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ÕmÖ+Ü�Ïm×!Ð}Ñ�×zÑ7ØzÎ^Û»Ü�Ñ7ÐgÞmÑ7Ð}Ý(ÑnÐ}Ñ�×zÑ7Ù%×zÛ»ÏmÜ)× ï Ø�Ñ7Ö ï Ï(Ò»Ð�Ö��¹Ñ�Ø�Ñ
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Ö÷}Ö×zÑ�Î*Û¶Ü¬×�Ñ�Ø�Î�Ö�Ïªò ÕmÙ7Ù%à�Ø�ÕmÙ�÷�Ïªò!Û¶Ü½Û�×�Û»ÕmÒtÎ^Ñ7Õ(Öà�Ø�Ñ7Ö�ÕmÜ½Ð¬Öà½Ô½ÖÑKøGà�Ñ�ÜG× Ù%Ï(Î^ð�à}×�Õª×zÛ»ÏmÜ½ÕmÒkÑ(^�Ù�Û¶Ñ7Ü½Ù%÷(ùf! × ï Ñ�Ï(ØzÑ�×zÛµÙ�ÕªÒ
ÕªÜ½Ð3ð�Ø�ÕmÙ\×�Û»Ù7ÕªÒkÙ�ÏmÎ^ð½ÕªØ�ÛµÖÏ(Ü���Û�× ï × ï ÛµÖÀÕªÒ»ÝmÏ(ØzÛ¶× ï ÎêÛ»Ö
ð½ØzÏ<ßbÛµÐ}Ñ7Ð3Û¶Ü�û ó��¢ù
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Ù%ÏmÜ���Ð}Ñ�Ü�Ù%Ñ Û»Ü�× ï ÑxÒ¶Ï}Ù�ÕmÒ½ò�ÑKÕ<×�à�ØzÑKÖ¹Ñ��b×zØ�ÕmÙ%×zÛ»ÏmÜ�ÛµÖnÛ»ÜG×zØ�Ï}Ð}à½Ù%ÑKÐgù=bbÑ7Ù%×zÛ»ÏmÜ/ó0Ð}ÑKÕªÒµÖ ��Û¶× ï × ï ÑIÙ ï ÏGÖÑ7Ü�ßGÛµÖzà½ÕªÒ�ò�Ñ7Õª×zà�Ø�Ñ7Ö
Ù%ÏmÜ�ÖÛµÐ}Ñ�Ø�Ñ7Ð¸Û¶Ü�× ï Ñ^×zØ�ÕmÙ�ÚbÛ»Ü�Ý3ð½ØzÏ}Ù%ÑKÖzÖ�ÕmÜ½Ð³× ï Ñ�ÕªÒ»ÝmÏ(ØzÛ¶× ï Î à½ÖÑKÐaò�ÏmØ�×zØ�ÕmÙ�ÚbÛ»Ü�Ý/Ò¶Ï}Ù�ÕmÒ!ò�Ñ7Õª×zà�Ø�Ñ7ÖxÛµÖIð�Ø�Ñ7ÖzÑ�ÜG×zÑKÐgù ��Ü
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Õmð�ð�Ø�Ï(ÕmÙ ï × ï Ñ ×�Ø�Õ(Ù�ÚmÑ7Ø#Û»Önà½ÖzÑ7Ð�Õ(Ö>Û»Ü�ð�à�×n×�Ï0ßbÛ»Özà½ÕmÒPÖzÑ�Ø�ßmÏ(Û¶Ü�ÝIÑ �}ð�Ñ7ØzÛ»Î^Ñ�ÜG×�Ö7ù ��Ü$ÖÑKÙ\×�Û¶Ï(Ü�ÿ½Þ
ÖÑ7ßmÑ�Ø�ÕªÒBÑ �bðPÑ�Ø�Û»Î@Ñ7ÜG×�ÕªÒBØ�Ñ7Özà�Ò¶×�Ö�ÕªØ�Ñ�ØzÑ7ð�Ï(Ø×�Ñ7Ðgù
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ÛµÖ@× ï Ñ/ð�Ø�Ïªö�Ñ7Ù%×zÛ»ÏmÜ_Î@Ï}Ð}Ñ7Ò�ÕmÙ�Ù�ÏmØ�Ð}Û»Ü�Ý³×�Ï¸× ï Ñ3Û»ÜG×zØ�Û¶Ü�ÖÛµÙ$ð�ÕªØ�ÕªÎ^Ñ%×�Ñ�Ø�Ö
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ÕmÜ½ÐpÙ�ÕªÎ^Ñ7Ø�Õ�ðPÏ(ÖzÑ

r
ÕªÜ½Ð�� ï Ñ�Ø�Ñ

k
Û»Ö¼× ï Ñ)Übà�Î)Ô�Ñ7ØxÏmònÙ%Ï(Ü½ÖzÛ»Ð}Ñ7ØzÑKÐ¬ò�Ñ7Õª×zà�Ø�Ñ7Ö7ù �¢×�Û»Ö�Özà�ð�ðPÏ(ÖzÑ7Ð ï Ñ�ØzÑ0× ï Õª×IÛ¶ÜG×zØ�Û»Ü½ÖÛµÙ,ð�ÕªØ�ÕªÎ^Ñ%×�Ñ�Ø�Ö
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Û»Ö+Ù%ÏmÎ^ð�à�×zÑ7Ð ��ò�ØzÏ(Î × ï Ñ Û¶Î�ÕmÝmÑ 
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ρ(u)
Û»ÖIÕ/Ø�ÏmÔ�à�Ö�×xò�à�Ü½Ù%×zÛ»ÏmÜ û¶ü�h�#× ï Õ<×IÝmØ�Ï��ÀÖ�Öà½Ô}Ó¢øGà½Õ(Ð}Ø�Õ<×zÛµÙ�ÕmÒ¶Ò»÷�ÕªÜ½ÐaÛµÖ�Î@Ï(Ü�Ïª×�ÏmÜ�ÛµÙ�ÕmÒ¶Ò»÷�Ü�Ï(Ü½Ð}Ñ7Ù�ØzÑKÕmÖzÛ¶Ü½Ý

��Û�× ï Û»Ü½Ù%Ø�Ñ7Õ(ÖÛ»Ü�Ý
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 ÛµÖ¹Õ@Ù%Ï(Î^Î@Ï(Ü$Î^Ñ%× ï Ï}Ð$Ïmò�Õmð�ð�Ò»÷GÛ»Ü�Ý0× ï Ñ
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Û¶Ü�ßbÛµÖà�ÕªÒkÖzÑ�Ø�ßmÏmÛ»Ü�Ý�Õ^Î^Ï}Ð}Û �PÙ�Õ<×�Û¶Ï(Ü¬Ïªò�× ï Ñ0Ù�ÏmÜG×zØ�ÏmÒgÒµÕ��

Û»Ö>ØzÑKø(à½Û¶Ø�Ñ7Ð^Û»Ü�ÏmØ�Ð}Ñ7Ø ×zÏ)ØzÑö�Ñ7Ù\×¹Ïmà}×�Ò¶Û»Ñ�Ø�Ö7ù"bbà�Ù ï Õ,Ø�ÏmÔ�à½Ö×nÙ�ÏmÜG×zØ�ÏmÒ�ÒµÕ�� ï ÕmÖ>Ô�Ñ7Ñ�Ü�ð½ØzÑKÖÑ7Ü(×�Ñ7Ð�Û»Ü$ÕIØ�Ñ7Ù�Ñ�ÜG×>ð½Õmð�Ñ7Ø û h��
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ÛµÖ¼Õ3Ð}Û»ÕmÝmÏ(Ü½ÕªÒ��nÑ7Û¶Ý ï ×�Û¶Ü½Ý$Î�Õ<×�ØzÛ ��ÝmÛ»ßmÑ�Ü¸ÔG÷

