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Abstract: In this report, we present a novel framework to deform mutually a population of
n-examples based on an optimality criterion. The optimality criterion comprises three terms,
one that aims to impose local smoothness, a second that aims to minimize the individual
distances between all possible pairs of images, while the last one is a global statistical
measurement based on ”compactness” criteria. The problem is reformulated using a discrete
MRF, where the above constraints are encoded in singleton (global) and pair-wise potentials
(smoothness (intra-layer costs) and pair-alignments (inter-layer costs)). Furthermore,we
propose a novel grid-based deformation scheme, that guarantees the diffeomorphism of the
deformation while computationally favorably compared to standard deformation methods.
Towards addressing important deformations we propose a compositional approach where the
deformations are recovered through the sub-optimal solutions of successive discrete MRFs.
The resulting paradigm is optimized using efficient linear programming. The proposed
framework for the mutual deformation of the images is applied to the group-wise registration
problem as well as to an atlas-based population segmentation problem. Both artificially
generated data with known deformations and real data of medical studies were used for the
validation of the method. Promising results demonstrate the potential of our method.
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Recalage Difféomorphique Déformable & Segmentation

de Populations d’Images basés sur des Champs

Markoviens Aléatoires

Résumé : Dans ce rapport, nous présentons un cadre original pour déformer mutuellement
une population de n échantillons basé sur un critère d’optimalité. Le critère d’optimalité
inclut trois termes, qui visent respectivement à imposer une regularité locale, à minimiser
les distances individuelles entre tous les paires d’images possibles, et enfinà intégrer une
mesure statistique globale basée sur des critères de ”compacité”. Le problème est reformulé
en tant que champ markovien, dans lequel les contraintes ci-dessus sont encodées comme des
potentiels simples (global) et de potentiels par paire (régularité (coût intra-couche) et aligne-
ment par paires (coût entre-couche)). De plus, nous proposons un schéma de déformation
original basé sur une grille, qui garanti l’aspect difféomorphique de la déformation tout en
étant numeriquement plus efficace que les méthodes standardes. Afin de garantir une ro-
bustesse aux grande déformations nous proposons une approche composée qui retrouve les
déformations itératives comme les solutions sous-optimales de champs markoviens discrets.
Le paradigme résultant est optimisé en utilisant des techniques de programmation lineaire
efficaces. Le cadre proposé pour la déformation mutuelle d’images est appliqué au recalage
par groupes aussi bien qu’au problème de segmentation d’une population basé partir d’un
atlas. Des données artificiellement crées dont les déformations sont connues ainsi que des
données réeles d’études medicales etaient utilisées pour la validation de la méthode. Des
résultats encourageants démontrent le potentiel de notre méthode.

Mots-clés : déformation mutuelle, recalage simultanée, segmentation à partir d’un atlas,
champs markoviens aleatoires
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4 Sotiras & al.

1 Introduction

1.1 Context and Motivation

Deforming an image to match an other image or a template is a common task in a great
number of problems in computer vision and medical image processing. The goal is either
to establish meaningful correspondences according to a certain criterion between a pair
of images [1], case of registration, or to convey information from a template, where prior
information exists, to the matched image as in the case of the atlas-based segmentation
problem [2]. Existing approaches to solve the fore-mentioned problems consider two images
where one act as a target and the second is deformed to match the target. Such a process
suffers from inherent drawbacks that stem from the fact that only the one image is permitted
to deform and moreover, more importantly, from the a-priori explicit selection of the target
image.

There are two major drawbacks related to the choice of the reference image. The first
one is associated to the process of determining the reference. One question that would rise
naturally is how well the population is represented by the pose reference. For populations
that exhibit important variance, the selection of a member that is able to represent the rest
in an optimal way is not a straightforward process and failure to do so can degrade the
performance of the recovery of the deformations. The second major concern, when reference
pose is considered, is due to the fact that its choice introduces bias to the solution as all
calculations are made with the respect to it. Thus, in the case of atlas creation different
reference images will result in different atlas, where each atlas is inherently biased towards
the chosen reference image [3]. Such a behavior is the opposite to the one expected towards
appropriate representation of the population.

The previous remarks motivate an approach where all images should be let to deform
mutually while no a-priori selection of a reference pose should be made. Such an approach
would permit the unbiased atlas construction that can enable the inter-member comparison
and could also be used in an atlas-based population segmentation framework.

In the following, we review a number of methods that allow for the registration of a
population of images.

