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Backward Stochastic Differential
Equations with Jumps
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Abstract. In this paper we propose a numerical method to approximate
the solution of a Backward Stochastic Differential Equations with Jumps
(BSDEJ). This method is based on the construction of a discrete BSDEJ
driven by a complete system of three orthogonal discrete time-space martin-
gales, the first a random walk converging to a Brownian motion; the second,
another random walk, independent of the first one, converging to a Poisson
process. The solution of this discrete BSDEJ is shown to weakly converge
to the solution of the continuous time BSDEJ. An application to partial
integro-differential equations is given.
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1 Introduction

Consider a stochastic process {Y;, Z;, U;: 0 < t < T} that is the solution of
a Backward Stochastic Differential Equation with Jumps (in short BSDEJ)
of the form

T T
Vime+ [ s zovgas— [ zan - [ v)N(as,do)
t t (t,T]xR
0<t<T. (L1)

Here {B;: 0 < t < T} is a one dimensional standard Brownian motion;
N(dt,dz) = N(dt,dz) — v(dt, dz) is a compensated Poisson random measure
defined in [0, 7] x (R\ {0}). Both processes are defined on a stochastic basis
B = (Q,Fr,F = {F o<t<r,P), and, as usual in this framework, we assume
that they are independent. The terminal condition £ is a square integrable
and Fr measurable random variable (see condition (B) in section 2); the
coefficient f is a continuous, bounded and Lipschitz function f: [0, T]xR3 —
R (see conditions (A1) and (A2) in section 2). The problem of solving a
BSDEJ given the terminal condition &, the coefficient f, and the driving
processes B and N, defined on a stochastic basis B, is to find three adapted
processes {Y;, Z;,,U,: 0 <t < T} such that (1.1) holds.

In this paper —once the existence and uniqueness of the solution of a
BSDEJ as described above is known— we propose a numerical method that
approximates the solution of the equation (1.1) in the case when N is a
compensated Poisson process.

Nonlinear backward stochastic differential equations of the form

T T
}/t:g—'—/ f(&ifsazs)ds_/ stWsa 0 StSTa
t t

were first introduced by E. Pardoux and S. Peng [14] in 1990. Under some
Lipschitz conditions on the generator f, the authors stated the first existence
and uniqueness result. Later on, the same authors in 1992 developed the
BSDE theory relaxing the hypotheses that ensure the existence and unique-
ness on this type of equations in [15]. Many subsequent efforts have been
made in order to relax further the assumptions on the coefficient f(s,y, z),
and many applications in mathematical finance have been proposed.

The backward stochastic differential equations with jumps theory begins
with an existence result obtained by S. Tang and X. Li [11]. The authors
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stated such a theorem when the generator satisfies some Lipschitz condition.
Another relevant contribution on BSDEJ is the paper by R. Situ [17]. In
2], G. Barles, R. Buckdahn and E. Pardoux consider a BSDEJ when the
driving noises are a Brownian motion and an independent Poisson random
measure. They show the existence and uniqueness of the solution, and in
addition, they establish a link with a partial integro-differential equation (in
short PIDE).

A relevant problem in the theory of BSDEs is to propose implementable
numerical methods to approximate the solution of such equations. Several
efforts have been made in this direction as well. For example, in the Marko-
vian case, J. Douglas, J. Ma and P. Protter [9] proposed a numerical method
for a class of forward-backward SDEs, based on a four step scheme devel-
oped by J. Ma, P. Protter and J. Yong [13]. On the other hand, D. Chevance
[6] proposed a numerical method for BSDEs. In [18], J. Zhang proposed
a numerical scheme for a class of backward stochastic differential equations
with possible path-dependent terminal values. See also [4, 10], among oth-
ers, where numerical methods for decoupled forward-backward differential
equations are proposed, and [3, 1, 12] for backward differential equations.

In the present work we propose to approximate the solution of a BSDEJ
driven by a Brownian Motion and an independent compensated Poisson pro-
cess, through the solution of a discrete backward equation, following the
approach proposed for BSDE by Briand, Delyon and Mémin in [5]. The
algorithm to compute this approximation is simple.

The rest of the paper is organized as follows. In section 2 we present
the problem, propose an approximation process and a simple algorithm to
compute it, and present the main convergence result of the paper. Section 3
is devoted to the proof of the previous main result, in the adequate topol-
ogy. In section 4 we present an application of the main result to a decoupled
system of a stochastic differential equation and a backward stochastic differ-
ential equation, resulting in a numerical approximation of the solution of an
associated partial integro-differential equation.

2 Main result

In order to propose an implementable numerical scheme we consider that
the Poisson random measure is simply generated by the jumps of a Poisson
process For the sake of simplicity of notation we work in the time interval



[0,1]. We then consider a Poisson process {N;: 0 <t < 1} with intensity A
and jump epochs {7;: k£ =0,1,...}. The random measure is then

N(dt, dx) Zam (dt,dz) — \dtd, (dx),

where ¢, denotes the Dirac delta at the point a. We also denote N, = N,—\t.
As a consequence, the unknown function Uy(x) that in principle depends on
the jump magnitude = becomes Uy = Uy(1), and our BSDEJ in (1.1) becomes

Y, = §+/sts,Zs,U)ds—/ Z.dB, — Z UT+>\/ Usds,
t t

1= Nt+1
:g+/ f(s,YS,ZS,US)ds—/ ZSdBS—/ U,dNs,, (2.2)
t t (tvl]

for 0 <t < 1. In order to ensure existence and uniqueness of the solution of
this equation we consider the following conditions on the coefficient:

(A1) the function f is continuous and bounded.

