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Abstract: This work is devoted to the well-posedness of a particle position—
velocity system which is nonlinear in the sense of McKean. As the dynamics
of the velocity depends on the conditional expectation w.r.t. its position, we
have to deal with a singular interaction kernel between particles. This study
is motivated by a new class of SDEs-PDEs systems, the so called Lagrangian
stochastic models which are commonly used in the simulation of turbulent
flows.

After a short presentation of these systems, we prove existence and unique-
ness results for a simplified model, and a propagation of chaos result for the
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Sur les modeles lagrangiens stochastiques
McKean conditionnels

Résumé : Dans ce travail, nous nous étudions le caractere bien-posé d’un
systeme de particules en (position, vitesse) nonliéaire au sense de McKean.
Dans ce type de systeme, ’équation de la vitesse fait apparaitre une espérance
conditionnelle par rapport a sa position courante. Ainsi, la nonlinearité au
sense de McKean est singuliere.

Cette étude est motivée par une classe de modeles, appelés modeles la-
grangiens stochastiques, utilisé pour la simulation d’écoulements turbulents
en mécanique des fluides.

Apes une courte présentation de ces modeles, nous montrons un résultat
d’existence et d’unicité pour un modele lagrangien simple, ainsi qu’un résultat
de propagation du chaos pour le systeme de particules associé.

Mots-clés : modele stochastique lagrangien, propagation du chaos, non-
linéarité conditionnelle au sens de McKean



On conditional McKean Lagrangian stochastic models 3

1 Introduction

In this paper, we prove the well-posedness, and construct an interacting par-
ticle approximation for the simplified Lagrangian stochastic model describing
the time evolution of the position and velocity of a fluid—particle: for finite
horizon time 7' > 0, we consider a d-dimensional standard Brownian mo-
tion (Wy; t € [0,T]), and a R*-valued r.v. (Xo,U) independent of W, and
(X, Uy); t €10,T)) satistying

X, = Xo+ [ Uy ds,
Uy = Uy + [, B[Xs,Us; ps] ds + [y (s, X, Us) WV, (1.1)
py is the density distribution of (Xy,U;) for all ¢ € (0, 7.

Here, B is the mapping from R¢ x R¢ x L}(R??) to R? defined by

Jaa b(v, )y (z, v) dv
Bz, u;vy] = Jga v(@, v) dv
0 elsewhere,

if [pay(x,v)dv #0, (1.2)

where b : RY x R? — R? is a bounded interaction kernel. Formally, the drift
component of ([1.1)) involves the function

(x,u) — E [b (Up, u) /Xt = a:] . (1.3)

Such nonlinearity is typical of Lagrangian stochastic models. A Lagrangian
stochastic model is a system of SDEs describing characteristics of a generic
fluid—particle in a turbulent flow. These characteristics include the position
X, and the velocity U, of a particle.

The present work is strongly motivated by the Lagrangian stochastic ap-
proach for the simulation of turbulent flows and the related Probability Density
Function (PDF) methods for turbulent flows. The Lagrangian stochastic mod-
els for turbulent flows have a dramatic complexity (see description, Section [2)).
To our knowledge, the mathematical study of these models is an open prob-
lem. Since the model aims to be an alternative approach to the Navier—Stokes
equations for turbulent flows, it is not surprising that its study presents difficul-
ties. Several recent works separately face some of the difficulties. For example,
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4 Bossy, Jabir, Talay

Bossy & Fontbona [2] study the Poisson PDE and its relation with the in-
compressibility of the mean field velocity; Bossy and Jabir [3] study with
boundary condition. In this paper, we initiate the theoretical justification of
these Lagrangian models. We have started their theoretical study by showing
that the simplified model is well-posed. Part of our analysis consists
in proving a propagation of chaos result for the solution of a particle system
approaching the solution of which is a first step to prove the convergence
of stochastic particle methods. Although simple, the model inherits two
important features of the Lagrangian stochastic model. First, the infinitesimal
generator of the process is non—elliptic due to the Langevin dynamic. Second,
the drift coefficient of the velocity involve a conditional expectation w.r.t. the
particle position. Consequently, Equation is a degenerate and singular
nonlinear equation in the sense of McKean.

We prove that has a unique solution constructed as the limit of solu-
tions of smoothed systems (see Theorem [3.2). The existence of the solutions
of the smoothed systems is obtained by means of the propagation of chaos of
interacting particle systems (see Section . The uniqueness results are proven
in Section [l In the next section, we briefly present the Lagrangian stochastic
models in fluid dynamics, and list some references on the models and their
numerical issues.

2 A brief description of Lagrangian stochastic
models for turbulent flows

We start this section with a short reminder on the notion of statistical solutions
to the Navier—Stokes equation for turbulent flows. For the sake of simplicity,
we limit our presentation to monophasic flows. These statistical solutions are
random fields, the velocity and the pressure, which are decomposed into their
averaged and fluctuating parts. The so called Reynolds decomposition of the
Eulerian velocity U is

Ut,z,w) = (U)(t,z) + u(t,z,w),

where (U) is the (ensemble) averaged part, and u is the fluctuating part. The
Reynolds average ( ) is a linear operator applied to the random fields, which

INRIA



On conditional McKean Lagrangian stochastic models D

is assumed to commute with spatial and times derivatives. Formally applying
the Reynolds average to the Navier—Stokes equation, one obtains the so called
Reynolds Averaged Navier—Stokes (RANS) equations:
V.- (U) =0,
: : 1 : . L
O{UDY 4 (U) - V (UW)) = —gvm(P(% + v (UD) — 8, (uDul?),

(U)(0,2) = (Uo)(x).

(2.1)
The averaged pressure (P) solves the Poisson equation
— AP =2 (UDINUY)Y 4+ 52 (uDu). (2.2)
Q KRR V]

The Reynolds stress tensor stands for the covariance of velocity components:
<u(i)u(j)> — <U(i)U(j)> _ <U(i))(UU)).

These terms are not closed in Equation . This problem has led to the
introduction of closure models based on Kolmogorov’s theory for turbulent
flows and experimental observations. For example, the k£ — & closures consist
in a set of closed equations for the turbulent kinetic k£ and the dissipation rate

& defined as

k(t,z) =
E(t,x) =

<u(i)u(i)>(t, x),

<8xju(i)0xju(i)> (t, ),

RN N =

(see, e.g., Mohammadi & Pironneau [9], Pope [13]).