D = diag(w1, . . . , wk)
ù î
ï Ñ@Ù�ÏmÎ^ð�à}×�Õ<×zÛ»ÏmÜ¸Ïªò �¹Ñ�Û»Ý ï ×�Ö

wi

Û»Ö�Ð}ÑKÖzÙ�ØzÛ»ÔPÑ7Ð3Û¶Ü]bbÑKÙ\×zÛ»ÏmÜ ��ù ó½ù
!õÖzÛ¶Î^ð�Ò»ÑxÙ�ÏmÜG×zØ�ÏmÒ�Ò»Õ�� Ù7ÕªÜ�ÔPÑxÐ�Ñ7ÖzÛ¶Ý(Ü�Ñ7Ð^×�Ï,×�Øz÷�Ñ7Ü½Öà½ØzÛ»Ü�Ý0ÕmÜ�Ñ��}ðPÏmÜ�Ñ7Ü(×�Û»ÕmÒPÐ�Ñ7Ù%Ï(à�ð�Ò»Ñ7Ð�Ð�Ñ7Ù%Ø�Ñ7Õ(ÖÑ Ïªò

e
ÕªØ�Ïmà�Ü�Ð

× ï Ñ,Ð}ÑKÖÛ»Ø�Ñ7Ð3ð�ÏGÖÛ¶×zÛ»ÏmÜ
s∗

�«ÖzÑ�Ñ^û h��gò�ÏmØ�Î^ÏmØ�ÑIÐ}Ñ%×�ÕªÛ»Ò»Ö 
 ù î
ï Ñ�Ù�ÏmÜG×zØ�ÏmÒgÒµÕ�� ÛµÖ
ÝmÛ»ßmÑ7Ü3Ôb÷BÍ

v = −λ(D̂L̂s)
+D
(
s(r) − s∗

)
,

��ÿ 

� ï Ñ�Ø�Ñ

v
ÛµÖ>× ï Ñ�ßbÛ¶Øz×zà½ÕmÒgÙ�ÕªÎ^Ñ7Ø�Õ0ßmÑ�Ò»Ï}Ù%Û¶×�÷�ÕªÜ½Ð

L̂s

ÛµÖ
Õ0Î^Ï}Ð}Ñ7ÒgÏmØ
ÕªÜ3Õmð�ð�Ø�Ï��}Û¶Î�Õ<×�Û¶Ï(Ü�Ïªòt× ï Ñ�Û»Ü(×�Ñ�Ø�ÕmÙ%×zÛ»ÏmÜ�Î�Õ<×�ØzÛ �
�«Ð}Ñ �½Ü�Ñ7Ð$Öà½Ù ï × ï Õ<×

ṡ = Lsv 
 Þ A+ ÛµÖ × ï Ñ ð�ÖÑ7à½Ð}ÏªÓ¢Û»ÜGß(Ñ�Ø�ÖÑ
ÏmòBÎ�Õª×zØ�Û �
A
ÞbÕªÜ½Ð

λ
ÛµÖ>ÕIÝGÕªÛ»Ü^× ï Õª×#×zà�Ü½Ñ7Ö>× ï ÑxÖðPÑ�ÑKÐ

Ïªòt× ï Ñ,Ð}ÑKÙ�ÕS÷mù
!�Ù%ÒµÕmÖ�ÖÛµÙ�ÕmÒ�Õmð�ð�Ø�Ï(ÕmÙ ï Û»Ü�ßbÛ»Özà½ÕmÒ�ÖzÑ�Ø�ßmÏmÛ»Ü�Ý,Ù�ÏmÜ½ÖzÛ»Ð�Ñ�Ø�Ö!× ï ÑxÛ»Ü(×�Ñ�Ø�ÕmÙ%×zÛ»ÏmÜ^Î�Õ<×zØ�Û �@×�Ï0ÔPÑ¼Ù�ÏmÜ½Ö×�ÕmÜ(×nÛ¶Ü�× ï Ñ¼Ù�ÏmÜG×zØ�ÏmÒ

Ò»Õ�� ÕmÜ½Ð�Û¶×�Û»Ö�Ù7ÕªÒµÙ%à�ÒµÕ<×�Ñ7Ð�ò�ØzÏ(Î·× ï ÑIÐ}ÑKÖÛ»ØzÑKÐ$Ð}Ñ7ð}× ï
Z∗

ÕªÜ½Ð�× ï ÑIÐ}ÑKÖÛ»Ø�Ñ7Ð3ßSÕmÒ¶à½Ñ¼Ïmòt× ï Ñ¼ò�ÑKÕ<×�à�ØzÑKÖ
s∗
ù ��Ü$× ï Ñ qHq>b

Ù�ÕmÖzÑmÞ�× ï Ñ0Ð�Ñ7ÖzÛ¶Ø�Ñ7Ð¬Ð}Ñ7ð}× ï ÛµÖ�à�Ü�ÚbÜ�Ï���Ü¬Ô�à�×À× ï Ñ0Û¶Ü�Û¶×zÛµÕªÒ+ß<ÕªÒ»à�ÑIÏªò
Zi

ÛµÖÀÕSß<ÕªÛ»ÒµÕªÔ�Ò»ÑmÞ}× ï à½Ö
(D̂L̂s)

+ Ù�ÕªÜ�ÔPÑ0Ð}Ñ �½Ü�ÑKÐ
ÕmÖ7Í

(D̂L̂s)
+ = L+

s
(si,Zi),

��h 

cnÒ»Ñ7ÕmØzÒ»÷mÞGÛ¶×nÛµÖ¹ÕmÒ»ÖzÏ,Ü�ÑKÙ%ÑKÖzÖ�ÕªØ�÷,×�Ï0Ñ�Ü�Öà�Ø�Ñ�× ï Õ<×�Õ,Özà4^�Ù%Û»Ñ�ÜG×¹Übà�Î)Ô�Ñ7Ø>Ïmòkò�Ñ7Õª×zà�Ø�Ñ7Ö ��Û¶Ò»Ò�Ü½Ïª×
Ô�Ñ¼ØzÑö�Ñ7Ù\×�Ñ7Ð�ÖzÏ,× ï Õ<×

DLs

ÛµÖ�ÕªÒ �¹ÕS÷}Ö¹Ïªò�ò�à�Ò»ÒkØ�ÕmÜ�Ú �«ý@×�Ï^Ñ7Ö×zÛ»Î^Õª×zÑ�× ï ÑIð�ÏGÖÑ 
 ù
�¢× ï Õ(Ö!Ô�Ñ7Ñ�Ü^Ö ï Ï���Ü,× ï Õ<× ÏmÜ�Ò»÷,Ò»Ï}Ù�ÕªÒ}Ö×�ÕmÔ�Û¶Ò»Û¶×�÷,Ù�ÕªÜ@ÔPÑ
Ð�Ñ�Î^ÏmÜ½Ö×zØ�Õ<×�Ñ7Ð$û h��dù î
ï ÛµÖ!Î@ÑKÕªÜ½Ö+× ï Õ<×!× ï Ñ
Ù�ÏmÜbßmÑ7ØzÝ(Ñ�Ü½Ù�Ñ

