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Sur les espérances de temps de passage
pondérés dans des petites boules pour des
processus d’Itd6 observés en temps discret

Résumé : L’objectif de cette note est de démontrer des estimations sur le
nombre moyen de visites dans des petites boules de R? d’un processus d’Ito,
observé a des instants discrets. En horizon de temps infini, notre technique est
inspiré des arguments de Krylov dans [2 Chap.2]. En horizon de temps fini,
motivé par une application en analyse numérique stochastique, nous pondérons
le nombre de visites par un coefficient localement explosif; notre preuve utilise
des propriétés fines sur le dernier temps de passage en zéro d’une semimartin-
gale unidimensionnelle.

Mots-clés :  dernier temps de passage, processus d’Ito observé a temps
discret
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1 Introduction

The present work is motivated by two convergence rate analyses concerning
discretzation schemes for diffusion processes whose generators have non smooth
coefficients: Bernardin et al. [I] study discretization schemes for stochastic dif-
ferential equations with multivalued drift coefficients; Martinez and Talay [3]
study discretization schemes for diffusion processes whose infinitesimal gen-
erators are of divergence form with discontinuous coefficients. In both case,
to have reasonable accuracies, a scheme needs to mimic the local behaviour
of the exact solution in small neighborhoods of the discontinuities of the co-
efficients, in the sense that the expectations of the total times spent by the
scheme (considered as a piecewise constant process) and the exact solution in
these neighborhoods need to be close to each other. The objective of this paper
is to provide two estimates for the expectations of such total times spent by
fairly general Ito processes observed at discrete times; these estimates concern
in particular the discretization schemes studied in the above references.

Let (2, F, (Ft)i>0,P) be a filtered probability space satisfying the usual
conditions. Let (WW;);>0 be a m-dimensional standard Brownian motion on
this space. Consider two progressively measurable processes (b;):>o and (0¢)¢>0
taking values respectively in R? and in the space Mg, (R) of real d x m
dimensional matrices. For X, in R?, consider the Itd process

t t
X = X, +/ byds + / o, dW. (1)
0 0

We assume the following hypotheses:

Hypotheses 1.1. There exists a positive number K > 1 such that, P-a.s.,
vt >0, [|b < K, 2)

and
1 t t t
Vo<s<t, ﬁ/s w(u)dug/s w(u)HauaZHduﬁKQ/S Y(u)du  (3)

for all positive locally integrable map 1 : RT — RT.
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4 Bernardin, Bossy, Martinez, Talay

Notice that is satisfied when (0y) is a bounded continuous process; our
slightly more general framework is motivated by the reduction of our study,
without loss of generality, to one dimensional It6 processes: see section [2]

The aim of this note is to prove the following two results.

Our first result concerns discounted expectations of the total number of
times that an [to process observed at discrete times visits small neighborhoods
of an arbitrary point in R%.

Theorem 1.2 (Infinite horizon). Let (X;) be as in (1). Suppose that the
hypotheses are satisfied. Let h > 0. There exists a constant C, depending
only on K, such that, for all ¢ € R? and 0 < ¢ < 1/2, there ewists hg > 0
(depending on €) satisfying

Vh<hg, by e P (|| Xpn — & <) < Coy, (4)

p=0
where 8y, == hY/?7¢.

Our second result concerns expectations of the number of times that an
[to process, observed at discrete times between 0 and a finite horizon T, visits
small neighborhoods of an arbitrary point ¢ in RY. In this setting, the ex-
pectations are discounted with a multiplying function f(¢) that may tend to
infinity when ¢ tends to 7', which induces technical difficulties which might
seem artificial to the reader. However this framework is necessary to analyze
the convergence rate of simulation methods for Markov processes whose gen-
erators are of divergence form with discontinuous coefficients: see Martinez
and Talay [3]. More precisely, we consider functions f satisfying the following
hypotheses:

Hypotheses 1.3.
1. f is positive and increasing,
2. f belongs to C*([0,T); R"),

3. f* is integrable on [0,T) for all 1 < a < 2,

INRIA



On mean discounted numbers of passage times in small balls D

4. there exists 1 < 3 < 1+ mn, where n = ﬁ, such that

/o fm_l(v)f/(v)w dv < +o0. (5)

Remember that we have supposed K > 1. An example of a suitable func-

tion f is the function t — \/:% (for which one can choose =1+ 8%)

Theorem 1.4 (Finite horizon). Let (X;) be as in (1]). Suppose that the hy-
potheses[1.1] are satisfied. Let f be a function on [0,T) satisfying the hypothe-
ses[1.3. There exists a constant C, depending only on 5, K and T, such that,
for all € € RY and 0 < & < 1/2, there exists hy > 0 (depending on €) satisfying

Np,
Vh<ho, b f(pR)P (| Xpn — &|| < 6n) < Cd, (6)

p=0
where Ny, == |T/h] — 1 and where &), := h'/?7=.