Lagrangian stochastic models have been successfully proposed to provide
an alternative approach to the numerical resolution of RANS equations com-
bined with closure models to simulate complex flows for which PDE solvers
are inefficient.

In a series of papers initiated in 1985, Stephen B. Pope has proposed La-
grangian stochastic models to describe the position and the instantaneous ve-
locity (X;,U;) of a fluid-particle. Depending on the flow, other Lagrangian
characteristics of the turbulence are added to the model. For a fluid with
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6 Bossy, Jabir, Talay

constant mass density o, Lagrangian and Fulerian quantities are related as
follows: for all suitable measurable function g : R — R?,

(U, ) = Elg(th)/ X, = x].

Assuming that (X,U) is a diffusion process, the coefficients of its generator
are designed such that the Lagrangian laws are consistent with closed RANS
equations and other relevant Physic laws in turbulence theory (see Pope [12],
[13] for details). This methodology is known as PDF method for turbulent
flows in the literature. The simplest model proposed by Pope is the so called
simplified Langevin model (see [13]):

X, = Xo+ [, U ds,
1
Uy = Uy — . [y V(P (s, X,) ds + v [y A (U (s, X,) ds
E(s, X,
+C1 Jy ﬁ (U) (s, Xs) —Uy) ds + [} /T2 (s, X,) dW.

Here, C; and Cy are positive constants, and (W;; ¢t > 0) is a standard R3*-
valued Brownian motion. The Poisson equation provides the averaged
pressure (P)(t,z), and k and € are assumed to be known.

A less elementary model was proposed by Dreeben & Pope [6] where

k(t,z) = E ((uf”f /X, = x) - (E (u}“ /X, = x>>2 ,

and & is defined as &(t,z) = (w)(t, 2)k(t, x) where (w)(t,2) = E (w;/X; = )
and (wy; t > 0) is the solution of the following SDE:

wy =wp + C’g/o (W) (s, Xs) ((w)(s, Xs) —ws) ds

_/OtwsSw(s,Xs)(w)(s,Xs)ds+/Ot \/O4ws(<w>(S,Xs))2 ..

Here, C3, C are positive constants, W is a one—dimensional standard Brownian
motion independent of W, and
(UOUD)(t,2) = (UD)(t, 2)(UD) (¢, 2)) 0, (UD) (2t 2)

Su(t,x) = Cpa+ Cin (W) (t, z)k(t, x) ]

INRIA



On conditional McKean Lagrangian stochastic models 7

A description of the numerical issues can be found in Pope & Xu [I4]. A recent
application to meteorology is developed by one of the authors: see, e.g., Bossy
et al. [1].

Notation. Let 0 < T < 400 be fixed.

For all t € (0, 7], we set Q; = (0,t) x R,

For all ¢ > 1, C([0,7];R?) denotes the space of R¢—valued continuous func-
tions equipped with the compact uniform metric || || .

Given a metric space F, CF(F) denotes the set of real-valued bounded func-
tions defined on E with continuous derivatives up to order k; C¥(FE)
denotes the set of real-valued functions with continuous derivatives up
to order k£ and with compact support.

Given a metric space E, M(FE) denotes the set of probability measures
defined on FE, equipped with the weak convergence topology.

In all the paper, C' is a constant which does not depend on the various
parameters €, IV, ..., but does vary from line to line.

3 Main result

In the study of (1.1)), difficulties come from the dependency of the drift co-
efficient on the conditional expectation . Related situations have been
studied by Sznitman [17], Oelschlager [10] and Dermoune [4]: Sznitman [17]
has considered the one-dimensional nonlinear SDE

A = pe(G) dt + dWs,

where p; is the Lebesgue density of (;. Oelschlager [8] has considered the family
of models

d¢e = F (G, pe(Gr)) dt + dWr,
where F : R? x R is a bounded Lipschitz function, and

dct = th(gt) dt + th

RR n’ 6761



8 Bossy, Jabir, Talay

Dermoune [4] has studied the system
dgt =E (’U(C(])/Ct) dt + th,

where v : R? — R? is a bounded continuous function. Our situation sub-
stantially differs from the above: our drift coefficient depends on conditional
density rather than the density and the infinitesimal generator of (X, U) is
not strongly elliptic.

In the sequel, we suppose the following hypotheses:

(H) e bisabounded continuous function and the law 1 of (Xo,Up) is such
that

[ el + ) otz ) < 0

e The velocity diffusion coefficient ¢ is bounded and strongly elliptic:
for a(t,z,u) := o(t,x,u)o*(t,x,u), there exists A > 0 such that, for
allt € (0,7], z, u, v € RY,

2 d
% < Z a® I (t, 2, u)vv; < A v]?. (3.1)

ij=1

e Foralll <i,j <d,a) is Holder continuous in the following sense:
there exist a € (0, 1] and K depending only on 7" and d such that,
for all (s,z,u), (t,y,v) € (0,T] x R x RY,

a9 (¢, 2, u)—a® (s, y,v)| < C’(|t—s|%+|x—y—v(t—s)|a+|u—v|a).
(3.2)
Remark 3.1. The hypothesis on a 1s classical in the literature on ultra-

parabolic PDEs, see e.g. Theorem[A.1] and Subsection[A.3. In particular, it is
satisfied when o(t,z,u) is a function of (t,u) only.

For fixed N > 1 and € > 0, we consider the interacting particle system
(XN, uN, +€]0,7]); 1<i< N} as defined by

LweN v tgie,N
Xt == XO + fO Z/{S dS,

peN ot b U ) g (XN — XPoN)
U =ty N ie,N j,6,N
ijl <¢6<X87 = )(S7 ’ ) + €>

+ [ o(s, XPON YN Y dWE i =1,..., N.

ds (3.3)

INRIA



On conditional McKean Lagrangian stochastic models 9

Here, {(X},U}), (Wi t € [0,T]); i > 1} are independent copies of ((Xo,Uy), (Wy; t €
[0,77)), and {¢e; € > 0} denotes a family of mollifiers of the type ¢.(z) =

1

—6(2), where ¢ € CL(RY) is such that ¢ > 0 and fp6(z)dz = 1. As

el e

the drift coefficient of the particle system (3.3 is uniformly bounded, the
well-posedness of (3.3 follows from Proposition (see Section and
Girsanov’s theorem.

