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Abstract: We study the behavior of the electromagnetic field in a biological cell
modelized by a medium surrounded by a thin layer and embedded in an ambient
medium. We derive approximate transmission conditions in order to replace the
membrane by these conditions on the boundary of the interior domain. Our
approach is essentially geometric and based on a suitable change of variables in
the thin layer. Few notions of differential calculus are given in order to obtain
our asymptotic conditions in a simple way. This paper extends to time-harmonic
Maxwell equations the previous works presented in [27, 29| 28] [4]. Asymptotic
transmission conditions at any order are given in Appendix 1.
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Conditions de transmission approchées pour les
équations de Maxwell en régime harmonique
dans un milieu a couche mince

Résumé : Nous étudions le comportement asymptotique du champ électroma-
gnétique dans une cellule biologique plongée dans un milieu ambiant. La cellule
est composée d’un cytoplasme entouré d’une fine membrane. Nous obtenons des
conditions de transmission sur le bord du cytoplasme équivalentes a la couche
mince. Notre approche est essentiellement géométrique et basée sur un change-
ment de variables adéquat dans la couche mince. Quelques notions de calcul
différentiel sont rappelées afin d’obtenir directement notre développement as-
ymptotique. Par ailleurs des estimations d’erreur sont démontrées. En appen-
dice, nous présentons le développement asymptotique a tout ordre.

Mots-clés : Analyse Asymptotique, Equations de Maxwell, Calcul différentiel
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4 Péronés Poignard

1 Introduction and motivations

The electromagnetic modelization of biological cells has become extremely im-
portant since several years, in particular in the biomedical research area. In the
simple models [I4] [16], the biological cell is a domain with thin layer composed
of a conducting cytoplasm surrounded by a thin insulating membrane. When
exposed to an electric field, a potential difference is induced across the cell mem-
brane. This transmembrane potential (TMP) may be of sufficient magnitude
to be biologically significant. In particular, if it overcomes a threshold value,
complex phenomenons such as electropermeabilization or electroporation may
occur [34] 33, 22| 21]. The electrostatic pressure becomes too high that the thin
membrane is locally destructured: some exterior molecules might be internal-
ized inside the cell. These process hold great promises particularly in oncology
and gene therapy, to deliver drug molecules in cancer treatment. This is the
reason why an accurate knowledge of the distribution of the electromagnetic
field in the biological cell is necessary.

Several papers in the bioelectromagnetic research area deal with numerical
electromagnetic modelizations of biological cells [23, [32] [30]. Actually the main
difficulties of the numerical computations lie in the thinness of the membrane
(the relative thickness of the membrane is of order 1/1000 compared with the
size of the cell) and in the high contrast between the electromagnetic parameters
of the cytoplasm and the membrane. We present here an asymptotic method
to replace the thin membrane by appropriate transmission conditions on the
boundary of the cytoplasm.

In previous papers [27], 29, 28| 4], an asymptotic analysis is proposed to
compute the electric potential in domains with thin layer, using the electroqua-
sistatic approximatiorﬂ However it is not clear that the magnetic effects of
the field may be neglected. This is the reason why we present in this paper
an asymptotic analysis for time-harmonic Maxwell equations in a domain with
thin layer.

Our analysis is closed to those performed in [27], 29] 28]. Roughly speaking,
it is based on a suitable change of variables in the membrane in order to write
the explicit dependence of the studied differential operator in terms of the small
parameter (the thinness of the membrane). Since we consider Maxwell equations
in time-harmonic regime, in accordance with Flanders [15], Warnick et al. [35]
36] and Lassas et al. [IT, 18], we choose the differential calculus formalism to
perform our change of variables in a simple way. Basic notions of differential
forms with explicit formulae are recalled in Appendix 2.

Throughout this paper, we consider a material composed of an interior do-
main surrounded by a thin membrane. This material, representing a biological
cell, is embedded in an ambient medium submitted to an electric current den-
sity. We study the asymptotic behavior of the electromagnetic field in the three
domains (the ambient medium, the thin layer and the cytoplasm) for the thick-
ness of the membrane tending to zero. We derive appropriate transmission
conditions on the boundary of the cytoplasm in order to remove the thin layer
from the problem. Actually, the influence of the membrane is approached by
these transmission conditions. To justify our asymptotic expansion, we provide

IThe electroquasistatic approximation consists in considering that the electric field comes
from a potential: £ = —VV. In this approximation the curl part of the electric field vanishes
and the magnetic field is neglected.
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piecewise estimates of the error between the exact solution and the approximate
solution.

The paper is structured as follows. In Section 2l we present the studied
problem in the differential calculus formalism and the main result of the paper.
Section [3 is devoted to the geometry: we perform our change of variables and
we write the problem in the so-called local coordinates. In Section [4] we derive
formally our asymptotic expansion, which is rigorously proved in Section Bl In
Appendix 1, we give recurrence formulae to obtain asymptotics at any order.
Appendix 2 is devoted to the basic notions of differential forms used in the

paper.

2 Maxwell equations using differential forms

In the following we use the conventions of differential calculus formalism. Defi-
nitions and basic properties of the differential calculus are given in Appendix 2.
We recall here the usual notations.

Notation 2.1. Let k be an integer. For a compact, connected and oriented
Riemanian manifold (M,g) of R™ we denote by QF(M) the space of k—forms
defined on M.
o The exterior product between two differential forms w and n is denoted by
wATn.
e The inner product on Q¥(M) is denoted by <-, >
e The Hodge star operator is denoted by *.
e The interior product of a differential form w with a smooth vector field Y is
written int(Y)w.
Let us denote the exterior differential and codifferential operators respectively by
d, §. The Laplace-Beltrami operator A is defined by A = —d§ — dd.

L2QF (M) is the space of the square integrable k — forms of M while for
s € R, H*QF(M) is the usual Sobolev space of k-forms. Let HQ*(d, M) and
HQF(8, M) denote

Qk*

HOMd, M) ={we L?QF(M) :  dwe L2QF (M)}, (1)
HQM6, M) = {we L*QF(M) :  dwe L*Q* 1 (M)}, (2)
that are Banach spaces when associated with their respective norms
lwll ara,my = [lwllL2arary + 1wl L2ars (ary,
lwll zar 6,00 = llwllL2ar () + 16wl L20r-1 (a1

We also denote by HQF(d,§, M) the space HQ*(d, M) N HQF(8, M) equipped

with the norm
lwll ok a,6,0) = Wl 20xary + [dwll p2arr1 () + [[0w]| L2gr—1 (ar)-

H*(M) and L?*(M) denotes the respective spaces H*Q°(M) and L?*Q°(M).

2.1 The considered problem

Let T be a compact oriented surface of R® without boundary. Consider the
smooth connected bounded domain O, with boundary I'; O, is surrounded by

RR n° 6775



6 Péronés Poignard

a thin layer Of, with constant thickness €. This material with thin layer is
embedded in an ambient smooth connected domain OF with compact oriented
boundary. We denote by O the e-independent domain defined by

O=0:U0;U0..

Moreover, we denote by Iz the boundary of O U O%, (see Figlll). Let pic, pm and
Le be three positive constants and let ge, ¢c and g, be three complex numbers.
Define the two piecewise functions p and ¢ on O by

,U,e, in Oga qe? il’l 027
Vee O, wux)=1q um, in O, VreO, q(x)=-< gm,in O,
‘LLC, in OC) qC7 in OC-

The function g is the dimensionaless permeability of O while the function ¢
denotes its dimensionaless complex permittivity@. Let dy > 0 such that for

Figure 1: Geometry of the problem

each point ¢ of I', the normal lines of ' passing through ¢, with center at ¢
and length 2dy are disjoints. In the following, we suppose that ¢ € (0,dy). We
denote by O% the set of points x € OF at the distance greater than dg of I'. We
suppose that the ambient medium is submitted to a current density J compactly
supported in O, All along the paper the following hypothesis holds.

Hypothesis 2.2. (i) There exists c1,c2 > 0 such that for all x € O,
a1 < =S(g(z)) e <0, 0<R(g(x)) < ca. (3)
(ii) The source current density J satisfies

supp(J) € 0% Je L2Q' (0), 6J=0, inO.

