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4 Ciupercatd Jaiés Poignard

Hygroscopic water

Quartz+Clay

Figure 1: Scheme of the assembly of quartz grain and clay surrounded by a thin
layer of hygroscopic water. The ambient medium is composed by free water.

1 Introduction

This paper deals with the construction of approximate transmission conditions
equivalent to a “rough” thin layer for the steady-state voltage potentials. The
roughness of the layer is supposed to be e—periodic, and the thickness of the
layer is of order ¢, € being a small positive parameter.

1.1 Motivations

Rough layers appear in many research area. For instance in geophysics the bot-
tom of the oceans and the shores are rough with respect to the large scale flow,
in tribology surfaces present a granular aspect at the microscopic scale. The
motivation of this paper comes from a research collaboration with Schlumberger
on the electric modelization of silty soils.

In the simplest modelizations silty soils are composed by water, clay and
quartz. The clay leaves are organized on the surface of quartz grains. Because
of their electrical properties, the presence or the lack of clay leaves changes
considerably the effective properties of soils. Actually, since they are electrically
charged clay leaves stick the water molecules around them. This changes the
electric properties of the water so-called bound water or hygroscopic water [10]
9]. This phenomenon occurs on few layers of water molecules, therefore the
hygroscopic water is modelized by a rough thin layer. The assembly of quartz
grain and clay leaves is modelized by an electrically homogeneous domain with
non-zero conductivity, while the ambiant medium is free water (see Fig[ll). The
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Approximate transmission conditions for a rough thin layer 5

Figure 2: Geometry of the problem.

goal of this paper is to understand the effect of the hygroscopic water on the
electric steady-state potential.

1.2 Statement of the problem

For sake of simplicity, we deal with the bidimensional case, however the three-
dimensional case may be obtained in the same way up to few appropriate mod-
ifications. Let §2 be a smooth bounded domain of R? with connected boundary
99Q. For € > 0, we split Q into three subdomains: D!, D™ and D?. D is a
smooth domain strictly embedded in Q (see Fig. 2]). We denote by T' its con-
nected boundary. The domain D" is a thin oscillating layer surrounding D;.
We denote by I'. the oscillating boundary of DI

T.=8D™ \T.
The domain DY is defined by:
DY =Q\ (D' UDm™).

We also denote by L
DY =Q\ DL

RR n° 6812



6 Ciupercatd Jaiés Poignard

We define o : 2 — R as the piecewise constant function:

o1, if z € DI,
o(z) =< om, if z € D,

oo, if z € DY.

where o1, 0,, and oy are given positive constantdl.
Let g belong to H?(09), for s > 1/2. We consider the unique solution u® to the
following problem:

V.(cVu®) =0, in Q, (1a)
uflaq = g. (1b)

Observe that for all € > 0, the domains Q, D!, D™ and D? are smooth. Hence
the above function u® belongs to H'(Q) and moreover it belongs to H5+1/2(D1),
H5tY/2(DY%) and H*+Y/2(D™). Our aim is to give the first two terms of the
asymptotic expansion of u® for € tending to zero.

Several papers are devoted to rough boundaries and derivations of equivalent
boundary conditions [T}, 2, B, [6]. In a recent article Basson and Gérard-Varet [4]
derive approximate boundary condition for a boundary with random roughness.
The analysis of these previous papers is essentially based on the construction of
the so-called “wall law”, which is a boundary condition imposed on an artificial
boundary inside the domain. The wall law only reflects the large scale effect
on the oscillations. In this paper we are definitely interested in approximated
transmission conditions, therefore we cannot apply straightforward the previous
results to our problem. In a previous article [7], the third author derives the first
order approximate boundary condition for a thin weakly oscillating layer. This
paper is an extension of [7] to the case of an e—periodic thin layer with thickness
of order e. The main idea of the analysis comes from the paper of Abboud
et Ammari [I] and is completely different from the analysis of [7], which was
based on an appropriate change of variables. Here the boundary layer corrector
are obtained by solving an elliptic partial differential equation in an appropriate
infinite band with width equal to 1. Well-posedness of the problems and optimal
error are given to justify our expansion.

The outline of the paper is the following: in Section [2] we perform a suitable
change of variables in order to derive our asymptotics in the simplest way.
We also give a preliminary result, which will be useful to prove the formal
asymptotics of Section Bl The Section M is devoted to the justification of our
equivalent transmission condition. Present now our main result.

