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A STATISTICS INFERENCE PROBLEM IN AN URN AND BALL
MODEL WITH HEAVY TAILED DISTRIBUTIONS

CHRISTINE FRICKER, FABRICE GUILLEMIN, AND PHILIPPE ROBERT

ABSTRACT. We consider in this paper an urn and ball problem with replace-
ment, where balls are with different colors and are drawn uniformly from a
unique urn; a ball which has been drawn is immediately replaced into the urn.
The numbers of balls with a given color are i.i.d. random variables with a
specific probability distribution, for instance a Pareto or a Weibull distribu-
tion. We draw a small fraction p < 1 of the total number of balls. The basic
problem addressed in this paper is to know to which extent we can infer the
total number of colors and the distribution of the number of balls with a given
color. By means of Le Cam’s inequality and Chen-Stein method, we establish
bounds in total variation norm between the distribution of the number of balls
drawn with a given color and the Poisson distribution with the same mean.
We then show, under the assumption of heavy tailed distributions, that the
distribution of the number of balls drawn with a given color has the same tail
as that of the original number of balls. We finally establish bounds between
the two distributions when each ball is drawn with probability p.

1. INTRODUCTION

We consider in this paper the following urn and ball problem with replacement:
an urn contains a random number of balls with different colors, we draw a small
fraction p <« 1 of the total number of balls and a ball which has been drawn is
immediately replaced into the urn. The problem is to infer the number of colors
and the distribution of the number of balls with a given color. We assume that the
numbers of balls with various colors are i.i.d. random variables and that the number
K of colors is large. Throughout this paper, the number of balls with a given color
has a heavy tailed probability distribution of Pareto or Weibull type. Finally, we
assume that balls are drawn uniformly, which means for each i = 1,..., K that if
there are v; balls with color 4, the probability of drawing a ball with this color is
v;/V, where V = Zszl v;. This problem is motivated by the analysis of packet
sampling in the Internet (see [f] for details).

To address the problem of inferring the initial statistics of balls and colors, we
analyze the non-normalized distribution of the number of balls drawn with a given
color. More specifically, let W, (respectively, Wj+) denote the number of colors
with a number of drawn balls equal to (respectively, equal to or greater than) j.
Denoting by K the number of colors seen when drawing balls, the quantities W,/ K
and WjJr /f( are equal to the proportion of colors, which at the end of the trial
comprise exactly or at least j balls, respectively.

Date: Version of December 13, 2008.
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The basic ingredients for analyzing the random variables W; and W]-Jr are Le
Cam’s inequality and Chen-Stein method, possibly complemented by central limit
theorem arguments. These theoretical tools allow us to compare the distributions
of the random variables W; and Wj‘Ir with Poisson distributions with same means.
The goal of the analysis is to estimate the validity of the simple scaling rule, which
consists of estimating the distribution of the original number v; of balls with color
i by that of the random variable ¥; /p, where ¥; is the number of drawn balls with
color i. We specifically show that this rule is valid for tails of the distributions as
soon as they are heavy tailed.

For the sake of completeness, we shall compare the above uniform model with
the case when balls are drawn independently one of each other with probability p
(referred to as probabilistic model). As expected, we show that the results obtained
in both models are close one to each other when p is very small. But there are some
subtle differences between the two models, notably with regard to the achievable
accuracy in the inference of original statistics. It turns out that the probabilistic
model is simpler to analyze than the uniform model but leads to less accurate
results. This is due to the fact that we cannot exploit the fact that the number of
colors is very large.

