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Abstract: We study the non-parametric covariance estimation of a stationary Gaussian field X
observed on a lattice. To tackle this issue, we have introduced a model selection procedure in a
previous paper M] This procedure amounts to selecting a neighborhood m by a penalization
method and estimating the covariance of X in the space of Gaussian Markov random fields
(GMRFs) with neighborhood m. Such a strategy is shown to satisfy oracle inequalities as well
as minimax adaptive properties. However, it suffers several drawbacks which make the method
difficult to apply in practice. On the one hand, the penalty depends on some unknown quantities.
On the other hand, the procedure is only defined for toroidal lattices. Our contribution is
threefold. We propose a data-driven algorithm for tuning the penalty function. Moreover, we
extend the procedure to non-toroidal lattices. Finally, we study the numerical performances
of this new method on simulated examples. These simulations suggest that Gaussian Markov
random field selection is often a good alternative to variogram estimation.
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Sélection automatique de voisinage d’'un champ gaussien

Résumé : Nous étudions 'estimation non-paramétrique d’'un champ gaussien stationnaire X
observé sur un réseau régulier. Dans ce cadre, nous avons précédemment introduit une procédure
de sélection de modele . Cette procédure revient & sélectionner un voisinage m grace une
technique de pénalisation puis a estimer la covariance du champ X dans l'espace des champs
de Markov gaussiens de voisinage m. Une telle stratégie satisfait des inégalités oracles et des
propriétés d’apdaptation au sens minimax. En pratique, elle présente néanmoins quelques in-
convénients. D’une part, la pénalité dépend de quantités inconnues. D’autre part, la procédure
est uniquement définie pour des réseaux toriques. La contribution de cet article est triple. Nous
proposons un algorithme automatique pour calibrer la pénalité. De plus, nous introduisons une
extension a des réseaux non-toriques. Enfin, nous étudions les performances pratiques de la
procédure sur des données simulées. Ces simulations suggerent que la sélection de champs de
Markov gaussiens est souvent une bonne alternative a ’estimation de variogramme.

Mots-clés : Champ gaussien, champ de Markov gaussien, calibration automatique, sélection
de modele, pseudo-vraisemblance.
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1 Introduction

In this paper, we study the estimation of the distribution of a stationary Gaussian field (X[i,j]);,j e
indexed by the nodes of a rectangular lattice A of size p; X ps. This problem is often encountered
in spatial statistics or in image analysis. Most statistical procedures amount to first subtracting
a parametric form of the mean value. Henceforth, we assume that the field X is centered. Given
a n-sample of the field X, the challenge is to infer the distribution of the field. In practice, the
number n of observations often equals one. Different methods have been proposed to tackle this
problem.

A first approach amounts to computing an empirical variogram and then fitting a suitable
parametric variogram model such as the exponential or Matérn model (see M] Ch.2 for more
details). It such methods perform well if one has chosen a good variogram model, it is not
adaptive to any form of correlation.

A second approach amounts to estimating the covariance of X in a Gaussian Markov ran-
dom field (GMRF) setting. Let us fix a node (0,0) at the center of A and let m be a subset
of A\ {(0,0)}. The field X is a GMRF with respect to the neighborhood m if conditionally to
(X[k.1]) (k,1yem, the variable X[o,0] is independent from all the remaining variables in A. We refer
to Rue and Held M] for a comprehensive introduction on GMRFs. If we know that X is a
GMRF with respect to the neighborhood m, then we can estimate the covariance by applying
likelihood or pseudolikelihood maximization. Such parametric procedures are well understood,
at least from an asymptotic point of view (see for instance ] Sect.4). In practice, we do not
know which neighborhood m we should choose. For instance, choosing the empty neighborhood
amounts to assuming that all the components of X are independent. Alternatively, if we choose
the complete neighborhood, which contains all the nodes of A except (0,0), then the number of
parameters is huge and estimation performances are poor.

In this paper, we tackle the problem of neighborhood selection from a practical point of view.
The purpose is to define a data-driven procedure that picks a suitable neighborhood m and then
estimates the distribution of X in the space of GMRFs with neighborhood m. This procedure
should not require any knowledge on the distribution of X. Moreover, it has to achieve a fast
rate of convergence if the distribution of X is a GMRF with respect to a small neighborhood.
In statistical terms, the procedure has to be non-parametric and adaptive.

Besag and Kooperberg [BK95], Rue and Tjelmeland [RT02], Song et al. [SEGOS], and Cressie
and Verzelen m] have considered the problem of approzimating the distribution of a Gaussian
field by a GMRF, but this approach requires the knowledge of the true distribution. Guyon and
Yao have stated in H@] necessary conditions and sufficient conditions for a model selection
procedure to choose asymptotically the true neighborhood of a GMRF with probability one. Our
point of view is slightly different: we do not assume that the field X is a GMRF with respect
to a sparse neighborhood and do not aim at estimating the true neighborhood, we rather want
to select a neighborhood that allows to estimate well the distribution of X. The distinction
between these two points of view has been nicely described in the first chapter of MacQuarrie
and Tsai [MT9]].

In M], we have introduced a neighborhood selection procedure based on pseudolikelihood
maximization and penalization. Under mild assumptions, the procedure achieves optimal neigh-
borhood selection. More precisely, it satisfies an oracle inequality and it is minimax adaptive to
the sparsity of the neighborhood. To our knowledge, these are the first results of neighborhood
selection in this spatial setting.

RR n° 6798



4 Verzelen

If the procedure exhibits appealing theoretical properties, it suffers several drawbacks from
a practical perspective. First, the method constrains the largest eigenvalue of the estimated
covariance to be smaller than some parameter p. In practice, it is difficult to choose p since we
do not know the largest eigenvalue of the true covariance. Second, the penalty function pen(.)
introduced in m@}l Sect.3 depends on the largest eigenvalue of the covariance of the field X.
Hence, we need a practical method for tuning the penalty. Third, in M] we have only defined
the procedure when the lattice A is a square torus.

Our contribution is twofold. On the one hand, we propose practical versions of our neighbor-
hood selection procedure that overcome the previously-mentioned drawbacks:

e The procedure is extended to rectangular lattices.
e We do not constrain anymore the largest eigenvalue of the covariance.

e We provide an algorithm based on the so-called slope heuristics of Birgé and Massart
ﬂmrﬁ] for tuning the penalty. Theoretical justifications for its use are also given.

e Finally, we extend the procedure to the case where the lattice A is not a torus.

On the other hand, we illustrate the performances of this new procedure on numerical examples.
When A is a torus, we compare it with likelihood-based methods like AIC M] and BIC
M], even if they were not studied in this setting. When A is not toroidal, likelihood methods
become intractable. Nevertheless, our procedure still applies and often outperforms variogram-
based methods.

The paper is organized as follows. In Section ], we define a new version of the estimation
procedure of M] that does not require anymore the choice of the constant p. We also discuss
the computational complexity of the procedure. In Section [l we connect this new procedure
to the method introduced in M] and we recall some theoretical results. We provide an al-
gorithm for tuning the penalty in practice in Section dl In Section Bl we extend our procedure
for handling non-toroidal lattices. This simulation studies are provided in Section [6l Section [7]
summarizes our findings, while the proofs are postponed to Section [

Let us introduce some notations. In the sequel, X" refers to the vectorialized version of X
with the convention X[ij] = XV[(i—1)xps+j] for any 1 < i < p; and 1 < j < po. Using this
new notation amounts to “forgetting” the spatial structure of X and allows to get into a more
classical statistical framework. We note X1, Xo,...,X,, the n observations of the field X. The
matrix ¥ stands for the covariance matrix of X?. For any matrix A, @max(A) and @min(A)
respectively refer the largest eigenvalue and the smallest eigenvalues of A. Finally, I, denotes
the identity matrix of size r.

