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❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s

❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣

❈❧é♠❡♥t ❍✉r❧✐♥
∗†

❚❤è♠❡ ❙❨▼ ✖ ❙②stè♠❡s s②♠❜♦❧✐q✉❡s
Pr♦❥❡t ❊✈❡r❡st ❡t éq✉✐♣❡ ❋♦r♠❛❧ ▼❡t❤♦❞s ✫ ❚♦♦❧s ❞❡ ❧✬✉♥✐✈❡rs✐té ❞❡ ❚✇❡♥t❡

❘❛♣♣♦rt t❡❝❤♥✐q✉❡ ♥➦ ✻✽✵✻ ✖ ❏❛♥✈✐❡r ✷✵✵✾ ✖ ✸✵ ♣❛❣❡s

❆❜str❛❝t✿

Pr♦✈✐♥❣ ❛ ♣r♦❣r❛♠ ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❝♦♥s✐sts ♦❢ tr❛❝❦✐♥❣ ❤♦✇ ♣❛rts ♦❢ t❤❡ ❤❡❛♣ ❛r❡
❞✐s❥♦✐♥t❧② ❛❝❝❡ss❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ♣r♦❣r❛♠✳ P❛r❛❧❧❡❧✐③✐♥❣ ❛ ♣r♦❣r❛♠ ❝♦♥s✐sts
♦❢ ✜♥❞✐♥❣ ♣❛rts ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❤✐❝❤ ❛❝❝❡ss ❞✐s❥♦✐♥t ♣❛rts ♦❢ t❤❡ ❤❡❛♣✳ ❇❡❝❛✉s❡ ♣r♦✈✐♥❣ ❛
♣r♦❣r❛♠ ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❛♥❞ ♣❛r❛❧❧❡❧✐③✐♥❣ t❤✐s ♣r♦❣r❛♠ ✐♥✈♦❧✈❡ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣✱ ✐t ❢♦❧✲
❧♦✇s t❤❛t ♣r♦✈✐♥❣ ❛ ♣r♦❣r❛♠ ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❝♦♥s✐❞❡r❛❜❧② ❡❛s❡s t❤❡ t❛s❦ ♦❢ ❛✉t♦♠❛t✐❝❛❧❧②
♣❛r❛❧❧❡❧✐③✐♥❣ t❤✐s ♣r♦❣r❛♠✳

■♥ t❤✐s ♣❛♣❡r ✇❡ s❤♦✇ ❤♦✇✱ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠ ❛♥❞ ✐ts s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ♣r♦♦❢✱ ♦♥❡ ❝❛♥
♣❛r❛❧❧❡❧✐③❡ ❛♥❞ ♦♣t✐♠✐③❡ t❤✐s ♣r♦❣r❛♠ ❛♥❞ tr❛♥s❢♦r♠ ✐ts ♣r♦♦❢ s✐♠✉❧t❛♥❡♦✉s❧② t♦ ♦❜t❛✐♥ ❛
♣r♦✈❡♥ ♣❛r❛❧❧❡❧✐③❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ♣r♦❣r❛♠✳ ❲❡ ♣r❡s❡♥t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s
t❤❛t ✉s❡s s♠❛❧❧❢♦♦t ❛s t❤❡ ♣r♦♦❢ ❣❡♥❡r❛t♦r ❛♥❞ t♦♠ ❛s t❤❡ ♣r♦♦❢ tr❛♥s❢♦r♠✐♥❣ ❡♥❣✐♥❡✳ ❋✐♥❛❧❧②✱
✇❡ s❤♦✇ ❤♦✇ ♦✉r t❡❝❤♥✐q✉❡ ✇✐❧❧ ❜❡♥❡✜t ♦❢ t❤❡ r❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳

❑❡②✲✇♦r❞s✿ ❆✉t♦♠❛t✐❝ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✱ ♣r♦♦❢✲♣r❡s❡r✈✐♥❣ ♦♣t✐♠✐③❛t✐♦♥s✱ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝

∗ ❙✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ■❙❚✲❋❊❚✲✷✵✵✺✲✵✶✺✾✵✺ ▼♦❜✐✉s ♣r♦❥❡❝t✳
† ❙✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ❆◆❘✲✵✻✲❙❊❚■◆✲✵✶✵ P❛r❙❡❝ ♣r♦❥❡❝t✳



P❛r❛❧❧é❧✐s❛t✐♦♥ ❡t ♦♣t✐♠✐s❛t✐♦♥ ❞❡ ♣r♦❣r❛♠♠❡s ♣❛r

réé❝r✐t✉r❡ ❞❡ ♣r❡✉✈❡s

❘és✉♠é ✿ Pr♦✉✈❡r ✉♥ ♣r♦❣r❛♠♠❡ ❡♥ ❧♦❣✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥ ❝♦♥s✐st❡ à tr♦✉✈❡r ❝♦♠♠❡♥t
❧❡s ❞✐✛ér❡♥t❡s ♣❛rt✐❡s ❞✉ t❛s s♦♥t ✉t✐❧✐sé❡s ♣❛r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♠❛♥❞❡s ❞✉ ♣r♦❣r❛♠♠❡✳
P❛r❛❧❧é❧✐s❡r ✉♥ ♣r♦❣r❛♠♠❡ ❝♦♥s✐st❡ à tr♦✉✈❡r ❧❡s ❞✐✛ér❡♥t❡s ❝♦♠♠❛♥❞❡s ❞✉ ♣r♦❣r❛♠♠❡ q✉✐
❛❝❝è❞❡♥t ❞❡s ♣❛rt✐❡s ❞✐✛ér❡♥t❡s ❞✉ t❛s✳ ❈♦♠♠❡ ♣r♦✉✈❡r ✉♥ ♣r♦❣r❛♠♠❡ ❡♥ ❧♦❣✐q✉❡ ❞❡ sé✲
♣❛r❛t✐♦♥ ❡t ♣❛r❛❧❧é❧✐s❡r ✉♥ ♣r♦❣r❛♠♠❡ s♦♥t ❞❡✉① ❛❝t✐✈✐tés s✐♠✐❧❛✐r❡s✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡
♣r♦✉✈❡r ✉♥ ♣r♦❣r❛♠♠❡ ❡♥ ❧♦❣✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥ ❡st ✉♥ ♣ré❧✉❞❡ très ✉t✐❧❡ à ❧❛ ♣❛r❛❧❧é❧✐s❛t✐♦♥
❛✉t♦♠❛t✐q✉❡ ❞❡ ❝❡ ♣r♦❣r❛♠♠❡✳

❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t✱ à ♣❛rt✐r ❞✬✉♥ ♣r♦❣r❛♠♠❡ ❡t ❞❡ s❛ ♣r❡✉✈❡ ❡♥
❧♦❣✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥✱ ♥♦✉s ♣♦✉✈♦♥s ♣❛r❛❧❧é❧✐s❡r ❡t ♦♣t✐♠✐s❡r ❝❡ ♣r♦❣r❛♠♠❡ s✐♠✉❧t❛♥é♠❡♥t✳
◆♦✉s ♣rés❡♥t♦♥s ✉♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡ ♥♦s ❛❧❣♦r✐t❤♠❡s q✉✐ ✉t✐❧✐s❡ s♠❛❧❧❢♦♦t ❝♦♠♠❡ ❣é♥é✲
r❛t❡✉r ❞❡ ♣r❡✉✈❡s ❡t t♦♠ ❝♦♠♠❡ ♣r♦❝é❞✉r❡ ❞❡ réé❝r✐t✉r❡✳ ❊♥✜♥✱ ♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t
♥♦tr❡ t❡❝❤♥✐q✉❡ ♣❡✉t ❜é♥é✜❝✐❡r ❞❡s ❛✈❛♥❝é❡s ré❝❡♥t❡s ❡♥ ❧♦❣✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥✳

▼♦ts✲❝❧és ✿ P❛r❛❧❧é❧✐s❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡✱ ❧♦❣✐q✉❡ ❞❡ sé♣❛r❛t✐♦♥
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s♦❢t✇❛r❡✱ ✐♥❢❡rr✐♥❣ ♣❛r❛❧❧❡❧✐s♠ ❛✉t♦♠❛t✐❝❛❧❧② ✐s ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝❤❛❧❧❡♥❣❡s ❢❛❝❡❞
❜② s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡rs✳ ❚❡❝❤♥✐q✉❡s ❡①✐st t♦ ✐♥❢❡r ♣❛r❛❧❧❡❧✐s♠ ✇✐t❤✐♥ ❧♦♦♣s✱ ❤♦✇❡✈❡r✱ t♦ ♦✉r
❦♥♦✇❧❡❞❣❡✱ ♥♦ t❡❝❤♥✐q✉❡ ❡①tr❛❝ts ♣❛r❛❧❧❡❧✐s♠ ✭s♦✉♥❞❧②✮ ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ♣✐❡❝❡ ♦❢ ❝♦❞❡✳
❚❤❛t ✐s ❜❡❝❛✉s❡ ✐♥❢❡rr✐♥❣ ♣❛r❛❧❧❡❧✐s♠ ✐s ❛ ♠❛❥♦r ♣r♦❣r❛♠ tr❛♥s❢♦r♠❛t✐♦♥ r❡q✉✐r✐♥❣ ♠✉❧t✐♣❧❡
❛♥❛❧②③❡s ✭❞❛t❛ ❞❡♣❡♥❞❡♥❝❡✱ ❛❧✐❛s❡s ❡t❝✳✮✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡s❝r✐❜❡ ❛ ♥❡✇ t❡❝❤♥✐q✉❡ t♦ ✐♥❢❡r ♣❛r❛❧❧❡❧✐s♠ ❢r♦♠ ♣r♦✈❡♥ ♣r♦❣r❛♠s✳
■♥st❡❛❞ ♦❢ ❞❡s✐❣♥✐♥❣ ❛❞✲❤♦❝ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s✱ ✇❡ ✉s❡ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❬✷✽❪ t♦ ❛♥❛❧②③❡ ✭✐✳❡✳✱
♣r♦✈❡✮ ♣r♦❣r❛♠s ❜❡❢♦r❡ tr②✐♥❣ t♦ ♣❛r❛❧❧❡❧✐③❡ t❤❡♠✳ ■♥ ❛ s❡♥s❡✱ ✇❡ ♣✉s❤ ❑♥✉t❤s✬s ❛❞✈✐❝❡

❘❚ ♥➦ ✻✽✵✻



✹ ❍✉r❧✐♥

program

verifier

program C

proof
tree

generator

C correct
C wrong

proof
tree

rewriter

C,P(P is C’s proof)

Copt,Popt

(Copt is C parallelized
and optimized)

❋✐❣✉r❡ ✶✿ ❍✐❣❤ ❧❡✈❡❧ ♣r♦❝❡❞✉r❡ ✇✐t❤ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ ❣r❡②

✏♣r❡♠❛t✉r❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s t❤❡ r♦♦t ♦❢ ❛❧❧ ❡✈✐❧✑ t♦ ❛♥ ❡①tr❡♠❡✿ ✇❡ ♦♣t✐♠✐③❡ ♣r♦❣r❛♠s ♦♥❝❡
t❤❡② ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥ ❝♦rr❡❝t✳

❈♦♥tr❛r② t♦ ♠♦st ♣r❡✈✐♦✉s ✇♦r❦s✱ ♦✉r ❛❧❣♦r✐t❤♠s t❛❦❡ ❛s ✐♥♣✉t ♣r♦♦❢ tr❡❡s r❡♣r❡s❡♥t✐♥❣
❞❡r✐✈❛t✐♦♥s ♦❢ ❍♦❛r❡ tr✐♣❧❡ts✳ ❖✉r ♣r♦❝❡❞✉r❡ s❤♦✇s ❤♦✇ t♦ r❡✇r✐t❡ ❛ ✈❛❧✐❞ ♣r♦♦❢ tr❡❡ ♦❢
❛ ♣r♦❣r❛♠ ✐♥t♦ ❛ ✈❛❧✐❞ ♣r♦♦❢ tr❡❡ ♦❢ ❛ ✭♣❛r❛❧❧❡❧✐③❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥✮ ♦❢ t❤❡ ♣r♦❣r❛♠
❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♦✈❡r❛❧❧ ♣r♦❝❡❞✉r❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶ ✇❤❡r❡ ♦✉r ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ✐♥❞✐❝❛t❡❞
❜② ❣r❡② ❜❧♦❝❦s✳ C,P r❡♣r❡s❡♥ts ❛ ♣r♦❣r❛♠ C t♦❣❡t❤❡r ✇✐t❤ ✐ts s❡♣❛r❛t✐♦♥✲❧♦❣✐❝ ♣r♦♦❢ P✳
❋✐❣✳ ✶ s❤♦✇s ❤♦✇✱ ❢r♦♠ ❛ ♣r♦❣r❛♠ C ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ ✭t❤❡ ✈❡r✐✜❡r ♦✉t♣✉ts ✏C ❝♦rr❡❝t✑
❛♥❞ ❛ ♣r♦♦❢ tr❡❡ ♦❢ C✮✱ ✇❡ ♦❜t❛✐♥ ❛ ♣❛r❛❧❧❡❧✐③❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥ ♦❢ C ✭Copt✮ ❛♥❞ ✐ts
♣r♦♦❢ ✭Popt✮✳

❖✉r ❛❧❣♦r✐t❤♠ ❢♦r r❡✇r✐t✐♥❣ ♣r♦♦❢ tr❡❡s ❢♦❝✉s❡s ♦♥ t✇♦ r✉❧❡s ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✿ t❤❡
✭❋r❛♠❡✮ r✉❧❡ ❛♥❞ t❤❡ ✭P❛r❛❧❧❡❧✮ r✉❧❡✳ ❋✐rst✱ t❤❡ ✭❋r❛♠❡✮ r✉❧❡ ❬✷✽❪ ❛❧❧♦✇s r❡❛s♦♥✐♥❣ ❛❜♦✉t ❛
♣r♦❣r❛♠ ✐♥ ✐s♦❧❛t✐♦♥ ❢r♦♠ ✐ts ❡♥✈✐r♦♥♠❡♥t✱ ❜② ❢♦❝✉s✐♥❣ ♦♥❧② ♦♥ t❤❡ ♣❛rt ♦❢ t❤❡ ❤❡❛♣ t❤❛t
t❤✐s ♣r♦❣r❛♠ ❛❝❝❡ss❡s ✭✇❤❡r❡ ♥♦ ✈❛r✐❛❜❧❡ ♦❝❝✉rr✐♥❣ ✐♥ Θ ✐s ♠♦❞✐✜❡❞ ❜② C✮✿

{Ξ}C{Ξ′}
✭❋r❛♠❡✮

{Ξ ⋆ Θ}C{Ξ′ ⋆ Θ}

❙❡❝♦♥❞✱ t❤❡ ✭P❛r❛❧❧❡❧✮ r✉❧❡ ❬✷✹❪ ❛❧❧♦✇s r❡❛s♦♥✐♥❣ ❛❜♦✉t ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠s t❤❛t ❛❝❝❡ss
❞✐s❥♦✐♥t ♣❛rts ♦❢ t❤❡ ❤❡❛♣ ✭✇❤❡r❡ C ❞♦❡s ♥♦t ♠♦❞✐❢② ❛♥② ✈❛r✐❛❜❧❡s ❢r❡❡ ✐♥ Ξ′✱ C ′✱ Θ′✱ ❛♥❞
❝♦♥✈❡rs❡❧②✮✿

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✺

{Ξ}C{Θ} {Ξ′}C ′{Θ′}
✭P❛r❛❧❧❡❧✮

{Ξ ⋆ Ξ′}C‖C ′{Θ ⋆ Θ′}

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ♦✉r r❡❛s♦♥✐♥❣ ✐s ❞❡♣✐❝t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✇r✐t❡ r✉❧❡✿

{Ξ}C{Θ}
✭❋r❛♠❡✮

{Ξ ⋆ Ξ′}C{Θ ⋆ Ξ′}

{Ξ′}C ′{Θ′}
✭❋r❛♠❡✮

{Θ ⋆ Ξ′}C ′{Θ ⋆ Θ′}
✭❙❡q✮

{Ξ ⋆ Ξ′}C; C ′{Θ ⋆ Θ′}

↓P❛r❛❧❧❡❧✐③❡✶

{Ξ}C{Θ} {Ξ′}C ′{Θ′}
✭P❛r❛❧❧❡❧✮

{Ξ ⋆ Ξ′}C‖C ′{Θ ⋆ Θ′}

❚❤✐s ❞✐❛❣r❛♠ s❤♦✉❧❞ ❜❡ r❡❛❞ ❛s ❢♦❧❧♦✇s✿ ●✐✈❡♥ ❛ ♣r♦♦❢ ♦❢ t❤❡ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠ C; C ′

✇❡ r❡✇r✐t❡ t❤✐s ♣r♦♦❢ ✐♥t♦ ❛ ♣r♦♦❢ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠ C‖C ′✳ ■❢ t❤❡ ✐♥✐t✐❛❧ ♣r♦♦❢ tr❡❡ ✐s
✈❛❧✐❞✱ t❤✐s r❡✇r✐t✐♥❣ ②✐❡❧❞s ❛ ✈❛❧✐❞ ♣r♦♦❢ tr❡❡ ❜❡❝❛✉s❡ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ r❡✇r✐tt❡♥ ♣r♦♦❢ tr❡❡
❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣r♦♦❢ tr❡❡✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ❛s
❢♦❧❧♦✇s✿

❼ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝❛r❡❢✉❧ ❞❡s✐❣♥ ♦❢ ♣r♦♦❢ r✉❧❡s ❛❞❛♣t❡❞ ❢♦r ♦✉r r❡✇r✐t❡ r✉❧❡s✳
❚❤❡s❡ ♣r♦♦❢ r✉❧❡s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❬✻❪✬s ♣r♦♦❢ r✉❧❡s✳

❼ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t s♦✉♥❞ r❡✇r✐t❡ r✉❧❡s ❢r♦♠ ♣r♦♦❢ tr❡❡s t♦ ♣r♦♦❢ tr❡❡s t❤❛t ②✐❡❧❞
♦♣t✐♠✐③❡❞ ♣r♦❣r❛♠s✳ ❈♦♥s✐❞❡r❡❞ ♦♣t✐♠✐③❛t✐♦♥s ❛r❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✱ ❡❛r❧② ❞✐s♣♦s❛❧✱ ❧❛t❡
❛❧❧♦❝❛t✐♦♥✱ ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣✱ ❧❛t❡ ❧♦❝❦ ❛❝q✉✐r❡♠❡♥t✱ ❛♥❞ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❡♠♣♦r❛❧
❧♦❝❛❧✐t②✳

❼ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ♣r❡s❡♥t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s t❤❛t ✉s❡s s♠❛❧❧❢♦♦t ❬✺❪ ❛s
t❤❡ ♣r♦♦❢ tr❡❡ ❣❡♥❡r❛t♦r ❛♥❞ t♦♠ ❬✸❪ ❛s t❤❡ r❡✇r✐t❡ ❡♥❣✐♥❡✳ ❲❡ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ t❤❛t
❛♥ ❡①✐st✐♥❣ ♣r♦❣r❛♠ ✈❡r✐✜❡r ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✭✐✳❡✳✱ s♠❛❧❧❢♦♦t✮ ❝❛♥ ❡❛s✐❧② ❜❡ ♠♦❞✐✜❡❞
t♦ ❣❡♥❡r❛t❡ ♣r♦♦❢ tr❡❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✸✬s ♣r♦♦❢ r✉❧❡s✳

❼ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ s❤♦✇ ❤♦✇ ♦✉r t❡❝❤♥✐q✉❡ ✇✐❧❧ ❜❡♥❡✜t ❢r♦♠ t❤❡ r❡❝❡♥t ❛❞✈❛♥❝❡s ♦❢ s❡♣❛✲
r❛t✐♦♥ ❧♦❣✐❝✳ ❚❤❡s❡ ❛❞✈❛♥❝❡s ✐♥❝❧✉❞❡ ♦❜❥❡❝t✲♦r✐❡♥t❛t✐♦♥ ❬✷✻❪✱ ♣❡r♠✐ss✐♦♥✲❛❝❝♦✉♥t✐♥❣ ❬✾❪✱
❢♦r❦✴❥♦✐♥ ♣❛r❛❧❧❡❧✐s♠ ❬✶✽✱ ✶✼❪✱ ❛♥❞ ✈❛r✐❛❜❧❡s ❛s r❡s♦✉r❝❡s ❬✽❪✳

