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Inverse Scattering for Soft Fault Diagnosis in Electric Transmission Lines

Qinghua Zhang, Michel Sorine and Mehdi Admane

Abstract— Today’s advanced reflectometry methods provide
an efficient solution for the diagnosis of hard faults (open
and short circuits) in electric transmission lines, but they are
much less efficient for soft faults (spatially smooth variations of
characteristic impedance). This paper completes an important
missing piece for the application of the inverse scattering
transform to the diagnosis of soft faults in electric transmission
lines, by clarifying the relationship between the reflection
coefficient measured with reflectometry instruments and the
mathematical object of the same name used in the inverse
scattering transform. The feasibility of this approach is then
demonstrated by numerical simulation of lossless transmission
lines affected by soft faults, and by the solution of the inverse
scattering problem effectively retrieving smoothly varying char-
acteristic impedance profiles from reflection coefficients.

I. INTRODUCTION

The fast development of electronic devices in modern
engineering systems and in consumer products comes with an
increasing number of electric wires in these equipments, and
also inevitably with more and more failures related to electric
connections. This fact has motivated research projects on
methods for the diagnosis of faults in electric transmission
lines. In this context, the technology of reflectometry has
been extensively studied by different research groups [1],
[2]. It consists in injecting electric signals from one end
or from both ends of a line and in analyzing the reflected
electric waves. At least in laboratory tests, currently this
technology is able to detect and to locate hard faults (open
circuit or short circuit) up to an accuracy of about 10 cm. For
soft faults, however, no similar result has been reported, to
our knowledge. In a recent publication [3], the difficulty for
detecting frays using existing reflectometry methods has been
analyzed. These investigated frays are various degradations
resulting in piecewise constant characteristic impedance pro-
files. The difficulty is due to the weakness of the reflections
caused by the discontinuities at the borders of fray segments.

In this paper, the considered soft faults are modeled
as spatially smooth variations of characteristic impedance.
By making experiments at one end or at both ends of a
transmission line, it is obviously difficult to inspect such soft
faults. Nevertheless, there have been theoretical studies in
this direction, based on the inverse scattering transform. By
formulating the inverse scattering problem for both lossless
and lossy transmission lines, Jaulent’s pioneer work [4]
has founded the theoretic basis for inspecting distributed
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characteristics of transmission lines from reflectometry mea-
surements. Despite this theoretic result of a quarter of a
century ago, there has been an important gap to fill before
its practical application.

This paper constitutes an attempt to fill the gap between
the inverse scattering transform and its application to electric
transmission line fault diagnosis. The relation between the
reflection coefficient (measured with a network analyzer or
reflectometry instruments) and the scattering data (the start
point of the inverse scattering transform) will be clearly
established. The feasibility of this approach will be illustrated
by numerical simulations of lossless transmission lines with
smooth variations of characteristic impedances, and by the
solution of the inverse scattering problem, which effectively
retrieves the characteristic variations of the simulated trans-
mission lines.

Only lossless transmission lines are considered in this
paper. Though the theoretic result of [4] covers both lossless
and lossy lines, the numerical implementation of the inverse
scattering transform is more difficult in the lossy case. This
difficulty will be explained in the conclusion section.

The characteristic impedance of the considered transmis-
sion line is assumed twice differentiable with respect to the
space variable along the longitudinal axis of the line. It
is also assumed that the characteristic impedance profile is
sufficiently regular so that the resonance modes of the trans-
mission line, if any, can be neglected. This assumption will
be more clearly explained in the section about mathematical
modeling of transmission lines. From the practical point of
view, it is a “softness” assumption of the faults affecting the
characteristic impedance, excluding hard faults that can be
well addressed with today’s mature reflectometry methods.

To complete the list of assumptions, the values of the
characteristic impedance at the two ends of the considered
transmission line are assumed known.

This paper is organized as follows. Section II is about
the formulation of the inverse scattering problem applied to
the monitoring of transmission line characteristic impedance,
with, in particular, Section II-C clarifying the relationship be-
tween the reflection coefficient measured with reflectometry
instruments and the mathematical object of the same name
used in the inverse scattering transform. Simulation results
are presented in Section III. Concluding remarks are made
in Section IV.

II. TRANSMISSION LINE AND INVERSE SCATTERING

The purpose of this section is to present the transforma-
tions of the telegrapher’s equations leading to the Zakharov-
Shabat equations and the related inverse scattering problem.



