof light propagtion. For this, we needanumber
of de nitions and notations,summarizedn Fig. 2. Most of the
derivationsin this paperare carriedout in 2D for clarity, but we
shallseethatour mainobsenationsextendnaturallyto 3D.

2.1 Local light eld and frequenc y content

We considerthe 4D (resp. 2D) slice of radianceat a virtual plane
orthogonalto a centralray. We focuson the neighborhoodf the
centralray, andwe call radiancen sucha 4D (resp.2D) neighbor
hoodslicealocal light eld (Fig. 3 left). Of the mary parameteri-
zationsthathave beenproposedor light elds, we usetwo distinct
onesin this paper eachallowing for a naturalexpressionof some
transportphenomenaBoth usethe sameparametefor the spatial
coordinatesn the virtual plane,x, but they di er slightly in their
treatmentof directions. For our two-planeparameterization we
follow Chaietal. [2000] andusetheintersectionv with a parallel
planeat unit distance gxpressedn thelocal frameof x (Fig. 3-a).
In the plane-sphes parameterizationywe usethe angle with the
centraldirection (Fig. 3-b) [Camahortet al. 1998]. Thesetwo pa-
rameterizationgrelinked by v = tan andareequvalentaround
theorigin thanksto alinearizationof thetangent.

We study the Fourier spectrumof the radiance eld ", which
we denoteby Pz, For the two-planeparameterizationye usethe
following de nition of the Fouriertransform:

z 1 z 1
Pa( o W)= rixv)e 2 e wdxdv (1)
x=1 v=1

Examplesareshawn for two simplelight sourcesn Fig. 4, with
the spatialdimensionalong the horizontal axis and the direction
alongthevertical axis. We discussthe plane-spher@arameteriza-
tionin Sectior4.

One of the motivations for using Fourier analysisis the
convolution-multiplicationtheoremwhich stateghata corvolution
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Ray space Frequency space Ray space Frequency space

Figure4: (a) A pointlight sourcds aDiracin spacdimesaconstant
in angle. (b) Its Fourier transformis a constantin spacetimesa
Diracin angle.(c) A spotlight with a nite-size bulb hasa smooth
fallo in angle.(d) Its Fouriertransformis asinctimesabell curve.
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in theprimarydomaincorrespondto amultiplicationin theFourier
domain,andvice-versa.As we show in this paperit a ordsacom-
pactformulationof frequeng modi cation.

2.2 Overview

Whenlight o ws in a scenephenomenauchastransportin free
space occlusion,and shadingeachmodify the local light eld in
a characteristidashion. Theseoperationsaredescribedin 2D) in
Section3 as lters operatingon the frequeng signalb. In Section
4, we describethe generalcaseof local shadingand extend the
presentatiomo 3D in Section5. Section6 compare®ur framevork
with previouswork andshavs a simpleapplication.

3 Transpor t phenomena as linear lter s

This sectiondescribeshee ectonfrequeng contentof successie
stagesof light transport. All phenomenareillustratedin Fig. 6
for a simple2D scenewherelight is emittedat the source trans-
portedin free space pccludedby obstaclestransportedgain, and
re ected by a surface. At eachstep, we shov a space-direction
plot of radiancejn primal andfrequeng space aswell asspace-
direction frequeng-domain plots obtainedin a similar 3D scene
(Fig. 9-b). Note the excellentqualitatve agreemenbetweenthe
2D predictionsand3D obsenrations.

3.1 Travel in free space

Travel in free spaceis a crucial operationbecausehe directional
variationalsoturnsinto spatialvariation. Consideaslideprojector:
At thesourcewe have a Diracin spaceandtheimagein thedirec-
tional domain.At therecever, thesignalof theimageis presenin

acombinationof spaceandangle.Whenlight travelsin free space,
the value of radianceis unchangedilonga ray, andtravel in free
spacds areparameterizatioof thelocal light eld (Fig. 3-c). The
valueof radianceat a point x aftertransportcanbe foundusing:

“R(X V) = TR(X v V); (2)

whered is thetravel distance To computethe Fouriertransforan,
weinsertthechangeof variablex’ = x  vdin theintegral of Eq. 1:

Rl Rl
bR( wov) = RE:1 Rp1

X=1 v=1

ROO;v)e B Kvde 2w gxOdy
RO v)e 2 0% 2 (vrd v g0y

Thisis ashearin thedirectionaldimension(Fig. 6, steps2 and4):

bro( x; v) =P vtd ) ©)

R( )

Thelongerthetravel, themorepronouncedhe shear

3.2 Visibility
Occlusioncreateshigh frequenciesanddiscontinuitiesn the radi-

ancefunction. Radiancas multiplied by thebinaryocclusionfunc-
tion of theoccluders:

(% V) = TR(X% V) V(X V) (4)

0
-10 -5 0 5 10 -10 -5 0 5 10 -5 0 5

@9(v) (b)a( v) ©8( v v

Figure5: Unit areain light eld parameterisation.

whereV(x; V) is equalto 1 whenthereis full visibility andto O
whenthe occludersareblocking light transport.At the locationof
occlusion,V mostlydepend®n x (Fig. 6, step3).

Accordingto the multiplication theorem,sucha multiplication
amountgo a corvolutionin thefrequeny domain:

bro( v W=Br( W) W w W) (5)

If theoccludersarelying insideaplaneorthogonato theray, the
occlusionfunctionis a constanin angle,andits Fouriertransform
is a Dirac in the angulardimension. In the generalcaseof non-
planaroccluderstheir spectrumhasfrequeng contentin both di-
mensionsbut theangularfrequeng contents restrictecto awedge
with a spanproportionalto the depthextent of the blockers. Our
formulationalso handlessemi-transparertlockers by usingnon-
binaryocclusionfunctions.

After occlusion,anothertransportstepusually occurs,shearing
thespectrumandpropagtingtheocclusionfrom thespatialdimen-
sionto theangulardimension(Fig. 6, step4).

3.3 Local diffuse shading

We rst treatlocal shadingoy aplanarLambertiarre ector. Curved
andglossyre ectorswill betreatedn greateretailsin Section4.

Foradi usere ectorwith albedo , theoutgoingradiance , has
no directionalvariation;it is simply theintegral over all directions
of theincomingradianceperunit areaon therecever surface:

z

To(X) = (% v)dA, (6)
dA,, thedi erentialareaonthereceversurfaceis cos, timesthe
Jacobiarof thelight eld parameterizationyith v = tan , we have:

A = — =gy
2

(1+v?)

We introducedE(X; v) = “i(X; v)g(v), thedi erentialirradianceat
pointx from thedirectionv. SincedE is aproductof two functions,
its spectrunis the corvolution of their spectra:

8E( . V=B( v BV
There ectedradiance , is theintegral of dE overall directionsy; it

is thereforethevalueof &E at V:O,thatis,bo( )= 8E( v O)
Puttingeverythingtogetherwe have:

f i
(= B(x 0 B, O

g(v) is abell-like curve (Fig. 5-a);its Fouriertransformis:
bl V=4 K2 ] )

whereK; is the rst-order modi ed Besselfunction of the second
kind. Iy is highly concentratedn low frequenciegFig. 5-b); the
e ectof corvolutionbyly is avery smallblur of thespectrumin the
angulardimension(Fig. 6, step5).
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