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Commande passive pour la poursuite de trajectoires
dans les systmes Lagrangiens non-eguliers
multi-contraintes

Résune : Dans cette étude, on considere le probleme de la comnandeassurer la
poursuite des trajectoires pour une classe de systemearigigns non-réguliers avec
des articulations flexibles et soumis & des contraintdaténales sans frottement. La
tache typique considerée consiste en une successioragepte mouvement libre et
des phases de mouvement contraint. Une attention pagétieudst accordée aux phases
de transition avec impacts et aux phases de détachemeatdgmmande basée sur la
passivité permet d’étendre I'analyse de stabilité @nése dans nos travaux précédents
au cas des systemes avec flexibiliteés. Des tests nunesrigontrent I'efficacité de la
commande.

Mots-clés : Articulations flexible, Commande basée sur la passi8istémes non-
réguliers, Systemes Lagrangiens, Probleme de conwianité.
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1 Introduction

The control of flexible mechanical systems (especially Bexjoint robots) has been
a challenging and important subject for the last decadesisi@ering dynamics that
contains impacts due to some unilateral constraints rartierproblem even more dif-
ficult. Such systems, which consist of three main ingrediésae[{ll) below) are highly
nonlinear nonsmooth dynamical systems. The control oesystundergoing impacts
has received attention in the literatulé [[3] 19} 31,32 [ 33[38,[38]. In parallel with
such works focusing solely on the collision phase, more ggiséudies concerning the
stability and tracking control of nonsmooth unilaterallynstrained mechanical sys-
tems have been published [6,7[819] [12,[17]20[ 21, 22, 2228 3439]. Until
now these works have been limited to perfectly rigid systeifise consideration of
flexibilities seems mandatory. On one hand impacts may damiggl systems small
flexibility, whereas flexibility can reduce the damage by auopabsorptiori [37]. On the
other hand, impact phenomena may excite vibrational madgish is not desirable in
practice (see Sectidi 8). Introducing flexibility howevechallenging for the control
design. One of the main difficulty added in the flexible castné the backstepping
procedure requires the definition of some exogenous t@jgeis nonlinear functions
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4 Morarescuet al

of states and other exogenous signals. As a result, the jofrthe "passivity-based”
Lyapunov function are more difficult to characterize.

In this work it is shown that the tracking control framewoswloped in[[8, 12] can
be adapted to the flexible-joint case, using the passiaged motion control solutions
proposed in[[13]. More precisely, this paper focuses on thblpm of tracking control
of complementarity Lagrangian systemsi[30], encompasiixgple-joint manipula-
tors subject to frictionless unilateral constraints, wendgnamics may be expressed as:

MX)X +C0(X, X)X+ G(X)=K(# - X)+ VF(X)\
Jo=U+K(X —0)

0<\LFX)>0,

Collision rule

1)

where X (-) € R™ is the vector of rigid links angle€(-) € R™ is the vector of
motor shaft angles)/ (X) = M7T(X) € R™ " is a positive definite inertia matrix,
F(X) € R™ represents the distance to the constrai6tsX, X) is the matrix con-
taining Coriolis and centripetal force§(.X) contains conservative forces,c R™ is
the vector of contact forces (or Lagrangian multipliersyasated to the constraints,
J € R™*" is the diagonal and constant matrix of actuator inertia cédié to the link
side of the gearsk = KT > 0, K € R"*" represents the stiffness matrix and
U € R™ is the vector of generalized torque inputs. A vector is cdestd positive
if all its component are positive. For the sake of complessnge precise tha¥ de-
notes the Euclidean gradieMF(X) = (VFi(X),...,VE,(X)) € R"™™ where
VF;(X) € R” represents the vector of partial derivativesf-) w.r.t. the compo-
nents ofX. We assume that the functio#$(-) are continuously differentiable and
that VF;(X) # 0 for all X with F;(X) = 0. A constraint; is said to beactiveif
F;(X) = 0, andinactiveif F;(X) > 0.

General notations and definitions. || - || is the Euclidean normj, € R? and
bp—p € R"7P are the vectors formed with the firstand the last: — p components
of b € R”, respectively.Ng (X, = 0) is the normal conéVs (X) to & at X whenX
satisfiesX,, = 0; Anin(-) andA,,q2(+) represent the smallest and the largest eigenval-
ues, respectively. The time-derivative of a functipf) is denoted byf(-). For any
function f(-) the limit to the right at the instantwill be denoted byf () and the limit
to the left will be denoted by (t~) when they exist. A simple jump of the function
f(-) at the moment = ¢, is denotedr ¢ (t,) = f(t}) — f(t; ). 0, is then-vector with
entries 0, and,, x.,, is then x m-zero matrix.Z,,, is them x m identity matrix

Definition 1 A Linear Complementarity Problem (LCP) with unknoivis a system:
A >0, AN +b >0, \T(AX 4+ b) = 0, which is compactly rewritten a& < \ L
AX+b > 0. Such an LCP has a unique solution for &if and only if A is a P-matrix
[L6]. Positive definite matrices (not necessarily symnegtire P-matrices.

The admissible domain associated to the sysfgém (1) is tisedlse® where the
system can evolve and it is described as follows:

®L{(X,0)eR™[F(X)>0t=| [] @ | xR",
1<i<m
where®; = {X | F;(X) > 0}. In order to have a well-posed problem with a
physical meaning we consider thltcontains at least a closed ball of positive radius.
In the seque(ﬂlgigm <I>i) will be denoted by C R™.

INRIA



Passivity-based control of flexible-joint complemeniesitstems 5

Definition 2 A singularity of the boundar§® of ® is the intersection of two or more
surfacess; = 909,{X | F;(X) =0} x R™.

The presence oad® may induce some impacts that must be included in the dy-
namics of the system. It is obvious that> 1 allows both simple impacts (when one
constraint is involved) and multiple impacts (when singitilss are involved). Let us
introduce the following notion of.-impact.

Definition 3 Lete > 0 be a fixed real number. We say thapaimpact occurs at the
instantt if
IF X0 <e [[FRE®)=0
icl
wherel C {1,...,m}, card(I) = p, and F;(X (¢)) is the p—vector with entries
Fi(X(t)),i€ I

If e =0 all p surfaces’;, ¢ € I are struck simultaneously. When> 0 the system
collideso® in a neighborhood of the intersectifm, ., 3.

Definition 4 [BO] The tangentcone t& = & x R™ atz = (z1,z2) € R® x R™is:

T@(JI) = {(2’1,22) cR” x R™ | leVFl(xl) > O, Vi € S(xl)}
= {2’1 cR" | ZIVFl(xl) > 0, Vi € S(xl)} x R" = T@(xl) x R"

whereS(z1) £ {i € {1,...,m} | F;(z1) < 0}. Whenz € ®\9® one hasS (1)

=0
andTs(r) = R?". The normal cone t@ at z is defined as the polar cone 1oy (-):

Na(z) = {Y = (y1,42) € R" x R" | Vz € Ta(z),y 2 <0}
={y eR"|Vz € T@(xl)aleZl <0} x {0n} = No(21) x {0n}

The collision (or restitution) rule if{1), is a relation lten the post-impact veloc-
ity and the pre-impact velocity. Among the various modelsdafision rules, Moreau'’s
rule is an extension of Newton’s law which is energeticatysistent and is numer-
ically tractable[[lL]. For these reasons throughout thisepdipe collision rule will be
defined by Moreau's relation [30]:

X(t) = (14¢) argmin ~[z1 — X(6)]T x M(X (o)1 — X(t7)] — eX(t7)
21€Ta (X (te))

0(t5) = (1.+ epargming 22 — 07| x T[za = (6] — edl7) = 6107

)

whereX (t]), 6(t;) are the post-impact velocitie, (¢, ), 6(t, ) are the pre-impact
velocities ande € [0, 1] is the restitution coefficieft Under mild conditions on the
data, the solutions are such that the positidhs) andd(-) are absolutely continu-
ous functions of time, whereas the generalized velocityghtrcontinuous of local
bounded variation. Well-posedness results may be foun@fn23] and references
therein. From[{R) the following result then holds.

1For the sake of simplicity we consider that one has the sasti#ution coefficient w.r.t. all the surfaces
. A
l.e.eir=...=emn =e.
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6 Morarescuet al

Proposition 1 The velocity(-) is a continuous function of time.