Î^ÕS÷ Ü�Ïm×@ÔPÑ/ÏmÔ}×�ÕªÛ»Ü�Ñ7ÐDÛ�òÀ× ï Ñ¬Ñ�Ø�ØzÏ(Ø
s − s∗

Û»Ö)×zÏbÏ�Ò»ÕmØzÝ(Ñmù _ÀÏ��¹Ñ�ß(Ñ�ØKÞ�Û»Ü_×zØ�ÕmÙ�ÚbÛ¶Ü½Ý¸Õªð�ð½Ò¶ÛµÙ�Õª×zÛ»ÏmÜ½Ö
s
ÕªÜ½Ð

r
ÕmØzÑ

h



ÏmÔ}×�ÕªÛ»Ü�Ñ7Ð�ò�Ø�ÏmÎ × ï Ñ3ð�ØzÑ7ßbÛ¶Ï(à½ÖIÛ»Î^ÕmÝmÑ(Þt× ï à�ÖI× ï Ñ$Î^Ïª×�Û¶Ï(Ü-Ô�Ñ�×��nÑ7Ñ�Ü ×��¹Ï³Öà½Ù7Ù%ÑKÖzÖzÛ¶ß(Ñ�Û¶Î�ÕmÝmÑ7Ö0ÕmÙ�øGà�Û»Ø�Ñ7Ð Õ<×0ßbÛµÐ}Ñ�Ï
Ø�Õª×zÑ¹Û»Ö Özà4^�Ù%Û»Ñ�ÜG×zÒ»÷0ÖzÎ�ÕªÒ»Ò(×�Ï�Ñ�Ü½Özà�Ø�Ñ>× ï ÑÀÙ%Ï(ÜGß(Ñ�Ø�ÝmÑ7Ü½Ù%Ñ(ù ��Ü)ð�Ø�ÕmÙ%×zÛµÙ%Ñ¹Û�× ï ÕmÖ�Ô�Ñ7Ñ�Ü^ÏmÔ�ÖÑ7Øzß(Ñ7Ð�× ï Õ<×!× ï Ñ
Ù�ÏmÜbßmÑ7ØzÝ(Ñ�Ü½Ù�Ñ
Û»ÖIÏ(Ô}×�ÕmÛ¶Ü½Ñ7ÐgÞ�Û¶Ü Ý(Ñ�Ü�Ñ7Ø�ÕmÒMÞ�� ï Ñ�Ü�× ï Ñ$Ù�ÕmÎ@Ñ7Ø�Õ¬Ð}ÛµÖzð�Ò»Õ(Ù%Ñ7Î@Ñ7ÜG× ï ÕmÖ,ÕmÜ ÏmØ�Û¶Ñ7Ü(×�Õ<×�Û¶Ï(ÜaÑ7ØzØ�ÏmØIÒ»Ñ7Ö�Öx× ï Õª×)óAd

o
ÏmÜ Ñ7Õ(Ù ï

Õ��}Û»Ö7ù î
ï à�Ö�Þ}ðPÏª×�Ñ�ÜG×zÛµÕªÒBð�Ø�ÏmÔ�Ò»Ñ�Î�ÖnÏmÜ�Ò»÷�Õªð½ð�ÑKÕªØ¹ò�ÏmØ¹× ï Ñ¼ß(Ñ�Ø�÷ ��Ø�Ö×¹Û»Î�ÕªÝ(Ñ � ï Ñ7ØzÑ¼× ï ÑxÛ»Ü�Û¶×zÛµÕªÒBß<ÕªÒ»à�Ñ¼ò�ÏmØ
r
Î�ÕS÷^Ô�Ñ

×zÏbÏ)Ù�Ï(ÕªØ�ÖzÑmù ��Ü$× ï Ñ�Ù%à½ØzØ�Ñ�ÜG×nÕmÒ¶Ý(ÏmØ�Û�× ï Î × ï ÑxÛ¶Ü½Û�×�Û»ÕmÒ¶ÛSR7Õª×zÛ»ÏmÜ�ÛµÖnÐ�ÏmÜ�Ñ¼ÔG÷�Î�ÕmÜGà�ÕªÒ»Ò¶÷^Ù%Ò»Û»Ù�ÚbÛ»Ü�Ý,ò�Ï(à�Ø¹ÏmÔ}ö�ÑKÙ\×nðPÏmÛ»ÜG×�Ö¹Û»Ü
× ï ÑIÛ»Î�ÕªÝmÑ�ÕªÜ�Ð/Ù7ÕªÒµÙ%à�ÒµÕ<×�Û¶Ü½Ý0× ï ÑIð�ÏGÖÑIà�ÖÛ»Ü�Ý�Õ^Ù%ÒµÕmÖ�ÖÛµÙ�ÕmÒPÿ^ðPÏmÛ»ÜG× ÕªÒ»ÝmÏmØ�Û¶× ï Î û ý��¢ù
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î
ï Û»ÖnÖÑKÙ\×�Û¶Ï(Ü@Ý(Û¶ß(Ñ7Ö#Õ,Ô�ØzÛ»Ñ%ògÏ<ß(Ñ�Ø�ßGÛ»Ñ �Dò�ÏmØ × ï Ñ¼Ù7ÕªÒµÙ%à�ÒµÕ<×�Û¶Ï(Ü^Ïªò �nÑ7Û¶Ý ï ×�Ö!ò�Ï(Ø>Ñ7Õ(Ù ï Û¶Î�ÕªÝ(Ñ
ò�Ñ7Õª×zà�Ø�Ñmù î
ï Ñ �¹Ñ�Û»Ý ï ×�Ö
wi

Þ
� ï Û»Ù ï ØzÑ7ð�Ø�Ñ7ÖzÑ�ÜG×À× ï Ñ^Ð�Û �BÑ�Ø�Ñ�ÜG×�Ñ�Ò»Ñ�Î^Ñ�ÜG×�ÖxÏmò × ï Ñ

D
Î�Õ<×zØ�Û ��ÕmÜ½Ð³Ø�Ñ���Ñ7Ù\×x× ï Ñ@Ù�ÏmÜ ��Ð�Ñ�Ü½Ù�Ñ)Ïmò>Ñ7Õ(Ù ï ò�Ñ7Õª×zà�Ø�Ñ3û»ü�h��dÞ

ÕªØ�Ñ¼à½Özà½ÕmÒ¶Ò»÷�ÝmÛ»ßmÑ7Ü3Ôb÷BÍ

wi =
ψ(δi/σ)

δi/σ
,

�«ý 


� ï Ñ�Ø�Ñ
ψ
(
u
)

=
∂ρ

(
u

)
∂u

�
ψ
Û»Ög× ï Ñ#Û»Ü	�½à½Ñ�Ü½Ù�Ñ ò�à�Ü½Ù%×zÛ»ÏmÜ 
 Þ δi ÛµÖg× ï Ñ#Ü�ÏmØ�Î�ÕªÒ»ÛOR7Ñ7Ð¼ØzÑKÖÛµÐ}à�Ñ Ý(Û¶ß(Ñ�Ü�Ôb÷ δi = ∆i−Med(∆)

� � ï Ñ7ØzÑ
Med(∆)