2Using the notations of the electrical engineeering community, ¢ = w? (e — i%)7 where w is
the frequency, € the permittivity and o the conductivity of the domain [3].

INRIA



Approximate Transmission Conditions 7

Maxwell equations describe the behavior of the electromagnetic field in O.
Denote by E and H the 1-forms representing respectively the electric and the
magnetic fields in O in time-harmonic regime. Denote by Nyo the outward
normal vector field to 0O. In the following and accordingly Remark of
Appendix 2, the normal vector field and the corresponding normal 1-form are
identified. Maxwell equations in time-harmonic regime write [17, [18] [35]

dE =i* (uH), dH=—-i*x(¢E+1J),in O, (4a)
Nyo A E|ao =0, on 00. (4b)

Using the idempotence of x in R?, we may infer the vector wave equation on E
*d (% *dE) —¢E=17J,in O, Nyo AE|so =0, on 90.
Since p is a scalar function of O, we infer
b) GdE) —qE=1J,in O, Npo AE|po =0, on 90. (5)

Remark 2.3. Denote E in Euclidean coordinates by E,dx + E,dy + E.dz and
similarly for H and J. Problem () and problem () write now
curlE = igH, curlH=—i(¢E+17J),in O, Nyq x E|sq = O, on 90,

and

1
curl <— curlE) —qE=1J,in O, Nyq x E|spq =0, on 90.
1

2.2 Variational formulation.

Our functional space X(g) is defined as
X(q) = {u € HQ'(d,0), §(qu) € L*(0), Noo Aulso =0},
associated with its graph norm
lullx(g) = lullmoi@,0) + 16(qw)ll L2 (0)-

Define the sesquilinear form a, in X(g) adapted to a regularized variational
formulation of the problem (&) by

ag(u,v) = /O (%<du,dﬁ>ﬂ2 + <(5(qu),6(q_v)>QU — q<u,5>91) dvolp .

Using inequalities (@), the following lemma holds.

Lemma 2.4. There exists a constant ¢ > 0 and o € C such that for all
€ € (0, do),

R(aaqg(u,u)) > collullk - (6)

3If p is a tensor the previous equation (B becomes § (*u’l * d]E) —qgE=1].

RR n° 6775
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For all € € (0,dp), we consider the variational problem: find E € X(g) such
that

vu € X(q), aq(E,u)z/O<J,U>Ql dvolp . (7)

Using Hypothesis the following theorem holds.

Theorem 2.5 (Equivalent problems). Let Hypothesis hold.
(i) There is at most one solution E € X(q) to problem ().
(ii) The solution E satisfies (Bl in a weak sense

O0dE — pugE =J,in O U O, UO:, Nsyo ANE|so =0,
with the divergence condition
0(¢E) =0,in O (8)
and the following equalitieﬂ hold for # € {T', T}

[Ny AE], =0, Eint(Ny)dEL —0, [gint(Ny)E], =0.  (9)

(iii) If (E,H) € (LQQl(O))2 is solution to problem (@) then E € X(q) sat-
isfies [{@). Conversely, if E € X(q) satisfies (@) then the couple of 1-forms
(E,—(i/p) » dE) belongs to (LQQl(O))2 and satisfies problem ().

Proof. The proof is based on an idea of Costabel et al..

(i) Accordingly estimate (@), a straightforward application of the well-known
Lax-Milgram theorem leads to existence and uniqueness of the solution E to the
regularized variational problem (7).

(#) The proof is precisely worked out in full details in [ [6] in a very slightly
different configuration. We just give here the sketch of the proof. The first
transmission conditions (@) easily come from Green formula of Proposition 2.8
The divergence conditions straightforwardly come from §(gE) = 0, using (&)
and §2 = 0. The other implication is obvious. We then prove that this solution
satisfies (¢E) = 0.

Denote by HA(O) the space of functions ¢ € H} (O) such that §(gd¢) belongs
to L2(0). Integrations by parts imply

Vo € HA(O), ay(E,d¢) = /O (6(qE), 6(qde) + ¢) o dvolo .

Since J(q) < —c1 < 0, the function §(gd¢) + ¢ runs through the whole L?(0)
space for ¢ running through HA (O). Moreover, since 6(J) vanishes we have

/ <J,@>Ql dvolp =0,
O

from which we infer that J(¢gEE) identically vanishes in L?(O) according to ().
Therefore the solution E of problem (7)) solves problem ().

4For an oriented surface .# without boundary and for a differential form u defined in a
neighborhood of .# we denote by [u] ,» the jump across . N, denotes the outward normal
to .~
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(i) If (E,H) solves problem (@) we straightforwadly infer (H), since x is idem-
potent and since p is a scalar function. Conversely, defining H by

H= - «dE,
I

we infer that (E,H) solves problem ({]). O
Denote by O, the domain O, = O\ O.. Define ji and § by

pe, in Ok, qe; in O,

pe, in Ok,

Vo € O, ﬂ(z){ Vo € O, (j(z){

Ge, in Oe.

Let E° € X(g) be the “background” solution defined by

Vu € X(§), ag(E%u)= / <J,E>Ql dvolp,
(@]
which means in a weak sense

1
5 <ﬁdE°) —GE*=1],in O, Npo AE%|p0 = 0. (10)

We have the following regularity result.

Proposition 2.6. Let Hypothesis [Z2 hold. Moreover let s > 0 and J belong
to HSQY(O%). Then the 1-form E° exists and is unique in X(§). Moreover,

denoting by E<° and E®0 jts respective restrictions to Oc and O, we have
E0 € H*FQ! (0.), E°° e H*™Q' (O.).

Proof. The 1-form E satisfies (I0). The proof of the existence and the unique-
ness of EC in X(§) is very similar to those performed in Theorem 2.5 by replacing
X(q) by X(q) and a, by ag. Since 4] vanishes, we infer §(gE°) = 0 and therefore
E° satisfies

—AR® — 4GE° =7, in 0. UO,, Npo AE’|50 =0,
with transmission conditions
[Nr AdE?] . =0, [gint(Np)E°]. =0,
[%int(Np)d]EO} =0, [6(GE")].=0.
r

The same calculations as performed in Proposition 2.1 of Costabel et al. [%
imply that the set of the above transmission and boundary conditions cover

the Laplacian in O, and in Oe, in the sense of Definition 1.5 at page 125 of
Lions and Magenes [20]. Therefore we infer the piecewise elliptic regularity of
E°, which ends the proof of the lemma. O

5 Accordingly the appendix of the paper of Li and Vogelius [19] the regularity of E® may
also be obtained by using a reflection to reduce the problem to an elliptic system with com-
plementing boundary conditions in the sense of Agmon et al.[I] [2].

RR n° 6775
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The following estimates hold

Proposition 2.7. Under Hypothesis [2.3, there exists C > 0 such that for all
€ c (O, do)

[Ellx(q) < C, (11)
IE — E%|| o1 (a,0) < CVe. (12)

Proof. Using ([6]), estimates (IIJ) are obvious since $(gq) < —c; < 0. Prove
now ([2Z). We first mention that E° belongs to H?Q!(w) for @ € {Oe, O},
according to Proposition 2.6 hence E° € L*Q!(w) and dE° € L*Q%(w).
Denoting by U = E — EY we infer

1 - — _
/ ;(dU, dU)q: — q¢(U,U)q1 dvolp = gm / (E°, U)qr dvolo:
(@] (@]

£
m

1 _
- — (dEO, dU)qz dvolee .
Hm Jog "

Therefore using (1)) and using the assumption (Bl on ¢, we infer

[dU|| L2020y + Ul 2201 (0) < CVe.