1.2 Background and Previous Work

Several approaches that explore the mutual deformation of multiple data sets exist in the
field of population registration. Population registration is defined as the identification of a
homology between the input images, where the number of the images is greater than two.
The major difference between all methods proposed lies in the definition of the reference
frame. Significant work has been dedicated towards optimizing the selection of the reference
image [4]. Once such a pose has been recovered, conventional registration methods based in
pair-wise criteria can be applied [5]. The main drawback of this approach is that reference
must be a member of the population. A natural way, to address this shortcoming is to per-
form simultaneously the registration of all subjects to a common pose that is not predefined.

INRIA
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Towards this end, in [6] all the pair-wise registrations between members of the population
were considered and a mean model was created by composing the mean deformations for
each member into a mean deformation. This improves the performance with respect to the
pair-wise registration but still suffers from not taking into account the global statistics of
the population.

The idea of using the statistics of the population to construct a template based on
which the similarity criterion is a natural extension of the above mentioned methods. In
[7], both the deformation and the template selection are optimized at the same time and
a squared error dissimilarity measure was used. In [8] a normalized mutual information
criterion in a Free Form Deformation framework was used. The template was defined as the
average transformation of the population. It should be noted that in approaches as the ones
presented in [9, 10] a minimum description length criterion was used to perform group-wise
registration and model building. The main limitation of these methods is relevant to the
”use” of a template which could greatly influence the obtained results. For example, the
use of such methods becomes less evident when a important number of diseased patients are
part of the population, or the population involves different modalities. In [11], the idea of
performing template-free group-wise registration was proposed where the objective criterion
used is the sum of univariate entropies along pixel stacks. This method was applied in the
problem of group-wise registration in [12] by combining affine transforms and a stochastic
gradient descent optimization framework. This affine congealing framework was further
extended by [13] to include Free Form Deformations.

State of the art population-registration methods have either opted for pair-wise reg-
istrations and template construction or global statistical measurements. Both components
exhibit strengths and limitations. In both cases, modularity and computational performance
are the main limitations. The main difficulty associated with group-wise registration refers
to the high computational demand, memory requirements and running times in particular
when addressing the deformable case. These constraints were partially addressed through
efficient computational approximations [12, 14] but still when referring to the deformable
case, the spectrum of these methods is far from being satisfactory.

However, in terms of modularity with respect to the selected registration criterion most
of the proposed methods fail short when a different deformation model or registration crite-
rion (pair-wise or global) is to be considered. One would like for example, if the population
involves different modalities, to use similarity metrics that do change according to the nature
of the sample. Furthermore, the ability to encode various global statistical measurements
towards evaluating the statistical coherence of the entire population would be of great use.
Last but not least, the flexibility in terms of the nature of transformation should be consid-
ered.

1.3 Contributions

In this report, several issues are addressed. The mutual deformation of a population of
images is formulated efficiently with the use of Markov Random Fields (MRFs) that allow
for the application of efficient linear programming tools. Discrete optimization schemes

RR n° 6837



6 Sotiras & al.

based on linear programming techniques exhibit the advantage that they can incorporate
various similarity metrics as well as deformation methods thus enhancing the modularity
of the proposed method. A global ”compactness” criterion, a flexible pair-wise comparison
term and natural smoothness constraint are elegantly expressed in the form of a MRF energy.

Various grid-based deformations were considered while a Hermite-based deformation
scheme is introduced. The proposed deformation method is a computationally efficient
variant to the commonly used grid-based deformations, while at the same time exhibits
certain desirable properties such as preserving the diffeomorphism of the deformation under
certain conditions.

The mutual deformation of a population of images framework is applied to the atlas-based
segmentation problem and the notion of mutual population segmentation is introduced.
The aim is to combine prior knowledge along with consistency through the simultaneous
segmentation of the whole population. This is achieved through the mutual deformation
of the population members towards the atlas, while at the same time being constrained
through a simultaneous all-to-all deformable diffeomorphic registration. The latter will
impose consistency with respect to the population segmentation results.

The efficiency of the proposed methodology was tested for both the problems of popula-
tion registration and the atlas-based mutual population segmentation. For the first problem,
experiments were carried out using artificially generated data whose deformations are known
as well as real data from MRI acquisitions of the calf muscles. As far as the second problem
is concerned, results are reported for a publicly available data set of posterior-anterior chest
radiographs.

The remainder of this report is organized as follows: In section 2 the concept of our
diffeomorphic mutual population deformation based on local and global criteria approach is
described while its MRF variant is introduced in section 3. In section 4 the experimental
validation is presented, followed in section 5 by the discussion that concludes this report.

