
❥❛♥✈✐❡r ✷✵✵✼ ✕ ❏♦✉r♥é❡s ❋r❛♥❝♦♣❤♦♥❡s ❞❡s ▲❛♥❣❛❣❡s ❆♣♣❧✐❝❛t✐❢s✕ ❏❋▲❆✵✼

❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

❩❛②♥❛❤ ❉❛r❣❛②❡

■◆❘■❆ ❘♦❝q✉❡♥❝♦✉rt✱
✼✽✶✺✸ ▲❡ ❈❤❡s♥❛② ❈❊❉❊❳✱ ❋r❛♥❝❡

③❛②♥❛❤✳❞❛r❣❛②❡❅✐♥r✐❛✳❢r

❘és✉♠é

▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ ✭tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❝✉rr②✜é❡s ❡♥ ❢♦♥❝t✐♦♥s ♥✲❛✐r❡s✮ ❡st ✉♥❡
♦♣t✐♠✐s❛t✐♦♥ ❝♦✉r❛♥t❡ ❞❛♥s ❧❛ ❝♦♠♣✐❧❛t✐♦♥ ❞❡ ❧❛♥❣❛❣❡ ❢♦♥❝t✐♦♥♥❡❧✳ ◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ✉♥❡ ♣r❡✉✈❡
❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❞❡ ❝❡tt❡ ♦♣t✐♠✐s❛t✐♦♥ ♠❡♥é❡ ❞❛♥s ❧✬❛ss✐st❛♥t ❞❡ ♣r❡✉✈❡ ❈♦q✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

■❧ ♣❡✉t êtr❡ ♥é❝❡ss❛✐r❡✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥ts ❞❡ ❧♦❣✐❝✐❡❧s ❝r✐t✐q✉❡s✱ ❞❡ s✬❛ss✉r❡r q✉❡ ❧❛
sé♠❛♥t✐q✉❡ ❞✉ ♣r♦❣r❛♠♠❡ ❞é✈❡❧♦♣♣é ❡st ♣rés❡r✈é❡ ♣❛r ❧❡ ♣r♦❝❡ss✉s ❞❡ ❝♦♠♣✐❧❛t✐♦♥✳ ❯♥ ❝♦♠♣✐❧❛t❡✉r
❛②❛♥t ❝❡tt❡ ♣r♦♣r✐été ❡st ❞✐t ❝❡rt✐✜é✳ ❈✬❡st ❞❛♥s ❝❡t ❡s♣r✐t q✉❡ ❧❡ ♣r♦❥❡t ❈♦♠♣❝❡rt ❬✼✱ ✸❪ ❞é✈❡❧♦♣♣❡ ✉♥
❝♦♠♣✐❧❛t❡✉r ❞✬✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞✉ ❧❛♥❣❛❣❡ ❈ ✈❡rs ❧✬❛ss❡♠❜❧❡✉r P♦✇❡rP❈✳

◆♦✉s ❞é✈❡❧♦♣♣♦♥s ❝❡ ❝♦♠♣✐❧❛t❡✉r à ❧✬❛✐❞❡ ❞❡ ❧✬❛ss✐st❛♥t ❞❡ ♣r❡✉✈❡ ❈♦q❬✹✱ ✷❪ ✿ ♥♦✉s é❝r✐✈♦♥s
❧❡ ❝♦♠♣✐❧❛t❡✉r ❞❛♥s ❧❡ ❧❛♥❣❛❣❡ ❞❡ s♣é❝✐✜❝❛t✐♦♥✳ ▲❡ ❝♦♠♣✐❧❛t❡✉r ❡st ❛❝❝♦♠♣❛❣♥é ❞❡ s❛ ♣r❡✉✈❡ ❞❡
♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡✳ ❖♥ ❡①tr❛✐t ❞❡ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧❡ ♣r♦❣r❛♠♠❡ ❈❛♠❧ ❞✉ ❝♦♠♣✐❧❛t❡✉r✱ ✈✐❛
❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①tr❛❝t✐♦♥ ❞❡ ❈♦q ❬✾❪✳

▲❡ ♣r♦❣r❛♠♠❡ ❡①tr❛✐t ❞♦✐t êtr❡ ❧✉✐✲♠ê♠❡ ❝♦♠♣✐❧é ❛✜♥ ❞✬êtr❡ ✉t✐❧✐s❛❜❧❡✳ P♦✉r ♣❧✉s ❞❡ ❝♦♥✜❛♥❝❡ ❞❛♥s
❧❡ ❝♦❞❡ ❡①é❝✉t❛❜❧❡✱ ♦♥ s♦✉❤❛✐t❡ ❞é✈❡❧♦♣♣❡r ✉♥ ❝♦♠♣✐❧❛t❡✉r ❝❡rt✐✜é ♣♦✉r ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ s✐❣♥✐✜❝❛t✐❢
❞❡ ▼▲ ❛ss❡③ ❝♦♠♣❧❡t ♣♦✉r ❡①♣r✐♠❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣r♦❣r❛♠♠❡s ✐ss✉s ❞❡ ❧✬❡①tr❛❝t✐♦♥✳

■❧ s✬❛❣✐t ❞✉ ❢r❛❣♠❡♥t ❢♦♥❝t✐♦♥♥❡❧ ♣✉r ❞❡ ▼▲ ❛✈❡❝ t②♣❡s ❞❡ ❜❛s❡s✱ t②♣❡s ❢♦♥❝t✐♦♥♥❡❧s ❡t t②♣❡s ❝♦♥❝r❡ts
❡t q✉✐ ❡st ❝♦♠♣✐❧é ✈❡rs ❧❡ ♣r❡♠✐❡r ❧❛♥❣❛❣❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞✉ ❝♦♠♣✐❧❛t❡✉r ❈♦♠♣❝❡rt ✿ ❈♠✐♥♦r✳ ▲❛
❝♦♠♣✐❧❛t✐♦♥ ❞✬✉♥ ♣r♦❣r❛♠♠❡ ♠✐♥✐✲▼▲ ❡♥ ❈♠✐♥♦r s❡ ❞é❝♦♠♣♦s❡ ❡♥ q✉❛tr❡ ♣❤❛s❡s ❝♦♥sé❝✉t✐✈❡s ✿

✕ ▲❛ ♥✉♠ér♦t❛t✐♦♥ ❞❡s ❝♦♥str✉❝t❡✉rs ✿ ♦♥ ♣❛ss❡ ❞❡ ❝♦♥str✉❝t❡✉rs ❞❡ t②♣❡s ❝♦♥❝r❡ts ♥♦♠♠és à ❞❡s
❝♦♥str✉❝t❡✉rs r❡♣rés❡♥tés ♣❛r ❧❡✉rs ♥✉♠ér♦s ❞✬❛♣♣❛r✐t✐♦♥ ❞❛♥s ❧❡s ❞é✜♥✐t✐♦♥s ❞❡s t②♣❡s ❝♦♥❝r❡ts✳

