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Abstract

Since image-based servoing is a local control solu-
tion, it requires the definition of intermediate subgoals
in the sensor space. This paper addresses the problem
of generating realistic and optimal smooth trajectories
of complex features in the image space. The model of
the observed target and the internal camera parame-
ters are assumed to be unknown. First a closed-form
smooth collineation path between given starts and end-
points is obtained. This path is generated in order to
correspond to an optimal camera path. The trajecto-
ries of the image features are then derived.

1 Introduction

Image-based servoing is now a well known local con-
trol framework [5], [7]. In this approach, the reference
image of the object corresponding to a desired posi-
tion of the robot is acquired first (during an off-line
step) and some image features are extracted. An error
is directly measured in the image between the current
image and the reference one. The robot motion is then
controlled in order to minimize the error (using for ex-
ample a gradient descent approach). Sometimes, and
especially when the displacement to realize is large,
image and camera trajectories induced by image-based
gradient descent are neither physically valid nor opti-
mal [1]. In this article, we address the problem of
finding realistic image trajectories (i.e corresponding
to physically valid camera motion) and corresponding
to an optimal camera path with respect to minimum
acceleration criterion. The obtained trajectories can
be used to improve significantly the system behavior
since a local control solution works properly for a tra-
jectory following [9].

Only few papers deal with path planning in image s-
pace. In [6] a trajectory generator using a stereo sys-
tem is proposed and applied to obstacle avoidance.
An alignment task using intermediate views of the ob-
ject synthesized by image morphing is presented in
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[12]. A path planning for a straight-line robot trans-
lation observed by a weakly calibrated stereo system
is performed in [11]. In previous work [9], we have
proposed a potential field-based path planning gener-
ator that determines the trajectories in the image of
a set of points lying on an unknown target. Howev-
er, none of them were dealing with optimality issues.
In this paper, first a smooth and optimal collineation
path is obtained. Then, smooth image features trajec-
tories corresponding to an optimal camera trajectory
are computed.

The paper is organized as follow. In Section 2, we
recall some properties of the collineation matrix. In
Section 3 and Section 4, the cases where the camera
is displaced according to a pure rotational and a pure
translational motion are studied. In Section 5, the
general case is addressed. In Section 6, the optimal
collineation path is used to perform the optimal path
in the camera image of visual features. The results are
given in Section 7.

2 The Collineation matrix

Consider two views of a scene observed by a cam-
era. A 3-D point X with homogeneous coordinates
X =[XY Z 1)T is projected under perspective pro-
jection to a point x in the first image (with homoge-
neous coordinates measured in pixel x = [z y 1]T) and
to a point x* in the second image (with homogeneous
coordinates measured in pixel x* = [z* y* 1]T). It is
well known that there exists a projective homography
matrix G related to a virtual plane II, such that for
all point X belonging to II, x o Gx* 1. The matrix
G, when x and x* are expressed in pixels, is called
the collineation matrix. From the knowledge of sev-
eral matched points, lines or contours [3, 2], it is pos-
sible to estimate the collineation matrix. Assuming
that the camera calibration is known, the Euclidean

Ix ox GX* <=> ax = Gx* where « is a scaling factor



homography can be computed up to a scalar factor:?
Hx K*GK 1)

where K is a non singular matrix containing the in-
trinsic parameters of the camera. The Euclidean ho-
mography can be decomposed into a rotation matrix
and a rank 1 matrix [4]:

b

H=R+ d—’n‘T ®)]
where R and b represent the rotation matrix and the
translation vector between the current and the desired
camera frames (denoted F and F* respectively), n* is
the unitary normal to the virtual plane expressed in
F* and d* is the distance from II to the origin of F*
(see Figure 1). From G and K, it is thus possible
to determine the camera motion parameters (i.e the
rotation R and the scaled translation by = ) and
the normal vector n*. If the camera is not perfect-
ly calibrated (i.e K is used instead of K), then, the
parameters which can be estimated are [8]:

R = SKRSKT 3)
=T + .
=T _ n JK
"= ek @
by = |In*TSK*||6Kbg. (5)

In the sequel we assume that given an initial image
and a desired image of the scene, some image fea-
tures (points, lines, contours) can be extracted and
matched. From the extracted image features, the
collineation matrix at time ¢ = 0, Gy, can be com-
puted. Note also that, when the desired configuration
is reached (at time ¢t = 1) the collineation matrix is
proportional to the identity matrix: G* « Izx3. In
the next sections, we consider the problem of find-
ing a smooth path of the collineation matrix between
Gy and G* corresponding to an optimal camera path
with respect to criterion which will be specified in the
sequel.