The organization of this paper is as follows: The notation and the basic results
used in this paper (Le Cam’s inequality and Chen-Stein method) are presented in
Section E The mean values of the random variables W; and I/VJr are computed in
Section E The approximation of the distribution of VVJr by a P01sson distribution
and the validity of the scaling rule are investigated in Sectlon E We compare in
Secmonﬁ the original distribution of the number of balls with a given color against
the rescaled distribution of the number of drawn balls with the same color. Some
concluding remarks with regard to sampling are presented in Section E

2. NOTATION AND BASIC RESULTS

2.1. Definitions and assumptions. We consider an urn containing v; balls with
color ¢ for i = 1,..., K. The quantities v; are independent random variables with
a common heavy tailed distribution. In the following we shall consider two families
of heavy tailed distributions for the number v of balls with a given color:

Pareto distributions: The distribution of v is given by
(1) P(v>z) = (b/x)*, x>0,

with the shape parameter ¢ > 1 and the location parameter b > 0. The
mean of v is ab/(a — 1).
Weibull distributions: The distribution of v; is given by

(2) P(v > x) = exp(—(z/n)%), x>0,

with the skew parameter 8 € (0,1) and the scale parameter np > 0. The
mean of v is FI'(1/f), where I is the classical Euler’s Gamma function.

The total number of balls in the urn is V' = Zfil v;. We draw only a fraction
p of this total number of balls. Each ball is drawn at random: a ball with color 4
is drawn with probability v;/V for a ball with color i. After drawing the pV balls,
we have 0; balls with color i. Of course, only those colors with ©; > 0 can be seen.
The quantity K= Zf; 113,50y is the number of colors seen at the end of a trial.



STATISTICS INFERENCE IN AN URN AND BALL MODEL 3

In the following, we shall be interested in the asymptotic regime when the number
of colors K — oo while the fraction p — 0. Note that by the law of large numbers,
V — o0 a.s. (the total number of balls in the urn is very large).

The random variables we consider in this paper to infer the original statistics
of the number of balls and colors are the variables W; and WjJr, 7 > 1, defined as
follows.

Definition 1 (Definition of W;). The random variable W; is the number of colors
with j balls at the end of a trial and is given by

721 Wi=1=j + La=gy + -+ Liae=sys
where ¥; > 0 is the number of balls drawn with color i (which can be equal to 0).

Definition 2 (Definition of Wj‘). The random variable Wj"" is the number of colors
with at least j balls at the end of a trial. The random variables Wj+ are formally
defined by

Jz L Wi =10 + ey o+ L)

Note that we have
: + _
Viz1, W= W
L>j
The averages of the random variables W; are in fact the key quantities we shall
use in the following to infer the original numbers of balls per color.

2.2. Le Cam’s inequality and Chen-Stein method. Le Cam’s inequality gives
the distance in total variation between the distribution of a sum of independent and
identically distributed (i.i.d.) Bernoulli random variables and the Poisson distri-
bution with the same mean (see Barbour et al. [[f]). Note that if V and W are
two random variables taking integer values, the distance in total variation between
their distributions is defined by

IPW € ) —P(V € )l < sup [P(W € 4) —P(V € 4)|
C

1
= §Z|P(W:n)—P(V:n)|.
n>0
Theorem 1 (Le Cam’s Inequality). If the random variable W =, I;, where the
random variables I; are i.i.d. Bernoulli random wvariables, then

3) [B(W € ) —=P(Qx € )]l < Z]P’(Ii =1y

where for A > 0, Qx is a Poisson random variable with mean A, that is, for all
n >0,
A"y
P(@Qx=n)= e

When the random variables I; appearing in the above theorem are not indepen-
dent but satisfy a specific condition, referred to as monotonic coupling, it is still

possible to obtain a bound on the distance between the distribution of the sum
W =", I; and the Poisson distribution with mean E(W).

Definition 3 (Monotonic Coupling). The variables I; are said to be negatively
correlated, when there exist random wvariables U; and V; such that



4 CHRISTINE FRICKER, FABRICE GUILLEMIN, AND PHILIPPE ROBERT

W) U W oand 1+V; 2" (W | I, = 1);
(2) Vi < Ui

The main result of the Chen-Stein method is given by the following theorem (see
Barbour et al. [{]).

Theorem 2. If the monotonic coupling condition is satisfied, then the following
inequality holds

Var(W)
OE(W)

When the monotonic coupling condition is satisfied, in order to prove the Poisson
approximation, it is sufficient to show that the ratio of the variance to the mean
value of W is close to 1; this is a very weak condition to prove in practice.