(A2) the function f is uniformly Lipschitz with respect to variables (y, z, u),
with Lipschitz constant K, i.e.

|f(5791721>ul) - f(87y27227u2)| < K<|y1 - y2| + |Zl - 22| + |U1 - U2|)

In what respects the terminal condition, we assume:

(B) the random variable £ is Fr measurable and E(£?) < oo.

2.1 Discrete time BSDE with jumps

We propose to approximate the solution of the BSDEJ in (2.2) by the so-
lution of a discrete backward stochastic differential equation with jumps in
a discrete stochastic basis with a filtration generated by two independent,
centered random walks. In order to obtain the representation property a
third martingale is considered. The convergence of this approximation relies
on the fact that the first random walk converges to the driving Brownian
motion, and the second to the driving compensated Poisson process. Let us
define these two random walks.



For n € N we introduce the first random walk {W}': k =0,...,n} by

k
1
Wi =20 W' =— * k=1,... 2.3
0 ) k \/ﬁ zzl €; ( ’ ’ n)v ( )
where €7, ..., € are independent symmetric Bernoulli random variables:

Plep=1)=P(eg =-1)=1/2, (k=1,...,n).

The second random walk {N 7k =0,...,n} is non symmetric, and given
by
) ) k
Ny =0, Ne=>n  (k=1,...,n), (2.4)
i=1
where n7,...,n" are independent and identically distributed random vari-
ables with probabilities, for each k, given by
P =k —1) =1 =P = Kky) = Ky (k=1,...,n), (2.5)

where x, = e™»". We assume that both sequences €7,...,€* and n?,...,n"

are defined on the original probability space (2, F,P) (that can be enlarged if
necessary), and that they are mutually independent. The (discrete) filtration
in the probability space is F" = {F': k = 0,...,n} with F = {Q,0} and
Fr=ofer,...;eg.ny, ... ,nptfor k=1,...,n.

In this discrete stochastic basis, given an F}' ; measurable random vari-
able yx11, to represent the martingale difference my 1 := yx41 —E(ka | ]:,’j)
we need a set of three strongly orthogonal martingales. This is a motiva-
tion to introduce a third martingale increments sequence {u} = einp: k =
0,...,n}. In this context there exist unique F;' measurable random variables
2k, Uk, Vg such that

1
Mig+1 = Yke+1 — E(yk+1 ’ «7:1?) = EZkGZH + Uw;?H + UkMZH» (2-6)
that can be computed as

Rk = E(\/E?JHIEZH | -7:1?) =vn E(kaEZH | -7:1?)7 (2.7)
E(yYrs1mir | Fi') 1

U = — - = E(ykiniy | FL), (2.8)
E((nk+1)2 | Jfk) ﬁn(l _ /fn) ( k+1 k)
E(yks1tp1 | Fi 1 n

U = ( e | 72) = E(Yrsrpip | Fi)-

E((upy)? | FE) ka1 — k)



(Observe that the martingales are orthogonal but not orthonormal, from this
fact the necessity of the normalization.) With this information we proceed
to formulate the discrete BSDEJ. Consider then a square integrable and F?
measurable final condition £”, the same coefficient f as in equation (2.2), and
denote h = 1/n. Consider the discrete time backward stochastic differential
equation with terminal condition y,, = y;n = £", and for k =n —1,...,0
given by

,_.

n—

n—1
:£”+th( ,yz,zl, 7,) <\/—Zz €Z+1+u 771+1+U 'uH_l) (29>
i=k

M

| |
o

where y' := yjh, and 7 = i/n (i ,...,n). A solution to (2.9) is an F"-
adapted sequerllce {yg, 2z, up,vp s k= 0,...,n} such that y; = £ and (2.9)
holds.

Equation (2.9) is equivalent to a backward recursive system, beginning
by y = &£", followed by

yr =y Ay apup) — Vhaper —upmp —oiup, (2.10)
= yg—i—l + hf(t;; ylrgla Z?a UZ) - mZ—f—la

for k =n—1,...,0. In view of the representation property (2.6), this last
equation (2.10) is equivalent to

ur =By | F) + hf @y 210 ug). (2.11)
The solution can be computed by the following simple algorithm:

(D) Set (yn, 2y, uy, vp) = (€7,0,0,0).

n 'n’ vn

(II) For k from n — 1 down to 0, compute

E(Z/IZJA | fl?)a
Compute 2z} and u} as in (2.7) and (2.8) and solve (2.11) to find y},

using a fixed point principle.

This algorithm shows the existence and uniqueness of the solution of the
discrete BSDEJ defined in (2.9), as it is always possible to solve it using
the fixed point principle for n large enough, such that Kh = K/n < 1.
Furthermore, the construction and the Lipschitz property (A1) shows that

E( sup (yp)?) < oo. (2.12)
0<k<n



In what respects {v]} it is shown in section 3 that this sequence vanishes,
so, in principle, it is not relevant to compute it.

Remark 1 (Computing conditional expectations). Our scheme is very simple
to implement. However, as for any scheme that solves BSDEs numerically,
it requires to compute conditional expectations. Various methods have then
been proposed. In our case, for a function ®: R?**2 — R we use the formula

]E[q)(e?a s 762—5-17777117 ce 7772—&—1) |‘/Tl?]

:7(13(6?,...,ez,l,n?,...,nﬁ,/{n—1)
Kn n n n n

+?Q(el,...,ek,—l,nl,...,nk,ﬁn—1)
1 H n n n n

+ 5 n‘I)(El,---,Ek,1,771,--~,77k,f€n)

11—k,
2

S(et, ... e, —1nt, . o np ke). (2.13)

Remark 2. In principle our proposal can be implemented for a d-dimensional
Brownian motion and a Poisson process with a jump measure of the form
I(dz) = Y2, Tz, (dz). In this case, there exist a set of 2¢** —1 martin-
gales with the répresentation property (2.6). It should be taken into account
that the computation of conditional expectation in (II) involves the sum of
24+¢ terms.

