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Large deviations for singular and degenerate diffusion
models in adaptive evolution

Nicolas Champagnat*

June 5, 2009

Abstract

In the course of Darwinian evolution of a population, punctualism is an important
phenomenon whereby long periods of genetic stasis alternate with short periods of
rapid evolutionary change. This paper provides a mathematical interpretation of
punctualism as a sequence of change of basin of attraction for a diffusion model of the
theory of adaptive dynamics. Such results rely on large deviation estimates for the
diffusion process. The main difficulty lies in the fact that this diffusion process has
degenerate and non-Lipschitz diffusion part at isolated points of the space and non-
continuous drift part at the same points. Nevertheless, we are able to prove strong
existence and the strong Markov property for these diffusions, and to give conditions
under which pathwise uniqueness holds. Next, we prove a large deviation principle
involving a rate function which has not the standard form of diffusions with small
noise, due to the specific singularities of the model. Finally, this result is used to
obtain asymptotic estimates for the time needed to exit an attracting domain, and to
identify the points where this exit is more likely to occur.

AMS 2000 subject classification. Primary 60F10, 92D15; secondary 60J70, 60J60.

Key words and phrases: adaptive dynamics; punctualism; diffusion processes; degenerate
diffusion; discontinuous drift; strong Markov property; probability to hit isolated points;
large deviations; problem of exit from a domain.

1 Introduction

The Darwinian evolution of an asexual population is controlled by demographic (birth and
death) rates, which are typically influenced by quantitative characters, called phenotypic
traits: morphological traits like body size, physiological traits like the rate of food intake,
life-history traits like the age at maturity. Such traits are heritable yet not perfectly trans-
mitted from parents to offsprings, due to mutations of genes involved in their expression.
The resulting variation of traits is then exposed to selection caused by ecological inter-
actions between individuals competing for limited resources. Models of evolution of the
dominant trait in the space of phenotypic traits are usually of two types: jump processes
(often called “adaptive random walks” [36, 19]) or diffusion processes (|31, 26]). Diffusion
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models are usually more suited to finite populations, weak selection, or long time scales.
These models usually involve a so-called “fitness function”, which quantifies the selective
ability of each possible phenotypic traits. Such models are also sometimes referred to as
evolution models on a “fitness landscape” (an notion going back to Wright [42]).

In most cases, the parameters of these models (speed of evolution, fitness function,. . .)
are based on heuristic considerations. However, since the early 1990’s, adaptive dynamics
theory [27, 34, 35| has been developed to give a firm basis to such models, starting from
an individual-based description of the population with explicit ecological interactions. The
combination of ecology and evolution allowed to obtain evolutionary models on a fitness
landscape that depends on the current state of the population, and which is explicitly given
in terms of individual parameters. The first model is an adaptive random walk, called the
“trait substitution sequence” (TSS), first described in [36] (see also [15]). The mathematical
derivation of this model from an individual-based model under specific asymptotics has
been done in [6]. In the limit of small mutations, this stochastic jump process converges
to a deterministic ordinary differential equation called “canonical equation of adaptive
dynamics” [15, 7, 10]. Several diffusion models have also been obtained in this framework [8,
9], either as diffusion approximations of the T'SS or in the case of weak selection in finite
populations.

One evolutionary pattern that remains poorly understood among biologists is that of
“punctualism”, which goes back to Eldredge and Gould [22]. This is the phenomenon of
Darwinian evolution whereby long periods of trait stasis alternate with periods of global,
rapid changes in the trait values of the population, which can be due to a large mutation
or to successive invasions of slightly disadvantaged mutants in the population [38]. In this
paper, we interpret punctualism as phases of quick changes of basin of attraction for the
canonical equation of adaptive dynamics, separated by long phases where the population
state stays near the evolutionary equilibrium inside the current basin of attraction (“prob-
lem of exit from a domain” [24]). The T'SS model is not well-suited to this study because
it cannot jump in the direction of less fitted traits (i.e. traits having negative fitness).
However, for punctualism to occur, a sequence of surviving unfitted mutations must occur.
This is possible on long time scales because of the finiteness of the population. Therefore,
we focus in this work on a diffusion model of adaptive dynamics that generalizes the one
of [8] (see [5] for a general derivation of these models), where evolution can proceed in any
direction of trait space. This model is obtained as a diffusion approximation (in the sense
of [23, Ch. 11]) of the TSS.

This diffusion process on the trait space, assumed to be a subset of R?, is solution to
the the following stochastic differential equation, with coefficients explicitly obtained in
terms of biological parameters (see section 2):

dXE = (b(XF) + eb(XE))dt + veo (XE)dWy, (1.1)

where b(z) and b(z) are in RY, o(z) is a d x d symmetric positive real matrix, and & > 0
is a small parameter scaling the size of mutation jumps.

The main difficulty of this model is that the standard regularity assumptions for
stochastic differential equations (SDE) are not satisfied: the function b is (globally) Lip-
schitz, but b is discontinuous at isolated points of the trait space, called evolutionary
singularities, and o is not globally Lipschitz, but is only 1/2-Holder near the set T' of
evolutionary singularities. Moreover, b(z) = b(z) = o(x) = 0 for z € T.



Despite these difficulties, we are able to study the existence, strong Markov property
and (partly) uniqueness for this SDE, to prove a large deviations principle (LDP) as ¢ — 0,
and to study the problem of diffusion exit from a domain of Freidlin and Wentzell [24],
which is the key question for punctualism: what are the time and point of exit of X*¢ from
an attracting domain?

The original method for proving a LDP for the solution to a SDE with Lipschitz coef-
ficients was based on discretization and continuous mapping techniques [24, 2| (transfer of
the LDP for Brownian motion—Schilder’s theorem—to the LDP for the diffusion). This
technique has been extended to weaker assumptions on the coefficients (e.g. essentially
locally-lipschitz in [3] or for a restricted class of two-dimensional diffusions in [30]) or to
reflected diffusions [18]. Other techniques were more recently developed to study LDP
for diffusions with irregular coefficients. The weak convergence approach of Dupuis and
Ellis [20] is based on a combination of perturbation approach, discretization and represen-
tation formulas. They were in particular able to obtain upper bounds under very general
assumptions [21] and to obtain the LDP for diffusions with discontinuous coefficients [4]
(see also [11]). Another technique developed by de Acosta [1], is based on an abstract non-
convex formulation of LDP, and allows one to deal with degenerate diffusion coefficients,
but requires Lipschitz coefficients.

However, the existing results dealing with discontinuous coefficients are of a different
nature as the singularity we consider (in [11, 4], the drift coefficient is discontinuous on
a hyperplane), and these later methods require either the coefficients to be Lipschitz, or
the diffusion parameter to be non-degenerate. Another reason why these methods seem
not to apply easily to our situation is that the rate function arising naturally with these
methods does not take into account the singularity of our model. Actually, the results
of [21] can be used to obtain an large deviation upper bound, but, as appears in Section 4,
with a non-optimal rate function. For these reasons, we adapt in this work the original
methods based on discretization and path comparisons, allowing us to finely study the
paths of the diffusion X¢ near I'. Our proof follows the method of Azencott [2] (see
also [18]). Interestingly, it also appears that, in contrast with what is usually observed in
large deviations theory (see e.g. [21]), our upper bound is more difficult to obtain than the
lower bound.

The paper is organized as follows. In Section 2, we describe precisely the model, study
the regularity of the parameters a = oc™*, b and b and give an example of biologically
motivated parameters. In Sections 3.1 and 3.2, we establish strong existence and the
strong Markov property for (1.1), by explicitly constructing a solution until the first time
it hits I', and next setting X°¢ constant after this time. Because of the bad regularity
properties of b and o, uniqueness is a difficult problem. We are only able to prove pathwise
uniqueness under the assumption that X¢ a.s. never hits I', and we give in Sections 3.3
and 3.4 explicit conditions ensuring this assumption and other conditions ensuring the
converse. In Section 3.5, these conditions are applied to our example. In section 4, we
prove the main result of this paper: a large deviation principle for X¢ as € — 0. In
Section 5, we apply this result to the problem of diffusion exit from an attracting domain.
We obtain in Section 5.1 a lower bound for the time of exit and we prove that the exit
occurs with high probability near points of the boundary minimizing the quasi-potential.
We finally show in Section 5.2 the implications of this result in terms of punctualism on
our biological example.



2 Description of the model

We assume for simplicity that the space of phenotypic traits is R? for some d > 1 (this
may appear as a restrictive assumption, however see Remark 2.1 below). The coefficients
b, b and oo* = a of the SDE (1.1) are functions on R?, explicitly given in terms of two
biological parameters: the fitness function, and the mutation law. In this section, we first
define these parameters, and then study their regularity.

2.1 The fitness function

The function g(y, x) from R% x R? to R is the fitness function, which measures the selective
advantage (or disadvantage) of a single mutant individual with trait y in a population with
dominant trait = (see [36, 6]). If g(y,z) > 0 (resp. g(y,x) < 0), then the mutant trait y is
selectively advantaged (resp. disadvantaged) in a population of trait . With this in mind,
the fact that the fitness function satisfies

glz,z) =0, VreR? (2.1)

is natural (a mutant trait with trait x is neither advantaged nor disadvantaged in a popu-
lation with the same trait).

When g is sufficiently regular, we will denote by Vg the gradient of g(y, ) with respect
to the first variable y, and by H; jg the Hessian matrix of g(y,x) with respect to the i-th
and j-th variables (1 <1i,j < 2).

We introduce the sets

I'={zeR?: Vig(z,z) =0}, (2.2)
and Va >0, To={zecR?:d(zT)>aand|z|<1/a}, (2.3)
where | - || denote the standard Euclidean norm in R?. The points of T' are called evolu-

tionary singularities.
We assume that

(H1) g(y,z) is C? on R?? with respect to the first variable y, and Vig and Hj g are
bounded and Lipschitz on R2?.

Remark 2.1 In most biological applications, the trait space is a compact subset X of R,
However, the boundary of the trait space usually corresponds to deleterious traits. In other
words, g(y,z) <0 for all y in the boundary of X. Therefore, assuming that the trait space
is unbounded is not restrictive, since one can extend the fitness function to R% in such a
way that g(y,z) < 0 for all y ¢ X and x € RY. This amounts to add fictive trails, such
that individuals holding these traits cannot live.

2.2 The mutation law

The second biological parameter, p(z, h)dh, is the law of h = y — x, where y is a mutant
trait born from an individual with trait z. For all z € R? we assume that this law is
absolutely continuous with respect to Lebesgue’s measure and that it is symmetrical with



respect to 0 for simplicity. This is a very frequent assumption in adaptive dynamics models
(see e.g. [15, 16, 29]).
We also assume that

(H2) p(x, h)dh has finite and bounded third-order moment, and there exists a measurable
function m : Ry — R4 such that

/(HhH2 V |RI2)m(||h]|)dh < +oo, or equivalently /R (rT N D (1) dr < 400,
+

where || - || is the standard Euclidean norm in R?, and for any =,y € R? and h € R?,

p(z, h) = p(y, )| < [l —ylm([Al]) and  p(z, h) < m(]n]). (2.4)

We will denote by (H) the two assumptions (H1) and (H2).

Assumption (2.4) is satisfied for classical jump measures taken in applications. For
example, it holds when p(x, h)dh is Gaussian for all 2 € R?, with covariance matrix K (z)
uniformly non-degenerate, bounded and Lipschitz on R?.

Assumption (H2) trivially implies the following property.

Lemma 2.2 Assume (H2). Let S=R? or S = {h: h-u >0} for some u € R\ {0}, and
let f be a function from R¢ to R such that f(0) =0 and

o,y € R [f(x) = f(y)] < Kllz = yllmax{ ||, lyll, 1], [ly]*} (2.5)

for some constant K. Then, the function ¢(x) = [4 f(h)p(x,dh) is globally Lipschitz on
Re.

Note that, in the previous statement, since f(0) =0, |f(h)| < K(||h]|? V ||h]|*). Thus, the
function ¢ is well-defined.

As a consequence of this result, (H2) also implies the following property, needed in the
sequel to control the non-degeneracy of the matrix a(x):

, |h - ul?|h - v|p(z, h)dh > 0, (2.6)
2l <1/, uweR?, |full=|v]=1 Jra

where u - v denotes the standard Euclidean inner product between v and v € R?. Indeed,
Jga Il - ul?|h - v|p(z, h)dh is a continuous and positive function of (z,u,v). Therefore, its
minimum on a compact set is positive.

Remark 2.3 Lemma 2.2 is the only consequence of (H2) that will be used below. As-
sumption (H2) could be replaced by any condition ensuring this result. In particular, it
would be sufficient to assume reqularity of the probability measure p(x, h)dh with respect to
appropriate Kantorovich metrics [37]. See [5] for such conditions.



2.3 The diffusion model of adaptive dynamics

The diffusion model of [8] is given in dimension 1. However, the computation of its pa-
rameters can be easily generalized to a multidimensional setting (see [5] for details). The
parameters b = (by,...,bq), b= (51, ... ,l;d) and a = 00" = (ag)i1<k,i<d, Where * denotes
the matrix transpose operator, are given by the following expressions: for all € R¢,

br () = hk [Vig(x, x) - hlyp(z, h)dh,

1
- / hi(h* Hy 1 g(w, 2))p(as, h)dh
{h-V1ig(z,z)>0}

and ag(z) = /Rd hihilh - Vig(x, z)|+p(x, h)dh. (2.7)

We also define )
b* = b+ eb.

and the matrix o appearing in (1.1) as the unique real symmetrical positive d x d square
root of a.

Observe that, for all € T, a(x) = b(z) = b(z) = 0. Thus, points of T are possible rest
points of solutions of (1.1).

The regularity of these parameters is given in the following result.

Proposition 2.4 Assume (H).

(i) @ and b are globally Lipschitz and bounded on R?, and b is bounded on R% and locally
Lipschitz on R4\ T.