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡ ✇❡ ✉s❡ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ❲❡ ❞✐s❝✉ss
r❡❧❛t❡❞ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✼ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✽✳

✷ ❇❛❝❦❣r♦✉♥❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❬✻❪✬s ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ✇❡ ✉s❡ ✐♥ ♦✉r ✇♦r❦✳
❖✉r ❛ss❡rt✐♦♥ ❧❛♥❣✉❛❣❡ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ♣✉r❡ ✭❤❡❛♣ ✐♥❞❡♣❡♥❞❡♥t✮ ❛♥❞ s♣❛t✐❛❧ ✭❤❡❛♣

❞❡♣❡♥❞❡♥t✮ ❛ss❡rt✐♦♥s✿

❘❚ ♥➦ ✻✽✵✻



✻ ❍✉r❧✐♥

x, y, z ∈ Var ✈❛r✐❛❜❧❡s
E,F, G ::= ♥✐❧ | x ❡①♣r❡ss✐♦♥s

b ::= E = E | E 6= E ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥s
Π ::= ⊤ | b | Π ∧ Π ♣✉r❡ ❢♦r♠✉❧❛s

f, g, fi, . . . ∈ Fields ✜❡❧❞s
ρ ::= f1 : E1, . . . , fn : En r❡❝♦r❞ ❡①♣r❡ss✐♦♥s
S ::= E 7→ [ρ] | ❧s(E,F ) | tr❡❡(E) s✐♠♣❧❡ s♣❛t✐❛❧ ❢♦r♠✉❧❛s
Σ ::= ❡♠♣ | S | Σ ⋆ Σ s♣❛t✐❛❧ ❢♦r♠✉❧❛s

Ξ,Θ ∈ Π ➛ Σ ❢♦r♠✉❧❛s

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ s✐♠♣❧❡ s♣❛t✐❛❧ ❢♦r♠✉❧❛s ✐s ❛s ❢♦❧❧♦✇s✿ E 7→ [ρ] r❡♣r❡s❡♥ts ❛ ❤❡❛♣ ❝♦♥t❛✐♥✐♥❣
♦♥❡ ❝❡❧❧ ❛t ❛❞❞r❡ss E ✇✐t❤ ❝♦♥t❡♥ts ρ✱ ❧s(E,F ) r❡♣r❡s❡♥ts ❛ ❤❡❛♣ ❝♦♥t❛✐♥✐♥❣ ❛ ❧✐♥❦❡❞ ❧✐st
s❡❣♠❡♥t ❢r♦♠ ❛❞❞r❡ss E t♦ ❛❞❞r❡ss F ✱ ❛♥❞ tr❡❡(E) r❡♣r❡s❡♥ts ❛ ❤❡❛♣ ❝♦♥t❛✐♥✐♥❣ ❛ tr❡❡
✇❤♦s❡ r♦♦t ✐s ❛t ❛❞❞r❡ss E ❛♥❞ ✇❤♦s❡ ❧❡❢t ❛♥❞ r✐❣❤t s✉❜tr❡❡s ❝❛♥ ❜❡ ❞❡r❡❢❡r❡♥❝❡❞ ✇✐t❤
✜❡❧❞s l ❛♥❞ r✳ ❚❤❡ ❢♦r♠✉❧❛ E 7→ [ρ] ❝❛♥ ♠❡♥t✐♦♥ ❛♥② ♥✉♠❜❡r ♦❢ ✜❡❧❞s ✐♥ ρ✿ t❤❡ ✈❛❧✉❡s ♦❢
♦♠✐tt❡❞ ✜❡❧❞s ❛r❡ ✐♠♣❧✐❝✐t❧② ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞✳ ❋♦r♠✉❧❛s ❛r❡ ♣❛✐rs Π ➛ Σ ✇❤❡r❡ Π ✐s ❛
∧✲s❡♣❛r❛t❡❞ s❡q✉❡♥❝❡ ♦❢ ♣✉r❡ ❢♦r♠✉❧❛s ✭✐♥❞✐❝❛t✐♥❣ ❡q✉❛❧✐t✐❡s ❜❡t✇❡❡♥ ❡①♣r❡ss✐♦♥s✮ ❛♥❞ Σ ✐s
❛ ⋆✲s❡♣❛r❛t❡❞ ❧✐st ♦❢ s♣❛t✐❛❧ ❢♦r♠✉❧❛s ✭✐♥❞✐❝❛t✐♥❣ ❢❛❝ts ❛❜♦✉t t❤❡ ❤❡❛♣✮✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢
❢♦r♠✉❧❛s ✐s ♦♠✐tt❡❞ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻❪✳

❊♥t❛✐❧♠❡♥t ❜❡t✇❡❡♥ ❢♦r♠✉❧❛s ✐s ✇r✐tt❡♥ Π ➛ Σ ⊢ Π′ ➛ Σ′✳ ❲❡ ❧✐❢t ⊢ t♦ ♣✉r❡ ❢♦r♠✉❧❛s ❛♥❞
⋆ t♦ ❢♦r♠✉❧❛s ✭♥♦t❡ t❤❛t ➛ ❜✐♥❞s t✐❣❤t❡r t❤❛♥ ⋆✮ ❛s ❢♦❧❧♦✇s✿

Π ⊢ Π′ ∆

= Π ➛ ❡♠♣ ⊢ Π′ ➛ ❡♠♣ Π ➛ Σ ⋆ Π′ ➛ Σ′ ∆

= (Π ∧ Π′) ➛ (Σ ⋆ Σ′)

❲❡ r❛♥❣❡ ♦✈❡r s✉❜st✐t✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x0/y0, . . . , xn/yn ✇✐t❤ σ ❛♥❞ ❜❡❧♦✇ ✇❡ ❛❜✉s✐✈❡❧②
✇r✐t❡ Π ⊢ x0/y0, . . . , xn/yn t♦ ❞❡♥♦t❡ Π ⊢ x0 = y0 ∧ · · · ∧ xn = yn✳ ❲❡ ❞❡✜♥❡ ❛ s②♥t❛❝t✐❝❛❧
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢♦r♠✉❧❛s ❛s ❢♦❧❧♦✇s✿

Π ➛ Σ ⇔ Π′ ➛ Σ′ ✐✛

{

Π ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ Π′

∃σ, Π ⊢ σ ❛♥❞ Σ[σ] ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ Σ′

❍♦❛r❡ tr✐♣❧❡ts ❤❛✈❡ t❤❡ ❢♦r♠ {Π ➛ Σ}C{Π′ ➛ Σ′} ✇❤❡r❡ ❝♦♠♠❛♥❞s C ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r ✭✇❤❡r❡ p r❛♥❣❡ ♦✈❡r ♣r♦❝❡❞✉r❡ ♥❛♠❡s✮✿

A ::= x := E | E→f := F | x := E→f
| x := ♥❡✇() | ❞✐s♣♦s❡(E) | p(E1;E2)

C ::= A | ❡♠♣t② | ✐❢ P t❤❡♥ C ❡❧s❡ C
| ✇❤✐❧❡(b){C} | ✇✐t❤ r ❞♦ C ❡♥❞✇✐t❤

| p(E1;E2) | C; C | C‖C ′

❚❤❡ ❝♦♠♠❛♥❞ ✇✐t❤ r ❞♦ C ❡♥❞✇✐t❤ ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❝r✐t✐❝❛❧ r❡❣✐♦♥ ❬✷✹❪✳ ❖♣❡r❛t✐♦♥❛❧❧②✱
✐t ❜❡❤❛✈❡s ❛s ❢♦❧❧♦✇s✿ ✜rst ❛❝q✉✐r❡ r❡s♦✉r❝❡ ✭♦r ❧♦❝❦✮ r✱ t❤❡♥ ❡①❡❝✉t❡ C✱ t❤❡♥ r❡❧❡❛s❡ r✳
❘❡s♦✉r❝❡s ❛r❡ ❞❡❝❧❛r❡❞ ✐♥ t❤❡ ✭♦♠✐tt❡❞✮ ♣r♦❣r❛♠✬s ❤❡❛❞❡r✳ ■♥ ♣r♦❝❡❞✉r❡ ❝❛❧❧s p(E1;E2)✱ E1

❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ✉♥❝❤❛♥❣❡❞ ✐♥ p✬s ❜♦❞② ✇❤✐❧❡ E2 ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ❛ss✐❣♥❡❞ ✐♥
p✬s ❜♦❞②✳

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✼

❚♦ ♠✉t❛t❡ ❛♥❞ ❧♦♦❦✉♣ t❤❡ ❝♦♥t❡♥t ♦❢ r❡❝♦r❞s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

mutate(ρ, f, F ) =

{

f : F, ρ′ ✐❢ ρ = f : E, ρ′

f : F, ρ ✐❢ f 6∈ ρ
lookup(ρ, f) =

{

E ✐❢ ρ = f : E, ρ′

x ❢r❡s❤ ✐❢ f 6∈ ρ

✸ Pr♦♦❢s ✇✐t❤ ❊①♣❧✐❝✐t ❆♥t✐❢r❛♠❡s ❛♥❞ ❋r❛♠❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❤♦✇ t♦ ❣❡♥❡r❛t❡ ♣r♦♦❢ tr❡❡s ✇❤❡r❡ ❛♥t✐❢r❛♠❡s ❬✶✷❪ ✭♣♦rt✐♦♥s ♦❢ t❤❡
st❛t❡ ♥❡❡❞❡❞ t♦ ❡①❡❝✉t❡ ❛ ❝♦♠♠❛♥❞✮ ❛♥❞ ❢r❛♠❡s ✭♣♦rt✐♦♥s ♦❢ t❤❡ st❛t❡ ✉s❡❧❡ss t♦ ❡①❡❝✉t❡ ❛
❝♦♠♠❛♥❞✮ ❛r❡ ♠❛❞❡ ❡①♣❧✐❝✐t✳ ▼❛❦✐♥❣ ❛♥t✐❢r❛♠❡s ❛♥❞ ❢r❛♠❡s ❡①♣❧✐❝✐t ✇✐❧❧ ❜❡ ❧❛t❡r ♥❡❡❞❡❞
✭s❡❡ ❙❡❝t✐♦♥ ✹✮ ❢♦r ♦✉r r❡✇r✐t❡ r✉❧❡s t♦ ✇♦r❦✳

❚❤❡ ✭❋r❛♠❡✮ r✉❧❡ ✐s ♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ✐♥❣r❡❞✐❡♥ts ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✬s s✉❝❝❡ss✳ ■t ❛❧❧♦✇s
r❡❛s♦♥✐♥❣ ✇✐t❤ s♠❛❧❧ ❛①✐♦♠s ❬✷✺❪ ❛❜♦✉t ❛t♦♠✐❝ ❝♦♠♠❛♥❞s✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❡ s♠❛❧❧
❛①✐♦♠s ❛r❡ ♥♦t ✉s❡❞ ❛♥❞ ❢r❛♠❡s ❛r❡ ♥♦t ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ❛t♦♠✐❝ ❝♦♠♠❛♥❞✳ ❈♦♥s✐❞❡r✱ ❢♦r
❡①❛♠♣❧❡✱ t❤❡ r✉❧❡ ❢♦r ✜❡❧❞ ❧♦♦❦✉♣ ✉s❡❞ ✐♥ ❬✻❪ ✭✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ t❤❡ ✏r❡❛rr❛♥❣❡♠❡♥t✑
st❡♣ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✇♦r❦ ❝✐t❡❞✮✿

x′ ❢r❡s❤ lookup(ρ, f) = G Π ⊢ F = E
{x = G[x′/x] ∧ Π[x′/x] ➛ (Σ ⋆ F 7→ [ρ])[x′/x]}C{Π′ ➛ Σ′}

{Π ➛ Σ ⋆ F 7→ [ρ]}x := E→f ; C{Π′ ➛ Σ′}

❚❤✐s r✉❧❡ ❞♦❡s ♥♦t ❢r❛♠❡ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥✿ t❤❡ ✇❤♦❧❡ ♣✉r❡ ♣❛rt ♦❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ✭Π✮
✐s ✉s❡❞ t♦ s❤♦✇ F = E ❛♥❞ t❤❡ s✉❜st✐t✉t✐♦♥ x′/x ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ✇❤♦❧❡ ♣r❡❝♦♥❞✐t✐♦♥
✭Π ➛ Σ ⋆F 7→ [ρ]✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s r✉❧❡ ❞♦❡s ♥♦t ❡①❤✐❜✐t t❤❡ ♣❛rt ♦❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ t❤❛t
✐s ❢r❛♠❡❞ ✐✳❡✳✱ ✭✶✮ t❤❡ ♣✉r❡ ♣❛rt ♦❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ t❤❛t ✐s ✉s❡❧❡ss t♦ s❤♦✇ F = E ❛♥❞ ✭✷✮
t❤❡ ♣❛rt ♦❢ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ t❤❛t ✐s ❧❡❢t ✉♥❛✛❡❝t❡❞ ❜② t❤❡ s✉❜st✐t✉t✐♦♥ x′/x✳

❋✐❣✉r❡ ✷ s❤♦✇s ♣r♦♦❢ tr❡❡s ✭❞❡r✐✈❡❞ ❢r♦♠ ❬✻❪✬s ♣r♦♦❢ r✉❧❡s✮ ❢♦r ❡❛❝❤ ❛t♦♠✐❝ ❝♦♠♠❛♥❞
✇❤❡r❡ ❛♥t✐❢r❛♠❡s ❛♥❞ ❢r❛♠❡s ❛r❡ ♠❛❞❡ ❡①♣❧✐❝✐t✳ ■♥ t❤❡s❡ ♣r♦♦❢ tr❡❡s✱ ✇❡ s✉❜s❝r✐♣t ❢♦r♠✉❧❛s
r❡♣r❡s❡♥t✐♥❣ ❛♥t✐❢r❛♠❡s ❜② a ❛♥❞ ❢♦r♠✉❧❛s r❡♣r❡s❡♥t✐♥❣ ❢r❛♠❡s ❜② f ✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✐♥❞✐❝❛t❡
♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮ t❤❡ ❢♦r♠✉❧❛ ❜❡✐♥❣ ❢r❛♠❡❞✳ ❋✐♥❛❧❧②✱ ❡①tr❛
s✐❞❡ ❝♦♥❞✐t✐♦♥s ♦❢ ✭❋r❛♠❡✮ ❛r❡ ✐♥❞✐❝❛t❡❞ ❛s ❛❞❞✐t✐♦♥❛❧ ♣r❡♠✐s❡s✳

❚♦ ❤❡❧♣ t❤❡ r❡❛❞❡r ✉♥❞❡rst❛♥❞ t❤❡s❡ ♣r♦♦❢ tr❡❡s✱ ✇❡ ❞❡t❛✐❧ t❤❡ ♣r♦♦❢ tr❡❡ ❡①❤✐❜✐t✐♥❣ t❤❡
❛♥t✐❢r❛♠❡ ❛♥❞ ❢r❛♠❡ ❛t ❛ ❤❡❛♣ ♠✉t❛t✐♦♥ ❝♦♠♠❛♥❞ ✭t❤❡ t❤✐r❞ r✉❧❡✮✳ ❚❤❡ ❛♥t✐❢r❛♠❡ ❝♦♥s✐sts
♦❢ ✭✶✮ t❤❡ ♣✉r❡ ♣❛rt ♦❢ t❤❡ ♣r❡st❛t❡ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ t♦ s❤♦✇ F = E✿ ✐t ✐s Πa ❛♥❞ ♦❢ ✭✷✮ t❤❡
s♣❛t✐❛❧ ♣♦✐♥ts✲t♦ ♣r❡❞✐❝❛t❡ ❛ss❡rt✐♥❣ t❤❛t t❤❡ ❝❡❧❧ ❛t E ❡①✐sts✿ ✐t ✐s F 7→ [ρ]✳ ❚❤❡ ❢r❛♠❡ ✐s
s✐♠♣❧② t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❛♥t✐❢r❛♠❡✿ Πf ➛ Σf ✳

❚❤❡♦r❡♠ ✶✳ ❚❤❡ r✉❧❡s ✐♥ ❋✐❣✳ ✷ ❛r❡ s♦✉♥❞✳

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥s ✐♠♣♦s❡❞ ♦♥ ❡①♣❧✐❝✐t ❢r❛♠❡s ✭x 6∈ Ξf ✮ ♠❛❦❡
❡①♣❧✐❝✐t ❢r❛♠❡s ✐♠♠✉♥❡ t♦ s✉❜st✐t✉t✐♦♥s x′/x ✭❝❛s❡s ✭❆ss✐❣♥✮✱ ✭▲♦♦❦✉♣✮ ❛♥❞ ✭◆❡✇✮✮✳ ❚❤❡♥
❢✉rt❤❡r ♦❜s❡r✈❡ t❤❛t t❤❡s❡ r✉❧❡s r❡❞✉❝❡ t♦ ❬✻❪✬s r✉❧❡s ✭✇❤✐❝❤ ❛r❡ s♦✉♥❞✮✳

❘❚ ♥➦ ✻✽✵✻



✽ ❍✉r❧✐♥

x′ ❢r❡s❤ ✭❆ss✐❣♥✮
{Ξa}x := E{Ξa[x′/x]} x 6∈ Ξf

✭❋r❛♠❡ Ξf ✮
{Ξa ⋆ Ξf}x := E{Ξa[x′/x] ⋆ Ξf} {Ξa[x′/x] ⋆ Ξf}C{Ξ′}

✭❙❡q✮
{Ξa ⋆ Ξf}x := E; C{Ξ′}

x′ ❢r❡s❤ lookup(ρ, f) = G Πa ⊢ F = E
Ξ = Πa[x′/x] ∧ x = G[x′/x] ➛ (Σa ⋆ F 7→ [ρ])[x′/x]

✭▲♦♦❦✉♣✮
{Πa ➛ Σa ⋆ F 7→ [ρ]}x := E→f{Ξ} x 6∈ Ξf

✭❋r❛♠❡ Ξf ✮
{(Πa ➛ Σa ⋆ F 7→ [ρ]) ⋆ Ξf}x := E→f{Ξ ⋆ Ξf} {Ξ ⋆ Ξf}C{Ξ′}

✭❙❡q✮
{(Πa ➛ Σa ⋆ F 7→ [ρ]) ⋆ Ξf}x := E→f ; C{Ξ′}

Πa ⊢ F = E mutate(ρ, f, G) = ρ′

✭▼✉t❛t❡✮
{Πa ➛ F 7→ [ρ]}E→f := G{Πa ➛ F 7→ [ρ′]}

✭❋r❛♠❡ Ξf ✮
{Πa ➛ F 7→ [ρ] ⋆ Ξf}E→f := G{Πa ➛ F 7→ [ρ′] ⋆ Ξf} {Πa ➛ F 7→ [ρ′] ⋆ Ξf}C{Ξ′}

✭❙❡q✮
{Πa ➛ F 7→ [ρ] ⋆ Ξf}E→f := G; C{Ξ′}

x′ ❢r❡s❤
✭◆❡✇✮

{Ξa}x := ♥❡✇(){Ξa[x′/x] ⋆ x 7→ []} x 6∈ Ξf
✭❋r❛♠❡ Ξf ✮

{Ξa ⋆ Ξf}x := ♥❡✇(){Ξa[x′/x] ⋆ x 7→ [] ⋆ Ξf} {Ξa[x′/x] ⋆ x 7→ [] ⋆ Ξf}C{Ξ′}
✭❙❡q✮