3 Pure Rotational motion

In this section, we address the problem of finding
an optimal closed form smooth path of the collineation
when the collineation is a matrix similar (up to a scalar
factor) to a rotation matrix, that is:

G « KRK* (6)

We begin with a brief review of necessary background
on the Special Orthogonal group SO(3).

2K+ denotes the inverse of K
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Figure 1: Geometry of two views

3.1 Brief Review of SO(3)

The group SO(3) is the set of all 3 x 3 real orthog-
onal matrices with unit determinant and it has the
structure of a Lie group. On a Lie group, the space
tangent to the identity has the structure of a Lie alge-
bra. The Lie algebra of SO(3) is denoted by so(3). It
consists of the 3 x 3 skew-symmetric matrices, so that
the elements of so(3) are matrices of the form:

0 -r3 7r
Fl=1] = 0 -
—r; 7 0

One of the main connections between a Lie group and

its Lie algebra is the exponential mapping. For every
R € SO(3), there exists at least one [r] € so(3) such
that el! = R with (Rodriguez formula):

sin [|r|

liell

where ||r]| is the standard Euclidean norm. Converse-
ly, if R € SO(3) such that Trace(R) # —1 then:

— cos |||

=élfl = o2
R I+ e = ™

] + 1

Bl=los® = 52=(R-RT) @
where ¢ satisfies:
¢ = |ir|| = arccos (% (Trace(R) — 1)) 9)

If Trace(R) = —1, log(R) can be obtained noticing
that r = +7u where u is a unit length eigenvector of
R associated with the eigenvalue 1.

Another important connection between so(3) and
SO(3) involves angular velocities. If R(t) is a curve
in SO(3), then RRT and RTR are skew-symmetric,
and hence element of so(3). The element w of so(3)
such that:

[w] =RTR (10)

corresponds to the angular velocity of the rigid body.



3.2 Optimal collineation trajectories

We consider the problem PR of finding a path of
the collineation corresponding to the minimum accel-
eration problem, that is:

Find G(t) minimizing J; = fj wwTdt

subject to [w] = RTR, G « KRK™" and with
boundary conditions G(0) = Gq, G(1) = Isxa,
w(0) =0 and w(1) = 0.

Let us note that the boundary conditions of PR
are verified if R(0) = R, R(1) = I3x3, w(0) = 0
and w(1) = 0 (rotational problem). Note also that
the considered boundary conditions are particularly
important since they are indeed the desired boundary
conditions in visual servoing applications.

The solution of PR and a nice property of the
solution are given by the following proposition.

Proposition 1: The optimal path of the collineation
matrix is given by:
G(t) ox GoI'(go, q(1)) (1)
where g(t) = —2t3 + 3t2 and:
r = 14+ 52(leolla(t)) 1 — cos(|igellg(#))

{2o}+ {20} (12)

(ol lleoll®
with:
1 __
# = |lgoll = Arcos (EDO 13qy 1) (13)
(o0} = gl (Dlf*ag - D5eea) ()

where Do = det(Gyp), To = Trace(Go).

The collineation path given by (11) is indepen-
dent of the internal camera parameters.

Proof: The solution of the rotational problem
is given by [10]:
R(t) = Rgelrola(®) (15)

where [ro] = log(R}) and g(t) = —2t3 + 3t2. In the
case of a pure rotational motion, it is easy to show
from (6) that:

KRK* = D-1/3G
Trace(R) = D~1/3T

where D = det(G) and T = Trace(G). According to
(6) and (15) we have:

G(t) < KRyelrltK+ —~ KRK* Kelrld®WK+

(16)
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This equation can be rewritten as G(t) o< GoI', where
I' = Kelrlt®K+ and according to (7), we obtain:

r = 1 SR 0ola) g ey 1 000 Urollo@) e oy
ol rolf®

With |lgo]| = ||rol] and {go} = K|[ro]K*, the previous
equation can be rewritten as (12), and (see (8)):

_ Tyt _ _ lIgoll Tye+ _ +

{go} = Klog(Rp )K* = Zsin 2] (KRp K" — KRoK™).
By introducing (16) in the previous equation, we
obtain (14). Finally, using (9) and (16), we deduce
(13). The initial value of the collineation Gg is not
affected by errors on intrinsic parameters since it is
extracted directly from image data. According to
(11), (12), (13) and (14), the collineation path given
by (11) is thus independent of the camera parameters.

