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Sur la vitesse de convergence de ’estimateur du
plus proche voisin baggé

Résumé : On s’intéresse a Pestimation de la fonction de régression r(x) =
E[Y|X = x] associée & un couple aléatoire (X,Y) & valeurs dans R? x R, &
partir d'un échantillon i.id. D, = {(X;,¥i)1<i<n} de méme loi que (X,Y).
Dans ce contexte, 'estimateur dit du plus proche voisin baggé consiste a tirer
dans D, un tres grand nombre de sous-échantillons bootstrap indépendants
de taille k,, < n, a considérer pour chacun d’eux l'estimateur du plus proche
voisin et enfin a calculer la moyenne de tous ces estimateurs pour prédire. Il a
récemment été prouvé par Biau et Devroye (2008) que 'estimateur ainsi obtenu
est universellement convergent & condition que k,, tende vers l'infini et k,/n
tende vers 0 lorsque n — co. Nous montrons dans ce travail que, mieux encore,
la vitesse de convergence de cet estimateur baggé est optimale.

Mots-clés : Bootstrap, Rééchantillonnage, Plus proches voisins, Vitesse de
convergence.
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1 Introduction

1.1 Bagging

Ensemble methods are popular machine learning algorithms which train multi-
ple learners and combine their predictions. The success of ensemble algorithms
on many benchmark data sets has raised considerable interest in understanding
why such methods succeed and identifying circumstances in which they can be
expected to produce good results. It is now well-known that the generalization
ability of an ensemble can be significantly better than that of a single predictor,
and ensemble learning has therefore been a hot topic during the past years. For
a comprehensive review of the domain, we refer the reader to Dietterich [6] and
the references therein.

One of the first and simplest ways to combine predictors in order to improve
their performance is bagging (bootstrap aggregating), suggested by Breiman
[2]. This ensemble method proceeds by generating bootstrap samples from the
original data set, constructing a predictor from each bootstrap sample, and de-
cide by combining. It is one of the most effective computationally intensive
procedures to improve on unstable estimators or classifiers, especially for large,
high dimensional data set problems where finding a good model or classifier
in one step is impossible because of the complexity and scale of the problem.
Bagging has attracted much attention and is frequently applied, although its
statistical mechanisms are not yet fully understood and are still under active
investigation. Recent theoretical contributions to bagging and related method-
ologies include those of Friedman and Hall [9], Bithlmann and Yu [3], Hall and
Samworth [I1], Buja and Stuetzle [], and Biau and Devroye [I].

It turns out that Breiman’s bagging principle has a simple application in the
context of nearest neighbor methods. Nearest neighbor predictors are one of the
oldest approach to regression and classification, dating back to Fix and Hodges
[0, 8. A major attraction of nearest neighbor procedures is their simplicity. For
implementation, they require only a measure of distance in the sample space,
along with samples of training data, hence their popularity as a starting point
for refinement, improvement and adaptation to new settings (see for example
Devroye, Gyorfi and Lugosi [B], Chapter 19). Before we formalize the link be-
tween bagging and nearest neighbors, some definitions are in order. Throughout
the paper, we suppose that we are given a sample D,, = {(X1,Y1),..., (X, Yn)}
of i.i.d. R? x R-valued random variables with the same distribution as a generic
pair (X,Y) satisfying E|Y'| < co. The space R is equipped with the standard
Euclidean metric. For fixed x € R?, our mission is to estimate the regression
function r(x) = E[Y|X = x] using the data D,,. With this respect, we say that
a regression function estimate r,(x) is consistent if E[r, (X) — 7(X)]? — 0 as
n — oo. It is universally consistent if this property is true for all distributions
of (X,Y) with E[Y?] < oco.

1.2 Bagging and nearest neighbors

Recall that the l-nearest neighbor (1-NN) regression estimate sets r,(x) =
Y(1)(x) where Y{1)(x) is the observation of the feature vector X(;)(x) whose
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4 Biau & al.

FEuclidean distance to x is minimal among all Xy,...,X,,. Ties are broken in
favor of smallest indices. Contrary to some beliefs, it is clearly not, in general,
a consistent estimate (Devroye, Gyorfi and Lugosi 5], Chapter 5). However, by
bagging, one may turn the 1-NN estimate into a consistent one, provided that
the size of the bootstrap sample is sufficiently small.