{Ξa ⋆ Ξf}x := ♥❡✇(); C{Ξ′}

Πa ⊢ F = E
✭❉✐s♣♦s❡✮

{Πa ➛ F 7→ [ρ]}❞✐s♣♦s❡(E){Πa ➛ ❡♠♣}
✭❋r❛♠❡ Ξf ✮

{Πa ➛ F 7→ [ρ] ⋆ Ξf}❞✐s♣♦s❡(E){Πa ➛ ❡♠♣ ⋆ Ξf} {Πa ➛ ❡♠♣ ⋆ Ξf}C{Ξ′}
✭❙❡q✮

{Πa ➛ F 7→ [ρ] ⋆ Ξf}❞✐s♣♦s❡(E); C{Ξ′}

❋✐❣✉r❡ ✷✿ Pr♦♦❢ tr❡❡s ❢♦r ❛t♦♠✐❝ ❝♦♠♠❛♥❞s ✇✐t❤ ❡①♣❧✐❝✐t ❛♥t✐❢r❛♠❡s ❛♥❞ ❢r❛♠❡s

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✾

❚❤❡ r✉❧❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ❛r❡ ♥♦t ❛❝t✉❛❧❧② ✉s❡❞ ❢♦r ♣r♦❣r❛♠ ✈❡r✐✜❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱
❜❡❝❛✉s❡ t❤❡② ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❬✻❪✬s r✉❧❡s✱ ✇❡ ✉s❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇♦r❦ ❝✐t❡❞ ✭✐✳❡✳✱
s♠❛❧❧❢♦♦t✮ t♦ ❣❡♥❡r❛t❡ ♣r♦♦❢ tr❡❡s ❧✐❦❡ t❤❡ ♦♥❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✿ r❡❛❞✐♥❣ t❤❡ r✉❧❡s ❜♦tt♦♠✲✉♣
❣✐✈❡s ❛ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r ❣❡♥❡r❛t✐♥❣ ♣r♦♦❢ tr❡❡s ✇✐t❤ ❡①♣❧✐❝✐t ❛♥t✐❢r❛♠❡s ❛♥❞ ❢r❛♠❡s✳

❲❡ ❤❛✈❡ ♥♦t ❞✐s❝✉ss❡❞ t❤❡ ♣r♦♦❢ r✉❧❡s ❢♦r ♠❡t❤♦❞ ❝❛❧❧s✳ ❚❤❛t ✐s ✐♥t❡♥t✐♦♥❛❧✿ ❡①✐st✐♥❣
♣r♦♦❢ r✉❧❡s ❢♦r ♠❡t❤♦❞ ❝❛❧❧s ❬✷✽✱ ✺❪ ❛❧r❡❛❞② ❝♦♠♣✉t❡ ❢r❛♠❡s ❛♥❞ ❛♥t✐❢r❛♠❡s ❛t ♣r♦❝❡❞✉r❡
❝❛❧❧s✳

✹ ❆✉t♦♠❛t✐❝ ❖♣t✐♠✐③❛t✐♦♥s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ r❡✇r✐t❡ r✉❧❡s ❢♦r ♣r♦♦❢ tr❡❡s ✭r❛♥❣❡❞ ♦✈❡r ❜② t❤❡ ♠❡t❛✲✈❛r✐❛❜❧❡ P✮✳
❚❤❡ ♣r♦♦❢ tr❡❡s ✇❡ ❝♦♥s✐❞❡r ❛r❡ ❜✉✐❧t ❢r♦♠ ❬✻❪✬s ✏❙②♠❜♦❧✐❝ ❊①❡❝✉t✐♦♥ ❘✉❧❡s✑ ❛♥❞ t❤❡ ✭❋r❛♠❡✮
r✉❧❡ s❤♦✇♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ✇♦r❦ ❝✐t❡❞✬s ❛❧❣♦r✐t❤♠ ❢♦r
❣❡♥❡r❛t✐♥❣ ♣r♦♦❢ tr❡❡s✱ ✇❡ ✉s❡ t❤❡ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
❚❤✐s ✐s ❝r✉❝✐❛❧ ❜❡❝❛✉s❡ ❛❧❧ ♦✉r r❡✇r✐t❡ r✉❧❡s ♠❡♥t✐♦♥ t❤❡ ✭❋r❛♠❡✮ r✉❧❡ ♦♥ t❤❡✐r ❧❡❢t ❤❛♥❞ s✐❞❡
✐✳❡✳✱ t❤❡② ❝❛♥♥♦t ✜r❡ ✐❢ ❢r❛♠❡s ❛r❡ ♥♦t ❡①♣❧✐❝✐t✳

❆ ♣r♦♦❢ tr❡❡ ✐s ✈❛❧✐❞ ✐❢ ❡❛❝❤ ✐♥❢❡r❡♥❝❡ ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ♣r♦♦❢ r✉❧❡s✳ ❆ r❡✇r✐t❡ r✉❧❡
P → P ′ r❡❧❛t❡s ❛♥ ✐♥♣✉t ♣r♦♦❢ tr❡❡ P ❛♥❞ ②✐❡❧❞s ❛♥ ♦✉t♣✉t ♣r♦♦❢ tr❡❡ P ′✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ r❡✇r✐t❡ r✉❧❡ → ✐s s♦✉♥❞ ✐✛ ❢♦r ❛❧❧ ✈❛❧✐❞ ♣r♦♦❢ tr❡❡s P s✉❝❤ t❤❛t P → P ′✱
P ′ ✐s ✈❛❧✐❞✳

❆❧❧ ♦✉r r❡✇r✐t❡ r✉❧❡s ♣r❡s❡r✈❡ s♣❡❝✐✜❝❛t✐♦♥s ✐✳❡✳✱ ❣✐✈❡♥ ❛ ♣r♦♦❢ tr❡❡ P ✇❤♦s❡ r♦♦t ✐s
{Ξ}C{Ξ′}✱ ❛♥② tr❡❡ r❡t✉r♥❡❞ ❜② t❤❡ r❡✇r✐t❡ s②st❡♠ ❝♦♥s✐st✐♥❣ ✐♥ ❛❧❧ ♦✉r r❡✇r✐t❡ r✉❧❡s ✇✐❧❧
❤❛✈❡ {Ξ}C{Ξ′} ❛s ✐ts r♦♦t✳ ❚❤✐s ❤♦❧❞s s✐♠♣❧② ❜❡❝❛✉s❡ ❛❧❧ ♦✉r r❡✇r✐t❡ r✉❧❡s ❧❡❛✈❡ t❤❡ r♦♦t ♦❢
t❤❡ ♣r♦♦❢ tr❡❡ ❣✐✈❡♥ ❛s ✐♥♣✉t ✉♥t♦✉❝❤❡❞✳

✹✳✶ ❆ ❋✐rst ❚r② ❛t P❛r❛❧❧❡❧✐③❛t✐♦♥

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ r❡✇r✐t❡ r✉❧❡ ❢♦r ♣❛r❛❧❧❡❧✐③❛t✐♦♥ P❛r❛❧❧❡❧✐③❡ s❤♦✇♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
❞♦❡s ♥♦t ♠❛t❝❤ ♠♦st ♦❢ t❤❡ ♣r♦♦❢ tr❡❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r♦♦❢ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s✳
❚♦ ❡①❡♠♣❧✐❢② t❤✐s st❛t❡♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ s♦♠❡ ❛❜❜r❡✈✐❛t✐♦♥s✿

ΛE0,...,Em
x0,...,xm

∆

= x0 7→ [f : E0] ⋆ · · · ⋆ xm 7→ [f : Em]

◆♦t❡ t❤❛t t❤✐s ❛❜❜r❡✈✐❛t✐♦♥ ❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ✭✇❤❡r❡ ✇❡ ❧✐❢t ⇔ t♦ s♣❛t✐❛❧
❢♦r♠✉❧❛s ✐♥ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ✇❛②✮✿

Λ
E0,...,Em,Em+1,...,Em+k
x0,...,xm,xm+1,...,xm+k ⇔ ΛE0,...,Em

x0,...,xm
⋆ Λ

Em+1,...,Em+k
xm+1,...,xm+k

◆♦✇✱ t♦ s❡❡ ✇❤② P❛r❛❧❧❡❧✐③❡✬s ❧❡❢t✲❤❛♥❞ s✐❞❡ ❞♦❡s ♥♦t ♠❛t❝❤ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣r♦♦❢ tr❡❡s
❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r♦♦❢ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦♦❢ tr❡❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸
✭✇❤❡r❡ ♣✉r❡ ❢♦r♠✉❧❛s ❤❛✈❡ ❜❡❡♥ ♦♠✐tt❡❞❛♥❞ ✇❤❡r❡ ✭❋r❛♠❡✮ ✐s ❛❜❜r❡✈✐❛t❡❞ ❜② ✭❋r✮✮✳ ❚❤✐s
♣r♦♦❢ tr❡❡ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r♦♦❢ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❍♦❛r❡ tr✐♣❧❡t ✭✇❤❡r❡ ❴ ❞❡♥♦t❡s ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞ ✈❛❧✉❡s✮✿
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✶✵ ❍✉r❧✐♥

✭▼✉t❛t❡✮
{Λ
❴

x }x→f := E{ΛE
x }

✭❋r Λ
❴,❴
y,z ✮

{Λ
❴,❴,❴
x,y,z }x→f := E{Λ

E,❴,❴
x,y,z }

✭▼✉t❛t❡✮
{Λ
❴

y }y→f := F{ΛF
y }

✭❋r Λ
E,❴
x,z ✮

{Λ
E,❴,❴
x,y,z }y→f := F{Λ

E,F,❴
x,y,z }

✭▼✉t❛t❡✮
{Λ
❴

z }z→f := G{ΛG
z }

✭❋r ΛE,F
x,y ✮

{Λ
E,F,❴
x,y,z }z→f := G{ΛE,F,G

x,y,z }
✭❙❡q✮

{Λ
E,❴,❴
x,y,z }y→f := F ; z→f := G{ΛE,F,G

x,y,z }
✭❙❡q✮

{Λ
❴,❴,❴
x,y,z }x→f := E; y→f := F ; z→f := G{ΛE,F,G

x,y,z }

❋✐❣✉r❡ ✸✿ ❆ ♣r♦♦❢ tr❡❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❋✐❣✳ ✷✬s r✉❧❡s

{Λ
❴,❴,❴
x,y,z }x→f := E; y→f := F ; z→f := G{ΛE,F,G

x,y,z }

❚❤❡ r❡✇r✐t❡ r✉❧❡ P❛r❛❧❧❡❧✐③❡ ❝❛♥♥♦t ✜r❡ ♦♥ ❋✐❣✳ ✸✬s ♣r♦♦❢ tr❡❡ ❜❡❝❛✉s❡ t❤✐s ♣r♦♦❢ tr❡❡
❝♦♥t❛✐♥s ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮ ❛t ❡❛❝❤ ❛t♦♠✐❝ ❝♦♠♠❛♥❞✳ ●❡♥❡r❛❧❧②✱ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠
A0; A1; . . . ✱ t❤❡ ♣r♦♦❢ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s ❣❡♥❡r❛t❡ ❛ ♣r♦♦❢ tr❡❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
s❤❛♣❡✿

✳ ✳ ✳ ✭❋r❛♠❡✮
{. . . }A0{. . . }

. . . ✭❋r❛♠❡✮
{. . . }A1{. . . } . . .

✭❙❡q✮
{. . . }A1; . . . {. . . }

✭❙❡q✮
{. . . }A0; A1; . . . {. . . }

Pr♦♦❢ tr❡❡s ✇✐t❤ t❤❡ s❤❛♣❡ ❛❜♦✈❡ ❛r❡ ✐♥❛♣♣r♦♣r✐❛t❡ ❢♦r t❤❡ r❡✇r✐t❡ r✉❧❡ P❛r❛❧❧❡❧✐③❡✳ ■♥✲
t✉✐t✐✈❡❧②✱ t❤❡ ♣r♦❜❧❡♠ ❧✐❡s ✐♥ t❤❡ s✉❝❝❡ss✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮ ❜❡✐♥❣ r❡❞✉♥❞❛♥t✿ t❤❡
s❛♠❡ ❢♦r♠✉❧❛ ✐s ❢r❛♠❡❞ ♠✉❧t✐♣❧❡ t✐♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ♣r♦♦❢ tr❡❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✱ t❤❡
❢♦r♠✉❧❛ ΛE

x ✐s ❢r❛♠❡❞ t✇✐❝❡✿ ♦♥❝❡ ✐♥ t❤❡ ❝❡♥t❡r ✭❋r❛♠❡✮ ❛♥❞ ♦♥❝❡ ✐♥ t❤❡ r✐❣❤t ✭❋r❛♠❡✮✳

✹✳✷ ❆✈♦✐❞✐♥❣ ❘❡❞✉♥❞❛♥❝② ✐♥ ❋r❛♠❡s

❚❤❡ r❡❞✉♥❞❛♥❝② ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮ ♦r✐❣✐♥❛❧❧② ❝♦♠❡s ❢r♦♠ t❤❡ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥
❛❧❣♦r✐t❤♠✳ ❇❡❝❛✉s❡ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ♠✐♠✐❝s ❛♥ ♦♣❡r❛t✐♦♥❛❧ ✉♣❞❛t❡ ♦❢ t❤❡ st❛t❡ ❛t ❡❛❝❤
❛t♦♠✐❝ ❝♦♠♠❛♥❞✱ ✐t ❝❛♥♥♦t r❡❛s♦♥ ❛❜♦✉t ❛ s✉❝❝❡ss✐♦♥ ♦❢ ❝♦♠♠❛♥❞s✿ ❡❛❝❤ ❛t♦♠✐❝ ❝♦♠♠❛♥❞
✐s tr❡❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚♦ ✜① t❤✐s ✐ss✉❡✱ t✇♦ s♦❧✉t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡ ✜rst s♦❧✉t✐♦♥ ✐s
t♦ ❜✉✐❧❞ ❛ ♥❡✇ ♣r♦❣r❛♠ ✈❡r✐✜❡r t❤❛t ✐♥❢❡rs ❢r❛♠❡s ❢♦r ♥♦♥✲❛t♦♠✐❝ ❝♦♠♠❛♥❞s✳ ❲❡ t❤✐♥❦ t❤✐s
s♦❧✉t✐♦♥ ✐s ✐♥❛❞❡q✉❛t❡ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s t♦ ❞❡s✐❣♥ ❛ ♣r♦❣r❛♠ ✈❡r✐✜❡r ✇✐t❤ ♣r♦♦❢ r❡✇r✐t✐♥❣
✐♥ ♠✐♥❞ ✭❜r❡❛❦✐♥❣ s❡♣❛r❛t✐♦♥ ♦❢ ❝♦♥❝❡r♥s✮✳ ❚❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥✱ ❝❤♦s❡♥ ✐♥ t❤✐s ♣❛♣❡r✱ ✐s t♦
♠✐♥✐♠✐③❡ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ♣r♦❣r❛♠ ✈❡r✐✜❡r ❛♥❞ t♦ ❞♦ ❛s ♠✉❝❤ ✇♦r❦ ❛s ♣♦ss✐❜❧❡ ♦♥
t❤❡ ♣r♦♦❢ r❡✇r✐t✐♥❣ s✐❞❡✳

❋✐❣✳ ✹ s❤♦✇s t❤❡ r❡✇r✐t❡ r✉❧❡ ❋❛❝t♦r✐③❡❋r❛♠❡s ✇❤✐❝❤ ✇❡ ✉s❡ t♦ r❡♠♦✈❡ r❡❞✉♥❞❛♥❝② ✐♥
❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s r✉❧❡ ✜r❡s ✐❢ C ❛♥❞ C ′ ❛r❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝♦♠♠❛♥❞s
t❤❛t ❜♦t❤ ❢r❛♠❡ ❛ ♣❛rt ♦❢ t❤❡ st❛t❡ ✭Ξf ❛♥❞ Θf r❡s♣❡❝t✐✈❡❧②✮ s✉❝❤ t❤❛t t❤❡ t✇♦ ♣❛rts ♦❢ t❤❡
st❛t❡ s❤❛r❡ ❛ ❝♦♠♠♦♥ ♣❛rt ✭Ξc ❛s ✐♠♣♦s❡❞ ❜② t❤❡ ❣✉❛r❞✮✳ ■♥ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s r✐❣❤t✲❤❛♥❞
s✐❞❡✱ t❤❡ ❝♦♠♠♦♥ ♣❛rt ♦❢ t❤❡ st❛t❡ ✐s ❢r❛♠❡❞ ♦♥❝❡✱ ❜❡❧♦✇ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❙❡q✮✳

❇❡❢♦r❡ ❡①♣❧❛✐♥✐♥❣ ❋❛❝t♦r✐③❡❋r❛♠❡s ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧s✱ ✇❡ ✐♥✈✐t❡ t❤❡ r❡❛❞❡r t♦ r❡❢❡r t♦
❋✐❣✳ ✺ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧②✐♥❣ ❋❛❝t♦r✐③❡❋r❛♠❡s ♦♥❝❡ t♦ t❤❡ ♣r♦♦❢ tr❡❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✿
❘❡❞✉♥❞❛♥❝✐❡s ✐♥ t❤❡ ❝❡♥t❡r ❛♥❞ t❤❡ ❧❡❢t ✭❋r❛♠❡✮s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✶✶

{Ξa}C{Ξp}
✭❋r❛♠❡ Ξf ✮

{Ξa ⋆ Ξf}C{Ξp ⋆ Ξf}

{Θa}C
′{Θp}

✭❋r❛♠❡ Θf ✮
{Θa ⋆ Θf}C

′{Θp ⋆ Θf} {Θp ⋆ Θf}C
′′{Ξ′}

✭❙❡q✮
{Θa ⋆ Θf}C

′; C′′{Ξ′}
✭❙❡q✮

{Ξa ⋆ Ξf}C; C′; C′′{Ξ′}

↓ ❋❛❝t♦r✐③❡❋r❛♠❡s

{Ξa}C{Ξp}
✭❋r❛♠❡ Ξf0

✮
{Ξa ⋆ Ξf0

}C{Ξp ⋆ Ξf0
}

{Θa}C
′{Θp}

✭❋r❛♠❡ Θf0
✮

{Θa ⋆ Θf0
}C′{Θp ⋆ Θf0

}
✭❙❡q✮

{Ξa ⋆ Ξf0
}C; C′{Θp ⋆ Θf0

}
✭❋r❛♠❡ Ξc✮

{Ξa ⋆ Ξf}C; C′{Θp ⋆ Θf} {Θp ⋆ Θf}C
′′{Ξ′}

✭❙❡q✮
{Ξa ⋆ Ξf}C; C′; C′′{Ξ′}

●✉❛r❞✿ Ξf ⇔ Ξf0
⋆ Ξc ❛♥❞ Θf ⇔ Θf0

⋆ Ξc

❋✐❣✉r❡ ✹✿ ❘❡✇r✐t❡ r✉❧❡ t♦ ❢❛❝t♦r✐③❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮

✭▼✉t❛t❡✮
{Λ
❴
x }x→f := E{ΛE

x }
✭❋r Λ

❴,❴
y,z ✮

{Λ
❴,❴,❴
x,y,z }x→f := E{Λ

E,❴,❴
x,y,z }

✭▼✉t❛t❡✮
{Λ
❴
y }y→f := F{ΛF

y }
✭❋r Λ

❴
z ✮

{Λ
❴,❴
y,z }y→f := F{Λ

F,❴
y,z }

✭▼✉t❛t❡✮
{Λ
❴
z }z→f := G{ΛG

z }
✭❋r ΛF

y ✮
{Λ

F,❴
y,z }z→f := G{ΛF,G

y,z }
✭❙❡q✮

{Λ
❴,❴
y,z }y→f := F ; z→f := G{ΛF,G

y,z }
✭❋r ΛE

x ✮
{Λ

E,❴,❴
x,y,z }y→f := F ; z→f := G{ΛE,F,G

x,y,z }
✭❙❡q✮

{Λ
❴,❴,❴
x,y,z }x→f := E; y→f := F ; z→f := G{ΛE,F,G

x,y,z }

❋✐❣✉r❡ ✺✿ ❋✐❣✳ ✸✬s ♣r♦♦❢ tr❡❡ ❛❢t❡r ❛♣♣❧②✐♥❣ ❋❛❝t♦r✐③❡❋r❛♠❡s ♦♥❝❡

Λ
❴
z st✐❧❧ ❛♣♣❡❛rs ✐♥ t❤❡ ❧❡❢t ❛♥❞ ❝❡♥t❡r ✭❋r❛♠❡✮s✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❋✐❣✳ ✸✬s ♣r♦♦❢ tr❡❡ ✐s