Remark 1.5. Since all the norms in R? are equivalent, without loss of gen-
erality we may choose ||Y|| = sup,<,<q |Y'], Y denoting the i component of
Y.

Remark 1.6. Changing X into Xo—¢& allows us to limit ourselves to the case
& = 0 without loss of generality, which we actually do in the sequel.

2 Reduction to one dimensional (X;)’s

Notice that it suffices to prove that, for all 1 <i < d and h < hg,

R eP(|X),] < 6) < Can,

p=0

or, similarly,
Np,

R Fh)P (X0 < ) < C6p.

p=0

RR n’ 6813



6 Bernardin, Bossy, Martinez, Talay

Set

m t
M:ZX/ﬁm@.
0

J=1

The martingale representation theorem implies that there exist a process (f{)i>o
and a standard F;-Brownian motion (B;);>¢ on an extension of the original
probability space, such that

t
v = [ rias.
0
and . .
Vt>0,/ (f;)QdGZZ/ (0)" db.
0 =170

Therefore it suffices to prove Theorems [1.2] and [1.4] for all one dimensional It6

process
t t
Xt:/ bsds—i—/ 0sdBy (7)
0 0

such that, 4 K > 1, P-a.s.,

and
VO <s<t %/ w(u)dugf V(u)otd, gK?/ olwydu  (9)

for all positive locally integrable map v : R™ — R,

3 An estimate for a localizing stopping time
In this section we prove a key proposition which is a variant of Theorem 4 in [2,

Chap.2]: here we need to consider time indices and stopping times which take
values in a mesh with step-size h. We carefully modify Krylov’s arguments.

INRIA



On mean discounted numbers of passage times in small balls 7

Proposition 3.1. Let (X;) be as in (7). Suppose that conditions (&§) and (9)
hold true. Let 0 : Q2 — hN be a (F;)-stopping time. Then 7 := inf{t € hN, t >
0, | X — Xo| > 1} is a (F;)-stopping time, and

e geioo a.s., (10)

E <1r<+oo€_ ‘-7'—9) < Ch(/L)

where
pw>0and1l— Kp— (1/2)K*u* = 0.

Proof. Set m(z) := ch(uz) for all z in R and
L7 (2) := b,7'(2) + =027 (2).

Let A € Fy. Suppose that we have proven that, for all ¢ > 0,

e > E (e Tm(Xinr — Xino)| Fino) - (11)
Then we would have
E (141t e’) = Jim B (14 Tosy e M)
> tLianooE (14 Lo<t E (e m(Xinr — Xino)| Fino))
= im B (14 Lo< B (e77m(Xinr — Xino)| Fo))
= E?ME (14 o<t € Tm(Xinr — Xino))

- tEE—nooE (1A loctoo e_TW(D)

>E (1A ch(u)17<+ooe”) ,

and thus the desired result would have been obtained. We now prove the

inequality :

Fix ¢t > 0 arbitrarily and set
B:={t<0}n{t<7}={0>1},
and

C={t>0in{t>71}={t>0tNn{Vse[0,t]NhN, | X; — Xq| < 1}.

RR n’ 6813



8 Bernardin, Bossy, Martinez, Talay

The sets B and C are F;-measurable. Consequently the set {t < 7} is Fi-
measurable and thus 7 is a (F;)-stopping time.

To show , we start with checking that, P-a.s, for all 0 < s < ¢ and
zeR,

/Stzb(u) (w(2) = Lym(2)) du > ch(uz) (1 ~Kp— %Kzﬂz) /:w(u)du 0
(12)

for all positive locally bounded map 1 : Rt — R*. Indeed, for all z € R and
u > 0,

7(z) — Lym(2) = ch(pz) — p bysh(pz) — %pﬁaich(uz).

As sh(p|z|) < ch(pz), we get by using (§) and (9).
Now, we observe that ¢7** is integrable for all v > 0 since (b;) and (o;) are
bounded processes. For all y € R It6’s formula implies

e_t/\eﬂ'(Xt/\e + y) - E (e_t/\TW(Xt/\T + y)l ft/\@)

+E ( / et (X y) - Ler(Xo + y))ds

N0

.7-}/\9) a.s.

