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Abstract—Magnetic Resonance spectroscopy (MRS) provides
a “frequency-signal intensity” spectrum of multiple peaks that
reflect the biochemical composition of a localized region in the
body. The peak intensity or the area under each peak is propor-
tional to the concentration of that assigned metabolite. Accurate
quantification of in vivo MRS (measuring peak intensity or
area) is very important to diagnose certain metabolic disorders.
However, strongly overlapping metabolite peaks, poor knowledge
about background component (the baseline), and low signal-
to-noise ratio (SNR) make the task difficult. In this paper, a
novel spectrum separation method using sparse representations
and wavelet filters is proposed to separate baseline and spectra
of different metabolites and finally achieves an accurate MRS
quantification. With the proposed method, the accuracy and the
robustness of MRS quantification are improved, from simulation
data, compared with a commonly used frequency-domain MRS
quantification method. The quantification on tumor metabolism
with in vivo brain MR spectra is also demonstrated.

I. INTRODUCTION

Over the years MRS (Magnetic resonance spectroscopy) has
clearly proven to be an important non-invasive tool in biomed-
ical research to study humans and animals [1]. The observed
MRS spectrum is a mixture of several spectra respectively
corresponding to different metabolites in a localized region
under study. Each biochemical or metabolite is identified by
its unique position or chemical shift along the frequency axis
of a spectrum [2]. The biochemical quantities (concentration,
PH) of a certain metabolite can be obtained by accurately
quantifying the corresponding MR spectrum (computing the
peak intensity or the area under the spectrum peak). Accurate
quantification of in vivo MRS is very important to diagnose
certain metabolic disorders, especially those affecting the
brain. However, when a large background component (the
baseline) is present along with a low signal to noise ratio,
accurate quantification of MR spectra is a challenging problem
[3]. In this paper, a method using sparse representations and
wavelet filters is proposed to separate baseline and spectra
of different metabolites for achieving more accurate MRS
quantification.

In recent years sparse representation is attracting more and
more interest in signal processing domain. In the study of
sparse representation, in literature [4]–[8] lots of pursuits
algorithms are proposed for finding the sparsest representation
of a signal in a given dictionary. Taking into account the a

priori knowledge about the model of MR spectra and the peak
frequencies of different metabolites, the representation of a
mixed MR spectrum in a dictionary constructed with a set of
Lorentizian and Gaussian basis functions will be sparse and
disjoint. Therefore, a non-negative pursuit algorithm which
is based on the regulative FOCUSS algorithm in [8] is used
to estimate the sparse representation and separate spectra of
different metabolites.

Besides, for eliminating the influence of the baseline to the
estimation of sparse representation coefficients, a wavelet filter
is used to remove the smooth component of an observed spec-
trum. Because of the smoothness and broadness of baseline,
baseline will be eliminated with the wavelet filters. However,
the overlapping component of metabolite spectra with the
baseline will also be removed with the filter. By processing
each basis function in the given dictionary with the same
filter, the estimation of representation coefficients will not be
influenced by the removed component of metabolite spectra.

The proposed method is evaluated with simulation ex-
periments and compared with a commonly used frequency-
domain MRS quantification method in [9]. The results of these
experiments show the effective performance of the proposed
method. The quantifications of in vivo brain MR spectra are
confirmed by the experts and demonstrated in this paper.

II. THEORY AND METHOD

A. Signal model

Generally, the mathematical model of a mixed metabolite
spectrum S can be expressed in the following form:

S =
K∑

k=1

si =
K∑

k=1

[Lk(f) +Gk(f)] (1)

with

Lk(f) =
aLk

1 + ((f − fLk)/d2
Lk)

and

Gk(f) = aGke
−((f−fGk)/dGk)2

where Lk and Gk denote Lorentzian and Gaussian lineshape
respectively, f is the frequency of each data point, K stands



for the number of lines used to build up the spectrum and
the spectrum of single metabolite is corresponding to one
or several lines [10]. pk = [aLk, dLk, fLk, aGk, dGk, fGk]
is a model parameter vector, where a is the intensity, d
the linewidth and f the central frequency. The spectra of
different metabolites have different central frequencies which
are known and can be used as an a priori knowledge in a MRS
quantification method. When a possible baseline contribution
and a noise which is often assumed as Gaussian distributed
are considered, an observed MR spectrum can be modelized
as

X = S +B + e (2)

In most of MRS quantification approaches, especially the
data obtained by quantum mechanics or from measured in vitro
metabolite solutions are unavailable such as the method in
[11], quantification can be achieved by using a nonlinear least-
squares algorithm to estimate the nonlinear parameter vector
p. To deal with the baseline problem, baseline is generally
approximated by a mathematical function (a sum of splines,
wavelets, sinusoids or polynomials with adjustable parameters)
then included in the parametric nonlinear least-squares fit or
separately accommodated in a pre-processing step [12].