2.2 The main convergence result

Consider the continuous time version {Y;*, Z*, U, V;*: 0 < t < 1} of the
solution {y, z*, ul*,vl': i = 0,...,n} of the discrete equation (2.10) defined
by

V" =Y 2= 2y Ul = Uy, V=04, (2.14)
for t € [0,1]. Note that Y}, Z*, U and V,* are measurable w.r.t. the o-
algebra i, when t € [0, 1]. The discrete BSDEJ in (2.9), denoting ¢, (t) =
[nt]/n (0 <t < 1), can be written as Y* = £" and

ve—ew [ gz v - [ zean

(,1] (¢,1]

— / U dN — / VI dM”
(¢,1] (¢,1]



for t € [0,1], and M? = W™ x N*. With our notations (2.10) becomes

Yin = Y;?H + Ef(ti Yiu, Zin, t?) - ﬁthei—&-l = Uiy — Vip i (2.15)
In Section 2.1 and Remark 1, we gave a numerical scheme to compute the
solution {Y;, Zn UL 0 <t < 1}.

Theorem 1. Under the assumptions (Al), (A2), (B) and (H), the set of pro-
cesses (", Y™, [, Z1ds, [, Ul'ds) converges in the Skorokhod topology, and in
probability, towards the solution (£,Y, [ Zsds, [, Usds) of the BSDEJ (1.1).

3 Proofs

Our theorem is inspired in the main result of [5]. The proof follows, when
possible, the main steps of the proof of this result. The main difference
appears due to the fact that the underlying representation theorem for the
simple symmetric Bernoulli random walk does not take place in our case,
beeing necessary to consider a complete system of orthogonal martingales
in order to have this representation property, as we have seen in equation
(2.10). The idea is then to consider for both the discrete and the continuous
time equations the approximations provided by the Picard’s method.

In the continuous case denote Y0 = 70 = >0 = () and define
{yoeortl Zooptl freertl. () < ¢ < 1} inductively as the solution of the back-
ward differential equation

1 1
p — + 57 ). , ) , ) S — g s — K s
yportt Yo, Z3P U )d Z2PdB UZP TN,
t t (t,1]

In the discrete case, given n denote yp” = 27" = uf® = vp* = 0 for k =
0,...,n and define {yz’pﬂ, zZ’pH, uZ’pH, vz’pﬂz k=0,...,n} inductively as
the solution of the backward difference equation with final condition y™P*! =

&™ and backwards recursion defined by

n,p+1 _ n,p+1 n n,p n,p n,p n,p+1_n n,p+1_n n,p+1 n
Y =ypr Ry 20w — \/Ezk: k1 — Up M1 — Yp o Hgga

2 +1 . ) . . +1
= yl?fl + h’f( Za y;bp’ ZvauZp) - mel 3 (316)



If we consider the continuous time versions of the discrete Picard approxima-
tions as defined in (2.14), our method of proof relies on the decompositions

(Y = Y"P) 4 (Y™ — YOP) 4 (YO —Y)
7 = (2" = Z™P) 4 (2™ — Z%P) 4 (27 — Z)

U" = U = (U" = U™P) + (U™ = UP) 4 (USP —U)
(

VT — V) VP

We prove the convergence of the discrete solution as n — oo to the solution
of (1.1), by proving the uniform convergence in the the Picard iteration
principle, as well as the convergence of the approximation of this solution
given by this iteration principle at each step when the time step is refined.

3.1 Convergence of the Picard’s iteration procedure in
the discrete case

The next lemma evaluates the convergence rate of the Picard approximation
sequence (y™P, z™P u™P) to (y", 2", u") in the discrete scheme, and shows this
rate is uniform in the time step 1/n. It also provides the convergence of the
discrete auxiliar sequence (v,”) to zero.

We denote (y, z,u) = {(Yk, 25, ux): k= 0,...,n} (with or without super-
script n) and, for v > 1 introduce the norms

1

»=E <O§ggnvk/"ly2\2) (kz "z )

n—1
+E (“n (1= k) D 2" |UZ|2> ,

k=0
n—1

||U”||3 =E </<on (1 — Ry ka/" IUZF) .
k=0

Lemma 1. There exists v > 1 and ng € N such that for all n > ng and
pe N,

(", 2", u")]

2
O B0 o P

1 2
< Z H<yn,p _ ynvp 1’ LD TP ljun,p — P 1) H7



Proof. We introduce some notation. As n remains fixed during the main
part of the proof, it will be omitted in the notations whenever possible. We

denote

p+1 _  np+l n,p
dx, =z, -z

for a quantity z =y, z, u, v, m. With this notation observe that
1
1 1
SyPtt = Sybt + E(Sf,f —omb, (3.17)

where m is given in (2.10). If we denote

P 1 1 p—1
0f = FUR ™ 2" we™) — FL w2 w0,

Now, for some 3 > 1 we develop the quantity
B (Gyn)? = B0y = =B 0y )’

through a discrete (time dependent) It6 Formula (compare with [16, VII §9]).

n—1
P+1 Z Bz—l—l 5yf:11 5z<5yp+1) )
i=k
n—1

_ (ﬁ _ 1) Z P+1 + Zﬁz—&-l 5yf:11 ﬁz(éyp—&-l) )

i=k
n—1

=(B-1)) By +252615y”“ (yiy — oy7™)
i=k

n—1

+ 8BSy — oyt (3.18)

i=k

From (3.17) follows, that

1
Gyt =0y = 5 (0mPH)” = =5 (0f7)°.

l\DI»—l

Changing signs, using the previous inequality and (3.17) again, from (3.18)

