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Potential problems of stability and convergence
in image-based and position-based
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Abstract. Visual servoing, using image-based control or position-
based control, generally gives satisfactory results. However, in some
cases, convergence and stability problems may occur. The aim of this
paper is to emphasize these problems by considering an eye-in-hand
system and a positioning task with respect to a static target which
constrains the six camera degrees of freedom.

1 Introduction

The two classical approaches of visual servoing (that is image-based control and
position-based control) are different in the nature of the inputs used in their
respective control schemes [28,10,14]. Even if the resulting robot behaviors thus
also differ, both approaches generally give satisfactory results: the convergence
to the desired position is reached, and, thanks to the closed-loop used in the
control scheme, the system is stable, and robust with respect to camera cali-
bration errors, robot calibration errors, and image measurements errors. That
is particularly true when only few degrees of freedom are vision-based con-
trolled (such as camera pan and tilt for target tracking), However, in some
cases, convergence and stability problems may occur. The aim of this paper is
to emphasize these problems with simple and concrete examples. We consider
in this paper an eye-in-hand system, and a generic positioning task with respect
to a static target which constrains the six camera degrees of freedom. However,
most of the given results can be generalized to other kind of systems, such as
for example monocular or binocular vision systems simultaneously observing a
target and a robot end-effector [1,9].

2 Image-based visual servoing

Image-based visual servoing is based on the selection in the image of a set s
of visual features that has to reach a desired value s*. Usually, s is composed
of the image coordinates of several points belonging to the considered target.
However, it may be interesting to use other geometrical visual features (such
as the parameters which represent the image of a straight line, or of a sphere,
etc.) in function of the vision-based task that has to be achieved and the nature



of the present objects [6,3]. As for s*, it is obtained either during an off-line
learning step (where the robot is moved at its desired position with respect to
the target and the corresponding image is acquired), either by computing the
projection in the image of a 3D model of the target for the desired camera pose
(which necessitates a perfect camera calibration and a perfect knowledge of the
3D target model in order that the camera does reach the given pose).

It is well known that the image Jacobian J;, also called interaction matrix
related to s, plays a crucial role in the design of the possible control laws. Jg

is defined from: 5 p
. s r
s = (E) E = Js T (1)

where T = 4 = (VT ,2T)T is the camera velocity screw (V and {2 represent
its translational and rotational component respectively). Using a classical per-
spective projection model with unit focal length, and if X and Y coordinates
of image points are selected in s, J; is directly obtained from:

(5)-(F 0.5 0 D e

where z is the depth of the corresponding point in the camera frame.

All the existing control schemes compute the camera velocity sent to the
robot controller (or directly the robot joints velocity, by introducing the robot
Jacobian, if joint limits and kinematics singularities avoidance is needed [21,17])
with the following forms ([8,11,23], etc.):

T=JFs or T=fJis—s)) 3)

where function f may be as simple as a proportional gain [6], or a more complex
function used to regulate s to s* (optimal control [23], non-linear control [11],

etc.), and J5 is a model, an approximation, or an estimation of the pseudo-
inverse of J;. Indeed, camera calibration errors, noisy image measurements,
and unknown depth z involved in (2) imply the use of such model, since the
real value of J; remains unknown.
A well known sufficient condition to ensure the global asymptotic stability
of the system (that is of course non-linear since X and Y are involved in (2))
is [24]:
J& Js(s(t),2(t)) >0, Vt (4)
This condition, even if it is difficult to exploit in practice, allows one to set the

possible choices for J; . In fact, three different cases have been considered in
the literature:

o Jf = Jf (t). In that case, the image Jacobian is numerically estimated
during the camera motion without taking into account the analytical form
given by (2) [13,15] (neural networks have also sometimes been used [27]). This
approach seems to be very interesting if any camera and robot models are avail-
able. However, it is impossible in that case to demonstrate when condition (4)



is ensured. Furthermore, initial coarse estimation of the image Jacobian may
lead to unstable results, especially at the beginning of the servoing, and some
visual features may get out of the camera field of view (see Figure 1.a).