For these MRS quantification methods based on nonlinear
optimization, some nonlinear methods have the risk of con-
verging to a local minimum while the other have the disadvan-
tage of poor computational efficiency, and their performances
deteriorate with the increase of the number of model parame-
ters. For a better application, the quantification accuracy needs
to be improved, especially in the condition that large baseline
components overlap with metabolite spectra. For avoiding the
disadvantage caused by nonlinear optimization and improving
the quantification accuracy, a linear non-parameter method
proposed in this paper.

B. Sparse representation

A sparse representation model can be described as

x = Dw (3)

where xN×1 is the signal vector which can be sparsely repre-
sented as a linear combination of columns (often called “basis
vectors”) of a dictionary matrix DN×M = [d1, d2, . . . , dM ],
and when M > N , it is a overcomplete dictionary. wM×1

is the representation coefficient vector, minimal elements of
which are nonzero.

The study of sparse representation has concentrated mainly
on the design of dictionaries and pursuit algorithms. Designing
dictionaries to better fit the sparse representation model can
be done by either selecting one from a prespecified set of
linear transforms or adapting the dictionary to a set of training
signals [13]. When the dictionary is known and fixed, pursuit
algorithms can be used for the extraction of the sparsest
representation. The main pursuit algorithms in literature are
matching pursuit [4] and the orthogonal matching pursuit
(OMP) algorithms [5] which are greedy algorithms that select

basis functions sequentially by involving the computation of
inner products between the signal and dictionary columns, the
basis pursuit algorithm which suggests a convexification of
the problems by replacing l0-norm with l1-norm [6], the focal
underdetermined system solver (FOCUSS) which using the
lp-norm with p ≤ 1 as a replacement for the l1-norm [7,8].

In this paper sparse representation is used for separating
MR spectra. Based on the character and the available a priori
knowledge of the particular signal, the dictionary is designed
and a non-negative pursuit algorithm is used to finding the
sparsest representation.

C. Dictionary construction

According to the model of MR spectra in (1), a mixed
metabolite spectrum can be represented as the linear combi-
nation of several Gaussian and Lorentizian functions. Hence,
an overcomplete dictionary D, which contains enough basis
vectors designed as the sample vectors of normalized Gaussian
and Lorentizian functions, can will fit the sparse representation
model in (3). Then, a mixed metabolite spectrum vector S can
be represented as

S = Dw =
M∑

m=1

dmwm

where dm is one of the basis vectors which has the same length
as S, M is the number of basis vectors in D. For a detailed
illumination of the construction of the dictionary, all the basis
vectors in D are divided into K groups {D1, D2, . . . , DK},
where K is the number of the spectrum peaks under study.
The basis vectors dij (j = 1 . . . L) in group Di (i = 1 . . .K)
have the same central frequencies with the known central
frequency of one of the metabolite peaks under study and
different widths dij = d0j +j∆d. Because the spectrum peaks
of different metabolites have different central frequencies,
the representations of spectra of different metabolites in the
constructed dictionary are disjoint. If we can find w the
sparsest solution of S = Dw, we can decompose the spectrum
S into several components Si = Diwi (i = 1 . . .K) which
relate to spectra of different metabolites.

However, because of the presence of baseline B in an
observed spectrum, the sparest solution w of X = Dw will
certainly depart from the expected solution of S = Dw. The
smoothness of baseline is usually used to deal with baseline
problem and a wavelet filter can be used to eliminate baseline
[12]. However, because of the overlapping between baseline
and the metabolite spectra, when a wavelet filter is used to
process observed spectra, it is difficult to only remove baseline
and reserve the whole mixed metabolite spectrum.

Here, for accurate estimation of the sparest solution w, each
basis vector of the constructed dictionary is also processed
with the same wavelet filter, then a basis vector d in D can
be denoted as d = dh + dl, where dl is the removed part of
d with the wavelet filter, and dh the reserved parts. Based on
the wavelet filter processing results of all the basis vectors in
D, the dictionary D can be divided into Dh and Dl, which



are corresponding to dh and dl respectively. The reserved part
Sh of a mixed metabolite spectrum S with the wavelet filter
can be represented as Sh = Dhw. When the wavelet filter
removes the whole baseline, there is Sh = xh, where xh the
reserved part of an observed spectrum x. Furthermore, if each
column of Dh is not zeros or too small value vector, the sparest
solution w of xh = Dhw is equal to the sparse representation
of a mixed metabolite spectrum S in the constructed dictionary
D.