We proceed as follows, via a randomized basic regression estimate 7y, in
which 1 < k,, < n is a parameter. The elementary predictor 7, is the 1-NN
rule for a random subsample S, drawn with (or without) replacement from
{X1,...,X,}, with Card(S,,) = k,. We apply bagging, that is, we repeat
the random sampling an infinite number of times, and take the average of the
individual outcomes. Thus, theoretically, the bagged regression estimate r} is
defined by

ra(x) = E" [ry, (x)],

where E* denotes expectation with respect to the resampling distribution, con-
ditionally on the data set D,,. In practice, the resampling distribution is im-
plemented by Monte-Carlo: we repeat the random sampling m times, and take
the average of the individual outcomes. Formally, if Z, = 7y, (x) is the pre-
diction in the ¢t-th round of bagging, we let the bagged regression estimate be
approximately

1 T
EE DI
t=1

where Z1, ..., Zp are the outcomes in the individual rounds. However, for def-
initeness, we shall always treat in this paper the version of the bagged nearest
neighbor predictor which uses an infinite number of simulations in the aggrega-
tion step.

The next result, proved in [I], shows that for an appropriate choice of k,,
the bagged version of the 1-NN regression estimate is universally consistent:

Theorem 1.1. If k, — oo and k,,/n — 0, then 1% is universally consistent.

In this theorem, the fact that resampling is done with or without replacement
is irrelevant. Thus, by bagging, one may turn the crude 1-NN procedure into
a consistent one, provided the size of the resamples is sufficiently small. To
understand the statistical forces driving Theorem [Tl recall that if we let V4 >
Vo > ... >V, > 0 denote weights (depending on n) that sum to one, and

Vi—0, Zi>€n Vi — 0 for all € > 0 as n — oo, then the regression estimate

> Vi (x),
=1

with (X 1) (x), Y1) (%)), -+, (X(n)(X), Y(n)(x)) the reordering of the data such
that
x =Xy < ... < flx = X))

is called the weighted nearest neighbor regression estimate. It is known to be
universally consistent (Stone [I3], and Problems 11.7, 11.8 of Devroye, Gyorfi

INRIA



Bagged Nearest Neighbor 5

and Lugosi [B]). The crux to prove Theorem [Tl is to observe that r% is in fact
a weighted nearest neighbor estimate with

V; = P(i-th nearest neighbor of x is the 1-NN in a random selection).

Then, a moment’s thought shows that for the “without replacement” sampling,
V; is hypergeometric:

n—1

kp — 1

Voo SN s iSn—katd
kn
0, i>n—Fky+1,

whereas for sampling “with replacement”,

i—1\" i\
(52"
n n

The core of the proof of Theorem [l is then to show that, in both cases, the
weights V; satisfy the conditions V; — 0 and me Vi — 0 for all ¢ > 0 as
n — oo. These bagging weights have been independently exhibited by Steele
IT4], who shows on practical examples that substantial reductions in prediction
error are possible under bootstrap sub-sampling.

In the present paper, we go one step further in the analysis and study the
rates of convergence of E [ (x) — 7(x)]” as n — oo. Building upon [1], we will
distinguish between the “with replacement” (Section 2) and “without replace-
ment” cases (Section 3). In both cases, we show that, for d > 3, the estimate r*
is of optimum rate for the class of distributions of (X,Y") such that X has com-
pact support and the regression function r is Lipschitz. We wish to emphasize
that all the results are obtained by letting the resampling size k, grows with
n in such a manner that k, — oo and k,/n — 0. These results are of interest
because the majority of bagging experiments employ relatively large resample
sizes. In fact, much of the evidence against the performance of bagged nearest
nearest neighbor methods is for full sample size resamples (see the discussion in
Breiman [2], Paragraph 6.4), except the notable results of Hall and Samworth
[I1] and Steele [T4], who also report encouraging numerical calculations in the
context of regression and classification.

2 Bagging “with replacement”

This bagging-type is sometimes called moon-bagging, standing for m out of n
boostrap aggregating. In this case, the bagged 1-NN regression estimate takes
the form

(%) =Y VY (x),
=1

where

RR n° 007



6 Biau & al.

Here and throughout the document, the symbol V denotes variance and I'(¢) is
the Gamma function

I'(t) :/ e dx, t>0.
0

Remind that if p is a positive integer, then I'(p) = (p — 1)!, with the convention
0l'=1.

Let us now recall various topological definitions that will be used in the
paper. We first define the well-known notion of covering numbers which char-
acterize the massiveness of a set (Kolmogorov and Tihomirov [I3]). As put
forward in Kulkarni and Posner [I2], these quantities play a key role is the con-
text of nearest neighbor analysis. Let B(x, ) denote the open Euclidean ball in
R? centered at x of radius e.