1.3 Main result

Let T be the torus R/Z. Since I' is a smooth closed curve of R? of length 1, it
is parameterized by its curvilinear coordinate:

r— {\p(e)), 0c ’]I‘}.
Denote by n the exterior normal to I'. The rough boundary I'; is defined by
I.={9.(0) =9(0)+ef(0/c)n(9), 6 € T},

IThe same following results hold if oo, o1, and o, are given complex numbers with imag-
inary parts (and respectively real parts) with the same sign.

INRIA



Approximate transmission conditions for a rough thin layer 7

where f is a smooth 1-periodic and positive function. The closed curves C; and
Cop are defined by:

CO = {0} X T,
Ci={(f(y),y), Yy € T};

Cy and Cp have the trigonometric orientation. The exterior normal to C; is
denoted by n¢, and ne¢, is the exterior normal to Cy:

() e (A)

Define now the couple vector field—constant vector (A%, a"), which is the
unique solution of the following problem:

AA°=0,in R x T,

annAO|Cl+ - UmanAO|C; = (Om — 00)Ney s
amanAO|CO+ — alanAO|CJ = —(om — g0)ncy,
A% - 0, A% —, o a.

We denote by D; and Dy the two following vectors:
1 1
Dy= (o= an) | [ fdune, + [ 40y
0 0
1
+ (om — 01)/ A%(0,y) dy — 0%a®,
0

and respectively

D2=(om o0 [ 2G| rwar( )]

Let u° be the unique solution of the following problem:
Au’ =0, in D° UD!,
000nt’|p+ = 0191’ |-,
UO|F+ = Uolpf,
u’lag = g,
and define u® by:
Aul =0, in D° UD!,

O] O]
1 _ 1 _ . n '+ . n T+
000 |p+ = 010pu |p- — kD1 (3tuo|r+) + Dy - 0, (3tuo|r+ ,

O]
1. 1 0o [Ont’|ry
u'lpr =u'|p- +a (3tu0|r+) ;

ul |6Q = 0)

where 0; and 0,, denote the tangential and the normal derivatives along I'.
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8 Ciupercatd Jaiés Poignard

Theorem 1.1. Suppose that g belongs to H'/?(9). Let W be
W =u® — (u® +eut).

Then, for any domain wg and w1 respectively compactly embedded in Q\ﬁ and
in D' and for any s €|1,2] there erists g > 0 and C > 0 such that for any
e € (0,e9):

W b1y < O,
HWHHl(wl) S C€1+1/S.

Remark 1.2. [t is possible to give a precise behavior of u® in a neighborhood
of T, with the help of boundary layer correctors (see Theorem[{.]]).

Remark 1.3. Observe the influency of the curvature appears in the definition
of u', while no curvature was present at the first order for a weakly oscillating
thin layer [7]. Actually if no oscillation occurs in the thin layer, i.e. if f is a
constant, A is independent on y and equals:

AO
AO: ( 1),
A

where
0 if x<0
g9 — Om .
Adz) = Tm if 0<$<f, and Ay = 0.
an_iamf if x> f

Then we easily obtain

2= () 2= (o "ms).

hence we obtain the following approximate transmission conditions for v-:
Avt =0, in O' UOY,
0000 [pr = 0100  p- + (00 — 0m) FOPV°| P,
) — Om

v'pe = vt p- + ——= £0,0°|r+,
Om

vloa =0, on 09,
where Oy is the tangential derivative on T', which is the transmission conditions

given in [8, [7].

2 Preliminary analysis

2.1 The equivalent problem in a tubular neighborhood of
r

It is convenient to write problem (I) in a smooth tubular neighborhood of T'. In
the following, a normal n to a closed smooth curve of € is the exterior normal

INRIA



Approximate transmission conditions for a rough thin layer 9

vector to boundary of the domain enclosed by the curve. Let k be the curvature
of ', and choose dy such that:

1
0<dy < ———

%]l

Denote by Q% the open tubular neighborhood of T' at the distance do:
Qo — {z €R?,  dist(z,T) < do}.
Denote by I'_4, and I'y, the closed curves respectively defined by:
g, =00%ND, Ty =00%nDY.