Therefore, in view of (12), there exists a set N, with P(N,) = 0 such that
e’t/\eﬂ(Xt/\g +y) > E (e’TW(XtAT + y)‘ fme) on Q — N, (13)

We now use the continuity of 7 in order to replace y by —X;,9. For all positive
integer ¢, let k,(y) be the unique integer ¢ such that ¢/27 < y < (¢ + 1)/2%
Then

k. (X
T(Xinr — Xing) = lim 7 (Xt/\r — M) ‘

q—-+o00 2(1
Therefore, by Fatou’s lemma and ,
k(=X
E (e_Tﬂ-(Xt/\T - Xt/\@)| Ft/\@) < liminf[E <€_T7T <Xt/\7' + M) ‘ ft/\e)

q—+00 24

k(=X
< liminf e~"\7 (XM@ + M)

q—+00 24

—

INRIA



On mean discounted numbers of passage times in small balls 9

We now define two sequences of stopping times (92)1) and (Tz?)p taking
values in hN as

o =1=0
or., =inf{t>7" tehN, |X;| <dn}, p>0 (14)
Tg = inf{t > p,tEhN, ’Xt—X%’Zl}, p>1.

Lemma 3.2. For allp > 0,

E (1ppesne ) < (m(m)p’ (15)

where p s defined as in Proposition |3.1].

Proof. Apply Lemma to the stopping times (92 and 7';,‘. It comes

1

from which

—_gh _zh _+h
E (19;j+1<+ooe p“) <E (1TI}}<+OO€ ") =E (E <1Tg<+oo€ P

Fy))

o 1 p+1
E(1 I IR .
= ch(p) (Lpesce ) <o < (ehm))
]

Any subsequence of (QZ)p takes an infinite value in a finite time, or con-
verges to infinity when p tends to infinity. Therefore

(hze_p ]_ 5y, 5h] ph > ZE <1Gh<+oo/

where

h

e ™ 1[*5h,5h] (Xﬁs )ds> )

(16)

ns :=h|s/h] for all s > 0. (17)
In the next section we carefully estimate the right-hand side of .

RR n’ 6813



10 Bernardin, Bossy, Martinez, Talay

4 Estimate for the localized problem in the
infinite horizon setting

In this section we aim to prove the following lemma.

Lemma 4.1. Consider a one dimensional Ito process @ satisfying (@ and (@
Let 6 : Q — hN be a F;-stopping time such that Xy € [—6p,04] almost surely.
Let T be the stopping time T = inf{t > 0, t € hN, |X; — Xy| > 1}. There
exists a constant C', independent of 0 and T, such that, for all h small enough,

E <1n9<+oo/ 67751[_5h75h]<Xn3)d8) S C5h\/]E<19<+006_9). (18)
0

Proof. To start with, we construct a function I whose second derivative is
1_25,,25,) in order to be able to apply Itd’s formula. Let I : R — R be defined
as

0 if z S —2(5}”
1
4(5h2 if 25h S zZ.

The map I is of class C'(R) and of class C%(R\ ({—26,}U{25,})). In addition,
for all z € R, I"(2) = 1/_5, 5,)(2) (we set 1"(—=20;,) = I"(26,) = 1). For h small
enough, there exists a constant C' independent of h such that

sup |1(2)] < Cop, sup [I'(z)] < C6p. (20)
—1-8,<2<1+5, z€R
Set .
Gh = 1e<+oo/ ¢ " 15,60 (X, )ds, (21)
0

and observe that, for all s > 0,

{ X, € [0n, 0n]}
= ({ Xy, € [=0n, dn]} N { X € [=26p, 20| HU({ X'y, € [0, 0n]} N{Xs & [—204,261]}),

so that

15,60 (Xne) < Loy, 25,0 (Xs) + 1256, (X0 ) Ly (26, 25,1 (Xo)- (22)

INRIA



On mean discounted numbers of passage times in small balls 11

From and (22),

qn < A" + B, (23)
where -
AP 1y / L gs, 25,1(X, ) ds (24)
0
and -
B" =1ypcin / € " 1,0, (X ) Lm\[=28,,20,] (X ) ds. (25)
(%