2 Global and Local Criteria for Mutual Population De-

formation

In order to introduce the concept of our approach let us consider n images {I1, ..., In}. We
can assume that its image is described by intensity values Ii(xi) for different image domains
Ωi,xi ∈ Ωi. Without loss of generality a common reference frame can be defined (one should
note that this assumption refers to the transformation domain definition and not to an image
template). The aim of the mutual population deformation is to determine a transformation
T which maps mutually points from the image space, defined by all n images, to points to
the reference frame ΩR

T = {Ti : xR = Ti(xi), i = 1, ..., n}. (1)

such as an optimality criterion is satisfied.

INRIA
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2.1 Deformation Model

Let us consider a grid-based deformation model mostly to facilitate the introduction of the
method and maintain the ability to encode different interpolation methods. Furthermore, we
assume that the transformation is one-to-one and invertible. The deformation of an object
is achieved by manipulating an underlying mesh of control points; the resulting deformation
controls the shape of the object. We superimpose a deformation grid Gi : [1,K] × [1, L]
(usually K and L are smaller than the dimensions of the image) onto each one of the images
Ii, i = 1, ..., n. The central idea of our approach is to deform the grids simultaneously (with
a 2D displacement vector d

p
k
i

for each control point k belonging to the grid Gi) such that
the optimality criterion is optimized. In this case, the transformation of an image pixel
xi = (xi, yi) ∈ Ωi can be written as

Ti(xi) = xi +Di(xi) (2)

where Di(xi) is defined as:

Di(xi) =
∑

p
k
i
∈Gi

η(|xi − pk
i |)dp

k
i
. (3)

Without loss of generality, in such a theoretical setting, we can consider the cubic-B
splines Free Form Deformations. In this case the former equation can be written as:

Di(xi) =

3∑
r=0

3∑
c=0

Br(u)Bc(v)d
p

u0+r,v0+c

i

. (4)

In the previous equation, u0 = ⌊xi/δx⌋, v0 = ⌊yi/δy⌋, u = xi/δx − ⌊xi/δx⌋ and v = yi/δy −

⌊yi/δy⌋. Br represents the rth basis function of the B-spline and δx = Sx

K−1
, δy =

Sy

L−1
,

(where Sx, Sy are the dimensions of the image along x- and y-axis respectively), denotes the
control point spacing.

In the same theoretical setting, in order to render the computations of the deformation
field even more efficient and the same time localize the influence of the control points while
at the same time being smooth enough, we considered the Hermite splines [15]. In this case
equation 3 takes the following form:

Di(xi) =

1∑
r=0

1∑
c=0

Hr(u)Hc(v)d
p

u0+r,v0+c

i

(5)

where Hl represents the lth basis function of the Hermite spline and the rest are defined as
previous.

Given the above deformation model, the population of images will be deformed by per-
forming pair-wise comparisons and global statistical compactness measurements.

RR n° 6837
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2.2 Pair-wise Local Comparisons

Let ρi,j(·) be a similarity measurement used to compare the visual information for the
images i and j. Then, if (without loss of generality) we consider for example pixel-based
measurements, the pair of deformations Ti, Tj , should minimize the distance between the
two individual images in the reference domain:

Elocal(Ti, Tj) =

ZZ

ΩR

ρi,j(Ii(T
−1
i )(x), Ii(T

−1
j (x)))dx (6)

where T−1

i , T−1

j are the inverse transformations between the reference domain and the do-
mains Ωi,Ωj and ΩR is the common reference domain. This criterion simply measures the
similarity for every pixel of the reference pose with respect to the corresponding observa-
tions at the origin pixels at Ii(·), and Ij(·). Such an objective function introduces the inverse
transformation, that is challenging from theoretical and practical point of view when refer-
ring to deformable deformation. An alternative criterion that can be considered is using the
forward transformations and measure the similarity of the images on the intersection of the
deformed images, or

Elocal(Ti, Tj) =

∫∫
Ωi∪Ωj

δα(|Ti(xi) − Tj(xj)|)ρi,j(Ii(Ti(xi)), Ij(Tj(xj)))dxidxj (7)

In simple words, this quantity evaluates the pertinence of the correspondences between the
two images using both definition domains Ωi,Ωj where only the pixels for which correspon-
dences between the two images have been found are considered. It is the role of the δα(·)
dirac function to which determine pixels xi ∈ Ωi and xj ∈ Ωj correspond to the same pixel
x ∈ ΩR where the comparison takes place. We can rewrite the above objective function
using the notion of control points, where each pixel is back-projected to one of the points of
the grid, or

Elocal(Ti, Tj) =
∑

k∈Gi

∑
m∈Gj

∫∫
Ωi∪Ωj

δ̄α(xi,xj)η
−1

p (|xi − pk
i |, |yj − qm

j |)ρ̄i,j(xi,xj)dxidxj (8)

where ρ̄i,j(xi,xj) = ρi,j(Ii(Ti(xi)), Ij(Tj(xj))) and δ̄α(xi,xj) = δα(|Ti(xi) − Tj(xj)|). The
weighting function η−1 computes the influence of the image point xi,xj to the control points
pi,qj . For example, if we consider the case of closest-neighbor interpolation, then a given
pixel in the image will only contribute to the closest control point with a coefficient equal
to one.