✏♣❛r❡♥t❤❡s✐③❡❞ t♦ t❤❡ r✐❣❤t✑✿ t❤❡ s②♠❜♦❧✐❝ ❡①❡❝✉t✐♦♥ ♣r♦❝❡❞✉r❡ ✜rst ♣r♦❝❡❡❞s ✇✐t❤ x→f := E
❛♥❞ t❤❡♥ ❝♦♥t✐♥✉❡s ✇✐t❤ y→f := F ; z→f := G✳ ❇❡❝❛✉s❡ Λ

❴
z ✐s ❢r❛♠❡❞ ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡

♣r♦♦❢ tr❡❡✱ ❋❛❝t♦r✐③❡❋r❛♠❡s ❞♦❡s ♥♦t ✜r❡✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡ ❋❛❝t♦r✐③❡❋r❛♠❡s ✐s s♦✉♥❞✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ❧❡❢t✲❤❛♥❞ s✐❞❡ ✭❛❜❜r❡✈✐❛t❡❞ ❜② ❧❤s ❜❡❧♦✇✮ ✐s ✈❛❧✐❞✳ ❚❤❡
❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t ❋❛❝t♦r✐③❡❋r❛♠❡s✬s r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭❛❜❜r❡✈✐❛t❡❞ ❜② r❤s ❜❡❧♦✇✮ ✐s ✈❛❧✐❞✳

❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❋r❛♠❡ Ξc✮ t♦ ❜❡ ✈❛❧✐❞✱ ✇❡ ♠✉st s❤♦✇ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛✲
❧❡♥❝❡s✿

Ξa ⋆ Ξf ⇔ Ξa ⋆ Ξf0
⋆ Ξc ✭✶✮

Θp ⋆ Θf ⇔ Θp ⋆ Θf0
⋆ Ξc ✭✷✮

❇✉t ✭✶✮ ❛♥❞ ✭✷✮ ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ❣✉❛r❞✳

❘❚ ♥➦ ✻✽✵✻



✶✷ ❍✉r❧✐♥

❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❋r❛♠❡ Θf0
✮ t♦ ❜❡ ✈❛❧✐❞✱ ✇❡ ♠✉st s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡✿

Ξp ⋆ Ξf0
⇔ Θa ⋆ Θf0

✭❣♦❛❧✮

❋r♦♠ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ✜rst ❣✉❛r❞✱ ✇❡ ♦❜t❛✐♥✿

Ξp ⋆ Ξf ⇔ Ξp ⋆ Ξf0
⋆ Ξc ✭✸✮

❋r♦♠ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❙❡q✮ ✐♥ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ❧❤s✱ ✇❡ ♦❜t❛✐♥✿

Ξp ⋆ Ξf ⇔ Θa ⋆ Θf

❚❤❡♥✱ ❢r♦♠ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s s❡❝♦♥❞ ❣✉❛r❞✱ ✇❡ ♦❜t❛✐♥✿

Ξp ⋆ Ξf ⇔ Θa ⋆ Θf0
⋆ Ξc ✭✹✮

❇② s✐♠♣❧✐❢②✐♥❣ Ξc ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡s ♦❢ ✭✸✮ ❛♥❞ ✭✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❣♦❛❧✳
◆♦✇ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ✈❛❧✐❞✐t② ✐s ❞❡❞✉❝❡❞ ❛s ❢♦❧❧♦✇s✿ ✭✶✮ ❡❛❝❤ ✐♥❢❡r❡♥❝❡ ✐♥ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s

❧❤s ✐s ❛ ✈❛❧✐❞ ✐♥st❛♥❝❡ ♦❢ t❤❡ ♣r♦♦❢ r✉❧❡s ❛♥❞ ✭✷✮ t❤❡ ❧❡❛✈❡s ♦❢ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s r❤s ❛r❡ ✐❞❡♥✲
t✐❝❛❧ t♦ t❤❡ ❧❡❛✈❡s ♦❢ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ❧❤s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

❇♦t❤ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ❧❤s ❛♥❞ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s r❤s ✐♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ tr❡❡ ♦❢ t❤❡ tr✐♣❧❡t
{Θp ⋆Θf}C

′′{Ξ′}✳ ❲❡ ♥❡❡❞ t♦ ✐♥❝❧✉❞❡ s✉❝❤ ❛ ♣r♦♦❢ tr❡❡ t♦ ♠❛t❝❤ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s✿ C ′′ ❝❛♥
❜❡ ❛ ❞✉♠♠② ❝♦♥t✐♥✉❛t✐♦♥✑ ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡♠♣t② ❝♦♠♠❛♥❞✮ ♦r ❛ ✏♥♦r♠❛❧✑ ❝♦♥t✐♥✉❛t✐♦♥✳
■♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛❧❧ ♦✉r r❡✇r✐t❡ r✉❧❡s ✉s❡ t❤✐s ✏♣♦ss✐❜❧❡ ❝♦♥t✐♥✉❛t✐♦♥✑ tr✐❝❦✳ ❋♦r
❝❧❛r✐t② r❡❛s♦♥s✱ ❤♦✇❡✈❡r✱ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❞❡s❝r✐❜❡ r❡✇r✐t❡ r✉❧❡s ✇✐t❤♦✉t s✉❝❤
❝♦♥t✐♥✉❛t✐♦♥s ❛♥❞ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ ❆♣♣❡♥❞✐① ❆✳

✹✳✸ P❛r❛❧❧❡❧✐③❛t✐♦♥

■♥ ♣r❛❝t✐❝❡✱ ❢❛❝t♦r✐③✐♥❣ ❢r❛♠❡s ✐s ❛ ♠❛♥❞❛t♦r② st❡♣ ❜❡❢♦r❡ ❛♣♣❧②✐♥❣ t❤❡ P❛r❛❧❧❡❧✐③❡ r❡✇r✐t❡
r✉❧❡ s❤♦✇♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❛♣♣❧②✐♥❣ P❛r❛❧❧❡❧✐③❡ t♦ t❤❡ ♣r♦♦❢ tr❡❡ s❤♦✇♥
✐♥ ❋✐❣✳ ✺ ②✐❡❧❞s ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍♦❛r❡ tr✐♣❧❡t✿

{Λ
❴,❴,❴
x,y,z }x→f := E ‖ (y→f := F ‖ z→f := G){ΛE,F,G

x,y,z }

❋♦r t❤❡ P❛r❛❧❧❡❧✐③❡ r❡✇r✐t❡ r✉❧❡ t♦ ❜❡ s♦✉♥❞✱ ✇❡ ❛❞❞ t❤❡ ❣✉❛r❞ t❤❛t C ❞♦❡s ♥♦t ♠♦❞✐❢②
✈❛r✐❛❜❧❡s ✐♥ Ξ′✱ C ′✱ ❛♥❞ Θ′ ✭❛♥❞ ❝♦♥✈❡rs❡❧②✮✳

❚❤❡♦r❡♠ ✸✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡ P❛r❛❧❧❡❧✐③❡ ✐s s♦✉♥❞✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ P❛r❛❧❧❡❧✐③❡✬s ❧❤s ✐s ✈❛❧✐❞✳ ❚❤❡ ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t P❛r❛❧❧❡❧✐③❡✬s r❤s ✐s ✈❛❧✐❞✳
❚❤✐s ❤♦❧❞s ❢♦r t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✿ ✭✶✮ P❛r❛❧❧❡❧✐③❡✬s r❤s ✐s ❛ ✈❛❧✐❞ ❛♣♣❧✐❝❛t✐♦♥

♦❢ ✭P❛r❛❧❧❡❧✮ ✭❜❡❝❛✉s❡ t❤❡ ❣✉❛r❞ ✐s ❡①❛❝t❧② ✭P❛r❛❧❧❡❧✮✬s s✐❞❡ ❝♦♥❞✐t✐♦♥✮ ❛♥❞ ✭✷✮ t❤❡ ❧❡❛✈❡s ♦❢
P❛r❛❧❧❡❧✐③❡✬s r❤s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❧❡❛✈❡s ♦❢ P❛r❛❧❧❡❧✐③❡✬s ❧❤s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✶✸

❊①❛♠♣❧❡ ❋✐❣✳ ✻ s❤♦✇s ❬✺❪✬s ♣r♦❝❡❞✉r❡ ❢♦r ❞✐s♣♦s✐♥❣ ❛ tr❡❡✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✇❛❧❦s ❛ tr❡❡✱
r❡❝✉rs✐✈❡❧② ❞✐s♣♦s✐♥❣ ❧❡❢t ❛♥❞ r✐❣❤t s✉❜tr❡❡s ❛♥❞ t❤❡♥ t❤❡ r♦♦t ♣♦✐♥t❡r✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ❤❛s
tr❡❡(t) ❛s ❛ ♣r❡❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❤❡❛♣ ✇❤❡r❡ t ♣♦✐♥ts t♦ ❛ tr❡❡ ✇❤♦s❡ ❧❡❢t ❛♥❞
r✐❣❤t s✉❜tr❡❡s ❝❛♥ ❜❡ ❞❡r❡❢❡r❡♥❝❡❞ ✇✐t❤ ✜❡❧❞s l ❛♥❞ r✳

r❡q✉✐r❡s tr❡❡✭t✮❀ ❡♥s✉r❡s ❡♠♣❀

❞✐s♣❴tr❡❡✭t❀✮ ④
❧♦❝❛❧ i, j;
✐❢✭t = ♥✐❧✮{} ❡❧s❡ {

i := t→ l❀ j := t→r❀
❞✐s♣❴tr❡❡✭i; ✮❀ ❞✐s♣❴tr❡❡✭j; ✮❀
❞✐s♣♦s❡(t)❀

⑥
⑥

❋✐❣✉r❡ ✻✿ Pr♦❝❡❞✉r❡ ❢♦r ❞✐s♣♦s✐♥❣ ❛ tr❡❡

Pr♦❝❡❞✉r❡ ❞✐s♣❴tr❡❡ ✐s ❝♦rr❡❝t ❛♥❞ ✈❡r✐✜❛❜❧❡ ✇✐t❤ s♠❛❧❧❢♦♦t✳ ❆♣♣❧②✐♥❣ ❋❛❝t♦r✐③❡❋r❛♠❡s
❛♥❞ P❛r❛❧❧❡❧✐③❡ t♦ t❤❡ ♣r♦♦❢ ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ ♣r♦♦❢ r✉❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s ②✐❡❧❞s
❛ ♣r♦♦❢ ✇❤❡r❡ ❞✐s♣❴tr❡❡✭i;✮❀ ❞✐s♣❴tr❡❡✭j;✮ ❤❛s ❜❡❡♥ ♣❛r❛❧❧❡❧✐③❡❞ t♦ ❞✐s♣❴tr❡❡✭i;✮ ‖
❞✐s♣❴tr❡❡✭j;✮✳

✹✳✹ ❊❛r❧② ❉✐s♣♦s❛❧ ❛♥❞ ▲❛t❡ ❆❧❧♦❝❛t✐♦♥

▼❛♥② ✈❡r✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛ss✉♠❡ ✉♥❜♦✉♥❞❡❞ ❤❡❛♣s ✐✳❡✳✱ ✈❡r✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ❞♦ ♥♦t
♣r❡✈❡♥t ♦✉t ♦❢ ♠❡♠♦r② ❡rr♦rs✳ ❍♦✇❡✈❡r✱ ♦✉t ♦❢ ♠❡♠♦r② ❡rr♦rs ❛r❡ ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ t♦
❝♦♥s✐❞❡r✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ♣r❡s❡♥t t✇♦ ♦♣t✐♠✐③❛t✐♦♥s ②✐❡❧❞✐♥❣ ♣r♦❣r❛♠s t❤❛t ♥❡❡❞
s♠❛❧❧❡r ❤❡❛♣s ✭✐✳❡✳✱ ♣r♦❣r❛♠s t❤❛t ❛r❡ ❧❡ss ❧✐❦❡❧② t♦ r❛✐s❡ ♦✉t ♦❢ ♠❡♠♦r② ❡rr♦rs✮✳

❚❤❡ ✜rst ♦♣t✐♠✐③❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐s ❡❛r❧② ❞✐s♣♦s❛❧ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❞✐s♣♦s✐♥❣ ❤❡❛♣ ❝❡❧❧s
❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ■♥t✉✐t✐✈❡❧②✱ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠ C; ❞✐s♣♦s❡(x) s✉❝❤ t❤❛t C ✏❞♦❡s ♥♦t ❛❝❝❡ss
t❤❡ ❝❡❧❧ ♣♦✐♥t❡❞ t♦ ❜② x✑✱ x ❝❛♥ ❜❡ ❞✐s♣♦s❡❞ ❜❡❢♦r❡ C✿ ❚❤✐s ❧❡❛✈❡s C ✇✐t❤ ♠♦r❡ ❛❧❧♦❝❛t❛❜❧❡
❝❡❧❧s✳ ❇❡❝❛✉s❡ ♦✉r ❢r❛♠❡✇♦r❦ ❝♦♥s✐❞❡rs ✉♥❜♦✉♥❞❡❞ ❤❡❛♣s✱ ✇❡ ❝❛♥♥♦t s♣❡❛❦ ❛❜♦✉t t❤❡ s✐③❡
♦❢ t❤❡ ✉♥❛❧❧♦❝❛t❡❞ ♠❡♠♦r②✳ ❍♦✇❡✈❡r✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ❡❛r❧② ❞✐s♣♦s❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✇✐t❤
❛ s✐♠♣❧❡ r❡✇r✐t❡ r✉❧❡ ❜❡❝❛✉s❡ t❤❡ ✭❋r❛♠❡✮ r✉❧❡ ♥❛t✉r❛❧❧② ❡①♣r❡ss❡s t❤❛t ✏s♦♠❡ ❝❡❧❧s ❛r❡ ♥♦t
❛❝❝❡ss❡❞ ❞✉r✐♥❣ ❛ ❝♦♠♠❛♥❞✑✳ ❋✐❣✳ ✼ ♣r❡s❡♥ts ♦✉r r❡✇r✐t❡ r✉❧❡ ❢♦r ❡❛r❧② ❞✐s♣♦s❛❧✳

❚❤❡♦r❡♠ ✹✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡ ❊❛r❧②❉✐s♣♦s❛❧ ✐s s♦✉♥❞✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❧❡❛✈❡s ♦❢ ❊❛r❧②❉✐s♣♦s❛❧✬s r❤s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❧❡❛✈❡s ♦❢ ❊❛r❧②❉✐s♣♦s❛❧✬s
❧❤s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

❊①❛♠♣❧❡ ❆♣♣❧②✐♥❣ t❤❡ r❡✇r✐t❡ r✉❧❡ ❊❛r❧②❉✐s♣♦s❛❧ t♦ t❤❡ ♣r♦❣r❛♠ s❤♦✇♥ ✐♥ ❋✐❣✳ ✻ ②✐❡❧❞s
❛ ♣r♦♦❢ ✇❤❡r❡ ❞✐s♣♦s❡(t) ✐s ♠♦✈❡❞ ❜❡❢♦r❡ ❞✐s♣❴tr❡❡✭i;✮ ‖ ❞✐s♣❴tr❡❡✭j;✮✳ ◆♦t❡ t❤❛t

❘❚ ♥➦ ✻✽✵✻



✶✹ ❍✉r❧✐♥

{Ξf}C{Ξf ′}
✭❋r❛♠❡ Ξa✮

{Ξf ⋆ Ξa}C{Ξf ′ ⋆ Ξa}

✭❉✐s♣♦s❡✮
{Ξa}❞✐s♣♦s❡(E){Ξa′}

✭❋r❛♠❡ Ξf ′✮
{Ξf ′ ⋆ Ξa}❞✐s♣♦s❡(E){Ξf ′ ⋆ Ξa′}

✭❙❡q✮
{Ξf ⋆ Ξa}C; ❞✐s♣♦s❡(E){Ξf ′ ⋆ Ξa′}

↓ ❊❛r❧②❉✐s♣♦s❛❧

✭❉✐s♣♦s❡✮
{Ξa}❞✐s♣♦s❡(E){Ξa′}

✭❋r❛♠❡ Ξf ✮
{Ξf ⋆ Ξa}❞✐s♣♦s❡(E){Ξf ⋆ Ξa′}

{Ξf}C{Ξf ′}
✭❋r❛♠❡ Ξa′✮

{Ξf ⋆ Ξa′}C{Ξf ′ ⋆ Ξa′}
✭❙❡q✮

{Ξf ⋆ Ξa}❞✐s♣♦s❡(E); C{Ξf ′ ⋆ Ξa′}

❋✐❣✉r❡ ✼✿ ❘❡✇r✐t❡ r✉❧❡ ❢♦r ❡❛r❧② ❞✐s♣♦s❛❧

t❤✐s r❡✇r✐t❡ st❡♣ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ r❡✇r✐t❡ st❡♣ ♣❡r❢♦r♠❡❞ ❜② P❛r❛❧❧❡❧✐③❡✳ ❆♣♣❧②✐♥❣
❋❛❝t♦r✐③❡❋r❛♠❡s✱ P❛r❛❧❧❡❧✐③❡ ❛♥❞ ❊❛r❧②❉✐s♣♦s❛❧ s✉❝❝❡ss✐✈❡❧② ②✐❡❧❞s t❤❡ ♣r♦❣r❛♠ ✈✐s✐❜❧❡ ✐♥
❋✐❣✳ ✽ ✭✇❤✐❝❤ ✐s ✈❡r✐✜❛❜❧❡ ❜② s♠❛❧❧❢♦♦t✮✳

r❡q✉✐r❡s tr❡❡✭t✮❀ ❡♥s✉r❡s ❡♠♣❀

❞✐s♣❴tr❡❡✭t;✮ ④
❧♦❝❛❧ i, j;
✐❢✭t = ♥✐❧✮{} ❡❧s❡ {

i := t→ l❀ j := t→r❀
❞✐s♣♦s❡(t)❀
❞✐s♣❴tr❡❡✭i; ✮ ‖ ❞✐s♣❴tr❡❡✭j; ✮❀

⑥
⑥

❋✐❣✉r❡ ✽✿ ❖♣t✐♠✐③❡❞ ♣r♦❝❡❞✉r❡ ❢♦r ❞✐s♣♦s✐♥❣ ❛ tr❡❡

❚❤❡ s❡❝♦♥❞ ♦♣t✐♠✐③❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐s ❧❛t❡ ❛❧❧♦❝❛t✐♦♥ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧♦❝❛t✐♥❣ ❤❡❛♣
❝❡❧❧s ❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ✐s ❞✉❛❧ t♦ t❤❡ ❡❛r❧② ❞✐s♣♦s❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ■♥t✉✲
✐t✐✈❡❧②✱ ❣✐✈❡♥ ❛ ♣r♦❣r❛♠ x := ♥❡✇(); C s✉❝❤ t❤❛t C ❞♦❡s ♥♦t ❛❝❝❡ss t❤❡ ❝❡❧❧ ♣♦✐♥t❡❞ t♦ ❜② x✱
x ❝❛♥ ❜❡ ❛❧❧♦❝❛t❡❞ ❛❢t❡r C✿ ❚❤✐s ❧❡❛✈❡s C ✇✐t❤ ♠♦r❡ ❛❧❧♦❝❛t❛❜❧❡ ❝❡❧❧s✳ ❋✐❣✳ ✾ ♣r❡s❡♥ts ♦✉r
r❡✇r✐t❡ r✉❧❡ ❢♦r ❧❛t❡ ❛❧❧♦❝❛t✐♦♥✳

❚❤❡♦r❡♠ ✺✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡ ▲❛t❡❆❧❧♦❝❛t✐♦♥ ✐s s♦✉♥❞✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s ❧❤s ✐s ✈❛❧✐❞✳ ❚❤❡ ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s r❤s
✐s ✈❛❧✐❞✳