The basic result has been established by Jaulent [4], but
there has been an important missing piece: the connection
between the practically measured reflection coefficient and
the mathematical object of the same name (also referred to as
scattering data) used in the solution of the inverse scattering
problem. It will be shown that the two reflection coefficients,
originally defined in different contexts, do coincide, up to a
negative sign.

A. From telegrapher’s equations to Zakharov-Shabat equa-
tions

The telegrapher’s equations are a widely used model of
electric transmission lines for most engineering purposes. For
a lossless transmission line, let L(z) and C(z) be respec-
tively the distributed inductance and capacitance along the
longitudinal axis z of the line. The telegrapher’s equations,
in their harmonic form, then write

2V(k,z) —JjkL(z)I(k,z) =0

(1)
0z
%I(l@z) —jkC(2)V(k,z) =0 (1b)

where 7 is the imaginary unit, k is the frequency (it will play
the role of wave number after the Liouville transformation),
V and I are the voltage and the current, both being functions
of k and z.

To connect these equations to the inverse scattering trans-
form, the first step is to apply a coordinate change defined
by the Liouville transformation

2(2) = /0 * JI00)ds %)

The physical meaning of the variable x(z) is the wave
propagation time from the position 0 to the position z. It
is also referred to as electric distance.

After the coordinate change from z to x, by abuse of
notation, L(z(z)) will be simply written as L(z), and
similarly for C'(z), V(k, x), I(k, x).

In the new coordinate system, define two new variables

L (3 -4
k) = 5 (ZO (2)I(k,z) — Z; (x)V(k,z)) (3a)

va(k, ) = % (ZO ()1 (k,z) + Zg%(z)V(k,x)) (3b)
with
_ | L(=)

being the characteristic impedance of the lossless transmis-
sion line. Some direct computations then lead to

W + jkvi(k,x) = q(x)va(k, x) (52)
81/2(]§7 x) .
" Jkva(k,x) = q(x)v1(k, x) (5b)
with
_1d Lz)] 1 d
q(x) = 1de {ln C(m)} = 270() deg(az) (6)

Equations (5), known as Zakharov-Shabat equations, con-
stitute the main mathematical object connecting the electric
transmission line to the scattering theory. The related inverse
scattering transform computes the so-called potential func-
tion q(x) from the reflection coefficient (defined later in this
paper). It is clear that the characteristic impedance along the
z-axis as defined in equation (4) can be determined from
this potential function ¢(z) through the ratio L(z)/C(z).
Hence the inverse scattering transform provides a powerful
mathematical tool for the monitoring of the characteristic
impedance profile in electric transmission lines.

To retrieve the potential function ¢(z) (and thus the char-
acteristic impedance Zy(x)) from the reflection coefficient
only, it is required that the Zakharov-Shabat equations (5)
have no bound state (spatially localized solution). Physically,
this assumption means that the transmission line has no
resonance mode. In practice the method presented in this
paper tolerates weak resonance modes, which can be ensured
by assuming a sufficiently regular characteristic impedance
profile along the transmission line. This completes the “soft
fault” assumption made in the introduction section.

In the following subsections, the reflection coefficient will
be first defined through the limiting behavior of fundamental
solutions of the Zakharov-Shabat equations, following a
standard construction of the scattering theory. Its relationship
with the reflection coefficient measured in practice with a
network analyzer or with reflectometry instruments will then
be clarified.

B. Fundamental solutions of the Zakharov-Shabat equations
and the reflection coefficient

Assume that, for an infinitely long lossless transmission
line, the characteristic impedance Zy(x) as defined in (4)
tends to constant limits when z — =00 (a practical interpre-
tation of this assumption for finite length lines will be given
in the next subsection). Assume further that the potential
function ¢(z) as defined in (6) decays sufficiently fast so
that 2"g(x) — 0 for any integer n when z — Fo0.

Under these assumptions, for any positive value of k,
the solutions of the Zakharov-Shabat equations (5) have
their limiting behaviors expressed in terms of exp(+jkz)
when © — Zo00. Consider the solution corresponding to
an incident wave emitted from the left with its limiting
behaviors satisfying

lir+n vi(k,z) =0 (7a)
lim vy (k, ) exp(—jkz) =1 (7b)

The left limiting behavior of this solution (known as a Jost
solution) then defines the reflection coefficient r(k):

vy (k, )

rlk) = )

exp(2jk) @®)
where the factor exp(2jkx) is for the purpose of demodu-
lation so that the limit is taken for the amplitude ratio of
the two waves vy (k,x) and vo(k,x). This coefficient r(k)
is sometimes referred to as the left reflection coefficient,
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Fig. 1. A transmission line connected to a voltage source with its internal
impedance Zs = Zo(zs) and to a matched load Zp, = Zo(z).

because it represents the ratio between the incident wave
vo(k, z) coming from —oo and the reflected wave v4 (k, z).
Similarly, the right reflection coefficient is defined by sym-
metry.