2 Neighborhood selection on a torus

In this section, we introduce the main concepts and notations for GMRF's on a torus. Afterwards,
we describe our procedure based on pseudolikelihood maximization. Finally, we discuss some
computational aspects. Throughout this section and the two following sections, the lattice A is
assumed to be toroidal. Consequently, the components of the matrices X are taken modulo py
and po.

INRIA
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2.1 GMRFs on the torus

The notion of conditional distribution is underlying the definition of GMRFs. By standard
Gaussian derivations (see for instance M] App.C), there exists a unique p; X ps matrix 6
such that #[o,0) = 0 and

Xpoj= > i X[+ €0 (1)
(1) €AV((0,0)}

where the random variable €[0,0] follows a zero-mean normal distribution and is independent from
the covariates (X[i.j]) (i j)ea\{(0,0)}- In the sequel, we note o2 the variance of €[0,0] and we call it
the conditional variance of X0,0].

Equation () describes the conditional distribution of X[0,0] given the remaining variables.
By stationarity of the field X, it holds that that 0[:,j) = 0[—i,—j]. The covariance matrix 3 is
closely related to 6 through the following equation:

Y= 02 [IP1P2 - 0(9)]_1 ’ (2)

where the pipa X p1p2 matrix C(0) is defined by C(0)[(is—1)p2+i1,(ia—1)ps+i2] := Oliz—ir,j2—s1] for
any 1 < iq,i2 < p1 and 1 < ji,j2 < pe. The matrix (I,,,, — C(6)) is called the partial cor-
relation matrix of the field X. The so-defined matrix C(6) is symmetric block circulant with
P2 X pa blocks. We refer to [RHOT] Sect.2.6 or the book of Gray | for definitions and main
properties on circulant and block circulant matrices.

Identities (I) and (2) have two main consequences. First, estimating the p; x ps matrix 0
amounts to estimating the covariance matrix 3 up to a multiplicative constant. We shall therefore
focus on 6. Second, by Equation (), the field X is a GMRF with respect to the neighborhood
defined by the support . The adaptive estimation issue of the distribution of X by neighborhood
selection therefore reformulates as an adaptive estimation problem of the matrix 6 via support
selection.

Let us now precise the set of possible values for §. The set © denotes the vector space of the
p1 X pe matrices that satisfy 6[0,00 = 0 and 0},j] = 0[—i,—j], for any (i,7) € A. Hence, a matrix
0 € © corresponds to the distribution of a stationary Gaussian field if and only if the p1p2 X p1p2
matrix (I,,,, — C()) is positive definite. This is why we define the convex subset ©F of © by

01 :={0 €0 s.t. [I,,, — C(0)] is positive definite} . (3)

The set of covariance matrices of stationary Gaussian fields on A with unit conditional variance
is in one to one correspondence with the set ©T. We sometimes assume that the field X is
isotropic. The corresponding sets ©'%° and @11 for isotropic fields are introduced as:

0% :={0c O, 0ij=0-ij)=04i,V(i,j) €A} and OT° .= 0T ne*°

2.2 Description of the procedure

Let |(,7)|¢ refer to the toroidal norm defined by
@, 5)1F = [ A (o1 =) + [ A (o2 = )]

for any node (i,5) € A.
In the sequel, a model m stands for a subset of A\ {(0,0)}. It is also called a neighborhood.
For the sake of simplicity, we shall only use the collection of models M defined below.

RR n° 6798



6 Verzelen

Definition 2.1. A subset m C A\ {(0,0)} belongs to My if and only if there exists a number
Tm > 1 such that

m = {(i,7) € AN{(0,0)} st [(6,9)le <rm} (4)

In other words, the neighborhoods m in Mj are sets of nodes lying in a disc centered at
(0,0). Obviously, M is totally ordered with respect to the inclusion. Consequently, we order
the models mg C m; C ... C m;.... For instance, mg corresponds to the empty neighborhood,
my stands for the neighborhood of size 4, and my refers to the neighborhood with 8 neighbours.
See Figure [ for an illustration.

X
KX X
X XXX HXIXTO XX
X 1O X X 1O X KX X

N X o LXK X

Figure 1: (a) Model my with first order neighbors. (b) Model mo with second order neighbors.
(¢) Model ms with third order neighbors.

For any model m € M, the vector space O,, is the subset of matrices ©® whose support
is included in m. Similarly ©%° is the subset of ©®° whose support is included in m. The
dimensions of ©,, and ©° are respectively noted d,, and d°. Since we aim at estimating
the positive matrix (I, ,, — C(6)), we also consider the convex subsets of © and O which
correspond to non-negative matrices precision matrices.

o} =0, net and O = @i n @+iso (5)

For any 0’ € ©F, the conditional least-squares (CLS) criterion ([Guy8]) vn.p, p, (¢) is defined
by

n
Yn,p1,p2 (9/) = ! Z Z Xiljn.g2] — Z 0 [11,12) X (g1 +11 g2 1] . (6)
npip2 (j1.42)EA (11,12)€A\{(0,0)}

The function vy p, p,(.) is a least squares criterion that allows us to perform the simultaneous
linear regression of all X;[j1,j»] with respect to the covariates (X;[i1,12]) (1, ,15)# (k1 ,ks)- Lhe advan-
tage of this criterion is that it does not require the computation of a determinant as for the
likelihood. We explain in M] Sect.2 its connection with the pseudolikelihood introduced by
Besag ] For any model m € M, the estimators are defined as the unique minimizers of
Yn.pr.p2(-) o0 the sets ©;f and O,

O == arg Min_ Y p, () and Op0 = arg min_ Yy, 5 (0) (7)

0'cok, 0 €0

INRIA
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where A stands for the closure of A. Let us mention that the estimator HAm corresponds to the
estimator 0, ,, defined in M] Sect.2.2 with p; = +o0o. We further discuss the connection
between §m and gm, 1 in Section Bl

Given a subcollection of models M of M; and a positive function pen : M — RT called a
penalty, we select a model as follows:

o~

m:= arg ném ['yn p1ps (Gm) + pen(m)} and WS = arg Hém [’Yn _— (é\;zo) i pen(m)} .

For short, we write 6 and 6'° for é\m and é\;%oo We discuss the choice of the penalty function in
Section [

2.3 Computational aspects

Since the lattice A is a torus, the computation of the estimators ém is performed efficiently thanks
to the following lemma.

Lemma 2.1. For any p X p matrix A and for any 1 < i < p; and 1 < j < pa, Aij(A) is the
(i,7)-th term of two-dimensional discrete Fourier transform of the matriz A:

Ali (A ii [i,5] €Xp [er (k + ﬂ)} ; 9)

D2

2

where 1* = —1. The conditional least-squares criterion vyn p, p, (8') simplifies as

p1 P2

Yoo 2 (6) SN = Awao)? [Z lioi] (X ) Alig] (Xk)]
k=1

np1p2 i=1 j=1

A proof is given in Section [l Optimization of 7, p, p,(.) over the set O is performed fastly
using the fast Fourier transform (FFT). Nevertheless, this is not the privilege of CLS estimators,
since maximum likelihood estimators are also computed fastly by FFT when A is a torus.

In Section [B we mention that the computation of the CLS estimators 6,,, remains quite easy
when A is not a torus whereas likelihood maximization becomes intractable.