❚❤❡ ❝r✉① ✐s t♦ s❤♦✇ t❤❛t t❤❡ s❡❝♦♥❞ ♣r❡♠✐s❡ ♦❢ ✭❙❡q✮ ✐♥ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s r❤s ✐s ✈❛❧✐❞✳
❚❤❡ ♣r♦❜❧❡♠ ❧✐❡s ✐♥ t❤❡ ✭❋r❛♠❡✮ ♦♥ Ξf ′ ✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣r❡♠✐s❡ ♦❢ ✭❙❡q✮ t♦ ❜❡ ❛♥ ✐♥st❛♥❝❡

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✶✺

✭◆❡✇✮
{Ξa}x := ♥❡✇(){Ξa′} x 6∈ Ξf

✭❋r❛♠❡ Ξf ✮
{Ξa ⋆ Ξf}x := ♥❡✇(){Ξa′ ⋆ Ξf}

{Ξf}C{Ξf ′}
✭❋r❛♠❡ Ξa′✮

{Ξa′ ⋆ Ξf}C{Ξa′ ⋆ Ξf ′}
✭❙❡q✮

{Ξa ⋆ Ξf}x := ♥❡✇(); C{Ξa′ ⋆ Ξf ′}

↓ ▲❛t❡❆❧❧♦❝❛t✐♦♥

{Ξf}C{Ξf ′}
✭❋r❛♠❡ Ξa✮

{Ξa ⋆ Ξf}C{Ξa ⋆ Ξf ′}

✭◆❡✇✮
{Ξa}x := ♥❡✇(){Ξa′} x 6∈ Ξf ′

✭❋r❛♠❡ Ξf ′✮
{Ξa ⋆ Ξf ′}x := ♥❡✇(){Ξa′ ⋆ Ξf ′}

✭❙❡q✮
{Ξa ⋆ Ξf}C; x := ♥❡✇(){Ξa′ ⋆ Ξf ′}

❋✐❣✉r❡ ✾✿ ❘❡✇r✐t❡ r✉❧❡ ❢♦r ❧❛t❡ ❛❧❧♦❝❛t✐♦♥

♦❢ t❤❡ r✉❧❡ ❢♦r ✭◆❡✇✮ ✇✐t❤ ❡①♣❧✐❝✐t ❢r❛♠❡s ✭✐✳❡✳✱ ❋✐❣✳ ✷✬s ❢♦✉rt❤ r✉❧❡✮✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t
x 6∈ Ξf ′ ✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ Ξf ′ ✐s t❤❡ ♣♦st❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❍♦❛r❡ tr✐♣❧❡t {Ξf}C{Ξf ′} t❤❡
❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ Ξf ′ ✱ ❝♦♥s✐st ✐♥ t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ Ξf ♣❧✉s s♦♠❡ ❢r❡s❤ ✈❛r✐❛❜❧❡s✳ ❋r♦♠ t❤✐s
st❛t❡♠❡♥t ❛♥❞ x 6∈ Ξf ✭t❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❛ ❧❡❛❢ ♦❢ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s ❧❤s✮✱ ✇❡ ❞❡❞✉❝❡ x 6∈ Ξf ′ ✳
❚❤❡ ♣r♦♦❢ ✐s ❝♦♥❝❧✉❞❡❞ ❜② ♦❜s❡r✈✐♥❣ t❤❛t t❤❡ ❧❡❛✈❡s ♦❢ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s r❤s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦
t❤❡ ❧❡❛✈❡s ♦❢ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s ❧❤s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

✹✳✺ ❊❛r❧② ▲♦❝❦ ❘❡❧❡❛s✐♥❣ ❛♥❞ ▲❛t❡ ▲♦❝❦ ❆❝q✉✐r❡♠❡♥t

▲♦❝❦s ❛r❡ ❛ ✈❡r② ❝♦♠♠♦♥ ♣r✐♠✐t✐✈❡ ♦❢ ♣❛r❛❧❧❡❧ ❧❛♥❣✉❛❣❡s✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ❞✐✣❝✉❧t t♦
✉s❡ ❢♦r ✈❛r✐♦✉s r❡❛s♦♥s✿ ❞❡❛❞❧♦❝❦ ♠❛② ❤❛♣♣❡♥✱ ♣r♦❝❡ss❡s ♠❛② st❛r✈❡ ❢♦r ❛ ❧♦❝❦✱ ♣r♦❝❡ss❡s
❝❛♥ r❡t❛✐♥ ❧♦❝❦s ❢♦r ✉♥♥❡❝❡ss❛r② ❧♦♥❣ t✐♠❡s ❡t❝✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ s❤♦✇ ❤♦✇ ✇❡ ❝❛♥
♦♣t✐♠✐③❡ ✉s❛❣❡ ♦❢ ❧♦❝❦s ❜② ♣r♦♦❢ r❡✇r✐t✐♥❣✳ ❇❡❝❛✉s❡ ❖✬❍❡❛r♥ ❬✷✹❪ ✜rst ♣r♦♣♦s❡❞ r✉❧❡s ❢♦r
❝r✐t✐❝❛❧ r❡❣✐♦♥s ✭✇❤✐❝❤ ❛r❡ ❧❡ss ❣❡♥❡r❛❧ t❤❛♥ ❧♦❝❦s✮✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❝r✐t✐❝❛❧ r❡❣✐♦♥s ✐♥ t❤❡
r❡st ♦❢ t❤✐s ♣❛r❛❣r❛♣❤✳

❚❤❡ ✜rst ♦♣t✐♠✐③❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐s ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ r❡❧❡❛s✐♥❣ ❧♦❝❦s
❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❊❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣ r❡❞✉❝❡s st❛r✈❛t✐♦♥ ♦❢ ♣r♦❝❡ss❡s t❤❛t ❛❧❧ tr② t♦ ❛❝q✉✐r❡
❛ s✐♥❣❧❡ ❧♦❝❦✱ ❤❡♥❝❡ ✐t r❡❞✉❝❡s ❡①❡❝✉t✐♦♥ t✐♠❡s✳

❚♦ ✈❡r✐❢② ♣r♦❣r❛♠s ❝♦♥t❛✐♥✐♥❣ ❝r✐t✐❝❛❧ r❡❣✐♦♥s✱ ❖✬❍❡❛r♥ ♣r♦♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✷✿

{Ξ ⋆ Θ}C{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤{Ξ′}

■♥t✉✐t✐✈❡❧② t❤✐s r✉❧❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❢♦❧❧♦✇s✿ ✭✶✮ r❡s♦✉r❝❡ ✭♦r ❧♦❝❦✮ r ❦❡❡♣s t❤❡ ♣❛rt
♦❢ t❤❡ ❤❡❛♣ ❞❡♥♦t❡❞ ❜② Θ ❛♥❞ ✭✷✮ ✇❤❡♥ ❛ ♣r♦❝❡ss ❛❝q✉✐r❡s r ✭✐✳❡✳✱ ✐t ❡♥t❡rs t❤❡ ✇✐t❤ ❜❧♦❝❦✮✱

✷❈♦♠♣❛r❡❞ t♦ ❖✬❍❡❛r♥✬s ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r✉❧❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ♦♠✐t t❤❡ ✇❤❡♥ ❝❧❛✉s❡ ♦❢ t❤❡ ✇✐t❤

❝♦♥str✉❝t ❛♥❞ t❤❡ s✐❞❡ ❝♦♥❞✐t✐♦♥ ❛❜♦✉t ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ Ξ ❛♥❞ Ξ′✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ s✉❜s❝r✐♣t r❡s♦✉r❝❡s ❜②
t❤❡✐r ✐♥✈❛r✐❛♥t✳

❘❚ ♥➦ ✻✽✵✻



✶✻ ❍✉r❧✐♥

Θ ✐s tr❛♥s❢❡rr❡❞ t♦ t❤✐s ♣r♦❝❡ss ✉♥t✐❧ t❤✐s ♣r♦❝❡ss r❡❧❡❛s❡s r ✭✐✳❡✳✱ ✐t ❧❡❛✈❡s t❤❡ ✇✐t❤ ❜❧♦❝❦✮
❛♥❞ tr❛♥s❢❡rs Θ ❜❛❝❦ t♦ t❤❡ ❧♦❝❦ r✳

❊①♣r❡ss✐♥❣ ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣ ✇✐t❤ ❖✬❍❡❛r♥✬s r✉❧❡ ❢♦r ❝r✐t✐❝❛❧ r❡❣✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡ ✭♦♥❝❡
❛❣❛✐♥✮ ✇✐t❤ t❤❡ ✭❋r❛♠❡✮ r✉❧❡✳ ■♥t✉✐t✐✈❡❧②✱ ✐❢ ❛ ♣r♦❣r❛♠ t❤❛t ❤❛s ❛❝q✉✐r❡❞ ❛ r❡s♦✉r❝❡ r ✭✇✐t❤
❛ss♦❝✐❛t❡❞ r❡s♦✉r❝❡ ✐♥✈❛r✐❛♥t Θ✮ ❢r❛♠❡s Θ ❜❡❢♦r❡ r❡❧❡❛s✐♥❣ r✱ t❤✐s ♠❡❛♥s t❤❛t r ❝♦✉❧❞ ❜❡
r❡❧❡❛s❡❞ ❡❛r❧✐❡r✳ ❋✐❣✳ ✶✵ ❢♦r♠❛❧❧② ♣r❡s❡♥ts ♦✉r r❡✇r✐t❡ r✉❧❡ ❢♦r ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣✳

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ}

{Ξ′′}C ′{Ξ′}
✭❋r❛♠❡ Θ✮

{Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C; C ′ ❡♥❞✇✐t❤{Ξ′}

↓ ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤{Ξ′′} {Ξ′′}C ′{Ξ′}
✭❙❡q✮

{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤; C ′{Ξ′}

❋✐❣✉r❡ ✶✵✿ ❘❡✇r✐t❡ r✉❧❡ ❢♦r ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣

❚❤❡ s❡❝♦♥❞ ♦♣t✐♠✐③❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ✐s ❧❛t❡ ❧♦❝❦ ❛❝q✉✐r❡♠❡♥t ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❝q✉✐r✐♥❣
❧♦❝❦s ❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ✐s ❞✉❛❧ t♦ t❤❡ ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣ ♦♣t✐♠✐③❛t✐♦♥✳
❋✐❣✳ ✶✶ ♣r❡s❡♥ts ♦✉r r❡✇r✐t❡ r✉❧❡ ❢♦r ❧❛t❡ ❛❝q✉✐r❡♠❡♥t✳

{Ξ}C{Ξ′′}
✭❋r❛♠❡ Θ✮

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ} {Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C; C ′ ❡♥❞✇✐t❤{Ξ′}

↓ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t

{Ξ}C{Ξ′′}

{Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ′′}✇✐t❤ rΘ ❞♦ C ′ ❡♥❞✇✐t❤{Ξ′}
✭❙❡q✮

{Ξ}C; ✇✐t❤ rΘ ❞♦ C ′ ❡♥❞✇✐t❤{Ξ′}

❋✐❣✉r❡ ✶✶✿ ❘❡✇r✐t❡ r✉❧❡ ❢♦r ❧❛t❡ ❧♦❝❦ ❛❝q✉✐r❡♠❡♥t

❚❤❡♦r❡♠ ✻✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡s ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣ ❛♥❞ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t ❛r❡ s♦✉♥❞✳

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✶✼

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ❜♦t❤ ❢♦r ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣ ❛♥❞ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t✱ t❤❡ r❤s✬s ❧❡❛✈❡s
❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❧❤s✬s ❧❡❛✈❡s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

✹✳✻ ■♠♣r♦✈❡♠❡♥t ♦❢ ❚❡♠♣♦r❛❧ ▲♦❝❛❧✐t②

❚❡♠♣♦r❛❧ ❧♦❝❛❧✐t② ❬✸✵❪ ♠❡❛s✉r❡s t❤❡ t✐♠❡ ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ ❛❝❝❡ss❡s t♦ ❛ ❤❡❛♣ ❝❡❧❧✳ ❚❤❡
❧♦✇❡r t❤✐s t✐♠❡ ✐s✱ t❤❡ ❢❛st❡r ❛ ♣r♦❣r❛♠ ❡①❡❝✉t❡s ❜❡❝❛✉s❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❝❡ss♦rs ❛r❡ ❧❡ss
❧✐❦❡❧② t♦ ❛❝❝❡ss t❤❡ ♠❛✐♥ ♠❡♠♦r②✳ ■❞❡❛❧❧②✱ ✐❢ ❛ ❤❡❛♣ ❝❡❧❧ ✐s ❛❝❝❡ss❡❞ ❜② t✇♦ ✐♥str✉❝t✐♦♥s
s✉❝❝❡ss✐✈❡❧②✱ t❤✐s ❛❧❧♦✇s t❤❡ ❡①❡❝✉t✐♥❣ ♣r♦❝❡ss♦r t♦ ❦❡❡♣ t❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s ❤❡❛♣ ❝❡❧❧ ✐♥ t❤❡
❝❛❝❤❡✱ ❤❡♥❝❡ r❡❞✉❝✐♥❣ ❡①❡❝✉t✐♦♥ t✐♠❡ ✭♥♦ ❧♦❛❞✴st♦r❡ t♦ t❤❡ ♠❛✐♥ ♠❡♠♦r②✮✳

❇❡❝❛✉s❡ ♦✉r ❢r❛♠❡✇♦r❦ ❞♦❡s ♥♦t ❡①♣r❡ss ♣r♦♣❡rt✐❡s ❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠❡♠♦r②✱ ✇❡ ❝❛♥♥♦t
❢♦r♠❛❧❧② s♣❡❛❦ ❛❜♦✉t t❡♠♣♦r❛❧ ❧♦❝❛❧✐t②✳ ❍♦✇❡✈❡r✱ ❛ r❡✇r✐t❡ r✉❧❡ t❤❛t ♦♣t✐♠✐③❡s t❡♠♣♦r❛❧ ❧♦✲
❝❛❧✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛t ♦✉r ❧❡✈❡❧ ♦❢ ❛❜str❛❝t✐♦♥✿ ❤❡❛♣s ❞❡♥♦t❡❞ ❜② s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❢♦r♠✉❧❛s✳

■♥t✉✐t✐✈❡❧②✱ ❛ ♣r♦❣r❛♠ C;C ′;C ′′ s✉❝❤ t❤❛t C ❛♥❞ C ′′ ❛❝❝❡ss ❛ ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ❞✐s❥♦✐♥t
❢r♦♠ t❤❡ ♣❛rt ♦❢ t❤❡ ❤❡❛♣ ❛❝❝❡ss❡❞ ❜② C ′ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ C;C ′′;C ′ t♦ ✐♠♣r♦✈❡
t❡♠♣♦r❛❧ ❧♦❝❛❧✐t②✳ ■♥ t❤❡ ♦♣t✐♠✐③❡❞ ♣r♦❣r❛♠✱ C ❛♥❞ C ′′ ❡①❡❝✉t❡s ❝♦♥s❡❝✉t✐✈❡❧②✿ ❜❡❝❛✉s❡ C
❛♥❞ C ′′ ❛❝❝❡ss t❤❡ s❛♠❡ ♣❛rt ♦❢ t❤❡ ❤❡❛♣✱ t❤❡ t❡♠♣♦r❛❧ ❧♦❝❛❧✐t② ♦❢ t❤❡ ♦♣t✐♠✐③❡❞ ♣r♦❣r❛♠
❤❛s ✐♠♣r♦✈❡❞✳ ❋✐❣✳ ✶✷ ♣r❡s❡♥ts ♦✉r r❡✇r✐t❡ r✉❧❡ ❢♦r ✐♠♣r♦✈✐♥❣ t❡♠♣♦r❛❧ ❧♦❝❛❧✐t②✳

{Ξ}C{Ξ′}
✭❋r❛♠❡ Θ✮

{Ξ ⋆ Θ}C{Ξ′ ⋆ Θ}

{Θ}C ′{Θ′}
✭❋r❛♠❡ Ξ′✮

{Ξ′ ⋆ Θ}C ′{Ξ′ ⋆ Θ′}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′{Ξ′ ⋆ Θ′}

{Ξ′}C ′′{Ξ′′}
✭❋r❛♠❡ Θ′✮

{Ξ′ ⋆ Θ′}C ′′{Ξ′′ ⋆ Θ′}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′; C ′′{Ξ′′ ⋆ Θ′}

↓ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②

{Ξ}C{Ξ′} {Ξ′}C ′′{Ξ′′}
✭❙❡q✮

{Ξ}C; C ′′{Ξ′′}
✭❋r❛♠❡ Θ✮

{Ξ ⋆ Θ}C; C ′′{Ξ′′ ⋆ Θ}

{Θ}C ′{Θ′}
✭❋r❛♠❡ Ξ′′✮

{Ξ′′ ⋆ Θ}C ′{Ξ′′ ⋆ Θ′}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′′; C ′{Ξ′′ ⋆ Θ′}

❋✐❣✉r❡ ✶✷✿ ❘❡✇r✐t❡ r✉❧❡ t♦ ✐♠♣r♦✈❡ t❡♠♣♦r❛❧ ❧♦❝❛❧✐t②

❚❤❡♦r❡♠ ✼✳ ❚❤❡ r❡✇r✐t❡ r✉❧❡ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t② ✐s s♦✉♥❞✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❧❡❛✈❡s ♦❢ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②✬s r❤s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❧❡❛✈❡s ♦❢
❚❡♠♣♦r❛❧▲♦❝❛❧✐t②✬s ❧❤s ✭✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ❜② ❤②♣♦t❤❡s✐s✮✳

❘❚ ♥➦ ✻✽✵✻



✶✽ ❍✉r❧✐♥

✺ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ t♦♦❧ ❝❛❧❧❡❞ ét❡r✲
❧♦✉✳ ➱t❡r❧♦✉ ❝♦♥s✐sts ♦❢ t✇♦ ❞✐st✐♥❝t ♠♦❞✉❧❡s✿

❆ ♣r♦♦❢ tr❡❡ ❣❡♥❡r❛t♦r ✇❤✐❝❤ ✐s ❛♥ ❡①t❡♥❞❡❞ ✈❡rs✐♦♥ ♦❢ s♠❛❧❧❢♦♦t ❬✺❪✳ ❚❤❡ ♣r♦♦❢ tr❡❡
❣❡♥❡r❛t♦r ❣❡♥❡r❛t❡s ♣r♦♦❢ tr❡❡s ❧✐❦❡ t❤❡ ♦♥❡s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳ ❖✉r ❡①t❡♥s✐♦♥ ❞♦❡s ♥♦t
✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ s♠❛❧❧❢♦♦t✿ ■t ♦♥❧② ❝♦♠♣✉t❡s ❛♥t✐❢r❛♠❡s ❛♥❞
❢r❛♠❡s ❛t ❡❛❝❤ ❛t♦♠✐❝ ❝♦♠♠❛♥❞ ✭❜② ✉s✐♥❣ s♠❛❧❧❢♦♦t✬s ❜✉✐❧t✲✐♥ ❛❧❣♦r✐t❤♠s✮✳ ❖✉r ❡①t❡♥s✐♦♥
✐s 320 ❧✐♥❡s ❧♦♥❣✱ r❡♣r❡s❡♥t✐♥❣ ❛♣♣r♦①✐♠❛t❡❧② 8% ♦❢ ❡①tr❛ ❝♦❞❡✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ♦✉r
t❡❝❤♥✐q✉❡ ♦❢ ♦♣t✐♠✐③✐♥❣ ♣r♦❣r❛♠s ❜② ♣r♦♦❢ r❡✇r✐t✐♥❣ ❝❛♥ ❜❡ ❞❡❝♦✉♣❧❡❞ ❢r♦♠ t❤❡ ♣r♦❣r❛♠
✈❡r✐✜❡r✳