ÛµÖ¹× ï ÑIÎ^ÑKÐ}Û»ÕmÜ¬ÏmðPÑ�Ø�Õ<×zÏ(Ø 
 ÕªÜ�Ð σ Û»Ö�× ï Ñ,Ö×�ÕmÜ½Ð�ÕªØ�Ð$Ð�Ñ�ßbÛ»Õª×zÛ»ÏmÜ/Ïªò�× ï ÑIÛ»Ü�Ò»Û¶Ñ7ØÀÐ�Õ<×�Õ�ù
e òn× ï Ñ^ß<ÕªØ�Û»Ïmà½ÖxÒ»Ï(Ö�ÖxÕmÜ½Ð¸Ù�ÏmØ�ØzÑKÖðPÏmÜ�Ð}Û¶Ü½Ý$Û»Ü	�½à�Ñ7Ü½Ù%Ñ@ò�à�Ü½Ù%×zÛ»ÏmÜ½Öx× ï Õ<×IÑ �bÛµÖ×xÛ»Ü¸× ï Ñ�Ò»Û�×�Ñ�Ø�Õ<×zà½ØzÑ î à½ÚmÑ�÷ � Ö ï ÕªØ�Ð

ØzÑ�Ó¢Ð}ÑKÖzÙ�Ñ�Ü½Ð�Û¶Ü�Ý ò�à�Ü½Ù%×zÛ»ÏmÜ ï ÕmÖ�ÔPÑ�Ñ7Ü^Ù ï Ï(ÖzÑ�Ü)ÖzÛ»Ü½Ù%Ñ î à½ÚmÑ�÷ � Ö�ò�à�Ü½Ù%×zÛ»ÏmÜ^Ù%ÏmÎ^ð�Ò»Ñ%×�Ñ�Ò»÷,Ø�Ñ�ö�Ñ7Ù%×�Ö!Ï(à}×zÒ»Û¶Ñ7Ø�Ö!ÕmÜ½Ð0Ý(Û¶ß(Ñ7Öt× ï Ñ7Î
Õ R7Ñ�Ø�Ï �¹Ñ�Û»Ý ï ×7ù î
ï ÛµÖ
ÛµÖ
Ïªò+Û»ÜG×zÑ7ØzÑKÖ�×�Û»Ü$×�Ø�Õ(Ù�ÚGÛ»Ü�Ý^Õªð�ð½Ò¶ÛµÙ�Õª×zÛ»ÏmÜ½Ö
ÖzÏ0× ï Õ<×ÀÕ^Ð}Ñ%×�Ñ7Ù%×zÑ7Ð3Ïmà�×zÒ»Û¶Ñ7Ø ï ÕmÖ¹Ü�Ï^Ñ��BÑ7Ù%×ÀÏmÜ$× ï Ñ
ßGÛ»Øz×zà½ÕmÒkÙ�ÕªÎ^Ñ7Ø�Õ)Î^Ïª×zÛ»ÏmÜtù î
ï Û»Ö�Û»Ü	�½à½Ñ�Ü½Ù�Ñ�ò�à�Ü½Ù\×�Û¶Ï(Ü¬Û»Ö
Ý(Û¶ß(Ñ�Ü/ÔG÷¸û¶ü�h�dÍ

ψ(u) =





u(C2 − u2)2 ,
Û¶ò
|u| ≤ C

0 ,
Ñ�ÒµÖÑ

,

� � 


� ï Ñ�Ø�Ñ�× ï Ñ¼ð�Ø�ÏmðPÏmØz×zÛ»ÏmÜ�ÕªÒ»Û�×�÷0ò«ÕmÙ\×�ÏmØ>ò�ÏmØ î à�Ú(Ñ�÷ � Ö>ò�à�Ü½Ù%×zÛ»ÏmÜ�ÛµÖ
C = 4.6851

ÕmÜ½Ð�Ø�Ñ�ð�Ø�Ñ7ÖzÑ�ÜG×�Ö#þ@h�
çÑ-^�Ù�Û¶Ñ7Ü½Ù%÷^Û»Ü�× ï Ñ
Ù�ÕmÖzÑxÏªò��Õªà½Ö�ÖÛµÕªÜ TÀÏ(Û»ÖzÑmù

��Ü Ï(Ø�Ð}Ñ7Ø�×zÏ¬ÏmÔ�×�ÕªÛ»Ü-Õ/ØzÏ(Ô�à½Ö×�Ï(Ô}ö�Ñ7Ù%×zÛ»ßmÑ@ò�à�Ü½Ù%×zÛ»ÏmÜkÞ!Õ/ß<ÕªÒ»à�Ñ�Ð}Ñ7Ö�Ù%Ø�Û»Ô�Û¶Ü½Ý3× ï Ñ�Ù%Ñ7Ø×�ÕªÛ»ÜG×�÷³Ïªòn× ï Ñ�Î^ÑKÕmÖzà�ØzÑKÖxÛ»Ö
ØzÑKø(à½Û¶Ø�Ñ7Ðgù î
ï ÑIÖ�Ù�ÕmÒ¶Ñ

σ
× ï Õª×
ÛµÖ
× ï Ñ�Ñ7Ö×zÛ»Î^Õª×zÑKÐ/Ö×�ÕmÜ½Ð�ÕmØ�Ð3Ð}Ñ�ßbÛµÕ<×zÛ»ÏmÜ/Ïªò+× ï ÑIÛ»Ü�Ò»Û¶Ñ7ØÀÐ�Õ<×�Õ�Þ}ÛµÖÀÕªÜ/Û»Î@ðPÏmØz×�ÕmÜG×
ß<ÕmÒ¶à�Ñ

ò�ÏmØ!× ï ÑÀÑ(^�Ù%Û»Ñ�Ü�Ù%÷0Ïmò�× ï Ñ�Î^Ñ%× ï Ï}Ðgù ��Ü@Ü½ÏmÜ}Ó¢Ò¶Û»Ü�ÑKÕªØ Ø�Ñ�ÝmØ�Ñ7Ö�ÖzÛ¶Ï(Ü,ò�ÏmØ ðPÏ(ÖzÑÀÙ%Ï(Î^ð�à}×�Õª×zÛ»ÏmÜkÞm× ï ÛµÖ ÑKÖ�×�Û¶Î�Õ<×�Ñ�ÏªòP× ï Ñ¼ÖzÙ7ÕªÒ»Ñ
Ù�ÕªÜ�ß<ÕmØz÷¬Ð}Ø�ÕªÎ�Õ<×�Û»Ù7ÕªÒ»Ò¶÷/Ð}à�Ø�Û¶Ü�Ý3Ù%ÏmÜbß(Ñ�Ø�ÝmÑ�Ü�Ù%Ñmù b}Ù7ÕªÒ»Ñ,Î�ÕS÷3ÔPÑ0Î�ÕªÜbà½ÕmÒ¶Ò»÷3Ù ï Ï(ÖzÑ�Ü³ÕmÖ¼Õ^×zà½Ü�Û¶Ü½Ý$ß<ÕªØ�Û»ÕmÔ�Ò»ÑIÏmØ Î�ÕS÷
Ô�Ñ,ÑKÖ�×�Û¶Î�Õª×zÑ7Ð¬Ï(Ü�Ò»Û¶Ü�Ñ(ù���Ü�Ïmà�Ø Ù7ÕmÖzÑmÞ �nÑIà½ÖzÑ0Õ^Ø�ÏmÔ�à�Ö�×¼Ö×�Õª×zÛµÖ�×�Û»ÙI×zÏ�Ñ7Ö×zÛ»Î�Õ<×�Ñ0ÖzÙ7ÕªÒ»Ñ ��Û�× ï × ï Ñ ��Ñ7Ð�Û»ÕmÜ]!ÀÔ½ÖzÏmÒ»à}×zÑ
ô Ñ7ßGÛµÕ<×�Û¶Ï(Ü � �]! ô 
 Þ�ÝmÛ»ßmÑ7Ü3Ôb÷BÍ

σ̂ =
1

Φ−1(0.75)
Medi(|δi −Medj(δj)|).