3 Theoretical results

Throughout this section, A is assumed to be a toroidal square lattice and we note p its size. Let
us mention that the restriction to square lattices made in M] allows to simplify the proofs
but is not necessary so that the theoretical results hold. In this section, we first recall the proce-
dure introduced in M} and we emphasize the differences with the one defined in the previous
section. We also mention a result of optimality stated in M] This will provide some insights
for calibrating the penalty pen(.) in Section [4]

Given p > 2 be a positive constant, we define the subsets ©/, , and @j;’fso by

6:7_1 P {9 € 97—; y Pmax [Iznpz - 0(9)] < P} (10)
@:;y‘;o = {9 € 0, omax [Ipips — C(0)] < p} )

RR n° 6798



8 Verzelen

Then, the corresponding estimators 9 m,p and 9‘50 are defined as in (), except that we now
consider O, , instead of ;.

0 o : / Dniso e : /
Opm,p := arg n%%,p,p(e ) and O p = AT Inilen,p,p(H ).
,iso
0cot, 0rcoti

Given a subcollection M of M; and a penalty function pen( ), we select the models m, and m‘SO

as in (®) except that we use Oy, m,p and 9‘50 instead of 6, and 9‘50 We also note 9p and 9;50 for

Hm p and 9;;?50 p.

The only difference between the estimators 0 and ép is that the largest eigenvalue of the

precision matrix ([,2 — C(6)) is restricted to be smaller than p. We make this restriction in

| to facilitate the analysis.

In order to assess the performance of the penalized estimator gp and gifo, we use the prediction
loss function [(6y, 63) defined by

1
1(01,02) == EW [(C(61) — C(02))E(C(01) — C(62))] - (11)
As explained in M] Sect.1.3, the loss [(61, 62) expresses in terms of conditional expectation

1(01,02) = Eq {[E% (X 10,01 Xa\{0,01) — Eos (X[O,OHXA\{O,O})}Q} ; (12)

where Eg(.) stands for the expectation with respect to the distribution N'(0, 0% (I, ,, — C(6))71).
Hence, [ (5, 0) corresponds the mean squared prediction loss of X[0,0] given the other covariates.
A similar loss function is also used by Song et al. M], when approximation Gaussian fields
by GMRFs. For any neighborhood m € M, we define the projection 0, , as the closest element
of 0 in ©f,  with respect to the loss I(.,.).

O, :=arg min [(0',0) and 0, :=arg min_1(¢',0) .
0'cot , 0’0l ise

We call the loss [(6,,,,, 0) the bias of the set ©;f, . This implies that HAmyp cannot perform better
than this loss.

Theorem 3.1. Let p > 2, K be a positive number larger than an universal constant Ko and M
be a subcollection of My. If every model m € M, it holds that

dm + 1
pen(m) > Kp2wmaz(2) 5 (13)
np
then for any 0 € ©F | the estimator gp satisfies
Eo[1(6,,0)] < L(K) inf [I(6mn,p,6) + pen(m)] (14)

meM

where L(K) only depends on K. A similar bound holds if one replaces §p by 5;)50, Ot by @i,
Om,p by oo and d,, by ds°.

m,p’

INRIA
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This nonasymptotic bound is provided in a slightly different version in M] It states that
0, achieves a trade-off between the bias and a variance term if the penalty is suitable chosen.
In Theorem 1] we use the penalty K p2gpmax(2)d:;g1 instead of the penalty K p2g0max(2)g—;"2

stated in [Ver0d]. This makes the bound ([d) simpler. Observe that these two penalties yield
the same model selection since they only differ by a constant. Let us further discuss two points.

e In this paper, we use the estimator 0 rather than §p. Given a collection of models M,
there exists some finite p > 2, such that these two estimators coincide. Take for instance
P = SUDpc M SUPpeor Pmax(pp, — C(0)). Admittedly, the so-obtained p may be large,
especially if there are large models in M. The upper bound (4] on the risk therefore
becomes worse. Nevertheless, we do not think that the dependency of ([[4]) on p is sharp.

Indeed , we illustrate in Section [6 that the risk of 0 exhibits good statistical performances..

e Theorem B provides a suitable form of the penalty for obtaining oracle inequalities. How-
ever, this penalty depends on ¢max(2) which is not known in practice. This is why we
develop a data-driven penalization method in the next section.

4 Slope Heuristics

Let us introduce a data-driven method for calibrating the penalty function pen(.). It is based on
the so-called slope heuristic introduced by Birgé and Massart | in the fixed design Gaussian
regression framework (see also [MasQ7] Sect.8.5.2). This heuristic relies on the notion of minimal
penalty. In short, assume that one knows that a good penalty has a form pen(m) = NF(d,,)
(where d,, is the dimension of the model and N is a tuning parameter). Let us define m(N) the
selected model as a function of V. There exists a quantity Nmln satisfying the following property:
If N > Nmm, the dimension of the selected model dm(N) is reasonable and if N < Nmm, the
dimension of the selected model is huge. The function penpin(.) := NmmF( ) is called the minimal
penalty. In fact, a dimension jump occurs for dg ) at the point Nmln Thus, the quantity Nmln
is clearly observable for real data sets. In their Gaussian framework, Birgé and Massart have
shown that twice the minimal penalty is nearly the optimal penalty. In other words, the model
m := M(2Nmin) yields an efficient estimator.

The slope heuristic method has been successfully applied for multiple change-point detection
. Applications are also being developed in other frameworks such as mixture models
], clustering [BCMOS], estimation of oil reserves [Lep02], and genomic [Vil017].

If this method was originally introduced for fixed design Gaussian regression, Arlot and Mas-
sart ﬂm have proved more recently that a similar phenomenon occurs in the heteroscedastic
random-design case. In the GMRF setting, we are only able to partially justify this heuristic.
For the sake of simplicity, let us assume in the next proposition that the lattice A is a square of
size p.

Proposition 4.1. Consider p > 2, and n < 1 and suppose that p is larger than some numerical
constant po. Let m’ be the largest model in M that satisfies dp, < \/np?.
For any model m € My, we assume that

Ay — dm,

pen(m’) _ pen(m) < K1(1 — 77)0-2 {spmin (Ip2 — C(@)) A [p — Omaz (Ip2 — 0(9))}} np2 , (15)

where K1 is a universal constant defined in the proof. Then, for any 0 € @m o 1 holds that
F{an, > L[Vt a2} 2 5

RR n° 6798



10 Verzelen

where L only depends on m, p, ©min (Ipz - 0(9)) , and Omaz (Ip2 - 0(9)).

The proof is postponed to Section 8 Let us define

Ny = Ki0° {#min (Ip1p2 = C(0)) NMp — Pmax (Ip1p2 =)} .

and let us consider penalty functions pen(m) = N nz:';n for some N > 0. The proposition states

that if N is smaller than Ny, then the procedure selects a model of huge dimension with large
probability, i.e dz vy is huge. Alternatively, let us define

o?p? dm
$min (IP1;D2 - 0(9)) npip2 '

where the numerical constant Ky is introduced in Theorem 3.1 in M] By Theorem 3.1,
choosing N > N, ensures that the risk of gp achieves a type-oracle inequality and the dimension
di,(n) is reasonable. The quantities Ny and N» are different especially when the eigenvalues of
(Ip,p, — C(0)) are far from 1. Since we do not know the behavior of the selected model m,(N)
when N is between N7 and N», we are not able to really prove a dimension jump as the fixed
design Gaussian regression framework. Besides, we have mentioned in the preceding section that
we are more interested to the estimator @ than ¢,. Nevertheless, we clearly observe in simulation
studies a dAimension jump for some N between N; and N> even if we use the estimators é\m
instead of 0,, ,. This lets us think that the slope heuristic is still valid in the GMRF framework.