(ii) The matriz a is symmelrical and non-negative on X, a(x) = 0 if x € T', and a(x)
is positive definite if x € R\ T. For all a > 0, there exists ¢ > 0 such that
Iy C {z € RY Vs € RY, s*a(x)s > c||s||?}, where T, is defined in (2.3).

(ii) The symmetrical square root o of a is bounded, Hélder with exponent 1/2 on R? and
locally Lipschitz on R4\ T.

Proof In all this proof, the constant C' may change from line to line.
Let us start with Point (i). The functions a, b and b are trivially bounded. Fix z and
yin RY For 1 < k < d,

|br(2) — br(y)| <

[ w19t 1L = (Frat09) -1 ot

+

L 1uI5s0.2) AL o) = ol )
Since |[a]+ — [b]+] < |a —b| and Vg is Lipschitz, the first term of the right-hand side is

less than C||x — y||Ms2, where Ms is a bound for the second-order moments of p(x,h)dh.
Since the second term is equal to

h-Vig(z,z)>0}
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Lemma 2.2 can be applied to bound this term by C||Vig(x,z)||||x — y||. Since Vg is
bounded, it follows that b is Lipschitz on R?. Similarly, a is Lipschitz on R

Take z and y in R\ T and let S = {h € R? : h-Vig(x,2) > 0} and S’ = {h :
h-V1g(y,y) > 0}. We also denote by S¢ (resp. S’°) the complement of S (resp. ) in R%.
Then,

2|bi(z) — bi(y)| <

/SHS/ hi[h* (Hi19(z,z) — Hi19(y, y))hp(y, h)dh‘

| [ hetn Hagte, 2 ot ) — ply, W)
5 (2.8)

+|f mwmw@wwwmﬂ
SNS’e

+ / hi(h*Hy19(y,y)h)p(y, h)dh‘ :
Sens’

By Lemma 2.2, the first two terms of the right-hand side are both bounded by C||z — y/|
for some constant C. The third term can be bounded by

c/ B m(|11]])dh.
SNS’e

Making an appropriate spherical coordinates change of variables, this quantity can be
bounded by

cé r2m(r)dr < C'6,
Ry
where 6 is the angle between the vectors Vig(x,z) and Vig(y,y).
Now, fix @ > 0. For all z € T, V1g(z, 2z) # 0. Therefore, 8 := inf,cr_ ||V1g(z, 2)|| > 0.
Let K be such that Vig(x,z) is K-Lipschitz and let u = Vig(z,z)/||Vig(z,z)| and

v=V19(y,9)/IIV19(y,y)||. Then

Vig(z,x) — Vig(y, y)| 1 K|z -yl

lu—v]| < +||Vig(y,

1
V@)l mMWMwM_WMwN 5

Now, on the one hand sin(6/2) = ||u — v||/2 and on the other hand, sinz > (2v/2/7)x for
all 0 < 2 < /4. Therefore, for any z,y € I',, such that ||z — y|| < v28/K, we have

Kmn

< —|lx —y]|.
o< 5l =l

Therefore, for any z,y € I'y, such that ||z — y|| < v26/K,

ASMWEM@meWmé%WﬂW
n/c

where the constant C, depends only on a. Proceeding as before for the last term of (2.8),
we obtain that b is uniformly Lipschitz on any convex compact subset of R? \ T', ending
the proof of Point (i).



Concerning Point (ii), a is obviously symmetrical, and for any s = (sg,...,sq) € R%,
using the symmetry of p(x, h)dh,

s*a(x)s = /Rd(h -8)2[h - Vig(z, z)] +p(z, h)dh

1

- 5 /]Rd(h ’ 3)2’h ’ Vlg(:c,a:)]p(:c, h)dh

This is non-negative for all s € R%, and is non-zero if s # 0 and = ¢ T
Fix a >0, z € Ty, and s = (s1,...,54) € R% We denote by u and v the unit vectors
of R? such that s = ||s||u and Vig(x,z) = ||V1g(z, z)|[v. Then

. 1
saa)s = 521 sg(e. )] [ - uPlh-olp(e. di)

> Calls|?V1g(z, )]

(2.9)

where C,, > 0 by (2.6). Since Iy, is a compact subset of R we also have inf e, | V1g(z, z)|| >
0, completing the proof of Point (ii).

Finally, Point (iii) follows from the facts that a is globally Lipschitz on R? and that the
symmetric square root function on the set of symmetric positive d x d matrices is globally
1/2-Hélder, and Lipschitz in {a € S, : Vs € RY, s*as > c||s||?} for any ¢ > 0. A proof of
these facts can be found for example in [41]. O

2.4 A biological example

As explained in the introduction, the SDE (1.1) is a generalization of a classical evolution-
ary model, called the “canonical equation of adaptive dynamics” [15] @(¢) = b(z(¢)) which
describes the dynamics of the dominant trait of a population.

The situation we want to address in this article is the case where this ODE has several
stable steady states (each of them having disjoint basins of attractions) and where the small
diffusion part in (1.1) implies a change of basin of attraction for the population dominant
trait (see Section 5). From a macroscopic viewpoint, this corresponds to a quick “jump”
of the population state from (a neighborhood of) a stable steady state to (a neighborhood
of) another one. This biological phenomenon is called punctualism |38].

Many biological works have described models where the canonical equation of adap-
tive dynamics has several stable steady states (see e.g. [25] in the context of seed size
evolution, [33, 14] in the context of predator-prey interactions or [32] in the context of
multispecific asymmetric competition). Since they include ecological specificities of the
populations under consideration, these models are often quite complicated. To keep the
presentation clear, we are going to illustrate our results with an bistable and multidimen-
sional extension of a very classical and simple ecological model of competition for resources
of Roughgarden [40|, which was adapted to the framework of adaptive dynamics in [16].

We assume that the population is characterized by a d-dimensional trait © = (x1,...,24) €
R? and is subject to competition for resources which are not exploited uniformly by differ-
ent traits (for example, when d = 2, one could think of a population of birds that eat seeds,
and that x; represents the beak size of a bird and x2 the beak strength: a bird with bigger
and stronger beak can eat bigger and harder seeds). We assume that the reproductive



efficiency of an individual, which is a consequence of its resource consumption, depends on

its trait value as ) )
|z —ex||*[lz + el|
202 ’

Az) = exp (_

where e; = (1,0,...,0) € R%. Thus, there are two optimal trait values at e; and —e;. The
parameter o, > 0 controls the distance around these points where A(x) is of order 1. We
also assume that the competition exerted by individuals of trait y on individuals of trait
x is of logistic type and is given by the competition kernel

a(z,y) = exp (_H:c—yP)

2
204

(for precise definitions and details, see e.g. [36, 6]). Thus, competition for resources is
symmetric, and the competition range is given by the parameter o, > 0. Finally, as often
done in biological models (see e.g. [16]), we assume that the mutation law p(x,h)dh is
Gaussian with mean 0 and with covariance matrix p?Id for all € R2, where Id is the
d-dimensional identity matrix. Without loss of generality, we can (and will) assume that
p = 1. These parameters clearly satisfy Assumptions (H1) and (H2).

The fitness function is obtained from these parameters as (see e.g. [36, 6])

ol.2) = A0) - DN,

Thus,

2\ (x)

Vig(z,z) = VA(z) = — o2
b

(101 = 1), w2zl + 1), za(lal? + D) 210

and it follows from elementary computations using the invariance of the Gaussian law with
respect to rotations that b(x) = Vig(z,z)/2 = VA(x)/2.

In particular I' = {—e1,0,e1}. Moreover, —A(x) is a strict Lyapunov function (see
e.g. [12]) for the canonical equation of adaptive dynamics. It is then elementary to prove
that the canonical equation admits no limit cycle and that every solution converges when
time goes to inifinity to a point of I'. More precisely, for symmetry reasons, any solution to
the canonical equation starting in (—oo,0) x R~ converges to —ej, any solution starting
from (0, +00) x R¥~! converges to e, and any solution starting from {0} x R¥~! converges
to 0.

Elementary computations give

_ Vgl 2)]

a(x) + Vlg(z,x)vlg(x,x)*, (211)
V2 V2 ||Vig(z, )|
where |[V1g(z,2)| = 2A(z)||z| ||z — e1]| ||z + e1]| /o?. The matrix a(z) is clearly uniformly
elliptic away from evolutionary singularities.
The computation of b(z) is more tricky. First,
1 2(z)*+1 1 . A\(x), .
Hyg(z,x) = <2 — H2)> AMx)ld4+ ——Vig(z,2)Vig(z, z)* — (2 )(1:1: —eje}).
o2 o A(z) o
(2.12)



The three terms of the right-hand side give three parts for b(x), denoted b (z), b3 (z)
and b® (z). It can be easily deduced from the invariance of the Gaussian law with respect
to rotation that

(1) () = (AT DA) 1 2(f=P+ D)\ Vag(z,x)
) = (az = )rvlg@c,x)u (2.13)
and

b3 () = [Vig(@, 2)]] Vig(z, x). (2.14)

V2 (z)
Now, assume that Vig(x,z) # 0 and let R be an orthogonal matrix such that RV g(x,z) =
IVig(z,x)|le;. Then

BB () = - 22D /{ - h(h* M (z)h)p(z, h)dh

2
O%

B _2/\(96)
- 05

<HafH2 14 Mi(x), 2Mis(2), .., 2M1d(x))*,

where M(z) = (M;j(x))i1<ij<d = R(zax* — e1e])R* and where we used that Tr(M(z)) =
Tr(za* — ere}) = ||z||* — 1, where Tr denotes the trace operator on square matrices.

In particular, b=0b1 4@ 4+ pB ig clearly bounded in R? and continuous in R? \T.
We will actually prove in Section 3.5 that b is always discontinuous at the points of T'.

3 Strong existence, pathwise uniqueness and strong Markov
property

Our goal in this section is to construct a particular, strong Markov solution of the SDE (1.1),
identify the difficulty for pathwise uniqueness and give some conditions solving this diffi-
culty, both in the one-dimensional case and the general case.

We fix € > 0 until the end of this section.

3.1 Strong existence and pathwise uniqueness: construction of a partic-
ular solution of (1.1)

Proposition 3.1 Assume (H). For any filtered probability space (0, F, (Ft)e>0, P, W) equipped
with a d-dimensional standard Brownian motion W, and for any x € R?, there exists a
Fi-adapted process X% on Q a.s. solution of (1.1) with initial state x, such that X;* is

constant after T, where
T=inf{t >0: X" €T}, (3.1)

Moreover, this process is the unique solution of (1.1) up to indistinguishability satisfying
Xf’x = X7 forallt > 71 a.s.

Proof By Proposition 2.4, the functions b and o are bounded and locally Lipschitz on
R?\ I". Moreover, b is bounded and globally Lipschitz on R

Assume that z ¢ ' and fix a > 0 such that x € I',,. Since Ty, is a compact subset of
R4\ T'. one can construct b® (resp. o®) an extension to R% of b (resp. o) restricted to I'

10



such that b (resp. 0®) is bounded and globally Lipschitz on R? (resp. bounded, globally
Lipschitz and uniformly non-degenerate on R?). Then, strong existence and pathwise
uniqueness for the SDE

dX7" = (b(XP%) 4 eb™(XDY))dt + eo™ (X7 Y)dW; (3.2)
with initial condition X’S’a = x are well-known results. Let
To = inf{t >0: X7 ¢ Ty}

By pathwise uniqueness, for any o, o/ > 0, X;** = X'f’a/ for all t < 74 ATy a.s. Therefore,
the process X% defined by X;** = X;** for t < 7, is a solution of (1.1) for t < sup,~q T =
T.

On the event {7 = +o0}, this gives a strong solution of (1.1). On the event {7 < oo},
as a solution to (1.1), the semimartingale (X;,¢ < 7) has a uniformly Lipschitz finite
variation part (since b° is bounded), and a local martingale part which is uniformly in L?,
and thus uniformly integrable, on finite time intervals (since o is bounded). Therefore, on
the event {7 < oo}, the random variable

X5 = lim XO°
tTT

is a.s. well-defined and finite. Since b(z) = b(z) = o(z) = 0 for all z € I', defining
X = X7 for t > 7. provides a strong solution of (1.1).

In the case where z € T, setting X, = x for all ¢ > 0 trivially provides a strong
solution of (1.1).

Now, by pathwise uniqueness for (3.2), there is pathwise uniqueness for (1.1) until time
7. Therefore, the process X% we constructed above is the unique solution of (1.1) constant
after time 7. g

The following result is a trivial consequence of the previous one.

Proposition 3.2 With the same assumption and notation as in Proposition 3.1, assume
that, for some x € R4\ T,

P(X;* ¢T, Vt>0)=P,(1=00) =1, (3.3)
where Py is the law of X%, Then, pathwise uniqueness holds for (1.1) with initial state x.

The question whether pathwise uniqueness also holds for the whole trajectory when it
can hit T' in finite time is difficult. Because of the singularities of our diffusion (b discon-
tinuous and o degenerate and non-Lipschitz), no standard technique apply in dimension
two or more. In the one-dimensional case, general criterions of Engelbert and Schmidt ex-
ist on pathwise uniqueness (see [28]). However, the nature of our singularity corresponds
precisely to a situation where the criterion does not allow to conclude. The combination
of our singularities is also incompatible with classical results about uniqueness in law.

Therefore, it is desirable to have conditions ensuring (3.3) or its converse. This is done
is Sections 3.3 and 3.4. These results will also be useful in Section 5.
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3.2 Strong Markov property

The strong Markov property for solutions of SDEs is known to be linked to the uniqueness
of solutions to the corresponding martingale problem. Here, we cannot prove uniqueness
in general, but the strong Markov property can be easily proved.

Proposition 3.3 Assume (H). Then the family (X7),cra of solutions of (1.1) con-
structed in Proposition 3.1 satisfy the strong Markov property.