In Section [5] we prove that the particles propagate chaos. In particular, as
N tends to infinity, (X1, Y1) converges weakly to the solution of

Xi = Xo+ [y Usds,
Us = Uy + [y Be [X$US pf) ds + [y o(s, XEUS) AW, (3.4)
p; is the density of (X7, U5) for all ¢t € (0,77,

where the kernel B, [z, u;~] is defined as follows: for all nonnegative v €
LY(R*)) (z,u) € R??

By (o] — S P06 3w ) o

Jra bexy(z,v)dv + €

where

boxr(w) = [ o=t dy
R
Our main result is as follows.
Theorem 3.2. Assume (H).

(i) For all € > 0, the sequence {(X"*N,UYN); N > 1} converges weakly
to a weak solution (X, U) of . This solution is unique and, if P°
denotes the law of (X, U), the interacting particle system is P*—chaotic;
that is, for every integer k > 2 and every finite family {¢; 1 =1,... k}
of C(C([0, T]; B)),

k
PN YR ®...) — H(PE, ), when N — +00.
1=1

RR n’ 6761



10 Bossy, Jabir, Talay

(1i) When € tends to 0, (X, U) converges weakly to the unique solution (X,U)
of .

Weak solutions of and are defined by appropriate martingale
problems in the next section (see Definition [4.1] and Definition [4.2)).

The rest of the paper is organized as follows: in Section 4] we prove weak
uniqueness results for Equations and . In Section , we get existence:
we show that, for all € > 0, the law of the particle system ({3.3)) converges weakly
and we identify the limit as the weak solution of ; we then get existence
of a weak solution of by letting € decreases to 0.

4 Uniqueness results

We introduce the notions of weak solutions to ) and (|3 . Let ((z¢,w); t €
(0,7T]) be the canonical processes in the sample Space C([0,T]; R??). The mar-

tingale problem related to the smoothed particle system (3.4]) is stated as
follows.

Definition 4.1. A probability measure P¢ on the canonical space C([0, T]; R??)
is a weak solution of ,07’ equivalently, a solution to the martingale problem

(MP,) if
(i) P€o (zo,up)™t = po.

(i1) For allt € (0,T], the time marginal P¢o (x,u;)~" has a density p w.r.t.
Lebesque measure on R?.

(iii) For all f € C3(R??), the process

[z, uy) — f(xo,u0) —/0 A f (s, 25, us) ds

is a P¢-martingale where, for all v € L'(R*?), AS is the differential
operator
ASf(t,z,u) = u- V J(x,u) + B[z, u;y] - Vo f(x,u)
+-= Z” LalBD (¢ x, )02 ().

INRIA



On conditional McKean Lagrangian stochastic models 11

The martingale problem related to (|1.1) is stated as follows.
Definition 4.2. A probability measure P on the canonical space C([0,T]; R?*?)

is a weak solution of , or equivalently, a solution to the martingale problem
(MP) if
(Z) Po ($0,U0)_1 = Mo-

(it) For all t € (0,T), the time marginal P o (x;,u;)™' has a positive density
py w.r.t. Lebesque measure on R,

(iii) For all f € C}(R?®), the process

ﬂ%m%ﬁ%mdeAJ@%%MS

is a P-martingale, where, for each positive v € L'(R*?), A, is the dif-
ferential operator
+= Z” La) (¢ x u)82 f(x,u)

We prove the following uniqueness result.

Proposition 4.3. There is at most one weak solution to Equation and
one weak solution to Equation ,

For a weak solution P of , and a weak solution P¢ of , we consider
the densities p; and p; as in Definitions and . We prove that p; and
p; are the unique solutions of nonlinear mild equations (see Lemma which
implies Proposition 4.3} A preliminary step consists in studying the linear case

(b=0).

4.1 Study of a Langevin system

For (y,v) € R*, consider the pair of processes (Y, V,>"; t > s > 0) solution
of the Langevin equation

{Y —y+ [V,

4.1
VAU =u [La(0, YU V) dW. (4.)

RR n’ 6761
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The following result is a slight extension of a theorem due to Francesco and
Pascucci [5]. We postpone the statement of this theorem and the proof of

Proposition [£.4] in Subsection

Proposition 4.4. Assume (H)-(3.1) and (H)-(3.9). There exists a unique
weak solution to . In addition, this solution admits a density I'(s,y,v;t, x,u)
w.r.t. Lebesque measure such that:

(i) Forall (t,z,u) € (0,T|xR*, 1 <14, j <d, the derivatives 0,,I'(s,y,v;t, x,u)
exist and are continuous for all (s,y,v) € R x R* such that (s,y,v) #
(t,z,u).

(ii) Let f : R* — R be a bounded continuous function. Then the function
Gy,r defined by

Guslsvo) = [ Tls.yvition) (o) dodu,
RZd

is the unique classical solution of the Cauchy problem

0sGry+ LGy =0 1in [0,t) x R (42)
limg_s- Gy s(s,y,v) = f(y,v) in (€ R*, ’
where
1
Lo(s,y,v) =0 Votb(s,9,0) + 5 > ™ (s,9,0)0, , 0(s,9.v). (4.3)
ij=1

(7i1) There exists a constant C > 0 depending only on T and X such that

sup |V, [(s,y,v;t,x,u)| dedu <

C
(y,v)GRQd Rd RV t—s

L, VOoO<s<t<T.
(4.4)

Let us now identify mild equations satisfied by (p;; t € (0,7]) and (p§; t €
(0,77).

INRIA
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4.2 Mild equations for the densities of (X, ) and (X, U°)

Consider a weak solution (X,U) of (1.1). For all f € Cy(R?*?), since G, is a
classical solution of (4.2)), Itd’s formula leads to

Ep [f (Xinry, Uenry, )] = Ep [Gr, £ (0, Xo,Uo)]
w80 [ [ (WGt B 0D 5]
' (4.5)
where {13;; M > 1} is the sequence of stopping times
v =inf{t >0; |X¢|+ U] > M}.