✕ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧✬❛♣♣❡❧ ❞❡ ❢♦♥❝t✐♦♥✱ s✉r ❧❛q✉❡❧❧❡ ♥♦✉s r❡✈✐❡♥❞r♦♥s✳
✕ ▲❛ ❣❧♦❜❛❧✐s❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ✿ ♦♥ ♦❜t✐❡♥t ✉♥ ♣r♦❣r❛♠♠❡ ♦r❣❛♥✐sé ❡♥ ❧✐st❡ ❞❡ ❢♦♥❝t✐♦♥s ❡t ✉♥❡

❢♦♥❝t✐♦♥ ♣r✐♥❝✐♣❛❧❡✳
✕ ▲❛ ❝♦♥str✉❝t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s ❡♥ ♠é♠♦✐r❡✳

❊♥tr❡ ❝❤❛q✉❡ ♣❤❛s❡✱ ♥♦✉s ❛✈♦♥s ✉♥ ❧❛♥❣❛❣❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞✐✛ér❡♥t ❡t ♣♦✉r ❝❤❛q✉❡ ♣❤❛s❡✱ ♥♦✉s
❛✈♦♥s ✉♥❡ ♣r❡✉✈❡ ❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❡♥tr❡ ❧❡ ❧❛♥❣❛❣❡ s♦✉r❝❡ ❡t ❧❡ ❧❛♥❣❛❣❡ ❝✐❜❧❡✳ ❈❡s q✉❛tr❡
tr❛♥s❢♦r♠❛t✐♦♥s s♦♥t ❞é✈❡❧♦♣♣é❡s ❡♥ ❈♦q✱ ❞❡ ♠ê♠❡ ❧❡s ♣r❡✉✈❡s ❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ s♦♥t ♠❡♥é❡s
❞❛♥s ❧✬❛ss✐st❛♥t ❞❡ ♣r❡✉✈❡ ❈♦q✳

◆♦✉s ♥♦✉s ❢♦❝❛❧✐s♦♥s ✐❝✐ s✉r ✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ✿ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡
❧❛ ❝♦♠♣✐❧❛t✐♦♥ ❞❡ ❧✬❛♣♣❡❧ ❞❡ ❢♦♥❝t✐♦♥✳

❉❛♥s ❧❡s ❧❛♥❣❛❣❡s ❢♦♥❝t✐♦♥♥❡❧s✱ ❈❛♠❧ ❬✽❪✱ ❍❛s❦❡❧❧ ❬✶✸❪✱ ❙▼▲ ❬✶✶❪ ❡t ❧❡ ❧❛♥❣❛❣❡ ❞❡ s♣é❝✐✜❝❛t✐♦♥ ❞❡ ❈♦q✱
✐❧ ❡①✐st❡ ❞❡✉① ♣♦ss✐❜✐❧✐tés ❞✬❡♥❝♦❞❛❣❡ ❞❡s ❢♦♥❝t✐♦♥s à ♣❧✉s✐❡✉rs ❛r❣✉♠❡♥ts ✿ ✶ ✕ ❣r♦✉♣❡r ❧❡s ❛r❣✉♠❡♥ts
❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❛♥s ✉♥ ♥✲✉♣❧❡t✱ ✷ ✕ ❝✉rr②✜❡r ❧❛ ❢♦♥❝t✐♦♥✳ ❯♥❡ ❛❜str❛❝t✐♦♥ ❡st ❞✐t❡ ❝✉rr②✜é❡ s✐ ❡❧❧❡ s✬é❝r✐t
s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿ λx0. . . . λxn. t ✭❛✈❡❝ n ♠❛①✐♠❛❧✮ ❝✬❡st✲à✲❞✐r❡ q✉✬❡❧❧❡ ❛tt❡♥❞ n + 1 ❛r❣✉♠❡♥ts✳

✶



❩✳❉❛r❣❛②❡

❆♣rès n ❛♣♣❡❧s ♣❛rt✐❡❧s✱ ❧✬❛♣♣❡❧ s✉✐✈❛♥t ❝♦rr❡s♣♦♥❞ à ❧✬é✈❛❧✉❛t✐♦♥ ❞✉ ❝♦r♣s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❛✈❡❝ t♦✉s
s❡s ❛r❣✉♠❡♥ts✳ ❯♥ ❛♣♣❡❧ ♣❛rt✐❡❧ ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♥t ❧❡ rés✉❧t❛t ❡st ✉♥❡ ❢❡r♠❡t✉r❡ ✐♥t❡r♠é❞✐❛✐r❡ ✿
t♦✉s ❧❡s ❛r❣✉♠❡♥ts ♥❡ s♦♥t ♣❛s ❡♥❝♦r❡ r❡ç✉s✳

❉é❝✉rr②✜❡r ✉♥❡ ❛❜str❛❝t✐♦♥ ❝♦♥s✐st❡ à tr❛♥s❢♦r♠❡r ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ❡♥ ✉♥❡ ❢♦♥❝t✐♦♥ ♥✲❛✐r❡ ✿
λx0. . . . λxn. t ❞❡✈✐❡♥t λ[x0; . . . ;xn]. t✳ ❊❧❧❡ r❡ç♦✐t ❧❡s n + 1 ❛r❣✉♠❡♥ts ❞✬✉♥ ❝♦✉♣ ❧♦rs ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥✳
▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❝♦♥st✐t✉❡ ✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé❡ ❞❛♥s ❧❛ ❝♦♠♣✐❧❛t✐♦♥ ❞❡ ❧❛♥❣❛❣❡s
❢♦♥❝t✐♦♥♥❡❧s ❬✶✱ ✶✵✱ ✻❪✳