10



we obtain

n—1
R+ 5 S5 (o)’
i=k

—

n—

1
<(1-8))_ AEy) +2ﬂZﬁ’5yp“ (;5 F = Om fif)
6 nilz:k‘ 2 1=k
5> 0 (0fh)" (3.19)
i=k

We now use the inequality, for A > 0,

™) (st ) <2 a4 50z (012)°

in the second term of (3.19) to obtain
5 p+1 ﬁ Zﬁz 5 pi-ll
) +4)\ 1927
<(1+2-9) ZWW =2t Zﬂz (0170)’

— 28 Z Aoyt omyt]

i=k

We now assume that 1 + X — 8 < 0 and denote B = 3 + 4\~!3? to obtain
6 n—1 ‘ )
BEOuET) + 5 > B (omi)
k

B (5f7)" - 26 Zﬁzéyl’“émﬁf (3.20)

Formula (3.20) is our first main inequality. ;jFrom it we obtain the following
two results. First, as the last summand is a martingale, taking expectations
with £ = 0, we obtain

B n—1 '
—EZﬂ’ (omPf)" < SEY B (0f2)" (3.21)
i=k

11



Second, taking supremum over k£ = 0,...,n we have

sup B (0ylth)? Zﬁl (6fF) +4ﬁ sup Zﬁléyﬁlémﬂf

0<k<n 0<k<n |“=5

(3.22)

To obtain a convenient bound in the last term of (3.21), we use Davis (see [16,
VII §3]) and afterwards Holder inequalities. With F' an universal constant,
we obtain

4PE sup Zﬁ’éy”“ miy

0<k<n i—0

< FE| 0% (00 (omi)”

<ABFE, | sup BHEy™)? Zﬁz (om2 )"

0<k<n

gEoi%E gk((gyi’H) + 32ﬁF2EZﬁi (5mf:11)2.

Taking expectation in (3.22), using the previous result, and finally (3.21) we
obtain, that

(1-B/2)E sup §*(6y7 )2 <

0<k<n

nﬁ(l+64ﬁF2 Z B (6f)". (3.23)

Combining (3.21) and (3.23) we arrive to

n—1 n—1
k(s ptl i p+1\2 Q i p 2
Eoiﬁignﬂ (dy )2 +E; gt (ombi))” < nQE; 3007, (3.24)

with C = 2B(1+ 1/8 + 648F?)/(1 — 3/2).
_ Using now the Lipschitz property (A1) we see that there exists a constant
K such that

(877 < K ((897)? + (820)% + nn(1 — k) (0uf)?) (3.25)

12



Equations (3.24) and (3.25) give

n—1
, 2
E sup B5(6y2™)? + ]EZ B (6mPi)

0<k<n y

CK 1
< — (]E sup 3*(6y})* + EEZﬂk (027

n 0<k<n =0

+ Kp(1 — nn)Ei 3* (5ub)? ) .

k=0

It remains to choose properly 5 and X as a function of n. For some v > 1,
set B =" and A = B/n. The condition 1 + A\ < 3 is then equivalent to
v > (1 —=1/n)~™. Thus, if 7 > e, for n large enough this choice is suitable
with our assumptions on  and A, and C'/n remains bounded as n — oo.

Computing E (6mfj:11 )2, we conclude the proof. n

Just like in the continuous case, we can use the Cauchy criterion and the
preceding lemma to get the following result.

Proposition 1. Following the notations of (2.15) and (3.16),

1 1
e (s [vee v+ [z -zt [ o opfa)
0 0

0<t<1

converges to 0 uniformly inn as p — oo.

3.2 Approximation of Brownian motion and Poisson
process

In order to establish convergence in probability, we consider that all the
processes are defined on the same probability space.

Lemma 2. (I) Let us consider a compensated Poisson process N, = N, — \t,
where N is a Poisson process of intensity \. For any integer n, one can find
a family of realizations of independent random variables (n}*)i=1....n such that

(i) the distributions of the ny’s are given by (2.5). (ii) For NP = Z}i/fj_l ne,
then N™ is a martingale and there exists a family (¢™) of one-to-one random

time changes from [0,T] to [0,T] such that sup,co 1y |¢"(t) —t| —— 0 almost

13



surely and sup,ep 1y IN, — Ngn(t)| —— 0 in probability. In other words, N"

converges in probability to N in the J;-Skorokhod topology.

(1) Let W be a Brownian motion. Then there exists a family of realiza-
tions independent random variables €} such that P(eff = 1) =P(e} = —1) =
1/2 and W™ = hZZLt:/th*l €' converges uniformly in probability to W.

(III) The couple (W™, N”) converges in the Ji-Skorokhod topology in prob-
ability to (W, N).
Proof. (I) Let (€2, F,P) be the probability space on which NN is defined. De-

note by {7;}i=1.. o1 the time jumps de N. To simplify the notations, we set
70 =0and 7, =T. Let A" the the event

An — there is at most one jump of N
| on any interval [kh, h(k 4+ 1)) for k=0,...,n ("

We denote by A" the complementary event of A”. Let ¢"(t,w) be the random
piecewise linear functions on [0,77] x Q defined by

¢" (13, w) + #@M(%(EH(W) — T (7i(w)))

O (t,w) = when w € A" and t € [1;(w), i1 (w)],
t when w € A"
where m,(t) = h(|t/h] + 1). Let us remark that ¢"(7;) = m,(7;) for i =

0,....0.
Let us note that for t € [, 7i11),

6"(8) — 1] < |67 (r) — 7| + ]u ) (Wg: —oeln) 1)'

on the event A™. Hence, one obtains easily that

Tn(Tiv1) — Tn(T3)
Tit1 — Ty

sup |¢"(t) —t| < 2T¢ sup
te[0,T] i=0,..,0—1

_1‘,

so that we get easily the uniform convergence of ¢"(t) to t almost surely and
in L'(P) (since E(¢) < +00).
Let usset for k=1,...,n,

n_ JK if N — Nge—iyn > 1,
T = k—1 if Nkh_N(k—l)h = 0.