� � 

� ï Ñ�Ø�Ñ

Φ()
ÛµÖ�× ï Ñ,Ù%à�Î)à�Ò»Õª×zÛ»ßmÑIÜ�Ï(ØzÎ�ÕmÒkÐ}Û»Ö×zØ�Û»Ô�à}×zÛ»ÏmÜ¬ò�à½Ü½Ù\×�Û¶Ï(Ü¬ÕmÜ½Ð 1

Φ−1(0.75) = 1.48
ØzÑ7ð�ØzÑKÖÑ7ÜG×�Ö
ÏmÜ½Ñ,Ö�×�ÕªÜ½Ð�ÕmØ�Ð

Ð}Ñ�ßbÛµÕ<×zÛ»ÏmÜ/Ïªò+× ï ÑIÜ½ÏmØ�Î^ÕmÒkÐ}ÛµÖ�×�ØzÛ»Ô�à}×�Û¶Ï(Ükù

ý
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!ÀÜb÷ ÚbÛ¶Ü�ÐDÏmòxÝ(Ñ�ÏmÎ^Ñ�×zØ�Û»Ù7ÕªÒnò�Ñ7Õ<×�à�Ø�Ñ¬Ù7ÕªÜpÔ�Ñ³Ù�ÏmÜ½ÖzÛµÐ}Ñ�Ø�Ñ7Ð ��Û�× ï Û¶Üp× ï Ñ�ð�Ø�ÏmðPÏ(ÖzÑ7ÐDÙ�ÏmÜG×zØ�ÏmÒ
ÒµÕ�� ÕmÖ�ÖzÏbÏmÜ ÕmÖ@Û¶×�Û»Ö
ð�ÏGÖzÖzÛ¶Ô½Ò¶Ñ�×�Ï)Ù�ÏmÎ^ð�à}×�Ñ Û¶×�Ö¹Ù%ÏmØ�Ø�Ñ7Özð�Ï(Ü½Ð}Û»Ü�ÝIÛ¶ÜG×�Ñ�Ø�ÕmÙ\×�Û¶Ï(Ü�Î�Õ<×zØ�Û �

Ls

ù ��Ü¸û þ��¢Þ}ÕIÝmÑ7Ü�Ñ�Ø�ÕªÒ½ò�Ø�ÕmÎ^Ñ �¹ÏmØ�Ú,×zÏ)Ù%ÏmÎ^ð�à�×zÑ
LsÛ»Ötð�ØzÏ(ð�ÏGÖÑKÐgù ��Ü½Ð�Ñ�Ñ7ÐkÞKÛ¶×tÛµÖkðPÏ(Ö�ÖÛ»Ô�Ò»Ñ ×zÏÀÙ�ÏmÎ^ð�à}×�Ñ × ï Ñ>ðPÏ(ÖzÑ ò�ØzÏ(Î�Õ�ÒµÕªØ�ÝmÑ ÖzÑ%×tÏmò}Û¶Î�ÕªÝ(Ñ#Û»Ü}ò�ÏmØ�Î�Õ<×zÛ»ÏmÜ �«ð�Ï(Û¶ÜG×�Ö7ÞSÒ¶Û»Ü�ÑKÖ�Þ

Ù%Û»Ø�Ù�Ò¶ÑKÖ�Þ�øGà½Õ(Ð}Ø�Õª×zÛµÙ�Ö7Þ½Ð}ÛµÖ�×�ÕªÜ½Ù�Ñ7Ö7Þ�Ñ%×�Ùªù»ù¶ù 
 ��Û¶× ï Û»Ü¬× ï Ñ0ÖzÕmÎ^Ñ�ò�Ø�ÕmÎ@Ñ �nÏ(ØzÚBù î
ï Ñ,Ù�ÏmÎ)Ô�Û¶Ü�Õ<×zÛ»ÏmÜ¬Ïmò!Ð}Û �BÑ�Ø�Ñ�ÜG×�ò�Ñ7Õª×zà�Ø�Ñ7Ö
Û»Ö)ÕmÙ ï Û»Ñ�ß(Ñ7Ð�Ôb÷�Õ(Ð�Ð}Û»Ü�Ý�ò�Ñ7Õª×zà�Ø�Ñ7Ö,×zÏ³ß(Ñ7Ù%×zÏmØ

s
ÕªÜ�Ð-Ôb÷��zÖ�×�ÕmÙ�ÚbÛ»Ü�Ý��^Ñ7ÕmÙ ï ò�ÑKÕ<×�à�ØzÑ � Ö)Ù%Ï(ØzØ�Ñ7Özð�Ï(Ü½Ð}Û»Ü�Ý¬Û¶ÜG×�Ñ�Ø�ÕmÙ\×�Û¶Ï(Ü

Î^Õª×zØ�Û ��Û»ÜG×zÏ^Õ0ÒµÕªØ�ÝmÑ¼Û¶ÜG×zÑ7Ø�Õ(Ù\×�Û¶Ï(Ü�Î�Õ<×zØ�Û �^Ïmò�ÖzÛOR7Ñ
kd× 6

� ï Ñ�Ø�Ñ
k
Ù%ÏmØ�Ø�Ñ7Özð�Ï(Ü½Ð�Ö ×�Ï0× ï Ñ�Übà�Î0ÔPÑ�Ø¹Ïªòkò�ÑKÕ<×�à�ØzÑKÖ
ÕªÜ½Ð

d
× ï Ñ7Û¶ØÀÐ�Û¶Î^Ñ�Ü�ÖÛ»ÏmÜkÍ
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ṡk
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Lsk
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î
ï Ñ�ØzÑKÐ}à�Ü½Ð½ÕªÜ½Ù�÷0÷bÛ¶Ñ7Ò»Ð½Ö#Õ�Î^ÏmØ�Ñ
Õ(Ù�Ù�à�Ø�Õª×zÑ
Ø�Ñ7Özà�Ò�× ��Û¶× ï × ï ÑÀÙ%Ï(Î^ð�à}×�Õª×zÛ»ÏmÜ^ÏªòB× ï Ñ�ð½ÖzÑ�à½Ð}ÏmÓdÛ»ÜbßmÑ7Ø�ÖzÑnÏmò
Ls

Õ(Ö ÝmÛ»ßmÑ7Ü
Û¶Ü³ÑKøGà½Õ<×�Û¶Ï(Ü ��ÿ 
 ù � à�Øz× ï Ñ7ØzÎ^Ï(ØzÑ,Û¶ò#× ï Ñ)Übà�Î)Ô�Ñ7Ø Ï(Ø × ï Ñ0Ü½Õª×zà�Ø�Ñ0Ïmò#ßbÛ»Özà½ÕªÒ+ò�Ñ7Õª×zà�Ø�Ñ7Ö¼ÛµÖ Î^Ï}Ð}Û �½Ñ7Ð¸Ï<ßmÑ�ØÀ×zÛ»Î@Ñ(ÞP× ï Ñ
Û¶ÜG×zÑ7Ø�Õ(Ù\×�Û¶Ï(Ü$Î�Õ<×�ØzÛ �

Ls

ÕªÜ½Ð3× ï ÑIßmÑKÙ\×zÏ(Ø
Ñ�Ø�ØzÏ(Ø
s
ÛµÖ
Ñ7Õ(ÖÛ»Ò»÷�Î^ÏbÐ�Û �½ÑKÐ¬Ù%ÏmÜ�ÖÑKø(à½Ñ�ÜG×zÒ»÷mù