The inverse function takes the following form:

η
−1
p (pi,qj) = η

−1
p (|xi − pi|, |xj − qj |)

=
η(|xi − pi|)η(|xj − qj |)

R

Ωi∪Ωj
δα(|Ti(yi) − Tj(yj)|)η(|yi − pi|)η(|yj − qj |)dyidyj

.
(9)

In that way we are able to consider the influence of the image point x ∈ ΩR to the nodes
of the grids that are superimposed onto the two images. This inverse function will be used
during the evaluation of the pair-wise potentials as it should be clarified in the continuation.

INRIA
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This criterion can be extended to deal with the case of n-images by simply considering
all possible pairs of images, or :

E(T1, · · · , Tn) =

n
X

i=1

n
X

j=1

Elocal(Ti, Tj) (10)

This term will introduce consistent pair-wise deformations but will not introduce compact-
ness in terms of statistical behavior for the observations once brought to the reference pose.

2.3 Population-wise Global Comparisons

In statistics, one can associate a random variable to a measure of compactness with respect
to this density. Examples can refer to standard deviation, higher order moments, entropic
measurements, etc. Let p(i(x)) be the distribution of the corresponding sample intensities
at images I1, · · · , In, or i(x) = {I1(T

−1

i (x), · · · , In(T−1
n (x)}. Then, similar to the case of

pairs comparisons and if φ is a measurement of information with respect to the compactness
of i(x), we introduce the following global measurement towards population registration

Eglobal(T1, · · · , Tn) =

ZZ

ΩR

γ(φ(p(i(x)))dx (11)

with γ being a monotonic function inversely proportional to the compactness of the distribu-
tion at x. For example, we can consider the entropy is estimated by using the histograms of
the intensity values. The justification of using this approach is that as the images are mutu-
ally deformed to be aligned properly, intensity values at corresponding coordinate locations
from all the images will form a low entropy distribution.

Eglobal(T1, · · · , Tn) =

Z

· · ·

Z

Ωi∪···∪Ωn

δα(T1(x1), · · · , Tn(xn))γ(λ(x1, · · ·xn))dx1 · · · dxn (12)

where λ(x1, · · ·xn) = φ(I1(T1(x1)), · · · , In(Tn(xn))) and the definition of the δα dirac func-
tion has been expanded to a higher dimension. Similar to the case of the pair-wise costs,
we can back-project the costs defined at the entire domain to the individual points of the
interpolation grid, or

Eglobal(T1, · · · , Tn) =
X

p
k
j

Z

· · ·

Z

Ωi∪···∪Ωn

δα(T1(x1), · · · , Tn(xn))η−1
s (pk

j )γ(λ(x1, · · ·xn))dx1 · · · dxn

(13)

where we have summed over all the nodes k belonging to all grids j.
The back-projection function is defined in a different way for the global measurements,

η
−1
s (|xi − pi|) =

η(|xi − pi|)
R

Ωi
η(|yi − pi|)dyi

. (14)

Examples of such global measurement can be the standard deviation, the skewness, the
kurtosis, the Shannon entropy as considered in the case of congealing, or more advanced
statistical compactness measurements.

RR n° 6837
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2.4 Smoothness Constraints

Medical images capture properties of spatially continuous anatomical structures, therefore
it is natural to assume that the deformation applied to them should be locally smooth.
Opposite to the former cases, this constraint should applied to each grid separately. We
can either define it on the image or the transformation grid (the two definitions become
equivalent with back-projection from the image to the grid). For the shake of simplicity we
define it directly on the deformation of the grid, or

Eglobal(T1, · · · , Tn) =

n
X

i=1

X

p
k
i
∈Gi

ψ(|∇Gi
d

p
k
i
|) (15)

where ψ is a convex function imposing smoothness.
The optimal parameters of the deformation should be determined by an energy min-

imization step. Gradient descent method is the most common approach to address the
minimization task [16], but suffers from important limitations. Among its limitations are
the inability to guarantee the recovery of the global minimum and its computational inef-
ficiency. Moreover, it is not modular since the derivative of the energy depends both on
the model and the criterion used. The use of an alternative optimization strategy that will
be able to approach the optimal solution with a reasonable computational effort and at the
same time encompass different optimization criteria is therefore necessary. Strategies that
comply with the proposed characteristics that the optimization scheme should exhibit, can
be found in the area of discrete optimization.