2.3 Main result

Consider the inclusion J : I' — O, and J* its pull-back J* : QF(O) —
QF(T), k € {0,1,2,3}. Denote by dr and ér the exterior differential and the
codifferential operators defined on Q¥(T'). Define S and T by

S = (gm — g0) T (E®)|rs + (uim - Mi) Srdr (T (E) [+, (13)
T=qc (qim - ql> d(int(Np)E0|pf) + % int(Np) (dE%) | . (14)

The explicit expressions of S and T in local coordinates are given in Section
Let E! be the 1-forms defined by

SAE' — AGE' =0, in O U0, Npo AE'|so =0,
with the following transmission conditions on I'
Miint(NF)dEHH — Miint(NF)dEHP =S, (15)
Nr ABYpy — Np ABYp- = Np AT. (16)

The aim of this paper is to prove the following theorem.

Theorem 2.8. Under Hypothesis[2.2, if moreover the current density J belongs
to H3QY(O%), there exists g > 0 and a constant C, independent on € such that

Ve € (0,e0), [|E— (E®+eEY)||gar(as,0,) < Ce?,

and for any domain w compactly embedded in Oe, there exists ez > 0 and a
constant C, > 0 independent on € such that

Ve € (0,ew), [E—(E°+ EEl)HHQl(d,é,w) < Cpe

INRIA



Approximate Transmission Conditions 11

Remark 2.9. It is possible to give a precise behavior of E in a neighborhood
of T by defining a 1-form in the thin membrane (see Theorem [E.3]). A

In this paper we choose to deal with differential forms, in accordance with
Flanders [I5]. This point of view has the convenience of counsidering both electric
and magnetic fields as 1-forms, i.e. they are physically similar in accordance
with electrical engineering considerations [3]. It is also possible to derive our
asymptotics by tensor calculus considerations, as used in linear elasticity of thin
shell [7, 12} 13]. This approach is worked out in full details in the thesis [25] of
the first author.

Remark 2.10. [The tensor calculus formulation] Since we are confident that our
result might be very useful for bioelectromagnetic computations, and since the
electrical engineering community may feel uncomfortable with the differential
calculus formalism, we translate our result with the help of “usual” differen-
tial operators. Denote by Vr and V- the respective gradient and divergence
operators on I'. Define Rotr and rotr by

Vfe (), Rotrf=(Vrf)x Nr,
Vf e (C=(T))*, rotpf=Vr-(fx Np).

Then (E*)ix—o.1 (seen as vector field) satisfy the following equations
curl curl EF — gE* = 6§J, in O.UO;, Nyo x Ek|a@ =0,

with the following transmission conditions on I

1 1
Nr x E|py = Np x B9, — (Np X curlEO) Ip+ = — (Np X curlEO) [p-,
f f

(17)
1 1 1 1 0
NFXE|F+XNF:NFXE|F—XNF+(]C q——q— VF(Elr‘*'NF)
4 fm = e (CurlEO x Nr) |r-,
e
(18)

1 1
— (curlE' x Np) |p+ = — (curlE* x Nr) |p- + (gm — ¢e) (Nr x E° X Nrp) |p+

e C

1 1
+ <— - —> ROtp rotr (NF X EO X NF) |p+.
Hm  He

A

Remark 2.11. [The impedance boundary condition of Engquist-Nédélec [11]]
Let J be supported in O, (and divergence free) and suppose that O% is a perfectly
conducting domain. Therefore ge = +00 and pe = 0. An homogeneous Dirichlet
condition is imposed on I'.

NFE X I[’Eh‘E =0.

We are now in the same configuration as the problem studied by Engquist and
Nédélec [11] at page 18. According to (I7)—(I8), writing the condition satisfied

RR n° 6775
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by E° + ¢E! and neglecting the terms in €2, we infer the following boundary
condition for the first-order approximate field E,

NF X EalF* X NF = —¢ (EVF (EalF* . NF) + ,Lt_m (curlEa X NF) |F) .
dm Hec

Recall that according to Maxwell equations, curl E = iy H and curl HH = —ig E.
Therefore ¢.E - Nr = icurlH - Np. According to the definition of V- (see for
example equation (2.22) page 5 of [11]), we infexld

Vr - (H x Np) = curl H- Ny = —igE - Ny, (19)

and the impedance boundary condition follows

1
NF X Eall"* X NF = —ie (—VF (VF . (Ha X Nr‘)) + Hm (Ha X NF) |F) .

dm

Observe that this is the impedance boundary condition of given in [I1] page 19,
since they took the normal interior to their domain ., hence n = —Np. A

We point out few arguments to enlight the convenience of differential calculus
formalism.
(i) Anisotropy. For sake of simplicity, we deal here with isotropic materials,
however the anisotropic case may be interesting for applications. In this case,
1 and g are matrices and the vector wave equation becomes

§((p ') dE) —gE =1J,in O Npo AE|so =0, on 90,
and the following transmission conditions hold on . € {I",T'.}
[int(N.) (o~ " xdE)] , =0, [Ny AE], =0.

To obtain the approximate transmission conditions equivalent to the thin layer,
we just have to write the tensor xu '« in local coordinates, with the help of the
explicit formulae given in Appendix 2. The calculations are more tedious but
we are confident that the reader has all the tools to perform the analysis.
(ii) Non-constant thickness. We consider here a thin layer with constant
thickness. As mentionned in Section [0 a high electric field may occur a dramat-
ically local decreasing of the thickness of the membrane, possibly leading to the
apparition of pores. Hence the thickness of the membrane is no more constant
with respect to the tangential variable. As performed in [28], the change of
variables would lead to additional terms in the transmission conditions. These
terms would come from the fact that the coefficients g;3 of the matrix (g;;) given
by (Z0) do not vanish. The derivation of the asymptotics would be more tedious
but, once again, we are confident that all the tools are given in the present paper
to perform the calculation.

In the case of a rough thin layer, the present analysis may not be applied.
We have to introduce appropriate correctors as performed in [4].

6Using differential forms and since dN = 0 equality (Z05) implies

1 1
int(Np)E® |p— = —Eint(Np)(S (+H°) = —Eép (int(N) x HO|r) , which is exactly equality (3).
C c

INRIA



Approximate Transmission Conditions 13

(i) Link with Helmholtz equation. Observe that equations (Bl) are well-
defined if E and J are functions, since the operators d and § are defined for
k—forms and the exterior product between a 1-form and a function is also well-
defined. Moreover, since d acting on functions is zero, the operator —dd coincides
with Laplace-Beltrami operator A. In addition, the above differential forms S
and T are well-defined even if EY is a function, and in this case we have

1 1
S = (gm — @0 %l + (u— - —) edr (E%) |p-,

m e

T = “’"MJ int(Np) (dE) |,

C

since the interior product int(Nr) acting on functions is zero. Writing formally
our asymptotic transmission conditions for functions in tensor calculus formal-
ism, we infer that the function u solution to

1
-V (—Vu) —qu=yj,in O, ulgo =0,
L

is approached by u® + eu! where (uk)k:Ql satisfy
—AuF — igut = 6kj, in O.UO,, u¥|so =0,

with the following transmission conditions

1 _
[UO]F = 0, |:ﬁan’u0:| = 0, U1|1"+ — Ullrf = %anuohu,
r

C

1 1 1 1

0, = Ot = (am = )l — (o - o ) Arle

He He Hm He
This asymptotic expansion is rigorously proved in [26] (see equations (4) page
4 of [26]). Therefore the differential calculus provide a link between the results
for Helmholtz and Maxwell equations.

3 Geometry

Let 7t be the tubular open neighborhood of T' composed by the points at the
distance dy of I'. In the following, it will be convenient to write the involved
differential form E in local coordinates in the tubular neighborhood ¥t of T.
We denote by 7.° and ¥¢ the respective intersections #r N OF and ¥ N O..