❆ ♣r♦♦❢ tr❡❡ r❡✇r✐t❡r ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts t❤❡ ✈❛r✐♦✉s r❡✇r✐t❡ r✉❧❡s s❤♦✇♥ ✐♥ t❤✐s ♣❛♣❡r✳
❚❤❡ ♣r♦♦❢ tr❡❡ r❡✇r✐t❡r ✐s ✇r✐tt❡♥ ✐♥ t♦♠ ❬✸❪✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❏❛✈❛ t❤❛t ❛❞❞s ❝♦♥str✉❝ts
❢♦r ♣❛tt❡r♥ ♠❛t❝❤✐♥❣✳ ❲❡ ♠❛❦❡ ❡①t❡♥s✐✈❡ ✉s❡ ♦❢ t♦♠✬s ✏♠❛♣♣✐♥❣✑ ❢❛❝✐❧✐t② t♦ ♣❛tt❡r♥ ♠❛t❝❤
❛❣❛✐♥st ✉s❡r✲❞❡✜♥❡❞ ❏❛✈❛ ♦❜❥❡❝ts✳ ❆♥♦t❤❡r ❝r✉❝✐❛❧ ❢❡❛t✉r❡ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❞❡✜♥❡ r❡✇r✐t✲
✐♥❣ str❛t❡❣✐❡s✳ ❚❤❡ ♣r♦♦❢ tr❡❡ r❡✇r✐t❡r ✐s 2508 ❧✐♥❡s ❧♦♥❣ ❛♥❞ t❤❡ ❧♦♥❣❡st ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❛ r❡✇r✐t❡ r✉❧❡ ✐s 45 ❧✐♥❡s ❧♦♥❣✳

❆❧❧ t❤❡ ❡①❛♠♣❧❡s ♦❢ t❤✐s ♣❛♣❡r ❤❛✈❡ ❜❡❡♥ ❣❡♥❡r❛t❡❞ ✇✐t❤ ét❡r❧♦✉✳ ❲❡ ❤❛✈❡ t❡st❡❞ ét❡r✲
❧♦✉ ❛❣❛✐♥st ❡①❛♠♣❧❡ ♣r♦❣r❛♠s ♣r♦✈✐❞❡❞ ✐♥ s♠❛❧❧❢♦♦t✬s ❞✐str✐❜✉t✐♦♥ ❛♥❞ ♣♦✐♥t❡r ♣r♦❣r❛♠s
♦❢ ♦✉r ♦✇♥✳ ❊✈❡♥ t❤♦✉❣❤ ♦✉r ❡①♣❡r✐♠❡♥ts ❛r❡ r❡str✐❝t❡❞ t♦ ❛♣♣r♦①✐♠❛t❡❧② 30 ♠❡t❤♦❞s✱
t❤❡② ❣✐✈❡ ♣r♦♠✐s✐♥❣ r❡s✉❧ts✿ ■♥ ❤❛❧❢ ♦❢ t❤❡ ♠❡t❤♦❞s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✭✇✐t❤♦✉t ❝♦✉♥t✐♥❣
❋❛❝t♦r✐③❡❋r❛♠❡s✮ ✜r❡s✳

❖✉r ❡①♣❡r✐♠❡♥ts r❡✈❡❛❧❡❞ t❤❛t t♦ ♦❜t❛✐♥ t❤❡ ❜❡st ♦♣t✐♠✐③❛t✐♦♥s ♣♦ss✐❜❧❡✱ t❤❡ r❡✇r✐t❡
r✉❧❡s ♠✉st s♦♠❡t✐♠❡s ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❛ ❣✐✈❡♥ ♦r❞❡r ❛♥❞✴♦r ✇✐t❤ s♣❡❝✐✜❝ str❛t❡❣✐❡s✳ ●❡♥❡r❛❧❧②✱
✇❡ ❢♦✉♥❞ t❤❛t ❋❛❝t♦r✐③❡❋r❛♠❡s ♠✉st ❜❡ ❛♣♣❧✐❡❞ ❜❡❢♦r❡ ❛♥② ♦t❤❡r r❡✇r✐t❡ r✉❧❡s✳ ❆♥♦t❤❡r
♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ❚❡♠♣♦r❛❧▲♦❝❛❧✐t② ♠✉st ❜❡ ❛♣♣❧✐❡❞ ❜❡❢♦r❡ P❛r❛❧❧❡❧✐③❡ t♦ ♠❛①✐♠✐③❡ t❤❡
❝❤❛♥❝❡s ♦❢ P❛r❛❧❧❡❧✐③❡ t♦ ✜r❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♣♣❧②✐♥❣ r❡✇r✐t❡ r✉❧❡s ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠ ✭✐✳❡✳✱
r❡✇r✐t✐♥❣ ❛t t❤❡ r♦♦t ❜❡❢♦r❡ tr②✐♥❣ t♦ r❡✇r✐t❡ ✐♥ s✉❜tr❡❡s✮ ❣❡♥❡r❛❧❧② ②✐❡❧❞s ♣r♦❣r❛♠s ✇❤❡r❡
♣❛r❛❧❧❡❧✐③❡❞ ❝♦♠♠❛♥❞s ❛r❡ ❜✐❣❣❡r ✭❝♦♠♣❛r❡❞ t♦ ♦t❤❡r r❡✇r✐t✐♥❣ str❛t❡❣✐❡s s✉❝❤ ❛s ❜♦tt♦♠ t♦
t♦♣✮✳

✻ ❇❡♥❡✜ts ❢r♦♠ ❙❡♣❛r❛t✐♦♥ ▲♦❣✐❝✬s ❆❞✈❛♥❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡✈✐❡✇ ❛❞✈❛♥❝❡s ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥
s♠❛❧❧❢♦♦t ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ ❤♦✇ ♦✉r t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ t❤❡s❡ ❛❞✈❛♥❝❡s✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ s♦♠❡t✐♠❡s s❧♦♣♣② ♦♥ ❞❡✜♥✐t✐♦♥s ❜❡❝❛✉s❡ ✇❡ ✉s❡ ❢❡❛t✉r❡s ❢r♦♠ ♦t❤❡r
♣❛♣❡rs✳ ❲❡ ❛♣♣❡❛❧ t♦ t❤❡ r❡❛❞❡r✬s ✐♥t✉✐t✐♦♥ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞✳

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✶✾

{tr❡❡(t, 1
2
)}❝♦♥t❛✐♥s(t, n){tr❡❡(t, 1

2
)} {tr❡❡(t, 1

2
)}❝♦♥t❛✐♥s(t, m){tr❡❡(t, 1

2
)}

✭P❛r❛❧❧❡❧✮
{tr❡❡(t, 1

2
) ⋆ tr❡❡(t, 1

2
)}❝♦♥t❛✐♥s(t, n)‖❝♦♥t❛✐♥s(t, m){tr❡❡(t, 1

2
) ⋆ tr❡❡(t, 1

2
)}

❋✐❣✉r❡ ✶✸✿ Pr♦♦❢ tr❡❡ ♦❢ ❛ ♣r♦❣r❛♠ r❡❛❞♦♥❧② ❛❝❝❡ss✐♥❣ ❛ tr❡❡ ✐♥ ♣❛r❛❧❧❡❧

{tr❡❡(t, 1)}❝♦♥t❛✐♥s(t, n){tr❡❡(t, 1)} {tr❡❡(t, 1)}❝♦♥t❛✐♥s(t, n){tr❡❡(t, 1)}
✭❙❡q✮

{tr❡❡(t, 1)}❝♦♥t❛✐♥s(t, n); ❝♦♥t❛✐♥s(t, m){tr❡❡(t, 1)}

❋✐❣✉r❡ ✶✹✿ Pr♦♦❢ tr❡❡ ♦❢ ❛ ♣❛r❛❧❧❡❧✐③❛❜❧❡ ♣r♦❣r❛♠

✻✳✶ ❖❜❥❡❝t✲❖r✐❡♥t❛t✐♦♥

❬✷✻❪ ❛♣♣❧✐❡❞ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ t♦ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳ ■♥ P❛r❦✐♥s♦♥✬s ✇♦r❦✱ s❡♣❛r❛t✐♦♥
❧♦❣✐❝✬s ⋆ s♣❧✐ts ♦❜❥❡❝ts ♣❡r ✜❡❧❞✳ ❲✐t❤ ♦✉r ♥♦t❛t✐♦♥s✱ t❤✐s ♠❡❛♥s t❤❛t p 7→ [x : ❴] ⋆ p 7→ [y : ❴]
r❡♣r❡s❡♥ts ❛ ♣♦✐♥t ✇✐t❤ t✇♦ ✜❡❧❞s x ❛♥❞ y ✭❛♥❞ ♦♠✐tt❡❞ ✜❡❧❞s ❛r❡ ♥♦t ❡①✐st❡♥t✐❛❧❧② q✉❛♥t✐✜❡❞✮✳
❙♣❧✐tt✐♥❣ ♦♥ ❛ ♣❡r✲✜❡❧❞ ❜❛s✐s ♣r♦✈✐❞❡s ✈❡r②✲✜♥❡ ❣r❛✐♥❡❞ ♣❛r❛❧❧❡❧✐s♠ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♣r♦✈❡ s✉❝❤
❛ ❍♦❛r❡ tr✐♣❧❡t✿

{p 7→ [x : ❴] ⋆ p 7→ [y : ❴]}
p→x := E ‖ p→y := F
{p 7→ [x : E] ⋆ p 7→ [y : F ]}

■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ✐♥t❡❣r❛t✐♥❣ P❛r❦✐♥s♦♥✬s s❡♠❛♥t✐❝s ♦❢ ⋆ ✐♥ t❤❡ ♣r♦♦❢ tr❡❡ ❣❡♥❡r❛t♦r
✇♦✉❧❞ ❛❧❧♦✇ P❛r❛❧❧❡❧✐③❡ t♦ ✜r❡ str✐❝t❧② ♠♦r❡ ♦❢t❡♥✳

✻✳✷ P❡r♠✐ss✐♦♥ ❆❝❝♦✉♥t✐♥❣

❬✽❪✸ ❣❛✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ r❡❛❞✐♥❣ ♦❢ t❤❡ ♣♦✐♥ts✲t♦ ♣r❡❞✐❝❛t❡ 7→ ❜② ❛❞❞✐♥❣ ❛♥ ❡①tr❛ ♣❛r❛♠❡t❡r
✭❝❛❧❧❡❞ ❛ ♣❡r♠✐ss✐♦♥ π✮ t♦ ✐t✳ P❡r♠✐ss✐♦♥s ❛r❡ ❢r❛❝t✐♦♥s ✐♥ (0, 1]✳ ◆♦✇✱ t❤❡ ♣♦✐♥ts✲t♦ ♣r❡❞✐❝❛t❡
x

π
7→ [ρ] ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥✐♥❣✿ ✭✶✮ ✐t ❛ss❡rts t❤❛t x ♣♦✐♥ts t♦ t❤❡ r❡❝♦r❞ ρ ❛♥❞ ✭✷✮ ✐❢

π = 1✱ ✐t ❛ss❡rts ✇r✐t❡ ❛♥❞ r❡❛❞ ♣❡r♠✐ss✐♦♥ t♦ t❤❡ r❡❝♦r❞ ♣♦✐♥t❡❞ t♦ ❜② x❀ ✐❢ π < 1✱ ✐t ❛ss❡rts
r❡❛❞♦♥❧② ♣❡r♠✐ss✐♦♥ t♦ t❤❡ r❡❝♦r❞ ♣♦✐♥t❡❞ t♦ ❜② x✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s✿

x
π
7→ [ρ] ⇔ x

π
27→ [ρ] ⋆ x

π
27→ [ρ]

■♥ t❤❡ ✢❛✈♦r ♦❢ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✇✐t❤ ♣❡r♠✐ss✐♦♥s✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ✭❛s ✐♥ ❬✽❪✮ ❛ ♣r❡❞✐❝❛t❡
tr❡❡✭t✱π✮ r❡♣r❡s❡♥t✐♥❣ ❛ tr❡❡ t ✇✐t❤ ♣❡r♠✐ss✐♦♥ π t♦ ❛❝❝❡ss t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s✿

tr❡❡(x, π) ⇔ tr❡❡(x,
π

2
) ⋆ tr❡❡(x,

π

2
) ✭s♣❧✐t✮

◆♦✇✱ ❝♦♥s✐❞❡r ❛ ♣r♦❝❡❞✉r❡ ❝♦♥t❛✐♥s✭t✱n✮ t❤❛t ❧♦♦❦s ✉♣ ✐❢ n ✐s ✐♥ t✬s ✈❛❧✉❡s ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥✿

✸■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥s ❬✶✶❪ ❜✉t ♦✉r r❡♠❛r❦s ❛♣♣❧② ❢♦r t❤❡ ❣❡♥❡r❛❧
♠♦❞❡❧✳

❘❚ ♥➦ ✻✽✵✻



✷✵ ❍✉r❧✐♥

❁π❃ r❡q✉✐r❡s tr❡❡✭t✱π✮❀ ❡♥s✉r❡s tr❡❡✭t✱π✮❀
❝♦♥t❛✐♥s✭t✱n✮④ ✳✳✳ ⑥

❆s ✐♥❞✐❝❛t❡❞ ❜② ❁π❃✱ ❝♦♥t❛✐♥s✬s s♣❡❝✐✜❝❛t✐♦♥ ✐s ♣❛r❛♠❡tr✐③❡❞ ❜② ♣❡r♠✐ss✐♦♥ π ✭t❤✐s ❤❛s
❜❡❡♥ s❤♦✇♥ s♦✉♥❞ ❜② ❬✶✽❪✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ❝♦♥t❛✐♥s✬s ♣r❡❝♦♥❞✐t✐♦♥ tr❡❡✭t✱π✮ ❝❛♥ ❜❡
✐♥st❛♥t✐❛t❡❞ ❜② ❛♥② π✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇s t♦ ✈❡r✐❢② ♣r♦❣r❛♠s ✇❤❡r❡ ❞✐✛❡r❡♥t ♣r♦❝❡ss❡s
s✐♠✉❧t❛♥❡♦✉s❧② r❡❛❞ ❛❝❝❡ss ❛ tr❡❡ ❛s t❤❡ ♣r♦♦❢ tr❡❡ ✐♥ ❋✐❣✳ ✶✸ s❤♦✇s✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r♦♦❢ tr❡❡ ✐♥ ❋✐❣✳ ✶✹✳ ■t ✐s ✈❡r② s✐♠♣❧❡ ❛♥❞ ❞❡♣✐❝ts t❤❡ t②♣✐❝❛❧ r❡❛s♦♥✐♥❣
♣❡r❢♦r♠❡❞ ❜② ❛ ♣r♦❣r❛♠ ✈❡r✐✜❡r ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳ ❍♦✇❡✈❡r✱ t❤❡ r❡✇r✐t❡ r✉❧❡ P❛r❛❧❧❡❧✐③❡
s❤♦✇♥ ✐♥ t❤✐s ♣❛♣❡r ❞♦❡s ♥♦t ✜r❡ ♦♥ t❤✐s ♣r♦♦❢ tr❡❡✳ ❚♦ ♦❜t❛✐♥ ❋✐❣✳ ✶✸✬s ♣r♦♦❢ tr❡❡ ❜② r❡✇r✐t✐♥❣
❋✐❣✳ ✶✹✬s ♣r♦♦❢ tr❡❡✱ ✇❡ ✜rst ♥❡❡❞ t♦ ❛♣♣❧② t❤❡ ✭s♣❧✐t✮ ❡q✉✐✈❛❧❡♥❝❡ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✭t❤❡♥
❛♣♣❧②✐♥❣ ❋❛❝t♦r✐③❡❋r❛♠❡s ❛♥❞ P❛r❛❧❧❡❧✐③❡ ②✐❡❧❞s ❋✐❣✳ ✶✹✬s ♣r♦♦❢ tr❡❡✮✳ ❚❤✐s r❡q✉✐r❡s ♦❜s❡r✈✐♥❣
t❤❛t ✭✶✮ tr❡❡(t, 1) ❝❛♥ ❜❡ s♣❧✐t ❛♥❞ t❤❛t ✭✷✮ ❝♦♥t❛✐♥s✬s s♣❡❝✐✜❝❛t✐♦♥s ✐s ♣❛r❛♠❡tr✐③❡❞✳
❲❡ ❤❛✈❡ ♥♦t ❢♦✉♥❞ ❛♥ ❡❧❡❣❛♥t s♦❧✉t✐♦♥ t♦ t❤✐s ✐ss✉❡ ②❡t ❜✉t ✇❡ ♦❜s❡r✈❡ t❤❛t ♣❡r♠✐ss✐♦♥s✲
❛❝❝♦✉♥t✐♥❣ ✇♦✉❧❞ ❛❧❧♦✇ P❛r❛❧❧❡❧✐③❡ t♦ ✜r❡ str✐❝t❧② ♠♦r❡ ♦❢t❡♥✳

✻✳✸ ❋♦r❦✴❏♦✐♥ P❛r❛❧❧❡❧✐s♠

❬✶✽✱ ✶✼❪ ❧✐❢t❡❞ t❤❡ ✭P❛r❛❧❧❡❧✮ r✉❧❡ t♦ ❏❛✈❛✬s ❢♦r❦✴❥♦✐♥ st②❧❡ ♦❢ ♣❛r❛❧❧❡❧✐s♠✳ ❈❛❧❧✐♥❣ ❢♦r❦(p) st❛rts
❛ ♥❡✇ ♣r♦❝❡ss p t❤❛t ❡①❡❝✉t❡s ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ t❤❡ r❡st ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❈❛❧❧✐♥❣ ❥♦✐♥(p) st♦♣s
t❤❡ ❝❛❧❧✐♥❣ ♣r♦❝❡ss ✉♥t✐❧ ♣r♦❝❡ss p ✜♥✐s❤❡s✿ ❲❤❡♥ p ✜♥✐s❤❡s t❤❡ ❝❛❧❧✐♥❣ ♣r♦❝❡ss ✐s r❡s✉♠❡❞✳

❲❤❡♥ ❛ ♣❛r❡♥t ♣r♦❝❡ss ❢♦r❦s ❛ ♥❡✇ ♣r♦❝❡ss✱ ❛ ♣❛rt ♦❢ t❤❡ ♣❛r❡♥t✬s st❛t❡ ✐s tr❛♥s❢❡rr❡❞ t♦
t❤❡ ♥❡✇ ♣r♦❝❡ss✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿

Ξ ✐s p✬s ♣r❡❝♦♥❞✐t✐♦♥
✭❢♦r❦✮

{Ξ}❢♦r❦(p){❡♠♣}

❉✉❛❧❧②✱ ✇❤❡♥ ❛ ♣r♦❝❡ss ❥♦✐♥s ❛♥♦t❤❡r ♣r♦❝❡ss✱ t❤❡ ❢♦r♠❡r ✏t❛❦❡s ❜❛❝❦✑ ❛ ♣❛rt ♦❢ t❤❡
❧❛tt❡r✬s st❛t❡✳ ❚♦ ❢♦r♠❛❧✐③❡ t❤✐s ❜❡❤❛✈✐♦r✱ ❬✶✽❪✬s ❛ss❡rt✐♦♥ ❧❛♥❣✉❛❣❡ ❝♦♥t❛✐♥s ❛ ♥❡✇ ♣r❡❞✐❝❛t❡
❏♦✐♥(p, π) ✇❤✐❝❤ ❛ss❡rts t❤❛t t❤❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ ✐t ❛♣♣❡❛rs ❝❛♥ t❛❦❡ ❜❛❝❦ ♣❛rt π ♦❢ ♣r♦❝❡ss
p✬s st❛t❡ ✭❧✐❦❡ ✐♥ ❇♦r♥❛t✬s ✇♦r❦✱ π ✐s ❛ ❢r❛❝t✐♦♥❛❧ ♣❡r♠✐ss✐♦♥ ✐♥ (0, 1]✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡
❛ss❡rt✐♦♥ ❧❛♥❣✉❛❣❡ ❛❧❧♦✇s t♦ ♠✉❧t✐♣❧② ❢♦r♠✉❧❛s ✭✇✐t❤ r❡str✐❝t✐♦♥s ✐rr❡❧❡✈❛♥t t♦ t❤✐s ♣❛♣❡r✮
❜② ❛ ♣❡r♠✐ss✐♦♥✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ✇r✐tt❡♥ π · Ξ ❛♥❞ t♦ ❣✐✈❡ t❤❡ r❡❛❞❡r ❛♥ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡
♠❡❛♥✐♥❣ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❡ ♥♦t❡ t❤❛t ✐♥t❡❣r❛t✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ✇♦✉❧❞
♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② tr✉❡✿