3 Mutual Population Deformation: Discrete Domain

Strategies that comply with the proposed characteristics that the optimization scheme should
exhibit, can be found in the area of discrete optimization. In order to able to use discrete
optimization schemes the deformation space should be quantized. Let Θ = {d1, ..,dq} be a
quantized version of the deformation field, then a discrete set of labels L = {l1, ..., lq} can
be corresponded to it. A label assignment lξ

p
, where ξ ∈ {1, · · · , q}, to a grid node p is

associated with displacing the node by the corresponding vector dlξp . If a label is assigned
to every node we get a discrete labeling l. The displacement field associated with a certain
labeling l becomes

D(x) =
X

p∈G

η(|x − p|)dlp . (16)

By applying this quantization of the deformation space one would like to reformulate the
problem as a discrete multi-labeling problem, that is assign individual labels lp to the grid
nodes. A common model for representing such problems are Markov Random Fields. The
general form of a pair-clique MRF is

EMRF (l) = α
X

p∈G

Vp(lp) + β
X

p∈G

X

q∈N(p)

Vpq(lp, lq) (17)

INRIA
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where Vp(· ) are the unary potentials that usually represent the data term, Vpq(· , · ) are
the pair-wise potentials representing the smoothness term, N represents the neighborhood
system of the nodes, and α, β are weighting variables. The unary and pair-wise potentials will
be defined according to our problem. One can imagine MRFs with higher order cliques but
then recovering the optimal solution is challenging while being inefficient from computational
perspective.

3.1 MRF energy for mutual Population Deformation

Let us now consider the three criteria being introduced in the mutual population deformation
section and how one can integrated them in the MRF framework. As far as the pair-wise
potentials are concerned, two different cases have to be discerned. First of all, there are
the pair-wise potentials that encode the local smoothness constraint of the deformation field
which will be referred as intra pair-wise potentials. A simple smoothness term can be defined
as a distance function computing the magnitude of vector differences

Vpiqi
(lξpi

, l
ν
qi

) = βintra|d
lξpi − d

lνqi | (18)

where βintra is a weighting that it has been considered to be the same over the spatial

domain and dlξpi actually is the displacement that corresponds to assigning a label lξ to the
node pi.

The second type of pair-wise potential that will be referred as inter pair-wise potential
encodes the distance between the pair of images. A point to be cleared out before defining the
inter pair-wise potentials is that this type of pair-wise potential is only calculated between
the nodes pk

i ,q
k
j . These nodes are placed in respective places k in grids that belong to two

different images i and j. The inter pair-wise potential are defined as

V
p

k
i
q

k
j
(l

p
k
i
, l

q
k
j
) ≈

Z

Ωi∪Ωj

δα(|Ti(xi) − Tj(xj)|)η
−1
p (pk

i ,q
k
j ) · ρ(Ii(Ti(xi)), Ij(Tj(xj)))dxidxj (19)

where ρ is a dissimilarity measure (sum of square differences as well as sum of absolute
differences have been tested). The inter pair-wise potentials are multiplied by a factor
βinter, which normally is different than βintra.

While the adaption of the pair-wise similarity measurements and that of the smooth-
ness terms to MRF pair-wise potentials is straightforward, it is not the case for the global
statistical compactness measurements. These measurements are a function of a high num-
ber variables (actually equal to the cardinality of the set of the images that are being
deformed) and an energy based on such measurements cannot be (at least easily) minimized
[17].Therefore, let us for the time being ignore the global measurement.

A natural way to continue would be to minimize the MRF energy in an one shot fashion.
Despite its intuitive clearness and the ease of implementation, this approach bears some
important drawbacks. First of all, it demands a significant volume of labels that sample
sufficiently the deformation space in order to ensure that the solution will be close enough
to the true optimum. The great number of labels needed renders the problem intractable
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from computational perspective. Last but not least, such an approach does not permit a
straightforward approximation of the global measure. To overcome the previous limitations,
a compositional approach is favored.