An upper bound for A". In view of @, one has

Ar < 19<+OOK2€_h/ 6_81[,25}1725,L](X8>03d8 = 19<+OOK26_h/ e *I"(X,)ods.
9 9

Notice that ( fg e *I'(Xs)osdWs) is a uniformly square integrable martingale.
Thus the limit fooo e *I'(X;)o,dWy exists a.s. As I” is continuous except at

points —dy, and d,, an extended Itd’s formula (see, e.g., Protter [4, Thm.71,Chap.IV])

implies
A < 1o K" {6_71 (X;) — e T (Xy) + / e *I(X,)ds
0

- / e I'(X.)bads — / esl'(Xs)ades}. (26)
6 0

In view of we have |I(X;)| < C, even on the random set {7 = +00}. In
addition,

T T 400
E [1T<oo / e‘sI(Xs)ds} <E [L@o / e—su(xnsﬂds] +E [1T<Oo / e |I(Xy) — I(X,,)
0 0 0

The first expectation is bounded from above by C§, since, for all integer k
such that § < kh <7 —h, one has | X,,| < 1+ ;. The second one is obviously
bounded from above by Cv/h. Thus

E (A") < CSHE (Lgcynce™). (27)

RR n’ 6813
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12 Bernardin, Bossy, Martinez, Talay

An upper bound for B". Setting M, := fns o,dW,, one has

Bh S 10<+oo/0 6_ns1[6h,-i-oo)(|)(s - Xﬂs')ds

T—0

= 1e<+oo6_0/ e 15, 100) (| Xsro — X 10l)ds
0
+oo s+6
< 19<+0060/ e " 1[5, +oo) ( / budu + Mg g ) ds
0 7]s+9
o [T
< lpcyool ™ / e " 1 s, —Kh +oo) (|Msyo|) ds
0
o [T
Slpcame™ [ ) (Masa]) s,
0

where we have used and h is assumed small enough. We now successively
use the Cauchy-Schwarz, Jensen and Bernstein inequalities (see, e.g., Revuz
and Yor [5, Ex.3.16,Chap.IV] for the Bernstein inequality for martingales):

00 2
EB" < \/ E (16<+oo€_0>2\/ E ( / €15, /2400) (| M0 ds)
0
+oo
< VE (Lg<yooe™®) E( / 6‘"31[6h/2,+oo>(|Ms+9|)d8>
0
+oo 2
< VE@iome | [ v (s (2% )as 29
0

ns+0<u<s+0

[ 1o
< CVE (1pcrooe™) i e~ "s exp e ds
1
< \/—_9 e—1/2 _ -2 )
< Couy/ELpcyme ) 2 exp (= g
One can then deduce from , , and . n

INRIA
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5 End of the proof of Theorem

We apply Lemmas [4.1] and [3.2] and the equality and deduce

Thfh
hE (Ze o L1-s,,8, (Xpn > ZE (19h<+oo/ S (an)d5>

p=0
gcahz E<19h<+oo 3)

<ChZ<Chl )

(1)

which ends the proof of Theorem [I.2]

6 Proof of Theorem 1.4

In the finite horizon setting, we do not need to localize by means of an appro-
priate sequence of stopping times as in the preceding section. We may start
from

E (h'i f(ph) —n, 5h] > ZE (/ " (778)1[—5h,5h](X?75)dS> .

(29)
In all the sequel, C'r denotes a constant depending on K and 7T only which
may change from line to line.
In view of we have

100 (X)) < Lo, 26,0 (Xs) + 2g,.5,0 (X ) TRy (—26,,,25,] (Xs), (30)

RR n’ 6813



14 Bernardin, Bossy, Martinez, Talay

and thus,
Np, T Np,
E (hz f(ph)l[_ah,ahmxph)) <B( [ S0t (05 ) + 3B (D)
—0 =0
p . p
= AMT)+) E (D)),
p=0
(31)
where for all p € {0,..., N — 1}
\ (p+1)h
Dy = /p ) F ()1 (25,5, (X ) Lr[—25, 26, (X )ds. (32)

An upper bound for A"T).
In view of @, as the function f is increasing, one has

Ay < K ([ 7200k

Since we may have h%l f(s) = +o0, the proof of Lemma {4.1| does not apply.

Set 7, := inf{s > 0 : X, —y = 0}. The generalized occupation time
formula (see, e.g., Revuz and Yor [5, Ex.1.15,Chap.VI]) implies that

e ([ ' PN a5, 5 (X00%5 ) = [t an s ([ ' L))

= /Rdyl[%h,%h](y)E <17—y<T/ f(s)dLg(X)> ;
y (33)

where {LY(X) : s € [0,7],y € R} denotes a bi-continuous cadlag version of
the local time of the process (X;)i>o.
Our aim now is to bound from above E <1Ty§T fg f(s)dL%(X)) uniformly

in y in [—2dy,20p). It clearly suffices to show that there exists a constant Cp
depending only 3, K and T', such that

E (/OTf(s)dLS(Y)) < Crp, (34)

INRIA



On mean discounted numbers of passage times in small balls 15

where the semimartingale Y is defined as Y := X — y.