14



¢From the properties of the Poisson process, we see that the n;'’s are inde-
pendent and distributed as in (2.5). In addition, we set N, = Z,g:/}fj np with
the convention that N; = 0 on [0, k).

It is then easily proved that on A", for t € [, Ti11],

[N = Noy = Ny + N | < AE=7) + (5 = D[(6"(8) = 6" (7)) /]|
On the other hand, if 7; € [kh, (k4 1)h) and on A",
Nw(ﬂ.) — ]%)n(n,) =rk—1+ N}i — Nn,.
For t € [1;, Ti11),

[Nt — Ngnny] < [Nt — Ny, — Nygy + No(ry)|
+ > ING = Noo = Noy + Nogrio|

is.t. T, <t, i>1

+ Z |Ni_ — Ny, — N¢(Tz‘)— + N¢(Ti71)|'

i s.t. T, <t, i>1

On the event A",

sup [Ni=Nnpl < sup sup [A(t=7)+(1—r)[(¢"(t) = ¢" (7)) /D]

tG[O,T} 1=0,..., /-1 tG[Ti,TZ‘+1)

-----

+ Uk —1].
As E(¢) = T/ A, one gets that
te[0,7 n—0oo
On A", then ¢"(t) =t and then
N N i—1
Nih — Nﬁl = —\ih — h(l‘i — 1)2 + Z(N(jJrl)h — Nj — 1)1N(j+1)h—Nj22‘
=0
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Thus, for any C' > 0,
o~ T —n 1 ~ ~
P < sup |N; — NJ'| > C’) <PA]+=E ( sup |N; — Nt”];A") :
te[0,T] t€[0,T]

On the other hand, from the very definition of A" and since N1y, — IV;
has the distribution of a Poisson random variable with intensity Ah,

[y

)<y \2T?
n

Il
o

i

Point (II) follows from the Donsker theorem, and (III) holds since W is
continuous so that the 2-dimensional path (W™ N™) converges in the .J;-
topology to (W, N). O

Remark 3. With a bit more work, it may be proved that N converges indeed
to N in L(P).

3.3 Convergence of martingales

Following the ideas given in [5, Theorem 3.1], consider a probability space
(Q, F,P) and the following processes defined on it:

e two independent random walks with independent increments, (W/")o<i<1,
(No<i<1, (H™ = (W™, N"));

o (W})o<t<1 a Brownian motion, and (N;)o<t<1 a compensated Poisson

process, (H = (W, N));

We denote by (F}*) (resp. (F;)) the right continuous filtration generated by
H" (resp. H).

Let us consider finally a sequence X" of F7 measurable integrable random
variables, and X an JF7p measurable integrable random variables, together
with the cadlag martingales

M =E(X"|F'), M, =E(X|F). (3.26)

We denote by [M", M"] (resp. [M, M]) the quadratic variation of M™ (resp.
M) and by [M™, W"],[M™, N"] (vesp. [M,W],[M, N]) the cross variation of

M™ and W™ (resp. N").
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Proposition 2. Let us consider the following assumptions:

(H1) for each n, W™ and N"™ are two independent square integrable F"-
martingales with independent increments;

(H2) W™ — W in probability for the topology of uniform convergence of
cadlag processes indexed by t € [0,T];

(H3) N™ — N in probability for the J,-Skorokhod topology;
(H}) E[X?] +supE[(X")?] < o0, E[| X" — X|] — 0;

Then, if conditions (H1)—(H4) are satisfied,
(H, M, (M M, M7, W), (M, 87) — (H, M, [M, M), [M, W1, [M, V)
in probability for the Jy-Skorokhod topology.

Proof. The proof of this proposition follows directly from [5] Theorem 3.1,
and [7] for the convergence of filtrations. We point out two remarks:

e First, since W" LLLN W and N* 2% N as n — oo in probability, then

o H , as m — 00. S0, we prove the convergence in probability for
the Ji-Skorokhod topology instead the uniform convergence.

e Second, since H" AN 5 , as n — 00, then we can get the convergence in
probability for sequence of martingale M™ to M in the J;-Skorokhod
topology.

O

Corollary 1. Let W, W™, N and N, n € N, be the standard Brownian
motion, the symmetric random walk defined in (2.3), a compensated Poisson
Process and the random walk defined in (2.4). Let us consider, on the same
space, X and X" satisfying the hypothesis (H4) of proposition 2. Then there
exists three sequences of (Z}')o<t<1, (vf)o<t<1 and (U")o<t<1 F"-predictable
processes, and two independent (Z;)o<i<1 and (Up)o<i<1 F.-predictable pro-
cesses such that:

t t t
M =E[X"] + / 7" AW + / U dNT + / v dMT
Vt € [07 1]7 t0 t 0 N 0
M, = E[X] + / Zo_dW, + / U,_dN,
0 0

17



with ) )
/ (Z" — Z,)*dt — 0, A/ (U = Up)?dt — 0
0 0

in probability and fo v;‘_d]\;[: — 0 in probability for the Ji-Skorokhod topol-
0qy.
Proof. The first part is related to the predictable representation of F™-
martingales in terms of stochastic integrals with respect to three independent
random walks, W, N and M™. The increments of M™ may take up to four
different values, which means that we need three orthogonal martingales to
represent it (see [8]). It is then easily obtained that M™ is a martingale
which is orthogonal to both N™ and W™. This is why we introduce it. The
predictable representation of M with respect to W and N is classical.