❖♥ t✐r❡ ❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❧♦rs ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬❛♣♣❧✐❝❛t✐♦♥s t♦t❛❧❡s ✭❛♣♣❧✐❝❛t✐♦♥s
✐♠❜r✐q✉é❡s ❛✉ ♥♦♠❜r❡ ❞✬❛r❣✉♠❡♥ts ❛tt❡♥❞✉s ♣❛r ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡✮✳ ▲✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ ❞❡
❧❛ ❢♦r♠❡ (. . . (λx0. . . . λxn. t) t0) . . .) tn) s❡ ❞é❝♦♠♣♦s❡ ❡♥ n + 1 ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❧❛ rè❣❧❡ ❞✬é✈❛❧✉❛t✐♦♥
❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥✱ t❛♥❞✐s q✉❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✉ t❡r♠❡ ❞é❝✉rr②✜é (λ[x0; . . . ;xn]. t) [t0; . . . ; tn] ♥✬✐♥✈♦q✉❡
q✉✬✉♥❡ rè❣❧❡ ❞✬é✈❛❧✉❛t✐♦♥✳ ▲✬❛✈❛♥t❛❣❡ ❧❡ ♣❧✉s ❝♦♥❝r❡t ❞❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❡st q✉❡ ❧❡ ❝♦❞❡ ♦❜t❡♥✉ ♣❛r
❝♦♠♣✐❧❛t✐♦♥ ❡st ♣❧✉s é❝♦♥♦♠❡ ❡♥ ❛❧❧♦❝❛t✐♦♥s✳

▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ ♣❡✉t s✬❡✛❡❝t✉❡r ♦✉ ❜✐❡♥ ❞②♥❛♠✐q✉❡♠❡♥t✱ ❛✉ ✈♦❧ ♣❡♥❞❛♥t ❧✬❡①é❝✉t✐♦♥✱ ♦✉ ❜✐❡♥
st❛t✐q✉❡♠❡♥t✱ ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ ♣r♦❣r❛♠♠❡ ♣❡♥❞❛♥t ❧❛ ❝♦♠♣✐❧❛t✐♦♥✳ ▲❛ ❞é❝✉rr②✜❝❛t✐♦♥
❞②♥❛♠✐q✉❡✱ ❝♦♠♠❡ ❡✛❡❝t✉é❡ ♣❛r ❧❡s ♠❛❝❤✐♥❡s ❛❜str❛✐t❡s ❩❆▼ ❬✻❪ ❡t ●✲♠❛❝❤✐♥❡ ❬✶✹❪✱ r❡❝♦♥♥❛ît
❞❛✈❛♥t❛❣❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❝✉rr②✜é❡s✱ ♠❛✐s r❛❧❡♥t✐t ❧✬❡①é❝✉t✐♦♥ ✿ ✐❧ ❢❛✉t t❡st❡r ❞②♥❛♠✐q✉❡♠❡♥t ❧✬❛r✐té
❞❡s ❢♦♥❝t✐♦♥s✱ ❡t ❧❡s ❛r❣✉♠❡♥ts ❞♦✐✈❡♥t êtr❡ ♣❛ssés ❞❛♥s ✉♥❡ ♣✐❧❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ r❡❣✐str❡s ♣♦✉r ❧❡s
♣❛ss❡r ét❛♥t ✐♠♣♦ss✐❜❧❡✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ st❛t✐q✉❡ ♣❡✉t é❝❤♦✉❡r à r❡❝♦♥♥❛îtr❡ ❝❡rt❛✐♥❡s
❛♣♣❧✐❝❛t✐♦♥s ❝✉rr②✜é❡s✱ ♠❛✐s s❡ ♣rêt❡ à ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝♦❞❡ ♠❛❝❤✐♥❡ ❡✣❝❛❝❡✱ ✉t✐❧✐s❛♥t ❧❡s r❡❣✐str❡s ❞✉
♣r♦❝❡ss❡✉r ♣♦✉r ❧❡ ♣❛ss❛❣❡ ❞✬❛r❣✉♠❡♥ts✳ P♦✉r ❝❡s r❛✐s♦♥s✱ ❧❡ s②stè♠❡ ❖❈❛♠❧ ✉t✐❧✐s❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥
❞②♥❛♠✐q✉❡ ❞❛♥s s♦♥ ❝♦♠♣✐❧❛t❡✉r ❞❡ ❜②t❡❝♦❞❡ ❡t ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ st❛t✐q✉❡ ❞❛♥s s♦♥ ❝♦♠♣✐❧❛t❡✉r
♦♣t✐♠✐s❛♥t✳ ◆♦✉s s✉✐✈♦♥s ❧✬❛♣♣r♦❝❤❡ st❛t✐q✉❡ ❞❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥✱ q✉✐ s✬✐♥tè❣r❡ ♠✐❡✉① ❞❛♥s ✉♥❡ ❝❤❛î♥❡
❞❡ ❝♦♠♣✐❧❛t✐♦♥ ♦♣t✐♠✐s❛♥t❡ ♣❛ss❛♥t ♣❛r ❧❡ ❧❛♥❣❛❣❡ ✐♥t❡r♠é❞✐❛✐r❡ ❈♠✐♥♦r✳

▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ st❛t✐q✉❡ ❞✬✉♥ ♣r♦❣r❛♠♠❡ é❝r✐t ❞❛♥s ✉♥ st②❧❡ ❝✉rr②✜é ♥é❝❡ss✐t❡ ✉♥❡ ❛♥❛❧②s❡
st❛t✐q✉❡ ❞❡ ❝❡ ♣r♦❣r❛♠♠❡✳ ❈❡tt❡ ❛♥❛❧②s❡ ♣❡r♠❡t ❞❡ r❡♣ér❡r ❧❡s ❛❜str❛❝t✐♦♥s ❝✉rr②✜é❡s ❞♦♥t ❧❛
tr❛♥s❢♦r♠❛t✐♦♥ s✬✐♥tér❡ss❡ ✉♥✐q✉❡♠❡♥t ❛✉① ❛❜str❛❝t✐♦♥s ❧✐é❡s ♣❛r ✉♥ ❧❡t ❡t ❞❡ ❝♦♥✈❡rt✐r ❡♥ ❝♦♥séq✉❡♥❝❡
❧❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ❖♥ ♣♦✉rr❛✐t é❣❛❧❡♠❡♥t ❞é❝✉rr②✜❡r ❧❡s ❢♦♥❝t✐♦♥s ❛♥♦♥②♠❡s✳ ❈❡♣❡♥❞❛♥t✱ ❧❡✉r ❢réq✉❡♥❝❡
♥❡ ❥✉st✐✜❡ ♣❛s ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧✬❛♥❛❧②s❡✳

❈♦♥s✐❞ér♦♥s ❧❡ t❡r♠❡ let f = λx. λy. x + y in ((f 3) 4)✱ s❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞♦♥♥❡r❛✐t let f =
λ[x; y]. x+y in f [3; 4]✳ P❛r ❝♦♥tr❡✱ let f = λ[x; y]. x+y in f [3] ♥✬❡st ♣❛s ✉♥❡ tr❛❞✉❝t✐♦♥ ❝♦rr❡❝t❡ ✿
f [3] ♥✬❛ ♣❛s ❞✬é✈❛❧✉❛t✐♦♥✳

P♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ♥✲❛✐r❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ r❡❝♦♥str✉✐r❡ ❧❛ ❢♦♥❝t✐♦♥ ❝✉rr②✜é❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ✿
curriedn (f) = (λz. λx0. . . . λxn. z [x0; . . . ;xn]) f ✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ❝❡s ❝♦♠❜✐♥❛t❡✉rs curriedn ♣♦✉r
♣♦✉✈♦✐r tr❛❞✉✐r❡ ❧❡s ❛♣♣❡❧s ♣❛rt✐❡❧s✳ (f 3) ❞❡✈✐❡♥t ❛❧♦rs ((curried1 f) 3)✳

❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❢♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❡t à s❛ ♣r❡✉✈❡
❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❛✜♥ ❞❡ ❧❛ ❝❡rt✐✜❡r ❢♦r♠❡❧❧❡♠❡♥t✳ ❈❡tt❡ ♦♣t✐♠✐s❛t✐♦♥ s✬✐♥té❣r❛♥t ❞❛♥s ❧❡
❢r♦♥t✲❡♥❞ ❞❡ ❝♦♠♣✐❧❛t❡✉r ❝❡rt✐✜é ♣♦✉r ♠✐♥✐✲▼▲✱ ❧❛ ❢♦r♠❛❧✐s❛t✐♦♥ ❡t ❧❛ ♣r❡✉✈❡ s♦♥t ♠❡♥é❡s ❡♥ ❈♦q✳ ❯♥❡
❢❡r♠❡t✉r❡ ❡st ❧❛ ✈❛❧❡✉r ❛ss♦❝✐é❡ à ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ❛❜str❛❝t✐♦♥✳ ❊❧❧❡ ❡st ❝♦♥st✐t✉é❡ ❞✉ ♣❛r❛♠ètr❡ ❡t
❞✉ ❝♦r♣s ❞❡ ❧✬❛❜str❛❝t✐♦♥ ❡t ❡st ❛❝❝♦♠♣❛❣♥é❡ ❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ♣❡r♠❡tt❛♥t✱ ❧♦rs ❞❡ ❧✬é✈❛❧✉❛t✐♦♥✱
❞✬❛❝❝é❞❡r ❛✉① ✈❛❧❡✉rs ❞❡s ✈❛r✐❛❜❧❡s ❧✐❜r❡s ❞❛♥s ❧❡ ❝♦r♣s✳ ▲❡ ♣♦✐♥t ❝❧é ❞❡ ❝❡tt❡ ♣r❡✉✈❡ rés✐❞❡ ❡♥ ❧❛
❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s✱ ♣r♦❞✉✐t❡s ❛✉ ❝♦✉rs ❞❡s é✈❛❧✉❛t✐♦♥s ❞✬✉♥ t❡r♠❡ ❡t ❞❡ s❛ tr❛♥s❢♦r♠❛t✐♦♥✱
❡♥ s✬❛♣♣✉②❛♥t s✉r ❧❡s ✐♥❢♦r♠❛t✐♦♥s ré❝♦❧té❡s ♣❛r ❧✬❛♥❛❧②s❡✳ ❊♥ ❝❛r❛❝tér✐s❛♥t ❧❡s ❢❡r♠❡t✉r❡s ❞✬♦r✐❣✐♥❡ ❡t
❧❡s ❢❡r♠❡t✉r❡s ❛♣rès tr❛♥s❢♦r♠❛t✐♦♥ s❡❧♦♥ ❧✬❛♥❛❧②s❡✱ ♦♥ ét❛❜❧✐t ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❝❡s ❢❡r♠❡t✉r❡s✳ ❊♥
ét❡♥❞❛♥t ❝❡tt❡ r❡❧❛t✐♦♥ ❛✉① ❡♥✈✐r♦♥♥❡♠❡♥ts ❞✬❡①é❝✉t✐♦♥✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡
❡♥tr❡ ❡♥✈✐r♦♥♥❡♠❡♥ts✳ ❈❡s r❡❧❛t✐♦♥s ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♠♣❛r❡r ❧❡s é✈❛❧✉❛t✐♦♥s ❡t ❞♦♥❝ ❞✬ét❛❜❧✐r ❧❛
♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥✳

❆✜♥ ❞✬✐❧❧✉str❡r ♥♦tr❡ ét✉❞❡✱ ♥♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❞é✜♥✐r ❢♦r♠❡❧❧❡♠❡♥t ❞❡✉① ❧❛♥❣❛❣❡s ❢♦♥❝t✐♦♥♥❡❧s
♠✐♥✐♠❛✉①✳ µ▼▲ ✭♣r♦♥♦♥❝é ♠✐❝r♦✲▼▲✮ ✿ λ✲❝❛❧❝✉❧ ♣✉r ❡♥r✐❝❤✐ ❞✉ ❧✐❡✉r ❧♦❝❛❧ ❧❡t✱ à ❛❜str❛❝t✐♦♥ ❡t

✷



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

❛♣♣❧✐❝❛t✐♦♥ ✉♥❛✐r❡ ❀ ❡t ♥▼▲ ✿ λ✲❝❛❧❝✉❧ ♣✉r ❡♥r✐❝❤✐ ❞✉ ❧✐❡✉r ❧♦❝❛❧ ❧❡t✱ à ❛❜str❛❝t✐♦♥ ❡t ❛♣♣❧✐❝❛t✐♦♥
n−❛✐r❡ ✭❧❛♥❣❛❣❡ ❝✐❜❧❡ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥✮✳ P✉✐s✱ ♥♦✉s ❡①♣♦s❡r♦♥s ❧❛ tr❛❞✉❝t✐♦♥ ❞✬✉♥ t❡r♠❡ µ▼▲

❡♥ ✉♥ t❡r♠❡ ♥▼▲✱ q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ ❞é❝✉rr②✜❝❛t✐♦♥ ❞✉ t❡r♠❡ µ▼▲ ❣✉✐❞é❡ ♣❛r ✉♥❡ ❛♥❛❧②s❡ ❞✉ t❡r♠❡
✈✐s❛♥t à r❡❝♦♥♥❛îtr❡ ❧❡s ❛❜str❛❝t✐♦♥s ❡t ❛♣♣❧✐❝❛t✐♦♥s ❝✉rr②✜é❡s✳ ◆♦✉s ♥♦✉s ♣❡♥❝❤❡r♦♥s ❡♥s✉✐t❡ s✉r ❧❛
❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ❢❡r♠❡t✉r❡s ❛♣♣❛r❛✐ss❛♥t ❧♦rs ❞❡s é✈❛❧✉❛t✐♦♥s ❞❡ t❡r♠❡s µ▼▲ ❡t ♥▼▲✱ ❡♥
✉t✐❧✐s❛♥t ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❢♦✉r♥✐❡s ♣❛r ❧✬❛♥❛❧②s❡✳ ❈❡tt❡ ❝❛r❛❝tér✐s❛t✐♦♥ s❡r❛ ❧❛ ❜❛s❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡
❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❡♥✈✐r♦♥♥❡♠❡♥ts ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s ❞❡✉① ❧❛♥❣❛❣❡s✱ q✉✐ ♥♦✉s ♣❡r♠❡ttr❛ ❛❧♦rs ❞❡
❞é❝r✐r❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❝❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❊♥✜♥✱ ♥♦✉s ét❡♥❞r♦♥s ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❛✉①
❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s✳