Another way to prove Propositidd 1 (based on the fact #hdtt; ) — (¢, )) = 0
when the dynamics is written as an equality of measures) edound in [10, §3.4.1].
The continuity ofé(-) will be used in the stability analysis developed in sediibiive
note that in the more complete model where the inertia masix off block diagonal
elements, theﬁ(-) jumps at impacts.

Denoting by the kinetic energy of the system, we can compute the kinagegy
loss at the impaat, as [23]:

1—e

BT

X () = XM (X (1) x X () - X(7)] <0 @)
The structure of the paper is as follows: in Sectidn 2 oneesssome basic
concepts and necessary prerequisites. Seflion 4 is detmtbeé controller design.
In this section one also defines the desired (or "exogendteg8ctories entering the
dynamics. The desired contact-force that must occur on tiasgs where the motion
is persistemtly constrained, is explicitly defined in Secfl. Sectiord6 focuses on
the strategy for take-off at the end of the constraint pha3ég main results related
to the closed-loop stability analysis are presented ini@eBl. A numerical example
obtained with the £onNosplatform and concluding remarks end the paper.

2 Basic concepts

2.1 Typical task

Since the system’s dynamics does not change when the nurhbetive constraints
decreases one gets the following typical task representati

my

B B By,i

R = U <ngk U™ u <U Q21§+1>>
k>0 i=1

(4)

By C Bk,l; Bk+1 C Bk,mk C Bk,mk—l C ---Bk,l

where the superscrif®;, represents the set of active constraints during the cooresp
ing motion phase®, = {i € {1,...,m} | Fi(X) = 0}), andI’* denotes the tran-
sient between tw€;, phases when the number of active constraints increasesoi#fe n
that B, = 0 corresponds to free-motion. When the number of active caimss de-
creases no transition phases are needed, thus, for thefskepticity and without any
loss of generality we repladg"* Qf,jH by QQB,C;“H and the typical task representation
simplifies as:

RY = J (5 v ugh,), BeC Bl Bun B 5)
k>0

Since the tracking control problem involves no difficultyrohg the Q-phasesthe
central issue is the study of the passages between themeggignaf transition phases

I, and detachment conditions), and the stability of the trajges evolving a}lond]S)
(i.e. an infinity of cycles). Throughoutthe paper, the seme&2: U 12+ Uk, | will

be referred to as the cycleof the system’s evolution. For robustness reasons, during

INRIA



Passivity-based control of flexible-joint complemeniesitstems 7

the transition phasek, we impose a closed-loop dynamics (containing impacts) that
mimics somehow the bouncing-ball dynamics (see €.gl [1@])s noteworthy that

a tangential approach may lead to instability or no stadiian at all ond¢ (see for
instance FigurEl7 in Sectidmh 8).

2.2 Well-posedness

Here we shall briefly recall the theorem giving the conditidar the existence and
unigueness of the solution dil(1), quoting the result frainga]. First, [1) rewrites
more compactly as

M(p)¢ +Clp, 9)p + G(p) + Ko = EU + VH(p)A
0<ALH(p) >0, (6)
Collision rule
wherep 2 (X1, 07)7 ( G(X) ), (?”),K:(_‘r} }?),
M(p) = ( M()(j() (3} ) (,0) = ( OnX) 8: ) andH : R* — R™,

H(p) = F(X).

The existence of the solutions f@ (6) has been already proveeveral works us-
ing somehow similar arguments. As we have already mentigméde introductory
section the presence of the impacts induce a discontindiiysovelocity. So to inte-
grate the model we shall take into account the collision.rusing this collision law
one can rewrite[6) as a differential inclusion in term offeliéntial measures defined
by LBV functions. Let us define

B(p,¢3t) £ EU — [Clp, 9)¢ + Ko + G(p)].
The first equation of{6) becomes
M(p)$ = Blp, p;t) + VH(p)A. )

To give a meaning td]7) at impact times we shall reformulate equation in
the distributional sense using representation of measufeshis aim let us denote
the velocityv(-) that is a right-continuous function of local bounded vaoatv(-) is
equal almost everywhere to(-), ¢(-) is absolutely continuous angd(t) — ¢(0) =
f[O ., v(s)ds. Moreover, we denote biy ;) (v(t")) the normal cone to the tangent
coneV( (t)) atv(tT), where the cones are as in Definitibh 4. Then, as shown in
[, [1G,[23[30], the systerfil(6) can be embedded in the meakiaedtial inclusion

—M(p(t))dv + B(p, ¢;t)dt € Ny (o)) (w(t))
~u(th)en(t) (8)
w(t) - 1+e

The existence and uniqueness of the solutions is summanzkd following the-
orem (seel|4, 8§3] for more details).

Theorem 1 Assume that there exists a functioa L;,.(R, R, ) such that

1B, &3 t)lle < UE)(1 + d(, (0)) + [[v]le),

RR n° 6739



8 Morarescuet al

whered(y, ¢(0)) is the Riemannian distance afid ||, is the kinetic norm. Then
@) has a unique global solution (dR*) with o(-) absolutely continuous, whereas the
velocityv(-) is right continuous of locally bounded variation. Moreawée accelera-
tion is a measurdv = {@}dt +dpu,, where{} is a Lebesgue integrable function, and
du, is an atomic measure with a countable set of atoms on any cotrtipge interval
(atoms coincide with impact times)

2.3 System properties

This paragraph is devoted to some properties that will playnaportant role in the
stability analysis of the systerfll (6). First one notes tH@X, X) is not unequivocally
defined by the ternt'( X, X)X. Nevertheless the kinetic energy defines a Riemannian
structure on the configuration space that allows to intredhe elements af (X, X)

via the Christoffel symbol§';;;, associated to the corresponding metric. Precisely one
considers

L (OMy(X) | OMw(X)  OMy(X)
Zj X X Zrzijk, zgk - 2 < an + 8Xj 8X1

(9)

Definition 5 For a real valued functiory : R* — R one denotes by( f) the set of
all real valued functiory : R* — R such that there exists a positive real constant
0 < ¢ < oo satisfyingg(t) < cf(t), V¢ > 0. One writesg € S(1) = L if
f@®)=1,vt>0.

Property 1 The matrix[ %M (X)] — 2C(X, X) is skew-symmetric and/(X) £
4 M(X) = C(X,X) + CT(X,X). Furthermore the matrbxC(X, X) is a smooth
function of X and X with the well-known properties:

IC(X, X)|| € S(IXII) (10)

and
C(X,Y)Z=C(X,2)Y, VX, Y,ZcR" (11)
Property 2 The conservative forces vect@(.X) is such thatH H € S(1) which

implies by the mean value theor@li@(X;,)—G(X3)|| € S(||X1—X2||), VX1, X5 €
R™,

Property 3 The matrixC'(X, X) is such that

oC(X, X)

oC (X, X)
oX

0X

SqI1X10), H HES(l)

The propertieEl2 arid 3 rely on the fact tiiatX ) is formed by linear or trigonometric
function in, cos) of the link variables while the components@fX, X) are obtained
as product of affine functions of the link velocities andamgmetric functiongin, cos)
of the link variables.

INRIA



Passivity-based control of flexible-joint complemeniesitstems 9

2.4 Stability analysis criteria

The system[{1) is a complex nonsmooth and nonlinear dynasystem. A stability
framework for this type of systems has been proposed.in [a@]extended injig. 29].
This is an extension of the Lyapunov second method adaptddded-loop mechanical
systems with unilateral constraints. Since we use thisroit in the following tracking
control strategy it is worth to clarify the framework and tdaroduce some definitions.
Let us definé? as the complementiR. of I = U I,f’“ and assume that the Lebesgue
k>0
measure of?, denoted\[(?], equals infinity. Let us denote hy; the signal playing the
role of the desired trajectory (see Seclidn 4). Considerthe state of the closed-loop
system in[[b) with some feedback controliéty, o, v4, Pd, Pa)-

Definition 6 (Weakly Stable Systeml[B]) The closed loop system is called weakly sta-
ble if for eache > 0 there existd(e) > 0 such that|z(0)|| < d(e) = [|z(t)|| < efor
allt > 0, ¢t € Q. The system is asymptotically weakly stable if it is weatdle and

. (%1?1 z(t) = 0. Finally, practical weak stability holds if there exidis< R < +oo
€ll,t—o0

andt* < +oo such that|z(t)|| < Rforall t > t*, t € Q.