Proof Let 2 be a fixed point of R%, S be a Fi-stopping time and ¢ be a bounded and
continuous function from R? to R. We want to prove that

E(p(Xgi,) | Fs) = E(p(Xgi,) | X5°).

Since X;'* is constant after time 7, this is equivalent to the existence of a Lebesgue-
measurable function f : R¢ — R such that

E(p(X5g ) | Fs) = F(X57).

Recall the definition of 7, and X with initial condition z in the proof of Propo-
sition 3.1. Since there is strong existence and pathwise uniqueness for (3.2), the strong
Markov property holds for X&@ [28, Thm. 5.4.20]. Therefore, for any o > 0, there is a
bounded Lebesgue-measurable function f, such that

E(lTa>S90(X(ESO_[~_t ATo )| Fs) = 1'rol>5~'fOz(‘XE a)
Since X{° = X;* for all t < 7,, this yields
E( Ta>S(P(X(aSJ;_t ATa ) | ‘7:5) = 1Ta>Sfa(X;I)-

Observing that 155 = 1xzegp is o(X§")-measurable, we deduce that

E(lTa>SQO(X(é+t ATa ) ‘ fS) + 1T>S>Tafa( )

is 0(Xg")-measurable for all & > 0. Letting o go to 0, it follows from Lebesgue’s theo-
rem for conditional expectations that this random variable (in short, r.v.) a.s. converges
to E(17>590(X(S+t )| Fs). As an as. limit of o(Xg®)-measurable r.v., this r.v. is also

o(Xg")-measurable.
Now,

E(Lr<s@(Xigy0) | Fs) = E(Lreso(X57) | Fs) = Lyzrere(X57),

which is also o(X§")-measurable. This ends the proof of Proposition 3.3. O
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3.3 Study of P(1 = c0): the case of dimension 1

As we saw above, the uniqueness of X7 relies on the fact that P, (7 = oco) = 1, where 7
has been defined in (3.1) and where P, is the law of X=*. Our goal in this section and the
following one is to give conditions under which this is true (or false).

In this section, we assume that d = 1. In this case, an elementary calculation gives the
following formulas for a, b and b:

) = M2 0g(a,2), br) = M gnlong e, )08 gt ),
a(z) = M@)o )l where  My(a) = / \h|*p(z, h)dh
R

and sign(z)=-1ifz<0; 0ifz=0; 1ifz > 0.

In the following result, we use the fact that 67 ,g(x, z) 4 207 yg(x, z) + 95 59(z, x) = 0
for all z € R, which follows from differentiation of (2.1).

Theorem 3.4 Assume (H). Assume also that d =1 and g is C3 with bounded third-order
derivatives. Let x € T and define ¢ = sup{y € I,y < a2}, ¢ = inf{y € T,y > x}, and
assume that —oo < ¢ < ¢ < 00, 87 19(c,¢)+ 87 99(c,c) # 0 and 87 19(¢, ') + 07 29(c, &) #
0. We can define

_ ailg(Q C) _ 2812,1.9(07 C)
612 19(c, ) + a12 29(c,¢) 612719(0 c) — a22 29(c;¢) (3.4)
81 19(c, ) _ 281 19(c, ) -

0= = .
0719(c', ) + 07 59(c/, ) 07 19(¢, ) — 05 ,9(¢, )

a) If a > 1 and B < —1, then Py(1 = 00) = 1 and the process X7 is recurrent in (c,c’).
)=

1 and P(hmt_w— Xf’m = Cl) =1.

8

(
b) If a > 1 and > —1, then Py(1 <
(

¢) Ifa<1and 8 < —1, then Py(1 < 00) = 1 and P(lim;—,, X;" =¢) = 1.

8

(
(
(
(d) Ifa<1 and B> —1, then Py(7 < 00) =1 and
P(limy—, X, = ¢) = 1 — P(lim—, X; =) € (0,1).

Remarks 3.5
e When ¢ = —00 or ¢ = oo, the calculation below depends on the precise behaviour of
g and My, near infinity, and no simple general result can be stated.

e The biological theory of adaptive dynamics gives a classification of evolutionary singu-
larities in dimension d = 1, depending on the values of@%lg and 8%729 at these points.
Here, the condition o« > 1 corresponds, when 8%719(0, c) — 82272g(c, ¢) > 0, to the case
6%719(0, c) + 822729(0, ¢) > 0, which corresponds in the biological terminology (see e.g.
Diekmann [17]) to a converging stable strategy with mutual invasibility, which in-
clude the evolutionary branching condition; and when 8%719(0, c) — 8%729(0, c) <0,
to the case 81 19(c, ) + (92 29(c,¢) <0, which corresponds biologically to a repelling
strategy without mutual 1nvas1b111ty.
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Proof We will use the classical method of removal of drift of Engelbert and Schmidt and
the explosion criterion of Feller (see e.g. [28]), which can be applied to X*, considered as
a process with value in (¢, ) killed when it hits ¢ or ¢. These methods involve the two
following functions, defined for a fixed v € (¢, ¢):

p(z) = L " exp [—2 [y ’ %] dy, Yz € (¢, ),

and o) = [ o) [ By e (o)

nd v(z)= [ py —————dy, Yz € (¢,).
y 5 ep'(2)0(2)

Then |28, pp. 345-351], the statements about the limit of the process X when ¢t — 7

and about the recurrence of X¢ depend on whether p(z) is finite or not when x — ¢ and

¢, and the statements about 7 depends on whether v(x) is finite or not when z — ¢ and

c.

(3.5)

Let us compute these limits. We will use the standard notation f(x) = o(g(x)) (resp.
f(z) = O(g(x)), resp. f(z) ~ g(z)) when x — a, if f(z)/g(x) — 0 when x — a (resp.
|f(x)] < Cg(x) for some constant C' in a neighborhood of a, resp. f(z)/g(z) — 1 when
T — a).

b(x) b (x)  Ma(x) 1 8%719(:10,1’)
eo?(z)  ealx) eMs(x) 2 O1g(z,x)
so, for x < y <, the quantity inside the exponential appearing in the definition of p is

Y 2My(2) | 7 0% 19(2,2)
sign[ohg(z, z)|dz + ———dz
/y eMs(z) guld19(z 2)] y 019(2,2)

sign[o1g(x, )] + (3.6)

Since ¢ # —oo, the first term is bounded for ¢ < y < v (by Assumption (H), Ms is
positive and continuous on [¢, ¢]), so we only have to study the second term.
When y — ¢, an easy calculation gives

ailg(zvz) «
oig(z,2) z—c +C+o(l),

where « is defined in (3.4), and where C is a constant depending on the derivatives of g
at (¢, c) up to order 3. Consequently, when y — c,

exp [2 /j ba(z)dz] — exp [C’ +o(1) + /yv (O‘ +O+ 0(1)> dz]

eo?(z) y—c
ey —c), (3.7)

as y — c.
Therefore, if & < 1, p(c+) > —o0, and if @ > 1, p(¢+) = —oo. The same computation
gives the same result when x — ¢/, replacing a by f3.
Now let us compute the limit of v at ¢ and ¢. Since p(d'—) = 00 = v(/—) = oo and
p(c+) = —00 = v(c+) = oo [28, p. 348], we only have to deal with the cases @ < 1 and
6> —1.
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Equation (3.7) yields p/(y) ~ e“(y — ¢)™%, so, for some constant C,

2 ~C(z —e)* !
@) "I
a2 = D o0z, 0 ~ YD1 e, + 3 gt Iz o),

If « <0, when y — ¢, p/(y) ; % ~ —Cp'(y)(y — ¢)* is bounded on (¢,), and so
v(et) < oo. Ha=0,p'(y) ?7 w?ﬁ C'log(y — ¢), which has a finite integral on (c, ),

so v(c+) < oo. Finally, if 0 < o < 1, f7 =7 QZ%Z(Z) is bounded, so v(c+) < oo is equivalent
to the convergence of the integral [ p/(y)dy, which holds since p'(y) ~

O

ﬁanda<l.

3.4 Study of P(7 = c0): the general case

Let us turn now to the case d > 2. The following result gives conditions under which
P, (T = 00) = 1, based on a comparison of d(X%?,T') with Bessel processes.

Theorem 3.6 Assume (H). Assume also that g is C2 on R?*? and that the points of T are
isolated. For anyy € I', let Uy, be a neighborhood of y and a¥ > 0 and a, > 0 two constants
such that a is a¥-Lipschitz on U, and s*a(z)s > ay|s||?||z — y|| for all z € Uy, and s € R4,
Define also

~ . x—y ~
b, = inf -b(x
v = e Te =yl U@
T—y =

b(x).

and W= sup
sett,\yd 17 =yl

(a) If foranyy €T, 131,4-(?%/2 > 1, then, forallz € T, Py(7 = o0) = 1 and P(lim¢—, 1 oo X; " €
) =0.

(b) If there exists y € T such that Bujizy/z < 1, then, for all z ¢ T, P(lim;—,, X; " = y) >
0.

Before proving Theorem 3.6, let us give some bounds for the constants involved in this
Theorem. This result makes use of the notation B(z,r) for the open Euclidean ball of R?
centered at x with radius r.

Proposition 3.7 Assume (H). Assume also that g is C*> on R?*? and that the points of T
are isolated. Fiz y € ' and o > 0 such that B(y,a) NT' = {y}. Define

C—  inf /\h b - vlp(z, h)dh

u,weER: ||lul|=||v||=1

C >0 by (2.6). Let Ms be a bound for the third-order moment of p(x, h)dh on B(y,«). Let
D = Hi19(y,y)+Hi129(y,y), and denote by XY (resp. \,) the greatest (resp. the smallest)
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eigenvalue of D*D. Suppose also that D is invertible (Ay > 0). Then, for any 6 > 0 there
exists a neighborhood Uy, of y such that, in the statement of Theorem 3.6, we can take

a¥ = M3V + 6, a,=C/A\, — 0,

=, M;s = Ms
W< THHug(y,y)H +d and b, > —7HH1,1g(y,y)H — 0.

Proof It follows from the definition (2.7) of b that for z # y,

rT—y = r—y
-bx:/ <h> h*Hyg(x,x)h)p(z, h)dh. 3.8
e—ol "= J o mmmen =y ) B HLag(@ 2)hip(e,h) 38

By assumption, the quantity inside the integral can be bounded by ||h|]3[||H119(y,v)| +
O(|lx — y|D]p(x, h). Therefore,

T7Y ) < [|Huag )l + Ol — yl)] /

- |R|[*p(z, h)dh
lz -yl {V1g(zx)-h>0}
M;

= 5 [H119(y, 9)ll + O(llz = yl)].

This gives the required bounds for b and l;y.
It follows from equation (2.9) in the proof of Proposition 2.4, that, for all s € R% and
z € RY
Cllsl*|Vig(z, 2)|| < s*a(w)s < Ma||s|*|[Vig(z,z)]].

Considering an orthonormal basis of R? in which D*D is diagonal, one has A\,|v|? <
|Dv||? = v- D*Dv < M||v||? for any v € RY. It remains to observe that Vig(z,z) ~
D(xz —y) when z — y to obtain the required bounds for a¥ and a,,. ]

Proof of Theorem 3.6 Fix y € I'. Let us assume for convenience that y = 0. By
assumption, to this point of I' is associated a neighborhood Uy of 0 and four constants
ag > 0, a® > 0, by and °. Let p be small enough for B(p) := {z € R? : ||lz|| < p} C Up
and I' N B(p) = {0}, and define 7, := inf{t > 0 : || X| = p} and 79 = inf{t > 0: X7 =0},
where we omitted the dependence of X** with respect to the initial condition. Recall also
the notation P, for the law of X® when X§ = z.

Theorem 3.6 can be deduced from the next lemma.

Lemma 3.8
(a) If 229002 > 1 then, for all x € B(p) \ {0}, Pu(r, < 0) = 1.

(b) If Bot(j# < 1, then, there exists a constant ¢ > 0 such that, for all x € B(p/2) \ {0},
Px({To < Tp} @) {TO =T, =00 and hmt~>+ooXt€ = O}) > c.

Together with the strong Markov property of Proposition 3.3, Point (a) of this lemma
easily implies Theorem 3.6 (a), and part (b) implies Theorem 3.6 (b) if we can prove that
for any x € R\ T, P (7,/2 < 00) > 0. This can be done as follows.

Let D be any connected bounded open domain D with smooth boundary containing
B(p/2). The process X of the proof of Proposition 3.1 has smooth and uniformly non-
degenerate coefficients. Therefore, it is standard to prove that such a process hits B(p/2)
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before hitting 0D with positive probability, starting from any y € D. (This may be proved
for example by applying Feynman-Kac’s formula to obtain the elliptic PDE solved by this
probability in D\ B(p/2), and next applying the strong maximum principle to this PDE.)
Choosing a and D such that x € D and D\ B(p/2) C Iy, we easily obtain the required
estimate. U

Before coming to the proof of Lemma 3.8, we need to introduce a few notation: it
follows from It6’s formula that, for all ¢ < 7,

t 1 N
150 = el + [ ey |5+ 002) + x5
0 ” sH

e (X5)" X5
- = a(X5)———|ds + My,
2 |l xgl el

+ STr(a(x2)

where Tr is the trace operator on d x d matrices, and where, for ¢ < T,

t €\*
M, = \@/ (Xs) o(X3)dWs.
o X5l

Let us extend M; to t > 7 by setting My = Ma, for all ¢ > 0. Since o is bounded, M, is
a L2-martingale in R with quadratic variation

tAT (Xe)* X¢
(M) :5/ ) (XE) 5 ds. (3.9)
' o lIXZll X5

It follows from Dubins-Schwartz’s Theorem (see e.g. [28]) that for any ¢ > 0, M; = B,
where B is a one-dimensional Brownian motion.