3.2 Compositional Approach

The deformations are now recovered through the solution of successive discrete MRFs. This
approach permits a coarse to fine recovery of the deformations where in the first place coarser
grids are used to estimate the coarse deformations, and then by refining the superimposed
grids it becomes possible to recover finer displacements. Thus, by keeping the set of the
labels in a reasonable size it becomes possible to approximate the optimal solution in an
efficient way. Furthermore, by combining the coarse to fine with a multi-scale approach,
the approximation is improved over time. Finally, this approach makes it possible for an
approximation of the global criterion.

Towards this end, the data term measuring the similarity between pairs of images must
be redefined to take into account the time dependency.

V
t

p
k
i
q

k
j
(lpi

, lqj
) ≈

ZZ

Ωi∪Ωj

δ̄α(xi,xj)η
−1
p (pk

i ,q
k
j )·ρ(Ii(T

t
i ◦T

t−1
i (xi)), Ij(T

t
j ◦T

t−1
j (xj)))dxidxj (20)

where δ̃α(xi,xj) = δα(|T t
i ◦T

t−1

i (xi)−T
t
j ◦T

t−1

j (xj)|). The t indexes the successive iterations.
Having introduced a notion of time, it is easy to provide an approximation of the global
criterion that will be encoded by the singleton potentials of the current MRF. The idea will
be to assume that for a given grid node, at a given image the rest of the images do not
change. Then, the cost of a deformation will depend only on the label of this node, or,

V
t

p
k
i
(l

p
k
i
) ≈

Z

· · ·

Z

Ω1∪···∪Ωn

δ̃α(x1, · · · ,xi, · · · ,xn)η−1
s (pk

i )γ(λ̃(x1, · · · ,xn))dx1 · · · dxn (21)

where λ̃(xi, · · · ,xn) = φ(I1(T
t−1

1
(x1)), · · · , Ii(T

t
i (xi)), · · · , In(T t−1

n (xn))) and the dirac δα
function δ̃α(x1, · · · ,xi, · · · ,xn) = δα(T t−1

1
(x1), · · · , T

t
i (xi), · · ·T

t−1
n (xn)) is defined in a

greater dimension. In order to approximate the global measurements as a singleton po-
tential, only the deformation parameters for one image vary while for the rest of the images
the solution of the previous iteration is considered.

The graph, in the case of our framework, comprises of the nodes of the grids that are
superimposed onto the images as well as the edges that are connecting these nodes. There
exist connections between the nodes that are superimposed onto the same image forming a
regular grid, as well as between the nodes that are placed in respective places in different
grids. The graph in the case of two images being considered is depicted in the Fig. 4.

To minimize the successive MRFs, that is to assign a label l to all the nodes p of the
constructed graph, a state of the art minimization method will be used. The method is
called fast-PD and is detailed in [18].
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The last constraint to be addressed refers to the diifeomorphic property of the proposed
population registration framework. This can easily introduced by imposing hard constraints
to the allowed deformations [19]. As the solution space is actually a quantized version of
the deformation space and corresponds to the label set, it is simple to restrict the value that
the maximum displacement can take in terms of the grid spacing. Towards imposing the
diffeomorphic property on the deformation field, the maximum displacement is restricted to
be 0 : 4 times the grid spacing [20] in the case of the cubic-B splines. Following [20], the
bound for the maximum displacement, in the case of the cubic Hermite spline, is proven to
be 0 : 25 times the grid spacing.

4 Experimental Validation

4.1 Group-wise Registration

A natural way to apply the proposed framework is for the solution of the group-wise regis-
tration problem where the members of the population are mutually deformed to reach the
same pose based on the minimization of an optimality criterion. The proposed method was
tested by using two data sets, an artificial and a real one, to validate its capability to register
simultaneously a group of images.

4.1.1 Data

A synthetic brain data set was created by applying simulated deformations. The warping
is done by using cubic B-spline FFD model with two different levels of deformation grids.
The maximum displacement applied was constrained to be 14.6 to 14.6 millimeters in both
directions in order to preserve the diffeomorphism of the transformation. In order to better
assess the quality of the registration, landmarks were placed on the original image so as
to permit us to evaluate visually the convergence to a common frame as the landmarks
approach each other.

The second data set consists of 18 MRI T1 images of the calf, and manual expert seg-
mentations of five major muscle groups. The images were acquired with a 1.5 T Siemens
scanner, with parameters TR=711 /TE=11. Each volume consists of 90 slices of 4mm thick-
ness with voxel spacing of 0.7812× 0.7812× 4 mm. It is important to note that the data set
consists of members that exhibit great variability. Images that belong to patients as well as
ones of healthy subjects are part of the data set 1.