Algorithm 4.1. (Data-driven penalization with slope heuristic). Let M be a subcollection of
M.

1. Compute the selected model m(N) as a function of N > 0

~ . T dm
m(N) € argfé% {%upl,pz (Om) + an1p2} .

2. Find ﬁmin > 0 such that the jump dm([ﬁ ] ) — dm([ ) 1s mazrimal.

Ruin],

3. Select the model m = fl\’L(QNmin).

The difference f(x_)— f(x1) measures the discontinuity of a function f at the point .. Step
2 may need to introduce huge models in the collection M all the other ones being considered
as “reasonably small”. As the function m(.) is piecewise linear with at most Card(M) jumps,
so that steps 1-2 have a complexity O (Card(M))%. We refer to App.A.1 of [AMOY] for more
details on the computational aspects of steps 1 and 2. Let us mention that there are other ways
of estimating Ny, than choosing the largest jump as described in M] App.A.2. Finally, the
methodology described in this section straightforwardly extends to the case of isotropic GMRF's
estimation by replacing m(N) by m*°(N) and d,,, by dis°.

Algorithm 4.2. (Data-driven penalization for isotropic models). Let M be a subcollection of
M.

1. Compute the selected model m'*°(N) as a function of N > 0

iso
-~ iso N) e : (9150) N _—m )
m**(N) € arg min {%,pl,pz m )N

INRIA
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2. Find ]/\erslf’n > 0 such that the jump dﬁliso([ ) is mazximal.

Niso ]7) - dr’ﬁiso<[]’\}iso

min min]+

3. Select the model mMs° = ffLiSO(QJ/\}IirSl?n).

In conclusion, the neighborhood selection procedure described in Algorithm []is completely
data-driven and does not require any prior knowledge on the matrix X. Moreover, its computa-
tional burden remains small. We illustrate its efficiency in Section

5 Extension to non-toroidal lattices

It is often artificial to consider the field X as stationary on a torus. However, we needed this
hypothesis for deriving nonasymptotic properties of the estimator 6 in M] In many appli-
cations, it is more realistic to assume that we observe a small window of a Gaussian field defined
on the plane Z2. If we are unable to prove nonasymptotic risk bounds in this new setting. Nev-
ertheless, Lakshman and Derin have shown in M] that there is no phase transition within
the valid parameter space for GMRFs defined on the plane Z2. Let us briefly explain what this
means: consider a GMRF defined on a square lattice of size p, but only observed on a square
lattice of size p’. The absence of phase transition implies the distribution of this field observed
on this fixed window of size p’ does not asymptotically depend on the bound conditions when
p goes to infinity. Consequently, it is reasonable to think that our estimation procedure still
performs well to the price of slight modifications. In the sequel, we assume that the field X is
defined on Z?2, but the data X still correspond to n independent observations of the field X on
the window A of size p; X p2. The conditional distribution of X0,0] given the remaining covariates
now decomposes as

Xpo = Y OusXhg+ oo, (16)

(4,5)€Z2\{(0,0)}
where 0[.,.] is an “infinite” matrix defined on Z? and where €[0,0] is a centered Gaussian variable
of variance o2 independent of (XTi.31)(5,5)eA\{(0,0)3- The distribution of the field X is uniquely
defined by the function @ and positive number o2. The set @1 of valid parameter for  is now

defined using the spectral density function. We refer to Rue and Held | Sect.2.7 for more
details.

Definition 5.1. A function 6 : Z> — R belongs to the set O if and only if it satisfies the
three following conditions:

1. Ojo,0] = 0.
2. For any (i,7) € Z2, Oli,j) = 0]—i,—j].
3. For any (wi,ws) € [0,2m)%, 1 = 37 ; 2 Oling) cos (iwy + jwa) > 0.

Similarly, we define the set ©1:°° for the isotropic GMRFs on the lattices. As done in
Section [2] for toroidal lattices, we now introduce the parametric parameter sets. For any model
m € My, the set O refers to the subset of matrices 6 in ©T>>° whose support is included in
m. Analogously, we define the parametric set ©;-°%5° corresponding to isotropic GMRFs.

We cannot directly extend the CLS empirical contrast ¥y, p, p,(.) defined in (6) in this new
setting because we have to take the edge effect into account. Indeed, if we want to compute the
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conditional regression of Xj;[ji,j.], we have to observe all its neighbors with respect to m, i.e.
{Xilj1+h,d241], (I1,12) € m}. In this regard, we define the set A,, for any model m € M.

Am = {(il,iQ) S A, (er (il,ig)) C A} ,

where (m+ (7, 7)) denotes the set m of nodes translated by (¢, j). For instance, if we consider the
model my with four nearest neighbors, the edge effect size is one and A, contains all the nodes
that do not lie on the border. The model mj3 with 12 nearest neighbors yields an edge effect
of size 2 and A,, contains all the nodes in A, except those which are at a (euclidean) distance
strictly smaller than 2 from the border.

For any model m € M; and any #’ belonging to -, we define v\m - pQ(.) as an analogous
of v py ps (-) except that it only relies on the conditional regressmn of the nodes in A,

T a(0) = nCard Z S Xl = D O m LKl

=1 (j1,52)EAm (l1,l2)EmM

Then, the CLS estimators é\f}lm and gﬁlm’iso are defined by

DA / DA iso : A, /
9 € arg e,én@ln 77171017102 (9 ) and 9m € arg e/e(f)nf&"w ’yn,pl,pg (9 ) .

Contrary to é\m, the estimator é\,ﬁm is not necessarily unique especially if the size of A,, is
smaller than d,,. Let us mention that it is quite classical in the literature to remove nodes
to take edge effects or missing data into account (see e.g. [Guy9d] Sect.4.3). We cannot use
anymore fast Fourier transform for computing the parametric estimator. Nevertheless, 5{,\1"7 is
still computationally amenable, since it minimizes a quadratic function on the closed convex set
O,
When considering toroidal networks, we have applied a linear penalization of the order
dm/ (nCard(A)), i.e. the dimension of the model divided by the total number of nodes ob-
served. Since ym e (0") only evaluates the conditional regression of the nodes in the subset A,,,
we shall penalize our model by the quantity W"&Am). In the sequel, nCard(A,,) is called the
effective number of observations.

We now provide a data-driven model selection procedure for choosing the neighborhood.
It is based on the slope heuristic developed in the prev10us section. Suppose we are given a
subcollection M of M. Then, the penalized estimator HJ” is computed as follows.

Algorithm 5.1. (Data-driven penalization for non-toroidal lattice).
1. Compute the selected model m(N) as a function of N > 0

~ . .y dm
m(N) € argfgﬂ {7711\,7;1,172 (9,1}{") + NWJ(A)} .

2. Find ﬁmin > 0 such that the jump dﬁ([ﬁ ] ) — d’ﬁl([/\

18 mazximal.
Nmin] )

+

3. Select the model m = ﬁl(QNmin).
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This procedure straightforwardly extends to the case of isotropic GMRFs estimation by re-
placing m(N) by m'*°(N) and d,, by di*°. As for Algorithm BT} it is advised to introduce huge
models in the collection M in order to better detect the dimension jump. However, when the
dimension of the models increases the size of A,,, decreases and the estimator #2" may become
unreliable. The method therefore requires a reasonable number of data. In practice, A should
not contain less than 100 nodes.