It should be noted (see [§]) that Relation ([f) can be used not only when E(W)
take bounded values so that W is approximately a Poisson random variable, but
also when E(W) is large. In this case Chen-Stein Method yields a central limit
theorem: If A is a standard normal distribution,

W — E(W)
HP L
i

(4) [P(W € ) = P(Qew) € )llw <1

<

tv

(W—]E(W) . ) - (Q]E(W)E(W) . )
v/ Var(W) Var(W)
Qew)—E(W)
Var(W)

tv

+||P

€ ) —P(N € )

By using Relation (), we have

W —E(W) Var(W)
HP ( Var( ) ) SPNVE] =1
+ p(M c ) ~P(N € )
Var(W) o

If the ratio E(W)/Var(W) is close to 1, then the first term in the right hand side of
the above relation is negligible. In addition, the classical central limit theorem for
Poisson distributions implies that when E(W) is large, the second term is negligible
too. Therefore, we have W ~ E(W) + /Var(W)N with a bound on the error.

3. COMPUTATION OF MEAN VALUES

3.1. Bounds for mean values. By using Le Cam’s inequality, we can establish
the following result for the mean value of the random variables W;.

Proposition 1 (Mean Value of W;). If there are V' balls and K colors in the urn,
for j >0, the mean number E(W;) of colors with j balls at the end of a trial satisfies

the relation
E(W;) v?
<pE|—
<p ( v )

6 -0
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where Q is the probability distribution defined by

(o)
@j]E<Z;.—!€ >7

p is the sampling rate, and v is distributed as the number of balls with a given color.

Proof. We have

0 =Bi+By+-+ By
where B} is equal to one if the ¢th ball drawn from the urn has color i, which event
occurs with probability v; /V, the quantity V' being the total number of balls in the
urn.

Conditionally on the values of the set 7 = {v1, ..., vk}, the variables (B, £ > 1)
are independent Bernoulli variables. For 1 < ¢ < K, Le Cam’s Inequality (E)
therefore gives the relation

2

- 3
P € - | ) = P(Qpu, €,y < PE-

By integrating with respect to the variables vy, ..., vk, this gives the relation
N v?
©) PG € - Qlly <8 (T7).

Note that for j € N, [P(3; = j) — Q;| < pE (v?/V). Since E(W;) = Zfil P(v; = j),
by summing on ¢ = 1,..., K, we obtain

2
(W) - KOyl < 4 (7

and the result follows. O

By using the fact that E(W]-Jr) = Zfil P(0; > j), we can deduce from Equa-

tion (f]) the following result. -

Proposition 2 (Mean Value of Wj+). If there are V balls and K colors in the

urn, the mean number E(W;r) of colors with at least j > 0 balls at the end of an
arbitrary trial satisfies the relation

E(W;")

(7) 2 <pE(V)

>3

where the probability distribution Q is defined in Proposition E

If E(v?) < oo, we immediately deduce from Propositions m and E the following
corollary by using the fact that V > K.

Corollary 1 (Asymptotic Mean Values). If E(v 2) < 00, then

lim —IE(W) Q; and lim —E VVJr ZQ@

K—oo K K—oo K
>3

Note that if balls are drawn with probability p independently one of each other
(probabilistic model), we have ©; = >,°, B}, where the random variables B} are
Bernoulli with mean p. By adapting the above proofs, we find

E(W;
(8) 'M - Q;

7 < Pp’E(v).
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In this case, the equivalent of E(W;) as in Corollary EI when K — oo and E(v?) < oo
is no more valid. This comes from the fact that colors can be considered in isolation
and that we cannot exploit information on the global system. Hence, results for the
probabilistic model are less accurate than those for the uniform model when the
number of colors is large. Nevertheless, the advantage of the probabilistic model
is that the bound in Equation (E) does not depend upon the second moment of v.
But, if the condition E(v?) < oo does not hold, we can still establish a bound for
the uniform model by using the fact v; <V and we obtain

]M ~ Q)] < pEW),

K

which is less tight than Equation ().
3.2. Asymptotic results for specific probability distributions.

3.2.1. Pareto distributions. Let us first assume that the number of balls of a given
color follows a Pareto distribution given by Equation () with a > 2, which implies
that E(v?) < oo. Then, we have the following result when the number of colors
goes to infinity.