4.1.2 Implementation Details

The sum of absolute differences was considered as pair-wise cost function between the two
deformed images, while the entropy of the aligned images per pixel was used to impose global
statistical compactness. Regarding the parameters of the method, α was set to 10, βinter

was set to 1 and βintra to 0.1. We have used a multiscale implementation with 3 levels, an
initial grid resolution of 8× 8, and a final one of 32× 32. A number of 2× 8 + 1 labels were
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used per iteration cycle, sampled along the principal horizontal and vertical directions. The
Hermite-splines based deformation scheme was used for these experiments.

4.1.3 Results

In Fig. 2 qualitative results of the group-wise registration of the muscle data set are pre-
sented. Comparing visually the mean and the variance image of the population before and
after the group-wise registration the success of the registration process can be assessed qual-
itatively. The mean image is far more sharp than the one before the registration process,
while the variance image emphasizes the decrease of the intensity differences along the reg-
istered data. To further appraise the performance of the proposed method, it was compared
to a state of the art pair-wise registration method [1]. Similar parameters and deformation
grids were used for both methods with the difference that for the group-wise registration
scheme hermite weighting functions were used in the place of cubic B-splines. The perfor-
mance of the pairwise registration was exhaustively evaluated as all possible images were
used as targets. The distributions of the dice values for each image target are reported
in Fig.3, where a boxplot is given for every image target. The results for the pair-wise
registration are given from column 1 to 18, while the column 19 correspond to the results
obtained by the proposed group-wise registration framework. By simple observation of the
graph it can be concluded that the median value of the Dice coefficient attained through
the group-wise registration outperforms the pair-wise method for the majority of the target
images. The results depicted in the graph suggest that considering the population as a whole
and registering subjects jointly brings the population into better alignment than matching
each subject to a target image. This is implied by the decrease of the dispersion of the Dice
values that is observed in the group-wise case. Last but not least, the results presented
in the figure Fig. 3 point out the intrinsic drawbacks of the pair-wise registration process
whose performance is greatly influenced by the choice of the target image.

The qualitative results presented for the brain data set point out the merits of the
proposed method. As it is depicted in Fig.6 the proposed method manages to bring the whole
population to the same pose. This is made evident as the mean image of the population
becomes sharper but more importantly as the respective landmarks in all images converge
to the same positions. More qualitative results on this data set are presented in Fig.5, where
a checkerboard is created from both the input and output images. The fact that the tiles of
the input images that compose the checkerboard can be easily seen implies that the images
exhibit great variations. As it is evident from the smooth checkerboard of the output images,
the algorithm has managed to bring all members to the same pose.

4.2 Atlas-based Mutual Population Segmentation

Another field where the efficiency of such an approach could be evaluated is the one of
atlas-based segmentation. Atlas-based methods [2] and segmentation through registration
is a popular research field. The basic idea is to deform an ”average” organ representation
towards the image and use it to obtain the solution through the deformation of the atlas
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Figure 1: Muscle data set

(a) (b) (c) (d)

Figure 2: Results obtained for the muscle image data set: (a) Mean image before registration,
(b) Image variance before registration, (c) Mean image after registration, (d) Image variance
after registration.

segmentation map. Such a concept has numerous advantages in particular when organ
delineation is not straightforward. One can cite for example lack of edges (radiographic
images) or presence of quite complex texture and similarities with the rest of the region being
imaged (different classes of the human skeletal muscle). In such a context the registration
can be either global (rigid, affine, etc.) or local (deformable) and results will vary and being
quite sensitive from one example to another according to the performance of the registration
method.

Such a process - despite being quite efficient in numerous applications - does not take
into account the entire set of examples to be segmented and treats individually each case.
One can expect that a population-driven approach will perform better. The central idea is
to simultaneously segment all examples while imposing image-based consistencies between
them. Such a concept is well motivated from a number of recent studies in the field of
population registration [21, 12, 8] which demonstrate that pair-wise methods are quite biased
and their performance is significant lower to the population ones.
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Figure 3: Comparison between group-wise and pair-wise registration.

In this report, we introduce the concept of population segmentation through atlas and
population deformable registration. Our approach aims to register the atlas to the individual
examples, while at the same time register all examples among them. The later, will impose
consistency with respect to the population segmentation results. In both cases, we seek for
deformable deformations and all of them are simultaneously recovered.

The algorithm was validated for segmentation of the lung fields in a population of stan-
dard posterior-anterior chest radiographs of a publicly available database.

4.2.1 Data

The chest radiographs are taken from the JSRT database [22] that contains 247 PA chest
radiographs collected from 13 institutions in Japan and one in the United States. The
images were scanned from films to a size of 2048 × 2048 pixels, a spatial resolution of 0.175
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Figure 4: The constructed graph in a simple case.