3.1 Parameterization of T'.

Let xt = (x1,22) be a system of local coordinates on I' = {¢)(x1)} . By abuse of
notations, we denote by xt € I' the point of I" equal to ¢ (x7). In the (21, z2)-
coordinates, we denote by Nr the outward vector normal to I' defined by

01y N\ Oap
019 A Datp||’

and we define by ® the following map

Nr =

V(XT,J]3) el xR, (I)(XT, wg) = ’lﬂ(XT) + $3NF(XT).
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14 Péronés Poignard

Notation 3.1. In the following 0; stands for O, for j = 1,2,3. Moreover
we use the summation indices convention a;b; = Zi:1,2,3 a;b;. Observe that
according to our change of variables, xT denotes the tangential variables and x3
is the mormal direction. To accentuate the difference between xt and x3, the
Greek letters a and 8 (and possibly 7, v, k and A\) denote the indices in {1,2},
while the letters i, j, k denote the indices in {1,2,3}. Eventually it is convenient
to introduce the Levi-Civita symbol €;;1, defined by

+1, if {i,7,k} is an even permutation of {1,2,3},
€k = S —1, if {i,4,k} is an odd permutation of {1,2,3},

0, if any two labels are the same.

According to the definition of dy, the tubular neighborhood #1- of I' may be
parameterized by

Y = {(I)(XT,.’LB), (XT,.T3) el x (—do,do)} .

The system of coordinates (x1,x3) is the so-called local coordinates of ¥1. The
Euclidean metric of ¥t written in (x1, 23)—coordinates is given by the following
matrix (gij)ij=1,2,3

g g1z 0
(9ij)ij=123= 912 g2 O], (20)
0 0 1

where the coefficient gog equals gog = (0, P, d3®P). Here (-,-) denotes the Eu-
clidean scalar product of R®. Denote by (¢*/) the inverse matrix of (g;;) , and by
g the determinant of (g;;). The coefficients gos might be written with the help
of the coefficients of the first, the second and of the third fundamental forms of
T in the basis (019, D29) (see Do Carmo [8])

Jap(XT, T3) = gog(xT) — 2x3bas(XT) + T3Cap(xT).

The mean curvature 52 of I' equals

__1%(9)
H =3 N . (21)

1320

3.2 The transmission conditions in local coordinates

In the (x1,x3)—coordinates, write E = E;dz’. Np is the outward normal field
of T', which is identified to the 1-form da® in accordance with Remark
Applying straightforward the formulas of Appendix 2 we infer

Nr AE = E,dz*dz®, int(Np)E = E3, int(Np)dE = (03F, — 0o F3) dz*.

Hence transmission conditions (@) write for h € {0,¢}

1
[Ea]yyen =0, m (03 Eq — Oaki3) =0, [qBs],,—, =0 (22)

xrs3 =h

INRIA



Approximate Transmission Conditions 15

3.3 Rescaling in the thin layer

Denote by Ef and by Ef the respective restrictions of E; to ¥ and to ¥c. In
Ot we perform the rescaling x3 = en, n € (0,1), and we denote by ET, by gi;
and by g™ the following functions

EN(x1,m) = Ej(xT,€n)
vn € (0,1), 4 gf(xT,n) = gij(xt,en), fori,j=1,2,3
g™ (xt,n) = g(x,en)
Observe that g7s(xT,m) = go5(xT) — 2enbap(xT) +n*cap(xT), hence for I € N,

angag = O(&"), while 8\,g™ = O(1). Denote by

6dE = a (x,n)da’, in OF,.

Applying formula (209) with the metric given by (20), and performing the
rescaling x3 = en, we infer,

m 1 m 1 m a an
al = _5_267275’\ + B (6,76,\63 + eaﬁ3€m3 o ? (\/—) 8,765)
+ €aB3€.k3 g)\mL (aﬁ ( . ao‘gg) a ( g/om ) aﬁgm)
/gm /g™ £ gm
L1 9o 5 em 955 em
ag = gfaﬁ3€Lka38ka <F&75ﬁ> + €aps€irsda <\/§_maK53 > ) (24)

The divergence free condition JE™ = 0 with equality (Z0T) writes then

1 1 9 1 9rp
—0nEY + —=—"(VI™)ES + €aps€ins——=0a ( ﬁ&m) =0 (25
c n<3 \/g—m € ( g ) 3 B3 3 gm gm ( )

The transmission conditions ([22)) in x5 = ¢ become

i (03Ex — ONE3) |ayes = Mim (éanggn - akgg") . (26a)
Ealpyoer = et (26b)
The transmission conditions (22) in zg = 0 write
= ( MEX' — 5A5§n) S (03Ex — OrE3) |3,—0- (27a)
pm \ € n=0  He
EX|ln=0 = Exlzs=0-» (27b)
and the transmission conditions for the normal components E3 are
QeE3|yy—ct = qm5§n|n:1’ qm5§n|n:0 = qcE3)ps—0-- (28)
4 Ansatz and formal expansion
We set now our ansatz. We look solutions written as formal series in &
Elo: = E*|o: + B o: + -+, in OF, (29a)
Elo, = E“? + eE“! 4+ --- , in O, (29b)

RR n° 6775



16 Péronés Poignard

and in the cylinder T x (0, 1),
Elos 0 ®(xT,en) = E™° (xT, 1) + £E™ (x,1) + -+ -, (29¢)

where the 1-forms (E®"),cn, and (E<™),cy are defined in e-independent do-
mains. We emphasize that the sequence (E®"),cy is defined in (O%,)" even if
its associated serie does not approach E in the thin layer.

Remark 4.1. The 1-forms (€™"),cn are profiles defined in the cylinder T x
(0,1); note the difference with the 1-forms (E®"),cny and (E®™),ecn. These
profiles are the key-point of the following asymptotic expansion. A

In 71, for n € N, we denote by

ES" = BY"(x7,23)da’, ES" = ES"(x7,23)da’,

EM™ = EM" (x1,n)da’, 7 =x3/e.

K2

Our aim is to identify the first two terms of the sequences and to estimate the

remainder term. Suppose that for n € N, the forms (Ezn)k are as regular
=1,2,3
as necessary. Using formal Taylor expansion, we infer for [ = 0, 1

6§E27n|zsza+ — 6§E27n|13:0+ + 5638§E2’n|z3:0+ .. (30)
It is convenient to define E™ for n € N by
E" =E®", in O, E"=E%", in O..

We are now ready to derive formally our asymptotics. Replace the coefficients

(EM)j=1,-.3 and (E;);=1,...3 in equations ([23))—(24)-([25) and in transmission con-

ditions (26)—-20)—-(@8) by their respective formal expansion (29), and use the
formal Taylor expansion ([B0). Observe that for any n € N, we necessarily have

6dE"™ — agE"™ = (Sg J,in O UO., Nyo A En|3(9 =0, on 00. (31&)
Observe that dE"™ =0, in Oc U O, (31b)

since 6J = 0. It remains to build the appropriate transmission conditions by
identifying the terms with the same power of €.

4.1 Order 0

The term of order -2 in (23) vanishes hence 927" = 0. From the divergence
free condition (25) we inferm ?755" 0 = 0. Equality (26a) implies 0,EMY = 0.
'ii ?j;iiirz tileo,c;)eﬂiments & depend only on x7. From (26h)-(27h)-28) we
BB a0+ = OB lay=0-, (322)
46D 5" |y—ot = 405 B s —0- - (32D)

INRIA



Approximate Transmission Conditions 17

4.2 Order 1

Since 9,E™° and the terms of order -1 in (23) vanish, we infer
2em,1 _
o2E™ = 0. (33)
Hence 9,EM! is constant with respect to 7. Therefore, according to (2Gal)

1

1 ~ ~
— (OB ~ 0aF5" ) leymo+ = - (035" = 0uES®) luymo- . (39)
(e

e

According to BI)-B2)-34) the 1-forms E&° and EC satisfy the elliptic prob-
lem ([I0). According to (27h) and to (28)), we infer

EXO(xt,n) = B (x1,0), (35a)
EMO(xy,n) = ;J—CEg’O(xT, 0). (35b)

Therefore the terms of order 0 are entirely determined. According to ([27al),
using (B5) and since 9,EM! does not depend on 7 accordingly (33)), we infer

O (xr,m) = 2205y + 10 (B5" — 0uE5") loymo-. (36)
(¢

m

The transmission conditions follow
e, 1 7e,0 _ m,1 m,1
Ea |12.:0+ + 83Ea |I3:0Jr - aﬂga + ga |77:O’

and
gamJl?]:O = ngllzg:O*'

Therefore we infer
re,1 c,1 _ m,1 7e,0
Ea |12.:0+ - Ea |13:0* - a”]ga - 83Ea |13:O+'

Using ([B6) and according to (B2]) and (B4]) we infer

e, 1 c,1 _ [ dc c,0
Ea |I3:0Jr - Ea |I3:07 - (q_ - _) aaEB |13:07
'm e

o (37)
fim — [e €0 5 ped )
S (agEa Do IS )|Is:0 .