Proposition 3. If v has a Pareto distribution as in Fquation () with a > 2, then
for all j > a, the relations

) i S 1S o)

(10) i EUE P o),
E(WF i a J

W D o)

hold.

Proof. For j > a,

J a “+oo
(12) Q;=E (pv) e~ PY :abap— ima—lg—u g,
_7' j' pb
T'(j — J
= a(ph)® ( : a) (Pb')
J J

intéujfaflefpb“ du.

Therefore, by using the relation I'(z + 1) = zT'(z), we get the equivalence

Qj-‘rl:j_a/ O bj—a
o g1t ((p0)’ ™),
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which gives Equations () and ([l() by using Corollary [ For the mean value of
W;r, Equation ([[J) gives the relation

E(W;")

: ' o~ L(n—a) (pb)’
K1—>+oo K a(pb) Z n! +0 (1p pb)

1m
nxj

ey S T (pby )

= IF'(j+n+1) n! 1—pb
I'(j—a) . : (pb)’
= a F(Gj—a,1;5+1;1
a(pb) 7 (J—aLj+1; )+0(1pb :

where F'(a, b; ¢; z) is the hypergeometric function which is also given by

I'(e)'(c—a—Db)
I'(c—a)l(c—1b)’

see Abramowitz and Stegun [EI], Equation ([L1) follows. O

F(a,b;c;1) =

The shape parameter a can be estimated with Relation (EI) by

E(Wj1) (pb)’
13 a= lim j|1-——222) 402
(13) Koroo? < E(W;) 1—pb
for all j > a when a > 2. This gives a means of estimating the shape parame-
ter a. When observing drawn balls, we have in fact only access to the quantity
E(K) of the number of colors seen when drawing balls. While this has no impact

for the estimation of a, this correcting term is important when estimating b from
Equation ([LT]). Tt is straightforward that

K
K= 10 =K-W
i=1

and then
E(K) ~ K(1-Qo) =K (1-E(e™?")).
Since
(14) 1-E(e™) = p/oo e P*P(v > z)dx = bp + (bp)*T'(1 — a, bp),
0

where I'(a, z) is the incomplete Gamma function defined by I'(a, z) = [ t*~ e~ "dL,
we can use the above equations together with Equation (@) in order to estimate b
and then K. It is also worth noting that 1 —E(e ?") ~ bp when a > 1 and bp — 0.

When the shape parameter a € (1,2), the above inference method cannot be ap-
plied since we cannot use Corollary . Nevertheless, we shall prove in the following
that P(0 > j) ~ P(v > j/p)/v when j — oc. It follows that Equation ([1J) can still

be used for estimating a but only when j — oo.

3.2.2. Weibull distributions. We assume in this section that the number of balls
with a given color follows a Weibull distribution. Since E(v?) < oo, we have the
following result, which follows from a simple variable change and the expansion
of exp(—x?) in power series of 2% or exp(—pz) in power series of z; the proof is
omitted.



8 CHRISTINE FRICKER, FABRICE GUILLEMIN, AND PHILIPPE ROBERT

Proposition 4. If v has a Weibull distribution with skew parameter 5 and scale
parameter n, then for 0 < g <1

. B~ (D" T((n+1)8+7)
and for B > 1,

. () <~ (=pm)" . [ (n+ )
(16) m E(Wj) = i Z T ( ot 1) :

Note that E(W;) can be written in the form

1 B a1 _ s

E(W;) = ,——/ WP lemuttu” gy
3t (em)? Jo

with t = —1/(pn)®. The above integral is known in the literature as to be of the

Faxen’s type and can be expressed by means of Meijer G-function, when [ is a

rational number, see Abramowitz and Stegun [f].

Contrary to the case of Pareto distribution for the initial distribution of balls
of given color, there is no simple relations giving the parameters 4 and 7 from the
mean values E(W;), 7 > 1. In fact, we shall prove in the following that P(¢ > j)
has also a Weibull tail. This eventually gives a means of identifying the parameters.