Because f is not square integrable over [0,T"), we arbitrarily choose v > 0.
Now f is square integrable on [0,7" — v| and the function ¢ — f(f f(s)dL2(Y)
is the local time of the local semimartingale

{f(g)Ys, t €0, T =11},

where g; :=sup{s <t : Y; =0} (see, e.g., Revuz and Yor [, Sec.4,Chap.IV]).
The Stieltjes measure induced by the function s — f(gs) has support Z :=
{s >0 : Y; =0}, and therefore

T—
/O Ysldf (g0) = 0.

so that Ito-Tanaka formula implies

=(/ FOLY)) = E (F(ar)Vioo )~ Faaal—E | Flaesan( (V).

(35)
Apply Theorem 4.2 in [5]. It comes:

(1 flor-)¥r) = E (| 0% + 7 fgay, ).

from which

E(1ftor-¥el) < 50 & (1 [ sopma )+ () [ somas )

1

< Cp+K? (/OTE (/*(gs)) d8> g
(36)

Coming back to we deduce

1

E ( / f<s>dL2<Y>) <Or 4 K ( / "E((00) ds) g

RR n’ 6813



16 Bernardin, Bossy, Martinez, Talay

Thus, as 5 > 1 by assumption, (34) will be proven if we can show that

/0 E [£*(gs)] ds < +o0, (37)

where P is the probability measure defined by a Girsanov transformation re-
moving the drift of (V;,0 <t <T).
Set A(t) := (Y);. Observe that

sup{f < s; Yp =0} = A" (sup{0 < A(s); Ya-1(9) =0}).

In addition, the Dubins-Schwarz theorem implies that there exists a P-Brownian
Motion (B);>o such that Y, = By(s). Therefore,

Plgs > ul

P _A_1 > u}

sup{t<A(s) : XA,1<t)=0} =

I
=

:sup{t <A(s) : B,=0}> A(u)]

I
=

inf{t > A(u) : B, =0} < A(s)]

VAN
3=k

nf{t >0 : Y, + Busy — Bu =0} < K%(5 — u)} ,

from which

VAN
=h

Plgs > u]

K2(s—u) 1 Y2 ’
Y, exp | —=% |d
/0 Nor e p( 29)

o ()]

vy,
P . —
m /02[(2(5—9) 0

[t0’s formula implies that

2 v v 2
AK?(s —wv) = 2K?%2 J, s—40 8K* J, (s—6)?

Sy
4K4 0 8_97

VAN
&=h

C

For 0 <wv < s set

d(Y)o

INRIA



On mean discounted numbers of passage times in small balls 17

from which

o i) o ke [ 125)

As f is increasing, we deduce

B f2(s)
E [/%(g,)] = /f B [£2(g0) > u] du + £29(0)

29(0)
12(5)

- / B g, > (/) ()] du + £2(0)

f26(0)

B / Blg. > v] 262 (0) f/(v)dv + F2°(0)

<o [ ( - ) T ot o 4 1700,

S

Therefore, using the Fubini-Tonelli theorem for positive functions and the hy-
pothesis , we get

/TE (/*(gs)) ds < Cr /T dv " (v) f'(v) /UT (S — U) " ds + CrT f*°(0)

0 0 S

< Cr /T dqu f25—1(v)f/<v)(T . ?))H_ﬁ i CTTf2/3(O)
0

V4K
< +00.
(38)
In view of , we deduce that
AMT) < Cr by, (39)

An upper bound for D;j. We proceed as in the proof of Lemma . The
main modification is the following one: As

h
D < / FOh) L5, 2.00) (IMoipn]) ds,
0

RR n’ 6813



18 Bernardin, Bossy, Martinez, Talay

we deduce

h
ED? <E < / VZOR S
; <us

h
S f(ph)E (/0\ 1SUP0§u§s Mu+ph‘26h/2d8)
h
< f(ph) (/ 2P ( sup Muyypn 2> 5h/2) ds) (40)
0

0<u<s
2
< C f(ph)exp (—i@)

K2 h
< Chf(ph)dp.
From (31)), (39), and (40), we deduce that

Moypi | >6h/2d5)

Ny, Ny,
hE <Z f(ph)1[6h,6h](Xph)> < Crop + Coy, Z hf(ph)

p=0 p=0
T

S (JTéh + C5h/ f(S)dS
0

< Crop.

This ends the proof of Theorem [I.4]
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