Definition 2.1. Let A be a subset of RY. The e-covering number N(g) [=
N (e, A)] is defined as the smallest number of open balls of radius € that cover
the set A. That is

k
N(e) = inf{k >1:3xq,...,x € R such that A C UB(xi,s)} .
i=1
A set A C R? is bounded if and only if A(¢) < oo for all ¢ > 0. Note
that as a function of €, N'(¢) is a non increasing, piecewise-constant and right-

continuous function. The following discrete function, called the metric covering
radius, can be interpreted as a pseudo-inverse of the function A (g).

Definition 2.2. The metric covering radius N~(r) [= N71(r, A)] is defined
as the smallest radius such that there exist r balls of this radius which cover the
set A. That is

N~ inf{s >0 :3x1,...,% € R such that A C UB(xi,s)} .

=1

We note that A/~ (r) is a non increasing discrete function of r. Finally, we
let the support S(u) of a probability measure p be defined as the collection of
all x with p(B(x,¢)) > 0 for all ¢ > 0.

From now on, we denote by p the distribution of X. Throughout the paper,
it will be asumed that X is bounded. Letting p = N~1(1,8(u)), we observe
that p is an upper bound of the diameter of the support of u. the We are now
in a position to state the main result of this section.

Theorem 2.1. Suppose that X is bounded, and set p = N~*(1,8(n)). Suppose
in addition that, for all x and x' € RY,

o?(x) =V[Y | X =x] < o?

and
r(x) —r(x)] < Cllx — x|,

for some nonnegative constants o2 and C. Then

INRIA



Bagged Nearest Neighbor 7

(i) Ifd=1,
2 2kn 2 2 En,
E[r3(X) —r(X))* < 22 Ee (1 %) + 32;” (1 l)
(i7) Ifd =2,

(iid) If d > 3,

E [ (X) - r(X))* < QU;k" <1 - %)k

n

where 4o Jio
- +

=2'(— | T | — .

amar (35 (457)

By balancing the variance and bias terms in the theorem above, we are led
to the following corollary.

Corollary 2.1. Under the assumptions of Theorem 2, we have:
(i) Ifd =1, for k, = (4Cp/Vo2e)n'/?,

A

E[rn(X) —=r(X)]" < N

n

where A = 16e3/20Cp.
(i1) If d = 2, for k, = (2v/2Cp/Vo2e)y/n(1 +Inn),

E [ (X) — (X)) < Ay/ 2

n

where A = 8v/2e3/26C)p.
(iii) If d > 3, for kn = [4(1 + eagC?p?)/(02e2(1 — 2/d))]¥/(@+2) patz

E[rf(X) —r(X)]* < AC@+z n~ a2,
where
4(1 + eaq) p?

a/(d+2)
o2e?(1 — 2/d)]

A = 40%e? {
Two important remarks are in order.

RR n° 007



8 Biau & al.

1. First, we note that, for d > 3 and a suitable choice of k,,, the bagged
nearest neighbor estimate achieves both the minimax n~2/(4+2) rate and
the optimal constant C>%/(?+2) on the class of distributions of (X,Y) such
that X has compact support and the regression function r is Lipschitz with
Lipschitz constant C' (Gyorfi, Kohler, Krzyzak and Walk [I0], Chapter 3).
Seconds, the bounds are valid for finite sample sizes, so that we are in
fact able to approach the minimax lower bound not only asymptotically
but even for finite sample sizes. On the other hand, the estimate with
the optimal rate of convergence depends on the unknown distribution of
(X,Y), and especially on the covering radius p and the smoothness of the
regression function measured by the constant C'. It is an open question
whether there exists an optimal adaptive (i.e., data-dependent) choice of
ky, which still achieves the optimal rate of convergence over traditional
classes of regression functions. Preliminary empirical results for cross-
validation are reported in Hall and Samworth [IT].

2. For d = 1, the obtained rate is not optimal, whereas it is optimal up to a
log term for d = 2. This low-dimensional phenomenon is also true for the
standard k,-nearest neighbor regression estimate, which does not achieve
the optimal rates in dimensions 1 and 2 (see Problem 6.1 and Problem 6.7
in [I0], Chapter 3).

Setting

n

(%) =Y Vir(Xg (x),

i=1

the proof of Theorem Il will rely on the variance/bias decomposition

E [r(X) — r(X))* = E[r}(X) = (X)) + E[7(X) - r(X))”. (1)

n

The first term is treated in Proposition BZJl and the second one in Proposition

Proposition 2.1. Suppose that, for all x € R?,
o?(x) =V[Y|X =x] < o”.

Then, for all x € R? and all n > 1,

E [ (x) — 7 ()] < 20 (1 . %) |

The message of Proposition[lis that, when resampling is done with replace-
ment, the variance term of the bagged NN estimate is O(ky/n).