4. POISSON APPROXIMATIONS

In the previous section, we have established bounds for the mean values of the
random variables W; and Wj+. To obtain more information on their distributions,
we intend to use Chen-Stein method. For a fixed environment (namely fixed values
of the quantities v; for ¢ = 1,...,K), these random variables appear as sums
of non independent Bernoulli random variables. A preliminary analysis of the
Bernoulli random variables appearing in the expression of W; reveals that it seems
not possible to invoke a monotonic coupling argument. It is well known (see [@] for
details) that the situation is more favorable with the random variables Wj+ and we
can specifically prove that if V is the set V = {v;, 1 < i < K}, then the total number
Wj‘Ir of colors with at least j balls at the end of the trial satisfies the relation

<E <1VaY(Wj+ | V)) .
tv

an - [pove- 1V)-P@uu;  we) EGW | V)

Indeed, given the v;’s, the model is equivalent to a standard urn and ball problem of
putting pV; balls into K urns, a ball falling into urn ¢ with probability p; = v;/V;.
The number of balls in urn ¢ is the number of balls with color 4 in the original
urn and ball problem. Even in the case when the quantities p; are different, the

variables I;r] def 1(3,>5) are negatively correlated [@, Chapter 6], so that TheoremE
can be used.

The rest of this section is devoted to the estimation of the bound in Equa-
tion ([[7). We first establish the following lemma.

Lemma 1. For a fized environment V = {v;,1 < i < K}, the distance in total
variation between the distribution of VVjJr and the Poisson distribution QE(W; V)
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satisfies the inequality

ma;(p) | p m5(p)°
m;(p) — E(v) m;(p)
where m;(p) and mo j(p) are the first two moments of the random variable defined
by

(19) X =3 O,

>3

(18)  lm [PV € | V)= PQuy | v) € o <

and the prime sign denotes the derivative with respect to p.

Proof. For V fixed, the number W} of colors with j < pV balls at the end of the

trial is such that
KV v v\ PV~
= =3 () () 0-9)"

By using the fact that

LI I SR
vV KEw  \x) *¥

for large K, straightforward calculations show that

(i)’ o, JG=1) | 2jvi—pv; 1
2 E(W; = Ui (1 — L —
(20) E(W; 1Y) Z i 2KE(w) T 2BEwK ) T °\K

(et () (3)

By summing up the terms above and by checking that the o ( ) term remains valid,

since the sum can be written as 21:1 f(v;)e™Pvi/K? where f is a polynomial, we
havefor j >land 0<p<1

B | V) = SR, | V) = Z ()—QE(Z)K;XZ@].@HO(%),

>3

where

>j
For the variance, if I; ; is 1 if color ¢ has exactly j balls at the end of the trial
and 0 otherwise, then W; = Zfil I; ; and, for j # £,
EW;We | V)= Y E(Lijlmg|V)
1<i#Em<K

and

EW} [ V)=EW; [V)+ Y E(lijln; | V).

1<i#m<K
For 7, ¢ such that j +¢ < pV,

.. _ (pV)' (] J Um V4 ’Ui+/Um PV—j—é
E(wam,e|v)—jm(pvfj%)! (V) (V) 1 - .
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The quantity in the right hand side of the above equation can be expanded as

errtmpittodu,  p et mulun, (L
4! 2V Jild LA K)’

where
Cm(0) =20 G = 1) =205 + 0) (vi + va)P? T+ (05 + v )PP

such that
e*P(viJrvm),UZJ_Ufn d2 efp(viJrvm)v_i],Ufn

T,m ')f = 7 5 B
i cimld0) = 3 il

Since
2

wi2= Y we | = Y wmawe+ > w2

£2j LF#k>] £2j

E(W; )2 V) —EW, [ V)= Y > Elixdme | V)

1<i#Fm<K l,k>j
'S " 1
- Xy () Xon g (p) — o (X X =),
Z ( 7](p) 1.7(p) 2E(U)K ( »J 7]) (p)) +o (K)
1<i#Fm<K

and

Var(W [ V)  EW; | V) —E(W;)? | V) +EW; | V)?
EW; V) E(W; | V) '
The right-hand side of this equation can be expanded as