The boundedness of b and ¢ implies that limy, .., 73y = +00, P-a.s. By
the dominated convergence theorem, the left-hand side of converges to
Ep [f(X:,U;)] as M tends to infinity. For the right-hand side, Proposition
shows that, for s # ¢

VoG f(s,y,v) = / VoIL'(s,y,vit, 2, u) f(z,u) dv du,
RQd

and, P-a.s.,

C

ds.
VvVi—s s

tATM t
sup / VuGa s (5, XoyUs) - B[Xo,Us: pill ds < Bl | Flloc /
0 0

M>1

Letting M tends to infinity, we get

flz,uw)p(z,u) dxdu:/ G r(0,y,v)po(dy dv)

R2d R2d

+ / (V’UGt,f(Sa?%U) 'ps(y7U)B [y7vvp8]) ds dydv
(4.6)

We denote by (Sf,; 0 < s <t <T) the adjoint of the transition operator of
(Y,2V7 VYY), that is

S0 = [ Plsgvitan f(g.0) dy o

R2d

RR n’ 6761
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In view of Proposition [4.4} for all 0 < s <¢ < T, S/ is a linear operator from
M(R?) to Ll(RQd) In partlcular Stolko) € Ll(RQd) and the first term in the
right-hand side in can be rewritten as

/RM Sto(po)(x, ) f(x,u) do du.

In addition, for all 0 < s <t < T, we define the operator Sj, : L'(R*;R?) —
L'(R*;R) by

(b)) = [ (TL vt - iy,0) dyd

In particular, Proposition [4.4] shows that

¢
C

[ 18%u0s Wl ds < [ —Elts s @47

for all h € L>((0,T); L*(R??)). Thus the second term in the right—hand side

of (4.6) writes

def(%U)/O Sto (ps()B L 5 ps)) (w,u) ds dz du.

Therefore the marginal distributions (pg; ¢t € (0,7]) of the solution of ([1.1))
satisfy the mild equation

VEEO.T) o= Sl + [ S (pOBLipd)ds i PE. (43

The preceding calculations hold true when p and B[ ;p.] are replaced by p
and B[ ; p]. Therefore the marginal distributions (p§; t € (0,77]) satisfy the
mild equation

t
Ve (0.1) g = Sl + | SLLEOBL gl ds in DE. (49)
0

INRIA
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4.3 Uniqueness of the solutions to the mild equations

and (L9)

Lemma 4.5. There exists at most one positive solution (p;) to Equation (4.8),
and at most one solution (pf) to (4.9).

Proof. Let (p;) and (p?) be two positive solutions of (4.8). We set

)= [ pife.wdu

For a.e. (t,z) in (0,7] x R, pi(z) > 0 for i = 1, 2 and so, B[z, u; pi] in (1.2)
is well-defined for a.e. (t,z,u) € (0,7] x R*. In view of (4.8)), we have

ot — 2l s oy = /

R2d

t
[ S GOB L s0t] = OB [ 502]) () ds| o
0
(4.10)
We aim to prove the following estimate which implies the uniqueness result by
Gronwall’s lemma: there exists C' > 0 such that, for all ¢ € (0,77,

ot — P2l reay < C/t o5 — pg”Ll(Rd) ds (4.11)
t t ILY(R24) = ) \/m . .
From (4.10)), we have
10} — PRl s ey < /Q 150, (D) = 220)) B[ :p]) ()| ds dirdu

+ | |8 (026 (B[ sp] = B[ 502])) (x,w)| dsda du

Q¢
= Al -+ AQ.
(4.12)
In view of (4.7)) and the boundedness of b, we get
e
A< Dbl | lod = sy (1.13)

RR n’ 6761



16 Bossy, Jabir, Talay

We now consider A,. As

ai a2 a1 — az al(bQ - b1)
— === R, by, b 4.14

we observe that

1 /
B [y7vypﬂ - B [yavnoﬂ = 52<y) /]Rd b(U/,U> (,O;(y,v/) - pi(yav )) v’

Jra DV, 0)p5(y, v') o’

(P2(y) — ps(v)) -

ZWR )
Hence, for all 0 < s < t,
I920) (B [+0!] - B[ 71) llz2
Ps y,
<2bl [ 0D [ obont) = )] ' dydo < 2l = s
In view of (4.7) we thus have
! C 1 2
Ay < ||| — 1(pady dS. 4.15
< Wl [ <=l = o ds (1.15)

It remains to gather (4.13 - and - ) to get (4.11] -

We now prove uniqueness for (4.9)). First, let us observe that, by using
(4.7) in Equation (4.9)), one can found C' > 0 such that, for all solution (p§) of

@9,

1ol L1 geay < C, VT € (0,TT.

Next, consider two nonnegative solutions (pt and ( pt ) of (4 . Asin (| .
we have

HP§ —py HLl (R2d) < / |S,§s s p§2()) B. [ ;pg’l]) (x,u)‘ ds dx du

o, S (P50 (Be 57 ] = Be [3.227]) (0] ds de e

=: A} + A5.

INRIA



On conditional McKean Lagrangian stochastic models 17

Obviously,

t
C
AT < |50 el _ pe? ds.
1= || || /O \/m”ps Ps ||L1(]R2d)

In order to estimate AS, we use again (4.14) and we observe that: for a.e.
(Sv Y, U) € Qtv
P2y, ) (Bely, v p¢") = Be [y, v: p5%])
_ ) / b(v', ) (g pt (4, V') = dex pS2(y,v")) dv’
Cae ek TR AT
V) Jpa DV, )b x p5t (y, v") dv'
((be*ps ( ) ) (de P35 (y )+6)

bl|cops
< ((2 Ep / by — o) |p( pSP(y )| dy du'.

In view of (4.7)), it follows that

(¢ x P2 (y) — b x5 (y))

||¢”oo / C 1 2
AS < 15| ot — o ds.
2 = || || cd+1 o [ ||ps Ps ||L1(R2d)

Hence

€ € 2”¢Hoo ”p _pszHL1 R2d
I = s < Ol (1 2l ) [P e o

We conclude on the uniqueness result for (4.9) by applying Gronwall’s lemma.
O

5 Existence results

In this section, we establish that Equations (3.4)) and (1.1)) admit a solution.

Proposition 5.1. The martingale problem (MP,) in Definition has a
unique solution P°.  Furthermore, when € tends to 0, P° converges to a so-
lution of the martingale problem (MP) introduced in Definition .