To analyse the bias term in (), we will need the following result, which
bounds the convergence rate of the expected i-th nearest neighbor distance in
terms of the metric covering radii of the support of the distribution p of X.
Proposition is a generalization of Theorem 1, page 1032 in Kulkarni and
Posner [12], which only report results for the rate of convergence of the nearest
neighbor convergence rate. Therefore, this result is interesting by itself. As for
now, we let the symbol |.| denote the integer part function.

INRIA
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Proposition 2.2. Suppose that X is bounded. Then

. |n/i]
B[ X (X) - XI? < 2 57 (W (. 8(w)]

j=1

2

For any bounded set A in the Euclidean d-space, the covering radius satisfies
N~ A) < N1, A)r= Y7 (see [I3]). Hence the following corollary:

Corollary 2.2. Suppose that X is bounded, and set p = N~*(1,8(u)). Then

(i) Ifd=1,
2.
E[X,(X) - X2 < 2927
(i) Ifd =2,

E[[X ;) (X) — X|? < 8%% [1 +ln (%)] .

(#3) If d > 3,

8p° /i) ~*/"

E|XH(X) - X||? < -
X0 (X) = X" < 1 -2/d

We are now in a position to upper bound the bias term in ().

Proposition 2.3. Suppose that X is bounded, and set p = N~1(1,8(u)). Sup-
pose in addition that, for all x and X' € RY,

r(x) = r(x)| < Cllx — x|,
for some nonnegative constant C'. Then

(i) Ifd=1,

” 5 3202p? 1\"
E[r(X) —r(X)]” < o (1 + —) .

(i) Ifd=2,

2 2 kn
E [/ (X) — r(X))* < % (1 + %) [1+1In(k, +1)]

(iid) If d > 3,

8C2p% | 1 1\
E [/ (X) — r(X)]* < — 1+~ —2/d
[Fr(X) = r(X)] S T-2/d nkn+ad( +n) kn )
where g g
— +
v (=2 (&2,
w=r () (5F)

The take-home message here is that, for d > 3, E [7*(X) — r(X)]* = O(k;Z/d).

RR n° 007



10 Biau & al.

3 Bagging “without replacement”

We analyse in this section the rate of convergence of the bagged nearest neighbor
estimate, assuming this time that, at each step, the k,, observations are distinctly
chosen at random within the sample set D,,. This alternative aggregation scheme
is called subagging (for subsample aggregating) in Biithlmann and Yu [3]. In
this case, the bagged 1-NN regression estimate takes the form

where

()
kp — 1 <n—k,+1

vi={d “(my
F

0, i>n—k,+ 1.

Due to the fact that there is no repetition in the sampling process, the analysis
turns out to be simpler. Our result is as follows.

Theorem 3.1. Suppose that X is bounded, and set p = N ~1(1,8(u)). Suppose
in addition that, for all x and x' € RY,

o?(x) =V[Y | X =x] < o?

and
r(x) = r(x)] < Cllx = x|,
for some nonnegative constants o2 and C. Then
() Ifd=1,
kn o? 8C2p?

Bl () —r X < e YR

kn o2 402 p?

B[} (X) —r(X))* < =~ [y

(14+1Ink,).

(iid) If d > 3,

ha 0% AT
n (1-—k,/n+1/n)2 1-2/d "

E [r}(X) - r(X))* <

n

By balancing the variance and bias terms in the theorem above, we are led
to the following corollary.

Corollary 3.1. Under the assumptions of Theorem [Z1l, we have:
(i) Ifd =1, for k, =n'/?,
A

E [ (X) —r(X)]" < 7

n

where A = 0% +8C?p2.

INRIA
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(i) If d =2, for ky, = y/n(1+1lun),

where
A = 50% +4C?p?.

(iid) Ifd >3, for k, = n¥z,

E[r5(X) — 7(X)]* < (62C3 + A)n~ 72,

n
where

1 402 p?
Ca = max (1 —n- 2/ 1 1 and A =TT 70

As in bagging with replacement, Theorem Bl expresses the fact that the
without replacement bagged NN estimate achieves the standard minimax rate
of convergence for d > 3, with bounds which are valid for finite sample sizes.
However, and contrary to bagging with replacement, the obtained constant in
front of n=2/(4+2) is not optimal, and attentions shows that Cy — oo as d — oo.
We do not know whether this constant can be sharpened or not.

To prove Theorem Bl we start again by the variance/bias decomposition

E [r(X) — r(X)]* = E[r;(X) = 74 (X)]” + E[7(X) - r(X))”,

n

with

n(x) = Z Vir(Xey(x)),

and we analyse each term separately.

Proposition 3.1. Suppose that, for all x € R?,
o?(x) = VY | X =x] < o”
Then, for all x € R? and all n > 1,

B0 - 7o) < B
“n (1—ky/n+1/n)?