Define the time change T3 = inf{s > 0 : (M)s > t} forall t > 0. If t < (M) :=
limy—, 400 (M)t = (M), then T; < 0o and (M)r, =t. For t < (M), define ¥; = X,. An
easy change of variable shows that for t < (M), ¥; ¢ T', and

t?

t
1%l = Jlzl] + / «(Ya)ds + By,
0

where

2 (b(z) +eb(2)) + eTr(a(2))/2 1
c(z) = ||zl . - :
ez*a(z)z 2||z]]
Using the constants defined in the statement of Theorem 3.6, the fact that b is K-Lipschitz

on R% and the fact that Tr(a) = Zle efae;, where e; is the i vector of the canonical

basis of R?, one easily obtains that, for all z € Up,

a(llzll) < elz) <el=),

where, for u > 0,

c1(u)

dao/248 1\ 12K
ad 2] u eap
da/24+1° 1\ 1 2K

and cz(u):<a/+_2>u+

ao cag
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Define also the processes Z! and Z? strong solutions in (0, c0) to the SDEs
t
Zi=lall+ [ c(Z)ds + B
0

for i = 1,2, and stopped when they reach 0. As strong solutions, these processes can be
constructed on the same probability space than X¢ (and Y'). Finally, define for 1 <i <2
the stopping times

0, = inf{t >0: 7' =0}
and 02, =inf{t >0: 2" = p}.

The proof of Lemma 3.8 relies on the following three lemmas. The first one is a
comparison result between Z!, Z% and Y.

Lemma 3.9 Almost surely, Z} < ||| for all t < 6, A (M)oo, and ||Yi|| < Z? for all
t< 02N (M)oo.

The processes Z' and Z? are Bessel processes with additional drifts. The second lemma
examines whether these processes hit 0 in finite time or not.

Lemma 3.10 3
(a) Z' is recurrent in (0, +o0) if and only 1'101)‘%;3%/2 > 1.

(b) Let P, be the law of Z? with initial state v > 0. If W < 1, then, for any u < p,
P, (05 < 62) > 0.

The last lemma states that, when (M), < oo, X¢ reaches I' in finite or infinite time.

Lemma 3.11 {(M)s < o0} C {7 < oo} U{r =00 and limi_4 X; € T'} a.s.

Proof of Lemma 3.8 Assume first that bOJrj%/Q > 1, and fix x € B(p) \ {0}. Then,
by Lemma 3.10 (a), 6§} = oo and 9/1) < o0 a.8. Moreover, by Lemma 3.9, for all ¢t < T@[l),
X1 = ¥y, | = Zhap,

Then, (M) = oo implies a.s. that there exists ¢ > 0 such that (M); = 6, and thus
7, < 1p. Conversely, by Lemma 3.11, (M) < oo implies a.s. that lim;_., X7 € I"\ {0},
and thus that 7, < 79. This completes the proof of Lemma 3.8 (a).

Now, assume that W < 1 and fix x € B(p/2). By Lemma 3.9, for all ¢t < Ty,
1X5 1 = [Yoan | < 22,

Then, on the event {6 < 62}, (M)oo = oo implies a.s. that 7o < 7,. Conversely, on the
event {63 < Qﬁ}, by Lemma 3.11, (M) < oo implies a.s. that limy_,, X7 = 0 (where 7
may be finite or infinite), and thus that 79 < 7, or that 7o = 7, = oo and lim;_. 1 X7 = 0.
Hence,

Px({TO < Tp} U {T[) =Tp =00 and . ligl th = 0}) > PHxH(Qg < 92)
—1 00
But, applying the Markov property to Z2, PHa:||(9(2) < 9/2)) > Pp/g(ﬁg < 95) for any = €

B(p/2). Since this is positive by Lemma 3.10 (b), the proof of Lemma 3.8 (b) is completed.
U
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Proof of Lemma 3.9 First, remind that Y; is defined only for ¢t < (M). Observe that
for t < 03 A (M) oo,

vl -z} = /0 (e(¥s) — er(Z1))ds.

If there exists to < 0} A 5 A (M)oo such that [|Ys|| = Z,, then (|[Y] — Z')(ty) =

(Yyy) — a(Zi) = c(YtO) - Cl(HYtoH) > 0, and therefore, |Y;|| > Z} for t > t; in a
neighborhood of tg. Consequently, Z} < HYtH for any ¢t < 01 /\01 A{M) . Since Z} = 0 for
t > 6§, this inequality actually holds for ¢ < 91 AN{M)s. T he proof of the other inequality
is similar. U

Proof of Lemma 3.10 The proof relies on the same functions p and v as in the proof
of Theorem 3.4. They are given by (3.5), where b° has to be replaced by ¢;, and ea by 1.
For the process Z1, if we fix v > 0, then, for any = > 0,

p(y) = L ! exp {—2 A ucl(z)dz] du = — / exp [% / LT )} du
=—C / kg,

where we have used the constants k = bo+;l$/2 % and k' = 4K . Consequently, p(0+) =

—oo0 if and only if 2k > 1, and p(+00) = +00, which yields (a ) A similar computation for
Z? gives that p(0+) > —oo if and only if W < 1, which yields Lemma 3.10 (b). O

Proof of Lemma 3.11 Assume that P({{(M ) < co}N{lim;_, ;o X7 € I'}¢) > 0. Then,
there exists a > 0 such that

§:=P((M)s < 00, limsupd(X;,I') > a) > 0.
t—-4o00
Define for any t > 0 the stopping time 7,,; = inf{s >t : d(X:,T") > a}. Then , for any
t>0,
P((M)oo < 00, Tat < 00) > 6. (3.10)

We will obtain a contradiction from this statement thanks to the following inequality: for
any € < 1, h € (0,1) and any stopping time S a.s. finite,

E[ sup_ 1 X510 — X§|]2] < 10C?h,
O<u<

where C is a bound for b, b and ¢ on R% This is a straightforward consequence of the
inequality

S+u

S+u B 2
IX5,0 — X5IP <2 ( JRNES +€b(X§)Hds> o(X2)dW,
S

and of Doob’s inequality.

19



Taking h = 6a?/80C? and S = 7,+ A T, we get

N S

a
IED< sup || X7, AAT+u X t/\TH > 2> <
O<u<h

Letting T" — +o0,
o
P{ 7ot <oo, sup [ X7 ,j1u— Tat”>2 Si
0<u<h

Together with inequality (3.10), this yields the first line of the following inequality, and
the last line makes use of (3.9) and a constant C' > 0 such that s*a(z)s > C||s||? for any
seR%and x € Lojo

(001 <000 s 163,00 X5, 1 < 5)
O<u<h

o
M inf || X7 > —
(Moo <00, int 1, 1l 2 5 )

(Moo < 00, (M), — (M)r,,, > £Ch).
Therefore,

RS

P (Moo < 00, {M)oo — (M) > eCh) >

holds for any ¢ > 0, which is impossible. O

3.5 Example
Let us apply Theorem 3.6 to the model described in Section 2.4. First, it follows from (2.11)
that ) )
[Vig(z, )| sl | (s-Vig(z, z))
V2 V21| Vig(z, x)||

for all s,z € R, Since ||Vig(z,z)|| = 2X\(@)||z|| ||z — e1]| |z + e1]| /o, for any § > 0, there
exists 17 > 0 such that

s*a(x)s =

uy:B(yvn)a ayzﬁag_& ay:\/é2+6 ifye{_ebel}

_ — 26 _ — e
U, = B(y,n), ay = - 0, a¥= r+5 ify=0
are neighborhoods and constants satisfying the assumptions of Theorem 3.6, where § :=
exp(—1/20})/0}.
Second, observe that
Az)

o
Thus, it can be checked from (2.12) that, for all y € T,
Vig(z,z) = (Hi19(y,y) + Hi29(y,y))(z — y) + O(|z — y||*)
@) +O0(lz—yl?) ifye{-er e}
—2B(z — 2z1€1) + O(||z|?) ify=0.

Hisg(z,x) = — Id.

(3.11)
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In the case where y € {—ey1,e1}, since
2\ () /
o J{hVigaa)>0}

b3 () = h(h* (zz* — erel)h)p(z, h)dh (3.12)
and 2(zz* —eje]) = (z—e1)(z+ el)f + (z+e1)(x—e1)*, we have \\5(3)(:E)|| =0O(||lz—vyl)-
Moreover, by (2.14), we also have ||b?)(z)|| = O(||z — y||?). Therefore, combining (2.13)
and (3.11) and reducing 7 if necessary, one has in Theorem 3.6

- d+1 /1 4 . d+1 (1 4
by>——— (= —-—=)-6 and B¥<— — — =)+
YT 2Ver <a§ a§> " - 2Vor ( 2>

2
o5 O}
Therefore, combining all the previous inequalities, the process X¢ a.s. never hits or con-
verges to {—ej,e1} as soon as

2d+1  (d+1)o}
4 1602

> 1,

i.e. if d is large enough and o,/0, small enough. Similarly, the process X< has a positive
probability to hit {—e1,e1} as soon as
3d+1 (d+1)o?
2 82

<1,

i.e. if d is small enough and o} /0,, large enough. Note that this is possible for any dimension
d.
In the case where y = 0, by (3.12),

1/2
o iy @) (s N N a3 o
15 @)1 < Oal®) + (Z ([ ulitotanan) ) = oy oel

k=1
and by (2.14), ||b® ()| = O(||z|?). Then, we get as above that, in Theorem 3.6,

. (d+1)8 | o} d+3 - _ (d+1)p|a} d+3
bo> —CTIPN% g g [OT0 5 ang B0 <O IPNT oy 5 [OT0
0= 2021 |02 B o an — 2V2or |02 +6 o +

Hence, X¢ a.s. never hits or converges to 0 as soon as

d d+1]o} Vd+3
——— |2 2| > 1,
4 8 |o2 4

i.e. if d is large enough and 0,/0, not too far from /2. However, Theorem 3.6 and the
previous estimates do not allow us to assess whether there exist parameters d, o, and o,
such that the process X°¢ has a positive probability to hit 0.

4 Large deviations for X° as ¢ — 0

Our large deviation result will be obtained by a transfer technique to carry the LDP from
the family {/eW }.50, where W is a standard d-dimensional Brownian motion (Schilder’s
Theorem, e.g. [13, p. 185]) to the family {X}.~0, where X is the solution to the SDE (1.1)
defined in section 3.1. The method of the proof, adapted from Azencott |2|, consists in
constructing a function S mapping (in some sense) the paths of \/eW to the paths of X¢.
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4.1 Statement of the result
We denote by C([0,T],R%) (resp. C*([0.T],R%)) the set of continuous (resp. absolutely
continuous) functions from [0, 7] to R%. Fix T > 0 and = € R, and define
v¢ec(mszﬂ, ty =inf{t € [0, 7] : (t) € T} AT
and  Co([0,T],RY) = {1 € C*([0,T],R?) constant on [t,, T] such that 1(0) = z}.

Then, we define for v € C([0,T],R%)

1/0w[¢(t) = b(w(1)]"a™ (W (1)) [(t) — b(w(t))]dt

2
if ¢ e Cee([0,T],RY)
400 otherwise.

It (¥) = (4.1)

By Proposition 2.4 (ii), the inverse matrix a~'(z) of a(z) is well-defined, symmetric and
non-negative for all z € I, so I7,(1)) is well-defined and belongs to Ry U {+00}. When
ty =T, It (1) takes the classical form of rate functions for diffusion processes.

This original form of rate function will appear naturally in the proof. However, as
shown in Proposition 4.5 below, this function is not lower semicontinuous. Therefore, it is
natural to introduce for all ¢ € C([0,T], R%)

jT,m(w) = 111}1 inf IT,m(ﬂ;)7 (4'2)
=y

which is the biggest lower semicontinuous function on C([0, 7], R?) smaller than Ir,.

Theorem 4.1 Assume (H). Assume also that the points of I are isolated in R?. Fiz
T > 0. Then, for any x € R and any open subset O of C([0,T], R%),

liminf elnP(X%Y > — inf I 4.
Jiminf eln ( €0)> 1/1120 T, (¥), (4.3)

and for any x ¢ T and any closed subset C of C([0,T],R?),

limsup e InP(X*Y € C) < — inf Ip,(1)). (4.4)
e—0,y—x pel

The general form of the lower and upper bounds (4.3) and (4.4) (where the limit is
taken over y — x) will be useful in Section 5. This general form requires the restriction
that x & I" for the upper bound for technical reasons. However, this result implies that the
following standard form of LDP holds without any restriction.

Corollary 4.2 Assume the conditions of Theorem 4.1. Then, for any x € R?, for any
open O C C([0,T),R%), and for any closed C C C([0,T],R%),

liminf e In P(X** > — inf Iy, 4.
iminfIn ( €0) > 111120 T (¥), (4.5)

limsupeInP(X®" € C) < — inf I, (). (4.6)
e—0 Pel
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Proof The lower bound (4.5) is a trivial consequence of (4.3) and the upper bound (4.6)
for x ¢ T" also trivially follows from (4.4). If x € T, let us denote by x the constant function
of C([0,T],R%) equal to x. In this case, X;* = z for all ¢t > 0. Therefore, P(X** € O)
equals 1 if the function z belongs to C, and equals 0 otherwise. Since It . (z) < I .(z) =0,
the upper bound (4.6) is clear when z € T. O

Remark 4.3 As usual for large deviation principles, Corollary 4.2 implies the convergence
in probability of X=% to the solution with initial state x of the deterministic ODE

¢ =b(o)
as € — 0. This ODE is known as the canonical equation of adaptive dynamics [15, 7, 10].