RR n’ 6761



18 Bossy, Jabir, Talay

The proof of the proposition proceeds in two steps.

In the first step, we construct a weak solution to by studying the
interacting system as the number of particles tends to infinity. As in
Sznitman [I8], we prove the relative compactness of the sequence of the empir-
ical measures of the particles (see Lemma. We then show that the support
of the limit probability measure is the set of solutions of the martingale prob-
lem (MP,) (see Lemma . Using the uniqueness result in Proposition ,
we then get the propagation of chaos result.

The second step consists in exhibiting a solution to the martingale problem
(MP) as the limit of the solution to martingale problem (MP,) when e tends
to 0.

5.1 A propagation of chaos result
Throughout this section we fix € > 0.

Proposition 5.2. There exists a unique probability measure P solution to
the martingale problem (MP.). Moreover, the sequence of probability laws
{PN: N > 1} of the processes {( XN U>N); 1 <i < N} is P*—chaotic.

Let 1" be the empirical measure valued in M(C([0, T]; R??)) by
L
—€,N __ E : ) )
/,L — _N £ 5{X1,6,N’U’L,E,N}-

Let PV in M(M(C([0, T]); R2%))) be the probability law of 7.
Lemma 5.3. The sequence {Fe’N; N > 1} is tight.

Proof. We proceed as in Sznitman [18]: since the particle systems is exchange-

able, the tightness of PV s equivalent to the tightness of the probability
laws of {(X1eN YteN): N > 1}. Let (2", u"): t € (0,T),i = 1,...,N)
be the canonical processes in the sample space C([0, T]; R**). In view of the
boundedness of b and o,

Epen [l — w1 < C(t —s)* and  Epen[|zl”) — 202 < Ot — 5)2

The result follows from the Kolmogorov criterion. O]
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We have shown that {@e’N; N > 1} is relatively compact. We still denote

by {FE’N; N > 1} a weakly convergent subsequence. Let P°™ be the limit of
such a subsequence.

Lemma 5.4. P°™ assigns full measure to the set of the solutions to the mar-
tingale problem (MP,).

Proof. We denote by m the canonical measure on M(C([0, T];R*?)). Since
{(XN UyN): 1 <i < N} are pg-iid., it is easy to check that

—e,N
P

o (m © (x(]?uo)_l)_l - 5#07

and the same holds for P*”, by the weak convergence of PN to PO

property (i) of (MP) is then true for all m, P“*-a.e.
Now we prove that, P"™ -a.e., m satisfies the properties (ii) and (i) of

(MP,). We define « : [0,T] x R? x R x M(C([0, T]; R*)) — R< by
By [b(us, ) pe(x — )]
Em [c(x — z1)] + €

For any f € C3(R*), forany 0 < t; < ... <t, < s <t <T, and any finite
family of functions {¢; ; 1 < j < n} in C(R?*?), we set

. The

a(t,z,u,m) :=

F¢(m) = |E,,

H%’(fﬁtjvut,-) (f(xt,ut) — f(g, us) —/ (ug - Vo f(zg,ug)) db

t 1N
—/ (a(0, zg, ug;me) - Vi f (9, up)) + 2 Z a(w)(gﬂfe,Ue)aii,ujf(xe,ue) dé)] ‘ :

4,j=1

We aim to prove that F¢ = 0, P"*—a.s. Let us first check that, for P —a.e.
m7

/ max |u(w)| dm(w) < 400,
c([o,T];re) El0T]

and therefore F© < +o0, P*™—a.s. Indeed, by setting G(m) =E,, [maxte[a,T] \ut]] ,
we observe that, from the boundedness of b and o,
LN
6L Y o)
i=1

sup Egen[G(m)] = sup Epeny <C.

N>1 N>1
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20 Bossy, Jabir, Talay

The upper bound for F* follows by weak convergence.

It is clear that « is a weakly continuous function of m, and therefore
Egen [F¢(m)] tends to ]E]pe_,ioo[oFe(m)]. Moreover, in view of (3.3), Ege~ [F“(m)] <
C/N, and then F* =0, P —a.s. Consequently,

£ (0, we) — f (o, u0) — / (up - Vuf (29, u5)) 06

t 1<
- / (a(b, g, ug, m) - Vo f(zo,us)) + B Z a(l’])(eyxe,Ue)ai,ujf(fce,ue) dg

ij=1

is a m—martingale. As « is uniformly bounded, by Cameron—Martin’s formula,
we easily check that m o (zg,ug) " has a density pj§, so that

[y, w) — f(zo, uo) — /0 Apéf(e,:cg,ua) do

is a m—martingale. This ends the proof of (i7) and (iu7). O

Proposition ensure that P77 is reduced to a Dirac mass, and we denote
P¢ the point such that P°™ = d¢pey. This implies that ¢ is the unique solution
to (MP,). Moreover, this implies the P“—chaoticity of the particle system (see
Sznitman [I8], Prop. 2.2]).

5.2 Convergence of the smoothed system

In this subsection, we prove that the probability measure P¢, solution of the
martingale problem (MP,), converges to the solution to the martingale prob-

lem (MP). We start with studying the probability measure P¢ defined on
C([0,T]; R*) by

t
P =P o ((xy, ug, uy — ug — / Be|ws, ug; pf]ds); t € [0, 7))
0
As in the proof of Lemma , using (3.4]), the Kolmogorov criterion implies

that the sequence {P%; ¢ > 0} is relatively compact in C([0,T]; R34). Let P
be a converging subsequence and denote its limit by P. Let us characterize
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the support of P. To this aim, we introduce the subset Hjp .. of C([0,T];R3?)
defined by

(z,u, D) in C([O T] R3d), s.t. x(t 0) + [ u(s)ds, and
Hiplloo = § u(t) —u(0) = [o B(s)ds, for a measurable functlon B:10,T] — R?
s.t. SuPyepo,7) W( )| < ||b||oo

We now prove that

Lemma 5.5. P has Jull measure on H ..