The divergence free condition leads to

VP Ve

where 2 is given by (2I)). Transmission condition (28) implies

m 1 InB e c e
87753 ! = *—eaﬁBGLKBaa ( b E;O) |13:O* + 2%5_E370|13:O*5 (38)

qu§,1|13:O+ + qea?’ﬁEv§10|$3:O+ = qma”]gén71 + qCE§71|$3207' (39)

According to ([[0) E*° satisfy the divergence free condition hence

0
g’iﬁ ELC,O>

1
- ﬁeaﬁ36u§3 aoz <\/g—0

= 63E§70|I3:0* - Q%Eg,olwszof’ (40)

xs3 =0—
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18 Péronés Poignard

and similarly for E*° by replacing ES° by EZ°. From (B8)-[@Q) we infer

OETt = 3BT | oo + 2 (ﬁ - 1) ES° a0 (41)

m

Moreover using [32)) in {@0) we infer
fe0 0 ,0
403 E5" | =0+ = eO03E5" | =0~ — 29(¢e — 4c) E5 | oy=0-»
and therefore ([B9) with equality (ZI) implies

- 1 -
0B esmor = GBS aamo = (am — 40) —=— 05 (V/5ES") (42)
9|13:O 13:0+
4.3 Order 2
Since 9,EM? = 0 we identify the terms in £ in ([23)) to infer
0 o m
D2ET? = 0,00EMY + eqppeina—2d T (Jax )| g emt
RO nUrts +653€3\/g—0 - \/g—mnzonﬁ "

1 m, a gg:li m, m,
. (a <Ta ) (Y| g ) } + i /TED.

Since the right-hand side of the previous equality does not depend on 7, we have

n=

1 e, 1 e, 1 1 c,1 c,1 _ 1 2 om,2

o (0sB5" — onES") I (035" — onES") I
m 1 - -

O 71) e (a?%Ei’Olms—m - 5A53E§’0|I3_0+>'

Since §dE=0 — uequNEe’O = 0, explicit formulae of Appendix 2 imply

2 7e,0 7e,0 e,0 gx g ~e,0
83E; |z3:0+ = [ﬂeQeﬁE; + aBaAEg +€a[336m3\/—583 (%) 83E§

9 1 7=e,0 Jar 7=e,0
+ €aB3€ir3—= <al<a <_aaE ; > — 83 <—> 0 B3 )
g\ Vg e va)
According to the transmission condition at the order 0, the following equalities
hold

‘Ig :0+

- - 1
(a}\E;O _ 63E§70) |z3:0+ _

m

1
He
-e,0 __ em,0

E)\ |963:0+ 75)\ |77:07

(akgémo - an‘c/‘;n’l) |n:0’

hence we infer the following transmission conditions
1 1
C

(&,Ef\’l — 8AE§’1)
e

1 1 Ira ( 1 ~e0
+|— —— | €a 36LH3_6 _aLE,?
(um ue) g\ Ve s

(63E§\71 — 6,\E§’1) = (Qm - Qe) ’Ev‘§10|13:0+
(44)

—o+
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Approximate Transmission Conditions 19

Therefore E! satisfies (BI)) for n = 1 with the transmission conditions (B37)—(@4)
written in local coordinates. Using equalities (B6)—(I) we infer

,1 ,1 1 1 1 q 1
5;\71 (XT’n):naﬁ‘c”;\n +E§\ |z3:0*’ gén (XT’n) :naﬁgén +q_CE§ |z3:0*'

m

Remark 4.2. The coefficients at the order 1 are now uniquely determined.

Since i
R o = 0a87 o = T8 (205" = O4EE) lrsco-
C

9,E™? is uniquely determined by (@3)
m, m, m, Hm s c,
08" = NOGER ™ + Db ymo — 1 (0uBS" = 03B ) leymo- . (45)
A

Remark 4.3. Transmission condition (#2)) might be obtained straightforward
from (BI)-@7)-@). Writing 6dE>! = a$'dz? and 6dES!' = a5'da’ we infer

1 K c
a%l = ﬁeaﬁgfuigaa <% (agEf’l _ aLEB’l)) ,

and similarly for Zig’l by replacing E<! by EeL. According to (@) we have

1 1 dm — 98r
_a§71|$320+ — —a§’1|z3207 — Meaﬁgebngaa (ﬁELeal

He Hc Va9 Va9

xrs3 :0+

The divergence free property of E=0 applied in z3 = 07 implies

1 en 1 1 1 ~e0
—eag |zs=0+ — Eag lzs=0- = —(qm — qe)m% (\/§E§ ) |5 =0+

Moreover we have

1 el e, 1l 1 cl c,1
—ag |962.:0+ + qu3, |13:0Jr - /L_a37 |z3:07 + ch3’ |13:0* =0,
e C

therefore, we infer

)

xrs3 :0+

~ 1 ~
e, 1l c,1 e,0
quB’ |x —0t+ — chB’ |:n —o0- = (qm — qe) —_— 83 (\/§E37 )
’ ° \/ g|$3:0

which is exactly condition ([@2). A

5 Justification of the expansion

Let us rewrite the equations satisfied by the first two terms of the asymptotic
expansion of E in terms of differential forms. Denote by S and T the following
forms

e 1 1 I 1 = A
S= Gm — Ge) B/ 0 z3=0+ T <_ - _> €a 3€Ln3_a <_8LE:70 T3= +)> dz
(=20 Bl + (5 = o ) comen 2205 (0B
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20 Péronés Poignard

The reader easily verifies that the definitions (I3])—(I4) coincide with the above
expressions of S and T. The 1-form E° satisfies (I0) in a weak sense and E!
satisfy (BI) with the following transmission conditions on I' accordingly 1)—

1 ~ 1
—int(Np)dE®! |y — —int(Np)dES |- =S, (46a)
e

e

Np AE®'|ps — Np AESY|p— = Np AT, (46b)

Observd] that accordingly @2

1 e
05 = ~(am — 4e) ——= 05 (V/5E5°) (47)
g|13:0 13:0+
In the cylinder ' x (0, 1), the 1-form £™° equals
£m0 = B0 o da + L S0, oo da®, (48)

dm

while the 1-form £™! equals

eml _ {E;*llm_o + n(j_caaEé’O + i_m (0s° ~ aaE§’0)>

C

dz®
T3 =0—

da®.
xr3 =0—

" {;]—CE§’1|IS_O sn(oums® 20 (% 1) 5°)
m c

(49)

5.1 Regularity results
We present now the regularity of the 1-forms E° and E!.

Proposition 5.1. Let Hypothesis hold. Moreover let s > 0 and J belong to
H*5QL(0%). Then the 1-forms E° and E! exist and are unique. Moreover the
following reqularity results hold

E*0 € B0 (0), E=° e H*Q' (0.),

ES! € H*HQ' (0.), ES' e H*Q (0.).
Proof. All the assertions concerning E° are proved in the above Proposition 2.6

Since E=* and E° belong respectively to H3TQ (O,) and H3TQ (O.), the
forms S and T belong to the following Sobolev spaces

Se HY?QU (), Te H?*TQ' ().

"Since geint(Np)E®! |y = int(Np) ((l/ue)5dﬁe’1|r+> using (Z05) since dNp = 0 we infer
int(N1) ((1/#6)6dﬁevl\r+> = -0 ((1/ue)int(Np)dEe’1|F+> , and similarly for ES!. Therefore

accordingly (@Ba) we infer geint(Np)E®! |y — geint(Np)ES! |~ = —6S, hence(@@) according
to ([@2).
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Approximate Transmission Conditions 21

Moreover accordingly @), 6S € H?/?*5(T"). Let C € H?>T*Q! (O.) such that

NF A\ C|F = NF A Ta {qcint(Nr)Ch‘ = 585

5C =0, in O, 1. ;
m M—Int(NF)dCh‘ =5, 6(¢.Clr) = 0.