e J& = JF(s(t),2(t)). The image Jacobian is now updated at each iteration
of the control law using in (2) the current measure of the visual features and
an estimation Z(t) of the depth of each considered point. Z(t) can be obtained
either from the knowledge of a 3D model of the object [4], either from the
measure of the camera motion [26,2]. This case seems to be optimal since,

ideally, we thus have J;".J, = II,Vt, which of course satisfies condition (4) and
implies a perfect decoupled system. Each image point is constrained to reach
its desired position following a straight line (see Figure 1.b). However, we will
see that such a control in the image may imply inadequate camera motion,
leading to possible local minima and the nearing of task singularities.

e JF = J}(s*,z%). In this last case, Ji is constant and determined during an
off-line step using the desired value of the visual features and an approximation
of the points depth at the desired camera pose. Condition (4) is now ensured
only in a neighborhood of the desired position, and a decoupled behavior will
be achieved only in a smaller neighborhood. Determining analytically the limits
of these neighborhoods seems to be out of reach owing to the complexity of the
involved symbolic computations. The performed trajectory in the image may
be quite unforeseeable, and some visual features may get out of the camera
field of view during the servoing (leading of course to its failure), especially if
the initial camera position is far away from its desired one (see Figure 1.c).
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a) J&(t) b) IS (s(t), 2(¢)) c) Ji (57, 2%)
Fig. 1. Possible choices for J& and corresponding behavior: black points represent
the initial position of the target in the image, and gray points and lines respectively

represent its desired position and a possible trajectory in the image)

Image-based visual servoing is known to be generally satisfactory, even in
the presence of important camera or hand-eye calibration errors [5]. However,
we now exhibit the following stability and convergence problems which may
occur:



~-7J , or even J, may become singular during the servoing, which of course
leads to an unstable behavior.

— local minima may be reached owing to the existence of unrealizable image
motions.

2.1 Reaching or nearing a task singularity

It is well known that the image Jacobian is singular if s is composed by the
image of three points such that they are collinear, or belong to a cylinder
containing the camera optical center [3,19,22]. Using more than three points
generally allows us to avoid such singularities. However, we now demonstrate
by a concrete example that, whatever the number of points and their
configuration, the image Jacobian may become singular during the
visual servoing, if image points are chosen as visual features.

Let us consider that the camera motion from its initial to desired poses
is a pure rotation of 180 dg around the optical axis. This 3D motion leads
to an image motion corresponding to a symmetry around the principal point.
If J}(s(t),2(t)) is used in the control scheme and perfect measurements and

estimations are assumed, we can note that JTJ, = I for the initial camera
position, which leaves us to expect a correct behavior. However, the obtained
image trajectory of each point is a straight line such that all the points lie
at the principal point at the same instant (see Figure 2.a). It corresponds
to a pure backward translational camera motion along the optical axis (and
unfortunately to a zero rotational motion around the optical axis), that moves
the camera at infinity. At this unexpected position, the image Jacobian of each
point 4 is given by (see (2)):
0000-10

Jsi_(OOOl 00) (5)
The interaction matrix J,, and Ji, are here of rank 2, instead of 6, which of
course corresponds to a task singularity, and where condition (4) is no more
ensured. Let us now consider the case where J;(s*,z*) is used in the control
scheme. This choice implies that the control law behaves as if the error in
the image was as small as possible. It is clear from Figure 2.b (where white
points correspond to such near position) that the obtained camera motion is
now a pure forward translational motion along the optical axis (and, once again,
without any rotational motion around the optical axis). The camera thus moves
directly toward the target (in practice, the collision is avoided thanks to the

getting out of the visual features from the image), and toward a singularity of
Js. Indeed, when z = 0, for all points not lying on the optical center, J; is

given by:
JSi_>(00000000000> (6)

0 00 00 00 00 00

It is interesting to note that, in that case, J; (s*, zA*), which is used in the control
scheme, is not singular. However, the problem occurs owing to the singularity
of J,, which is involved in condition (4).