Remark: The path given by the proposition 1
corresponds to a shortest distance path of the rota-
tion matrix (minimal geodesic) with respect to an
adequately chosen Riemannian metric on SO(3).

In the next subsection, the case of a pure translational
camera motion is studied.

4 Pure translational motion

If the camera motion is a pure translation, the
collineation matrix has the following particular form:

G x I+Kbg-n*TK+ 7)

In this section, we address the problem (PT) of finding
the path of the collineation matrix when it is given by
(17) and corresponding to the minimum acceleration
problem, that is:

Find G(t) minimizing Jp = f) vTvdt
where v denotes the time derivative of b, subject to
(17), with boundary conditions G(0) ox Go, G(1) I,
v(0) =v(1) =0.

Note once again that the boundary conditions
of PT are verified if b(0) = by, b(l) = 0 and
v(0) = v(1) = O (translational problem ). The
considered boundary conditions are indeed the desired
boundary conditions in the context of visual servoing.

proposition 2: The optimal path of the collineation
matrix in the sense of PT is given by:

1—gq(t
G(t) x g(t)I + (—7‘5(—2&, (18)
where g is a real solution of the equation:
2a® ~ Toa? + Do =0 19)



and the optimal smooth trajectories given by (18) is
not affected by error on intrinsic parameters.

proof: The solutions of the translational prob-
lem is given by:

b(t) = (1 - g(t))bo (20)
By introducing (20) in (17), we obtain:
G(t) o« I+K(1-q(t)baon*TK*
o« q(t)I+ (1—q(t))(I+ Kbg-on*TK*)

and noticing that Gp = ao(I + Kby on*TK*), we
deduce (18). From (17), we easily obtain:

Trace(Go) = To = co(3+bLgn)
Det(Go) = Dy = ag(l +b§'.on)

and by combining the previous equations, we deduce
that ap is a solution of (19).

The path of the collineation matrix given by (18) is
independent of the K-matrix since the initial value of
the collineation matrix Gg and thus ag (refer to (19))
are independent of the camera intrinsic parameters.

Remark: The path given by (18) corresponds
to a shortest distance path in ®° (straight line)
between the initial and desired camera positions.

5 General camera motions

We assume now that the initial camera frame F* is
displaced by the matrix:

D) = [ R(©) b ]

to the desired camera frame F*. In this case
the collineation matrix is given by G() o
K* (R+ban*T) K. We denote U the 6 x 1 vec-
tor [vTwT)T. We address now the following problem
(PC):

Find G(t) minimizing J3 = f UTUdt

subject to (10), v = b and with boundary conditions:
G(0) x Gg, G(1) x Izx3, U(0) = U(1) = Ogx1-
The boundary conditions are verified if R(0) = Ro,
b(0) = bp, R(1) = I and b(1) = 0 (rigid motion
problem). Once again, the considered boundary
conditions are particularly important since they are
the desired boundary conditions in the context of
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visual servoing,.

The solution of PC and a result about its dependence
on camera calibration are given by the following
proposition.

Proposition 3: The optimal path of the collineation
matrix in the sense of PC is given by:

G(t) x (1 - g(t) o + (Go + o)T(r0,t)  (21)

where:

(22)

T'(ro, q(t)) = Kelrold®OK+
& = Kb()d. n*TK+

Assuming (3), (4) and (5), the path given by (22) is
not affected by error on intrinsic error.

proof: The solution of the rigid motion prob-
lem is given by:

b(t) = (1 — ¢(t))bo
R(t) = Ryelrola(®)

According to (1) and (2),
collineation path is given by:

G(t) x K(Roe™4® 4 (1 g(t))bgg-n*T)K+

the corresponding

This path is equivalent to the path given by :

G(t) x K (Roel9® 4 (1 — g(t))bogn*T+
bOd.n*Te[rOJQ(t) — bod.n*Te[rDIQ(t)) K+

and can be rewritten as (21). We note that the matrix
of camera internal parameters appears explicitly in the
path given by (21). The initial collineation matrix Go
is not affected by error on intrinsic parameters since
it is directly computed from image data. Assume now
that the non-singular matrix K is used instead of K,
we have:

{ &) = Rbog.2*TR+
T(ro, q(t)) = KefFols®OR+

By introducing (4) and (5) in ®o, we obtain:

~

& =R|n*ToK+||0Kbg. 2iriK K+
= Kboa-n*TK* = &

Furthermore (refer to (8)):

~

a1 ¢ RT _R.)=A[RT _R
[Fo] = 20in(3) (Rg ~ Ro) = B(Ry — Ro)

(23)



where ,3 = —;—A and $ satisfies 1+2cos$ = Tra.ce(ﬁ.o)

Since Ro is s1m11ar to Ro (see (3)) Trace(Ro) =

Trace(Ro) and thus ¢ = ¢ and B = B. By injecting
(23) in (7), we obtain :

T(ro (1) = R(1+ponlrele®) BT — Ro)t

ﬂ2 l—coslgrorlo q(t)) (ﬁ‘g' _ ﬁ‘o)z)f{.'.

and noticing that RRK+ = KRoK, we finally ob-
tain T'(fo, g(t)) = I'(ro,q(t)). Thus, the collineation
trajectory given by (21) is independent of the choice
of the non singular matrix K.

6 Features trajectories in the image

In order to control efficiently a robot using visu-
al information, we have to perform the trajectories
of some image features in the image space. More
precisely, we want to perform a smooth trajectories

s*(t) = [=1(0) 3(2) -~ =(t) AT of n projected
points in the image between a given start point s*(0) =
[21(0) ¥1(0) --- =7(0) 2 (0)]" and a given desired
point 85 = 8*(1) = {Zs1 Ys1 -+ Tfn Ysnl®. We de-
note x}(t) = [¢}(t) y7(t) 1T and xp; = [wgi yg: 1T
the vectors of homogeneous coordinates expressed in
pixel of the projection of a 3-D point M; in the current
desired (at time t) and final desired (at time ¢ = 1)
images. It is well known that:

hi(t) = ai(t)x} (t) = G(t)xyi + Bie(t) 29

where a;(t) is a positive scaling factor depending on
time, B; is a constant scaling factor null if the target
point belongs to II and e(t) = Kb(t) represents the
epipole. After that the initial collineation has been
estimated, the optimal path of the collineation matrix
can be computed as previously described. The initial
value of the epipole, e(0) = ep, can also be comput-
ed directly from image data (i.e, ep is independent of
the K-matrix). Furthermore, it is easy to show (from
(20)) that the optimal trajectories of the epipole, with
respect to the previously cited criteria, are of the form:

e(t) = (1-g(t))eo (25)

Such trajectories of the epipole are not affected by er-
ror on intrinsic parameters. Note also that the scaling
factor B; is not time dependent and can be computed
directly from the initial and desired image data 3:

= sion [ —[GoXsi AXI ()1 ) Goxss A X} (0)]
> g"( leMxF(U)h) lleo Az O

3v; denotes the jt* components of v

(26)

29

The vector h; is not affected by error on intrinsic
parameters since G(t), e(t) and §; (for i € 1---n)
can be computed without error even if the K-matrix
is unknown. The trajectories of the considered point
in the image corresponding to an optimal camera path
can thus also be computed without error, with:

ey D@l L )]s
O mee YO RO 7

7 Results

Experiments were performed with images acquired
by an eye-in-hand robotic platform. The intrinsic pa-
rameters (K-matrix) given by the camera manufactur-
er are used. The camera displacement between the ac-
quisition of initial and desired images (boxed in Figure
3) is a rigid motion. The initial collineation matrix is:

0.4603 0.4145 -—597.3284
Go = | —-0.2476 0.6107 -—-376.0835
—0.0001 0.0006 —1.5281

Intermediate images synthesized (at time ¢t = k x 0.1
with ¥ € {1-..-8}) using the equation (27) and
the solution of the problem PC are given in Figure
3. The corresponding camera trajectory is plotted
in Figure 2.

e g ¢ 8

Figure 2: Camera trajectory

8 Conclusion

In this paper, we have addressed the problem of
finding the trajectories in the image space of image
features corresponding to the camera minimum accel-
eration. The obtained camera trajectory corresponds
to a minimum geodesic in SE(3). The method is
model-free and the uncalibred cases has been studied.
Future work will be devoted to introduce constraints
in order to keep the target in the camera field of view
or to avoid the robot joint limits.



t=0 (initial image)

t=0.5

t=1 (desired image)

Figure 3: Image trajectories
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