As in the with replacement case, Proposition Bl above shows that the vari-
ance term of the without repetition-bagged NN estimate is O(k,, /n). In order to
analyse the bias term, we need the following proposition, which bounds the con-
vergence rate of the expected nearest neighbor distance in terms of the metric
covering radii of the support of the distribution pu of X. This result sharp-
ens the constant of Theorem 1, page 1032 in Kulkarni and Posner [I2] and of
Proposition in the case of the nearest neighbor.

Proposition 3.2. Suppose that X is bounded. Then
4 1. 2
B[ Xy (X) - XJ? < = 3V (6, 8()]°

i=1

RR n° 007



12 Biau & al.

Corollary 3.2. Suppose that X is bounded, and set p = N~*(1,S8(u)). Then
() Ifd=1,
2 _ 8p?
EX1)(X) = X|* < o

(i) Ifd =2,
I
EX1)(X) = X|* < 7(1 +1Inn).

(iid) Ifd > 3,
—2/d

4p°n
Bl X (X) - X|[2< 22 "
X1y (X) = X" < 1=2/d

Recall that for any bounded set A in the Fuclidean d-space, the covering
radius satisfies N1 (r, A) < N71(1, A)r~/?. Hence the following corollary:

Proposition 3.3. Suppose that X is bounded, and set p = N~(1,8(u)). Sup-
pose in addition that, for all x and x' € R?, and

r(x) —r(x)| < Cllx = X1,

for some nonnegative constant C'. Then

() Ifd=1,
E [ (X) — r(X)]? < 86}:”2.
(i) Ifd =2,
E [7(X) — r(X)]? < 4(;;?2 (14 k).

(iid) Ifd > 3,

. 5 AC2p2, "4
_ < = 7"
Effn(X) —rX)]" < —— 2/d

We are now in a position to upper bound the bias term.
Thus, for d > 3, we have as in the with replacement case :

E [7(X) — r(X)]* = Ok /).

n

INRIA



Bagged Nearest Neighbor 13

4 Proofs

4.1 Proof of Proposition 2ZT]

First, we observe that, for all x € R¢,

E [r}(x) — 75 (x))”

n

=E Z Vi (Y (x) = (X (X)))]

= | Y02 (Vo9 — (X <x>>>2]

(by conditioning on the X;’s and since 7(X;)(x)) = E [Y(;)(x)])

=K Z Vi20'2 (X(z) (X))]

<o®y VP (2)
i=1

Next, an easy calculation shows that

=5 (-3) [0 05 ]

Let the map f : R — R be defined by f(z) = (1 — z)*». Then, by the mean
value theorem,

-\ kn . kn . .\ kn—1
oo(d) - (5 1 )59
n n n n n n

Thus,

n

9%, n—1 i\ 2kt
ZVngZ<1E> —1.

i=1 =0

In addition, let the map g : R — R be defined by g(z) = (1—z)?*»~1. Observing
that

we obtain

RR n° 007



14 Biau & al.

Invoking again the mean value theorem, we may write, for all x € [i/n, (i+1)/n],

. y

0§g<1)9@)§—d<3>-
n n n

" o, 2 i

Syl (3)]

=1 1=0

A moment’s thought shows that
n—1 . 1-1/n
1 7 1 1
()] s () 0-3)
n & n “1/n n n
=0
Putting all pieces together, we finally obtain
( 1)2k2n—1 (1)2kn—1‘|
1+ - ol B
n n

an( 1)2’““
Ly (i .
n n

This, together with inequality (), concludes the proof of the proposition.

Therefore,

4.2 Proof Proposition

All the covering and metric numbers we use in this proof are pertaining to
the bounded set S(u). Therefore, to lighten notation a bit, we set N(e) =
Nz, S(u)) and N=L(r) = N=1(r, S(u)).

Let X’ be a random variable distributed as and independent of X and let,
for e > 0,
Fle)=P(|X =X <¢)

be the cumulative distribution function of the Euclidean distance between X
and X’. Set finally
D (X) = [IX5)(X) = X].

Clearly,

P (D)(X) > ) =P (D) (X) > V)

S()FEarn-rear. e

i=o \J
Take By, ..., Byr(,/z/2) @ v/€/2-covering of S(y), and define an N (1/e/2)-partition
of S(p) as follows. For each £ =1,...,N(y/e/2), let

£—1
Pe=B— B,
j=1

INRIA



Bagged Nearest Neighbor 15

Then Py C By and
N(Ve/2) N(Ve/2)

U 8= U 7.
=1 =1

with P; NP, = (0. Also,
N(e/2)

Z n(Pe) = 1.