✷✳ ▲❡ ❧❛♥❣❛❣❡ µ▼▲

P♦✉r ♣❧✉s ❞❡ ❝❧❛rté ❡t ❛✜♥ ❞❡ ♥♦✉s ❢♦❝❛❧✐s❡r s✉r ❧✬ét✉❞❡ ❞❡ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❝♦♠♣✐❧❛t✐♦♥ ❞❡
❢❡r♠❡t✉r❡s✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s s✉r ✉♥ s♦✉s ❡♥s❡♠❜❧❡ s✐❣♥✐✜❝❛t✐❢ ❞❡ ♠✐♥✐✲▼▲✳ ❈❡ s♦✉s ❡♥s❡♠❜❧❡ ❢♦r♠❡
❧❡ ❧❛♥❣❛❣❡ µ▼▲✳ ■❧ ❡st ❝♦♥st✐t✉é ❞❡ ❧✬❛❜str❛❝t✐♦♥ ✉♥❛✐r❡✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ ✉♥❛✐r❡ ❡t ❞❡ ❧✐❛✐s♦♥s ❧♦❝❛❧❡s ❞❡
✈❛r✐❛❜❧❡s ✈✐❛ ❧❡ ❧✐❡✉r ❧❡t✳

◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❧❛ ❢♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❉❡ ❇r✉✐❥♥ ❬✺❪ ♣♦✉r é✈✐t❡r t♦✉t ♣r♦❜❧è♠❡ ❧✐é à ❧❛ ❣é♥ér❛t✐♦♥
❞❡ ♥♦♠s ❞❡ ✈❛r✐❛❜❧❡s ❧♦rs ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥✳ ❈❡ ❢♦r♠❛❧✐s♠❡ ♣❡r♠❡t ❡♥ ♦✉tr❡ ❞❡ ❞é✜♥✐r t♦✉t
❡♥✈✐r♦♥♥❡♠❡♥t r❡❧❛t✐❢ ❛✉① ✈❛r✐❛❜❧❡s s♦✉s ❢♦r♠❡ ❞❡ ❧✐st❡s s✐♠♣❧❡s q✉✐ s♦♥t ♣❧✉s ❢❛❝✐❧❡s à ♠❛♥✐♣✉❧❡r
q✉❡ ❞❡s t❛❜❧❡s ❛ss♦❝✐❛t✐✈❡s✳ ▲❡s ✈❛r✐❛❜❧❡s s♦♥t r❡♣rés❡♥té❡s ♣❛r ❞❡s ✐♥❞✐❝❡s✳ ▲❛ ✈❛r✐❛❜❧❡ ❞✬✐♥❞✐❝❡ n! ❡st
❧❛ ✈❛r✐❛❜❧❡ ❧✐é❡ ❛✉ (n + 1)✲✐è♠❡ ❧✐❡✉r ✭λ ♦✉ ❧❡t✮ ❡①tér✐❡✉r✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❞♦♥♥❡r ❧❛ s②♥t❛①❡
❛❜str❛✐t❡ ❞❡ µ▼▲✱ ♣✉✐s ♥♦✉s ❡♥ ❞♦♥♥❡r♦♥s ❧❛ sé♠❛♥t✐q✉❡✳

✷✳✶✳ ❙②♥t❛①❡ ❛❜str❛✐t❡ ❞❡ µ▼▲

◆♦✉s ❞♦♥♥♦♥s ✐❝✐ ❧❛ s②♥t❛①❡ ❛❜str❛✐t❡ ❞❡ µ▼▲ s♦✉s ❢♦r♠❡ ❞❡ ❇◆❋✳

❚❡r♠❡s ✿ t ::= n! ✈❛r✐❛❜❧❡ ✭✐♥❞✐❝❡ ❞❡ ❉❡ ❇r✉✐❥♥✮
| i ❡♥t✐❡r
| λ. t ❛❜str❛❝t✐♦♥
| t1 t2 ❛♣♣❧✐❝❛t✐♦♥
| let t1 in t2 ❞é✜♥✐t✐♦♥ ❧♦❝❛❧❡

❯♥ ♣r♦❣r❛♠♠❡ µ▼▲ ❡st ✉♥ t❡r♠❡✳ ▲❡s ✈❛r✐❛❜❧❡s s♦♥t ❞és✐❣♥é❡s ♣❛r ❧❡✉rs ✐♥❞✐❝❡s ❞❡ ❉❡ ❇r✉✐❥♥✳ ❯♥❡
❛❜str❛❝t✐♦♥ ❡st ❝♦♥st✐t✉é❡ ❞✬✉♥ λ ❞és✐❣♥❛♥t ❧❡ ♣❛r❛♠ètr❡ ❡t ❞✬✉♥ t❡r♠❡ q✉✐ ❡st ❧❡ ❝♦r♣s ❞❡ ❧✬❛❜str❛❝t✐♦♥✳
▲✬❛♣♣❧✐❝❛t✐♦♥ ❡st ✉♥❛✐r❡✳ ❯♥❡ ❞é✜♥✐t✐♦♥ ❧♦❝❛❧❡✱ let t1 in t2 ❧✐❡ ❞❛♥s ❧❡ t❡r♠❡ t2 ❧❛ ✈❛r✐❛❜❧❡ 0! à ❧❛
✈❛❧❡✉r ❞❡ t1✳