Therefore, MR spectra separation can be achieved by find-
ing the sparsest solution w of xh = Dhw.

D. Non-negative FOCUSS pursuit algorithm

Theoretically, the sparsest representation of yN×1 with
respect to an overcomplete dictionary DN×M is the following
optimization problem:

min
w
‖ w ‖0 subject to y = Dw (4)

or
min

w
‖ w ‖0 subject to ‖ y −Dw ‖2 ≤ ε (5)

where ‖ . ‖0 is the l0 norm, for counting the nonzero entries
of a vector; wM×1 is the coefficient vector of basic functions.
However, it is a NP-hard problem. Thus, approximate solutions
are considered instead, the FOCUSS minimizes l(p≤1)-norm
in place of l0-norm to obtain sparse solution. Then, the sparse
representation becomes the solution of

min
w

M∑
i=1

sgn(w(i)) | w(i) |p subject to y = Dw (6)

When the noise exists, an exact minimum norm solution can
not be sought. Instead, a solution that minimizes l(p≤1)-norm
and approximately satisfies the set of constraints is found. The
solution is

w = argmin
w

J(w) (7)

where

J(w) = [‖ Dw − y ‖2 + γE(p)(w)]

For the problem in this paper, taking into account of the
non-negativity of the representation coefficients, a nonnegative
constraint is added. So the representation coefficient vector w
can be estimated as

w = argmin
w

J(w) (8)

where

J(w) = [‖ Dw − y ‖2 + γE(p)(w)] and ∀i : wi ≥ 0

At each iteration step, we set the negative values of the
solution to zero for guaranteeing the nonnegative character
of coefficient vector w. Based on the basic iterative form of

TABLE I
PARAMETERS OF SIMULATED METABOLITE SPECTRA AND BASELINE.

Parameters of metabolic spectra Parameters of baseline
Metab. fk (ppm) dk ak k fk (ppm) dk ak

Cr 3.91 8.0 8.0 1G 2.02 85 2.33
Glu/Gln 3.74 4.0 4.0 2G 2.35 100 0.33

mI 3.56 4.0 5.5 3G 2.50 70 0.67
Tau 3.42 3.0 3.2 4G 3.00 70 0.67
Cho 3.22 6.0 2.0 5G 3.29 100 1.0

Cr/PCr 3.03 6.0 4.0 6G 3.50 80 2.00
GABA 2.37 4.0 1.5 7G 4.00 70 0.67

Glu/ Gln 2.12 6.0 9.5 8L 0.90 300 1.33
NAA 2.02 5.0 13.0 9L 1.30 300 1.67
Lac 1.33 5.0 1.5
Lac 1.26 3.0 1.5

the regularized FOCUSS algorithm, the iterative form of the
nonnegative pursuit algorithm becomes:

Wk+1 = diag(w1−(p/2)
ki ) (9a)

wk+1 = Wk+1D
T
k+1(Dk+1D

T
k+1 + λI)−1y (9b)

wk+1(i) =
{

0 if wk+1(i) < 0
wk+1(i) if wk+1(i) ≥ 0 (9c)

The parameter λ controls the tradeoff between quality of fit
‖ y − Dw ‖ and the degree of sparsity, and the value of λ
should increase with the level of noise. The iterative algorithm
in (9) is used to estimate the sparsest solution w of xh = Dhw.
With the representation coefficient vector w, spectrum of dif-
ferent metabolites can be separated by computing si = Dixi

(i = 1 . . .K). Finally, MRS quantification can be achieved
easily benefiting from the separation results.

III. EVALUATION AND RESULT

A. Evaluation with simulated spectra

The proposed approach is tested with simulated 1H human
brain MRS signals. A simulated MR spectrum consisting
of 512 data points is composed of eleven single metabolite
spectra modelized as Gaussian functions, a baseline mixing
of nine models and a certain level of Gaussian noise. The
parameters of simulated metabolite spectra and baseline are
shown in Table I. For each noise level, a set of 100 simulated
MR spectra is created in order to give reliable values for the
uncertainties of the estimation results and check the robustness
of the proposed method. The value of the SNR is defined as the
ratio of the amplitude of the NAA resonance to the standard
deviation of noise e.