ConsiderI* £ [r},tk] andV (-) such that there exists strictly increasing functions
a(-) andg(-) satisfying the conditionsx(0) = 0, 5(0) = 0 anda(||z||) < V(x,t) <
B(||x|])- In the sequel, we consider that for each cycle the sequdno®act instants
{tk} >0 has an accumulation poirff,. We note that a finite accumulation period (i.e.
th < 4o0) implies thate < 1 (in [5] it is shown thate = 1 implies thatt®, = +o0).

The following criterion is inspired fron|8] and [29], and be used to study the
stability of the systenT{1).

Proposition 2 (Weak Stability) Assume that the task admits the representafidn (5)
and that

a) MI2*] < +oo, VkeN,

b) outside the impact accumulation phagést®_ | one had/ (z(t),t) < —yV (z(t),t)
for some constani > 0,

c) the system is initialized o1y such thatV’ (1) < 1,
d) V(th) < p*V(7¥) + ¢ wherep*, € € R,.

ThenV (1) < §(v,€), Yk > 1 whered (v, £) is a function that can be made arbitrarily
small by increasing either the valuepbr the length of the time interv@il, ¢ ¢]. Thus,
the system is practically weakly stable with= a1 (5(v, £)).

Proof: From assumptiofb) one has
V(th) < V(th )e 117 1%)
and using conditioifd) and(c) we arrive at
k_,k « _ k_,k %
V(t§) < e 1) (0 V(1) + €) < e 1T (0" ) £ 6(7,6)

Assumptior(b) also guarantees thilt(7*') < V(t%) and thus/ (v§) < 6(v,€), Vk >
1. The termd(~, &) can be made as small as desired increasing ejtioethe length of
the intervalt%_, t%}]. The proof is completed by the relatior||z||) < V (z,t), Yz, L.

RR n° 6739



10 Morarescuet al

Remark 1 It is worth to point out the local character of the stabilityiterion in
Propositior2. This is firstly due to conditign) and secondly by the synchronization
constraints of the control law and the motion phase of theesy¢se€l(]5) and{19)=(20)
below). The weak stability relies on almost non-increasinggtions, as introduced in
[L2] (see alsol14]). Conditiorfd) means that the impacts may be considered as a kind
of disturbance that can be suitably upper bounded. Thisiigicdy the most crucial
point in PropositioriP.

3 Change of generalized coordinates

Let us rewrite[[5) into the generalized coordinates intiatlin [24]. We shall assume
that there exists a continuously differentiable funcgonR™ ™ — R™ such that
F(¢(X2),X2,0) >0 forany X, eR" ™ §eR"

Now if we decompose = (X|, X, ,07)" € R?" with X; € R™ and X, €

R"™~™ then one can define an invertible transformafionR?” — R?" by setting
D(p) = (X] —€(X2)T, X7 ,01)T £(¢7,67)T. (12)

Throughout the rest of this paper we denote®f) the inverse off'(-). Thus,

denotingy) = (¢",67)T one has
-
p=QW) = (0 +&(g2)"a3.0") |

whereq £ (¢ ,q5 )" with ¢ € R™ andge € R ™.Let us also denote by

Q1Y) = (¢ + {(QQ)T,QQT)T andQ»(z) = 6 the projections on the first and the
lastn components of)(v) respectively. The Jacobian matrix@f-) is given by

Im {?_qi(qZ) Onxn
H(q) £ O(n—m)xm Infm OTLX” ) "/] € R2n~
Onxn | I,

Forp = Q(v) we define the following operators

(13)

=
S

4|
2
L8

Let us consideD = [I,,, : 0y (2n—m)] € R™*?". Replacingp in @), multiply-
ing both sides of the first equation @ (1) bi(¢) ", and using[[l3) one obtains the
following Lagrangian system

M(¢)¢) + C(1, ) + G(5 ) + K(¢) = EU + DX
Collision rule

INRIA



Passivity-based control of flexible-joint complemeniesitstems 11

since2 II(q)T = E, and the admissible domaih = {¢ | Dy > 0}A. The fol-
lowing result shows the role of the above changes of var&ibleur study of tracking
control for the systen{]6).

Lemmal Let(o",¢")T € R**2Zand(y",¥ )" € R?"*2 be the state trajectories
of the system@) and ([I4), respectively. Moreover, l€tog, pq) and (vq,4) be the
corresponding desired trajectories, where we ggt = Q(vq), ¢ = ¢ — pq and

1 =1 —1g. Then

oM. UGN
<<,5(t)) t——400 0 — (i(t)) t—+400 0

Proof: First one assumes thais of classC'. Thereforer — %(x) is continuous
and it is bounded on compact sets. Consequently, for evgmeaetsa, b] in an open

set ofR”~™ we have

1€(a) = EO)] < Mja - b]],

whereH%(x)H < M foranyx € [a,b]. Sincep = Q(z)) one has

o11 = Y11 +£(12),  (wa)1 = (Ya)11 +E((Va)i2),

P12 =12, w2 =12, (pi)iz= (Va)i2, (pda)2 = (Ya)2- (13)

Using [I%) one gets

lE1a (@I < (1+ M) l[ua(@)]].

Clearly, if »(t) — 0 ast — +oo theng(t) — 0 ast — +oco. On the other hand, we
have
dg

% W) — (@) Gzt

(¢12(t))7;11(t) + o -

B d¢
= (]
o1 (t) = (I + -

dg
Thus, the continuity o%(-) implies thatg(t) M 0 when&(t) M 0. The rest
of the proof follows by the same arguments as above.

According to Lemmdl1, we only focus our attention to trackiaamtrol for the
transformed systeniL{lL4).

It is noteworthy that applying the change of coordinafed) ¢h2 stiffness term

K(-; 1) becomes nonlinear. In order to simplify the presentationaempos&(-; ¢)
as the sum of a linear and a nonlinear term. First, let us define

{ B £K 20+ T0@0 - Q0 16)
Pa0) & ~KZ()

where

2In particular it is implicitly assumed that the functidf (-) in @) are linearly independent.
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12 Morarescuet al

0 0 -
Z é TaOn—m ! HI é < () e ) © Rnxn
() = (&(g2) ) ) [ (g2)]T Oy (r—m)

The following result gives the decomposition of the stifagermK in (I3) and it
is obtained by straightforward arguments.

Lemma 2 The nonlinear stiffness teri can be decomposed as

K(s9) =K +P(¢). 17)
where the matrixC = _I; _;( > andP(-;1) = (Pl(-;w)T,Pz(-Hﬂ)T)T with

Pyi(9), Pa(¢) asin [IB).

Furthermore, exploiting Lemnfia 2, definitiolS113) and thetipalar form of M (),
C(p, 9), G(v) andIl(q), the system{14) rewrites as

M(q)i+C(g,4)d + G(q) + K (g~ 0) = DX
Ji+KO—q) —KZ()=U
91207611/\:0,/\20

Collision rule

whereG(q) € R™ stands for the first. components o (v; ¢) + P(1; ) (it is
clear thatP; (¢, v) and the first, components o6 (v; i) depends only op) and

(18)

{ M(q) = (I + I'(q)) M (X)(I, +1I'(q) "
C(a:4) = (In + (@) C(X, X) [(In + 1(q)) " + (Lo +1T'()) "]

4 Tracking control framework

Throughout the paper, the following trajectories will playrole in the closed-loop
dynamics:

+ XN€(.) denotes the desired trajectory that the system should ifélo&re were
no constraints. We suppose thafX"¢(t)) < 0 for somet, otherwise the
problem reduces to the tracking control of a system with nost@ints.

* X (-) denotes the signal entering the control input and playiregrthe of the
desired trajectory during some parts of the motion.

* X4(-) represents the signal entering the Lyapunov funclign. This signal is
set on the bounda@® after the first impact of each cycle.

These signals may coincide on some time intervals as we stmlater.

Remark 2 After the change of coordinates the above signals are delmytg"C(-), ai()
andgq(-) respectively. In case of free motion all three trajectoiées the same "de-
sired” trajectory.