We now consider the following operators Ly, £1 and 7 of Steklov-Poincaré type

L1:HY?(T_4) — H Y(I_g,),

‘CO : H1/2(Fd0> — H71/2(Fdo>a

T HY?(0Q) — HY2(Ty,).
The operator £; is defined by

ou

Vo € HY*(T_y,), L1(¢) = n

)

Ty,

where w is the harmonic function in Q\ (D% U Q) equal to ¢ on I'_g4,. The
operator L is defined by:

ou

Vo € H'*(Tay), Lo(6) = -

’
Tag

where u is the harmonic function in © \ (D! U Q%) equal to ¢ on I'y, and
vanishing on 9f2. Similarly 7 equals:

_ Ou

Vx € H'2(09), 7(x) = 5~

’

where u is the harmonic function in Q \ (D! U Q) equal to x on 99 and
vanishing on I'y,. Moreover the operators 7, Ly and L, satisfies the following
inequalities, for an e-independent constant C':

Vg € Hl/Q(aQ)v |39|H71/2(rd0) <C |9|H1/2(aQ) ) (3a)
Vu € Hl/Q(Fdo>a |£0u|H*1/2(FdO) <C |U|H1/2(Fd0) J (3b)
Vu € H1/2(F—do)’ |‘C1U|H*1/2(F7d0) <C |U|H1/2(F7d0) ’ (3¢)

and the coercivity inequalities:

Yu € HY2(Ty), (Eou,u)LZ(Fdo) >C |u|§11/2(rd0) , (3d)
2
Vue H?(T_y,), (Liu, Wrar_ ) 2 Clulgee,)- (3e)
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10 Ciupercatd Jaiés Poignard

Problem () is then equivalent to:

V.(eVuf) =0, in Q%, (4a)
anU8|Fd0 + £OuE|Fd0 = yga on Fdov (4b)
8nu€|p7d0 + £1u€|pid0 = 0, on F,do. (4C)

2.2 The problem in local coordinates
Denote by ® the smooth diffeomorphism
V(n,0) € (—do,do) x T, ®(n,0) = ¥(6) +nn(0).

Since dy < 1/|#|ls, the open neighborhood of T' denoted by Q9 might be
parameterized as follows:

' = {®(1,0), (.6) € (~do,do) x T}

For £ > 0, Q% is splitted into three subdomains 2!, Q™ and QY. These domains
are defined with the help of the smooth 1-periodic function f:

Q! = {‘P(n,@), (n,0) € (—do,0) x T},
o = {@(nf(6/2).6), (n.6) € (0,) x T},
Q0 = o\ (W) _

Let O = (—dyp,do) x T and denote respectively by O, O™ and O? the following
domains:

O = (—do,0) x T,
or = {(nf(8/¢),6) € (0,) x T},
0 =0\0tuor.

We also denote by Q° and O the respective domains 2\ Q! and O\ O'. Define
the following oscillating curve 7. by

Ve ={(ef(0/¢),0), 6 € T}.

We denote by v° = {s} x T for any s € R. The Laplacian operator written in
(n, )—coordinates equals:

1 1 !

We also need the normal derivatives on I' and T'. in (7, #)—coordinates. In the
following, the notation V, ¢ denotes the derivative operator:

19)
v = ().

INRIA
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Let u be defined on 2, and define v on (—dp,dy) x T by
V(nvo) € (7d07d0) X T? U(Tlae) = uoq)(nvo)
The following equalities hold, for u enough regular:

Inulp = Oyvly=o,

anuh‘do = Onvln=do;
aﬂuh“,do = aﬁv|77:*dm
and

1
\/(1 n 5/1f(9/€))2 n (f’(@/s))
r'e/) 1

Onulp, = (1+erf(6/e))omv

2

 1+enf(0/e) ¢

=

Moreover, we define the bounded linear operators Ag, T : H'/2(y40) — H=1/2(~%)
and Ay : HY?(y=d0) — H=1/2(y~%) as follows:

< Aop, ) > =< Lo(po®7 1), Yo d ' > Ve H/(yb),
<Tp,p>=<T(po® 1), Yodt > Ve H/ (%),
<M, >=<Li(pod® ), hod 1> Vg HY?(y )

According to (@), there exists a constant C' > 0 e-independent such that
Vue HY(T), (Ao, u) 2py > Cluffacr (5a)
2
Vue HY(T),  (Aru,w)pa(py = C lulfpe ) - (5b)

It is convenient to denote by d2v|,_ the following quantity:

1

\/(1 +€fif(9/€))2 + (f’(@/s))2
e, H

a’li{;v|'75 =

(1+erf(0/e))onv

 1+enf(0/c) oy

With these notations, we may write our initial problem () in local coordinates.
Denoting by v° the solution to problem () in (1, f)—coordinates:

v*=u"od,

v¢ is continuous and satisfies:

Ay vt =0, in O'UO™UOY, (6a)
(1 + dok)0nv®|y=d, + Mov®|n=d, = 79, (6b)
(1 — dok)Onv®|y=—dy — MV°|=—d, = 0, (6¢)

RR n° 6812



12 Ciupercatd Jaiés Poignard

with the following transmission:

P, e _ P e
oo O, v "yi_gm 0, v "v{’

Om Onv®l, g+ = 01 Opv°|, o - (6e)

2.3 Preliminary result

Denote by C the infinite cylinder R x T. Split C' into three subdomains Yy, Y,
and Y;. The subdomains are defined by:
Y1 = (—O0,0) X T,
Ym = {(nf(e)vo)v v(nae) € (05 1) X T}v
YOZRXT\(YlLJYm)

The closed curves C; and Cy are defined by:

CO = {0} X T,
Ci ={(f(y),y), Yy € T};

Cy and Cyp have the trigonometric orientation. Remember that the exterior
normals to the respective curves Cy and Cy, which are respectively denoted by
ne, and by ne, are defined by (2).

We also introduce the piecewise constant function ¢ : C' — R by

g1 in Y1
Gr)=qom in Y, (7)
(1) in YO

Notation 2.1. In this paper, we use the following notations.

o Sper (R x T) is the space of periodic square-integrable functions in the sec-
ond variable which decay exponentially when the first variable goes to in-

finity.

e For any function g € L*(T) (respectively g € L*(RxT)) we denote { i }rez
(respectively {Gi(x)}rez) the coefficients of the Fourier expansion of g
(respectively g(x,-)), that is

) = S 5™ (respectively  glw,y) = 3 Gilw)e?™).
keZ keZ

Lemma 2.2. Let F' belong to Sper (R x T) and suppose that there exists
M > sup,cr|f(y)l, C >0, do € [0,27[ and a family {pr(z)}rez of regular
functions defined on |x| > M satisfying
Ipr ()] < Ce®lFl@=2) for 2 > M,
Ipe(a)] < Ce=®MED o o <1,

(8)

INRIA
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such that F has the following Fourier expansion on |x| > M:

F(Z‘,y) = Z ﬁk(M)pk('r)e_Qﬂ-lkl(z_M)eQﬂ-ikya Vo > Ma

kezZx

F(x,y) = Z ﬁk(—M)pk(x)eQTrlkl(z"’M)e%iky, Vo< -—M.

kezZ*

Let ¢ and 1 be two smooth functions respectively defined on Cy and Cy such that:

| e@rdos [ w@ydss [ swyrydedy o
CO Cl RxT

Then, there exists a unique couple (c, a), where « is a continuous function and

a is a constant, such that:
Aa=F,in YUY, UYy,
008"0461* = Jmana|cf + 1,
amana|co+ = alana|c[; + o,

o=z 0, @ —r—4oo Q.

(9a)
(9b)
(9¢)
(9d)

Moreover, a decays exponentially for x tending to —oo and a — a decays expo-

nentially for x tending to +oo.

Proof. To prove this lemma, we rewrite equivalently problem (@) in the finite
strip [-M, M] x T. The solution « can be written as a Fourier expansion:

alz,y) = Z ay(z)e?miky,

keZ

Replacing in the equations (@) and taking into account the hypothesis on F' we

find
ao(x) =ap(M) forx>M
_ ~ Ee(M) (% appieon)
ag(x) = | ap(M) + / p(t)e " dt
( ( ( Amlk| S (
E(M) /Z —2m[] (2= M)
— pi(t) dt | e =™IFI=
Am|k| S (

ﬁk(M) e —A4r|k|(t— —
— t w|k|(t=M) g3 . o2 |kl(z—M)
Arlk] /m pr(t)e €

and respectively

ap(x) =ap(—M) forx<-M

R N Fp(—M) M ~
ax(z) = (ak(M)+ % / pr(t)e M) g

Fr(-M) M 2rlk
_ t) dt w|k|(z+M)
4r|k| /I pi(t) e

Fu(=M) [° A || (44 M) o |k| (e M)
A t T dt . s T
47T|k| / pk( )6 €

— 00

RR n° 6812
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14 Ciupercatd Jaiés Poignard

Let us now introduce the operators Q : HY/?(T) — H~'/?(T) and
Rniy, #—n 2 HH(T) — L*(T) by