Proof. According to the Portemanteau theorem, the weak convergence of Pe
to P yields that, for all closed subset F' of C([0,T]; R3?),

lim sup P(F) < P(F).
e—0
Since P (Hyjpjo.) = 1 for all € > 0, it suffices to show that H .. is a closed
subset of C([0,T);R3). Let {(zn,un, Dy); n € N} be a sequence of Hyy..
converging to (x,u, D) in C([0, T]; R3?). Set A,(t) = u,(t) — u,(0) — D, (t) and
A(t) = u(t) — u(0) — D(t). By uniform convergence, it holds that

x(t) = x(0) + /tu(s) ds, Vtel0,T],
and lim max |A,(t) — A(t)| = 0.

n—+00 t€[0,T
To prove that (x,u, D) belongs to Hp.., it remains to show that A is a.e.
differentiable with a time derivative uniformly bounded by [|b||~. By the Riesz
representation theorem, it is enough to prove that

/0 A)f'(t) dt‘ < HbHoo/O [f()] dt, Vf € C.((0, T|;RY).

As A, ( fo Bn(s) ds for some measurable function 3, satisfying sup,c(o 71 [8n(t)] <
||b||oo, an 1ntegratlon by parts allows us to write

T
il <| [ oo <ol [ 10
n—-roo 0

which ends the proof. O
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Consider the marginal distribution P of P on C([0, T]; R*?), defined by

We have the following result:
Proposition 5.6. P solves the martingale problem (MP) in Definition .

Proof. The point (i) of (MP) is obvious. To prove (i), consider ((z;, ut, Dy); t e
[0, 7)) the canonical processes of C([0, T]; R3?). In view of Lemmal5.5, we know
that, P-a.s., for all ¢ € [0, T,

Ty :;E0+f0tusds,
Ut:U0+fJﬂsd8+Dt,

with SUPyefo, 7] | Bi| < [|b||oo- Since o is bounded continuous, the weak conver-
gence of P¢ to P yields that, for all function f in C2(R%),

f(Dy) = f(Do) — = Z/ @) (s T, Us) O w,J (Ds)ds

zgl

is a f"—martingale. We deduce that D, = f(f 0(0,x9,up) dwy for some d—
dimensional Wiener process (wy; t € [0,77).

In view of , Girsanov’s theorem allows one to define a new probability
Q absolutely continuous to P on C([0, T]; R3?) such that Q o (z,u,)"" is the
law of the Langevin system

t t
(Y, ve) = (wo+/ Vs ds,uO+/ U(S,ys,vs)dws> -
0 0

In view of Proposition for all ¢ € [0,T] the law of (y:,v;) is absolutely
continuous w.r.t. to Lebesgue measure. Thus the measure P o (x4, u;)~! has
also a density p; which satisfies

Ye(z,u) = pi(z, u)Ep (Zt/(xt, ) = (m,u)) , for a.e. (z,u) € R%,
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where Z; is the restriction to C([0,¢]; R3?) of the density ‘;%, and

)= [ PO vt () dy o,
RQ

where I'(0, y, v; ¢, z, u) is defined in Proposition[4.4. We now recall the following
estimate (see Pascucci & Polidoro [I1]): there exists n > 0, depending only on
A and d, such that

F(t7 x? u; S? y? U) 2 Fn(t7 x? u; S? y? U)J

where I, is defined in (A.2). Hence, the function p,(z,u) is strictly positive.
We thus have proven (ii).
We now prove (iii). Observe that there exists C' > 0 such that

sup Epe {max |ut\] <C.
e>0 tE[O,T]

Therefore it suffices to prove that, for all f € C3(R??) and all process (¥,) of
the form

n

U, =V, (z.,u):= ij(xtj,ut].),

J=1

where the 9;’s are bounded continuous functions, one has

e [0, (J(o00 — flonu) - [ AuSeauo)| <0 G

Since P* converges weakly to ﬁ’, we have

lim Ep. [xp (f(xt,ut)  F(a ) — /: Ef(xg,ue)(w)}

e—0t

_E [\1’ (f<xt,ut> — flwa ) - / “ (“’WW) } |
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for £ defined in (4.3]). To obtain (5.1)), it thus remains to show

t
lim Ep. {xp / (Be [0, uo; pf] - Vuf(l"e,w))dQ]

e—0t
= EP |:\I/s/ (B [ZE@, Ug, pg] : Vuf(l’g,UQ)) do| . (52)

If P were the law of a strongly elliptic diffusion process and the coefficient
B, would not depend on p°, would result from Stroock & Varadhan’s
results on limits of martingale problems: see Lemma 11.3.2 and Lemma 9.1.15
in [16]. In our situation, we prove that holds true by adapting Stroock
& Varadhan’s techniques and by taking advantage of the mild equation (4.9).
By adding and subtracting to the terms

o [qf [ Beleosui ) Vs o) de] ,

and [Ep [\I/S/ (Be [zg, ug; po| - Vuf (o, up)) d@] ,

we obtain that

B [ [ (B o s 1) V() ]
—Ep [‘I’s /St (B [g, ug; po] - Vuf (79, up)) d@] ’

<

Ep- [\IJS/ (Be [zg, ug; pyl - Vuf (e, up)) d@]
— Ep |:‘Ijs/ (Be [, up; po] - Vuf (26, us)) d@} ‘

+

Es- {xv [ Bl 8] = Beloo, i ] V0,0 d@} '
+ |

Ep [\I’s/ (B¢ g, ug; po] — B [r9, ug; po] - Vi f (o, ug)) d@]

= X3 + Je’g + Kg
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We aim to show that

VE >0, lim Le=0, (5.3)
e—0
lim K, =0 5.4
Jim, Ke =0, (5.4)
V& >0, limsupJe = 0. (5.5)
e—0t

A crucial step to get these results is to prove the following proposition.