Let us remind that) = < 4 > = ¢ — 1)y and introduce the notations; = ¢ +

0

- < ~ S . . - _ - _
v2q, 52 = 0+ 720, s = < S; >,qr:qd—72q,q=q—q;§ ands; = g+ 72q where

qd

~v2 > 0 is a scalar gain and, = ( 9
d

) represents the desired trajectory.

INRIA



Passivity-based control of flexible-joint complemeniesitstems 13

4.1 Controller design

The tracking problem is solved using a generalization ottr&roller proposed irl {13,
Equ. (28)] and the closed-loop stability analysis of theeysis based on Proposition
B. The controller is defined by

U=J5T+K(9d—qd)—’7182—KZ(¢) (19)
0a = qa + K_lUT

whereU.,. is given by:

Ul 2 Uy = M(q)gr + C(q,4)4r + G(q) — 7151, fort € ng

UBk = Uy — Py+ Ky (P, — Py), fort € Q2
UBk fort e I,f’“ before the first impact

UPE = M(q)gr + C(q,4)dr + G(q) — 1151, fort € I2* after the first impact
(20)

wherey; > 0is a scalar gaink; > 0, P, = DT X and P, = DT )\, is the desired
contact force during the persistently constrained motitinis clear that duringﬂkB’“
not all the constraints are active and, therefore, some coents ofA and\, are zero.
Notice that on impacting phases no force feedback is appfiésb U is a function of
g, 0, ¢, 6 only (no acceleration feedback).

The closed-loop error dynamics @gk (free-motion mode) is given by:

{ M(q)$1 + C(q,d)s1 + 151+ K(G—0) =0
J$2+’}/182+K((9—q>=0

The rationale behind the change of structurelpfafter the first impact, is that
it facilitates the calculation of some upper-bounds whioh @ecessary to recast the
closed-loop stability analysis into Propositldn 2 (sedise€d).

In order to prove the stability of the closed-loop syst&ém){@&l) we will use the
following positive definite function:

1 1 o 1
V(t, s, ) = is?M(q)sl+§S§J52+'yl'yquq+'yl'yg€T9+g(q—e)TK(q—G) (22)

One of the difficulty of the flexible-joint case, comparedtwthe rigid case, is
that the jumps in the functioi’(-) in I]) are less easy to characterize. Indeed the
termsé,(-) andd,(-) are designed from a backstepping procedure and cannotée giv
arbitrary values, contrarily to the usual exogenous ddsmaectories. The calculations
of various upper-bounds (see the Seclibn 7) are conseguetmitate.

4.2 Design of the exogenous trajectories

We consider that the unconstrained desired trajeatBfy-) can be split into two parts,
one of them belonging to the admissible domain (inner pad)tae other one outside
the admissible domain (outer part). Throughout the papemmider[}f’“ = [r(’f,t’}]
where7{ is chosen by the designer as the start of the transition phiseandt® is
the end of this phase. During the transition phases thersystgst be stabilized on the
intersection of some surfac&s. This will be done by mimicking the behavior of a ball
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14 Morarescuet al

falling on the ground under gravity. Therefore all the com@ots except the ones that
are normal to the constraints belongingBg will be frozen. Moreover for robustness
reasons one avoids a tangential approach and imposes s@aetindefining a desired
signalg}; that violates the constraints. In the sequel we deal wittrdneking control
strategy when the trajectory;(-) is constructed such that:

(i) when no activated constraint the orbit@f(-) coincides with the orbit 0§"¢(.)
andgq (&) =0,

(i) whenp < m constraints are active, its orbit coincides with the progt of
the outer part of"C(-) on the surface of codimensigrdefined by the activated
constraints X; betweend” andC in Figure[d),

In order to simplify the presentation we introduce the fallog notations (where
all superscripts-)* will refer to the cyclek of the system motion):

« tk is the first impact during the cycle,

« tk_is the accumulation point of the sequenigé} >, of the impact instants
during the cyclék (t% > t*),

« 7F will be explicitly defined later and represents the instahew the desired
signal ¢; reaches a given value chosen by the designer in order to Enpos
closed-loop dynamics with impacts during the transitioag#s,

« t* is the desired detachment instant.

It is noteworthy thatf, ¢t~ , t* are state-dependent wheredsandr} are exoge-

nous and imposed by the designer. To better understand finitide of these specific
instants, in FigurEl1l we simplify the system’s motion asdak:

« during transition phases we take into account only the ttaimis that must be
activatedB, \ By.

* at the end oﬂf,fﬂ-phases we take into account only the constraints that must
be deactivated;, \ Bj1.

The pointsA, A’, A” andC in Figure[l correspond to the moment§, &, t%
andt’ respectively. We have seen that the choice/oplays an important role in the
stability criterion given by Propositidd 2. On the other Hdn Figure[l we see that
starting fromA the desired trajector)4(-) = X(-) is deformed compared t&§"¢(-).
In order to reduce this deformatiofj and implicitly the point4 must be close t&®.
Further details on the choice af will be given later.

4.3 Design ofy;(-) and g4(-) during the phasesI*

During the impacting transition phases the system musttiligied ono®. Obviously,
this does not mean that all the constraints have to be aetiae. ¢ (t) = 0, Vi =
1,...,m). Letus consider that only the firptconstraints (eventually reordering the
coordinates) define the border éfwhere the system must be stabilized. @f, t&)
we defineg) () as a twice differentiable signal such tlg(-) approaches a given point
in the normal conéVs (¢, = 0) on [7¥, 7F]. Precisely;f is imposed by the designer

INRIA



Passivity-based control of flexible-joint complemeniesitstems 15

Xme(t) = X5(t) = Xq(t)

[

e
Xg(t)

Xrl(t)

Figure 1:The closed-loop desired trajectory and control signals

as the instant wherg’) (7f) = —vV/3(7f) x (1,...,1). In other words, the choice
———

p
of 7F allows the definition of/’(-) as a polynomial with limit conditions (seE&22) and

Z3) below).

In order to facilitate the computation of some upper-boln@&ectiorl ¥ we explic-
itly defineg;(-) as follows:

k kL
« choosingr > 0 and denoting’ = Tt,jng, the componentég’)”™, i =1,...,p

of (¢3), are defined as: '

@) ( :{ az(t')® + az2(t')? + ap, t € [r§, min{rf;th}] 22

—vV13(zF),  t € (min{rf;th}, ]

whereV () is defined in[(2IL) and with the coefficients given by:

as = 2[(q)"C () + V()]
as = =3[(")" (k) + V3 (rh)] (23)
ag = (qi)nc(ﬁ]f

+ all the other components qf (-) are frozen:

(@D (1) = @0, (70), € (75, 1]] (24)

As we said before, the choice ¢f(-) is motivated by the robustness of the sta-
bilization on9® by mimicking the bouncing-ball dynamics. On the other hamd t
enables one to compute suitable upper-bounds that will ingitpg Propositiof]2. The
form of ¢ () in @3) involves—vV /3 which is motivated by the fact that

» when the tracking error is not nulf;;(-) has to violate the constraint in order to
assure the stabilization on it,
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16 Morarescuet al

» some upper bounds of the jumpslii{-) are facilitated by such design and they
tends to zero when the tracking error approaches zero.

In order to limit the deformation of the desired trajectqy-) w.r.t. ¢"¢(-) during
the I, phases (see Figuié 1), we impose in the sequel

gD ()| < m (25)

wherev; > 0 is chosen by the designer. It is obvious that a smalldeads to a
smaller deformation of the desired trajectory and to a senaleformation of the real
trajectory as we shall see in Sectldn 8. Nevertheless, dihe toacking errory; cannot
be chosen zero. We also note tHall (25) is a practical way tosehy .

During the transition phasds we define(qa),, ,, (¢) = (q3),,_, (¢). Assuming a
finite accumulation period, the impact process can be censitin some way equiva-
lent to a plastic impact. Thereforgy),, (-) and(qa),, (-) are set to zero on the right of

tk. On the left oft% one hagqa), (-) = (q), () see Figuréld for an example, see also
Figure[l. It is worth to recall that the first impact timfgof each cyclek, is unknown.