Vue HY(T), Qu(y)=2m Y |klire™,

keZ*
—+o0
Vu € Hﬁl(T), Bruly) = Z (/ pk(t>€74ﬂr\k\(t7M) dt> ﬂke%iky, (10)
kezs MM

-M
Vue HN(T), Z-wmuly)= ) ( / pi(t)e!TIFIEEAD dt) ek,

kezZ~* -0

Due to hypothesis (§) these operators are well defined. We infer the following
mixed boundary condition on x = M:

Opla=n1 + Qatlo=pns = —ZMF|o=n1. (11)
Similarly, we obtain in z = —M
Optlg=—nt — Qtlg=—rt = B—p Flo=—m1- (12)

Problem (@) is equivalent to the following problem, written in the strip [— M, M]x
T:

Aa=F,in (Y1UY,,UYy)N[-M,M] x T, (13a)
Joanoe|cl+ = Umanoz|cf + ), (13b)
amana|co+ = alﬁna|c[; + o, (13c)

with the mixed boundary conditions

OxC|g=n1 + Qtg=rt = —ZMmF =1, (13d)
a:605|:6sz - Qa|z:7M = %7MF|:£:7M- (136)

The variationnal formulation of (I3]) is then:
Yoe HY([-M,M] xT), o (a,v)=2B), (14)
where o/ and & are given by
o (u,v) = / oVa.Vuodady + o < Qalz=pr, V|e=pr >
[—M,M]xT
+o01 < Qa|z:7M; v|z:7M >,

HB(v) = f/ oF(xz,y)v(z,y)dedy — d(o)v(o)do — Y(o)v(o)do
[—M,M]xT Co I

*UO/%MF(Ma y)v(M,y) dyfol/«%lMF(*M, y)v(—M,y)dy.
T T

2
The continuity of & on H'([—~M, M] x T) and of </ on (Hl([—M, M] x ']T))

easily comes from calculations in the Fourier variable. From Poincaré inequality

INRIA
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we also deduce that <7 is coercive on H'([—M, M] x T)/R.
On the other hand, from the hypothesis on F' we deduce

/ F(m,y)dydx:/ (/F(Jj,y)dy) dr =0,
[M,+oo[xT M \JT

and similary

/ F(z,y)dydx = 0.
]—o00,—M]xT

We also have
[ @sp )y = [ b2y =0
T T
which gives

B(1) = 0.

So we have an unique solution of (I4]) up to an additive constant and we can
choose this constant such that

/Ta(fM,y) dy = ag(—M) = 0.

We then have
a=ay(M)= / a(M,y)dy.
T

The exponential decay of & —a in +00 and « in —oco comes from the expressions
of aj(x) for k # 0. O

Remark 2.3. Suppose that for |x| large enough F equals F(x,y) = Fi(x,y)Fa(x)
where Iy is an harmonic function and Fs is such that

3 C>0and & €[0,2n] such that |Fy(z)| < Ce®l®l vz

(for exemple if Fy is a polynom). Then F satisfies obviously the hypothesis of
Lemma 22

3 Formal asymptotics

3.1 Zeroth order approximation

Let v° be the continuous “background” solution defined by:
A, pv° =0, in O' UO°,
(1 + dom)aﬂvohzdo + AOUO'U:do = 99,
(1 — dok)Dpv°ly=—dy — A10°|y=—ag, = 0,

000y0° =0+ = 01090 |=0--

A classical regularity result implies that for g € H*(9f), the potential v° be-
longs to H'(Q) and moreover it has H*t'/2-regularity in O' and in O°. In
this section, we suppose that g is as regular as necessary so that the involved

RR n° 6812



16 Ciupercatd Jaiés Poignard

quantities are well-defined. Rigorous proof of the formal asymptotic expansion
is performed in the next section.

Denote by w® the difference between the exact solution v* and v°. This
continuous function is the solution of the following problem:

Ay, pw’ =0, in O'UO°,

1+ don)anw0|n:do + A0w0|n:do =0,

(1 = dor) Oy’ |p=—ao — A’ |y=—a, =0,

008§w0|%+ = Jm8$w0|%— + (om — 00) 05",
amanw0|n:0+ = Ulanw0|n:0* + (00 — Um)an”0|n:0+’
w®|p0 = 0, on ON.

Since we are interested in the derivation up to the 1 - order terms, we
throw away all the terms, which are a priori of order smaller than 2. This
approximation will be rigorously justified in the next section.