C. practical measurement of the reflection coefficient

The reflection coefficient defined in equation (8) follows
the convention usually used in the scattering theory. In
practice, for electric transmission line fault diagnosis, exper-
iments are made by injecting and measuring electric waves.
It is thus of practical importance to relate the reflection
coefficient (k) as defined in (8) to voltage and/or current
signals. This is exactly the purpose of this subsection.

Consider a transmission line of finite length. Assume
that the left end and the right end of the line correspond
respectively to x = x5 and x = xp, with 5 < x.

Now connect the right end of the line to a matched load,
that is, a load with its impedance Zj, equal to Zy(xy,). For
wave propagation inside the transmission line, connecting a
matched load is equivalent to extending infinitely the line
with the constant characteristic impedance Zy(x ).

To the left end of the line, connect an alternating voltage
source, of frequency k. The voltage of the source is

Vi(k) = Vo(k) exp(jkas) ©)

with its amplitude V(k) possibly depending on k. It is
assumed that this power source has its internal impedance
Zs equal to Zy(xs). See Figure 1 for an illustration of the
transmission line and its connections. The locally matched
source connected at x = x5 is equivalent to an ideal voltage
source Vi (k) connected through an infinitely long transmis-
sion line with constant characteristic impedance Zy(zs).

For a given transmission line with a certain characteristic
impedance profile Zy(x) (for € [z, 21]) connected to the
voltage source V; (k) and the matched load Z,, after the tran-
sient period, the stationary voltage and current waves along
the transmission line are completely determined. As the
connections made at the two ends of the line are equivalent to
infinitely extending the line with the constant characteristic
impedance Zy(xs) at the left side and Zy(xy) at the right
side, virtually the voltage V' (k, x) and the current I (k, x) are
defined for all real value € R. This voltage-current pair
corresponds to a solution of the Zakharov-Shabat equations
in v (k, z) and v5 (k, x) through the linear transformation (3).
Is this a Jost solution satisfying the limiting conditions (7)?

Let us examine the value of vy (k,z) at x = x,. Because
the load Zj, = Zy(x1,) is connected at = = x,

V(k:,xL) = ZLI(k'7$L) = Zo(xL)](k‘,.’L‘L>

Following (3a),

vi(k,zp) = (Zo% (wp)I(k,xL)

RS
V2

—ng(xL)Zo(xL)I(k,xL))
—0

As virtually the transmission line is extended with the con-
stant impedance Zy(x) = Zo(z) for > xr, the potential
function ¢(x) = 0 for x > z. According to (5a) with
q(z) = 0, the value vy (k,z1,) = 0 implies that vy (k,z) =0
for all x > x . Thus the first condition (7a) of Jost solution
is satisfied.

To check the second condition (7b), let us examine
the behavior of vo(k,x) at the left side. As the locally
matched source connected at x = x, is equivalent to an
ideal voltage source V;(k) connected through an infinitely
long transmission line with constant characteristic impedance
Zo(zs), virtually g(xz) = 0 for x < z,. Let vo(k,xs) =
c(k) exp(jkas) for some complex value ¢(k) depending on
k, then following (5b) with g(x) = 0,

va(k, x) = c(k) exp(jkz)

for all ©+ < x,. It is then clear that the pair v4(k,x) and
va(k,x) is a Jost solution, up to the factor ¢(k). This factor
does not matter in the definition of the reflection coefficient
r(k) given in (8), as v1(k,z) and vo(k,x) could be both
divided by c(k).