5 Design of the desired contact force during constraint
phases

The desired contact forcB; = DT \; must be designed such that it is large enough
to assure the constraint motion on mg,jﬂ-phases. Some contact force components

have also to be decreased at the end oﬂﬁgrl—phases in order to allow the detach-
ment. Therefore we need a lower bound of the desired forcelwassures both the
contact (without any undesired detachment which can gémether impacts) during
the Q3% , phases and a smooth detachment at the erfébf,. Dropping the time

argument, the dynamics of the system(bﬁgrl can be written as
M(q)j+ F = (1+Kp)Dy (A= Aa)
Jéso+vsa+K@O -3 =0 (26)
0<¢g L)X >0
WhereF = F(q, CL da é? é) = _J\/[(q)qr + C(q7 q)S]_ + Y151 + K(q - é) andDP =

[, : Ops(n—p)] € RPX™. On ka’;l the system has to be permanently constrained
which is equivalent t@,(-) = 0 andg,(-) = 0. In order to assure these conditions it is
sufficient to have\, > 0.

In the following let us denot&/ ~*(¢) =

e Cladlpy  Clard)
Clg,d) = ( 4,9)p,p q,4)pn—p

C(4; Dn-—pp C@Dn—pn—p
nent is obvious. Let us also denote Ay, the matrix made of the firgt rows andp
columns ofK.

where the meaning of each compo-

INRIA



Passivity-based control of flexible-joint complemeniesitstems 17

Proposition 3 On QkBk the constraint motion of the closed-loop systEm (£8) (I9) (2
is assured if the desired contact force is defined by

Kl’ép - Mpm(Q) -1 .
1+K; 14K ([M (@DlprCpimn—p(a,9)

+ [M_l(Q)]p,n—pcn—p,n—p(qv q)+m [M_l(Q)]pm—p) ($1)n—p

(Ad)p = Vp +

(27)

where M, ,(q) = ([Mfl(q)]m)f1 = (Dprl(q)Dg)*1 is the inverse of the
so-called Delassus’ matriXx130] and, € R?, v, > 0.

Proof: It is noteworthy that the third relation ii{R6) implies @f,jH (seell18])

0<éGy LA, >0&0<Dyi LA, >0. (28)

From [Z8) one easily gets:

G=M""(q)[— F+ (1+Ks)Dy (A= Xa)p)

Combining the last two equations we obtain the following LZiEh unknown:

0< DM Hq)[—F—(1+ Kp)D) (Aa)p] + (1+ Kg)DpyM ™ (q)Dy Ay L Ay >0
(29)
Since(1 + K)D,M~'(q)D,} > 0 and hence is a P-matrix, the LOP129) has a
uniqgue solution and one deduces that> 0 if and only if

MDPM_l(Q)[_ F— (14 KDy (Ma)p] <0<

(Aa)p =vp — MDPMil(q)F (30)
f

with v, € RP, v, > 0. SinceF = —M(q)G- + C(q,q¢)s1 + m1s1 + K(G —
9), (4r)p = 0 and(s1), = 0, 0) rewrites as[{37) and the proof is finished. It is
noteworthy that the solution of the LCPJ29) is

Mp;p —
p= T;(ff)DpM Yg)[F + (1 + K£)D] (\a),] .
= Oy + L DM P =,

where [2¥) has been used.
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18 Morarescuet al

6 Strategy for take-off at the end of constraint phases
QD
2k+1

In this Section we are interested in finding the conditiongt@ncontrol signaly 2+
that assures the take-off at the end of constraint phﬁ§§§1. As we have already
seen before, the phas, ; corresponds to the time intervih, t5). The dynamics
on [t’;, tk) is given by [Z6) and the system is permanently constrain@éé;mimplies
gp(-) = 0 andg,(-) = 0. Let us also consider that the fifstconstraints § < p) have
to be deactivated. Thus, the detachment takes plagefa, (t-™) > 0 which requires
An(t57) = 0. The lasp — h constraints remain active which meaks ;. (t57) > 0.

To simplify the notation we drop the time argument in manyatns of this sec-
tion. We decompose the LCP matrix (which is the Delassusrimatultiplied by
1+ Ky)as:

Ai(q)  Aa(g)
(1+ K5)DpM () DI = < ; (32)
Az(q)"  As(q)
with 4; € R A, € Rh*(P—h) gnd A5 € RP—h)*x(p—h)
Proposition 4 The closed-loop systedfi {26 11BY1(20) is permanently caimgtd on

tk. tk) and a smooth detachment is guaranteednt” + ¢) (e is a small positive
fryd ) < d
real number chosen by the designer) if

(i)
( ()‘d)h (t];) ) _
(Aa)p () (33)
< (41— A2 45 AD) ™ (b — 4247 by 1) — C(t — ) )
O+ A3 (b — A5 (M),,)
where
bp = bp(CLq.a U?) = _DpM_l(Q)F >0
andC; € R, Cy € RP~" such thatCy > 0, Cy > 0.
(i) On[th tk +€)
. g, (1) )
t = t = y
a0 = autt) = M)
whereg; (-) is a twice-differentiable function such that
*tk :07 ﬂ;tk_'_eznctk_’_E’
Q;:(d) q,(tg +€) =q;, (tg +¢€) (34)

gr(th)y =0, q;(th +€) =Rtk +¢)

andg; (t57) = a > max (0, —A;(q)(Aa)n(t ).
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Passivity-based control of flexible-joint complemeniesitstems 19

Proof: The necessary condition for take-off after the instjnis given by/\h(t’jl*) =
0 and),_(t5™) > 0. Precisely, we impose a positive contact forceldntf) with
the firsth components approaching 0 wheapproaches’;. From [32) and[(26) it is
straightforward that the LCIP{P8) rewrites as:

0< ( ih ) N < bh-l—Al(/\—)\d)h-l-Ag(/\—/\d)p,h

. >0 (35)
bp_h + A2 (/\ — /\d)h + Ag()\ — )\d)p—h

p—h

Since(1 + Ky)D,M~(q)D{ > 0, the LCP[ZB) (or the equivalent orfe]35)) has
a unique solution. Imposing, = 0 one gets

0< Ap—p Lbp—p, — Ag(/\d)r + As(A — )\d)pfh >0
with the solution
Ap—n = —A3" (bp—r — AT (Aa)n — As(Aa)p—n) (36)
Thus\,_ > 0is equivalent to

(Ad)p—n > A3" (bp—n — A3 (Aa),,)

which leads to the second part of definitibnl(33). Furtheenmplacing\g),—x in
@8) we get\,_;, = C andby + A1 (A—Ag)n +Aa(A—Ng)p—r > 0yields the first part

of definition [33). Consequently the solution of the LCPI (B5), = < 0 > € RP

Co
when(\,), is defined by[(33).
The jumps in the Lyapunov function are avoided during thadement phase using
a twice differentiable desired trajectogy(-) defined as in itenfii) of the Proposition.
In order to assure a smooth detachment (without impactdjon’ + ¢) we need a
large enough positive desired acceleratigg),. At t’;* one has

n(th™) = —DpM(q) [F+(1+ Kf)DIT(/\d)h]
while att®* one hasj, 1, (t5") = D, M~ (g)F. Since(ja)x(t"™) = 0 we arrive at

Tijp (th) = (Ga)n(t51) + AL(@)(Aa)n (th)

Thereforec'jld(tfl*) has to be positive and large enough in order to compensate for
—Al(q)()\d)h(t’;‘) at the instant®. Consequently one defines

Gi (t5") = a > max (0, —A1(9) Aa)n(ty "))

and the detachment is assured.

7 Closed-loop stability analysis

To simplify the notatiorl/ (¢, s(t), ¢ (¢)) is denoted a¥ (¢). In order to introduce the
main result of this paper we make the next assumption, whighiified in practice for
dissipative systems with € [0, 1) (see numerical experiments in Sectidn 8).

RR n° 6739



20 Morarescuet al

Assumption 1 The controllerU in [I3) {20) assures that all the transition phases are
finite.

Lemma 3 Consider the closed-loop systeiml(18)}(20) with),,(-) defined on the in-
terval [7F, tf] as in [Z2)42H). Let us also suppose that conditiyof Propositior® is
satisfied. The following inequalities hold:

~r i k— V(Tk) k 2V(’7’k)

NS S5 Sy
k k

16665731 < 280, sale )l < o

and

tok— 2 72 12k
s < (,/FW(M@))H/DV (x8)

@®)
Jée 1l < (,/%(J) + ﬁ) V()

Furthermore, ifts < 7F one has

V(ry)
Y172 ’
1) (I 115 )p (I < 6v2(11gp S+ VvV 2(7))

wheree is the real constant fixed in Definitih 3 akd £* > 0 are some constant
real numbers that will be defined in the proof.