In the two previous cases, the reaching of the singularity can be avoided if
the camera rotation is less important. However, the coupling between transla-
tional and rotational camera motion implies a really unsatisfactory camera tra-
jectory, by the nearing (and then the moving away) of the singularity. Further-
more, even for the considered initial position, the singularity can be avoided,
and a perfect camera trajectory can be achieved (that is a pure rotational cam-
era motion around its optical axis) if straight lines are used in s instead of points
(see Figure 2.c). Indeed, by considering the (p, ) parameters which describe
the position in the image of a straight line [6], we obtain the results depicted
on Figure 3. In the presented simulation results, we have used four lines from
the six that can be defined from four points. As can be seen on the plots, the
four errors p; — p; always remain to zero, while the four 6; — 8} simultaneously
converges from -180 dg to 0 dg, thanks to the computation of a pure camera
rotational motion around its optical axis. Let us note that similar experimental
results can be obtained (calibration errors and noisy image measurements of
course introduce small perturbations), and that these results do not depend on
the number nor the configuration of the considered features.

Let us finally claim that we here have demonstrated that using straight lines
is sometimes more interesting than using points, but nothing more. Indeed,
some singularities may perhaps appear with straight lines for particular config-
urations, and some camera motion may perhaps be more adequately achieved
using points (or anything else) than straight lines.
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Fig. 2. Reaching (or not) a singularity: a) image motion using J;" (s(t), 2(t)), b) image
motion using J; (s, 2*), c¢) s defined using 2D straight lines

(s —s%) T
Fig. 3. Perfect behavior using 2D straight lines in s



2.2 Reaching local minima

We now focus on another potential problem that may appear in practice. By
definition, local minima are defined such that 7' = 0 and s # s* (or § # 0).
This is equivalent to:

s—s*eKerj} (ors'EKerj;\") (7

If s is composed by three image points (such that J; is full rank 6), Ker Ji = 0,
which implies that there is none local minima. However, it is well known that
the same image of three points can be seen from four different camera poses [12].
In other words, there exist four camera poses (that is four global minima) such
that s = s* (or § = 0). A unique pose can theoretically be obtained by using
at least four points. H/o\wever, in that case, Js is of dimension 8 x 6, which

implies that dim Ker J; = 2. This does not demonstrate that local minima

always exist. Indeed, the configurations s such that s — s*(or §) € Ker Ji
must be physically coherent (which means that a corresponding camera pose
exists). The complexity of the involved symbolic computations seems to make
impossible the determination of general results. Particular cases can however be
exhibited. In Figure 4 are presented the simulation results for a planar target
composed of four points obtained using Js(s(t),z(t)) in the control scheme.
As can be seen, the visual features simultaneously decrease owing to the used
strategy. However, a local minimum is reached since the camera velocity is
zero while the final camera position is far away from its desired one. At that
position, the error s — s* in the image do not completely vanish (residual error
is approximately one pixel on each X and Y coordinate). Introducing noise in
the image measurement leads to the same results, which can also be obtained
in real experiments.

It is interesting to note that the global minimum is correctly reached from
the same initial camera position if J,(s*, z/:*) is used in the control scheme (see
Figure 5). In that case, as can be seen on s — s*, the trajectory in the image is
quite surprising, as well as the computed control law, but this behavior allows
the system to avoid the local minima.

In fact, potential local minima are due to the existence of unrealizable image
motions. Such motions 1 are defined by $+ € Ker JI. Indeed, they are such
that they do not belong to the range space of J;. In other words:

$t¢ImJ, = st € (Im J,)" =Ker JI (8)

Once again, if s is composed of four points, dim Ker JI = 2. An illustration,
easily obtained from (2), is presented in Figure 6 in the case of four coplanar
points parallel to the image plane and forming a square.

The link between local minima and unrealizable image motions is obvious
since we always have Ker JI' = Ker JF . Indeed, if the camera reaches a position
such that (s —s*) € Ker JI, the behavior of the control law using J,(s(t),2(t))
implies that § must also belong to Ker JI. By definition, there does not exist
any camera motion 7" able to produce such imposed, but unrealizable, image
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Fig. 6. Example of unrealizable image motion: arrows in gray and black respectively
represent one of the two spanning vectors of Ker JZ. Points in gray represent an
example of image configurations unreachable from points in black using Js(s(t), z(t))
in the control scheme. Reciprocally, points in black represent an example of image
configurations unreachable from points in gray using Js(s*, 2*)

motions. The camera is thus in a local minima. This can be easily demonstrated
since, if we assume perfect measurements and estimation, we here have J; =
J;, which of course implies that, if (s — s*) € Ker JI, then (s — s*) € Ker J;.