1
- Xi,‘ p)Xm,’ P)
Zil; Xi;+0(1) 1§i7ézm§K it i

K K
+2E(]1)))K Z (Xi,ijyj)//(p) + (Zl Xij(p) — ﬁ ZlXZ”](p)>

1<i#m<K i= j

which can be rewritten as

1 3 X20)

K
Yo Xig +0() \ 52k

K

P Z (X Xm,;)" (p) — QZXM(P) ZX{/J(I’) +0(1)

+7
2E(v)K 1<i#m<K i=1

using that Y-, XijXm; = (32, Xij)® — 22, X7;. By the law of large numbers,
we have when K — 400

X2 0) B = mag0), g O (Xei X ) () — (m2) ()
i=1 i#m
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together with

K
1 1
=3 X 0) —msp) and = ST X5 (p) — ().
Lt i=1
Hence,
fy 1 YW V) mes () + i ()" () — gty Imi @)
Ko EVY) m;(p) -
ma ;(p) + ﬁm} (p)?
= a.s.
m;(p)
and the result follows. .

To illustrate the fact that the bound in Equation ([[§) is tight when p — 0 and
v has finite moments of any order, let us note that
pj )
(21) m;(p) ~p—o FE(UJ)-
Moreover,
P P!
m2,;(p) ~p—o —zE(¥) and mj(p) ~po =
e PTG =)
Thus, the limit when K tends to 4+oo of the bound given by Equation (E) is
equivalent to

E(v?).

jr’ ! E()
(G =D E(v)
when p tends to 0. If 7 > 2, this term tends to 0 when p — 0.
By using the above lemma, we are now able to state a central limit like result
for the random variables WjJr.

Proposition 5. Under the assumption that E(v?) < oo,

Wit —EW;) Y g—u?/2
(22) lim sup |P | L —L-<y| - —du
K—+00 ycR IE(W;F) —oo V2T

mai(p) | p_ (Mj(p))°
~ my(p)  E(v) m;(p)
where the quantity of the right-hand side of equation (@) is small for j > 2 when
p is small. Thus, for j > 2 and for small p, the following equivalence holds

W ~E(W,") +/EW,") G

where G is a normal random variable.

Proof. From Lemma EI, we have

+ + - +
Wi —EW;") c1v|_p Q]E(Wj+ v — EW;TY)
E(W;") E(W; V)

mai(p) . p m;(p)°
- my(p)  E(v) my(p)
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From Equation (£Q), we know that when K — oo, E(W;r | V) ~ KE(X;(p) =
KZQJ‘ Q¢ = Kmj(p), where the quantities Q are defined in Proposition m In
addition, from Corollary i, E(Wj'") ~ Km;(p) when K — +oc0. The result then
follows by applying the central limit theorem for Poisson distributions and by de-
conditioning with respect to V. O

To conclude this section, let us notice that when balls are drawn with probability
p independently one of each other, we do not have to condition on the environment
and we have

E (S, (O -p" sy )
<
v E ((?)Pj(l - p)”*jl{vza‘})

It is worth noting that the results are independent of the number of colors and
that we do not need take K — oo to obtain a bound for the distance in total
variation. In addition, when E(W}) become large, then it is possible to obtain a
central limit-type approximation similar to Proposition E

HP(WJ‘JFG')_P(QE(W]ﬂ €)

)

5. COMPARISON WITH ORIGINAL DISTRIBUTIONS

5.1. Uniform model. In this section, we compare the distribution of the number
v of balls drawn with a given color with that of the original number v of balls with
a given color. We are in particular interested in giving a sense to the heuristic
stating that v and ¥/p have distributions close one to each other.