Using the explicit expression of the normal derivative on ., we infer:

1= exf(0/e)/ (14 (f(0/€))?) + O)
1+ 70/

— f(0/¢) (1 —erf(0/€) + 0(62)> Dpv°

65U0|'75 = (1 + Gmf(e/e)) 8777)0'%

(15)
Taylor expansion in the n—variable implies:
8nv0|% = 8nv0|,7:0+ + 6f(9/6)872700|77:0+ + O(€),
69U0|75 = a9vo|77:0+ + Gf(é’/e)a?],evo|77:0+ + 0(62)-
From the above equalities, we deduce
1 1!
o T V——; N 1 R —; FY) L] NP
b S G e T g e
€ 2l [( - ! )8 v
T+ (R TR T
(16)

where f and f’ are taken in g. Since
2,0 _ 0 2.0
3770 |n:0+ = —KkOyv |n:0+ — Ogv |n:0+,

denoting by né‘l the following vector:

IS T &
ncl_ 1+(f/)2 (1)3

INRIA



Approximate transmission conditions for a rough thin layer 17

we infer:
[0651)0] .. =(00 — om)ne, (9/5).V,7,9v0|n:0+

ne, (0/¢)

+ €(og am){ﬁfw/s)(m

2+ (f'(0/e))?
Wncl (9/5)) : vn,evoln:0+

— f(0/e)ng, (9/5)-59V77,9U0|n—0+} +0(e).

Observe also that:
[o@nvo]nzo = (09 — om)Ne, (9/5).V77_,9v0|n:0+.

Define now the vector field A° from which we will define the boundary layer
corrector of order 0. Since

/Cl ne, (o) do — /C ne, () do = (8) ,

and according to lemma [2.2] there exists a unique couple (AO, ao) (where AY is
a vector field and a” a constant vector) such that

AA°=0,in R x T,
annAO|Cl+ — UmanAO|C; = (om — 00)ney,
amanAO|CO+ - alanAO|CJ = —(0m — g0)ncy,

0 0 0
A —r——00 07 A —x—too & .

We define now the boundary layer corrector of order 0, v%; on O by:

o0 (1.0) = € (AO(U/E,G/E) — ao) V000 |p+, if 7 >0,
BEAD eA%n/e,0/e) - Vyo00|p+, if n < 0.

Remark 3.1. Using the equations satisfied by A°, we observe that A° decays
exponentially for x — —oo and similarly A° — a® decays exponentially for x —
00.

From the equality (I5) with v° replaced by v%; we deduce

o%00, | 1 0A° i 0A° A
v = - . 0 |p=
n VUBL|ve /71 T (f,)Q O /71 T (f,)Q ay 7,0V [n=0+
f/ 0 0 0
e (A ) T

0

' mf<[(1 + ()= (1+ (f’)Q)_w} aai
0

+ |:(1 + (f/)Q)—1/2 + (1 + (fl)2)_3/2:| f,aazz

RR n° 6812

) - Vi,00° =0+ + O(€%).



18 Ciupercatd Jaiés Poignard

Taking into account the fact that

1 [ aAO] I’ [ aAO} [ aAO]
—_— |o— — o = |lo—— ,
L+ (2L 9z le, V1+()2L 9y g, on Je,
we obtain
[U@fv%L]% = (om — oo)nc, - vn,9U0|n:0+

I
+e(om — Uo)fi(Ao —a®) - 95V, 00° | =0+

L+ (f)?
2 DA° (18)
—i—mf( ) [o 5 ]cl
2+ (f)° 0 2
- (Um - UO)TWHQ . Vmgv |77:0+ + O(e )

Therefore, using ([[’0)—(I8]) we infer

(00 (v + )], = (o0 — am>e{nM <nCU

1+ (f'(0/¢))?
2 0A° 0
+ o0 _—o_m |:O'E:|Cl> . Vn-,&v |77:0+
— fné‘1 + fi/(AO — ao) ~(99V77791)0 + 0(62).
1+ (f)?
(19)
On the other hand, for any v regular enough we have:
2 2 _9 9 K nk'
Ay ov = 0;v+ v+ (1 +nk)~> — 1) dfv + Opv — Opv.