1(ga)p(t5 I < €+ 1(da)p(t6 )l < K+ K" VO(r5) (39)

Proof: From [Z1) we can deduce that

s{ (to )M (q(ts™))s1(t5)

N~

V(t5™) = mrlldt I, Vit ) >
and

V(tg™) = mellfs I, V™) = 58 (t5 ) Is2(ts)

N~

Since conditiorb) of PropositiorP is satisfied one h&§7y) > V(t.’g*) and [37)
becomes trivial. Let us recall thag (t) = G(t) + 724(t) andsa(t) = 6(t) + 720(t)
which implies)||¢(t5 )l < [ls1(t5 )l + 72lld(t; )l and|[8(ts )| < [lsa(t67)I| +
Y2||0(tE™)]| respectively. Combining this witfi{B7) we deriie]38).

The proof of [3) follows the ideas presented[inl[29]. Royghk first inequality
in @39) is based on the definition gf-impacts (see Definitiohl 3). The remaining

INRIA



Passivity-based control of flexible-joint complemeniesitstems 21

inequalities in[[3P) are based on the particular definitibrig),,(-) (see [ZR) [(23)).
Precisely, we recall thaf < 7} implies (qq),(th~) = (¢5),(tk). Itis clear that

11(ga) (86 )11 < 1dp(t6 I+ Hap (6]

Taking into account thatt is ap.-impact (which meanfq, (t§)|| < ), the first in-
equality in [39) becomes obvious.

k__k
to—To

Let us denotet;, = $—% < [0,1]. We recall here that; was chosen such that

gNC(8)|| < v1. From [22), [ZB) and the first inequality ii439), for=1,...,p one
has

aa(t57) = (@) + V)] (20407 = 3(6)%)+¢) %) < et

It follows that
i\NC(._k V)
3642 — 2(ty) > S0V o
= @)+ V()

Fort > 0 one hat — t2 > 3t2 — 2t3, therefore

. Tk
s @) e 5D
LTI ) + V()

which means that

i\NC/._k v(r§)
IO ol eV
M= (¢)NC(7E) + vV /3 (75)

V(rk
VIR V) 4 e

" (@) + VIR ()

Straightforward computations lead to

‘ NG kY 4 L 1/1/3(k
(5] = B 1 — )

Sincet), — (t,,)> <1 —t; and(¢")"(§) < 141, one arrives at

1
N +6\/(m+”) Wrunte
k

v ke 6
lda(to )l < — V() (40)
1

K k
— T T —To

Therefore, the second inequality [139) holds with

- 6,/prie . 6./p 1
k=— P K= 2
VY172

—|—V) (v+u1)+ev
T — 7o T — 7o
Finally, differentiating[2P) two and three times respeely one obtains
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Q) = lm 6((¢) ) VA 2 1)
t—th t<th

< lim 6((¢)"(rE) + vV ()

Ttttk <t
(@)@t = 1im  6((¢")"%(y) + vV (r3)

t—th t<th

which leads to the upper bounds|tfia), (th )| and||(q§3))p(t’g*)|| respectively.

It is noteworthy thay(+) is a continuous signal. Neverthelegs) presents discon-
tinuities of the first kind at the impact times. Fronl20) oreldces that the controller
U, jumps also at the impact times generating a jump in the disignalf,(-). There-
fore, in order to study the evolution of the Lyapunov funaticandidate[{J1) one has
to analyzer(-) ando(-).

Lemma 4 The controllers in @3) (20) guarantees thalo;(-)||, [lo;(-)[| € S(1) =
L,

Proof: Sincef(-),d(-) are continuous ofR, andfy(-),d,4(-) are continuous on
R\ {t§ | k € Z} one deduces that;(t) = 0 = o;(t), Vt # tg. Therefore LemmBl4
holds if there exist some real constants that upper-bfagd) ||, [lo;(t5)], V& € Z.
The definition ofd,(-) (see[IP)) allows us to write

05(t8) = — 00, (1) = —oau (1) — K~op, (1) = ( (a)p(t5™) ) Koy, (1)

0;(t6) = —0g,(t5) = —04,(t5) — Koy, (t§) =

( (qd)PO(tg_) _ Kﬁlgf]r (tlg)
(41)

Therefore

o5 ()| < 11(4a)p (6| + Amas (K)o, ()]
o5t < 11(da)p (671 + Amaz (K)o, (£6)]]

Using [Z0) one obtains

ou, (ty) = M(0)a5, (t5) + 0c(g.9)4. (16) — 1105, (£5)

From [23) one hagja)n—p(t) = 0, (§a)n—p(t) = 0Vt € [75,5]. Moreover, as
we have mentioned at the end of Seclidrigh,),(-), (4a)p(-) and implicitly (Gq),(-)
are set to zero oftf, t%]. Thus taking into account the relatidi(tg™)|| < |lg(t6 )|l
(seel[Z28]), Propertly10 and Definitifh 5 one arrives at

llog, (6)11 < 11(Ga)p (86 I+ 721(da)p (16 7)1 + 27211d(t5 )]
lloc @ ) < lloe@ad- @I+ 11Clg,d(ts™))ag, (6)]]
€ S(2(1+2)lld(t5 I - 11(da)p(ts I+ 72l(ga)p (k5 I

llos, (E)11 < 201(t6 7)1 + 11(da)p (85 I+ v2ll(@a)p (857 INRIA
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WhenV () < 1, LemmaB states thif(da), (th )|, 1(ga),(t6 )|l and]|(t5 )|
are bounded by some constants. Thus all the quantiti€&s)nagé2bounded by some
constants independent of the cycle indeX his means thdtoy, (t£)|| is bounded by a
constant independent of the cycle index which implies timeestor ||o;(¢f)||. In other
words||o;(t)|| € S(1).

Differentiating [2D) one obtains

O, (t) = M(9)a () + M (@i () + Ca, )i () + s D)dr () + 22 4(8) — s (1)

dq
o (43)
whereM, C stand forZ and<< respectively.
Itis clear that

Ca.d)(t) = %—;’(q, Qi() + %—2@, Di(t)

and using Properti¢$ 1 ahH 3 one derives

1C(a. @) @)l € SUla@)I* + d(t)]])

Furthermore, Lemmid 3 and the first equatior{id (18) assute|[tha)||2, ||()||
S(1). Thus|[C(g, )OI, [logq,q (Il € S(1) and one derives that

10 60,0 E6)dr O < o g.ay - Ndr (I HIIC (g, @) (86 7] log, (26)1] € 5('(1))
44
Property[1 allows us to repladd (¢) by C(q, ¢) + C (¢, ¢) which leads to

M(q)ir(t) + C(q,4)ir(t) = (2C(q,4) + C " (¢, d))r(t) =
1M (9)di-(t) + Cla. d)di- ()] < 3[|C (g, @)|I- /|G- @)1 € S(/Idl]-|d-E)]])

sincellii. (1)) 1| < llda(#)l| +21d(#)l|, using Lemml3 one gets

1M (q)dr () + C(g, §)ér (1)]] € S(1) (45)
The definitionsI[22)E[34) and the first equatiorlial(18) assbiat]|¢\> (t)|| € S(1).
Therefore

1M (0)g® (£)]] < Amaa(M)||¢P) ()] € S(1) (46)

Property(P states that%—gﬂ € S(1), which implies

ley .

Ha—qq@)Hesum(tnn} Ha_Gt
il e S = a1

Introducing [4#)-i{417) in[{43) and taking into account thet laequality in[4P) we
arrive at||oy; (t)|| € S(1) and thugo(t)]| € S(1).

€ S(1) (47)

We now state the main result of this paper.
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Theorem 2 Let Assumption 1 holds = 0 and ¢jj(-) defined as in[(A2)E24). The
closed-loop systeni {[L)=[20) initialized 6x such thatV' (7)) < 1, satisfies the re-
quirements of Propositidd 2 and is therefore practicallyakly stable with the closed-
loop statez(-) = [¢(-), s(-)] and R = \/e*”(t'?*tgo)(p* + €)/pwherep*, pand¢ are
defined in the proof.