��Ü¬× ï ÛµÖÀð½Õmð�Ñ7Ø7Þ½Õ$ÖÑ�×ÀÏªò#Ð}ÛµÖ�×�ÕªÜ½Ù�Ñ7Ö�ÔPÑ%×��¹Ñ�Ñ7Ü/Ò»Ï}Ù�ÕmÒkð�Ï(Û¶ÜG×Àò�ÑKÕ<×�à�ØzÑKÖ�ÏmÔ�×�ÕªÛ»Ü�ÑKÐ$ò�Ø�ÏmÎ Õ@ò«ÕmÖ× Û»Î�ÕªÝmÑ�ð�Ø�Ï}Ù%ÑKÖzÖzÛ¶Ü½Ý
Ö�×�Ñ�ð¸ÕmÜ½Ð¬× ï Ñ@Ù�ÏmÜG×zÏ(à�Ø�Ö Ïªò>Õ$Î@Ï(ØzÑ)ÝmÒ»ÏmÔ½ÕmÒ+ó(ôúÎ^Ï}Ð}Ñ�Ò ÕmØzÑ0Ù�ÏmÜ½ÖzÛµÐ}Ñ�Ø�Ñ7Ðgù ��Ü�× ï Û»Ö�Ù�Õ(ÖÑ0× ï Ñ@Ð}Ñ7ÖzÛ»ØzÑKÐ�ß<ÕªÒ»à�Ñ0Ïmò × ï Ñ
Ð}Û»Ö×�ÕmÜ½Ù%Ñ�ÛµÖ
Ñ7øGà½ÕmÒB×zÏUR�Ñ7ØzÏ�ù

î
ï Ñ�Ð�Ñ�Ø�Û¶ß<Õ<×�Û¶Ï(Ü�Ïªò+× ï Ñ�Û»ÜG×zÑ�Ø�ÕmÙ%×zÛ»ÏmÜ�Î�Õª×zØ�Û ��Ø�Ñ�ÒµÕ<×�Ñ7Ð^×�Ï)× ï Ñ�Ð}Û»Ö×�ÕmÜ½Ù%ÑxÔPÑ%×��¹Ñ�Ñ�Ü¬Õ � �}Ñ7Ð�ðPÏmÛ»ÜG×ÀÕªÜ½Ð3Õ0Î^Ï<ßbÛ¶Ü½Ý
Ö�×�Ø�ÕmÛ¶Ý ï ×,Ò»Û»Ü�Ñ�×zÏ¸× ï Ñ$ßGÛ»Øz×zà½ÕmÒnÙ�ÕmÎ^Ñ�Ø�Õ¬Î@Ïm×zÛ»ÏmÜ-ÛµÖ,Ü�Ï��·Ý(Û¶ß(Ñ�Ükù ��Ü � Û»Ýmà�Ø�Ñ³ü

pd

Û»Ö,× ï Ñ$×zØ�ÕmÙ�Ú(Ñ7Ð�ð�Ï(Û¶ÜG×,ò�ÑKÕ<×�à�ØzÑ
ð�ÏGÖÛ¶×zÛ»ÏmÜ¬ÕªÜ½Ð

l(r)
Û»Ö¹× ï ÑIÒ¶Û»Ü�Ñ�ò�ÑKÕ<×zà½ØzÑ�ðPÏ(ÖzÛ�×�Û¶Ï(Ükù

î
ï ÑIð�ÏGÖÛ¶×zÛ»ÏmÜ/Ïªò�× ï ÑIÒ»Û»Ü�Ñ�Û»Ö�Ý(Û¶ß(Ñ�Ü/Ôb÷�Û�×�Ö�ðPÏmÒµÕªØ�Ù%ÏbÏmØ�Ð}Û»Ü½Õ<×�Ñ7Ö¹Ø�Ñ�ð�Ø�Ñ7ÖzÑ�ÜG×�Õª×zÛ»ÏmÜkÞ

x cos θ + y sin θ = ρ, ∀(x, y) ∈ l(r),
��ü�d 


î
ï Ñ)Ð}ÛµÖ×�ÕªÜ�Ù%Ñ,ÔPÑ%×��¹Ñ�Ñ7Ü¸Õ�ðPÏmÛ»Ü(×
pd

Ù�ÏmØ�ØzÑKÖðPÏmÜ½Ð�Û¶Ü�Ý^×�Ï3Õ�Ò»Û»Ü�Ñ
l(r)

ÛµÖ¼Ù ï ÕmØ�Õ(Ù\×�Ñ�Ø�ÛOR7Ñ7Ð3ò�à�Ò»Ò¶÷¬Ôb÷/× ï Ñ@Ð}Û»Ö×�ÕmÜ½Ù%Ñ
d⊥ð�Ñ7ØzðPÑ�Ü½Ð�Û»Ù�à�Ò»ÕmØ¹×zÏ@× ï ÑIÒ»Û»Ü�Ñmù î
ï ÑIðPÏmÛ»ÜG×¹ò�Ï(à�Ü½Ð$×zÏ@× ï ÑxÜ½ÏmØ�Î^ÕmÒBÏªòt× ï ÑIÒ»Û¶Ü�ÑIÐ}ÏbÑKÖnÜ½Ïª×�Ü�Ñ7Ù�Ñ7Ö�ÖzÕmØzÛ»Ò»÷�Ù%ÏmØ�Ø�Ñ7Özð�Ï(Ü½Ð^×zÏ

× ï Ñ^Ð}Ñ�ð�ÕªØz×zà�Ø�Ñ,ðPÏmÛ»Ü(×�ÏmÜ³× ï Ñ@Ò¶Û»Ü�Ñ)ò�ÏmØ¼× ï Ñ@Ñ7Ð�ÝmÑ)Ð�Ñ%×zÑKÙ\×�Û¶Ï(Ü³ð�Ø�ÏbÙ�Ñ7Ð}à½ØzÑ(ù ��ÜaÏª× ï Ñ�Ø �nÏ(Ø�Ð�ÖÀ× ï Ñ^Ð}ÛµÖ�×�ÕªÜ½Ù�Ñ0ð½ÕmØ�ÕmÒ¶Ò»Ñ�Ò
×zÏ@× ï ÑIÖzÑ�Ý(Î@Ñ7ÜG×
Ð}ÏbÑKÖ
Ü�Ïª× ï Ï(Ò»Ð3ÕªÜb÷�à½ÖzÑ%ò�à�ÒgÛ»Ü}ò�Ï(ØzÎ�Õ<×�Û¶Ï(Ü$à�Ü½Ò¶ÑKÖzÖ�Õ@Ù%Ï(ØzØ�Ñ7Özð�Ï(Ü½Ð}Ñ7Ü½Ù%Ñ¼Ñ��}Û»Ö×�Ö
ÔPÑ%×��¹Ñ�Ñ7Ü/Õ)ðPÏmÛ»Ü(×�Ï(Ü
× ï ÑIÒ»Û¶Ü½Ñ�ÕmÜ½Ð

pd

� � ï Û»Ù ï ÛµÖ�Û¶Ü¬Ý(Ñ�Ü�Ñ7Ø�ÕmÒPÜ½Ïª×
× ï Ñ,Ù7ÕmÖzÑ 
 ù î
ï à½Ö�× ï Ñ,Ð}ÛµÖ×�ÕªÜ�Ù%Ñxò�Ñ7Õª×zà�Ø�Ñxò�ØzÏ(Î Õ@Ò¶Û»Ü�ÑIÛµÖ�ÝmÛ»ßmÑ7Ü$Ôb÷BÍ