Observe that §dC' — jcq.C belongs to H*Q! (O,). Denote by U the following
1-form

U=E", in O, U=E" —C, in O..
Then U satisfies

6dU — peqeU = 0, in Ok,
0dU — peq U = —0dC + peqcC, in O,
Nao AUlso =0,

with the following homogeneous transmission conditions on I"

(Ne AU =0, [%intmpmw} —0, [Fint(Np)U]. = 0.

Performing as we did in Proposition [2.6] we infer Proposition [5.11 O
The next Proposition give the regularity of the 1-form £™°, €™ and £™2.

Its proof easily comes from Proposition 5.1 and from the explicit expressions of
the component of E™", for n =0, 1,2, given in Section [l

Proposition 5.2. Let Hypothesis[2.2 hold. Moreover let s > 0 and suppose that
J belongs to H!T5Q! (Ogo). By abuse of notationﬁ, we define E™? using (EH)
by

Zg/t’:‘
Em? = / OpEM™2dn dz™.
0

Denote by C>Q ([0, 1], H>/2+s="Q (")) is the space of the 1-forms, which are
smooth in the normal variable n, and which belong to H5/?+s—nQl (") at given
n € [0,1].

Then for n = 0,1,2, E™" ¢ Q! ([0, 1], H5/2+s=nQl (F)) .

5.2 Convergence

Suppose that Hypothesis holds, and let the source current density J belong
to H3Q' (Odv), with 6] = 0. It is convenient to define
E: =E0 + EIEe’l, in Oz, ES =EY+eES in O,

app app
2
V(xT,23) € T x (0,¢), Ef,, 0 ®(xT,23) = Z e"EM™ (xT,x3/€),
n=0

and let E,p, equal to Ef  in Og, E ) in O, and to Ef,, in Oy,. According
to the construction of the coefficients (€™"),—=0,1,2 and using Proposition (.2
there exists a 1-form G € C=Q! ([0,1], H/2Q! (")), such that

ddED,, — tmamEq),, = Go o' in OF,

app

8Since £™2 vanishes in x3 = 0, it is not the third coefficient of the profile in T x (0, 1).
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22 Péronés Poignard

and for an e-independent constant C' > 0,

sup G, )llgr/20iary < O, sup [|0G(,n)||gs/2ry < C.
n€(0,1] n€0,1]

Define W by W = E — E,,, and denote by W€, W™ and W* the respective
restrictions of W to 0%, 0% and Oc. In local coordinates, We = Wedz?!, W™ =
Whda? and We = WEdat. Theorem is a straightforward corollary of the
following result.

Theorem 5.3. There exists an e—independent constant C > 0 such that
[Wel a1 (a,6,05) + VEIW™ |l Haras,0:) + [Well o a,s,00 < Ce.
Proof. The 1-form W satisfies
AW — pugW = elp:G, in O; UO;, U O, Nao AW g0 =0, on 90,
with the following transmission conditions for . € {I';,T'}
[No AW] 5 = = [Ny ANEappl 0, (50a)

o] -~ [fmecan,] - om

Let B8~ = E;“PPdat. Accordingly Proposition BIIES € HAQ! (O.). Hence

app app

there exists f, € H'/?(T") and g; € H3/?(T) such that

(B3 EEPP — Do B ™) |oye = Y . €'04 (O3B — 0aES™) | 4y—ot + & fa
1=0,1

E]e-’app|Z3:8 = E;,QPP|IS:O+ + EagE]e-7app|I3:0+ + €2gj.
Moreover there exists a e—independent constant C' > 0 such that
|falaiz@y < C, lgilasra < C. (51)

After simple calculations involving the explicit expressions of (E™™),=0 1,2 in
local coordinates, transmission conditions (B) are written
1
He
1
™ (O3WG = 0aW5) |ag=0- =
C

1
(OsW5 = 0aW3) lay=—ct = —
1

W§¢|I3:€+ = Wz;n|m3:€* + 529&5 and Wz;|m3:0* = W(;n|13:0+'

3

Observe that dW = — 10:0G, and the following equalities hold

mdm
QeV[/v36|z3:aJr = qmwgﬂzg:a* +Qe52g3a QCW3C|13:O* = qug]|13:0+-
We choose P = p;dz’ in H?Q!(OZ) such that

Nyo A P|ao =0, and P|xs:€+ = gi(x-r)dxi.
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Since for € € (0,dy/2), the domain Of satisfies O \ (¥ N Oe) C OF C O, and
according to (&), there exists an e-independent constant C' > 0 such that

1P| 201 (0g) < C.
Defining W = W + e?10:P, we infer

SAW — p1gW = 210z (3dP — peqeP) +€10:G, in O, Npo AW|po =0, on dO,

and the following transmission conditions hold

2

— (33W§ - 3aW§) |og=et = ,U/Lm (8{1/?;“ - aa’vV;) oy + iﬁ:’

He
1
He

W(ilﬂngE* = Warznlacs:es*a Wé|m3:0— = WS|13:0+’

(0772 = 9a75) Logmo- = == (272 = 0179 Lo

where fo = fu — (O3Da — Oap3) |zg=e+- Moreover
QeW§|zgze+ = Qmwﬂzg:ra chgﬂzszof = Qmwngzw-
Since the functions }: are defined on I, it is convenient to define ﬁ on I'. by
vxr €, F,o O(xT,¢€) = f;(xT).
Denoting by G and F the following 1-forms defined by
G =¢l0:G + e10: (0dP — peqeP), F = Foda?,
there exists an e-independent constant C' > 0 such that
|Gl z201 0y < Ce¥2, [|6G|12(0y < C=*/? and HEHH*U?(P(FE) <C.

The 1-form W satisfies the following equalities

SAW — pgW =G, in O3 U O, UO:, Nopo AWe|go =0, on dO, (52a)

with the following transmission conditions on I'; and on I’

1 —~ 1 —~ 2.
—int(Np, )dWe| s = —int(Np, )dW™|. + —F, (52b)
He € Hm € e

1 —~ 1 —~
u—int(NF)dWm|F+ = u—int(NI‘)dWch"—, (52C)

m C
Nr, A WS|FE+ = N, A Wm|rg, and Nr A Wmhwr = Nr A WC|F7_ (52d)

Moreover
1 -
oW = —0G, in OZUO;, U0, (53)

g

and G and F are such that

Geint(Nr, )We| s = gmint(Ne )W™| o, geint(Np)We|p— = gmint(Np) W™+
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Multiply ([B2) by W and integrate by parts with the help of (B3) to infer
[Well ot @,6,09) + VElW™ lgar a.5,05) + W ot 6,00 < Ce?,
for an e-independent constant C'. Morever W=W+ 621(95]? implies

[Well ot a,6,00) + VElW™ lgara,6,02) + W zat @60, < Ce? (54)

from which we infer Theorem [2.8]
O
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Appendix 1
Asymptotic expansion at any order

We may extend our derivation principle to obtain asymptotic transmission
conditions at any order. Actually, there exists a recurrence formula, which is
given in this appendix. The sketch of the proof of the expansion, which is similar
to the proof of Theorem [5.3is left to the reader. For (o, 3,¢, k) € {1,2}* define
the following sequences (Alaﬁm)leN, (Blaﬁm)leN, (CéBLn)leN and (Dlagm)leN by

Al _ af](ggL %(gg]ﬁ))
afLk El \/g—m c \/g—m :Oa
ol (g% 1
B = (F20. (o))
o e\ 7))
al
l Jap
cha=2 (%))
l =0
19) 1 0
l m
D= (—Wf (\/g_)) :
n=0
a1
AL [EWES)
e \Vg g o