For the second part we have from Proposition 2, [M", W"] — [M, W] in
probability for the J;-Skorokhod topology. Then we have:

P (t) t
/ Z7 den(s) — / Zsds
0 0

in probability, where ¢"™(¢) T t. From Jensen inequality we get that:

t t
/ Zyds — / Zsds
0 0
in probability.

On the other hand since [M™ N"] — [M, N] in probability for the .J;-
Skorokhod topology. This implies that

P (1) t
/ W?n(s)U:_an(S) - )\/ U,ds
0 0

We can apply the same arguments used for (3.28), Burkholder-Davis-Gundy
inequality to control the distance between n? and (1 — k), and the fact that

k — 1 as n — oo the to get:
t t
/ Ulds — / Usds
0 0
in probability.

The last part of the Corollary 1 is given by the joint convergence of
(M™, E(X™), [, 22 dW}, [ U dN?) to (M, E(X), f, Ze—dWs, [, Us—dN,). O

sup — 0, (3.27)

0<t<T

sup — 0 (3.28)

0<t<T

sup — 0. (3.29)

0<t<T

sup A — 0. (3.30)

0<t<T

18



3.4 Convergence of the solution of the BSDE

Proposition 3. Under the (A1), (A2), and hypothesis (H). Let us consider
the scaled random walks W™ and N™. We have that,

sup
0<t<1

n,p 4
Yol = Yi p—
(3.31)

in probability, where ¢" is a random one-to-one continuous mapping from
[0,1] to [0,1] that converges uniformly to t — t almost surely.

1 1
—i—/ \ZP — 7P 12 ds + )\/ U™ — U | ds —— 0
0 0

Proof. This will be done by induction on p. We rewrite (3.16) as

1
yrrt _gn g / f (5=, YU, Z00 ULP) de(5)
t

1 1 1
— / ZrPawn — / UrPHanNT — / V" dM?”, (3.32)
t

t t

where Y™ denotes the caglad process associated to Y". The assumption is
that (Y™, Z™P U™P) converges to (Y?, ZP, U?) in the sense of (3.31) so that
our aim is to prove that (Y"P+1 Zmp+l {ymrtl) converges to (YPT1, Zr+t Uprtl)
in the same sense.

Taking conditional expectations w.r.t. F}' in (3.16) and using the fact
that YtZ’pH is F}' measurable, we find that for ¢ < ¢,(t) < tj41:

1
Y;n,p-i-l —F |:§n +/ f (S—, Y:ip, Z?Lp, U:_’p) dcn(s) |.7:;?:| .
t
So that

t
MpPHL = Yty / J (5= Y7, 20 U den(s)
0

1
_ [S” N IR CRENGOINE |f,?]
0

= E [Mf’pﬂ‘fm is a F" martingale.
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Moreover, we have the representation
1 1 1
M = IE[ / ZEH AW + / UL N + / v?_de]]—“,?}
0 0 0
tE tg - 23 ~
= / ZE AW + / USPHHdNT + / vl dM]
0 0 0

t t t
— / ZM P awr 4 / UM ANT 4 / v dM?!.
0 0 0
The last decomposition corresponds to the martingale representation the-
orem given in Corollary 1.

In order to apply Corollary 1 to the sequence of martingales { (Mt" P H) ;n €N },

0<t<1’
we have to prove the L' (P) convergence of M{""™ (the terminal value).
Using the fact that Y™P, Z™P and U™P are piecewise constant, we have
that

1
‘M{“pﬂ—f—/ [ (s, Y2, Z2,U7) ds
0

1

< e =l [ U YR 2O [ (s, Y0 2 U ds.
0

Now using the fact that f is Lipschitz with constant K,

1
\M{W“ —¢- [ rGzmnas
0

1 1
< (14+K) sup |Y5"’p—Yf|—|—K/ |Z§—Z§’p|ds+K/ |U? — UMP| ds,
0 0

0<s<1

and by the induction hypothesis, this last quantity tends to zero in probability
and then in L' (P) (using the L? (P)-boundedness).
Applying Corollary 1, we see that M™P*! converges to

1
MpH = E(§+ / f(s,ifsp,Zﬁ,Uﬁ’)dS(ft)
0
t
= vt [z as
0
in the sense that

1 1
sup |[MPE — Mg’“(Jr / | ZP = 224 ds+A / Uz — UPH ds — 0
0 0

0<t<1 o™ (t)
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in probability, where ¢" is a random one-to-one continuous mapping from
[0, 1] to [0, 1] that converges uniformly to ¢ +— ¢ almost surely. Since we want
to prove

Y.r

1 1
phé () Yp—H‘—l—/ |Z;1,p+1 —Zf—H‘dS—l—)\/ ’Usn,p-i-l _ U§+l‘d$ =0
0

sup
0<t<1

in probability, the theorem will be demonstrated if we prove that

sup — 0 (3.33)

0<t<1

in probability. We check (3.33). We have that

t
/f (s—, Y,"P Z2P) dey(s) /f s, YP Z"P 7P ds
0

sup
0<t<1

/ Fls—,Y™P ZP UMY dey (s / F s, Y2, 2, 7m0 ds

S

< — (1—1— sup ! t)|+ sup } ‘—F sup ‘ n(t)l)

0<t<1 0<t<1 0<t<1
1
+K/ \YS””’—YSp\dstK/ ]Zg’p—Zf\ds+K/ U UP|ds. (3.34)
0 0 0

The terms in (3.34) (4.21) tend to 0 with as n tends to oo in probability
because of (H) and the recurrence assumption.
For each of the terms in (3.34) we have that:

1 sup ’an (

1 n
N o<t<1 P |Y @ t)l + sup | t)} (3.35)

ml < G
)) n o<t<1 en(t) n o<t<1

The first term in the right hand side of (3.35) tends to 0 with n in
probability because of (H) and the induction hypothesis. The second term
of (3.35) converges to zero in probability because [Y?] is a L? finite random
variable and Jensen inequality.