{=1

Thus, letting p, = pu(Pr), we may write
F(v2) =P (IX - X'| < V)
>PEl=1,....,n : X€P, and X' € Py)
N(Ve/2)

= >
/=1

(5] :

(by Cauchy-Schwarz inequality).

~—

As a by-product, we remark that Ve > 0 we have F'(y/e) > 0. Consequently,
combining inequalities ([Bl) and @) and setting ¢, ;(p) = (7; P (1 —p)" for
0 <p <1, we obtain

P (0100 ><) = i & (1) 1P (A - P (A

Thus, since P(DF

1 (X) > ) =0 for e > 4[N"!(1)]?, we obtain

AN (D))
= / P(Df(X) > e)de
0
AN D))

<4fv (H)r + ifl N(VE/2)de.

T JaN =Y ([n/i))]?

RR n° 007



16 Biau & al.

E {D(Qi)(X)} <4 [N—l %J r + E/WI(WZ-J)]ZN(\/EME

PRAA T PRV
/ 7 de

j=2 JINTT@I?

N— N— N—
—
[V}
_|_
3|

8i 2 4i niN12 4 W”*iﬂ 2
<2 N YD) WWI(EJ)} += z_: V)],

where the last statement follows from the inequality

In conclusion, we are led to

81 ik 2
E[D5)00] < X VO

as desired.

4.3 Proof of Corollary

For any bounded set A in the Euclidean d-space, the covering radius satisfies
N~ A) < N71(1, A)r= e (see [I3]). Consequently, using Proposition EZ2
we obtain

(1) For d =1,
. n/i]
8p%i .
EHX(z)(X) - XH2 < o 2
j=1
2, [n/i]
< w 1 —|—/ x_de]
n 1
< 16p%i
n

INRIA
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(ii) For d =2,

E[X ) (X) - X|* <

A
(o)

:‘ 9
~.
=i

IN

IN
‘OO
S
<
—
+
=)
—~
3
~—
—_

(#it) For d > 3,

QZ- [n/kn]

8p .
E||X ) (X) - X||? < 22— 2/d
X3y (X) [ - ;1 J

IN

2; rln/i]
< @ 22/,
n-Jo
8% Lnfi) "

1-2/d

In the last statement, we used the inequality i/n < 1/|n/i].

4.4 Proof of Proposition
We write first

E[*(x) — r(x)]* =E

n

D Vi (r(Xp(x)) - T(X))]

i=1

3

N

<E [ZV |7 (X5 (x)) — T(X)\]

3

<C’E

> vl |

S VIE]X (o) (x) - xﬂ
1=1

3

<C?

(by Cauchy-Schwarz inequality and since Z V.=1).
i=1

Thus, integrating with respect to the distribution of X,

E [/ (X) — r(X)]* < C?

SV EX ) (X) xﬁ] |

=1

To bound the term E[X;(X) — X[|?, we apply Corollary and distinguish
the cases d =1,d =2 and d > 3.

RR n° 007
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(1)) fd=1,fori=1,...
16p2%i

E[[ X5 (X) - X||* <

Consequently,
X) —r(X)]? < 1602p2 E Vi —i

E[7,
=1

and by definition of the V;’s

(X) = r(X)]* <16C%p* } [(1 -

1—1
n

E[7,

Thus
(X) - r(X) <1607 ; [(1 iy %) (i 5” :

E[7,

i=1 | j=1
kn n -\ kn—j
k 1 1 7 )
= 16C*p? ") — | = 1-— -
14 Z (] n]fl n Z n n
Jj=1 i=1
ig+1

i
'
/
'
'
\

Z to+1 n—1
noou =L
1
. kn7] . 717.
(=1 %SQ/O z(1 — x)* I dz.

i=1

Figure 1: Illustration of 1 37

INRIA
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For all j =1,...,k,, we now use the inequality

—Z (1 _ ;>knj < 2/01;0(1 —2)nide

This inequality is clearly true for j = k,, even without the factor 2 in
front of the integral. For j < k,, it is illustrated on Figure [l where
f(x) = x(1 — z)¥»=J. The factor 2 is this time necessary because f is not
monotonous on [0, 1].

Consequently,

E [/ (X) — (X)) < 32C2 22( )m 1/0135(1:5)’%%.