π · (Π ➛ x
1
7→ [ρ]) ⇔ Π ➛ x

π
7→ [ρ]

❲✐t❤ t❤❡ ❏♦✐♥ ♣r❡❞✐❝❛t❡ ❛♥❞ ❢♦r♠✉❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❢♦r♠❛❧✐③❡ ❥♦✐♥✬s ❜❡❤❛✈✐♦r✳
❚❤❡ r✉❧❡ ❜❡❧♦✇ ❡①♣r❡ss❡s t❤❛t ❛ ♣r♦❝❡ss t ✭✇❤❡♥ ❥♦✐♥✐♥❣ ❛ ♣r♦❝❡ss p✮ ❝❛♥ t❛❦❡ ❜❛❝❦ ❛ ♣❛rt
♦❢ p✬s st❛t❡✿

Ξ ✐s p✬s ♣♦st❝♦♥❞✐t✐♦♥
✭❥♦✐♥✮

{❏♦✐♥(p, π)}❥♦✐♥(p){π · Ξ}

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✷✶

■♥t❡❣r❛t✐♥❣ ✭❢♦r❦✮ ❛♥❞ ✭❥♦✐♥✮ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ✇♦✉❧❞ ❧❡❛❞ t♦ t✇♦ ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥s✿
❊❛r❧②❋♦r❦✐♥❣ ❛♥❞ ▲❛t❡❏♦✐♥✐♥❣✳ ❊❛r❧②❋♦r❦✐♥❣ ✇♦✉❧❞ r❡✇r✐t❡ ♣r♦♦❢s s♦ t❤❛t ♥❡✇ ♣r♦❝❡ss❡s ❛r❡
❢♦r❦❡❞ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡ ✭✐♥❝r❡❛s✐♥❣ ♣❛r❛❧❧❡❧✐s♠✮ ❛♥❞ ▲❛t❡❏♦✐♥✐♥❣ ✇♦✉❧❞ r❡✇r✐t❡ ♣r♦♦❢s s♦
t❤❛t ♣r♦❝❡ss❡s ❥♦✐♥ ♦t❤❡r ♣r♦❝❡ss❡s ❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡ ✭✐♥❝r❡❛s✐♥❣ ♣❛r❛❧❧❡❧✐s♠ ❛♥❞ r❡❞✉❝✐♥❣
❥♦✐♥✐♥❣ t✐♠❡✮✳

✻✳✹ ❱❛r✐❛❜❧❡ ❛s ❘❡s♦✉r❝❡s

❬✽❪ s❤♦✇❡❞ ❤♦✇ t♦ tr❡❛t ✈❛r✐❛❜❧❡s ❧✐❦❡ r❡s♦✉r❝❡s ✭❤❡❛♣ ❝❡❧❧s ✐♥ ♦✉r t❡r♠✐♥♦❧♦❣②✮✳ ❚❤✐s ❛❧❧♦✇s
t♦ ❣❡t r✐❞ ♦❢ t❤❡ s✐❞❡ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ✭P❛r❛❧❧❡❧✮ ❛♥❞ ✭❘❡❣✐♦♥✮ r✉❧❡s r❡s✉❧t✐♥❣ ✐♥ ❛ ♠♦r❡
✉♥✐❢♦r♠ ♣r♦♦❢ s②st❡♠✳ ❚❤❡ ❛ss❡rt✐♦♥ ❧❛♥❣✉❛❣❡ ❝♦♥t❛✐♥s ❛ ♥❡✇ ♣r❡❞✐❝❛t❡ ❖✇♥π(x) t❤❛t ❛ss❡rts
♦✇♥❡rs❤✐♣ π ♦❢ ✈❛r✐❛❜❧❡ x✳

❘♦✉❣❤❧②✱ ✇r✐t✐♥❣ ❛ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s ❢✉❧❧ ♣❡r♠✐ss✐♦♥s ✇❤✐❧❡ r❡❛❞✐♥❣ ❛ ✈❛r✐❛❜❧❡ r❡q✉✐r❡s
s♦♠❡ ♣❡r♠✐ss✐♦♥s ✭✐♥ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ♣❡r♠✐ss✐♦♥✲❛❝❝♦✉♥t✐♥❣ ♠♦❞❡❧✮✳ ❚❤✐s r✉❧❡s ♦✉t ♣r♦✲
❣r❛♠s ✇✐t❤ r❛❝❡s ♦♥ s❤❛r❡❞ ✈❛r✐❛❜❧❡s✿

{❖✇♥1(x) ⋆ ?}
x = y ‖ x = z

❆❜♦✈❡✱ ❄ ❝❛♥♥♦t ❜❡ ✜❧❧❡❞ ✇✐t❤ ❛ ♣r❡❞✐❝❛t❡ ❛ss❡rt✐♥❣ ♦✇♥❡rs❤✐♣ ♦❢ x ✭♥❡❡❞❡❞ ❢♦r ✈❡r✐✲
❢②✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ st❛t❡♠❡♥t✬s r❤s✮ ❜❡❝❛✉s❡ ❖✇♥1(x) ✐s ❛❧r❡❛❞② ♥❡❡❞❡❞ t♦ ✈❡r✐❢② t❤❡ ♣❛r❛❧❧❡❧
st❛t❡♠❡♥t✬s ❧❤s ✭❛♥❞ ❖✇♥1(x) ❝❛♥♥♦t ❜❡ ⋆✲❝♦♠❜✐♥❡❞ ✇✐t❤ ❖✇♥π(x) ❢♦r ❛♥② π✮✳

❚❤❡ ✈❛r✐❛❜❧❡ ❛s r❡s♦✉r❝❡s t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ✜t ♣❡r❢❡❝t❧② ✐♥ ♦✉r ❢r❛♠❡✇♦r❦ ❜❡❝❛✉s❡ ✈❛r✐❛❜❧❡s
t❤❛t ❛r❡ ♥♦t ❛❝❝❡ss❡❞ ❜② ❝♦♠♠❛♥❞s ✇♦✉❧❞ ❜❡ ♠❛❞❡ ❡①♣❧✐❝✐t✿ ❖✇♥π(❴) ♣r❡❞✐❝❛t❡s ✇♦✉❧❞
❛♣♣❡❛r ✐♥ ❢r❛♠❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♣r♦❣r❛♠ ✈❡r✐✜❡rs ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ ❛s r❡s♦✉r❝❡s
t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ❝♦♠♣✉t❡ ❡①♣❧✐❝✐t ❢r❛♠❡s ❛♥❞ ❛♥t✐❢r❛♠❡s ❢♦r ❛t♦♠✐❝ ❝♦♠♠❛♥❞s ✭❧✐❦❡ ❋✐❣✳ ✷✬s
♣r♦♦❢ tr❡❡s ❞♦✮✳ ❋✐♥❛❧❧②✱ t❤❡ ✈❛r✐❛❜❧❡ ❛s r❡s♦✉r❝❡ t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ❛❧❧♦✇ ❛ ♠♦r❡ ✉♥✐❢♦r♠
tr❡❛t♠❡♥t ♦❢ t❤❡ P❛r❛❧❧❡❧✐③❡ r❡✇r✐t❡ r✉❧❡ ❜❡❝❛✉s❡ t❤❡ ❣✉❛r❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭P❛r❛❧❧❡❧✮✬s s✐❞❡
❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ❜❡ ❞❡❧❡t❡❞✳

✼ ❘❡❧❛t❡❞ ❲♦r❦

❙❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✇❛s ❞✐s❝♦✈❡r❡❞ ❜② ❬✷✽❪✳ ❬✷✹❪ ❡①t❡♥❞❡❞ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ t♦ ❞❡❛❧ ✇✐t❤ ❞✐s❥♦✐♥t
❝♦♥❝✉rr❡♥❝② ❛♥❞ ❧♦❝❦ ❜❛s❡❞ ❝♦♥❝✉rr❡♥❝②✳ P❛r❦✐♥s♦♥ ❬✷✻❪ ❛❞❛♣t❡❞ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ t♦ ♦❜❥❡❝t✲
♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳ Pr♦❣r❛♠ ✈❡r✐✜❡rs ✐♥ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ✐♥❝❧✉❞❡ s♠❛❧❧❢♦♦t ❬✺❪ ❛♥❞ t✇♦ t♦♦❧s
❢♦r ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s ❬✶✺✱ ✶✸❪✳

❋♦r♠❛❧ ❛♣♣r♦❛❝❤❡s ❢♦r ♦♣t✐♠✐③✐♥❣ ♣r♦❣r❛♠s ✐♥❝❧✉❞❡ ❝❡rt✐✜❡❞ ❝♦♠♣✐❧❡rs ❬✸✶✱ ✷✷❪ ❛♥❞ ❝❡rt✐✲
❢②✐♥❣ ❝♦♠♣✐❧❡rs ❬✹✱ ✷✸❪✳ ❈❡rt✐✜❡❞ ❝♦♠♣✐❧❡rs ✐♥❝❧✉❞❡ ♦♣t✐♠✐③❛t✐♦♥s t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛♥❞
♣r♦✈✐❞❡ ❢✉❧❧② ♠❛❝❤✐♥❡✲❝❤❡❝❦❡❞ ♣r♦♦❢s✳ ❈❡rt✐❢②✐♥❣ ❝♦♠♣✐❧❡rs ♠❛♥✐♣✉❧❛t❡ ❢♦r♠✉❧❛s r❡♣r❡s❡♥t✲
✐♥❣ ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s ✇❤❡r❡❛s ✇❡ ♠❛♥✐♣✉❧❛t❡ ♣r♦♦❢ tr❡❡s r❡♣r❡s❡♥t✐♥❣ ❞❡r✐✈❛t✐♦♥ ♦❢ ❍♦❛r❡
tr✐♣❧❡ts✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❤✐❣❤✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥s s✉❝❤ ❛s ♣❛r❛❧❧❡❧✐③❛t✐♦♥
✇❤❡r❡❛s ✐t ✇♦✉❧❞ ❜❡ ❤❛r❞❡r t♦ ❝♦♥s✐❞❡r ❧♦✇✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✹✱ ✷✸❪ s✉❝❤
❛s ❝♦♥st❛♥t ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ❘❤♦❞✐✉♠ t♦♦❧ ❬✷✶❪ ✐s ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡❝❧❛r✐♥❣ ❛♥❞ ♣r♦✈✐♥❣

❘❚ ♥➦ ✻✽✵✻



✷✷ ❍✉r❧✐♥

❝♦rr❡❝t ♣r♦❣r❛♠ ♦♣t✐♠✐③❛t✐♦♥s✳ ❘❤♦❞✐✉♠ ❣❡♥❡r❛t❡s ♣r♦♦❢ ♦❜❧✐❣❛t✐♦♥s t♦ s❤♦✇ t❤❛t ♣r♦❣r❛♠
♦♣t✐♠✐③❛t✐♦♥s ❛r❡ ❝♦rr❡❝t✳

❚❤❡ ❝❧♦s❡st r❡❧❛t❡❞ ✇♦r❦ ✐s ❬✷✾❪ ✇❤✐❝❤ ✉s❡s ❛ t②♣❡ s②st❡♠ t♦ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ t♦
tr❛♥s❢♦r♠ ♣r♦♦❢ tr❡❡s r❡♣r❡s❡♥t✐♥❣ ❞❡r✐✈❛t✐♦♥ ♦❢ ❍♦❛r❡ tr✐♣❧❡ts✳ ❚❤✐s ✇♦r❦ ❢♦❝✉s❡s ♦♥ ♣❛r✲
t✐❛❧ r❡❞✉♥❞❛♥❝② ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ✉s❡s ❝❧❛ss✐❝❛❧ ❍♦❛r❡ ❧♦❣✐❝ ✇❤❡r❡❛s ✇❡ ♣r♦✈✐❞❡ ❤✐❣❤✲❧❡✈❡❧
♦♣t✐♠✐③❛t✐♦♥s s✉❝❤ ❛s ♣❛r❛❧❧❡❧✐s♠ ❛♥❞ ✉s❡ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✳

Pr❛❝t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❢♦r ♣❛r❛❧❧❡❧✐③✐♥❣ ♣r♦❣r❛♠s ✐♥❝❧✉❞❡ ♣❛r❛❧❧❡❧✐③✐♥❣ ❝♦♠♣✐❧❡rs ❬✼✱ ✷❪✳
P❛r❛❧❧❡❧✐③✐♥❣ ❝♦♠♣✐❧❡rs ❢♦❝✉s❡s ♦♥ ❧♦♦♣ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❛r❜✐tr❛r② ♣✐❡❝❡s
♦❢ ❝♦❞❡✳ P❛r❛❧❧❡❧✐③✐♥❣ ❝♦♠♣✐❧❡rs ❝❛♥ ②✐❡❧❞ ❝♦❞❡ t❤❛t ❡①❡❝✉t❡s ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢❛st❡r
t❤❛♥ ❝❧❛ss✐❝❛❧ ❝♦♠♣✐❧❡rs✳ ▲♦♦♣ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❛❝t✐✈❡❧② st✉❞✐❡❞ ❬✷✵✱ ✶✱ ✸✷❪✳

❊❛r❧② ❞✐s♣♦s❛❧ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛❝❤✐♥❡ r❡❣✐st❡r ❬✶✻❪ ✇❤❡r❡ t❤❡ ❣♦❛❧ ✐s t♦
✉s❡ ❛s ❢❡✇ r❡❣✐st❡rs ❛s ♣♦ss✐❜❧❡✳ ❲♦r❦s ♦♥ ❛t♦♠✐❝✐t② ❬✶✹✱ ✶✵❪ ✐♥❝❧✉❞❡ ❡❛r❧② ✉♥❧♦❝❦✐♥❣ ✐♥❢❡r❡♥❝❡✳
■♠♣r♦✈✐♥❣ t❡♠♣♦r❛❧ ❧♦❝❛❧✐t② ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ♣r♦❣r❛♠s ❬✶✾❪✳

✽ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❲♦r❦

❲❡ s❤♦✇❡❞ ❛ ♥❡✇ t❡❝❤♥✐q✉❡ ❢♦r ♦♣t✐♠✐③✐♥❣ ♣r♦❣r❛♠s ✇❤✐❝❤ r❡q✉✐r❡s ♣r♦❣r❛♠s t♦ ❜❡ ♣r♦✈❡♥
❝♦rr❡❝t✳ ❖♣t✐♠✐③❛t✐♦♥s ❛r❡ ❞♦♥❡ ❜② r❡✇r✐t✐♥❣ ♣r♦♦❢s r❡♣r❡s❡♥t❡❞ ❛s ❞❡r✐✈❛t✐♦♥ ♦❢ ❍♦❛r❡
tr✐♣❧❡ts✳ ❚❤❡ ❝♦r❡ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✉s❡s s❡♣❛r❛t✐♦♥ ❧♦❣✐❝✬s ✭❋r❛♠❡✮ r✉❧❡ t♦ ❞❡t❡❝t ♣❛rts
♦❢ t❤❡ st❛t❡ ✇❤✐❝❤ ❛r❡ ✉s❡❧❡ss ❢♦r ❛ ❝♦♠♠❛♥❞ t♦ ❡①❡❝✉t❡✳ ❈♦♥s✐❞❡r❡❞ ♦♣t✐♠✐③❛t✐♦♥s ❛r❡
♣❛r❛❧❧❡❧✐③❛t✐♦♥✱ ❡❛r❧② ❞✐s♣♦s❛❧✱ ❧❛t❡ ❛❧❧♦❝❛t✐♦♥✱ ❡❛r❧② ❧♦❝❦ r❡❧❡❛s✐♥❣✱ ❛♥❞ ❧❛t❡ ❧♦❝❦ ❛❝q✉✐r❡♠❡♥t✳
❖♣t✐♠✐③❛t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞ ❛s r❡✇r✐t❡ r✉❧❡s ❜❡t✇❡❡♥ ♣r♦♦❢ tr❡❡s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❡♥t✐r❡❧②
❛✉t♦♠❛t✐❝✳

❚❤❡ ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ét❡r❧♦✉ t♦♦❧✳ ➱t❡r❧♦✉ ❝♦♥s✐sts ♦❢ ❛ ♣r♦♦❢ tr❡❡
❣❡♥❡r❛t♦r ✭❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s♠❛❧❧❢♦♦t ♣r♦❣r❛♠ ✈❡r✐✜❡r✮ ❛♥❞ ❛ ♣r♦♦❢ tr❡❡ r❡✇r✐t❡r
✇r✐tt❡♥ ✐♥ t♦♠✳ Pr❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ ❛♣♣r♦❛❝❤ ✐s ♣r❛❝t✐❝❛❧✳

❋✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s ❡①t❡♥s✐♦♥ t♦ ♣❡r♠✐ss✐♦♥✲❛❝❝♦✉♥t✐♥❣ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❛♥❞ ♦❜❥❡❝t✲
♦r✐❡♥t❡❞ ♣r♦❣r❛♠s✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ ♣❡r♠✐ss✐♦♥✲❛❝❝♦✉♥t✐♥❣ ✐s ❡①♣❡❝t❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡
❡✣❝✐❡♥❝② ♦❢ t❤❡ P❛r❛❧❧❡❧✐③❡ r❡✇r✐t❡ r✉❧❡✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s ✇✐❧❧
❛❧❧♦✇ ✉s t♦ ❞♦ ❧❛r❣❡r s❝❛❧❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ t♦ st✉❞② ❤♦✇ ❛❜str❛❝t✐♦♥ ❬✷✼❪ ❜❡❤❛✈❡s ✇✳r✳t✳
t♦ ♦✉r t❡❝❤♥✐q✉❡✳ ❋♦r t❤✐s✱ ✇❡ ♣❧❛♥ t♦ ✉s❡ r❡❝❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ♣r♦❣r❛♠ ✈❡r✐✜❡rs ❢♦r
♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠s ❛♥♥♦t❛t❡❞ ✇✐t❤ s❡♣❛r❛t✐♦♥ ❧♦❣✐❝ ❬✶✺✱ ✶✸❪✳

❖♥ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ s✐❞❡✱ ❢✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s st✉❞② ♦❢ t❤❡ ❞✐✛❡r❡♥t r❡✇r✐t✐♥❣ str❛t❡❣✐❡s
❛♥❞ t❤❡✐r ✐♠♣❛❝t ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦♣t✐♠✐③❛t✐♦♥s✳ ❋♦r t❤✐s✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ❞❡✜♥❡ ♠❡tr✐❝s ❢♦r
♠❡❛s✉r✐♥❣ ❡✣❝✐❡♥❝② ♦❢ ♦♣t✐♠✐③❛t✐♦♥s ❛♥❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ r✉♥t✐♠❡ ✐♠♣r♦✈❡♠❡♥ts ♦❢ ♦♣t✐♠✐③❡❞
♣r♦❣r❛♠s✳ ❋✐♥❛❧❧②✱ ❢✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s st✉❞② ♦❢ ❤♦✇ t❤❡ ♣r♦❣r❛♠ ✈❡r✐✜❡r ❛♥❞ t❤❡ ♣r♦♦❢ tr❡❡
❣❡♥❡r❛t♦r ❝❛♥ ❜❡ ❞❡❝♦✉♣❧❡❞✳ ❲❡ ❜❡❧✐❡✈❡ ♦✉r t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ❜❡♥❡✜t ❢r♦♠ ♠♦❞✉❧❛r ♣r♦❣r❛♠
✈❡r✐✜❡rs ✭t❤❛t ♣r♦✈✐❞❡ ✐♥t❡r❢❛❝❡s ❢♦r ❢r❛♠❡ ✐♥❢❡r❡♥❝❡✱ ❢♦r♠✉❧❛ ❡♥t❛✐❧♠❡♥t✱ ❡t❝✳✮✳
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✷✻ ❍✉r❧✐♥