▲❡ ♣r♦❣r❛♠♠❡ t = let λ. λ. 1! + 0! in ((0! 3)4) ♣rés❡♥té ♣❧✉s ❤❛✉t ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡ ♣r♦❣r❛♠♠❡
µ▼▲✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ❞é✜♥✐t✐♦♥ ❧♦❝❛❧❡✳ ▲❡ s♦✉s t❡r♠❡ ❣❛✉❝❤❡ (λ. λ. 1!+0!) ❧✐❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬❛❜str❛❝t✐♦♥
❝✉rr②✜é❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❛❞❞✐t✐♦♥ à ❧❛ ✈❛r✐❛❜❧❡ 0! ❞❛♥s ❧❡ s♦✉s✲t❡r♠❡ ❞r♦✐t✳ ❉❛♥s ❧❡ ❝♦r♣s ❞❡
❧✬❛❜str❛❝t✐♦♥ ❧❛ ♣❧✉s ✐♥t❡r♥❡ (1! + 0!)✱ ❧❛ ✈❛r✐❛❜❧❡ 1! ❡st ❧✐é❡ ❛✉ λ ❡①tér✐❡✉r t❛♥❞✐s q✉❡ 0! ❡st ❧✐é❡ ❛✉ λ ❧❡
♣❧✉s ✐♥t❡r♥❡✳ ▲❡ s♦✉s✲t❡r♠❡ ❞r♦✐t ((0! 3)4) ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝✉rr②✜é❡✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ (0! 3) ❞és✐❣♥❡
❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❧✐é❡ ❧❛ ♣❧✉s ♣r♦❝❤❡ ✭✐✳❡✳ ❧✬❛❞❞✐t✐♦♥ ❝✉rr②✜é❡✮ ❡t ❧✉✐ ❛♣♣❧✐q✉❡ ❝♦♠♠❡ ♣r❡♠✐❡r
❛r❣✉♠❡♥t ❧✬❡♥t✐❡r 3✳ ❖♥ ❛♣♣❧✐q✉❡ ❛❧♦rs à ❝❡ s♦✉s✲t❡r♠❡ ❧✬❡♥t✐❡r 4✳

✷✳✷✳ ❙é♠❛♥t✐q✉❡ ❞❡ µ▼▲

▲❛ sé♠❛♥t✐q✉❡ ❞❡ µ▼▲ s✉✐t ✉♥❡ str❛té❣✐❡ ❞✬é✈❛❧✉❛t✐♦♥ ❢❛✐❜❧❡ ✭♦♥ ♥❡ ré❞✉✐t ♣❛s ❞❛♥s ❧❡ ❝♦r♣s ❞❡s
❛❜str❛❝t✐♦♥s✮ ❡♥ ❛♣♣❡❧ ♣❛r ✈❛❧❡✉r✱ ❡t ❛✈❡❝ ✉♥❡ é✈❛❧✉❛t✐♦♥ ❞❡s s♦✉s✲t❡r♠❡s ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✳

✸



❩✳❉❛r❣❛②❡

▲❡s ✈❛❧❡✉rs ❞✬é✈❛❧✉❛t✐♦♥ s♦♥t s♦✐t ❞❡s ✈❛❧❡✉rs ❡♥t✐èr❡s✱ s♦✐t ❞❡s ❢❡r♠❡t✉r❡s ❢♦r♠é❡s ❞✬✉♥ ❝♦✉♣❧❡
❝♦r♣s ❞✬❛❜str❛❝t✐♦♥✱ ❡♥✈✐r♦♥♥❡♠❡♥t✳ ❯♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❡st ✉♥❡ ❧✐st❡ ❞❡ ✈❛❧❡✉rs✳ ▲✬❛❝❝ès ❛✉ (n + 1)✲
✐è♠❡ é❧é♠❡♥t ❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t e s❡ ♥♦t❡ ✿ e(n)✳ ▲❡s rè❣❧❡s ❞✬é✈❛❧✉❛t✐♦♥s ❞❡ µ▼▲ s♦♥t s✐♠✐❧❛✐r❡s à
❝❡❧❧❡s ❞✉ λ✲❝❛❧❝✉❧ ♣✉r✳

❱❛❧❡✉rs ✿ v ::= (i) | (t, e)

❊♥✈✐r♦♥♥❡♠❡♥ts ✿ e ::= [] | v :: e

e ⊢ i → (i) ✭❡✈❛❧✲✐♥t✮ e ⊢ (λ. t) → (t, e) ✭❡✈❛❧✲❧❛♠❜✮
e(n) = v

✭❡✈❛❧✲✈❛r✮
e ⊢ n! → v

e ⊢ t1 → v1 v1 :: e ⊢ t2 → v
✭❡✈❛❧✲❧❡t✮

e ⊢ (let t1 in t2) → v

e ⊢ t1 → (t, e1) e ⊢ t2 → v2 v2 :: e1 ⊢ t → v
✭❡✈❛❧✲❛♣♣✮

e ⊢ (t1 t2) → v

✸✳ ▲❡ ❧❛♥❣❛❣❡ ♥▼▲

♥▼▲ ❞✐✛èr❡ ❞❡ µ▼▲ ♣❛r s❡s ❛❜str❛❝t✐♦♥s ❡t s❡s ❛♣♣❧✐❝❛t✐♦♥s q✉✐ s♦♥t ♥✲❛✐r❡s✳

✸✳✶✳ ❙②♥t❛①❡ ❞❡ ♥▼▲

❚❡r♠❡s ✿ t ::= n! ✈❛r✐❛❜❧❡ ✭✐♥❞✐❝❡ ❞❡ ❉❡ ❇r✉✐❥♥✮
| i ❡♥t✐❡r
| λn. t ❛❜str❛❝t✐♦♥ ❞✬❛r✐té (n + 1)
| t [t0; . . . ; tn] ❛♣♣❧✐❝❛t✐♦♥
| let t1 in t2 ❞é✜♥✐t✐♦♥ ❧♦❝❛❧❡

▲❡s λ ❞❡s ❛❜str❛❝t✐♦♥s s♦♥t ✐♥❞✐❝és ♣❛r ✉♥ ❡♥t✐❡r ♥❛t✉r❡❧ ✐♥❞✐q✉❛♥t ❧❡✉r ❛r✐té✳ ▲❡ t❡r♠❡ λn. t ❡st ✉♥❡
❛❜str❛❝t✐♦♥ ❞✬❛r✐té n + 1 ❞♦♥t ❧❡ ❝♦r♣s ❡st ❧❡ t❡r♠❡ t✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❡st ❢♦r♠é❡ ❞✬✉♥ s♦✉s✲t❡r♠❡ ❣❛✉❝❤❡
✭❢♦♥❝t✐♦♥ ❛♣♣❡❧é❡✮ ❡t ❞✬✉♥❡ ❧✐st❡ ❞❡ t❡r♠❡s ❝♦♥st✐t✉❛♥t ❧❡s ❛r❣✉♠❡♥ts✳