Proof: First we observe that conditiors andc) of Propositio 2 hold when the
hypothesis of the Theorem are verified. Thus Thedrem 2 hbttie iconditiong), d)
of Propositior R are verified.
b) Using thatM(q) —2C(q, q) is a skew-symmetric matrix (see Propdity 1), straightfor-
ward computations show that @y \ |, -, [tf, t’}] the time derivative of the Lyapunov
function is given by

V(t) = —nlldl* — vv3lldl* — 101> — 11 3l101* — ~2(d — 0) K (G — 6)
+(1+ Kg)s{ Dy (A= Aa)p

= —7lldll* = y73lldll* = 0l =13 N6l1* = 72(G - 6) TK(G—6) <0

where we have used the fact that;), = 0, (4a), = 0,¢, = 0, ¢, = 0 thus
(s1)p = 0 on constraint phases, ang = 0, (A;), = 0 on free-motion phases. On the
other hand

/\mar (M(Q))

5 [Is2l1* + y172l1dl® + 717216112

V() < l[s1]]* +

)\maz(J)
2
1 B ~ B -
+5(0- 0)TK(G—0)
< Ay mlldl? +vallal’? + o] + v3li8l)? +v2(G — 0)TK (G — 6)]

where

,\/71 = max {/\max(M(w))l + 2'72, Amaz (M(1)) (72 +2) + 271 : L} =0

2y 27172 279

with M(¢)) = ( J\{)iq) (3}1 ) ThereforeV(t) < —y 'V () onR \U,5[t6, 5]-

d) There is only one impact during each transition phase sinee) and with the
choice of U in @0). Therefore/ (t5.) = V(tk7) 4+ oy (t§) < V(1) + ov (t). We
compute now the jump of the Lyapunov function at the impangeti}.

V(tg") = V(ts) = 5 (sT (5 M@)s(te™) — s (t57)M(¥)s(t 7))

15 (3T — 3 THOKIED) + o) (@8)

N~

Replacingy(t¢ ") by ¥(t§~) + o (tf), the second term of the right hand side of
#8) becomes
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5 (20 T Koy () + 0T (t5)0Corg (1)

which is upper bounded by

Amaz () ([0 (5 - llo g (t6)1] + %II@;(%)II%

Therefore Lemm@l3 arld 4 imply that there exists a real pesitdnstant; such
that

5 (PTEEDRIE) — 9 TEEKRIEE)) < e VEZ0 (49)

On the other hand

s"(tg IM(W)s(ts ) = 5" (15 IM@)s(t57) = 047 ar(gys, (6) + 047 7, (£0)
It is easy to see that
037 752 (16) = 255 (167 ) 06, (85) + 04, (£6) T (£5)

and using LemmBl3, Lemni 4 and the relatQn(t;) = o(t5) + 1205(t;) one
deduces that there exist a real positive constastich that

Os] Jss (tlg) <eco, VE2>0 (50)

As proved in[[29] there exists a real positive constgguch that

07 ar(g)s: (1) + N1720474(16) < 3, k>0 (51)
Finally, Lemmd®X assures the existence.of€ R such that

71720§f9~(t§) <cy, Vk>0 (52)
In conclusion, insertind (39 H0[(51) aidl52)inl(48karets
V(E) V() <er+ceatcez+ca, VE>0 (53)

Thus conditiord) of Propositio R is verified fop* = 1, £ = ¢1 +c2+c3+c4 and
the closed-loop systefi{1§)-{20) is practically weaklpktavith R = o~ ! (e‘”“'}‘tﬁo) (14
£).
Let us considep = min{\,,;n(M(¥))/2;y172}. Defininga : Ry — Ry, a(w) =
pw? we geta(0) = 0, «(]|[s(t),d(t)]]]) < V(¢,s,G) and the proofis finished.

8 lllustrative example

Some numerical results are obtained by simulating the beha¥ a planar two-link
flexible-joint manipulator in presence of two constrainis in [29] we impose an
admissible domai® = {(z,y) | y > 0, 0.7 — 2 > 0}. Let us also consider an uncon-
strained desired trajectory whose orbit is given by theleif¢z, y) | (z—0.7)? +y? =
0.5} that violates both constraints. In other words, the twé-falanar manipulator
must track a quarter-circle; stabilize on and then folloelihe:; = {(z,y) | y = 0};
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stabilize on the intersection &; and¥s = {(z,y) | * = 0.7}; detach from%,
and follow X5 until the unconstrained circle re-entebsand finally take-off from>,
in order to repeat the previous steps. The task representhére is given by (see
@) Ba,, = O,mor = 1, Bag1 = {1}, Baky1 = {1}, maks1 = 2, Bagy11 =
{1,2}, Baoks1.2 = {2}.

8.1 Simulation results

Let us say that the quarter-circle is completely trackedia mund. We set the period
of each round to 10 seconds and we simulate the dynamicsgd@riounds using
the Moreau’s time-stepping algorithm of thec®Nos software platform[[2]. The
numerical values used for the dynamical modelare= s = 0.5m, m; = ms =
lkg, I = I, = 0.5kg.m?, J| = Jo = 0.1kg.m? and the impacts are imposed by
v =10 in 3). The stiffness matrix is defined By = diag(2000N/m, 2000N/m).
We set the controller gaing, = 10, 7» = 1 and we choose; = 0.1 (like this we
implicitly set 7& see [Zb)) in order to better point out the deformationygfon the
transition phases (Figuk@ 2 (left)). In Figue 3 we havetshifbackward the desired
trajectory onl, to highlight that the Lyapunov function at the instatjt is smaller
whenk increases.

0.8 T T T T T T T T T T 3

07 |

2.5 |- -

0.6 |

05 |

0.4 |

03 |

02|

0.1

os ) -

o

0.1 L L L L L L L L L n N
02 025 03 035 04 045 05 055 0.6 065 0.7 0.75 o 2 a 6 8 10
X t

Figure 2: Left:The trajectory of the system during 6 rounds; RighteMariation of the Lya-
punov function during the first round.

The behavior of the system during one round is emphasizeitjiméf2 (right) and
the shape of the control law is depicted in Figlire 4.

8.2 The asymptotic dissipation of impacts

In this paragraph we numerically point out tlgit-) converges asymptotically towards
a trajectory without impacts. In other words (taking int@agnt [22)), the value of
the Lyapunov function at the instanf approache® whenk tends to infinity. This
will obviously lead to lighter impacts wheh increases. We also highlight the ro-
bustness of the closed-loop system with respect to smatlifbations. Precisely, a
perturbation will introduce a jump in the variation of thedpunov function but the
Lyapunov function will continue to decrease outside theawting transitions, and the
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Figure 3:Zoom on the transition phasés.
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Figure 4:The control law applied té; during the first round.

tracking process is assured (see Table 1 where some péitumbavere introduced in
the evolution of the generalized velocities during the fneation phaséls of the 5-th
round). In Figurdb the dashed line represents the trajgabthe end-effector after
the disturbance has been applied.

Another interesting aspect pointed out in Figlke 6 consithe decrease of the
control signal magnitude from one round to the next one. Beisavior was expected
since the tracking errors become smaller inducing a smeffert for stabilization.
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V()
1.4017-107°
1.0623-10°8
3.9964 - 109
3.6527 - 1079
2.4575-1073
3.1765-10~7

O U x| W DN =] &

Table 1:The behavior ol (7§) whenk increases.

o8

0.7 |

0.6

o5

0.4

0.3 |

0.2 |

-0.1

Figure 5:The end-effector evolution with a perturbation introduckeding the 5-th round plot-
ted with a dashed line)
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Figure 6:The control signal magnitude decrease from one round toakeane

INRIA



Passivity-based control of flexible-joint complemeniesitstems 29

8.3 The importance of the impacting transition

To better motivate the presence of the impacting transaimsconsiders the admissible
domain® = {(z,y) | y > 0} and the unconstrained desired trajectory given by the
circle {(z,y) | (z — 0.4)2 + y? = 0.3} that violates the constraint. We impose a
tangential approach @i® by settingry = 0 in @d). As shown in FigurEl7 this blocks
the tracking process into the transition phase. In fact westabilize the system on
the constraint (see Figuké 8) but the stabilization takest @fl time and the desired
trajectory is not completely tracked. It is noteworthy tltaé first component of the
desired trajectory is frozen until the detection of the fingpact.