dl = d⊥(p, l(r)) = ρ(l(r)) − ρd,
�ümü 


� ï Ñ�Ø�Ñ

ρd = xd cos θ + yd sin θ,
��ü�� 


��Û�× ï
xd

ÕªÜ½Ð
yd

ÔPÑ�Û»Ü�Ý,× ï Ñ Ù%ÏbÏ(Ø�Ð}Û»Ü½Õª×zÑ7Ö#ÏªòB× ï Ñ ×zØ�ÕmÙ�Ú(Ñ7Ð)ð�Ï(Û¶ÜG×7ù î
ï à½Ö7Þm× ï ÑÀß<ÕªØ�ÛµÕ<×zÛ»ÏmÜ^ÏmòP× ï Ñ¼Ð�Û»Ö×�ÕmÜ½Ù%Ñ ��Û¶× ï ×�Û¶Î^Ñ
Ù�ÕªÜ/ÔPÑIØzÑ7Ò»Õª×zÑ7Ð$×zÏ@× ï ÑIß<ÕªØ�Û»Õª×zÛ»ÏmÜ/Ïªòt× ï ÑIÒ»Û¶Ü�ÑIð�ÕªØ�ÕªÎ^Ñ%×�Ñ�Ø�ÖnÔb÷BÍ

ḋl = ρ̇− ρ̇d = ρ̇+ αθ̇,
�ü7ó 


�



� ï Ñ�Ø�Ñ
α = xd sin θ − yd cos θ

ù \¼ÖÛ»Ü�Ý/× ï Ñ)Ø�Ñ�ÒµÕ<×�Û¶Ï(Ü ��üKó 
 ÞB× ï Ñ^Û»Ü(×�Ñ�Ø�ÕmÙ%×zÛ»ÏmÜ³Î�Õ<×�ØzÛ ��ò�ÏmØIÕ/Ð}ÛµÖ�×�ÕªÜ½Ù�Ñ0ò�ÑKÕ<×zà½ØzÑ dlÙ�ÕªÜ/ÔPÑIÏmÔ}×�ÕªÛ»Ü�Ñ7Ð$ò�ØzÏ(Îñ× ï ÑIÛ¶ÜG×zÑ7Ø�Õ(Ù\×�Û¶Ï(Ü3Î�Õ<×�ØzÛ ��ò�Ï(ØÀÕ)Ò»Û»Ü�ÑmÍ

Ldl
= Lρ + αLθ .

�ü�ÿ 

î
ï Ñ�Û¶ÜG×zÑ7Ø�Õ(Ù\×�Û¶Ï(Ü3Î�Õ<×�ØzÛ �$Ø�Ñ�ÒµÕ<×�Ñ7Ð$×zÏ�Õ^Ö�×�Ø�ÕmÛ¶Ý ï ×�Ò»Û¶Ü½ÑIÛ»Ö
Ý(Û¶ß(Ñ�Ü/ÔG÷ �«ÖzÑ�Ñ^û þ �kò�ÏmØ�Û¶×�Ö Ù%ÏmÎ^ð�Ò»Ñ%×�ÑIÐ}Ñ�Ø�Û¶ß<Õª×zÛ»ÏmÜ 
 Í

Lθ=
(
λθcosθ λθsinθ −λθρ ρcos θ −ρsin θ −1

)

Lρ=
(
λρcosθ λρsinθ −λρρ (1+ρ2) sinθ −(1+ρ2) cosθ 0

) �ü�h 

� ï Ñ�Ø�Ñ

λθ = (A2 sin θ−B2 cos θ)/D2
Þ
λρ = (A2ρ cos θ+B2ρ sin θ+C2)/D2

Þ<ÕmÜ½Ð
A2X+B2Y+C2Z+D2 = 0

Û»Ö¹× ï ÑIÑ7øGà½Õª×zÛ»ÏmÜ/Ïªò Õ@ó(ô ð�ÒµÕªÜ�Ñ � ï ÛµÙ ï × ï ÑIÒ»Û¶Ü½ÑIÔ�Ñ7Ò¶Ï(Ü�Ý(Ö¹×�Ï½ù
� ÷3Ñ�ß<ÕªÒ»à½Õ<×�Û¶Ü½Ý �ü�ÿ 
 × ï Ñ�ò�ÏmÒ»Ò»Ï���Û¶Ü�Ý@ÛµÖ�ÏmÔ}×�ÕªÛ»Ü�Ñ7ÐkÍ

Ldl
=




λdl
cos θ

λdl
sin θ

−λdl
ρ

(1 + ρ2) sin θ − αρ cos θ

−(1 + ρ2) cos θ − αρ sin θ

−α




>

,
�ü7ý 


� ï Ñ�Ø�Ñ
λdl

= λρ + αλθ

ù
T Ïª×�Ñ�× ï Õª×¹× ï Ñ,Ù�Õ(ÖÑxÏªò!Õ^Ð}Û»Ö×�ÕmÜ½Ù%Ñ�ÔPÑ%×��¹Ñ�Ñ7Ü¬Õ)ðPÏmÛ»Ü(× ÕmÜ½Ð$× ï ÑIð�Ø�Ïªö�ÑKÙ\×�Û¶Ï(Ü$Ïªò!Õ^Ù%÷bÒ¶Û»Ü½Ð}Ñ7Ø�ÏmØ�Õ@ð�Ï(Ø×�Û¶Ï(Ü3Ïmò�ÕmÜ

Ñ�Ò»Ò¶Û»ð½ÖzÑxÛµÖÀÖzÛ¶Î^Û»Ò»ÕmØ�û ÿ �dù
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Ù%ÏmÜG×�Ïmà�Ø�Ö>ÕmØzÑxÖzÕmÎ@ð½Ò¶ÑKÐ�Õ<×�Õ,Ø�Ñ�Ý(à�Ò»ÕmØnÐ}ÛµÖ×�ÕªÜ�Ù%Ñmù$!¹×¹× ï ÑKÖÑ�Ö�ÕªÎ^ð�Ò»Ñ ðPÏmÛ»Ü(×�Ö
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pt
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 ùa! üKôêÖzÑ7ÕªØ�Ù ï Û¶ÜG×zÑ7Øzß<ÕmÒ
{Qj , j ∈ [−J, J ]}

ÛµÖ,Ð}Ñ�×zÑ�Ø�Î^Û¶Ü½Ñ7Ð�Û¶Ü × ï Ñ�Ð}Û»ØzÑKÙ\×�Û¶Ï(Ü
δ
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Qj
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î
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ÖðPÏmÜ½Ð�Û¶Ü�Ý^ð�Ø�Ïªö�ÑKÙ\×�Ñ7Ð/Ù%ÏmÜG×�Ïmà�Ø�Ö�ù
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Ô½ÕmÖzÑ7Ð¬Ï(Ø ï ÷GÔ½ØzÛµÐ�ÖzÙ ï Ñ�Î^Ñ 
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à½ÖzÑ7Ð�û ���¢ù