❆ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❘❡✇r✐t❡ ❘✉❧❡s

❋♦r t❤❡ r❡✇r✐t❡ r✉❧❡s t♦ ✇♦r❦ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡✇r✐t❡ r✉❧❡s ✐s ♠♦r❡
❝♦♠♣❧❡① t❤❛♥ t❤❡ r✉❧❡s s❤♦✇♥ ✐♥ t❤❡ ❜♦❞② ♦❢ t❤❡ ♣❛♣❡r✳ ❚❤❡ ❝❛✈❡❛t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✶✮ t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡①♣❡❝ts t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ✭❡①❝❡♣t
✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣ ❛♥❞ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t ✇❤♦s❡ ♣r♦♦❢ tr❡❡s ❤❛✈❡
❛ s♣❡❝✐❛❧ s❤❛♣❡✱ ❞✐❝t❛t❡❞ ❜② s♠❛❧❧❢♦♦t✬s ❛❧❣♦r✐t❤♠✮✱ ✭✷✮ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡
✐♥✈❛r✐❛♥t t❤❛t t❤❡ ✜rst ♣r❡♠✐s❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❙❡q✮ ✐s ❛❧✇❛②s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❋r❛♠❡✮
❛♥❞✱ ✭✸✮ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡ ✐♥✈❛r✐❛♥t t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❞♦✉❜❧❡ ✭❋r❛♠❡✮s ✐✳❡✳✱
t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭❋r❛♠❡✮ ♦♥ t♦♣ ♦❢ ❡❛❝❤ ♦t❤❡r✳

❘✉❧❡ ✭✶✮ ❡♥s✉r❡s t❤❛t✱ ❣✐✈❡♥ C ❛♥❞ C ′ t❤❛t ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞✱ t❤❡ P❛r❛❧❧❡❧✐③❡ r✉❧❡ ✇✐❧❧
✜r❡ ♦♥ t❤❡ ♣r♦❣r❛♠ C;C ′;C ′′ ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r ♦t❤❡r ♦♣t✐♠✐③❛t✐♦♥s✮✳ ❋♦r r✉❧❡ ✭✶✮ t♦ ❛❧❧♦✇
♦♣t✐♠✐③❛t✐♦♥s t♦ ✜r❡ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❝♦♥t✐♥✉❛t✐♦♥✱ t❤❡ r❡✇r✐t❡ r✉❧❡s ✐♥s❡rt ❞✉♠♠② ❡♠♣t②

❝♦♥t✐♥✉❛t✐♦♥ ✐♥ ❛♣♣r♦♣r✐❛t❡ ♣❧❛❝❡s✳ ❘✉❧❡ ✭✷✮ ❛♥❞ ✭✸✮ ❡♥s✉r❡ t❤❛t r❡✇r✐t❡ r✉❧❡s ❝❛♥ ❛ss✉♠❡
♣r♦♦❢ tr❡❡s ❤❛✈❡ ❛ ❣✐✈❡♥ s❤❛♣❡ ✭✇✐t❤♦✉t t❤❡ ♥❡❡❞ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ ❞✐✛❡r❡♥t ❝❛s❡s✮✳ ❘✉❧❡ ✭✷✮✬s
✐♥✈❛r✐❛♥t t❤❛t t❤❡ ✜rst ♣r❡♠✐s❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭❙❡q✮ ✐s ❛❧✇❛②s ❛ ✭❋r❛♠❡✮ ✐s ❡♥s✉r❡❞ ❜②
✐♥s❡rt✐♥❣ ✏❞✉♠♠②✑ ✭❋r❛♠❡✮s ⊤ ➛ ❡♠♣ ✐♥ ❛♣♣r♦♣r✐❛t❡ ♣❧❛❝❡s✳ ❘✉❧❡ ✭✸✮✬s ✐♥✈❛r✐❛♥t t❤❛t t❤❡r❡
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❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢❡❛t✉r❡s t✇♦ ✈❛r✐❛t✐♦♥s ♦❢ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②✳ ❋✐❣✳ ✷✶ s❤♦✇s ❛ ✈❡rs✐♦♥
♠❡❛♥t t♦ ❜❡ ❛♣♣❧✐❡❞ ❜❡❢♦r❡ ❋❛❝t♦r✐③❡❋r❛♠❡s ✇❤✐❧❡ ❋✐❣✳ ✷✷ s❤♦✇s ❛ ✈❡rs✐♦♥ ♠❡❛♥t t♦ ❜❡
❛♣♣❧✐❡❞ ❛❢t❡r ❋❛❝t♦r✐③❡❋r❛♠❡s✳ ❚❤❛t ✐s ❜❡❝❛✉s❡ ❋❛❝t♦r✐③❡❋r❛♠❡s t❛❦❡s ❛s ✐♥♣✉t ❛ ♣r♦♦❢ tr❡❡
❜❛❧❛♥❝❡❞ t♦ t❤❡ r✐❣❤t ❛♥❞ ♦✉t♣✉ts ❛ ♣r♦♦❢ tr❡❡ ❜❛❧❛♥❝❡❞ t♦ t❤❡ ❧❡❢t✳ ❚♦ ❜❡ ❛♣♣❧✐❡❞ ❜❡❢♦r❡
❋❛❝t♦r✐③❡❋r❛♠❡s✱ t❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t② ✭❋✐❣✳ ✷✶✮ t❛❦❡s ❛s ✐♥♣✉t ❛ ♣r♦♦❢ tr❡❡
❜❛❧❛♥❝❡❞ t♦ t❤❡ r✐❣❤t✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✈❡rs✐♦♥ ♦❢ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t② ✭❋✐❣✳ ✷✷✮ t❛❦❡s ❛s ✐♥♣✉t
❛ ♣r♦♦❢ tr❡❡ ❜❛❧❛♥❝❡❞ t♦ t❤❡ ❧❡❢t✳ ■♥ ♣r❛❝t✐❝❡✱ ❜♦t❤ ✈❡rs✐♦♥s ♦❢ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t② ❛r❡ ✉s❡❢✉❧✳

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✷✼

{Ξa}C{Ξp}
✭❋r❛♠❡ Ξf ✮

{Ξa ⋆ Ξf}C{Ξp ⋆ Ξf}

{Θa}C
′{Θp}

✭❋r❛♠❡ Θf ✮
{Θa ⋆ Θf}C

′{Θp ⋆ Θf} {Θp ⋆ Θf}C
′′{Ξ′}

✭❙❡q✮
{Θa ⋆ Θf}C

′; C ′′{Ξ′}
✭❙❡q✮

{Ξa ⋆ Ξf}C; C ′; C ′′{Ξ′}

↓ ❋❛❝t♦r✐③❡❋r❛♠❡s

{Ξa}C{Ξp}
✭❋r❛♠❡ Ξf0

✮
{Ξa ⋆ Ξf0

}C{Ξp ⋆ Ξf0
}

{Θa}C
′{Θp}

✭❋r❛♠❡ Θf0
✮

{Θa ⋆ Θf0
}C ′{Θp ⋆ Θf0

}

Θp ⋆ Θf0
⊢ Θp ⋆ Θf0 ✭❊♠♣t②✮

{Θp ⋆ Θf0
}ǫ{Θp ⋆ Θf0

}
✭❙❡q✮

{Θa ⋆ Θf0
}C ′; ǫ{Θp ⋆ Θf0

}
✭❙❡q✮

{Ξa ⋆ Ξf0
}C; C ′; ǫ{Θp ⋆ Θf0

}
✭❋r❛♠❡ Ξc✮

{Ξa ⋆ Ξf}C; C ′; ǫ{Θp ⋆ Θf} {Θp ⋆ Θf}C
′′{Ξ′}

✭❙❡q✮
{Ξa ⋆ Ξf}C; C ′; ǫ; C ′′{Ξ′}

●✉❛r❞✿ Ξf ⇔ Ξf0
⋆ Ξc ❛♥❞ Θf ⇔ Θf0

⋆ Ξc

❋✐❣✉r❡ ✶✺✿ ❋❛❝t♦r✐③❡❋r❛♠❡s✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

{Ξ}C{Θ}
✭❋r❛♠❡ Ξ′✮

{Ξ ⋆ Ξ′}C{Θ ⋆ Ξ′}

{Ξ′}C ′{Θ′}
✭❋r❛♠❡ Θ✮

{Θ ⋆ Ξ′}C ′{Θ ⋆ Θ′} {Θ ⋆ Θ′}C ′′{Ξ′′}
✭❙❡q✮

{Θ ⋆ Ξ′}C ′; C ′′{Ξ′′}
✭❙❡q✮

{Ξ ⋆ Ξ′}C; C ′; C ′′{Ξ′′}

↓ P❛r❛❧❧❡❧✐③❡

{Ξ}C{Θ} {Ξ′}C ′{Θ′}
✭P❛r❛❧❧❡❧✮

{Ξ ⋆ Ξ′}C‖C ′{Θ ⋆ Θ′} {Θ ⋆ Θ′}C ′′{Ξ′′}
✭❙❡q✮

{Ξ ⋆ Ξ′}(C‖C ′); C ′′{Ξ′′}

❋✐❣✉r❡ ✶✻✿ P❛r❛❧❧❡❧✐③❡✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

❘❚ ♥➦ ✻✽✵✻



✷✽ ❍✉r❧✐♥

{Ξf}C{Ξf ′}
✭❋r Ξa✮

{Ξf ⋆ Ξa}C{Ξf ′ ⋆ Ξa}

✭❉✐s♣♦s❡✮
{Ξa}❞✐s♣♦s❡(E){Ξa′}

✭❋r❛♠❡ Ξf ′✮
{Ξf ′ ⋆ Ξa}❞✐s♣♦s❡(E){Ξf ′ ⋆ Ξa′} {Ξf ′ ⋆ Ξa′}C ′{Ξ′′}

✭❙❡q✮
{Ξf ′ ⋆ Ξa}❞✐s♣♦s❡(E); C ′{Ξ′′}

✭❙❡q✮
{Ξf ⋆ Ξa}C; ❞✐s♣♦s❡(E); C ′{Ξ′′}

↓ ❊❛r❧②❉✐s♣♦s❛❧

✭❉✐s♣♦s❡✮
{Ξa}❞✐s♣♦s❡(E){Ξa′}

✭❋r Ξf ✮
{Ξf ⋆ Ξa}❞✐s♣♦s❡(E){Ξf ⋆ Ξa′}

{Ξf}C{Ξf ′}
✭❋r❛♠❡ Ξa′✮

{Ξf ⋆ Ξa′}C{Ξf ′ ⋆ Ξa′} {Ξf ′ ⋆ Ξa′}C ′{Ξ′′}
✭❙❡q✮

{Ξf ⋆ Ξa′}C; C ′{Ξ′′}
✭❙❡q✮

{Ξf ⋆ Ξa}❞✐s♣♦s❡(E); C; C ′{Ξ′′}

❋✐❣✉r❡ ✶✼✿ ❊❛r❧②❉✐s♣♦s❛❧✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

✭◆❡✇✮
{Ξa}x := ♥❡✇(){Ξa′} x 6∈ Ξf

✭❋r Ξf ✮
{Ξa ⋆ Ξf}x := ♥❡✇(){Ξa′ ⋆ Ξf}

{Ξf}C{Ξf ′}
✭❋r Ξa′✮

{Ξa′ ⋆ Ξf}C{Ξa′ ⋆ Ξf ′}ff {Ξa′ ⋆ Ξf ′}C ′{Ξ′′}
✭❙❡q✮

{Ξa′ ⋆ Ξf}C; C ′{Ξ′′}
✭❙❡q✮

{Ξa ⋆ Ξf}x := ♥❡✇(); C; C ′{Ξ′′}

↓ ▲❛t❡❆❧❧♦❝❛t✐♦♥

{Ξf}C{Ξf ′}
✭❋r Ξa✮

{Ξa ⋆ Ξf}C{Ξa ⋆ Ξf ′}

✭◆❡✇✮
{Ξa}x := ♥❡✇(){Ξa′} x 6∈ Ξf ′

✭❋r Ξf ′✮
{Ξa ⋆ Ξf ′}x := ♥❡✇(){Ξa′ ⋆ Ξf ′} {Ξa′ ⋆ Ξf ′}C ′{Ξ′′}

✭❙❡q✮
{Ξa ⋆ Ξf ′}x := ♥❡✇(); C ′{Ξ′′}

✭❙❡q✮
{Ξa ⋆ Ξf}C; x := ♥❡✇(); C ′{Ξ′′}

❋✐❣✉r❡ ✶✽✿ ▲❛t❡❆❧❧♦❝❛t✐♦♥✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

■◆❘■❆



❆✉t♦♠❛t✐❝ P❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ Pr♦❣r❛♠s ❜② Pr♦♦❢ ❘❡✇r✐t✐♥❣ ✷✾

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ}

{Ξ′′}C ′{Ξ′}
✭❋r❛♠❡ Θ✮

{Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
Ξ′ ⋆ Θ ⊢ Ξ′ ⋆ Θ ✭❊♠♣t②✮

{Ξ′ ⋆ Θ}ǫ{Ξ′ ⋆ Θ}
✭❙❡q✮

{Ξ′′ ⋆ Θ}C ′; ǫ{Ξ′ ⋆ Θ}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′; ǫ{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C; C ′; ǫ ❡♥❞✇✐t❤{Ξ′}

↓ ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤{Ξ′′}
✭❋r❛♠❡ ⊤ ➛ ❡♠♣✮

{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤{Ξ′′}

{Ξ′′}C ′{Ξ′}
✭❋r❛♠❡ ⊤ ➛ ❡♠♣✮

{Ξ′′}C ′{Ξ′}
Ξ′ ⊢ Ξ′

✭❊♠♣t②✮
{Ξ′}ǫ{Ξ′}

✭❙❡q✮
{Ξ′′}C ′; ǫ{Ξ′}

✭❙❡q✮
{Ξ}✇✐t❤ rΘ ❞♦ C ❡♥❞✇✐t❤; C ′; ǫ{Ξ′}

❋✐❣✉r❡ ✶✾✿ ❊❛r❧②▲♦❝❦❘❡❧❡❛s✐♥❣✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

{Ξ}C{Ξ′′}
✭❋r❛♠❡ Θ✮

{Ξ ⋆ Θ}C{Ξ′′ ⋆ Θ} {Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
✭❙❡q✮

{Ξ ⋆ Θ}C; C ′{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ}✇✐t❤ rΘ ❞♦ C; C ′ ❡♥❞✇✐t❤{Ξ′}

↓ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t

{Ξ}C{Ξ′′}
✭❋r❛♠❡ ⊤ ➛ ❡♠♣✮

{Ξ}C{Ξ′′}

{Ξ′′ ⋆ Θ}C ′{Ξ′ ⋆ Θ}
✭❘❡❣✐♦♥✮

{Ξ′′}✇✐t❤ rΘ ❞♦ C ′ ❡♥❞✇✐t❤{Ξ′}
✭❙❡q✮

{Ξ}C; ✇✐t❤ rΘ ❞♦ C ′ ❡♥❞✇✐t❤{Ξ′}

❋✐❣✉r❡ ✷✵✿ ▲❛t❡▲♦❝❦❆❝q✉✐r❡♠❡♥t✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥

❘❚ ♥➦ ✻✽✵✻



✸✵ ❍✉r❧✐♥

{Ξ}C{Ξ′}
✭❋r Θ✮

{Ξ ⋆ Θ}C{Ξ′ ⋆ Θ}

{Θ}C′{Θ′}
✭❋r Ξ′✮

{Ξ′ ⋆ Θ}C′{Ξ′ ⋆ Θ′}

{Ξ′}C′′{Ξ′′}
✭❋r Θ′✮

{Ξ′ ⋆ Θ′}C′′; C′′′{Ξ′′ ⋆ Θ′} {Ξ′′ ⋆ Θ′}C′′′{Ξp}
✭❙❡q✮

{Ξ′ ⋆ Θ′}C′′; C′′′{Ξp}
✭❙❡q✮

{Ξ′ ⋆ Θ}C′; C′′; C′′′{Ξp}
✭❙❡q✮

{Ξ ⋆ Θ}C; C′; C′′; C′′′{Ξp}

↓ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②

{Ξ}C{Ξ′}

{Ξ′}C′′{Ξ′′}

Ξ′′ ⊢ Ξ′′

✭❊♠♣t②✮
{Ξ′′}ǫ{Ξ′′}

✭❙❡q✮
{Ξ′}C′′; ǫ{Ξ′′}

✭❙❡q✮
{Ξ}C; C′′; ǫ{Ξ′′}

✭❋r Θ✮
{Ξ ⋆ Θ}C; C′′; ǫ{Ξ′′ ⋆ Θ}

{Θ}C′{Θ′}
✭❋r Ξ′′✮

{Ξ′′ ⋆ Θ}C′{Ξ′′ ⋆ Θ′} {Ξ′′ ⋆ Θ′}C′′′{Ξp}
✭❙❡q✮

{Ξ′′ ⋆ Θ}C′; C′′′{Ξp}
✭❙❡q✮

{Ξ ⋆ Θ}C; C′′; ǫ; C′; C′′′{Ξp}

❋✐❣✉r❡ ✷✶✿ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ❜❡❢♦r❡ ❋❛❝t♦r✐③❡❋r❛♠❡s

{Ξ}C{Ξ′}
✭❋r Θ ⋆ Θ′′✮

{Ξ ⋆ Θ ⋆ Θ′′}C{Ξ′ ⋆ Θ ⋆ Θ′′}

{Θ}C′{Θ′}
✭❋r Ξ′✮

{Ξ′ ⋆ Θ}C′{Ξ′ ⋆ Θ′}

{Ξ′}C′′{Ξ′′}
✭❋r Θ′✮

{Ξ′ ⋆ Θ′}C′′{Ξ′′ ⋆ Θ′}

Ξ′′ ⋆ Θ′ ⊢ Ξ′′ ⋆ Θ′

✭❊♠♣t②✮
{Ξ′′ ⋆ Θ′}ǫ{Ξ′′ ⋆ Θ′}

✭❙❡q✮
{Ξ′ ⋆ Θ′}C′′; ǫ{Ξ′′ ⋆ Θ′}

✭❙❡q✮
{Ξ′ ⋆ Θ′}C′; C′′; ǫ{Ξ′′ ⋆ Θ′}

✭❋r Θ′′✮
{Ξ′ ⋆ Θ ⋆ Θ′′}C′; C′′; ǫ{Ξ′′ ⋆ Θ′ ⋆ Θ′′} {Ξ′′ ⋆ Θ ⋆ Θ′′}C′′′{Ξp}

✭❙❡q✮
{Ξ′ ⋆ Θ ⋆ Θ′′}C′; C′′; ǫ; C′′′{Ξp}

✭❙❡q✮
{Ξ ⋆ Θ ⋆ Θ′′}C; C′; C′′; ǫ; C′′′{Ξp}

↓ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②

{Ξ}C{Ξ′}

{Ξ′}C′′{Ξ′′}

Ξ′′ ⊢ Ξ′′

✭❊♠♣t②✮
{Ξ′′}ǫ{Ξ′′}

✭❙❡q✮
{Ξ′}C′′; ǫ{Ξ′′}

✭❙❡q✮
{Ξ}C; C′′; ǫ{Ξ′′}

✭❋r Θ ⋆ Θ′′✮
{Ξ ⋆ Θ ⋆ Θ′′}C; C′′; ǫ{Ξ′′ ⋆ Θ ⋆ Θ′′}

{Θ}C′{Θ′}
✭❋r Ξ′′ ⋆ Θ′′✮

{Ξ′′ ⋆ Θ ⋆ Θ′′}C′{Ξ′′ ⋆ Θ′ ⋆ Θ′′} {Ξ′′ ⋆ Θ′ ⋆ Θ′′}C′′′{Ξp}
✭❙❡q✮

{Ξ′′ ⋆ Θ ⋆ Θ′′}C′; C′′′{Ξp}
✭❙❡q✮

{Ξ ⋆ Θ ⋆ Θ′′}C; C′′; ǫ; C′; C′′′{Ξp}

❋✐❣✉r❡ ✷✷✿ ❚❡♠♣♦r❛❧▲♦❝❛❧✐t②✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ❛❢t❡r ❋❛❝t♦r✐③❡❋r❛♠❡s
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