Again as virtually g(z) = 0 for all x < z,, it is easy to
check that, for all x < xg,

vo(k, x) va(k, )

The limit in the theoretic definition (8) of the reflection
coefficient can then be replaced by

exp(2jkx) = exp(2jkas) (10)

vi(k,zs) _
k)= —7—7-— 2jkxs 11
r(k) V2<k’xs)exp( jkas) (11)
Following Figure 1, by Ohm’s law,

Zs ZO(:CS)
By substituting I(k,z,) with (12) in the definition (3) of
v1(k,z) and vo(k, z), a few lines of computation lead to
vi(k,xs)  Vi(k) =2V (k,x,)
vo(k,s) Vs (k)
A combination of equations (11) and (13) then yields
1 1
S Valk) = SVa(k)r(k) exp(~2jka,)

Remind that V,(k) = Vo(k)exp(jkz,) as assumed in (9),
the last equation then becomes

13)

Vik,xs) =

Vk,zs) = %Vo(k)exp(jkxs) - %Vo(k)r(k) exp(—jkzs)
= Vi(k) exp(jkxzs) + V. (k) exp(—jkzs)



with the demodulated incident wave V; (k) and reflected wave
V,.(k) defined as

1
Vi(k) = 5 Vo) (142)
1
Vi (k) = =5 Vo(k)r(k) (14b)
The usually defined reflection coefficient is
v, (k)
=— 1
Vi (k) r(k) (15)

which is in agreement with the reflection coefficient r(k)
defined in (11), up to the difference of sign.

In practice, V (k, ) can be measured by a voltmeter. Its
incident wave component V;(k) is known from the voltage
source, and its reflected wave component can then be easily
deduced. The reflection coefficient is then readily computed.
This experience is repeated with different values of k,
covering a sufficiently large spectrum.

D. Inverse scattering for characteristic impedance monitor-
ing

The inverse scattering transform consists of the following
steps for computing the potential function ¢(z), and thus
the profile of L(z)/C(z) = ZZ(z), from the reflection
coefficient r(k). See [5] for details.

1) Let the Fourier transform of the reflection coefficient
r(k) be

“+o0
pa) =52 [ () exp(~ho)dk

=5 N
2) Solve the integral equations (known as Gelfand-
Levitan-Marchenko equations) for its unknown kernels
Al (Iv y) and AZ(xa y):
x
As(z,s)p(y + s)ds =0
-y

As(z,y) + p(r +y) +/

-y

Al(aj7y) +

x

Ai(z,8)p(y + s)ds =0

3) Compute the potential function ¢(z) through
q(z) = 2A45(z, x)

4) By inverting equation (6), compute

L(x L(x, z
t ety ew (4 @)

In practice, the integral equations have to be solved nu-
merically, by discretizing the kernels A (z,y) and As(z,y)
over a grid in the x—y plane. By choosing the origin of the z-
axis such that z, > 0, the potential g(z) = 0 for x < 0. It is
then sufficient to compute the kernels A;(x,y) and As(z,y)

in the region x > |y|. See [6], [7] for the details about the
numerical solution of the integral equations.

III. SIMULATION STUDY

In this section, results of simulation will be presented to
confirm the validity of the method presented in this paper
for characteristic impedance monitoring. The first step is to
implement a numerical simulator generating the reflection
coefficient (k) from the specified profiles L(z) and C(z)
of a transmission line.

A. Transmission line simulator

Going back to the z-coordinate as used in the telegrapher’s
equations (1), let
V(k,z)
I(k, z)

Z(k,z) = a7
be the apparent impedance at the point 2. It is then straight-
forward to check that the telegrapher’s equations (1) imply
that Z(k, z) satisfies the Riccati equation

0
8—Z(k, 2) = jkL(z) — jkC(2)Z*(k, 2)
z
After the Liouville transformation (2), and by noting
Z(k,z(x)) as Z(k,x), this equation becomes

0

8—Z(k,x) = jkZo(z) — jkZ; M (2) 2% (k, 2)
x

where Zy(x) is the characteristic impedance as defined in (4).
For a given value of k, by initializing Z(k,z) with the

matched load at the right end, namely

(18)

Z(k,xp) = Zr = Zo(xr)

equation (18) can be solved for x < zy. In particular, the
value Z(k,z,) at the left end of the transmission line is
computed.

Following Figure 1, the voltage V' (k,xs) at the left end
of the transmission line is then computed as

k) = 52t )
= ZHT) ) exp(ikas)

Zo(aj‘s) + Z(k,%s)

The incident voltage wave V;(k) is known from the voltage
source. The reflected wave is then deduced as

Vi (k) = V(k,xz5) exp(jkas) — Vi(k) exp(2jkxs)
The computation of the reflection coefficient r(k) follow-
ing (15) then leads to

Z(k,xs) — Zo(xs)

r(k) = - Z(k, 5) + Zo(s)

exp(2jkxs) (19)

It then appears that the main computation of the simulator
consists of the solution of the Riccati equation (18) for the
value of the apparent impedance Z(k, ). This computation
is repeated with different values of k to cover a sufficiently
large spectrum.
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Fig. 2. Simulated smoothly increasing L/C' profile.