Thanks to Corollary 1, we may use the fact that

t ¢
/ ZPde,(s) — / ZPds
0 0

é O
n—00

sup
0<t<1

in probability and

t t
sup / Mo (s Uslden(s) — )\/ UPds| —— 0
0<t<1|.Jo 0 n—oee
in probability in order to conclude the proof. O]
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4 Applications to decoupled system of SDE
and BSDEJ and to the numerical compu-
tations of the solutions of PIDE

Let X be the solution of the d-dimensional SDE with jumps

t t t

X, :x—l—/ O'(S—,XS_)dWS-f-/ b(s—,XS_)ds+/ c(s—, Xs-)dNs, (4.36)
0 0 0

where we have assumed that

[b(t, z) = b(t,y)| + ot x) — o (t,y)| + |e(t, ) — c(t,y)| < K'lw —yl, (4.37)

sup ([b(t,0)] +[o(t,0)] + |e(t, 0)]) < K” (4.38)
te[0,7)

for all ¢ € [0, T] and for alll z,y € R. Of course, the BSDEJ

T T T .
Yg=§+/ f(s—,XS,YS,ZS,US)ds—/ Zsa(s—,Xs)dWS—/ U,_dN,
t s s

(4.39)
is linked to the non-linear PIDE (with a = o - ¢T) by

dut,z) <1 Pult,z) o du(t, x)
TR IE LG v e SLIUL

=2
+/R (u(taz +c(t,x,2)) —u(t,x) — ci(t, z, Z)&sz)) I1(dz)

= f(t,z,u(t,z), Vu(t,x)o(t,x),u(t,x + c(t,z,-)) — u(t,z)) (4.40)

with the terminal condition u(7,z) = g(z). It is standard in the theory of
BSDE that u(t, X;) = Y; and thus u(0,2) = Y, . One can compute similarly
u(s, ) for any s € [0,t) by using the solution to (4.36) starting from (s, z)
instead of (0, z).

We use now for II(dz) the measure II(dz) = >, 0., where x; belongs
to the interval I;.

Following Remark 2, we assume for the sake of simplicity that indeed
II(dz) = Aoy and that the dimension of the Brownian motion W is 1. Hence,
we rewrite ¢(t, z, z) as ¢(t, x) since only ¢(t, x,0) is used.
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The SDE (4.36) may be discretized the following way for an integer n:
we set x( =z and for : =0,...,n,

Xiv1 = Xi +ho((@ + 1)h, x7)
+ Vho(((i + 1)k, X)) el + c((i+ Db, xPme (4.41)

where 7" is a Bernoulli approximation of the compensated Poisson process
with intensity A and €” is a Bernoulli approximation of the Brownian motion
W. Of course, the x'’s are easily simulated.

Using our algorithm, it is then possible to find (v, 2, ul);—1

—1...n adapted
to (F}*)i=o,..n that solves the discrete BSDE

77777

yzn = yzn—i-l + hf((l + 1)ha X?v y?v Z?, U’T,Lz) - Z?E?—i—l - U?U?ﬂ - U?E?—ﬁ-ln?—f—l (442)

for i =0,...,n — 1 with the final condition y}' = g(x7).

We are looking for a function v"(i,2) such that y; = v" (i, x}) and v"
solves a discrete PDE.

For a function v on {0,...,n} X R, we define using (2.13) the discrete
operators

Dgv(k,z) = Elo(k, z) | 7]
11—k

o (v(k, 2 + hb(kh, ) + Vho (kh, ) + re(kh, 7))

+v(k, x + hb(kh, z) — Vho(kh, ) + kelkh, x))>

+ g<v(k, 2+ hb(kh, 2) + Vho(kh, ) + (5 — Ve(kh, 7))
+v(k, 2 + hb(kh, z) — Vho(kh, z) + (5 — 1)e(kh, $))>
and
Div(k,z) = Efo(k, x)eg, | Fi'] and Dyv(k, x) = Elo(k, )i | Fi,

for which formulae similar to the one for Djv(k,z) can be given.

. From these results, one can deduce the representation of the solution of
a discrete PDE with the help of the x7. This representation is similar to the
representation of the solution of the BSDEJ in term of Y; = u(t, X;), where
u is the solution to the PIDE (4.40).
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Proposition 4. Let v™ be the solution to the discrete PDE

vl'(i,x) = Dyo" (i + 1, x)
+hf((i + Dh,z, 0 (i, ), k2D (i + 1, X0, Dyo"(i + 1, ))

fori=0,....,n—1, x € R, (4.43)

with the terminal condition vI'(T,x) = g(x). If hIK < 1, then this solution

exists and is unique. In addition, the solution (y",z",u™) to the discrete

BSDE (2.10) with the final condition & = g(x') which we construct using

our algorithm satisfies y? = v"(i,x?), & = h™'2DM™(i + 1,x7) and u? =

Dy (i+1,x7),

Proof. As hK < 1 the existence and uniqueness of v" (i, -) follows from the
existence of the solution p(x) to

p(z) = Dy (i + 1,2) + hf (i + 1)h, 2, p(2), b V2DRn (i +1,2),
(1-— n)_lD;‘v"(z‘ +1,x))

for any z € R, once v"(i + 1,-) is known. Thus, one can proceed recursively
with ¢ =n — 1 down to 0.