On the other hand, using Js(s*,2z*) generally implies that Ker JI #

Ker J;, which allows the system to avoid local minima if it computes im-
age motions which are not unrealizable. In fact, one has to demonstrate that

Ker JI' NKer Jif = 0, or more precisely that the image configurations (s — s*)

which belong to Ker JI NKer J; are not physically coherent. For example, it
does not seem that any camera pose exists to obtain the gray image configu-
rations depicted on Figure 6 for the considered square object.

Let us claim that we have shown in this subsection that it is sometimes
more interesting to use J,(s*, 2*) instead of J,(s(t), Z(t)), but nothing more.
Finally, we will see in the conclusion of the paper several sufficient and sim-
ple conditions to avoid such undesirable behaviors of the image-based visual
servoing.

3 Position-based visual servoing

Position-based visual servoing does not present the drawbacks described above.
An estimation 7 of the camera pose r is now computed at each iteration of the
control law [12,4]. Control schemes are thus designed in order that 7 reaches a
desired pose r* [29,18]. Since the control schemes are based on inputs expressed
in the Cartesian space, this approach seems to be very satisfactory. Indeed,
ideally, the task Jacobian Jz = g—f is given by:

= (D) Q

where As(U) is the antisymmetric matrix associated to the vector U, defined
by the origins of target to camera frames. Ideally, J is thus an upper triangular



matrix (that ensures a perfect decoupling of the camera trajectory) which is
always of full rank 6 and such that Ker JI = Ker Jj = 0. However, the form
of J7 given by (9) is only valid when a perfect camera calibration, perfect image
measurements, a perfect 3D model of the object, and a perfect pose estimation
algorithm are available... In fact, the real form of the task Jacobian is:

= (a) () w
ds

The second term (%2) is nothing but the interaction matrix related to s
(see (1)). It is thus analytically known. On the other hand, (g—’:) which rep-
resents the variation of the estimated pose in function of a variation of the
visual features, is unfortunately unknown, and depends on the used visual fea-
tures, the shape of the object, the camera calibration parameters, and the used
pose estimation algorithm (generally based on iterative numerical methods [4]).
Theoretically demonstrating the global asymptotic stability of a position-based
visual servoing seems therefore to be out of reach since a sufficient condition is

given by (refer to (4)):
JEJz>0, Vvt (11)

where J, used in the control scheme, can be chosen as (9) (it seems to be
the only one possible satisfactory approximation) and where J; is, as already
stated, analytically unknown.

Furthermore, since there is no more control in the image, it is impossible to
ensure that the object will always remain in the camera field of view during the
servoing, especially in the presence of important calibration errors. It is also
well known that the Perspective from N Points problem, as most of inverse
problems, is sometimes ill-posed and sensitive to perturbations (which implies
a bad conditioning of (g—’: ) ): small errors in the image measurements may lead to
very different results, especially in the case of a planar target, as can be seen on
Figure 4. In such cases, the control law can be completely unstable. In practice,
satisfactory results are obtained if a non coplanar object is considered [29,18].
However, it would be very interesting to determine the number, the nature,
and the configuration of features necessary to obtain an optimal behavior of
the pose estimation

To conclude, in position-based visual servoing, most of the control problems
are reported on the pose estimation algorithm. However, that does not close
the whole problem of integration of vision and control.

4 Conclusion

As exhibited in this paper, numerous problems stand to theoretically demon-
strate the complete efficiency of any visual servoing scheme. As for image-based
visual servoing, an interesting challenge is to determine a universal represen-
tation of visual features adequate for any object, and from any initial camera
position. It is known that the condition number of the image Jacobian plays an
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important role in the behavior of the system [7] (see also [20,25] where similar
measures are presented to select the adequate visual features). More precisely,

the condition number of J,, and also of Ji, has to be minimal. From the re-
sults obtained in this paper, supplementary sufficient conditions to ensure a

correct modeling of an image-based task are that Ker J;- = Ker JI = 0 in all
the possible workspace (which also excludes the existence of task singularities).
Intuitively, the six first inertial moments of the image of an object seem to be
interesting candidates, even if observing a centered circle with such a repre-
sentation (and with any unfortunately) is known to be a singular case [6]. The
2D1/2 visual servoing scheme that has been recently proposed [16], seems also
to be an interesting approach to avoid convergence and stability problems.
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