B. Simulation results

For the first example, a smoothly increasing L(z) profile
is simulated. The capacitance is kept to a constant value
C = 0.1nF/M, and the corresponding ratio L/C is depicted
in Figure 2, in both z and z coordinates. The simulated
reflection coefficient (k) (modulus and phase) is shown in
Figure 3. The L/C profile computed through the inverse
scattering transform is compared to the original simulated
profile in Figure (4).

Remark that the inverse scattering transform computes the
ratio L/C' as a function of z. In practice it would be more
useful to inspect the ratio as a function of z, the true spatial
coordinate of the transmission line. Like all reflectometry
methods, the information obtained by observing incident and
reflected waves is related to the wave propagation time x.
Without knowing the wave propagation velocity (varying
along the line in the considered case), it is impossible
to convert the result from x to z. However, for moderate
variations of the ratio L/C' (under the soft fault assumption),
the two profiles in x and in z are similar, as shown in Figure 2
for the considered example. It is thus practically reasonable
to assume a constant wave propagation velocity to convert
the computed L/C ratio to the z-coordinate.

For the second example, a hump-shaped L/C profile is
simulated, as illustrated in Figure 5. The simulated reflection
coefficient is plotted in Figure 6 (in solid line), and the L/C
profile computed by inverse scattering in Figure 7. Again the
simulated L/C' profile is correctly retrieved by the inverse
scattering transform.

Up to now the computations have been made in this
paper under the assumption of perfect model and noise-free
measurement. To evaluate the robustness of the method to
random measurement uncertainties, noises can be added in
the simulation study. As in practice the voltage V' (k,x;) is
measured with an instrument, it may be corrupted by an
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distinguishable if printed in black and white.

additive noise, say e(k). Consequently, an extra term

e(k)

V.0

exp(2jkxs)

is added to equation (19), where V;(k) is the voltage of
the source connected to the transmission line. For the same
noise e(k), the more powerful is the voltage source, the less
important is the the influence of the noise to the measured
reflection coefficient.

The second simulation example is then repeated by adding
a Gaussian noise e(k) with its standard deviation equal to
0.1% of the amplitude of the voltage source V(k). The
resulting simulated reflection coefficient (in dashed line),
compared to the noise-free coefficient (in solid line), is
shown in Figure 6. Though the noise is small compared
to the voltage source, it disturbs considerably the reflection
coefficient: the standard deviation of the noise added to r(k)
is equal to about 6.2% of the maximum absolute value of
the simulated r (k). The impact of the noise depends on the
absolute values of the reflection coefficient.

The hump-shaped L/C profile is then computed by inverse
scattering from the noise-corrupted reflection coefficient. The
result is illustrated in Figure 8. Though the reflection coeffi-
cient has been considerably corrupted, the inverse scattering
transform is still capable of retrieving reasonably the L/C
profile.
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Fig. 8. The hump-shaped L/C profile computed by inverse scattering from
noise-corrupted reflection coefficient.

IV. CONCLUSION

Though the theoretic basis for the inverse scattering prob-
lem of electric transmission lines has been founded about a
quarter of a century ago, there has been a gap between this
theoretic result and its practical application. By clarifying
the relationship between the reflection coefficient measured
in usual engineering practices and the mathematical object
of the same name defined in the scattering theory, this paper
constitutes an attempt to fill this gap. Moreover, the simula-
tion studies reported in this paper confirm the feasibility of
this approach.

Before closing this paper, let us make a comment about
lossy transmission lines. As shown by Jaulent in [4], after
the transformations used in this paper, an extra nonlinear
variable change transforms the telegrapher’s equations for
lossy transmission lines to a pair of Zakharov-Shabat equa-
tions similar to equations (5), but with two distinct potential
functions ¢+ (z) and ¢~ () in the two equations. Compared
to the lossless case, the number of unknowns is doubled.
Similar Gelfand-Levitan-Marchenko integral equations can
be established in this case. To solve them for the doubled
unknowns, both the left and right reflection coefficients are
required. To our knowledge, no practical implementation
of such an algorithm has been reported. Another possible
difficulty is related to the nonlinear variable change, which
may cause numerically ill-conditioned computations. Further
studies are necessary to complete the solution to this practi-
cally important problem.
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