0.35

0.3

02

o1

0.8

1.8e-09

1.6e-09

1.4e-09

1.2e-09

le-09

8e-10

6e-10

4e-10

2e-10

o

20

22 24 26 28 30

t

Figure 7:Left: The trajectory of the end-effector when a tangentdraach is imposed; Right:
Zoom on the variation of the second coordinate of the engketdf in order to prove that the first

constraint decreases to the desired vajue-(0).
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1.2e-14

le-14

8e-15

6e-15

4e-15

2e-15

30

2e-21

1.5e-21

le-21

5e-22

28

Figure 8: Different zooms show that the Lyapunov function decreasesitds 0 whert in-
creases, therefore the system approaches the desirebpdsii(t), ya(t)) = (za(rg),0) but
no impact is detected in 30 seconds although the whole toajemust be tracked in 10 seconds.
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8.4 Compensation of flexibilities

As noticed in[11] the control laws designed for rigid systeftine Slotine & Li control
and its adaptation for systems with one or multiple constsg [29]) behave well for
manipulators with large joint stiffness (see also Fiddre@iie multi-constraint case).
It is noteworthy that during the first round the intensity loétimpacts is quite big and
even small flexibilities degrade the behavior of the system.

0.8

0.7

0.6

0.5

0.4

0.3

0.2

01

ok

-0.1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

Figure 9: The variation of the end-effector coordinates using thérigpntroller when the
stiffness matrix is defined b = diag(5000N/m, 5000N/m).

In order to highlight the importance of flexibilities comation we keep the nu-
merical values used in the previous Subsection with onepgiare the stiffness matrix
is defined byK = diag(200N/m,200N/m). Using the control with no flexibility
compensation (named the "rigid controller”) one obtainempletely deteriorated be-
havior (see FigurEZ10). Furthermore, the control signalllases very much after the
firstimpact see Figuleld1).

On the other hand using the controller designed in this pyeettesired trajectory is
well tracked (see Figufedl2) and the control signal (seerE[@B) is quickly stabilized
during thel,, phases.

Numerical simulations show that the Moreau’ scheme corasefgr various values
of the stiffness matrix, which proves the reliability ofsricheme w.r.t. the stabilization
on 0®. Nevertheless, higher flexibilities imply longer stakdlion periods and more
violent impacts. In order to illustrate the previous affitina we denote byH the
height of the first jump of the second round in the evolutiothaf Lyapunov function
and as noticed beforg; denotes the first impacting transition of the second round.
Recalling that\[I3] means the Lebesgue measure of the intefyalwe summarize
some simulations data in Talile 2.

Kl=K2 200 1000 2000
H 0.304 0.058 0.024
A[I5] 9.2-1072 [39-1072 [ 1.9-1072

Table 2:Higher flexibilities imply longer stabilization periods @more violent impacts.
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Figure 10: The variation of the end-effector coordinates using thédrigpntroller (K =
diag(200N/m, 200N /m)).
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Figure 11: The rigid control applied to#; during the first round K =
diag(200N/m, 200N /m)).

8.5 Numerical results for the restitution coefficient within (0, 1)

The simulations presented in the sequel encourage us tathefand expect that the
control law designed in this paper can be used not only foptastic impacts case but
also where € (0,1). In order to have the possibility to compare the results veethe
numerical values introduced at the beginning of this Sactio

Since the impacting transition ferc (0, 1) does not reduce to one instant, we plot
in Figure[T2 the variation of andy’ in order to better illustrate the definition{22). It
is worth to recall here that

ya(t) = ya(t), VteRy\{te Ry |yi(t) = —vV(r5)}
ya(t) =0, Vte{teRy [yi(t)=—vV(r5)}
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0.7004
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07 4 >

0.6998

0.6996

Figure 12: The variation of the end-effector coordinates using thetrobrf3) Z0) K =
diag(200N/m, 200N /m)).

10

-10

Figure 13: The control law [IP) [[20) applied t@; during the first round Kk =
diag(200N/m, 200N /m)).

We also note that the evolution gf may be used (as in Figuié 3) to point out the
evolution of V' (7}) whenk increases.

As we can see in Figufell5 even for= 0.9 the behavior of the systems does not
deteriorate very much and the desired trajectory is wethkieal especially starting with
the second round.

Since the restitution coefficient was set to a high value-(0.9) and the tracking
error during the first round is quite big, the behavior of tlystem during the first
transition phase is degraded. Some practical applicatiaifdalemand a more accurate
tracking and an end-effector trajectory as in Fidurk 15 matyoe acceptable. In order
to improve the accuracy of tracking we have two possibditi€he first one consists of
increasing the period of each round, which implies a longst fiee-motion phase and
consequently a smaller tracking error at the instgngsee[2R)). Numerical simulation
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0.7 |- —

o.e |- —

0.4 |- B

0.3 |- —

0.8 T T T T T T T T T T 0.8

07 |

06 [

05 |

0.4

03 |

0z

0.1

o

01 L L L L L L L L L L L L L L
0.2 025 0.3 035 04 045 0.5 0.55 0.6 065 0.7 0.75 o 5 10 15 20 25 30
X t

Figure 15: Left: The trajectory of the end-effector when the restiaticoefficient is set to
e = 0.9; Right: The variation ofy when the restitution coefficient is setdc= 0.9.

shows that for a period of 20 seconds per round, the systeajextory and the control
signal are seriously improved (see Figliré 16).

The second way to improve the accuracy of the tracking ctmsfadjusting better
the controller gain. As shown in Figul€l17 a larger valueofwhich corresponds to
a larger value of the spring stiffness entering the conseg [11[ 2B] for more details)
improves the system’s trajectory.

It is noteworthy that a larger value gt implies an increase of the control signal
maghnitude (see FiguEell8), which may not be acceptable utipeadue to saturation.

In the sequel one denotes By and N? the number of impacts captured using a
time-steph = 10~2 during the transition phasds and I, respectively. Let us also
denote byH the height of the first jump in the evolution of the systemajdctory.
Then, as expectedy;, N? and H increase when the restitution coefficient increases
from O to 1(see Tabld 3 for numerical values).
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Figure 16: Left: The trajectory of the end-effector when the restiuticoefficient is set to
e = 0.9 and the duration of each round is 20 seconds; Right: The aolatv applied tof,
during the first round when the restitution coefficient isteet = 0.9 and the duration of each
round is 20 seconds.

Figure 17:Zoom on transition phasds when~y, = 2, v, = 3 and, = 4, respectively.

Figure 18:The control signal applied té; during the first round whens = 2, v, = 3 and
~v2 = 4, respectively.

In [29] we have proved that the Lyapunov function associatethe rigid-joint
system may have a positive first jump for each transition hlast all the other jumps
are negative. As can be seen in Figlirk 19 (right) for the flexjiint system one has
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e | 05 | 07 | 09
NI 9 15 | 35
NZI| 7 11 | 30
H |0.044 [ 0.072 | 0.104

Table 3:The behavior ofV}, N? and H with respect to the restitution coefficient

multiple positive jumps in the evolution of the Lyapunov &tion. Nevertheless the
simulations reveal an almost decreasing Lyapunov funatiaracterizing a weakly
stable system (see Figurd 19 (left)).

8 T T T T 0.25

o 2 a 6 8 10 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 a
t t

Figure 19:Left: The variation of the Lyapunov function during one rdufe = 0.7); Right:
Zoom on the first transition phase

9 Conclusions

In this paper we have proposed a solution for the traject@gking control of com-
plementarity nonsmooth Lagrangian systems with flexibietgo All the ingredients
entering the dynamics (desired trajectories, desiredamifibrces, exogenous instants
playing a role in the definition of the control law) are exflic defined. It is note-
worthy that the flexible-joint case is more difficult than thgid-joint case since the
backstepping procedure involves some exogenous trajestitrat are defined as non-
linear functions of states and other exogenous signalsefdre, the "passivity-based”
Lyapunov function has jumps that are more difficult to chegdze. Numerical simu-
lations, done with the BoONos software platform, illustrate on one hand the necessity
and the robustness of the control scheme proposed in the, jgagoeon the other hand
they encourage us to attempt the extension of the study waeewhere the restitution
coefficient belongs tf0, 1).
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