Using (23)-(25)), for k > 1 we define 8%5:\"’k+2 and 9,5t respectively by

aig;n,k-i_Q = 6”76Ag§n,k+1 + 6a536m3‘4g\amangg]’k+l - MQO‘g;n’k
k
+ €aB3€.m3 Z{ (Bgmaa + ciLaﬁaa) gt
=1

+ e (7~ 000 ) |
k

angén’k-‘rl = — Z <Dl5§1’k_l + €aB3€Lk3 (C;lgﬁaa + Eéﬁn) (C/’erk—l)
=0
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Define now the differential forms Sg11 and Ty41 by

s _{ 1 /1 (anm,k+2 NG 5m,k+1)d
k+1 =94 7 nEA — O\Opcs n

Hm Jo
}dx”\,
Z3:0+
1 k ~
Tiy1 = {/ an(c/'?,k-i-ldn _ ZaigE?k_l}dz)\-
0 1=0

The 1-forms E#*1 and ES*+1 are therefore defined by

k
1 ~e k— ~e k_
- — E aid (63E§’k Z—GAIE?’“ l)
e 120

SdESF1 _ ueqefEe’kJrl =0, in Ok,
SAESHFHT — g ESF L = 0, in O,

Noo NESHF+1 50 =0,

with the following transmission conditions on I

1 ~ 1
—int(Np)dES* |y — —int(Np)dESF s = Spy,
H He

e

NF A\ Ee,k+1|r+ — NF A\ Ec’k+1|1—*7 = NF A\ Tk-{-l-

Since for n = 0,1 the 1-forms (Sm*”,EC*”,IEeV")nZOJ are determined by (IQ)-
(@8)-@0)- @), and since 9,ET? is also known according to Remark B2, the
recurrence process is initialized. The reader could prove that outside a neigh-
borhood of O, the following estimate holds E = >°_ *E* 4+ O(e™).

Appendix 2
Few notions of differential calculus

Basic notions on differential forms

In order to obtain a self-contained paper, we present here few notions of differ-
ential calculus. We refer the reader to the books of Schwarz [31], of Dubrovine et
al. [91 10] and of Flanders [15] for more precisions. In this paragraph, n is a
positive integer and k is a non negative integer smaller than n.

Let (M,g) be a compact connected oriented Riemannian manifold of R™
with smooth compact boundary 0M. For p € M, T,M denotes the tangent
space to M at the point p. The tangent bundle T'M is the disjoint union of the
spaces T,M, p € M. We denote by I'(T'M) the space of the smooth sectiond]
of TM. We recall that the metric g on the manifold M is a smooth map
g: TM xTM — R such that for any p € M, g, : T,M x T,M — R is bilinear,
symmetric and positive definite.

Denote by A* (T,M) the space of anti-symmetric k-linear maps and by
AF(M) the exterior k-form bundle defined by A*(M) = Upen A*(T,M). The

9 There exists a smooth projection map 7 from the manifold 7'M unto M. A section of
TM is a smooth map s : M — T M such that wos = Idy,.
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space QF(M) of k-forms is the space of all smooth sections of A¥(M). We de-
note by S(k,n) the set of the permutations o (called (k,n)-shuffles) of the set
{1,2,--- ,n} satisfying o(1) < --- < o(k), o(k+1) < --- < o(n), and by
sgn(o) the signature of the permutation o € S(k,n). The following definitions
and propositions come from Schwarz [31] and Flanders [15].

Definition-Proposition 2.1 (Elementary operations). Define the exterior, in-
ner and interior products.
e The exterior product N\ of differential forms is defined by

A QR (M) x QU M) — QFF(M),  (w,n) — w A7,

where for arbitrary vector field X = (X1, -+, Xg+1) on M, we have

wAn(X) = Z sgn(0)w(Xo(1y, s Xo) )N Xor41)s > Xo(ka1))-
o€S(k,k+1)

o Let (Ej)7_; be a local gforthonorma frame on U C M. The inner product
on QF(M) is locally defined from QF(M) x QF(M) to C>(M) by

(5 )kt (w,n) = (w,mar = Z W(Es1ys s Eoe))N(Eo1)s+  Eoi))-
oeS(k,n)

e The Hodge star operator is defined by

*:QF (M) — Q" H(M), w— *w,
where *w is the unique (n — k)—form satisfying

Ve QF, nAxw = (n,w)or dvoly .

The notation dvoly; denotes the Riemannian volume n—form

dvolps (X1, -+, Xpn) = 4/ det(g(X;, X;)).

e The interior product int(Y') with a smooth vector field Y of T'(T' M) is defined
by

int(Y) : Q¥(M) — Q1Y (M), w int(Y)w,
where

(int(Y)w) (X1, Xpe1) = w(Y, X1, Xao1)s Y(X1s - Xppoy) € T(TM)EL,

Remark 2.2. [Identifications of spaces|The space C°° (M) of smooth functions
on M and Q°(M) coincide. Moreover by definition, Q!(M) is the cotangent
bundld] 7*M. Therefore we may identify the space of vector fields T'(T'M)
with QY (M). A

OFor U C M, the tuple (E; )7y € I(TU)™ is a local g-orthonormal frame on M if for any
pe U, g(Ei, Ej)lp = 6{, where 6{ is the well-known Kronecker symbol equal to 1 if 2 = 7 and
0if i # j.

The cotangent bundle T* M is the disjoint union for x € M of linear forms on Ty M.
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Remark 2.3. [Duality of the interior and exterior products] Denote by Y a
vector field and identify Y with its corresponding 1-form. The interior product
int(Y") is the dual map of the left exterior multiplication Y'A

Yw € Q]H_I(M), Vn (S Qk (int(Y)w,n)m(M) = <UJ, Y A 77>Qk+1(1\/[). (201)
A

Definition-Proposition 2.4 (Differential operators). We define the exterior
differential, the codifferential and the Laplace-Beltrami operators.

o Let (dy?)7_, be a basis of Q' (M). There exists an unique differential operator
d: QF(M) — QFFY (M), called exterior differential, such that

Y(w,n) € QF(M) x Q¥ (M), d(w+n) = dw +dn,
Y(w,n) € Q*(M) x QYM), dwAn) =dwAn+ (—1)'wAdy,
Yw e QF(M), d(dw) =0,

Vi e CR(M), Af iy Za—f Yy

e The codifferential is the map & : QF (M) — QF~1(M) defined by
Vw e QF(M), dw= (—1)"**"H s d(xw), if k # 0 and 6 ~ 0 on functions.
e The Laplace-Beltrami operatofd A : QF (M) — QF(M) is defined by
Yw e QF (M), Aw = — (ddw + ddw).

Appendix 2 is devoted to the explicit formulae of differential calculus in R?
equipped with the Euclidean metric in any system of coordinates. This formulae
will be useful in the derivation of our asymptotic result.

Notation 2.5. To simplify notations, and when it is evident, we omit the N
symbol between 2 differential forms. For example, we denote by dy*dy’ = dy" A
dy’. Observe that obviously dy'dy’ = —dy’dy’.

Define now the Sobolev spaces needed in the paper.

Definition 2.6 (Sobolev spaces). Let (U,)aca be an open cover of M, let
(Xa)acAa be a subordinated partition of the unity and let (E,--- , E%) be a family
of local frames. Denote by V the induced Levi-Civita connection on M, and let
QF (M) be the space of the compactly supported k-forms on M. This space is
equipped with the following L?—inner product

((w,m) = /M<w, n)ar dvolyy .

For s € N, define the H*QF(M)-norm as follows

||W||Hsszk (M) — Z/ Xa|W

a€A

JS A) dVOlM,

2Tn order to identify A with the operator V - (V-) we choose here to define the Laplace-
Beltrami operator as the opposite of the geometric Laplacian.
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where

|W|3U(A) = (w,w)ar, |W|35(A) = |W|35*1(A) + Z |VE;W|3S*1(A)'
j=1

The Sobolev space H*Q* (M) is defined as the completion of QF (M) for the above
H*QF(M)-norm.
The Sobolev spaces H*Q¥ (M), for s € R, are defined similary to the Sobolev

spaces of functions: see Lions and Magenes [20].