(a) (b) (c)

Figure 5: Visual results for the brain dataset: (a) Checkerboard of input images, (b) Checker-
board of output images, (c) Detail of the checkerboard of the output images. Note, that in
the latter case, dark areas should be aligned with bright areas.

mm/pixel and 12 bit gray levels. 154 images contain exactly one pulmonary lung nodule
each; the other 93 images contain no lung nodules. The images where segmented and made
publicly available by the authors of [23].

From this publicly available data base only the 93 images that contain the no lung nodules
were used. The images were scaled down to 256× 256 and no further processing took place.
From this subset of the data, 20 images where randomly selected to create the atlas and
another 20 of them were used to test the performance of the proposed method. A sample
of the dataset finally used is depicted in Fig.7, where both the images and their lung field
segmentations are presented. By simple observation of the images, it becomes evident that
the images contain no great edge content while they exhibit important intensity variability.
What should be pointed out though, is that the form of the lung fields also exhibit great
variability thus making the problem of the segmentation a challenging one.
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(a) (b) (c) (d)

Figure 6: Visual results for the brain dataset: (a) Mean image before the registration, (b)
Image presenting the positions of the landmarks before the registration, (c) and(d) respective
images after the registration.

4.2.2 Implementation Details

The compositional approach was combined with a multiscale grid implementation and a
Gaussian pyramid representation of the images. Thus, the first iterations are performed
by using the coarser grid and the coarser level of the Gaussian pyramid which are then
refined during the following optimization cycles. A number of 2× 8+1 labels were used per
iteration cycle, sampled along the principal horizontal and vertical directions. Regarding
the parameters f the method, this time only the local pair-wise comparisons were used, thus
α was set equal to 0 while βinter to 0.8 and βintra to 0.1. The pair-wise similarity criterion
that was used was the Sum of Absolute Differences while the cubic-B splines Free Form
Deformations were considered.

4.2.3 Results

The Dice similarity coefficient, the sensitivity and the specificity were computed in order to
evaluate the segmentation results. The obtained quantitative measurements are graphically
depicted in the form of a boxplot in Fig.8. As it can be easily noted, the proposed method
manages to segment the lung fields with success as the dice coefficients imply. To be able
to visually assess the performance of the method, the comparison between the estimated
solution and the ground truth in the common pose is presented in Fig.9. Qualitatively, it can
be argued that there is a good accordance between the two borders. However, inaccuracies
are present, mainly in zones where ambiguity concerning the border of the object exists and
especially for images that exhibit great deformations. Tackling the current limitations is
subject of ongoing research.
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(a) (b) (c) (d)

Figure 7: Typical images of the dataset: (a) Radiograph 1, (b) Radiograph 2, (c) Segmenta-
tion of the lung fields for the first image, (d) Segmentation of the lung fields for the second
image.

Figure 8: Graphical representation of the measured Dice coefficient, the specificity and the
sensitivity.
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5 Discussion

We have presented a new method that is based on discrete optimization techniques and that
combines a global entropic criterion along with standard pair-wise dissimilarity measures
to perform mutual population deformation. Furthermore, we have introduced the novel
concept of atlas-based mutual population segmentation method where segmentations do
exchange information and convergence/simultaneous labeling is reached once a consensus
has been found among them. One important characteristic of the proposed approach is its
computational efciency that it is enhanced by the use of state of the art MRF optimization
techniques as well as by the use of a novel efcient diffeomophic grid based deformation
model. A key characteristic of the proposed approach is its versatility. Not only is it
able to encompass different similarity measures and smoothness functions, but also different
approaches can be modeled through our proposed framework. As the results presented show,
our method performs well both on synthetic and real medical data in both group-wise and
atlas-based mutual population segmentation framework.

We believe that this is a promising direction of research and thus in the immediate future,
we are going to test it on 3D data in combination with a greater range of dissimilarity
measures. For example, introducing more complex representations with respect to the atlas
through more appropriate statistical characterization of the training data is a straightforward
extension. One second direction that should be investigated is the use of non uniform
deformation grids that will be more dense in areas that exhibit larger deformations. The
use of prior geometric knowledge with respect to the set of admissible deformations is also
a promising direction. Finally, a direction that should be explored is the possibility to relax
the connectivity of the graph created, as it is going to enable us to apply our method in a
bigger set of data.
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Figure 9: Comparison of the estimated segmentation (red color) and the ground truth (green
color) for eight images.
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