▲❡ t❡r♠❡ s✉✐✈❛♥t ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡ ♣r♦❣r❛♠♠❡ ♥▼▲ ✿ let λ1. 1!+0! in 0![3; 4]✳ ❈✬❡st ❧❛ tr❛❞✉❝t✐♦♥
❞✉ t❡r♠❡ µ▼▲ t = let λ. λ. 1! + 0! in ((0! 3)4)✳

✸✳✷✳ ❙é♠❛♥t✐q✉❡ ❞❡ ♥▼▲

▲❛ sé♠❛♥t✐q✉❡ ❞❡ ♥▼▲ ❡st ❞♦♥♥é❡ ❞❛♥s ❧❡ ♠ê♠❡ st②❧❡ q✉❡ ❝❡❧❧❡ ❞❡ µ▼▲✳ ▲❡s ❢❡r♠❡t✉r❡s ❞❡ ♥▼▲

❝♦♠♣♦rt❡♥t ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ✿ ❧✬❛r✐té✳

❱❛❧❡✉rs ✿ v ::= (i) | (n, t, e)

❊♥✈✐r♦♥♥❡♠❡♥ts ✿ e ::= [] | v :: e

e ⊢ i → (i) ✭❡✈❛❧✲✐♥t✮ e ⊢ (λn. t) → (n, t, e) ✭❡✈❛❧✲❧❛♠❜✮
e(n) = v

✭❡✈❛❧✲✈❛r✮
e ⊢ n! → v

✹



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

e ⊢ t1 → v1 v1 :: e ⊢ t2 → v
✭❡✈❛❧✲❧❡t✮

e ⊢ (let t1 in t2) → v

e ⊢ t → (n, t′, e1) e ⊢ t0 → v0 . . . e ⊢ tn → vn vn :: . . . :: v0 :: e1 ⊢ t′ → v
✭❡✈❛❧✲❛♣♣✮

e ⊢ t[t0; . . . ; tn] → v

▲❡s rè❣❧❡s ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ♥▼▲ s♦♥t ✐❞❡♥t✐q✉❡s à ❝❡❧❧❡s ❞❡ µ▼▲✱ ❡①❝❡♣té❡s ❝❡❧❧❡s ❝♦♥❝❡r♥❛♥t ❧✬❛❜str❛❝t✐♦♥
❡t ❧✬❛♣♣❧✐❝❛t✐♦♥✳

❯♥❡ ❛❜str❛❝t✐♦♥ λn. t ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t e✱ s✬é✈❛❧✉❡ ❡♥ ✉♥❡ ❢❡r♠❡t✉r❡ ❞♦♥t ❧✬❛r✐té ❡st (n + 1)✱ ❧❡
❝♦r♣s t ❡t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t e✳ ▲❛ ✈❛❧❡✉r s❡r❛ ❛❧♦rs (n, t, e)✳

❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ t [t0; . . . ; tn] s✬é✈❛❧✉❡ ❡♥ ❧❛ ✈❛❧❡✉r v ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t e✱ s✐ t s✬é✈❛❧✉❡ ❞❛♥s e

❡♥ ✉♥❡ ❢❡r♠❡t✉r❡ ❞❡ ❧❛ ❢♦r♠❡ (n, t′, e1)✱ q✉❡ ❧❡s ❛r❣✉♠❡♥ts s♦♥t ❛✉ ♥♦♠❜r❡ ❞❡ n + 1 ❡t s✬é✈❛❧✉❡♥t ❡♥
v0, . . . , vn ❡t q✉❡ ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t vn :: . . . :: v0 :: e1 t′ s✬é✈❛❧✉❡ ❡♥ v✳

✹✳ ❉é❝✉rr②✜❝❛t✐♦♥

❆♣rès ❛✈♦✐r ✐♥tr♦❞✉✐t ♥♦s ❞❡✉① ❧❛♥❣❛❣❡s ❞✬ét✉❞❡✱ ♥♦✉s ♣♦✉✈♦♥s ♥♦✉s ✐♥tér❡ss❡r à ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ t❡r♠❡s µ▼▲ ❡♥ t❡r♠❡s ♥▼▲✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❡①♣❧✐❝✐t❡r ❧❡s ♠é❝❛♥✐s♠❡s ❞✬❛♥❛❧②s❡
st❛t✐q✉❡ ♣❡r♠❡tt❛♥t ❞❡ r❡♣ér❡r ❞❛♥s ✉♥ t❡r♠❡ µ▼▲ ❧❡s ❛❜str❛❝t✐♦♥s ❡t ❛♣♣❧✐❝❛t✐♦♥s ✏❞é❝✉rr②✜❛❜❧❡s✑✳
P✉✐s✱ ♥♦✉s ♣♦✉rr♦♥s ❡①❤✐❜❡r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥✳

✹✳✶✳ ❘❡❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ❛❜str❛❝t✐♦♥s ❡t ❛♣♣❧✐❝❛t✐♦♥s ✏❞é❝✉rr②✜❛❜❧❡s✑

▲✬❛♥❛❧②s❡ st❛t✐q✉❡ q✉✐ ❞ét❡r♠✐♥❡ ❧❡s ♣♦ss✐❜✐❧✐tés ❞❡ ❞é❝✉rr②✜❝❛t✐♦♥ ❢❛✐t ♣❛rt✐❡ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❣é♥ér❛❧❡
❞❡s ❛♥❛❧②s❡s ❞❡ ✢♦t ❞❡ ❝♦♥trô❧❡ ✭❝♦♥tr♦❧✲✢♦✇ ❛♥❛❧②s❡s ♦✉ ❝❧♦s✉r❡ ❛♥❛❧②s❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❡♥ ❛♥❣❧❛✐s✮
❬✶✺✱ ✶✷❪✳ ❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❝❡s ❛♥❛❧②s❡s ❛ss♦❝✐❡♥t à ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ❡t ❝❤❛q✉❡ s♦✉s✲❡①♣r❡ss✐♦♥
❞✬✉♥ ♣r♦❣r❛♠♠❡ ❢♦♥❝t✐♦♥♥❡❧ ✉♥❡ s✉r✲❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ s❡s ✈❛❧❡✉rs ♣♦ss✐❜❧❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ✉♥❡
❛♣♣❧✐❝❛t✐♦♥ t t′✱ ❧✬❛♥❛❧②s❡ ❞❡ ✢♦t ❞ét❡r♠✐♥❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢♦♥❝t✐♦♥s {. . . λxi.ti . . .} ❡♥ ❧❡sq✉❡❧❧❡s t ♣❡✉t
s✬é✈❛❧✉❡r✳ ▲♦rsq✉❡ ❝❡t ❡♥s❡♠❜❧❡ ♥❡ ❝♦♥t✐❡♥t q✉✬✉♥ é❧é♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥ ❛♣♣❡❧é❡ ❡st st❛t✐q✉❡♠❡♥t ❝♦♥♥✉❡
❡t ♣❧✉s✐❡✉rs ♦♣t✐♠✐s❛t✐♦♥s ❞❡✈✐❡♥♥❡♥t ♣♦ss✐❜❧❡s ✿ ❡①♣❛♥s❡r ❧❛ ❢♦♥❝t✐♦♥ ✭✐♥❧✐♥✐♥❣✮✱ ❞é❝✉rr②✜❡r ❧✬❛♣♣❡❧ s✐
❧❛ ❢♦♥❝t✐♦♥ ❡st n✲❛✐r❡✱ s♣é❝✐❛❧✐s❡r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ s❛ ❢❡r♠❡t✉r❡ ✭❧✐❣❤t✇❡✐❣❤t ❝❧♦s✉r❡ ❝♦♥✈❡rs✐♦♥✮✱
❡t❝✳