As an a priori knowledge, the basis vectors in the con-
structed dictionary supposed to represent spectra of main
metabolites under study have the known central frequencies
as shown in Table I and the unknown linewidths taken from
the range [d1, d2] = [0.5, 10] with the sample step ∆d = 0.5.
In this paper, the Coiflet discrete wavelet decomposition of
the observed MR spectra using COIF5 at level 5, is computed
and the detail coefficients of the wavelet decomposition are re-
served to reconstruct xh, and the same wavelet decomposition



Fig. 1. Separation results of a simulated MR spectrum (SNR=17dB) using
the proposed method (a) raw spectrum; (b) the estimated and the true baseline
(dashed line); (c) the estimated and the true spectrum (dashed line).

of each basis vectors in D and reconstruction are computed
to get Dh.

B. Results

Figure 1 displays a simulated MR spectrum with
SNR=17dB as in vivo conditions, and the corresponding
separation results. The comparison of separation results and
real spectra in Fig. 1 shows that baseline is well separated
from metabolite spectra of interest.

Figure 2 plots the RRMSE (Relative Root Mean Square
Error) of estimated metabolite peak areas in different noise
levels (SNR =12dB, 14dB, 16dB, 18dB, 20dB). RRMSE is
defined as the ratio of RMSE (Root Mean Square Error) of
estimated results to the real value. Because of the different
peak intensities, a noise influences the quantification of these
metabolites in different degrees. As demonstrated in Fig. 2,
for the metabolites with relatively big peaks, such as NAA,
Cr, the estimation results are less influenced with the increase
of the noise, while for the weak metabolite peaks, especially
the metabolites Lac and Cho, the noise have relatively big
influence to the estimation result. Like most of the other MRS
quantification methods, the estimation accuracy decreases with
the increase of noise level.

Using simulated MR spectra with SNR=17dB, the proposed
method is compared with a commonly used frequency-domain
MRS quantification method in which Levenberg-Marquardt
algorithm is used to estimate the nonlinear model parameters
of metabolite spectra and a wavelet filter is used to remove the
baseline component in an iterative subtraction manner [9]. In
simulation experiments, the same a priori knowledge is used in
both methods. For the method in [9], the choice of the initial
parameters can deeply influence the estimation result, while

Fig. 2. The RRMSE of estimated metabolite peak areas in different noise
levels with the proposed method.

Fig. 3. Comparison results. RRMSE of estimated metabolite peak areas and
the error bars of the proposed method and the nonlinear one (SNR=17dB).

in the proposed method, a small random positive value vector
is used for the initialization of the representation coefficients
and different initializations have no influence to estimation
results. The RRMSE of metabolite peak areas and the error
bars (the standard deviation of relative estimation errors) of the
both methods are illustrated in Fig. 3. Obviously, the relatively
small estimation errors and error bars of the proposed method
show the superiority of our method.

C. In vivo MRS data

The method was also tested on in vivo 1H human brain
MR spectra. Two human brain MR spectra from a brain tumor
patient obtained with PRESS and an echo-time of 35 ms were
quantified by our method. Fig. 4 (a) and Fig. 4(c) are the MR
spectra of tumor tissue and normal tissue respectively. Fig. 4
(b) and Fig. 4 (d) show the separation results of the baseline
and metabolite spectra of interest. According to the spectrum
separation results, the peak areas of the main metabolites in
each MR spectra were computed. Comparing the different
MRS quantification results of normal tissue and tumor tissue,
doctors can analyse the kind of tumor more easily.



Fig. 4. The separation results of in vivo 1H human brain MR spectra. (a)
spectrum from a tumor tissue; (b) separation results of the MR spectrum in (a);
(c) spectrum from a normal tissue; (d) separation results of the MR spectrum
in (c) (BL=baseline, MSI=spectra of interest).

IV. CONCLUSIONS

The new MRS quantification method proposed in this paper
combines a wavelet filter and a linear non-parametric algo-
rithm based on sparse representation to remove baseline and
separate spectra of different metabolites and finally achieves
an accurate MRS quantification. The method can separate the
overlapping components of baseline and metabolite spectra of
interest and well deals with the challenging baseline problem.
In addition, it effectively uses the a priori knowledge and
achieves satisfying MR spectrum separation. Compared with
commonly used nonlinear parametric optimization algorithms,
the proposed method has a better computational efficiency,
avoid the choice of initial parameters and are more robust. In
future work, the method will be tested on large data of in vivo
brain spectra.
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