Proposition 5.7. For all 0 < t < T, p¢ converges to p; in L*(R?*?) when
e— 0",

In view of Lemma in the Appendix, Proposition [5.7] results from the
following lemma:

Lemma 5.8. For allt € (0,T], h,§ € RY, it holds that

lim limsup/ lpi(x + h,u+0) — pj(x,u)| dedu=0.
‘hlvl(S'_)O e—0t R2d

Proof. As P* is the unique solution to the martingale problem (MP,), its time
marginals satisfy the mild equation (4.9). Thus, for all ¢ € (0, 7],

limsup/ \pi(x + h,u+9) — pi(x,u)| dedu
R2d

e—0Tt

< / ) S50 (ko) (@ + hyu+ 6) — St (ko) (z, )| dadu
R2

limsup [ |8, (5Bl 5 p8]) (o byt 8) =81 (5 (0Bl 3 ) ()| ds e du

e—0t Q1

Since Sf (o) belongs to L'(R?*?), Lemma implies that

lim |5F 0 (ko) (@ + hyu+ 8) — S (po) (@, w)| dadu = 0.
|R],|6]—=0 JR2d ’ ’
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In addition,
/Q 1S5 (05 () Be [ 5 05]) (2 hyu+6) = g (p5() Be [ 5 p5]) ()| ds da du

< Joll /Q ( / V(5,036 bt 6) = Vs, g, vt ) dxdu)
x pS(y,v)dsdy dv.

Set

Lis(t,s,y,v) := / IV, I(s,y,v;t, 2 + hyu+0) = V,['(s,y,v;t, z,u)| dr du.

R2d

As P* converges weakly to @, p; converges weakly to p; for all ¢ € [0,7] and

lim Lins(t,s,y,v)ps(y,v) dsdydvz/ Lins(t,s,y,v)ps(y,v)dsdydv.

+
=07 JQ, t

In addition, in view of (4.4]), one has

C
sSup Lh,5 (ta $Y, U) <
(y,v)€R2d t—s

for all ¢ > s, from which

C
Lps(t : dydv < .
[ Eastt s oo o)dydo < <

It then remains to apply Lebesgue’s dominated convergence theorem. O]

Now we are in a position to prove (5.3)), (5.4), and (5.5)).

Proof of (5.3]). For all fixed £ > 0,0 < s <t < T, the bounded functions
{¢; ¢ > 0} defined on C([0, T]; R2%) by

t
ff/’g(%u-) = ‘I’s/ (Bg[xeaue;Pg] : Vuf(l’eaue)> do
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are equicontinuous (this latter property results from the definition of B, and
the proposition . Moreover, setting

f(z.,u) = \I/S/ (Be[wo, ug; po] - Vuf(xo, ug)) db,

we have

16,5 = |E]p>ef€’5 — Epfq
< sup |Epef ¢ — Epf* ¢ | 4 [Epfos — EpfS).

e'>0

In view of Lemma [A.4] the first term in the right-hand side tends to 0 with
€. The second term tends also to 0 in view of Proposition We thus have

proven ({5.3]).

Proof of (5.4). We recall the notation

)= [ mlo.o)do.

Observe that

Jra b(v, w)de x po(w,v) dv [oa b(v, u)pp(x, v) dv

|B§ [‘TJUHO@] - B [$7u§ p&” <

Ge * Pp(x) + € Po(z) +¢&
Jpa b(v, W) pg (2, v) dv fRd v u) po(x,v)dv
Po(x) + & Po(2)

Then, in view of (4.14)), we get

Jgoa b(v, 1) de % po(x,v) dv  [oa b(v,w)pe(z, v) dv

¢e * po(r) +§ B Do) + &
< Jpa b(v, ) (¢¢ % po(,v) — po(z,v)) dv
B Po(x) +¢

s bv, @)+ pola ) dv| |y (6 pola, o) = ol v) o
(6 * 7o) + ) (Po(@) + )

< 2 [ ot o) = puo)] (5.6)
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Thus

lim |Be [, u, pg| — B [z, u; pgl| po(x,w) db dz du
=0T JQr
T
< 2l Jim [ o e 0 polosn 49
£—=0t Jo
1 1

o Po(z) +€  Py(2)

=0T Jor

/ b(v,u)pe(z,v) dvpg(z,u)dd dz du.
Rd

(5.7)
As

6% 0= pollisean = [ otw) [

lpolz = &y, v) = po(z, v)| dz dudy,
RQ
Lemma implies that

T

lim H¢€ * Py — ngLl(R2d) df = 0. (58)
-0t Jo

The second limit in the right—hand side of ([5.7)) is null in view of the Lebesgue
dominated convergence theorem and the positivity of (p;; t € (0,7]). That
ends the proof of (5.4)).

Proof of (5.5). Observe that
Jeg < [[Wsllool[Va oo (/Q | Be[, u; pj] — Blw,u; phl| ph(x, u) b dx du

[ 1Bles s ] = Blous il o) a0 i
Q¢

= U ooV f oo (S + T2) .
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In order to show that J! tends to 0, observe that

|Be [z, u, 5] — B[z, w3 ]|z, u) 9 dv

Qt
fRd b(v, u)pe x py(x,v) dv fRd (v,u)pg(x,v)dv| .
S/t G +E e |Pnwddrd
/ Jgaa b(v ( )piz v)dv Jz2a b(v,ﬁ?g)(pxg)(ﬂﬁ,v) dv po(z,w) df dx du.

(5.9)

We now check that each term in the right-hand side of tends to 0. Using

again, we get

Jgoa b(v, w) e * py(a,v) dv B Jga (v, u)ph(, v) dv

Ge + () + ¢ Po(x) +¢

20|00

~ Po(@) + & Jpe

Therefore the first term in the right-hand side of is bounded from above

by

|pe * p(,v) — pylx,v)| dv.

¢ [ o sitas) = (o) do
Notice that

T
| 16cx 05— il sanas
0
T

T T
S/ ||¢5*P§—¢£*Pe||L1(R2d)d9+/ 106 — poll L1 (r2e) d9+/ | be % po — poll L1 (r2aydd
0 0 0

T T
< 2/ 106 — poll L1 (r2eyd6) + / |be * po — poll L1 (reaydb.
0 0

Use and apply Proposition . It results that the first term in the right—
hand side of tends to 0 with € and &.