In Section 5, we will use the following classical consequence of Theorem 4.6, which can
be proved exactly as Corollary 5.6.15 of [13]:

Corollary 4.4 Assume the conditions of Theorem 4.1. Then, for any compact set K C R?
and for any open O C C([0,T],RY),

liminfeln inf P(X*Y € O) > — sup inf I ,
im in EnylélK( ) > 52}31;20 T,y(¥)

and if KNT =0, for any closed C C C([0,T],RY),

limsupelnsup P(XY € C) < — inf I )
s—>0p yel}g ( )< yeK, el ry(¥)

We end this subsection with some remarks on the rate functions we obtain and their
links with the classical form of rate functions for diffusion processes with small noise.

Proposition 4.5 Assume the conditions of Theorem 4.1. Assume also that there exists
an isolated point y of T such that g is C* at (y,y), and that H119(y,y) + H129(y,y) is
invertible. Then, for any x ¢ I' and T > 0, It is not lower semicontinuous.

We postpone the proof of this result at the end of this subsection.

General large deviation estimates are known for diffusions in R? with small noise using
different techniques. For example, Dupuis, Ellis and Weiss [21] have obtained upper bounds
under very general assumptions. We could have applied their result in our case (with some
modifications since they consider a drift that does not depend on ¢, see Remark 1.2 in [21])
to obtain a large deviations upper bound with lower semicontinuous rate function

1

T
2/0 Ly(grl(t) — b (E)]"a™ (Y () (1) — b(w(1))]dt

Ire(¥) = if ¢ € C*([0,T],R?) and 1(0) = x
+00 otherwise,

for all 1 € C([0,T],R%).
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Since obviously fT,x < Ir; and IAT@ is lower semicontinuous, we have jT,x < I:T@.
Since I~T7x < It ., this immediately implies that fT@ and INT@ coincide on C([0, 7], R?\ T).
Unfortunately, because of the degeneracy of a on I'; we are not able to obtain in general
an explicit expression for —fT,xW) when v, € I for some ¢ € [0,T]. However, it is possible
to find simple examples where these two rate function are not equal: Assume that d =1
and 0 is an isolated point of I', and consider a function ¢ such that (0) < 0, ¥(T) > 0
and IATVI (¥) < 400 (such a function can be easily obtained by adapting the construction
of the function 9 in the proof of Proposition 4.5 below). Obviously, .fT’x(w) = 400, giving
the required counter-example.

Therefore, our upper bound is more precise than the one obtained by classical general
methods. This also explains why we have to use a method based on a precise study of the
paths of X% to obtain our result.

Proof of Proposition 4.5 Take y as in Proposition 4.5. By translation, we can suppose
that y = 0. Then, Proposition 3.7 implies that there exists a neighborhood Ny of 0 and
a constant ag > 0 such that for all s € R? and z € N, s*a(z)s > aol|z||||s||?, i.e. each
eigenvalue of a(z) is greater than ag||z||. Therefore, for all s € R? and = € N,

‘o1 Is!>
s*a” (z)s < (4.7)

al|z||

Take 2o € R%\ T such that the segment (0, o] is included in (R \ T') U Ny, and define
for0<t<T

2\
P(t) = (1 - T> zo, (4.8)
and for all n > 1

) T 1 T 1

2
%(t) =
P (T - ;) otherwise.

Since Y(T/2 — 1/n) = ¥(T/2 4+ 1/n), ¥y, is continuous and piecewise differentiable. Note
that 1 (t) and v, (t) belong to [0, zo] for all ¢t € [0, T, that ¢(t) ¢ I" except if t = T'/2, and
that ¢, (t) ¢ T for any ¢ € [0,T]. Therefore, I ,,(¢) = 0o, and It 4, (V) < 0.

It follows from (4.7) and from the fact that b is K-Lipschitz that

17— 2¢/T)20/T + b((1)) |

i 1 ]
T, o(w) < 2aq 0 Hw(tw t
L (T 201 = 2t/T)%4|jwo >/ T2 + 2K2 (1)
= a9 dt 4.9
200 Jo ()] (4.9)
- 1 (T/8 orc2to) dr
= 2a0 o (Tano\H [E )H) < o.

24



Now, for all n > 1,

LT @)
2a0 Jrjo—1/m (D]

. 1 T/2+1/n 5

S T,xo(w)"i_f K Wn(ﬂ”dt’
ao JT/2—-1/n

IT,SC() (T/Jn) S jT,xo (w) +

which is uniformly bounded in n. Hence limsup I7 4, () < +00 = I7 4, (¢).

Let us extend this result to an arbitrary ¢ I'. Since the points of ' are isolated in
R9, there exists a > 0 and ¢ € C*([0,T],Ty) such that ¢(0) = x and ¢(T') = z¢. Since a is
uniformly non-degenerate on I'y, I7,(¢) < co. Therefore, it suffices to concatenate ¢ and
1 to obtain a function ¢ defined on [0,277] such that limsup f2T7x(1/~1) < IQT@('IE). Since
this can be done for all T' > 0, this ends the proof of Proposition 4.5. U

4.2 Proof of Theorem 4.1

We first give some notation used throughout the proof.

e C.(I,E)(resp. C2(I,E), CL(I, E)) is the set of continuous functions from I C Ry to
E C RY (resp. absolutely continuous, resp. C!) with value z at 0, endowed with the
L°° norm.

e For ¢ € C([0,T],RY) and 0 < a < b < T, define

Iellap = sup [lo(®)ll; (4.10)
a<t<b

and
By(p,0) = {¢ € C([0,T],RY) : | — pllop < 6} (4.11)
When a =0and b= T, ||-|jo,r is the usual L> norm in C([0, 7], RY), and Br(p, §) is

the usual closed ball centered at ¢ with radius ¢ for this norm, also simply denoted
B(g,9).

We are actually going to prove the following result.

Theorem 4.6 Assume the conditions of Theorem 4.1. Then, for any x € R% and any
open subset O of C([0,T],R%),

liminf eInP(X*Y € O) > — inf Ir,(v), (4.12)
e=0y—w pe0 7’

and for any x € T and any closed subset C of C([0,T],RY) such that CL([0,T],RI\T) is
dense in C N C,([0,T],RY),

limsup eInP(X*Y € C) < —ing I . (). (4.13)
€

e—0,y—x
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This is an incomplete LDP involving the non-lower semicontinuous rate function Ir,.
From this can be deduced the LDP involving the rate function I, (Theorem 4.1) as
follows.

First, by definition of Ir, for any open O C C([0, T],R%),

f Ir.(¥) = inf I, (1)).
qfelo T,2(¢¥) [nf I, (¥)

Therefore, (4.3) is immediate.

Moreover, nyx < Ir,, so (4.4) obviously holds for the same closed sets as in Theo-
rem 4.6. Now, let K be any compact subset of C([0,T],R%). Since I7, is lower semicon-
tinuous, for any n > 0, there exists o > 0 such that

f Ip,(¢) < inf Ip, ,
JSKT (V) ¢lenKa T2(¥) +1

Ko = | B(¢,a)

PpeK

where

Indeed, if this would fail, there would exist 1 > 0 and two sequences (¢n)n>1 and (%Ln)nzl
such that ¢, € K, ltn — Un (Yn) < ITx(wn) n for all n > 1. Since K
is compact, we could then extract a subsequence (13,,) of () converging to some ¥ € K.
Since IT,x is lower semicontinuous, this would imply that

fT,x(z/z) < lim inf ITx(”L/JZ ) < inf jT@(ib) -,

n—-+00 PYeK

which is a contradiction.
Now, let 91,...,1, be such that

=B
=1

Since K, C Ko, )

inf Ir,(¢v) < inf Irg(¢) + 7.

pek YEK,
Moreover, the points of " are isolated, and thus any point of the interior of K, is obviously
limit of elements of K, N C*([0,T],R%\ T'). Since K, is the closure of its interior, any
point of OK,, is also limit of elements of K, NC([0,T],R%\T) by a diagonal procedure.
Moreover, K, is closed. Therefore, one can apply (4.13) to this set:

limsup eInP(X®¥ € K) < limsup elnP(X*¥ € K,) < — inf I7p.(1)

e—0,y—x e—0, y—x PEKq
< — inf I < — inf I + .
s- (V) < = inf Ira(¥) 41

Since this holds for all n > 0, (4.4) is proved for compact sets.
The extension to any closed sets is classically deduced from the following uniform
exponential tightness estimate.
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Lemma 4.7 For any k > 0 and y € RY, define the compact set
1 1
KY = {¢ecy([o,T],Rd) V1> k, w<¢,l3> < z}’ (4.14)
where w(v,0) = supy_g <5 [|¥(t) — Y(s)||. Then, there exists ko and eo, such that for all

y €RY k> ko and e < e,

emP(X ¢ KV) < —w%, (4.15)

where ¥ := sup,epa ||o(z)].

Then, taking any closed C' € C([0,7],R%) and choosing k large enough,

limsup e InP(X*Y € C) < sup { limsup elInP(X*Y € C'NK}),

e—0,y—z e—0,y—z
QEIS,ZLLIZEIHP(XW ¢ K,Z)}
<~ il Ira(0), (4.16)
ending the proof of Theorem 4.1. O

The proof of Lemma 4.7 makes use of the following classical exponential inequality for
stochastic integrals, of which the proof is omitted. This result will be also used in the proof
of Theorem 4.6 below. Let M, denote the set of real d x d matrices.

Lemma 4.8 Let Y; be a F;-martingale with values in R on a filtered probability space
(Q, F, F, P), and suppose that its quadratic covariation process (Y ) satisfies sup,<p [[(Y)e]| <
A. Let T be a F; stopping time, and let Z : Ry x Q — Mg 4 be a progressively measurable
process such that sup,<, || Z4]| < B. Then for any R >0,

tAT R2
P | sup / ZsdYs|| > R < 2dexp <—> .
t<T ||Jo 2dT AB?

Proof of Lemma 4.7 It follows from (1.1) that, for any y € R%, s > 0 and t € [0, T,

X — XY < Cs+ Ve :

t+s
/ o (X)W,
t

Fix h > 0 and R > Ch. Applying Lemma 4.8, we have

R~ Ch)?
P XY — XY > <2 —(7 .
(Q%HW tuJﬁ_MW(zmy)

Writing this for ¢ = ih for 0 < i < T'/h, we deduce that

P (w(X®,h) > 2R) < 2d (3; + 1) exp (—(};dsg;f) . (4.17)
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For any [ > 1, set R; = 1/2[ and h; = 1/I3. Then, for sufficiently large I, R; > Ch; and

(B —Chi)* _ (VI-20/PP) _ (V1/2)? !

2deX2hy; 8deX? ~ 8deX? 32deX? (4.18)
Observing that

Klg = {1/] € Cy([OaTLX) VI > ]{Z,CU (¢7hl) < 2Rl})
inequality (4.15) easily follows from (4.17) and (4.18). O

4.3 Proof of Theorem 4.6

The proof of Theorem 4.6 makes use of the function Iz, and of the (good) rate function
of Schilder’s theorem (LDP for Brownian motion)

1 [T )

- () ||2dt  if ac([0, T, R4
sy =L 5 IeOPa it g ecgo.TLRY

+00 otherwise.

First, we need to construct the function S “mapping” Brownian paths to the paths of
X¢. For any ¢ € C§([0,T],RY), let S(¢) be the solution on [0, 7] to

SO =z + /0 b(S(p)(s))ds + /O o(S(p)(s))p(s)ds, (4.19)

obtained as follows: by Proposition 2.4 (i) and (iii), b and o are bounded and locally
Lipschitz on R% \ T. Therefore, Cauchy-Lipschitz’s theorem implies local existence and
uniqueness in R\ T' of a solution to ¢ = b(y) + o(y)¢. This defines properly S(p) until
the time tg(,) where it reaches I'. In the case where tg.,y < T, set S(¢)(t) = S(¢)(ts(p))
for tg(,y <t < T. The function S(p) obtained this way is a solution to (4.19) on [0, 7]

and belongs to C2°([0, T],R%).

The proof of Theorem 4.6 is based on the following two lemmas. The first one gives a
precise sense to the fact that the function S maps the paths of /eW to the paths of X7,
The second one gives the relation between S, It and Jr. Their proof is postponed after
the proof of the theorem.

Lemma 4.9
(i) Fix ¢ € C8([0,T],RY) such that ¢ := S(¢) takes no value in T' and such that Jr(¢) <
+00. Then, for all n > 0 and R > 0, there exists § > 0 such that

limsup e P (| X — S(o)lor = n. IVEW — gllor <8) < —R. (4.20)

e—0,y—x

(ii) Fix ¢ € C8([0,T),R%) such that ¥(t) := S(p)(t) € T for some t € [0,T]. Define
o(t) = @(t) for t < ty and ¢(t) = @(ty) for ty <t < T. Then S(p) = S(p) = 1.
Suppose that Jp(p) < +oo. Then, for allp > 0 and R > 0, there exists § > 0 such
that (4.20) holds.
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(iii) With the same ¢ as in (i), for all § > 0 and R > 0, there exists n > 0 such that
limsup elnP (|| X5Y — S()llor <, [[VEW — ollor > 6) < —R. (4.21)

e—0,y—x
Lemma 4.10
(i) For all ¢ € C,([0,T],R%),

IT,x(w) = inf{JT(‘p)7 S(‘P) = 1/}}

and when It (1)) < +oo, there is a unique ¢ € C§¢(|0,T],R%) that realizes this
infimum, and this function is constant after t.

(ii) ([0, T],R4\T) is dense in S({Jr < 00}).

In [2, 18], b° and o are assumed Lipschitz, and thus Point (i) of Lemma 4.9 can be proved
for all ¢ € C§¢(]0,T],R), which is enough to conclude. In our case, because of the bad regu-
larity of the coefficients of the SDE, we cannot prove (i) for all ¢ € C4¢([0,T],RY). As a con-
sequence, we are only able to obtain the large deviations lower bound from Lemma 4.9 (i)
and (ii). In order to prove the large deviations upper bound, we use an original method
based on Lemma 4.9 (iii).

Lemma 4.10 is an extension to our case of very similar lemmas in [2, 18].