Proposition 6. Under the condition that the random variable v has a Weibull or
Pareto distribution, we have

L B
o Koso KP(v>j/p)

Proof. From Corollary [, we know that if E(v?) < oo, then E(W;)/K — Q; when
K — oo. Since

Q=E (Me—w) = i (’i)je—z’ﬁm =1),

1 1
] — ]

we can show that if v has a heavy tailed distribution, then Q; ~ P(v = j/p) when
7 — oo. Indeed, the above sum can be rewritten as

1 oo
= Z efj(f)]p(v =),
7=

where f;(¢) = —pl + jlog(pf), which attains its maximum at point j/p with
fi/p) = —p?/j. If the random variable v is Weibull or Pareto and j/p is suf-
ficiently large, then P(v = ¢)/P(v = j/p) — 1 ~ 0 uniformly on j for ¢ in the
neighborhood of j/p. It follows that

1 _ oo -
Qj ~ 71?’(1) = j/p)efili/P) Z 5
J!

{=—o00
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For a > 0 converging to 0,

[eS) ) [eS) 400 400 ”
Z e” o = Z / Tiusarzye™™ du~2/ \/je_“ du
l=—00 f=—000 0 a

—+o0

’lL2 2 T
-2 — e W gy = 2
[ as

by Stirling formula j! ~ /27j72 =7 for large j, we obtain that Q; ~ P(v = j/p)/p.
It is then easy to deduce that >, Q; ~P(v > j/p) for large j.

To apply Corollary [, we need E(v?) < co. But from Equation () we know
that E(W;)/K — Q; even if the condition E(v?) < oo is not satisfied. O

The above Proposition implies that P(¢ > j) is such that P(¢ > j) ~ P(v > j/p)
when the number of colors is large. This means that the tail of the distribution
of the random variable v can be obtained by rescaling that of the number v of
drawn balls with a given color. When v has a Pareto distribution, Equation ([L3)
can still be used for large j to estimate the shape parameter a. The estimation of
the probability 1 — E(e™P?) of sampling a color and the scale parameter b can also
be estimated from the tail by using the expression of that probability as a function
of b and a as in Equation (E) The same method applies for Weibull distributions.

5.2. Probabilistic model. From now on, we consider the probabilistic model and
we establish stronger results on the distance between P(¢0 > j) and P(v > j/p),
where v is the number of balls with a given color at the end of a trial. For this
sampling mode, it was not possible to prove a result similar to Corollary , but
Berry-Essen’s theorem [ﬂ] can be used to establish a stronger result for the compar-
ison between v and v; see [E] In this paper, we go further by establishing a tighter
bound.

Let (B;,) be some sequence of i.i.d. Bernoulli random variables with parameter
p and v some independent r.v. on N. Take some o €]1/2,1[. Let o = >_,_, B.

Theorem 3. For a € (1/2,1), we have

PO >35) . .
m—A(J)+B(3),
where
A1(j) < A(G) < Az2(j)
with
Al(j):
. P AN | P>/ LG/p)0) + 1)
e ) P> i)

N a—1
i
2 <1 + (1) >
. Pv>3/p—|G/p)*
A5(j) = w=zi/p—1G/p)"])
P(v > j/p)
and where B(j) is a positive quantity such that

N st () Plo > )
R N T)
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Note that when the distribution of the random variable v is heavy tailed, the quan-
tities A1(j) and As(j) tend to 1 and B(j) tends to 0 when j — oo.

Proof. We have

P(o>j)=P (ZBe Zj) =T + 15,
=1
where

Ty

P <ZBe >j,j<v<j/p—10G/p)] — 1) :
=1
T, = P <Z Be>j,j/p—(i/p)*] < v) :

=1

Let us first recall the following inequality for the sum of independent Bernoulli
random variables By, £ > 1 [[]: for z € [0,1 — p]

- ‘n,:l:2
(23) P (z By—np> n> s

(=1

where

2 2,
(24) A(z) =2p(1 - p) + 32(1 — 2p) — gz~
It follows that for j < v < j/p

v _ (J'*z?v)2
g <Z By > j) <e "),

{=1

It is easily checked that the function v — vA (% — p) is increasing in the interval
[7,7/p] and that for all v € [j,7/p]

vA (Z —P) < 2j(1 - p).
v
Hence, for v € [4, 7 /p)
v j—pv)?
P <ZB@ zj) < e Sty
=1

and for v € [j,5/p— [(i/p)*] —1]

This implies that

n < P ( Be>j,j<v<j/p—0{/p)*]— 1)
=1
i/p=1G/p) ] -1
< P By >j | P(v>y)
=1
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For the term 15, we first note that

T <P(w>3i/p—10(/p)?]).