To show that the second term in this right hand-side also tends to 0, we
start with setting

Jga (v, u)ph(x,v) dv

fRd b(v,u)pe(z,v) dv
oz, u) —
Poz) +§ P

Po(z) +§

Age(e X U) p@(x7u>7
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and inserting
Ju B0, w5, v) do
Pox) +¢

ol ).
We then apply (4.14) to

Jra 00, )P, v) dv [ b(v, w)po(, v) dv
Pilw) +¢ Piola) +¢

and get

Ja P, 0) dv e |
A0, 2,u)| < C=—F~———|pg(z,u) — po(z,u)| + C——F~—= o(x,v) — pg(x,v)|dv
| Ag.e( )| 75(2) + € |po(z,u) — po(z, u)l 5 . |po(z,v) — po(,v)]

5(z)
p(x,u)  Jpaphl@,v)dv .
O e P w) = Fie )l

We deduce that

T
Ae (0, 2, w)|dfdzdu < / 106 — poll 1 e 6
Q¢ 0

which tends to 0 in view of Proposition [5.7}

To end the proof that the second term in the right hand—side of tends
to 0, it now remains to observe that, owing to the positivity of (p; t € [0,77),
we have

b o d b g d
lim limsup/ Jus (f;mpe(x’v) v Jos (v,i)pa(x,v) Y po(x,u)dl dx du
§=0F o+ : py(x) + ¢ py()
b ,v)d b(v, ,v)d
< lim Jus (v, u)po(z, v) dv Jaa b wpo(@,v) dv po(x, u)dfdzdu = 0,
§-0% Jg, po(z) +§ Py()

by using Lebesgue’s dominated convergence theorem. We thus have proven

lim lim sup Jel’5 = 0. (5.10)

£—0+ e—0T
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Similarly, we have

e—0F

lim / | B [z, u, py| — Be [z, u; pgl| po(z,w) do dx du
Q¢

T
< 2Ylbfl lim / e 5 95 — ol a6
e—0+ 0
1 1

+ lim = — < |b(v, u)| p(z,v) dv) po(x,u)df dxdu =0,
—0t Jo, |Py(x) + ¢ Dy(x)| \Jra ’ ’
so that lim. g+ J> = 0. In view of (5.10]), the proof is completed. O

6 Conclusion and perspectives

In this paper we have studied a Lagrangian stochastic model and shown its
well-posedness. We have proved that the unique weak solution is an hypoellip-
tic diffusion process whose dynamics depends on the conditional distribution
of the velocity component knowing the position component. To our knowl-
edge, this is the first theoretical result on the Lagrangian stochastic models
modelling turbulent fluid particles. Bossy and Jabir [3] consider models with
specular boundary conditions. See also Jabir [7]. A lot remains to be done to
study the complex models developed by e.g. Pope [13].

We also emphasize another possible extension of our result. We conjec-
ture the following PDE analysis result: the estimate holds true under
classical Holder conditions rather than (3.2)), possibly by using Maxwellian
approximations rather than using the parametrix method.

A Appendix

A.1 Pascussi and Francesco ‘s estimates on fundamental
solutions of ultraparabolic PDEs

Before stating the estimate on fundamental solutions of ultraparabolic PDEs
which are used in this paper, we need to introduce some new notation.
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In [5] Pascussi and Francesco consider ultraparabolic PDEs of the type

3s¢ - Z a(i’j) (Sa Y, U>83iuj¢ — U Bv(z,v)w = 07
12

where a(t, z,u) = o(t,x,u)o*(t,z,u) and B is a 2d x 2d matrix with constant
entries. The statement of their results for general matrices B require to intro-
duce a pseudo—metric depending on B and some notational effort. We thus
limit ourselves to our context where

0 0
B_(IdR o)'

In this context, Pascussi and Francesco s assumption on the coefficient a writes
as follows: a is a bounded function and there exist « € (0,1] and C' > 0 such
that, for all (s, z,u) , (t,y,v) € (0,T] x REx R4, the inequality holds true.
For all n > 0 where A as in , let I';)(s,y,v;t, z,u) be the fundamental

solution of
O) +v - Vb + g&m — 0, (A1)

that is,
Ly(s,y,vit, z,u)
V34
(Van(t — 5))*
6z —y—(t=s)o" | 6z —y—(t—s)0) (u—v) 2|u—v|2}‘

TP = sy n(t — )2 T t—s)

(A.2)
We are in a position to state the following theorem:

Theorem A.1 (Francesco & Pascucci [3]). Suppose and (3.4). There
exists a fundamental solution T'(s,y,v;t, xz,u) to the operator

as - Z a(i’j) (87 Y, U)aij — U vz
2
which satisfies all the properties listed in Proposition [{.4. In particular, there
exists 1 > X\ and a constant C' > 0 such that

V.l(s,y,v;t,x,u) < Ly(s,y,v5t, z,u).

_C
Vs—t

INRIA



On conditional McKean Lagrangian stochastic models 33

A.2 Proof of Proposition 4.4

To get the existence of a weak solution, we adapt the proof of Theorem 6.3.2 in
Stroock & Varadhan [16]: consider a sequence {o™; n € N} of R? x R¢-valued
Lipschitz functions on [0, 7] x R? such that lim, ..., 0" = ¢ uniformly. For
all n € N, one has existence of a strong solution (Y;"**" V/">" s <t <T)
to Equation (4.1) when one substitutes o to ¢”. Then it is easy to check
that (Y;""%" V" s <t < T) converges in distribution to a weak solution

of ([4.1).

The uniqueness of the weak solution and the properties (i) to (iii) result

from Theorem

A.3 Technical lemmas

For the reader’s convenience we state three technical results which played a
key role in our proofs.
The first lemma can be found in Stroock & Varadhan [16, Lemma 11.4.1].

Lemma A.2. Let {f,; n > 1} be a sequence of non-negative measurable func-

tions such that [5, fu(2)dz =1 and, for all h € R,

lim sup [ |f.(z 4+ h) — fu(2)] dz = 0.

[h|—0 n>1 JRa

Suppose that there exists a density function f such that, for all function

P € C.(RY),

lim [ fu(2)(2)dz = [ f(2)P(z) dz.
n—-+oo R4 R4
Then {f.} converges to f in L'(RY).
The next lemma can be found in Rana [15].

Lemma A.3. Let 1 < p < 4oo. For all f € LP(R?) and h € R? we have
lim If(z+h)— f(2)]° dz = 0. (A.3)

WHO Ra

The last lemma can be found in Stroock & Varadhan [16, Cor.1.1.5].
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Lemma A.4. Let S be a Polish space and let {F., € > 0} be a uniformly
bounded set of functions which are equicontinuous at each point of S. For all
{1e; € >0} and p in M(S) such that lim. . . = p one has

/FE/ due—/Fﬁf d,u' — 0.
S S

lim sup
e—0 o5
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