T+ne 7 (14+nk)3
Now from the equation satisfied by A° we obtain:

0A°
Ay ovl =2—— 05V y,00° | =0+ —

dy

. Vn,9v0|n:0+

2nk + n?K? 1 92 A
(14+nk)? \ e 0y?
K  0A°
1+nk Oz

9A°
+25 -69V,,79v0|77_0+> +

’ vﬂﬂ’UOln:O+

ns’  0A° 0
T+ nr)? oy V.00 =0+ + O(€),

which gives using the equality n = ze:

0A° 92 A° 0A°

An,G’UOBL = KR (W — QZCa—yQ) . Vn,9v0|77:0+ + 28—y . 69V,779v0|77:0+ + 0(6),
. (20)
where O(e) denotes any function of order e when |n|/e is bounded and whith

exponential decays for |n|/e tending to infinity.

INRIA



Approximate transmission conditions for a rough thin layer 19

3.2 First order approximation
For a function u defined in O° U O, we denote by [u]|,. the jump of u across
Ve:
[u”’Ya = u|'y:’ - u|’y;
Using the equalities (IT7), (I8) and 20) we deduce that the function Wy defined
by Wy = v — (UO + U%L) satisfies:
0 n o 0 n o 0 A
An_ﬂW = K(@)Gl(z, E) . VnﬁU |n:0+ =+ GQ(E, E) . 89Vn_,9v |n:0+ + O(E),
(1+ dO“)anW0|n:do + A0W0|n:do = 9o+
(1- dO’ﬁ)anwoln:—do - A1W0|n:—do = 95—
with the following transmission conditions:
00OPWO| s — 0 dSWO| = g[m(e)Bl(e/g) VAP
+ Ba(0/2) - 05V 00" =0 |,
Om Oy WO =0+ — 010, W°|,—o- =0,
and
[Wo]lvs =0, [WO]|n:0 =ea’ - vn,9U0|n:0+a

where G1, G2, By and Bj are given with the help of 20)-(9) by:

DA° 92 A°
a-- (5 2%

B f A"
B, = T Ar e 7 ((Uo — Om)nc, +2 |:O'W:| cl>7

—(on— o i f 0_ 0
By = (00 — om) (f a Tt 1+(f’)2(A )>,

and

98+ =—-(1+ dOK)aUU%L(UOa 0) — AO(UOBL|77:770)7
95— =—(1- doﬁ)anU%L(_UOa 0) + Al(UOBLln:—no)-

We now define the following vectors, for k = 1, 2:

Dy = / oGy dxdy + By, do, (21)
RxT C1

with & defined in (7). Simple calculus give
1
D= (o0 aw) [ [ s dvne, + [ 45000
0

m — 01 / A%0,y) dy — 6%a°,
0

RR n° 6812



20 Ciupercatd Jaiés Poignard

and respectively

D2=(ow oo | [ 2Uw.swa- [ wa( )]

Define v* by:
A, vt =0, in O'UO°,
(1+ dom)anvl|n:d0 + A0U1|n:d0 =0,
(1 — don)&]vlh:fdg - Alvl|n:*do = 07

with the following transmission conditions

0'0677’1}1|7720+ - 0-167]7}1'77:0* = K‘Dl ' vn,9U|2:0+ + D2 ' aevn,9U|2:0+a
1 1 0 0
v |77:04r —v |77:O* =a - (vnﬁv ) |77:0+-
Denote by w! the following quantity:
wl = W0 —evl.

Since we have
6$U1|% =nc, - v7779U1|77:0+ + O(e),

and since Opv'|,_o+ = nc,.Vy,ov'],—o+ then w' satisfies:
Apow' = K(0)G - Vn,9v0|n:0+ + Gy 89v7779vo|n:0+ +0(e),
(1+ dO’f)aann:do + A0w1|n:do = 98+’
(1- doﬁ)anw1|n:—do - A1w1|n:—do = 96—
with the following transmission conditions:
[U@Swl}% =c (H(H)Bl (9/5).Vn791)0|n:0+ + BQ(G/E).(%VU,WOM:W)

- 5(00 - Um)n(h -v’r7,9'01|n:0Jr + 0(52)a

[Uanwl]n =€ (“(Q)Dl-vnﬁvohzw + D2-80V77,9“0|n:0+)

=0
+e(op — am)nco.vn,9v1|n:0+,
and

[w!]],. =0,  [w'ly=0 = 0.