Then, we clearly have

T, >P (Z Bezj.j/p+(G/p)*] +1< v)

(=1
and then
/p+LG/) 41 . e
S f B, ;| Bwzd/p+1G/p)°) +1)
P(v>j/p) ~ p P(v > j/p)

Chernoff bound implies for v = j/p+ | (j/p)*] +1

P (iBg Sj) < exp <(pv2p#)2>
=1

It follows that

_ B
P(v>j/p) ~
- exp | - P (z) Pv>j/p+ (G/p)°] +1)
A a—1 > .
2 (1 n (%) ) p P(v > j/p)
and the proof follows. 0

The above result can be applied to specific distributions for v. The following
corollary has been obtained in a more general context by Asmussen et al [Jj] and
Foss and Korshunov [ff].

Corollary 2. If v has either
(1) a Pareto tail distribution with parameter a > 1 such that for x > 0, P(v > z) =
L(z)x~® where L is a slowly varying function, i.e., for each t >0,

L(tx)

pr— 1'
z—1>r-|I-1<>o L(x)

)

or
(2) a Weibull tail distribution with 8 €]0,1/2] such that for x > 0, P(v > x) =
L(:E)e’hl3 for some § > 0 and L a slowly varying function

then
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Proof. For (1),

Po>j) _ LU) Tt LG) -
P(v>3/p)  L(j/p) (i/p)~* L(j/p)" i—te

and

Plv > j/p+e(i/p)*) _ LIG/P)A+€G/P)* ™) 4\ i/ya—1y-a
Fozim . Lo )

which tends to 1 when j tends to +oo. This implies that the quantities A;(j) and
As(j) appearing in Theoremﬁ tends to 1 and B(j) tends to 0 when j — oo.
For (2),

P(v Z.]‘) _ LQ) o—037(1=p~") . 0
Pv>j/p)  L(j/p) jotoo
and it is straightforward that

Plv>j/p+e(i/p)*)  LG/p(1+ e(j/p)ail))675(j/p+€(j/p)a)B+6(j/p)5

P(v > j/p) L(i/p)
_ LG/ +€G/P)* D) speifmeo—t (o)
L(j/p)
which tends to 1 if o+ 5 < 1. Let 8 €]0, 1[. It is sufficient to find « €]1/2, 1] such

that o + 8 < 1. Necessarily 1 — § > « > 1/2 thus § < 1/2 and for such a 3, such
an « exists. 0

6. CONCLUDING REMARKS ON SAMPLING AND PARAMETER INFERENCE

We have established in this paper convergence results for the distribution of the
number of balls with a given color, which are drawn from a urn containing balls
with different colors under the assumption that there is a large number of colors,
the number of balls with a given color has a heavy tailed distribution independent
of the color, and only a small fraction p of the total number of ball is drawn. We
have considered two ball drawing rules. The first one states that the probability
of drawing a ball with a given color depends upon the relative contribution of the
color to the total number of balls and a drawn ball is immediately replaced into the
urn. With the second rule, each ball is selected with probability p independently of
the others. The two rules do not give the same results, even if they coincide when
p — 0 (see [{] for details).

From a practical point of view, we have shown that it is possible to infer the
original distribution of the number of balls with a given color by using the tail of
the distribution of the number of balls with a a given color drawn from the urn.
A stronger result holds for Pareto distributions with a second moment when the
number of colors is very large (see Proposition E) This result is robust in practice
because it does not rely on distribution tails (in Propositionﬂ assertions hold for
all j > 0).

The inference of the original number of balls per color is valid when the number
of balls follows a unique distribution of Pareto or Weibull type. This could be used
in the context of packet sampling in the Internet. In practice, however, the number
of packets in flows is in general not described by a unique “nice” distribution, but
can only be locally approximated by a series of Pareto distributions (see [E] for a
discussion). More sophisticated techniques are then necessary to infer the original
statistics of flows.
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