Let (y", 2", u™) be given by our algorithm. We assume that v™(i41, x7,;) =
Yyl 1, which is true for i 4+ 1 = n. Using (2.7), (2.8), and the definitions of D}
and D7,

z = h_l/QE[Un(i + L xi)ea | = h_1/2D’fv”(i +1,x7),
u =E" (0 + Lx)nia | F] = Div™ (i + 1, X7).

Taking conditional expectation with respect to F* in (4.43), since Dgv™(i +
Lx?) =K (i + 1, X7y |F], we get

v i) = Blyia | 7]
+hf((E+ D XG0 (0, B 2DI" (4 1x7), Do (i 4+ 1 x7)), (444)

while taking the conditional expectation with respect to F* in (2.10), we get

Y = E[%ﬂﬂfﬂ
+hf((+ Doyl k2D 4+ 1,x7), Dy (i 4 1,x7)),  (4.45)

obtain that y* and v™(i, x!") are equal. O
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4.1 Convergence of the discrete SDE

We may also prove the convergence of the solution of the discrete SDE

t t t -
X' =z +/ o(s—, X! )dw? +/ b(s—, X )dc"(s) +/ c(s—, X )dN?
0 0 0

(4.46)
to the solution X of (4.36). The solution X" is equal to the solution x"
of (4.41). The proof is similar to the one for BSDE, but is much more
simpler.

Proposition 5. The solution X™ to (4.46) converges in probability in the
J1-Skorokhod topology to the solution X to (4.36).

Proof. We use the Picard scheme on the discrete SDE (4.41). For this, we
set

X =0T+ hb((E A+ Dby x;T)
+ Vho (i + 1, X))y + (i + Db, X7 (447)
with X?’Ozxfori:(),...,n and x;? =x fori=0,...,n.
Let us note that for any n,p > 0, x7, €' and 7 are independent for

any n = 1,...,n. In addition, the means of € and 7' are equal to 0, and
E[(n")?] = k(1 — k). Thus, fori =1,...,n — 1, APx? = xP — P~

E((A"'x},)?) < 3h°E (Z(b((j + 1), X)) = b((j + 1)h, X;vp—1)>

j<i

+ 3hE (Z(U((]’ + Dh, ;") —o((G + 1)h,X?’p‘1)2>

Jj<i

+3k(1 — K)E (Z(c((j + DA, — e+ 1)h,X;“"1)2> _

J<i

Since o, ¢ and b are uniformly Lipschitz with a constant K’ with respect to
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the z-variable,

2
E((APVy5,0)?) < 3(K')WE (Z Avy )

1<t

+6K%(h+ k(1 — k) (Z | APy \2>

1<t

With the convexity inequality and since h = T'/n, we get

E((AP*x7,)%) < 3K? (Tg +2 (T For(l— n)) (Z APyT |2>

1<t

We set ||x" := S0 E((x})?) for a family x™ = (x&,...,x"). It defines a
norm on such families for Wthh X = 0. Since APxg =0,

AP < BT + 2T + 2n(1 = )| AP

As n(1 — Kk)k converges to AT, we obtain that there exist £ < 1 and ng such
that [|APTIy|| < E||APx™| for any n > ng when T is small enough.

This prove that x™? converges to the solution of (4.41) as p — oo at a
speed that is uniform in n. This also proves that

Vp>1, supE ( sup (x:"* — :1:)2) < sup E <Z(X?’p — :c)2> < C (4.48)

n>ng n>ng i—0

sup E ( sup (x;7" — X?)2) < sup E <Z(X?’p - X?)2) —— 0 (4.49)

n>ng i=1,....,n n>ng i—0 p—0o0

for some constant C' that does not depend on n and p The bound (4.48) also
holds when x™? is replaced with the solution x™ to (4.41).

Let us set X;"? = Xth/th X = Xpi/n and X9 be the p-step in the Pi-
card scheme of the solution X to (4.36), with X;*° = x. These processes
X°P are known to converge to X°* in J; in probability.

The idea of the proof is the same as the one of Corollary 1. We prove
the following by induction: if (X™P W™ N™) converges in probability to
(XP W, N) in the J;-Skorokhod topology, then (X" W™ N“) converges
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to (XPTL> W, N) in the J;-Skorokhod topology. If this induction is true (it
is of course true that X™0 = z = X°0) then if follows easily from (4.49)
that X™ converges in probability in the J;-Skorokhod topology to X .

For this, let us remark first that B(z) = x — (t — fot b(s—,:cs,)ds> is
continuous from the space of cadlag functions with the J;-topology to the
space of continuous function with the uniform norm. From the continuity of
o and c follows the convergence in probability of the 6-uple

(X" B(X™P), o (-, X™P), (-, X™P), W™ N™)

to (X°°F, B(X>P), o(-, X°P), ¢(-, X>*®), W, N) in the J;-Skorokhod topol-

ogy.
In addition, [W", W"|p = T and E[[N", N"|r] = Tnk(l — k) ——

AT'. Thus, this is sufficient to assert from the previous convergences and
Proposition 2 that

(X”’p,B(X"’p),W”,N”, / o(s—, XPYdW™, / c(s—,X;"p)de>
0 0

converge in probability to
(XOO7P7 B(Xm’p)7 VVa Na / 0-(3_7 X:i’p)dWSa / C<S_7 Xso,p)dj\vfs>
0 0

in the J;-Skorokhod topology. This proves the induction step, and then X™
converges in probability in X > in the J;-Skorokhod topology.

The convergence is proved on a time interval [0,7] where T is small
enough, but it is easy to get it, using X” instead of x as the initial condition,
to prove the result on [0, 277, and so on. ]
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