Proof of Theorem 4.6: lower bound It is well-known that the lower bound (4.12)
for any open set O is equivalent to the fact that, for all ¢ € C.([0,T],RY) and n > 0,

liminf eInP(|| XY —4llor < 1) > —Ir(¥). (4.22)

e—0,y—x
Fix 7 and 7 as above, and assume that I7,(1)) < 400 (otherwise, there is nothing to
prove). By Lemma 4.10 (i), there is a unique ¢ € C§¢([0,7],R%) such that S(p) = 1 and
u = Jr(p) = Ir(¢). Choose R > w. If the image of ¢ has empty intersection with T,
apply Lemma 4.9 (i). Otherwise, apply Lemma 4.9 (ii). In both cases, there exists § > 0
such that
limsup elnP (HX‘E’y —Yllor =, IVeW — ollor < 5) < —R.

e—0,y—x

Since

P(|[vVeW — pllo,r < 6) < P(| XY —Yllor <n)
+P(| XY = pllor =1, IVeW — ¢llor < 9),
we deduce from Schilder’s theorem that

—u = —Jp(p) < —inf{Jp(p), ¢ € Br(p,d)}
< lirélinf elnP(||[veW — pllor < 9)
e—U,y—x

< sup{ liminf eInP(|| XY — 9o <n),
3

—0,y—x

iint <l PO~ Gl > 0 VAW — plor <)}
E— ,yg)m

< sup{ liminf eInP(|| XY —4llor <n), —R} ,

e—0,y—x

and since R > u, (4.22) is established. O
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Proof of Theorem 4.6: upper bound We first prove (4.13) for particular compact
sets: let K be a non-empty compact set of C([0, 7], R%) such that S({J7 < +00}) is dense in
K., where K, := K NC,([0,T],RY). By Lemma 4.10 (i), S({Jr < +o0}) = {Ir < +o0},
and so u := inf{I7,(¢), ¥ € K} < +oc.

Fix p > 0. For any ¥ € K N S({Jr < +o0}), by Lemma 4.10 (i), there exists a unique
¢ € C8([0,T],RY) constant after t, such that S(p) = 1 and I, () = Jr(p) < co. We
intend to use Lemma 4.9 (iii), which holds only if ¢ takes no value in I". So we have to

introduce ay, > 0 such that
(I 2 P
Z bsl|“ds < =,
5[ ledras <

w0y
so that Jr(¢) < Ji,—a, (p)+p/2. Since Ji,—q, is lower semicontinuous, there exists §,, > 0
such that

. . p
V(p € Btw—aip ((pa 61/1)7 th—aw (90) > th—aw ((P) - 5 > JT(‘/)) - P (423)

where By;(p,0) has been defined in (4.11).
Applying Lemma 4.9 (ii) to ¢ with T =ty — ay, 6 = 0y and R > u, there exists 7,y > 0
such that
limsup eInP (|| XY = ¥llo,y—ay < M, IVEW = @llojty—ay = 0y) < —R. (4.24)

e—0,y—x

Since we have assumed that K; NS({Jr < +o0}) is dense in K,

K, C U BT(wa 771/))
PEKNS({Jr<+oo})

Since K is compact, there exists a finite number of functions 1, ..., 9, in K, NS{Jr <
+o0}) such that

n
K, c | Br(vim),
i=1
where we wrote 7; instead of 7,,. Since K is compact, there exists a neighborhood N, of
x such that .
K./\/’m C U BT(wiani)7
i=1

where Ky, = {¢ € K : ¢(0) € N}
Now, define

U= U Btifai(SDiv 51)7
=1

where t; = ty,, a; = ay, and §; = &y, and where ¢; is the function satisfying S(¢;) = ¢
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and I (i) = Jr(p;). Then, for any y € N,
P(X5 € K) < P(VEW € U) + P(VeW ¢ U, X € Kyr.)

< ZP(\/EW € Bt o, (‘p’iv 51))
=1

+ ) PIXY = illor < miy VEW ¢ U)

i=1

< D PUVEW = willogi—a; < )
i=1

n
+ ) PUXY = illoti—ar < i IVEW = @illogi—a = 64)-
=1

Since by Schilder’s Theorem and (4.23)

limsup e InP([[VeW — @illot;—a; < i) < — inf  Jy—a,(0) < —=Jr(ei) + p,

e—0,y—x @eBti—ai (LPi#si)

we finally deduce from (4.24) that

limsup e nP(X*Y € K) < sup{ sup (—Jr(ei) + p), —R}

e—0,y—z 1<i<n

<sup{—inf{Ir,(¢),v € K} +p,—R} < —u+ p.
Since this holds for any p > 0, the proof of (4.13) for the set K is completed.

Now, let C be a closed subset of C([0,7T],R%) such that CL([0,7],R%\T) is dense in
C NC([0,T],RY). Define the compact set

Ky = {0 € C(10,TLRY) : [(0) — | < 1,V > k,w(®, 1/K) < 1/k}

= U K},
ly—z[ <1
where K}j is defined in (4.14). In order to apply the previous upper bound for compact
sets, we are going to construct a compact set Ky D Ky such that S{(Jr < oco}) is dense
in C'N Kj, NC.([0,T],R%). This will be enough to conclude since, by Lemma 4.7,

limsup e InP(X*Y ¢ K) < limsup e nP(X*Y ¢ K},) < —k/64d%2, (4.25)
e—0,y—z e—0,y—zx
so that the upper bound (4.13) will be proved as in (4.16).
The set K can be constructed as follows. The set C' N K, N C,([0, T],RY) is compact,
so it is separable. Let (¢,)n>o be a sequence of functions dense in this set. For all n > 0,
¥, € C, so, by assumption, there exists a sequence (Ynp)p>0 in C N CL([0,T], R4\ T)
converging to vy, such that (¢, — ¢¥nllor < 27P for all p > 0. Let us define

Rk:KkU U{wmp:pZn} ,
n>0
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and let us prove that K}, is compact. Let (¢m) be a sequence of K. Extracting a converging
subsequence is trivial, except in the case where {m : ¢,,, € K}} is finite, and when for all
n >0, {m: ¢n € {tnp : p > n}} is finite. In this case, there exists two increasing
sequences of integers (cuy,) and (3,,) such that for all m > 0, ¢q,, € {¥s,.p : P > Bm}-
For all m > 0, ¥, belongs to the compact set C' N Ky N C([0,T],RY), so, extracting a
subsequence from (3,,), we can assume that 15, — ¥ € C N Ky N Cy([0,T],R%). Then

|60 —wllor < 27% + g, — ¢l — 0
when m — oo. Hence Kj, is compact. Moreover, K}, has been constructed in such a way
that CL([0, T],R%\ T') is dense in C' N K3 NC,([0,7T],R?), as required. This ends the proof
of Theorem 4.6. 0
4.4 Proof of Lemmas 4.9 and 4.10

Proof of Lemma 4.9 Let ¢ be as in any point of Lemma 4.9. We will first restrict
ourselves to the case ¢ = 0 by means of Girsanov’s Theorem. Define on (€2, Fr) the
probability measure P*¥ by

dPey 1 [T 1 7 9
dr=y L paw, - - 5|2 ds ) .
- exp< /0 oW, 2{:_/0 sl )

Since in all cases Jr(p) =1/2 fOT l¢]|?dt < +o0, by Novikov’s criterion, Girsanov’s The-
orem is applicable and implies that

WtE = Wt_ ﬁ

NG

is a P=Y-Brownian motion for ¢ < T and that, P*¥-a.s., for any ¢t < T,

t t ~
Xf’y=y+/ (bg(ij)+0(X§’y)gbs)ds+\@/ o(X2Y)dWs. (4.26)
0 0
Let

FoV = {|| XY = S(©)llor =1, |VeW —ollor <}
= {1 XY = S(¢)lo,r =0, [VeWF|lor < 8}

It follows from Cauchy-Schwartz’s inequality that

dP 1 dP \? ’
P(FY) = / 1pew oy AP < (P2Y(F2Y))2 ( / ( dpe,y) de) : (4.27)

dpP \? 2 (T .17
= - psdWE — = bs||2d
() =ew (-2 [ oz =1 [ foutpas)
T 2, ~ 1 [T
= exp / <—¢>dW§—/
0 Ve 2 Jo

1 [T )

cep (L[ pulPas)
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The first term in the product of the right-hand side is a P%¥Y-martingale (by Novikov’s
criterion), and the second term is equal to exp(2Jr(p)/e). Therefore, (4.27) implies

elnP(FoY) < % InPY(F=Y) + Jp(p).
Therefore, Lemma 4.9 follows from the next result. O

Lemma 4.11 The three points of Lemma 4.9 hold when (4.20) and (4.21) are replaced
respectively by

limsup e P (| X7 = () o = 0, [VEWFllor < 8) < ~R (4.28)

e—0,y—x

and
limsup 2P (| X — S(p)llo,r < 0, [VEW oz = ) < —R. (4.29)
e—0,y—x
Lemma 4.11 relies on the following lemma, of which the proof is postponed after the
proof of Lemma 4.11.

Lemma 4.12 With the previous notation, let Y; be a PY-martingale in L? such that
sup,<7 [[(Y)i|| < A, let T be a stopping time, and let £ be a uniformly continuous bounded
function on RY. Then, for any n > 0 and R > 0, there exists 6 > 0 and o > 0 both
depending on'Y only through A and both independent of T, such that for any y € R? and
e <€,

AT
cIn P (Hf | exeman| =w, HﬁYHO,Tga) <R (430
0

0,T

Proof of Lemma 4.11 (i) The function ) = S(¢) does not take any value in I" on [0, T7,
so there exists a > 0 such that V¢t € [0,T], ¢y € T'y. Suppose without loss of generality
that 7 < /2, and define for y € R?

7Y =inf{t : d(X;Y,T) < a/2} AT.
When 78Y < T, || X5 — S(@)rew]|| > d(S(p)rew,T) — d(XZY,T) > /2 > n, so
[ XY = S()llor = n= XY = S()lo7e0 = 1.
Consequently, (4.28) will be proved if we find 6 > 0 such that
limsup e InP=Y (|| XY — S(p)

e—0,y—x

lo.ew Z 1, VW o < 0) < —R.

Take C such that o and b are C-Lipschitz and b is bounded by C on Ly /2. Tt follows
from (4.26) that, for t < 7Y,
1X77 = S(e)ell < Ve

t t
/ o(XEV)AWE|| + ¢ / 1B(X) ds + 1o — ]
0 0

" /0 1B(XE) — b(S()s)ds + /0 [0 (X5Y) — o(S()o)]| | ¢alds

t
<+\e +€CT+||9«“—?/H+C/ (1 + [[@sIDIXSY = S(p)sllds.
0

/ o (XEV) AW

0
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Since u := f(;[ |¢s||?ds < +o0, by Gronwall’s lemma and the Cauchy-Schwartz’s inequality,
for t < 78Y

t
IXEY — S(p)| < (\@ / o (X)W
0

Therefore, it suffices to find § > 0 such that

+eCT + \x—@/’) exp (C <T+m>)

t
/ o (XEV) AW
0

lim sup & In P* <\@ > 8, VelWlor < 5) <R,
e—0,y—x

0,759
where § = exp[—C(T + vuT)]/2. This is an direct consequence of Lemma 4.12 with
Y=W¢ A=1, (=0 and 7 = 75Y. O

Proof of Lemma 4.11 (ii) In Lemma 4.11 (ii), ¢ is defined from @ by ¢y = @4 for
t <ty,and p; = ¢y, otherwise, where 1) = S(p) = S(p). By Cauchy-Schwartz’s inequality,
fgw l@sllds < (2T J7(¢))/? < 400, so there exists p > 0 small enough such that

ty —-CT
, ne
[ leulas <" (431)
tw—p

where C is a constant bounding b, b and o, and such that b is C-Lipschitz.
Now, we have

RS

0,7 > 7, H\/gWEHO,T < 6} C DY U ‘E'E,Z/7
where

nefCT

D%Y = {|X€’y _ ¢||0,twfp < 1

) HX&‘,y — ¢||tw*P,T > m, ”\/EWEH(]’T = 6}

—cr
€
and EY = {HXE»y —Plloty—p = UT’ IVEWElot,—p < 5} :

Part (i) of Lemma 4.11 shows that P=Y(E*Y) has the required exponential decay if § is
small enough. Let us estimate P=¥(D=Y).
It follows from (4.26) and from the fact that ¢; = 0 for t > t,, that, for any t >t — p

t
/ o (XEV) AW
ty—p

”Xtay - th < ||Xir;,y—p - wtw*p” + \/g

t ty At
+C !X?y—wsllds+€CT+/ |o(X5Y) — o(s)ll ]| ds.
ty—p ty—p

On the event DY, the first term of the right-hand side is smaller than ne=¢7 /4, and, since
o is bounded by C, the last term is smaller than 2C fti;"_p ¢llds < ne=€T /4 by (4.31).