Recalling the general formula

/0 P11 — ) e = %, p,q >0, (5)

we obtain

) 1 T@)(k,—j+1)
i )1 T(k,—j +3)

1 1
n/ =t (kn =+ 1)(kn —J +2)

ko \ 1 1
j—=1)ni=t gk, —j+2)

_3202”2an( ) T =TT

Observing finally that (5 +1)(k, —j+ 1) > k, for all j =0,..., &k, — 1,
we conclude

32022 " ka1 320202 1\
E[7*(X) — r(X)]* < "= 1+—) .
700 (X)) < 20 §<3>n— o (1+2)

(i) For d = 2, a reasoning similar to the one reported in statement (i) above
can be followed, to show that

E [7},(X) - r(X)]”

_ kz (;) njl_l /01 21— )T Inada|.  (6)

RR n° 007



20 Biau & al.

Denoting by H,, the n-th harmonic number, i.e.

1 1
Hy=14=4...4—,
2 n

we may write, using technical Lemma B2,
kn 1
kn\ 1 .
- ( , > — / z(1 — x)* I Inzdz
—\J /" Jo
kn
B <kn> 1 Hy, —jy2—1
=2\ )T Gt D=7 +2)

J
o (kn) 1 Hyg,—j41—1
2 )W Gr Ok, -7+

<

Forall j =0,...,k, — 1, we have (j + 1)(k, —j + 1) > k,, as well as

1 1
Hy i1 —-1==-4...4 ——m—
kn—j+1 2+ +I{/’n—j+1
kn=i+1 4y
<[
1 X
=Ink, —j+1)
< In(ky, + 1).

Therefore,

k;TI

1
— knfj
. ( >n3 1/0 z(1—2) In zdx
7j=1
In(k, + 1) 2= (k) 1
<5 (v

nJ
=0 \J

- ln(an+ 1) (1 n %)kn _ (7)

Combining inequalities (@) and [@) leads to the desired result.

(7i1) For d > 3, starting again as in (z), we obtain

E [i(X) — r(X)]”
8C2p? ~2/d

_12/di i[5 ®)

To upper bound the right-hand side, we note that for alli=1,...,n—1,

2 ()
(-5 - (-8 ()

INRIA

and set consequently

1 n—1
S, =

nkn

i=1
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We obtain
n—1 | kn N . 2/d
1 1
Sn=—t YL (oL i/n
nkn 2 : j)ni n 1—i/n
=1 | =1
En n—1 \ kn—j=2/d ;.\ 2/d
1 ko) 1 1 Z
ntn = 7/)nl7 |n Pt n n

kn 1
< ! +2 kn 1 2?1 — )k 72y,
nkn “\Jj/)ni= o

Applying formula ) again, together with the identity

(o) - ()

(a1 (- 3)

(with ag = 2r(( —92)/d)T((d +2)/d)

1 ’Vl

S e 1 (- 5)
1 Bk \ 17 2

= — LA 1— =
ks +O‘d;nﬂ*1 (jl)j 1l ( dé)

kn—1 —j—1
1 1 (k,\ 1 2
= — - S II 1— =
nkn + aq ]E:o: nJ <j>j_|_1 ( d€>

we obtain

Shn

nk

and by technical Lemma

1 —2/d
SnSW‘FOédZ( )nﬂ n

k
1 N
< —— taq (14—%) k’n2/d. (9)

nkn

Finally, combining inequalities ([B) and (@) concludes the proof of Propo-
sition

4.5 Proof of Proposition 3.1l

Starting as in the proof of Proposition 1], we write
n
E[ry(x) — 7 (x))* < 0® Y V7,
i=1

RR n° 007



22 Biau & al.

where, fori=1,...,n —k, + 1,

(i)
v Mo =1

I
3
|
T
+
—_
— o
[ Il
| <}
S| =
N—
>
3
|
_

This yields

_ 1
2%k, — 1’
we conclude that
- k2 n k 1
; C T 2k —1D(n—ky,+1)2 7 n (1—ky/n+1/n)?

4.6 Proof of Proposition

As in the proof of Proposition Z2 we simplify notation by setting N(g) =
N(g,8(w)) and N=(r) = N71(r,S(u)). We also let, for e > 0,

Fle)=P(X-X|<¢),
where X' is distributed as and independent of X, and set

D1)(X) = [X1)(X) = X]|.

INRIA
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Using the fact that ]P’(D(QD(X) >¢e) =0 for ¢ > 4[N "1(1)]?, we may write
E [Dfl)(X)} - /O P (D1)(X) > Vz) de

AN
/ P (D1y(X) > V) de
0

A2 §
_ /O (1- F(v2)" de

, AP i
<4[N"1(n) +/4w1<n>]2 (1—[/\/(\/5/2} ) de

(by inequality HI)

—4N ) 4/{LN(;” (1 - [NWe)] ‘1)n de

4 [Nl(n)]2+4i <1 - %)n ([N’l(if 1)]° - [N*l(z')f) .