6 Simulation study

In the first simulation experiment, we compare the efficiency of our procedure with penalized
maximum likelihood methods when the field is a torus. In the second experiment, we consider
the estimation of a Gaussian field observed on a rectangle. The calculations are made with R
www.r-project.org. Throughout these simulations, we only consider isotropic estimators.

6.1 Isotropic GMRF on a torus

First, we consider X an isotropic GMRF on the torus A of size p = p; = po = 20. There are
therefore 400 points in the lattice. The number of observations n equals one and the conditional
variance o2 is one. We introduce a radius 7 := v/17. Then, for any number ¢ > 0, we define the
p X p matrix 6 as:

6%0,0 := 0,
0% = ¢ if[(i,5)| <7 and (i,7) # (0,0) ,
0215 == 0 if |(4,5)]¢ > 7.

In practice, we set ¢ to 0, 0.0125, 0.015, and 0.0175. Observe that these choices constrain
|6¢]1 < 1. The matrix 6 therefore belongs to the set ©;° of dimension 10 introduced in
Definition 211

In the sequel, we shall compare the efficiency of three model selection procedures. For each
of them, we use the collection M := {mq, m1,...,ma} whose maximal dimension di,fgo is 21.

The estimator 6%° is built using the CLS model selection procedure introduced in Algorithm A2
The two other procedures are based on likelihood maximization. In this regard, we first define
the parametric maximum likelihood estimator §1!° for any model m € M.

(5,‘216,8,’216) :=arg min —L,(¢,0",X),

0O 0

where £,(0',X) stands for the log-likelihood at the parameter #’. We then select a model m
applying either an AIC-type criterion M} or a BIC-type criterion M]

mAC = arg min {—2£p(§,ﬂgle,agle,x) +2difl°} ,
meM

WO = arg min {22,070, X) + log(p?) i}
me

For short, we write 6AIC and BBIC for the two obtained estimators 57’71’1!50 and 5;;;%50. Although
AIC and BIC procedures are not justified in this setting, we still apply them as they are widely
used in many frameworks. Moreover, their computation is performed efficiently thanks to fast
Fourier transform described in Section

The experiments are repeated N = 1000 times. The Gaussian field is simulated by using the

fast Fourier transform. The quality of the estimations is assessed thanks to the prediction loss
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function I(.,.) defined in (IJ). For any ¢ and any of these three estimators, we evaluate the risks
Ego [[(BA1C,6%)], Ego[1(6BC, 6%)], and Egs [1(§°, 0%)] as well as the corresponding empirical 95%
confidence intervals by Monte-Carlo method. Thanks to the N experiments, we also Aestimate
the risk of 615° for each model m € M. It then allows to evaluate the oracle risks Ego [[(0152, 69)].
and the risk ratios Egs [1(6%°,0%)] /Ego[1(6152, 6%)] The results are given in Table [l

m*

¢ x 10 | 0 | 125 | 15 | 175
Ego [1(621€,09)] x 102 1.24+02 |314+0.2| 4340264402
Ego[1(61€,69)] x 102 0.01+0.01 | 1.940.1 | 3.740.1 | 9.74+0.3
Ego [1(61%°,69)] x 102 1.6+02 |3.24+0.2|4240.1|724+0.3
Ego[1(65°,0%)] /Ego [1(652, 6%)] +00 19407 | 1.3+02 | 1.5+£0.3
Table 1: First simulation study. Estimates and 95% confidence intervals of

the risks Egs[l(BAC,0%)], Egs[l(6BC,09)], and Ego[l(6°,6%)] and of the ratio
o [0, 09)) /s [1(B52., 0°)].

The BIC criterion outperforms the other procedures when ¢ = 0, 0.0125, or 0.015 but behaves
bad for a large ¢. Indeed, the BIC criterion has a tendency to overpenalize the models. For
the two first values of ¢ the oracle model in M is my. Hence, overpenalizing increases the
performance of estimation in this case. However, when ¢ increases, the dimension of the oracle
model is larger and BIC therefore selects too small models.

In contrast, AIC and the CLS estimator exhibit similar behaviors. If we forget the case ¢ = 0
for which the oracle risk is 0, the risk of 0'%° is close to the risk of the oracle model. Hence, the
neighborhood choice for 9:50 is almost optimal.

In conclusion, 6° or #*1C both exhibit good performances for estimating the distribution of
a regular Gaussian field on a torus. The strength of our neighborhood selection procedure lies
in the fact it easily generalizes to non-toroidal lattices as illustrated in the next section.

6.2 Isotropic Gaussian fields on Z?

First simulation experiment. We now consider X an isotropic Gaussian field defined on Z?
but only observed on a square A of size p = p;1 = po = 20. This corresponds to the situation
described in Section Bl The variance of X|[0,0] is set to one and the distribution of the field is
therefore uniquely defined by its correlation function p(k,l) := corr(X|[,1, X[0,0]). Again, the
number of replications n is chosen to be one. In the first experiment, we use four classical
correlation functions: exponential, spherical, circular, and Matérn (e.g. ﬂ@] Sect.2.3.1 and
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[Matsd)).

Exponential:  p(k,l) = exp (

”
2
_ 2 |4k _ (4D -1 d(k,l) .
Circular: p(k,l) = 1 ﬂ[ T 1 ( T ) +sin ( e >1 it d(k,0)<r
0 else
3
_ a(k,l) d(k,l) .
Spherical: p(k,l) = ¢ 11977 +0-5( - ) it dkl)<r
0 else
, 1 d(k,)\" d(k,1)
Matérn: k1) = . ,
atérn:  p(k, 1) 2”—11"(/<g)< . ) K < "

where d(k, 1) denotes the euclidean distance from (k,1) to (0,0) and K (.) is the modified Bessel
function of order k. In a nutshell, the parameter r represents the range of correlation, whereas
k may be regarded as a smoothness parameter for the Matérn function. In this simulation
experiment, we set r to 3. When considering the Matérn model, we take x equal to 0.05, 0.25,
0.5, and 1.

The Gaussian fields are simulated using the function GaussRF' in the library RandomFields.
For each of experiments, we compute the estimator §'5° based on Algorithm B with the collection
M = {m € My, ds° < 18}. Since the lattice A is not a torus, methods based on likelihood
maximization exhibit a prohibitive computational burden. Consequently, we do not use MLE
in this experiment. We shall compare the efficiency of §° with a variogram-based estimation
method.

Let us recall that the matrix 6 corresponds to the coefficients of the conditional regres-
sion of X1o0,0] given {X[ij], (4,7) € A\ {(0,0}} (Equation (d)). Hence, the linear combination
Z(i,j)eA\{(0,0)} 01i,7) X [4,5] is the kriging predictor of X[0,0] given the remaining variables. A nat-
ural method to estimate € in this spatial setting amounts to estimating the variogram of the
observed Gaussian field and then performing ordinary kriging at the node (0,0). More precisely,
we first estimate the empirical variogram by applying the modulus estimator of Hawkes and
Cressie (e.g. [Cre93] Eq.(2.2.8)) to the observed field of 400 points. Afterwards, we fit this em-
pirical variogram to a variogram model using the reweighted least-squares suggested by Cressie

|. This procedure therefore requires the choice of a particular variogram model. In the first
simulation study, we choose the model that has generated the data. Observe that this method is
not adaptive since it requires the knowledge of the variogram model. In practice, we use Library
geoR | implemented in R to estimate the parameters r, var(X[o,0]) and eventually x of
the variogram model. Then, we compute the estimator oK by performing ordinary kriging at
the center node of A. For each of these estimations, we assume that the variogram model is
known. For computational reasons, we use a kriging neighborhood of size 11 x 11 that contains
120 points. Previous simulations have indicated that this neighborhood choice does not decrease
the precision of the estimation.