Moreover, we can assume ¢ small enough to have eCT < ne~“T /4. So, on the event DY,
by Gronwall’s Lemma, for ¢ > £, — p,

3
X5 — il < <4776 T 4 Ve

t
/ o (XV)dIWe
ty—p
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Since || XY —4[l¢,—pr > n on DY, we finally obtain

ne=CT
4

Ve o(X3Y)dWy
ty—p

>

ty—p, T

Do ) IV~ WE s < 26

Equation (4.28) is now a consequence of Lemma 4.12. O

Proof of Lemma 4.11 (iii) As for Point (i), take > 0 such that S(p); € ', for all
t € [0,T]. Fix n < /2. Then, on the event {||X*Y — S(¢)|lor < n}, for any t € [0,T7,
XY e Iy /2. Take C such that b and o are C-Lipschitz and b is bounded by C on Loy
It follows from (4.26) that, on the event {||X¥ — S(¢)|lo.r < n}, for any t € [0, T7,

Va| [ txzmams SHXf’y—S(so)t!+Hy—xH+H ot — o(s(@)lpuds
0 0

+ ‘ /0 ey - b(s(o)ds| | /0 s ds

T
<ou+cC / (1 + [@al)IIXE — S(p)allds +CT

<n(2+42CT + CVuT)

if € < n. Therefore,

{I1x=¥ = S(p)llor <n, VeW=lor > 0}

t
/ o (XEV)AWE
0

C {Vt €0, 7], X;¥ €Ta, Ve
0,T

<nB, VelWlor = 5} , (4.32)

where 3 =2+ 2CT + CvuT.
Let

Y = inf{t : d(X;Y,T) < a/2} AT,

t
Yo = / o (XEV)AW?,
0

£=xo
where x is a Lipschitz function from R to [0, 1] such that y(x) = 0 if d(x,T) < a/4 and
x(x) =1if d(z,T") > /2. With these notations, (4.32) implies
>0.
0,T

{I1x=¥ = S(@)llor <m, IVeW* o = 6}
- {\@IIY”’IIO,T <nB, Ve

Equation (4.29) is now a direct consequence of Lemma 4.12: £ is Lipschitz and bounded on

R¢ by Proposition 2.4 (iii), and for any ¢ < 7Y, (Y*¥), = fot a(Xs")ds which is bounded

by a constant A independent of y and &, by Proposition 2.4 (i). O

tATEY
| eeemavey

Let us come to the proof of Lemmas 4.12. It is adapted from the proof of Lemma 1.3
of [18], and makes use of Lemma 4.8.
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Proof of Lemma 4.12 We use a discretization technique: for any p € N, we define
X;¥P = X0, where k € Nis such that k <12 < k+ 1. Given y >0, p > 1 and § > 0,
we can write

{H\@ / 7 exemay,

>n, |[VeYllor < 5} Cc A*UB°UC®,
0,7

where
A = {JIX7 = X*97)o > 7},

>

B = ] x°Y - X0y, <, '
0,7

}
i o

We will choose 7 such that P=¥(B¢) is sufficiently small, next p > 1 to control P=¥(A®),
and finally § > 0 such that C° = ().

First, we apply Lemma 4.8 with Z; = \/2[(X;Y)—£(X;¥P)]. Let M, := sup|,_y < 1§(x)—
&(y)|l, which is finite since & is uniformly continuous. Then, on B, ||Z;| < \/eM,, for all

t < 7. Therefore,
2
n-/4
P=Y(Bf) < 2 —— .
(B°) = deXp< 2dTAgM§>

Ve /0 T le(xe) - g(xEvyay,

N3

AT

Ve §(X5P)dYs
0

>
0,T

N3

, IVEY o < 5} :

Now, M, — 0 when v — 0 since § is absolutely continuous. Therefore, choosing - small
enough, eInP*¥(B¢) < —2R for all ¢ < 1.
Second, v > 0 being fixed as above, (4.26) yields

P(X = XEWP]o,r 2 )

T2rP—1
< Z ]P’E’y< sup
k=0

k2-P<t<(k+1)2-P

T2P 1
+ Z Pg’y< sup
k=0

k2-r<t<(k+1)2—P

tAT
VEo(XSY)dW:

k2=PAT

> 7
1)

tAT
[ b+ o(ximed ds
k

2-PAT

>
-7)

T2P 1 tAT
< Z peYy sup Vea (XS dWE| > J
k=0 k2-r<t<(k+1)2-7 || Jk2-PAr 2
TP -1 y
Py (C27 4+ 2P u = 1)
+ kz_o + Viz o),

where C is a bound for b and ¢ and u = fOT |¢s]|?ds < +oc. For p big enough, the second
sum of the right-hand side equals 0. For the first sum, Lemma 4.8 with 7 =T = 27P,

Y=W¢ A=1, R=+/2and B = /eC gives that
2
gl /4
>T) <o N A
= 2> = deXp< 2d2—PC25>

tAT
Vea(X5Y)dWy
k2=PAT

pe-Y sup
k2-P<t<(k+1)2-P
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for all 0 < k < T2P. Therefore, taking p large enough, e InPP=¥(A%) < —2R for all € < 1.
Third, with p > 1 and v > 0 as above, for t < T,

tAT T2P—1
Ve ; §(XSYP)dY, = Z \/gf(ng’gpAT)[Y(z‘Jrl)rPAt/\T — Yio-ratnr)-
i=0

Therefore, since ||v/eY |71 < ¢ on the event C°, we have for all t < T

T2P—1

< Z 26C,

1=0

tAT
Hﬁ | ecxzmmar,
0

where C' is a bound for £&. Hence C* = ) as soon as § < n2~#+2) /CT.

We finally obtain that e InP¥(A® U B U C®) < eln2 — 2R, which yields (4.30) for ¢
small enough.

This argument is true for any y € R? and for any stopping time 7. It remains to observe
that A is the only information about Y that we used to estimate P=¥(B¢), that Y does
not appear in A°, and that no assumption about Y is necessary to obtain C¢ = (). Hence,
the constant A is the only information about Y required to obtain ¢ and &g. O

The proof of Lemma 4.9 is now completed. It only remains to prove Lemmas 4.10.

Proof of Lemma 4.10 Let us first prove Point (i). Take ¢ € C2([0,T],R%). Any
¢ € C8°([0,T],RY) such that S(¢) = 1 must satisfy for any ¢ € [0, ;)

by = (1) + o (1)

Therefore, such a ¢ is uniquely defined for ¢ < ¢, by

Gr = o (W) [t — bapr)). (4.33)

Thus

t . t
Fra(w) = 3 [ lo7 @l = bt = 5 [ llar < (o)

for any ¢ such that S(¢) =, and I7 () = Jr(p) if and only if ¢, = 0 for all ¢ > t,.

This trivially implies that I, (v) = inf{Jr(p), S(¢) = ¥} when I, (1)) = +oo. In the
case where I7 ,(v)) < 400, we clearly have I7,(¢) < inf{Jr(p), S(p) =1 }. To prove the
converse inequality, it suffices to check that there exists an absolutely continuous function
¢ satisfying (4.33) for t < ¢, and ¢; = 0 for t > t,. This is equivalent to the fact that
o (W) [the —b(1by)] s L' on [0, t,]. Since Iz, (1) < +o00, this function is actually L?, which
ends the proof of Point (i).

For Point (ii), remind that o is uniformly non-degenerate on I'y for any a > 0.
Therefore, the fact that C'([0,T],R?\ T') c S({Jr < oo}) follows from (4.33). Since
S({Jr < o0}) € €([0,T],R?) and any function of C%([0,T],R?) is the limit of elements
of C1([0,T], R4\ T'), Point (ii) is clear. O
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5 Application to the problem of exit from a domain

We study in this section the biological phenomenon of punctualism. We first state our
result on the problem of exit from a domain in Section 5.1. Next (Section 5.2) we explain
how it applies to the example of Sections 2.4 and 3.5. Finally, we prove this result in
Section 5.3.

5.1 The result

We consider a bounded open subset G of R? containing a unique, stable equilibrium of the
canonical equation of adaptive dynamics d) = b(¢). We will assume for convenience that
this equilibrium is 0. Note that the equilibria of the canonical equation are exactly the
points of I'. As observed in Remark 4.3, when ¢ is small, X7 is close to the solution of this
ODE with initial state x on bounded time inervals with high probability. Yet, the diffusion
phenomenon may almost surely drive X% out of G. Our next result gives estimates of
the time and position of exit of X¢ from G (“problem of exit from a domain” [24]).

We will follow closely Section 5.7 of Dembo and Zeitouni [13], where a similar result is
proved for non-degenerate diffusions.

When the initial condition of the solution of the SDE (1.1) constructed in Proposi-
tion 3.1 is not precised, it will by denoted by X¢. The value of X¢ at time 0 will then
be specified by considering the probability of events involving X€¢ under P,, which is
the law of the process X**. Expectations with respect to P, will be denoted E,. We
will also use throughout this section the notation B(p) := {y € R? : |ly|| < p} and
S(p) = {y € R : ||y|| = p} for p > 0. Tt will always be implicitly assumed that p > 0 is
small enough to have B(p) C G and S(p) C G.

We will assume d > 2. Otherwise, the problem has few interest: if G = (¢,d) C R
contains a unique point = of I', and if y > x (say), the process XV can exit G, only at
c’, and the probability of reaching x before ¢’ can be computed explicitly using classical
results on one-dimensional diffusion processes |28, Prop. 5.5.22].

Let

V(y,zt) = inf I, (),
20 = ccon o=yt 7Y

which is, heuristically, the cost of forcing X*¥ to be at z at time ¢. Define also

V(ya Z) = %gg V(y> 2y t)'

The function V(0, z) is called the quasi-potential [24].
Six assumptions are required for our result:

(Ha) G is a bounded open subset of R? such that GNT' = {0} and with sufficiently smooth
boundary 9G for
¢ =inf{t > 0: X; € 0G}

to be a well-defined stopping time. Moreover, for any solution of

¢ =b(e) (5.1)
such that ¢(0) € G, we have ¢(t) € G for all ¢t > 0 and lim;_.o ¢(t) = 0.
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(Hb) V :=inf,coq V(O, Z) < Q.
(Hc) For any € > 0 and y € G\ {0}, Py, (tlirglon = 0) =0.

(Hd) The points of I' are isolated in R
(He) For any y € GNT, gis C? at (y,y) and H119(y,y) + H129(y,y) is invertible.

(Hf) All the trajectories of the deterministic system (5.1) with initial value in OG converges
to 0 as ¢ — oo.

Assumption (Ha) states that the domain G is an attracting domain for (5.1). If As-
sumption (Hb) fails, all points of OG are equally unlikely on the large deviations scale.
We have given in Theorem 3.6 (sections 3.4) conditions under which (Hc) holds. Assump-
tion (Hd) is required in the large deviation Theorem 4.1. We have already encountered
an assumption similar to (He) in Propositions 3.7 and 4.5. It allows to control the non-
degeneracy of a(x) near G NT. Finally, Assumption (Hf) prevents situations where G
is the characteristic boundary of the domain of attraction of 0. This last assumption is
needed only for Point (b) of the following result. Note that when (Hf) is true, GNT = {0}

Theorem 5.1
(a) Assume (H) and (Ha—e). Then, for all x € G\ {0} and § > 0,

lim P, (75 > e(V=0/) = 1. (5.2)

e—0

(b) Assume (H) and (Ha—f). If N is a closed subset of 0G and if inf,cn V (0, z) >V, then
for any x € G\ {0},
lim P,(XE: € N) = 0. (5.3)
E—

In particular, if there exists z* € 0G such that V(0,2*) < V(0, z) for all z € 0G\{z*},
then, for any 6 > 0 and z € G \ {0},

lim P, (| X5 — 27| < 8) = 1. (5.4)

5.2 Example

We consider again the example of Sections 2.4 and 3.5. We remind that it satisfies the
assumptions of Theorem 4.1, that I' = {—e1, 0, €1} and that —e; and e; are stable equilibria
of the canonical equation, with respective basins of attraction (—oo,0) x R~ and (0, 00) x
R4-1. We will assume that X§ belongs to the basin of attraction of —e;.

In order to apply Theorem 5.1, we need to assume d > 2 and to take G C (—o0, 0) xR4~!
for Assumption (Ha) to hold. It is easy to prove that Assumption (Hb) is satisfied, for
example by constructing a function ¢ on [0, 7] linking —e; to 0 in [—ey, 0] x {0}¢~! having a
similar behaviour near —e; and 0 as the function (4.8) in the proof of Propositon 4.5. Then
It_95(1s) is finite and bounded as a function of 6 > 0, where 15 is the restriction of 9 on
the time interval [0, — ¢]. Conditions ensuring Assumption (Hc) have been obtained in
Section 3.5. Assumption (Hd) holds and Assumption (He) has been proved in Section 3.5.
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Then, Theorem 5.1 (a) gives a lower bound on the first time 7¢ of exit from G (which is
a.s. finite).
Now, observe that, by (2.11), for all € RY,

a_l ) = m _1 Vlg(xax)vlg(x7m)*
(*Wme@n@iz IV ig(@,a) >'

Moreover, it follows from (2.10) that b(x) - < —C||b(z)]|||z|| for some constant C' and
for ||z|| bigger than some Ry > 0. Therefore, for any ¢ linking —e; to z such that
2] = B> R,

¥(t)

Ira(¥ >C/ @]

1/1
g C/ YO - T w050, 1)1z Reydt = O(R = Ro),

2 1

16(x(t)) | Ly w0, [6(0))>Roy &

—b(y(1)) -

where the constant C' may change from line to line. This quantity is larger than V if R
is big enough. Therefore, taking G = [(—o0,0) x R¥~1] N B(0, R) for R large enough in
Theorem 5.1 (a), it is clear from the proof of this result that X. € {0} x R?1. Hence,
by symmetry of the model, the process X¢ has a probability 1/2 to enter B(e1,n) before
B(—e1,n) after time 7°. In this case, we say that there is a change of basin of attraction for
the process, or in biological words, that there is an evolutionary jump to a new punctuated
equilibrium. Next a new change of basin of attraction can occur. It is then clear that
Theorem 5.1 (a) gives a lower bound for the time scale of punctuated evolution.

In order to apply Theorem 5.1 (b), G must satisfy Assumption (Hf), which requires
that G C (—00,0) x R in our example. This type of results is useful in the case where
there are several other basins of attractions, in order to decide which one is the next visited.
Note that, to this end, one would need to take for G the whole basin of attraction, which
contradicts Assumption (Hf). This problem is solved for non-degenerate diffusions in |24,
Ch. 6], where the asymptotic chain of visits of basins of attractions is described in terms
of the quasi-potential V. Our degenerate case is not covered by these results and the
extension is not trivial. However, since we were able to prove Theorem 5.1, we conjecture
that our method could be extended to describe the chain of visits of basins of attraction in
general models and to provide lower estimates on the sequence of first times of visit. Note
that, in our example, the sequence of punctuated equilibria visited by the evolutionary
process is trivial, since there are only two of them.