Since In(1 —u) < —u for all u < 1 and e™* < ﬁ for all x > 0 , we can upper

bound this last quantity as follows

E|[D)(X)| <4 [N + % > i (W= = v @)]%).
v 2 S N +2 [V )]
N N &
4 - —1,12
S ONUU

i=1

For the last inequality, recall that the sequence (N ~1(i)) is non increasing, so
that

leads to the desired result.

4.7 Proof of Corollary

Recall that the covering radius satisfies the property

NN, S(p) < NTHLS(p))r= e
RR n° 007
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(see [M3]). Thus, using Proposition B2 we obtain
(i) Ford =1,
42 S, 8p?
E[|X1)(X) - X[|* < — P
X (0 = X < 37 < 5

(ii) For d = 2,

4p° <~ 402
E|X ) (X) - X||? < — < (14 1nn).
IX(X) = XI* < 553007 < S+ )

(iii) For d > 3,
E[|X1)(X) — X2 < 40 zn:ﬂ/d
(1) = L

2
< 4L / 2= 2/dq,
0

n
_ 4p2n—2/d-
=T 2/d

4.8 Proof of Proposition
Recall that

n

(%) =Y Vir(Xg (x),

i=1

and observe that
Fax) = B* [r(Xg) ()]

where Xa)(x) is the nearest neighbor of x in a random subsample S,, drawn
without replacement from {Xjy,...,X,} with Card(S,,) = ky, and E* denotes
expectation with respect to the resampling distribution, conditionally on the

data set D,,. Consequently, by Jensen’s inequality,
. 2
E [ () = r(x)]* = E[E* [r (X7 () D] = r(x)]

=E []E* {T (X’@)(X)) —r(x) |D”H2

—E[r (X{y(x)) - r(x)}2
< C*E[[X{y (x) = r(x)]*

< [t |(r (X0)00) - r00) " 122

Since Card(S,,) = kn, we can now apply Corollary B2 replacing n with k.

INRIA
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4.9 Some technical lemmas

Lemma 4.1. For j =0,...,n—1, let the map p,_ ;j(p) be defined by

¢n,j(p) = ( )zﬂ“(l— p)" 7, 0<p<l

Then for alli <n
i—1

su ; <
0§p21 JZ:; #n(P) <

)
n+1

Proof of Lemma BTl Each map ¢, ; is nonnegative, continuously increasing
on the interval [0, (j + 1)/(n+ 1)] and decreasing on [(j +1)/(n+1),1]. Conse-
quently, the supremum of the continuous function Z;;E ©n,j(p) is achieved at
some point p, of the interval [1/(n + 1),4/(n + 1)]. That is,

1—1
sup Z nj(p) = Z ©n,i(Ds)

0<p<1
( )p* 17p*) -

( )p* 1—p)"

i
n+1

M: H'MI

| A

Px <

Lemma 4.2. Let, for each integer m > 0,

1
I, = —/ (1 —2)™ Inzda.
0
Then
Hypyo—1
(m+1)(m+2)°
where H,, is the n-th harmonic number, i.e.,

I =

1 1
H,=14+=-+...+=
2 n

Proof of Lemma Two successive integrations by parts of I,,, show that

(m+2)(m+ 1)L,

—(m+2)/0 (m+1)(1—2)"zInzd
_ 7/ (m +2)(1 — )™ (1 + Inx)da.
0

= [((1 —2)™*2 ~1) (1 + na)], +/1 %dx
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Thus

(m+2)(m + 1)1, = 1+/1 -,
0

I
|
—_
_l’_
S—
i
—_
I
3
+
()
o
<

I

\

—
+

o\;
N
e

o,

N

Lemma 4.3. For each d > 3, each ky, > 1, and j =0,...,k, — 1, we have
Fem —j—1
1 2
L 1— 2 < g2/,
I (-g) =
=1
Proof of Lemma First, since 0 <1 —xz < e™? for all z € [0, 1],
—j— kn—j—1
2 1
1-2) < _z 2.
o (-2) (35 )
/=1 /=1
+

Thus, using 1+ 1/2+ 1/p > In(p+ 1), we deduce

PR

To conclude, we use the fact that, for j =0,...,k, — 1,

- i—l (= )" < B2
J

To see this, note that the inequality above may be written under the equivalent
form

(L=3/k) ™ <14 = 1k
The result can be deduced from the comparison between the map ¢ : = +—
(1 —x)~?/4 and + : 2 — 1+ k,z on the interval [0,1 — 1/k,]. Just note that
©(0) = ¥(0), (1 —1/k,) = k2 < 1/ky, = ¢(1 — 1/ky,) since d > 3, and ¢ is
convex while ¢ is affine (see Figure ). |
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