We again assess the performances of the procedures using the loss I(.,.). Even, if this loss is
defined in () for a torus, the alternative definition (I2)) clearly extends to this non-toroidal set-
ting. Consequently, the loss l(@, 0) measures the difference between the prediction error of X|[o,0]
when using Z(i,j)eA\{(o,o)} a[i,j]X[i,j] and the prediction error of X[0,0) when using the best pre-

dictor E[X[0,01|(XTi.41)(s,5)eA\{(0,0)3]. In other words, 1(6,6) is the difference of the kriging error
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made with the estimated parameters 9 and the kriging error made with the true parameter 6.

The experiments are repeated N = 1000 times. For any of the four correlation models
previously mentioned, we evaluate the risks Eq[l(6%°,6)] and Eq[l(6%,6)] by Monte-Carlo and
also compare the risk of gs° with the oracle 97,51‘1. As in Section [6.I], we evaluate the oracle risk
E[l (@2‘1,9)] by taking the minimum of the evaluations of the risks E[/ (@fj’, )] over all models
m € M. Results of the simulation experiment are given in Table [ and

Observe that none of the fields considered in this study are GMRFs. Here, the GMRF
models should only be viewed as a collection of approximation sets of the true distribution. This
simulation experiment is in the spirit of Rue and Tjelmeland’s study M] However, there are
some major differences. Contrary to them, we perform estimation and not only approximation.
Moreover, our lattice is not a torus. Finally, we use our prediction loss I(.,.) to assess the
performance, whereas they compare the correlation functions.

Model | Exponential | Circular | Spherical |
Eo[1(6%,0] x 102 0.08+0.03 | 9.1£0.5 | 29£0.1
Eg[l(aisoﬁ)] x 102 0.77+0.04 | 6.2£0.1 | 27£0.1

Eg[l(g’iso,H)]/Eg[ (9;;(1,9)] 1.5+0.1 1.1+0.1 ] 1.5+0.1

Table 2: Estimates and 95% confidence intervals of the risks Eg[l(6%,6)] and Eg[1(6%°,0)] and
of the ratio Eg[l(6'°,0)]/Eg]l (é\;ff’ ,0)] for the exponential, circular and spherical models.

K | 005 | 025 | 05 | 1 |
Eo[l(6%,0)] x 102 130+1.0 | 9.9+1.0 | 9.0£1.7 | 27+04
Eo[1(6"°,0)] x 10° 4.6+£0.2 | 1.74£0.1 | 0.7740.04 | 0.36 +0.02

Eo[l(6"°, )] /Eo[l(62,0)] | 2.3+0.2 | 3.4+05 | 15+01 | 2.2£0.2

Table 3: Estimates and 95% confidence intervals of the risks Eg[l(6%,6)] and Eg[l(6%°,0)] and
of the ratio Eg[l(6'°,0)]/Eq [l(é\;ff’ ,0)] for Matérn model.

Comments on Tables[@ and[# In both tables, the ratio Eg[1(68°,0)]/Eqll (é\‘so 0)] stays close
to one. Hence, the model selection is almost optimal from an efficiency point of view. Apart from
the exponential model, the estimator giso outperforms the estimator ¥ based on geostatistical
methods. This is particularly striking for the Matérn correlation model because in that case the
computation of 8% requires the estimation of the additional parameter x. Indeed, let us recall
that the exponential model and the Matérn model with x = 0.5 are equivalent. For £ = 0.5, the
risk of ¥ is 100 times higher when & has to be estimated than when & is known.

Second simulation experiment. The kriging estimator oK requires the knowledge or the
choice of a correlation model. In the second simulation experiment, the correlation of X is the
Matern function with range » = 3 and x = 0.05. We now estimate 6 using different variogram
models, namely the exponential, the circular, the spherical and the Matérn model. The estimator
0'*° for such a field was already considered in Table The experiment is repeated N = 1000
times.

Comments on Table One observes, that circular and spherical models yield worse per-
formances than Matern model. In contrast, the exponential model behaves better. The choice
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Model |Exponential| Circular | Spherical | Matern |
Eoll(6%,0)] x 10> | 48+0.2 |448+04]272+03 | 13.0£1.0 |

Table 4: Estimates and 95% confidence intervals of the risks Eyg [l(@K ,0)] for Matérn model with
% = 0.05 when using the exponential, circular, spherical, and Matérn models.

of the variogram model therefore seems critical to get good performances. The model selection
estimator 6° (Table [3)) exhibits a smaller risk than the exponential model but the difference is
not really significative.

Third simulation experiment. We consider a different correlation model which exhibits
negative correlations. This wave model is used for instance when modelling ecological data. In
the sequel, r still refers to a positive range parameter.

. _ o (d(k,)

Wave: p(k,l) = T Sin ((T) ,

where we recall that d(k,l) is the euclidean distance from (k,[) to (0,0). We consider the two

values r = 0.25 and r = 0.5. Using N = 1000 observations of the field, we compare our
neighborhood selection procedure with variogram-based estimators.

Range | Model selection | Exponential Circular Spherical Matern Wave
0.25 26.0£0.2 34.2+£0.1 100.3+£0.1 | 67.9+0.1 | 34.2+0.1 | 81.8+04
0.5 5.34+0.1 46.4+0.3 5.84+0.2 9.84+03 | 32469 | 80.0£6.8

Table 5: Estimates and 95% confidence intervals of the risks Eg[l(6,6)] x 100 for the wave model
with range 0.25 and 0.5.

Comments on Table When r = 0.25, our procedure performs better, while exponential
and Matern models provide rather good models. Observe that the wave variogram model pro-
vides terrible results. The conditional variance o2 for this particular field equals 0.658. We have
mentioned earlier that the mean-squared prediction error is o2 + Eg[l(6, 6)]. Since the variance
of X0,0] is one, the mean-squared prediction error of the constant estimator 9 = 0 is one. The
constant estimator therefore performs better than the circular, spherical, and the wave model-
based estimators. It also performs as well as the exponential and Matern models. Only the
neighborhood selection procedure exhibits a smaller error. When r» = 0.5, the exponential and
wave models are terrible. The best procedure seems to be the Matérn-based estimator. Never-
theless, for the Matern model we only have considered 937 samples out of the 1000 because the
procedure did not converge for 73 simulations. The neighborhood selection procedure performs
quite well and the oracle ratio is smaller than two.

7 Conclusions

In this paper, we have extended a neighborhood selection procedure introduced in ﬂ@] On the
one hand, an algorithm is provided for tuning the penalty in practice. On the other hand, the new
method also handles non-toroidal lattices. The computational complexity remains reasonable
even when the size of the lattice is large.
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When one considers a stationary field on a torus, our neighborhood selection procedure
exhibits a computational burden and statistical performances analogous to the AIC procedure.
Even if this last method is not analysed yet from an efficiency point of view, this suggests that
AIC may achieve an oracle inequality in this setting. Moreover, we have empirically checked
that 6 performs almost as well as the oracle model since the oracle ratio E[L(8,8)]/E[l(fpn-, )]
remains close to one.