5.3 Proof of Theorem 5.1

The proof of results like Theorem 5.1 is classically guided by the heuristics that, as € — 0,
X°¢ wanders around 0 for an exponentially long time, during which its chance of hitting a
closed set N C OG is determined by inf.en V(0,2). Any excursion off the stable point 0
has an overwhelmingly high probability of being pulled back near 0, and it is not the time
spent near any part of 0G that matters but the a priori chance for a direct, fast exit due
to a rare segment in the Brownian motion’s path.

Usually, such results also include an upper bound for 7¢. We are not able to obtain
such a result because of the singularity of the process X¢ at 0. Because the matrix a(z)
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is 0 at x = 0, the time spent by the process near 0 before hitting S(p) is not uniformly
bounded (in probability) with respect to the initial condition (actually, it is even infinite
when X§ =0).

For this reason, the proof of a similar result in Dembo and Zeitouni [13] (Thm. 5.7.11
and Cor. 5.7.16) cannot be directly adapted to our situation. Below, we are only going to
detail the steps that must be modified. In particular, Theorem 5.1 (a) will be obtained
exactly as in [13|, whereas Point (b) has to be obtained without using any upper bound
on T°.

We are going to use four lemmas. The first one gives estimates on continuity of V' (z, -, t)
around 0 and 0G.

Lemma 5.2 Assume (H), (Hd) and (He). For any 6 > 0, there exists p > 0 small enough
such that
sup inf V(z,y,t)<$§ (5.5)
(@:9)E(B()\{0})xB(p) t€01]

and

sup inf V(x,y,t) <. (5.6)
{(2,9) €RNT)XRY, infeoq(|ly—zl+le—z])<p} t€01]

For the next lemmas, we define

op:=inf{t > 0: X° € B(p) UOG}.

The second lemma gives a uniform lower bound on the probability of an exit from G
starting from a small sphere around 0 before hitting an even smaller sphere.

Lemma 5.3 Assume (H) and (Ha—e¢). Then

lim liminfeln inf P,(X: €0G)> -V.
p—0" e=0  yes(2p) v

The following upper bound relates the quasi-potential V'(0,-) with the probability that an
excursion starting from a small sphere around 0 hits a given subset of G before hitting
an even smaller sphere.

Lemma 5.4 Assume (H) and (Ha—f). For any closed set N C 0G,

lim limsupeln sup Py (X, € N) < —inf V(0,2)
p—0 -0 yeS(2p) L zEN

The last lemma is used to extend the previous upper bound to any initial condition x € G.

Lemma 5.5 Assume (H) and (Ha). For every p > 0 such that B(p) C G and all x € G,

lim P, (XS € B(p)) = 1.
e—0 P

The statements of Lemmas 5.2, 5.4 and 5.5 are the same as Lemmas 5.7.8, 5.7.21

and 5.7.22 of [13], respectively. Among them, Lemmas 5.4 and 5.5 can be deduced from

Corollary 4.4 exactly as in [13], so we omit their proof. Because of the degeneracy of X¢

at 0, Lemma 5.2 must be proved with a different method. Finally, Lemma 5.3 replaces
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Lemma 5.7.18 of [13] and is very different since it gives no upper control on 7¢. This lemma
and the proof of Theorem 5.1 (b) are the new part of our proof.

Theorem 5.1 (a) can be proved exactly as the corresponding inequalities in Theo-
rem 5.7.11 and Corollary 5.7.16 of [13]. It makes use of our Lemmas 5.2, 5.4 and 5.5, and
of Lemmas 5.7.19 and 5.7.23 of [13], which can be proved exactly as therein. One simply
must take care that = belongs to G \ {0} instead of G. Let us omit this proof.

We first give the proof of Theorem 5.1 (b) and next those of Lemmas 5.2 and 5.3.

Proof of Theorem 5.1 (b) Let p > 0 be small enough to have B(2p) C G (the precise
choice of p will be specified later). Let 6y = 0 and for m = 0,1,... define the stopping
times

Tm = inf{t > 0, : X; € B(p) UIG},

5.7
Om+1 = inf{t > 7, : X7 € S(2p)}, (5.7

with the convention that 6,11 = oo if X: € 0G. Each interval [7,,,, Tpo11] represents one
significant excursion off B(p). Note that, necessarily, 7¢ = 7, for some integer m.

First, Assumption (Hc) implies that 6,11 < oo as soon as X: € B(p). This can be
proved as follows.

On the one hand, Assumption (Hc) implies that, for all z € S(p),

lim P, (limsup | X[ || > a) = 1. (5.8)
a—0 t—4-o00

On the other hand, for any a > 0, X*¢ is a diffusion with bounded drift part and uniformly

non-degenerate diffusion part in B(2p) N[, /5. Therefore, X° has a uniformly positive

probability to reach S(2p) before S(«/2) starting from any point of S(«). Hence, by the

strong Markov property of Proposition 3.3, for all x € S(p),

P, (01 < oo | limsup || X7|| > a) = 1.
t——+oo

Combining this with (5.8) we have that P;(6; < co) = 1 for all x € S(p), which implies
the required result.

Second, fix a closed set N C G such that Viy := inf,en V(0,2) > V. Assume Vy < oo
(otherwise, Vy may be replaced by any arbitrary large constant in the proof below). Fix
n > 0 such that n < (Vi — V)/3. Applying Lemmas 5.3 and 5.4, we fix p > 0 and g9 > 0
such that

inf P,(X¢ > e (Vin/e vy < 5.9
yEISIVI(Qp) (X5, €0G) > e , Ve e (5.9)

and

sup Py (X; €N) < e"n=mlle e < g,
yeS(2p)

Fix y € B(p). For any [ > 1, we have

l
Py(XZ € N) <Py(r° > 1)+ > Py(r° =7, and X2 € N). (5.10)

m=1
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The second term can be bounded as follows: for m > 1, y € B(p) and ¢ < g, it follows
from the strong Markov property that

Py (¢ =7y and X5 € N) =Py (7° > 7 1)Py(X5 € N [ 7° > Tpp1)
= ]P)y(TE > Tm—l)Ey[PXgm (Xip (S N) ’ 7€ > Tm—l]

< sup P,(X: € N)<e (Wl
z€S(2p) g

Concerning the first term of the right-hand side of (5.10), for any [ > 1 and y € B(p),

Py(r° > 7) =Ey[Pxs (7° > 7-1)] < sup Po(7" > 7-9),
1 z€S(2p)

and, for any =z € S(2p) and k > 1,

Po(7 > 1) = [1 = Pp(7° =73 | 7° > 7—1)]|P2(7° > T—1)
= [1 — Ex[ngk (Xf,p € 3G> | T > Tk_l]]Px(TE > Tk—l)

< (1= q@)Py(7° > 1),
where ¢ := inf e g(2p) Py (X7 € 0G) > e~ (VHn/e by (5.9). Therefore,

sup Po(7° > 1) < (1—q)".
y€S(2p)

Putting together these estimates in (5.10), we obtain that, for all y € B(p) and ¢ < g
_ vl _Vn-n
Py(X;eN)g(1—e ) Yl

We choose [ = LQe(_V“")/ ¢|, where | -] denotes the integer part function. Then, for & small
enough, [ — 1 > e(V+20/¢ and

/e
1\ %\ ¢ VU3
P,(X: € N) < <<1 - ) > +2

where u, := e(VI1/2 Since u. — +o0, we have (1 — 1/u.)% — 1/e, and, finally,

lim sup Py(X:- € N)=0.
=70 yeB(p)

The proof of (5.3) is now completed by combining Lemma 5.5 and the inequality

Po(XZ € N) < Po(XZ, & B(p) + sup P,(XZ € N).
y€B(p)

Applying (5.3) to N = {z € 9G : ||z — z*|| > } and observing that Lemma 5.2 implies
the continuity of z — V/(0,2) on G, we easily obtain (5.4). O
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Proof of Lemma 5.2 (5.5) Fix d,p > 0, x € B(p) \ {0} and y € B(p). In order to
simplify the notations, we will use the complex notation for the coordinates of points of the
(two-dimensional) plane of R¢ containing 0, 2 and y, and we will assume that z = r € R
and y = e with 0 < 7 < p and 0 < ¢’ < p. Define o € C([0,1], B(p)) by

(1—(3t)%)r + (3t)%p if 0<t<1/3
Y(t) = pet?Bt=1) if 1/3<t<2/3
(1—(3—=3t)%)r'"e"? + (3 —3t)2pe’® if 2/3<t<1.

Then ¥(0) = x and (1) = y, and ¥(¢t) € B(p) \ {0} for any ¢t € [0,1). Moreover, for
0 <t <1/3 ¥(t) =r+9%(p—r), so that ||(t)|| > 9t(p — r), and, similarly, for
2/3 <t <1, ||[vw®)| >9(1—1t)2(p—1"). Thanks to assumption (He), a calculation similar
to equation (4.9) in the proof of Proposition 4.5 gives that, with the same K, Ny and ag
as therein, if B(p) C Ny,

1 ([ 201840 — 1) + 2K 0 (D))
al¥) < 545 (/ eI “
/2/3 2(30p)? + 2K2 ||y (1)
s TG
L 2(18(1 = 1)(p — 1"))? + 2K | (1)
*/2/3 0] dt)
L 1/3 B ) 2/3 ) 5
<o </0 (648(p — 1) + 2K ||¢(t)||)dt+/1/3 (186 + 2K2) pt
1
+ [ 18-+ 2K2||w<t>|>dt)
2/3
(216 + 2K2/3)p + (60% + 2K2/3)p + (216 + 2K2/3)p

2a0

Consequently, for sufficiently small p > 0 not depending on x and y, I; »(¢) < /2, which
yields (5.5). O

Proof of Lemma 5.2 (5.6) Fix § > 0. Thanks to Assumption (He), using the same
method as above, for any z € G N T, one can find a positive p, such that

sup inf V(z,y,t) <d/2, (5.11)
(@) E(B(2,p2)\{0}) x B(z,p) tE[0:1]

where B(z, ) is the closed ball centered at z with radius r

Let pp be the infimum of p, for z € G NT. Since G is bounded, because of Assump-
tion (Hd), this set is finite and py > 0. Reducing pp if necessary, we can assume that
B(po) C G and that d(T' N (R4 \ G),G) > po.

Fix z and y in R? \ U,cgenr B(2,00) and assume that there exists 2 € OG with
|z — z|| + [ly — z|| < po/3. Then d(z,T') > 2po/3 and d(y,T") > 2po/3. Moreover, since
|z —yll < po/3, the segment [z,y] is included in T'5) /3.
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Now, for any to > 0, x and y such that [z,y] C ['5, /3, define Yt) € ¢([0,t],RY) by
t t
Yo (t) = <1 - ) T+ —y

for 0 <t <to. Then 1(0)(0) = 2 and ¢ (ty) = y and 0)(t) € 5 /3 for all t € [0, ¢y)].
Since a is uniformly non-degenerate on I'; /3, there exists a constant C' bounding the
eigenvalues of a~! on this set. Then

to .
i) < 5 [T UG + o @) P
0

C(llz—yl o
< —| —————+ B“t
>~ 2< t() + 0]

where B is a bound for b on R?. Taking ty = ||z — y||/B, we obtain
Loyl 7¥I/B)y < BC||2 - y).

Therefore, there exists p; > 0 such that inf,co 1) V(7,y,t) < 6/2 for any = and y such
that [x,y] C T, /3 and ||z — y|| < p1. In view of (5.11), p = p1 A (po/3) is an appropriate
constant in (5.6). O

Proof of Lemma 5.3 Fix n > 0 and let p > 0 be small enough to have B(2p) C G and
for Lemma 5.2 to hold with § = 7/3 and 2p instead of p. Note that the definition of it,x
implies the inequality inf,cg(2p) V(y,2) < V(0, 2) as soon as z ¢ B(2p).

Then, by (5.6) and Assumption (Hb), there exists z € S(2p), 2 € G, T} < oo and
Y € C([0,T1],RY) such that 1(0) = z, ¥(T1) = z and Ip, (1)) < V 4+ 1/3. Moreover,
by removing the beginning of the path ¢ until the last time where it hits S(2p), we can
suppose that for all ¢ > 0, ¥(t) € B(2p).

Thanks to (5.5), for any y € S(2p), there exists a continuous path ¥ of length ¢, <1
such that ¥¥(0) = y, ¢¥¥(t,) = x, and ftyyy(wy) < n/3. Moreover, the construction of
this function in the proof of Lemma 5.2 allows us to assume that |[¢¥(¢)|| = 2p for all
t € [0,t,]. Let ¢¥ denote the path obtained by concatenating ¥ and ¢ (in that order)
and extending the resulting function to be of length Ty = T1 + 1 by following (5.1) after
reaching z. Since the latter path does not contribute to the rate function, we obtain that
Ty (8%) <V +21/3.

Since z € R?\ G, the constant A := d(z,dG) is positive. Define

0= U {veconlm. jv- ol <252},

2
y€S(2p)

Observe that O is an open subset of C([0,Tp], R?) that contains the functions {¢¥},cg(p)-
Therefore, by Corollary 4.4,

liminfeln inf P,(X°€O)>— sup inffT, ) > — sup I~T7 oY) > —(V +n).
mipfeln inf F(F€0)Z - s inf Fny(w) 2~ s Tylo!) > ~(V )
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If ¢ € O, then v reaches the open ball of radius A/2 centered at z before hitting B(p),
so ¢ hits G before hitting B(p). Hence, for X§ = y € S(2p), the event {X°¢ € O} is
contained in {X o, € 0G}, and the proof is completed. O
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