Proposition 2.7 (Traces on M for HQF(d, M) and HQ*(§, M)). Denote by J
the natural embedding OM — M and J* its pull-back J* : Q¥ (M) — QF(OM).
Denote by Nops the outward normal™ to OM. The following traces hold [31,
18, [24)]

for all w e HQ®(d, M), J*(w)e H Y2QF@M), (2.02)
for allw € HQF(5, M), int(Noa)w € H-Y2QF(0M), (2.03)
for all s >0, for all w € H*Q*(M), w|on € H*1/? Qk(M)}aM . (2.04)

Moreover the usual Sobolev embeddings hold true for the k—forms. The
following Green formula is useful (see [31, I8, 24]).

Proposition 2.8 (Green formula). Denote by N the outward normal to OM.
Let (w,n) € HQF1(d, M) x HQ*(5, M), such that either J*w or int(N)n be-
longs to HY2QF1(OM). The following equality holds

/ (dw, nYqr dvolps :/ {(w, o) qr—1 dvolyy
M M

- / (w,int(N)?’])S)k—ld(TaM.
oM

We denote by dogas the surface form of OM , in order to differentiate the volume
form of M and the surface form of OM.

Property 2.9 (Useful equality). Suppose now that M is a compact connected
oriented Riemanian manifold without boundary. Let w is a k—form and Y is a
smooth 1-form such that dY = 0. Then applying the above Green formula with
the help of equality 00) we infer that for w € HQF(5, M)

int(Y)dw = (—1)%§ (int(Y)w) . (2.05)

BDenote by T'(T'M|sns) the space of vector fields on M sitting over the boundary OM. A
field N € I'(TM|gps) is a unit normal field on M is g(N,N) = 1 and for any Y € I'(TOM),
g(Y, N) = 0. Therefore observe that dN = 0.
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Proof. Actually, for any n € HQ*~2(d, M), we have

/ (int(Y)dw, n)qr—2 dvolys :/ (0w, Y An)ar-1 dvoly,
M M

:/ (w,d(Y An))qr dvolay,

M

= (—1)’“*2/ (W, Y Adn)qr dvolyy
M

= (71)1672/ (int(Y)w, dn)qr-1 dvolys
M

= (—1)k2 /M<5 (int(Y)w) , n)epe—z dvolys .

Explicit formulae

The definitions and propositions of the previous paragraph recall the basic no-
tions of differential calculus for a general compact connected oriented Rieman-
nian manifold (M, g) of R™ with smooth compact boundary M. Present now
the explicit formulae of the differential calculus for a manifold M C R? equipped
with the Euclidean metric. Denote by (z,y, z) the usual Euclidean coordinates
of M and let (y1,y2,ys) another system of coordinates: there exists a C*>°—
diffeomrphism ¢ such that ¥(y1,y2,ys) = (z,y,2). The Euclidean metric in
(Y1, Y2, y3)—coordinates is given by the matrix (gi;)ij=1,2.3 1  gij = Oy, - 0y, ,
where - denotes the Euclidean scalar product of R3. The inverse matrix of (g;;):;
is denoted by (¢g%);; and set

g = det ((gij)i,j:1,2,3) .

Denote by (dy!,dy?,dy?) the basis of Q'(M) associated to (y1,%2,y3). It is
clear that 2—forms (dy? A dy3,dy® A dy!, dy! A dy?) is a basis of Q?(M). Since
M is equipped with the Euclidean metric, we perform the change of coordinates
¥(y1,y2,y3) = (z,y, z) to infer that the inner product (.,.)qr for k =0,1,2, is
determined in (y1, y2, y3)—coordinates b the following equalities

(F,Gao = FG, (2.062)

(dy’,dy’)or = g", (2.06b)

(dy'dy®, dy’dy')qe = g9 g* — g g", (2.06¢)
1

(Fdy*dy?dy?, Gdy'dy?dy®)qs = EFG, (2.06d)

where F' and G are smooth functions on M, and g is the determinant of (g;;).
e Exterior products on R3. The exterior product between a k—form and a
[-form equals zero as soon a k + 1 > 3. Moreover, for k € {0,--- 3}, the exte-
rior product between a O—form and a k—form is the usual scalar multiplication
between a function and a k—form. Accordingly Definition-Proposition 2] the

14 To simplify notations, we omit the sign A between the differential forms dy® and dy?, for
i,7=1,2,3.
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following formulae hold.
> Exterior product of 1-forms. Let A = \;dy’ and p = p;dy’ be two 1-forms,
then e o

AA p = Aipydyidy’ = %’“ (entmMipum) dy'dy?.

eg’“ Apdyidy’ and

> Exterior product between a 2—form and a 1-form. Let A =
= pidy’, then

AN p= Aepedy' dydy®.
o Expression of d. A straigthforward application of the reccurence formula
given in Definition-Proposition [Z4] implies the following formulae.

> d on O-forms. Let A be a O—form, i.e. A is a function. Then

oA

d\ =
yi

dy’.

> d on 1-forms. Let p = p;dy?, then dyu equals

dp = dyidy’ = X m— | dy*dy’.
H By Yy ay 9 <€kz e Yy ay

€

> d on 2-forms. Let A = ;k Aedy’d’ be a 2-form, then we have

_ o

dA
Oy

dytdy?dy?.
Proposition 2.10 (Star Hodge operator). Star Hodge operator is defined by
Definition-Proposition [2.]l
¢ Hodge on functions and 3—forms. Let S be a 0-form and T = 7 dy'dy?dy®
be a 3-form. Then
1
*S = /gS dytdydy3, «T =—7.
Ve Vi
e Hodge on 1-forms. Let R = R;dy’ be a 1-form. Then xR is the 2-form
defined by

*R = S0 /50 Ry dy'dy’.

€

;k Sy dy'dy’ be a 2-form. Then %S is the

e Hodge on 2—forms. Let S =

1-form equal to

1 )
*S = —gikSk dy’.
g

N

Proof. According to Definition-Proposition 211, if w is a k—form, then xw is the
3 — k form such that

V€ Q¥ (M), 1 Axw = (n,w)arany/gdy dy>dy®.

Applying the above formulae of the exterior products, and equalities (2.06), we
infer the proposition. (|
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Proposition 2.11 (The codifferential operator ¢). The codifferential is defined
by Definition-Proposition [2.4)
e Codifferential of 1-forms. Let = u;dy’, then

1 0
op = *%a—yk (\/Egklul) . (2.07)

e Codifferential of 2—forms. Let A = 6i%'k)\kdyidyj, then
gij O (glm ) i
O =¢; — | = | dy”.
g Oy \ Vg Y

Proof. Since the codifferential on k—forms in R? is defined by 6 = (—1)%* xdx, a
straightforward application of the formulae of the differential operator d and the
use of Proposition 210/ lead to the formulae of the codifferential operator. [

Proposition2.IT]with the formulae of d differential operator implies the following
corollary.

Corollary 2.12 (§d and A operators on functions and on 1-forms). Recall that
A =—(5d+dJ).
e Let f be a function. Then

1 0 0
Af =-6df = —— R ) 2.08
= —aif = o (Vi s (2.08)
o Let A= \dy? be a 1-form, then
gri O (gkl 0 ) -
SAN = €iipermm 2t L (IR T 5\ ) dy, 2.09
IR /5 9y \ /G Oym Y (2.09)

gri O (gkl 0 ) 0 (1 0 ki ) r
AN = [ esjpemmnd L (9 25\ ) - -2 A)) Jdy
<]kl V9 0y; \ /9 Oym yr \ /9 Oy, (Vog™ ) | )dy
(2.010)

Using equality (Z.01]), we infer the following proposition.

Proposition 2.13 (Interior product). Let N be a vector-field identified with

the corresponding 1-form N = N;dy’.

e Interior product of a vector-field on a 1-form. Let p = p;dy’. Then
int(N)u = g Njpu;. (2.011)

e Interior product of a vector-field on a 2—form. Let u = p;; dyidy?, then

int(N) g = gripti; Ni (gikgjl — gilgjk) dy". (2.012)
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