The strength of this neighborhood selection procedure lies in the fact it easily extends to
non-toroidal lattices. We have illustrated that our method often outperforms variogram-based
estimation methods in terms of the mean-squared prediction error. Moreover, the procedure
behaves almost as well as the oracle. In contrast, variogram-based procedures may perform
well for some covariances structure but also yield terrible results for other covariance structures.
These results illustrate the adaptivity of the neighborhood selection procedure.

8 Proofs

Let us introduce some notations that shall be used throughout the proofs. For any 1 < k < n,
the vector X} denotes the vectorialized version of the k-th sample of X. Moreover, XV is the
matrix of size p1pa X n of the n realisations of the vector X}. Throughout these proofs, L, L1, Lo
denote constants that may vary from line to line. The notation L(.) specifies the dependency
on some quantities. Finally, the v(.) function stands for an infinite sampled version of the CLS

criterion Yp p, ,p, () () = Eh/n,pl,pz ()]

8.1 Proof of Lemma [2.1]

Let us provide an alternative expression of 7y, p, p,(8') in term of the factor C'(#') and the em-
pirical covariance matrix XVXV*,

Tl = et (g = CO)RIRT 11y, = C0)]) (1)

This is justified in M] Sect.2.2.

Lemma 8.1. There exists an orthogonal matriz P which simultaneously diagonalizes every p1psx
p1ip2 symmetric block circulant matrices with ps X po blocks. Let 6 be a matrix of size p1 X pa
such that C(0) is symmetric. The matriz D(0) = P*C(0)P is diagonal and satisfies

P1 P2

D(O) (i~ 1pati.(i-Vpati] = B > Okt cos [2m(ki/py + 1 /p2)] (18)
k=11=1

for any 1 <i <p; and1 < j <ps.

This lemma is proved as in M] Sect.2.6.2 to the price of a slight modification that takes
into account the fact that P is orthogonal and not unitary. The difference comes from the
fact that contrary to Rue and Held we also assume that C(6) is symmetric. Lemma states
that all symmetric block circulant matrices are simultaneously diagonalizable. Observe that
for any 1 < i < p; and 1 < j < po, it holds that D(0)[(i—1)p2+j,(i—1)p2+5] = Ali,5](0) since
O1k,1) = O[p1—k,po—1]. Hence, Expression (7)) becomes

P1 D2

Vnprpa(0') = ZZ [1— A (0)) Z [P*X}(X})" P [(i—1)p2+i.(i—1)p2+4] ,
npip2 o1 =1 1
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where X is the vectorialized version of the k-th observation of the field X. Straightforward
computations allow us to prove that the quantities

(P*X3(XE)*P) [(i-1)p2+3.(i—)pa-ti] + (P*XLXL) " P) [(pr—i—1)pa+p2—i,(p1—i—1)pa+p2—j]

and
— Nl (XN XD + — XN 1K)
wm”k”km RO
are equal for any 1 < i < p; and 1 < j < py. Here, the entries of the matrix A(.) are taken
modulo p; and p2 and the entries of [P* (X%)*P] are taken modulo p1ps. The result of Lemma
2.1 follows.

8.2 Proof of Proposition 4.1]

Proof of Proposition[{-1. We only consider the anisotropic case, since the proof for isotropic
estimation is analogous. For any model m € M, we define

~ o~

A(m,m') == v pp <9m7p) + pen(m) — Ynpp <9m/7p) — pen(m') .

We aim at showing that with large probability, the quantity A(m,m’) is positive for all small
dimensional models m. Hence, we would conclude that the dimension of m is large. In this
regard, we bound the deviations of the differences

Tn,p,p <9myp) — Tn.p,p (emw&) = {'Yn,p,p (omyp) — Tn,p,p (om,p)] + [Ynpp Om,p) = Ynpp (0)]
+ {'Yn,p,p(e) — Tn,p,p <9m/7p)] .

Lemma 8.2. Let Ko be some universal constant that we shall define in the proof. With probability
larger than 3/4,

K> 9 dm V1 ~ ) K5 2 dm
P

V0,0 (8) = V1,9, (O, p) < TP Pmaz(Z) np? and Yn,p,p (Om,p)—Vn,p,p (em > TP ‘Pmaz(z)n—pg

for all models m € M.

Lemma 8.3. Assume that p is larger than some numerical constant pg. With probability larger

than 3/4, it holds that
A

2 7

Yn,p,p(6) — 'Yn,p,p(@n’,p) > K30 [Sﬁmm [Ip2 - 0(9)] A [p ~ Pmaz (Ip2 — 0(9))” np

where K3 is a universal constant defined in the proof.
Let us take K7 to be exactly K3. Gathering the two last lemma with Assumption (IH), there

exists an event 2 of probability larger than 1/2 such that

A(m,m’) >
% {Klndm’ [(pmin (Ip2 - 0(9)) A [p — Pmax (Ip2 - 0(9))” KQ(d \ 1)m} P
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for all models m € M;j. Thus, conditionally to Q, A(m,m’) is positive for all models m € M,
that satisfy

dm V1 Kg’/]

dprr < W@min (Ip2 - 0(9)) {Sﬁmin (Ip2 - 0(9)) A [p — Pmax (Ip2 - 0(9))}} :

By Lemma 7.13 of M], the dimension d,,,s is larger than % [ np? A (p2 — 1)} We conclude
that

5, 12 [V A7 =1] 75 i (T = C(O)) {min (T2 = C10) A [p = s (12 = CO)]}

with probability larger than 1/2. O

Proof of Lemmal82 In the sequel,
m, we consider the difference

Yn.pp(-) denotes the difference 7, 5 »(.) -¥(.). Given a model

In.p,p (0) — Yn,p,p (em,p) = Tnpp (0) — Yn.p,p (om,p) - l(em,pv 0) .

Upper bounding the difference of v,y therefore amounts to bounding the difference of 7, ,, ...
By definition of 7, p, and 7, it expresses as

in,p,p (9) - in,p,p (em,p) = ]%t?" { [(Ip2 - 0(9))2 - (I;D2 - C(emyf’))Q] (Xva* - E)} .

The matrices X, (2 —C(6)), and (12 — C(6n,,)) are symmetric block circulant. By Lemma 8]
they are jointly diagonalizable in the same orthogonal basis. If we note P an orthogonal matrix
associated to this basis, then C(0,,,,), C(f), and X respectively decompose in

C(Om,p) = P*D(0r,,p)P , C(0) = P*D(0)P and ¥ = P*D(X)P ,
where the matrices D(6,,,,), D(#), and D(X) are diagonal.
Tnww 0 = Tnpp (Omp) =
I%tr {(D(6m.p) — D(9)) [2I2 — D(0) — D(0pmp)] D (YY* = L2)} , (19)
where the matrix Y is defined as PVX-1XYP*. Its components follow independent standard
Gaussian distributions. Since the matrices involved in (I9) are diagonal, Expression (I9) is a

linear combination of centered x? random variables. We apply the following lemma to bound its
deviations.

Lemma 8.4. Let (Y1,...,Yp) be i.i.d. standard Gaussian variables. Let ay,...,ap be fized
numbers. We set

D
oo = sup lail, fal3 = a?
1 D i—1

Let T be the random variable defined by

T:=> a; (V7 —1) .

i=1
Then, the following deviation inequality holds for any positive x

P [T > 2|al2vz + 2|al|z] < e .
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This result is very close to Lemma 1 of Laurent and Massart in m] The only difference
lies in the fact that they constrain the coefficients a; to be non-negative. Nevertheless, their
proof easily extends to our situation. Let us define the matrix a of size n x p? as
_ Dslid (DO, p)lii) — D(8)1i,]) (2 — D(8[2, 4] — D(Om,p)[i,1])

np? ’

a'ly] :

for any 1 <4 < nand any 1 < j < p?. Since the matrices I —C(6) and I — C(6,, ) belong to the
set ©F, their largest eigenvalue is smaller than p. By Definition (L) of the loss function I(.,.),

llall2 < 2p Lonax (N0 p:0) o1 la]leo < 4p2‘p";37;2(2). By Applying Lemma [B4] to Expression

np?