We now introduce the two following problems defined in R x T. For j = 1,2,
let (Al’J,al’J) with A™ continuous, satisfy

AAY =Gy,
1.7 1,5 —
annA J|C1+ —UmanA J|C; —Bj,
1,3 1,5 —
UmanA J|C;r — UlanA J|CJ = —Dj,

+1 1,5 1,5
Aj —z——00 07 A —z—+4oo & 7,

INRIA



Approzimate transmission conditions for a rough thin layer 21

According to Lemma and Remark 23] and using (1) it is clear that the
above problems are well posed.
We define now the boundary layer corrector of order 1, vg; on O by:

Vn > 0,
vpL(n,0) = € (H(9) [AVY(n/e,0/e) — a'] - V00" o+
+ [AY%(n/e,0/2) — a"?] - 06V ;,00°) =0+
+ [A%n/e,0/e) — a°] - Vn,gvl|n_0+>,
Vn <0,

vp(n,0) =€ (H(@Al’l(n/e, 0/2) - V.00 |0+

+ A% (n/e,0/¢) - 89Vn79v0|n:0+ + A%n/e,0/¢) - Vn79v1|n_o+> )

4 Justification of the expansion

Suppose now that g belongs to H7/2(9€). Then, v° belongs to H*(0°) and
H*(O'). With this regularity, and denoting by W! = W0 — ev! — vk, | we may
differentiate W?'. Our inductive construction leads to the following problem

satisfied by W!:

A, oW = F.(n,0), in O' U0 UOY,
(1+ don)a,,W1|n:d0 + A0W1|n:d0 = G14s
(1 — dor) Dy W ye—ay — MW ye gy = g5,

with the following transmission conditions:
Dyl Byl 2
000, W |+ = 00, W'| - + "Ry,
1 1 2
OOy W=+ = 010, W |, +€”R5,
and
1 _ sl
w |7§ =W |7;7
1 1 2( . 11 0 1,2 0
W, gr = W, o +¢ (m Vyoy—o+ + 0205V, 000, o+
1
+ aO.V,,,.gv |n:0+).

The function F; is smooth wih respect to the n—variable while it is square-
integrable in the #—variable. Moreover it satisfies :

Ce, if n < cg,
decays exponentially for n/e tending to infinity.

[Fe(m, )l z2(r) < {

RR n° 6812
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which implies that for all s € [1,2] there exists ¢s > 0 such that
IFell s (o) < cse' /5. (22)

Simple calculations lead to the following estimates

|R§|L2(7£) <C, (23a)
|R§|L2(70) <C, (23b)
’gfi’Lz(’Yido) < Cpe©2/e, (23¢)

Theorem [Tl is a straightforward consequence of the following theorem:

Theorem 4.1. For any s €]1,2] there exists ¢s > 0 independent of € such that
1 1 14+1/s
I s+ 17 ey < 561497

Proof. To prove the estimate, we write the problem satisfied by W' in local
(n, 0)—coordinates. We consider a function p € H?(O%) such that

p= lial’l.Vnyng|n:0+ + a1’2.89Vn7900|,7:O+ + aO.Vn_rgvl|n:0+ on n =0,
Opp=0 on n=0,
p=0p=0 on 7= —do;

and we set R
W =w! 4+ plon,

where 1p: denotes the characteristic function of @*. Then W1 is continuous
and satisfies:

Ay oW = F.(n,0), inO™UO,
An_,(;Wl = F.(n,0) + €A, 9p, in O,
(1 + dow)Dy W ao + AoW =y = 9145
(1 — dok)Dp W ey — MW= —ao = g5,
0085W1|%+ = ama;fWHV; + 2R,
ama,]W0|n:0+ = olanWO|n:07 +&RS.
Now multiplying the main equations by o(1 + nfiztp and integrating by parts,

we infer the following variational formulation for W' € H(O):

/ JDVU_,(;VAVl Vo9 + 0o < A0W1, > 4o < A1W1, Y >= —/ o(l+nk)F.p
O

O
_ 241 1 A 0 € _ 1 €
o | (1+nr)Apepp + 0 girp—o gi_p
o ydo y~do

VA +erf)2+(f)? . e
—¢ 5 7 R1@62L0R2¢’ Ve H\(0),

where D is the diagonal matrix with elements 1 + nx and

1
141K "

Taking ¢ = W', using the inequalities (22) and (23) and using also a result of
Bonder et al. [5], since the amplitude and the period of the oscillations of I'Z
have the same order, we infer the result. ([l

INRIA



Approximate transmission conditions for a rough thin layer 23

Remark 4.2. Since the boundary layer corrector vk, is of order €% in L*(O)
we deduce for any s €]1,2]:

0 0

|lv€ —v® —vg — EleLZ(@) < Oy ettl/s
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