î
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ÕªÜ½Ðað�ÏGÖÛ¶×zÛ»ÏmÜ�ÓdÔ½Õ(ÖÑKÐ³ßbÛµÖà½ÕmÒ#ÖÑ7Øzß(ÏmÛ»Ü�Ý(Ö7ù	��Ü 	������ 	 2I,����#É+2�����É+2��¼É���É+,L.10\Ì 5+2BË�
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û ó � !,ù �\ù cnÏ(Î@ðPÏmØz×7ÞÀô)ù � Ø�ÕmÝmÛµÙªÞrsÀù �³ÕªØ�Ù ï ÕªÜ�ÐgÞ�ÕªÜ½Ð � ù&c ï Õªà�Î^Ñ%×z×zÑ(ù V�ÏmÔ½à½Ö�×3ØzÑKÕªÒ¶ÓM×�Û¶Î^Ñ³ßbÛµÖà½ÕmÒ�×zØ�ÕmÙ�ÚbÛ»Ü�Ý½Í
cnÏmÎ^ð½ÕªØ�ÛµÖÏ(ÜkÞm× ï Ñ�Ï(ØzÑ�×zÛµÙ�ÕmÒBÕmÜ½ÕªÒ»÷}ÖÛµÖ¹ÕªÜ½Ð$ð�Ñ7Øò�Ï(ØzÎ�ÕªÜ�Ù%Ñ Ñ7ß<ÕªÒ»à½Õ<×�Û¶Ï(Ükù ��Ü 	������ 	 2�,���� É72���� É72�� É���É7,�.10%Ì`572PË

3%4,¢É7* 57,�.«É72�� 	 � �!
#" $�%ªÞ � ÕªØ�Ù%Ñ7Ò¶Ï(Ü½Õ�Þ4bbð½ÕmÛ¶ÜkÞI!Àð�Ø�Û¶Ò �AdAd h}ù

û ÿ � !,ù �\ùfcnÏmÎ^ð�Ï(Ø×KÞ=sÀù �³ÕmØ�Ù ï ÕªÜ½ÐgÞ#ÕmÜ½Ð � ùDc ï Õmà�Î^Ñ%××�Ñmùk!�Ø�Ñ7ÕmÒ�Ód×zÛ»Î^Ñ�×zØ�ÕmÙ�Ú(Ñ�Ø0ò�ÏmØ^Î�ÕªØ�ÚmÑ�Ø�Ò»Ñ7Ö�Ö,Õªà�Ý(Î^Ñ�ÜG×zÑKÐ
ØzÑKÕªÒ»Û�×�÷(ù ��Ü&
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3% ) *�Æ(2I,¢Æ�Ë0�¼Æ�57'G.�,dÇ�� 	 +1��
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û h�� !,ù �\ù&cnÏmÎ^ðPÏmØz×7Þ��-ù��>ØzÑKÖzÖzÛ¶Ý(Ïmà}×KÞfs ù �³ÕmØ�Ù ï ÕmÜ½ÐgÞ¹ÕªÜ½Ð � ù&c ï Õmà�Î^Ñ%×z×zÑmù ! ßbÛ»Özà½ÕªÒ¼ÖÑ7Øzß(ÏmÛ»Ü�Ý�Ù�ÏmÜG×zØ�ÏmÒ�ÒµÕ��
× ï Õª×¼ÛµÖÀØ�ÏmÔ�à½Ö×À×�Ï�Û¶Î�ÕmÝmÑIÏmà�×zÒ»Û¶Ñ7Ø�Ö7ù���Ü 	������ 	 2�,��4�#É+2����¹É+2 	 2I,¢Æ-'�'G. ) Æ(2I,�� É���É7,«Ì9572PË�+�ÇSÌ/,�Æ(*)Ì5� 	 �'67+7" $�3ªÞ
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û ý �,ô0ùtô¼Ñ�Î^Ñ7Ü(× ï ÏmÜ-ÕmÜ½Ð X ùtôxÕSßGÛµÖ7ù���Ï}Ð}Ñ7Ò�Ó¢Ô½Õ(ÖÑKÐ¸Ï(Ô}ö�Ñ7Ù%×�ðPÏ(ÖzÑ^Û¶Ü �Ah3Ò»Û¶Ü½Ñ7Ö�Ïªò�Ù%Ï}Ð}ÑKÖ�ù 	 2I,��789�
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û � � î ùBô¼Ø�à�Î^Î@Ï(Ü½Ð�ÕªÜ½Ð]V,ù cnÛ¶ðPÏmÒ»Ò»Õ½ù`V�Ñ7ÕmÒ�Ód×zÛ»Î^Ñ)ßbÛµÖà½ÕmÒt×�Ø�Õ(Ù�ÚbÛ¶Ü�Ý$ÏªònÙ�ÏmÎ^ð�Ò»Ñ��¸Ö×zØ�à½Ù\×�à�ØzÑKÖ�ù 	>������� Ê:5+2½Ì��¹É+2
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 Í þmó ���bþmÿ(ý½Þ �mà½Ò¶÷ �7dAd �}ù

û þ � � ù"s>Özð�ÛµÕªàkÞ � ùDc ï Õmà�Î^Ñ%×z×zÑmÞnÕªÜ½ÐA�!ù=V�Û»ßmÑKÖ�ù !*Ü�Ñ � Õmð�ð�Ø�Ï(Õ(Ù ï ×zÏ¸ßbÛµÖà�ÕªÒ
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û¶ü�d��`T,ù � ÛµÖzÙ ï Ò¶Ñ7ØÀÕªÜ½Ð VIùGc¼ù � ÏmÒ»Ò»Ñ7Ö7ù=VÀÕªÜ½Ð�ÏmÎ*Ö�ÕªÎ^ð�Ò»ÑIÙ%Ï(Ü½ÖÑ7Ü½Özà½Ö�Í=! ð½ÕªØ�ÕmÐ}Û»ÝmÎ·ò�Ï(ØÀÎ^Ï}Ð}Ñ�Ò �½××zÛ»Ü�Ý���Û¶× ï Õmð�ð�Ò»Û�Ó
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5+2PË
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û¶ü��� �-ù ��Ö�ÕªØ�Ð_ÕmÜ½Ð !,ù � ÒµÕªÚmÑ(ù cnÏmÜG×zÏ(à�Ø@×zØ�ÕmÙ�ÚbÛ¶Ü½ÝaÔb÷_Ö×zÏ}Ù ï Õ(Ö�×�Û»Ù/ð�Ø�Ïmð�ÕªÝ(Õª×zÛ»ÏmÜ Ïmò�Ù�ÏmÜ½Ð�Û�×�Û¶Ï(Ü½ÕªÒÀÐ}Ñ7Ü½ÖzÛ�×�÷(ù ��Ü
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û¶ü��� c¼ù � Ñ7ØzßbØ�ÕªÜ�Ü-ÕªÜ�Ð � ù"_ÀÑ7Û�×�Rmùg! ï Û¶Ñ7Ø�ÕmØ�Ù ï Û»Ù7ÕªÒ �³ÕmØzÚ(Ï<ß³Î^Ï}Ð}Ñ�Ò»Û¶Ü½Ý¸Õªð�ð½ØzÏGÕmÙ ï ò�ÏmØ0× ï Ñ/ÖÑ7ÝmÎ^Ñ�ÜG×�Õª×zÛ»ÏmÜ-ÕªÜ�Ð
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Ê:56?�B�.10657' �¸ÉKËmÆ-'�Ì95+2BË 	 *U5 ) Æ`#¹ÊzÉ�0�Æ\Ì�Ì/.�2 ) Þ½ýAd �«ó 
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2PË(Æ%Ê�Ì/,J5+2PË7.�2 ) Þ½ýAd �«ó 
 Í ó�ü7ó<�bómÿ �}Þ@TÀÏ<ßmÑ7Î0ÔPÑ�Ø�ü7þ(þªÿ�ù
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