(@), we conclude that

_ _ Pmax (2 a
P [T O) = T On) = 100 0) 4 12222 ] < e

for any « > 0. Consequently, for any K > 0, the difference of v, p ,(.) satisfies

K dm V1

Yn,pp(0) = Ynpp(Om.p) < 3P2<Pmax(2) np?

simultaneously for all models m € M with probability larger than 1 — Eme/v(l\@ e~ K(dmV1)/24

If K is chosen large enough, the previous upper bound holds on an event of probability larger
than 7/8. Let us call K such a value.

Let us now turn to the second part of the result. As previously, we decompose the difference
of empirical contrasts

~

Tn,p.p (em,p) — In,p,p (emm) = Ynpwp (Gm,p) —Vnpp (é\m,p) =1 (é\’m,pa Hm,p)

Arguing as in the proof of Theorem 3.1 in ﬂ@], we obtain an upper bound analogous to
Bq.(59) in [Ver0d]

_ _ ~ ~ 1 _
Tnpp Omop) = Vnp,p (Gmap) < UOmps Om,p) + 9 sup 5 tr [RDs: (YY" — I,z2)]
ReB™, p
The set B%; m2 18 defined in the proof of Lemma 8.5 in M] Its precise definition is not really
of interest in this proof. Coming back to the difference of v, ;, ,(.), we get

2

~

1 _
Yn,p,p (em,p) — Yn,p,p (em,p) < /)2 sup —2t7" [RDE (YY* — [p2)}
REB:;,mZ p

We consecutively apply Lemma 8.6 and 8.7 in M] to bound the deviation of this supremum.
Hence, for any positive number «,

N dom

Yrp,p (Om,p) = Yn,p,p (‘gm,p) < Li(1+ a/Q)PQSDmax(E)—

el (20)

with probability larger than 1 — exp |:L2\/ dm, ( o )] Thus, there exists some

o Ao
Vita/2 A 1+a/2

numerical constant «g such that the upper bound [20) with oo = cvp holds simultaneously for all
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models m € M;j \ @ with probability larger than 7/8. Choosing K5 to be the supremum of K}
and 2L1(1 + ag/2) allows to conclude.
O

Proof of Lemma[83. Thanks to the definition (I7) of 7, .,(.) we obtain

. 1 _
Yrpp(0) = Ynpp(Omr p) = I? suE tr [(0(9’) —C(9)) (QIpz —-C(0) — C’(G’)) EZZ*] ,
0'€0
m’,p
where the p? x n matrix Z is defined by Z := \/i_lX". We recall that the matrices ¥, C(0) and
C(#') commute since they are jointly diagonalizable by Lemma Bl Let (6:2’7# — 9) be the set
o', , translated by 0. Since C(0) +C(0") = C(6 +¢'), we lower bound the difference of vy, 5 (.)
as follows

Ynpp(0) — 'ynﬁpﬁp(é\mlﬁp) = % sup 20%tr [C’(G’)ﬁ] —tr [C(G/)QZW}
p efe(e;,wp—e)
2
> T s {200 [CO0NZZ) - ol [Te — C0)) tr [C(0))°ZZ7] )
p e/e((a;,wp—e)
Let us consider W;, j,...,¥;, ., = a basis of the space O,  defined in Eq.(14) of [Ver0d). Let

a be a positive number that we shall define later. We then introduce ¢’ as
0/ == min [Lp2 — Z tr [C (Vi ) ZZ7) O, -
Since 6 is assumed to belong to O

mmt,p» the parameter 6’ belongs to (9:1/,,3 - 9) if Ymax[C(0")] <

Omin (Ip2 — C(G)) and ©min[C(0")] > —p + Pmax (Ipz — C(G)). The largest eigenvalue of C(0') is
smaller than ||¢’||; whereas its smallest eigenvalue is larger than —||0’||;. Let us upper bound the
{1 norm of 0’:

101 = 2pmn [ — Z;i Z Vi, 5.) ZZ7])|
k=1
< 2\/1%90min [Ip2 - 0(9)] drtr [C(@’)ﬁ] ’ (21)

Hence, 0" belongs to (@;,ﬁ — 9) if

||9’||1 S ®min (Ipz — 0(9)) A\ [p — Pmax (Ipz — 0(9))} . (22)
Thus, we get the lower bound

~

Vupp(0) = Vnpp(Omrp) 2 ;—2{% [C(0)ZZ7] = nin T2 — C(0)] tr [C(0)*ZZ7] } (23)

as soon as Condition ([22)) is satisfied.
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Let us now bound the deviations of the two random variables involved in (2I]) and 23]) by
applying Markov’s and Tchebychev’s inequality. For the sake of simplicity, we assume that d,,
is smaller than (p® —2p)/2. In such a case, all the nodes in m’ are different from their symmetric
in A. We omit the proof for d,,  larger than (p? — 2p)/2 because the approach is analogous but
the computations are slightly more involved. Straightforwardly, we get

Ay

E [tr (C(0')ZZ*)] = dowpmin [1,2 — C(0)] o

since the neighborhood m’ only contains points (4, j) whose symmetric (—i, —j) is different. A
cumbersome but pedestrian computation leads to the upper bound

o

n2

var [tr (C(0))ZZ*)] < Lia*@h ., [12 — C(0)]

)

where L, is a numerical constant. Similarly, we upper bound the expectation of ¢r [C (0’ )QZZ*]

o

n

E [tr (C(0')*ZZ%)] < Lao®@% s, [12 — C(0)]

Let us respectively apply Tchebychev’s inequality and Markov’s inequality to the variables
tr [C(0')ZZ*] and tr [C(0)?ZZ*]. Hence, there exists an event Q of probability larger than
3/4 such that

otr [C(0)ZZ7] — ok, [Le — C(0)] tr [C(0)°TZ) >

dm/ L/
pmin [1z = CO)] 7§80 | 1y [ 71 | o’}
and
/ dm/ Lll
tr [C(0")2Z*] < dopmin [1,2 — C(0)] 1/

In the sequel, we assume that p is larger than some universal constant pg, which ensures the
dimension dy,, to be larger than 4L}. Gathering @2I)) with the upper bound on tr [C(0')ZZ*|
yields
o

< 2\/§ochmin [Ipz - C(@)] ,
VvV np

since dp,r < py/n. If 2y/2av is smaller than 1A {[p — @max (Ipz — C(0)) } omin [Ip2 — C(0)]], then
Condition ([22) is fulfilled on the event Q and it follows from (23)) that

HelHl < 2\/EOZSDmin [IPZ — 0(9)}

~ A
P {'Yn,p,p(e) - 'Yn,p,p(em’,p) > 4U2<Pmin [Ip2 - 0(9)] n—pg [a - O‘2Ll2/4]} 2

p—cpmax(lpz —C(G))

Tomin (L2 —C(0)) we get

Choosing o = % A % AV2

g {%,M,(@) = Ot ) 2 K0® {iomin [Tz = C(O)] A [p = pmax (I = C(0))]) d’";} > 7

where K3 is an universal constant. |
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