▲❡s ❛♥❛❧②s❡s ❞❡ ✢♦t ❞❡ ❝♦♥trô❧❡ ❝❧❛ss✐q✉❡s ✉t✐❧✐s❡♥t ❞❡s ✐tér❛t✐♦♥s ❞❡ ♣♦✐♥t ✜①❡✱ ❧❡s r❡♥❞❛♥t ❝♦ût❡✉s❡s
❡♥ t❡♠♣s ❞❡ ❝♦♠♣✐❧❛t✐♦♥ ❡t ❞✐✣❝✐❧❡s à ❝❡rt✐✜❡r ❡♥ ❈♦q✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ✉t✐❧✐s❡r ✉♥❡ ❛♥❛❧②s❡ très
s✐♠♣❧✐✜é❡✱ q✉✐ ❣❛r❞❡ s❡✉❧❡♠❡♥t tr❛❝❡ ❞❡s ❛r✐tés ❞❡s ❢♦♥❝t✐♦♥s ❧✐é❡s ♣❛r ❧❡t ✭♦♥ ♥♦t❡r❛ q✉✬✉♥❡ ❛♥❛❧②s❡
s✐♠♣❧✐✜é❡ s✐♠✐❧❛✐r❡ ❡st ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ❝♦♠♣✐❧❛t❡✉r ♦♣t✐♠✐s❛♥t ❞✬❖❈❛♠❧✮✳

▲✬❛♥❛❧②s❡ st❛t✐q✉❡ ✈✐s❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s à r❡❝♦♥♥❛îtr❡ ❞❡ ♣♦t❡♥t✐❡❧❧❡s ❛❜str❛❝t✐♦♥s ♥✲❛✐r❡s
❛ss♦❝✐é❡s à ✉♥❡ ✈❛r✐❛❜❧❡ ❧✐é❡ ❡♥ ❛ttr✐❜✉❛♥t à ❞❡ t❡❧❧❡s ✈❛r✐❛❜❧❡s ✉♥❡ ✐♥❞✐❝❛t✐♦♥ ❞✬❛r✐té ❧❡ ❝❛s é❝❤é❛♥t✳
❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ♠✉♥✐ ❞❡ ❝❡s ✐♥❢♦r♠❛t✐♦♥s✱ ❡❧❧❡ ❞ét❡❝t❡ ❞❡ t❡❧❧❡s ✈❛r✐❛❜❧❡s ❞❛♥s ❞❡s ❛♣♣❧✐❝❛t✐♦♥s
❝✉rr②✜é❡s ❞♦♥t ❧❡ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ✐♠❜r✐q✉é❡s ❝♦rr❡s♣♦♥❞ à ❧✬❛r✐té✳ ❈❡tt❡ ❛♥❛❧②s❡ s✉♣♣♦s❡ ❧❛
❝♦♥♥❛✐ss❛♥❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥s ❧✐é❡s ❛✉① ✈❛r✐❛❜❧❡s ❛♣♣❛r❛✐ss❛♥t ❞❛♥s ✉♥ t❡r♠❡✳ ❊❧❧❡ s❡ ❢❛✐t ❞♦♥❝ ❛✉ tr❛✈❡rs
❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ♣❡r♠❡tt❛♥t ❞❡ st♦❝❦❡r ❡t ❝♦♥s✉❧t❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s q✉✐ ✐♥❞✐q✉❡♥t ❧❡ ❝❛r❛❝tèr❡
❢♦♥❝t✐♦♥♥❡❧ ❡t ❧✬❛r✐té ♣♦t❡♥t✐❡❧❧❡✱ ❧❡ ❝❛s é❝❤é❛♥t✱ ❛ss♦❝✐é❡ à ✉♥❡ ✈❛r✐❛❜❧❡✳

▲❡s ✐♥❢♦r♠❛t✐♦♥s ♠❛♥✐♣✉❧é❡s ♣❛r ❧✬❛♥❛❧②s❡ s♦♥t ❞é✜♥✐❡s ❝♦♠♠❡ s✉✐t ✿

γ ::= Unknown | Known m.

◆♦✉s ❛ss♦❝✐❡r♦♥s à ✉♥❡ ✈❛r✐❛❜❧❡ ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ ❑♥♦✇♥ m ♦ù m

♣ré❝✐s❡ q✉❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❞♦♥♥❡r❛✐t ✉♥❡ ❢♦♥❝t✐♦♥ ♥✲❛✐r❡ ❞✬❛r✐té m+1✳ ❙✐ ❧❛ ✈❛r✐❛❜❧❡ ❡st ❧✐é❡ à ❛✉tr❡
❝❤♦s❡ q✉✬✉♥❡ ❛❜str❛❝t✐♦♥✱ ♥♦✉s ❧✉✐ ❛ss♦❝✐❡r♦♥s ❧✬✐♥❢♦r♠❛t✐♦♥ ❯♥❦♥♦✇♥✳

✺



❩✳❉❛r❣❛②❡

❈♦♥s✐❞ér♦♥s ❧❡ t❡r♠❡ s✉✐✈❛♥t ✿ let λ. λ. t in t2✳ ◆♦✉s ❛ss♦❝✐❡r♦♥s ❧✬✐♥❢♦r♠❛t✐♦♥ ❑♥♦✇♥ 1 à ❧❛
✈❛r✐❛❜❧❡ ❧✐é❡ ♣❛r ❧❡ ❧❡t✳ ❊♥ ❡✛❡t✱ ❡❧❧❡ ❡st ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ❞♦♥t ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥ s❡r❛✐t ❞✬❛r✐té 2✳
P❛r ❝♦♥tr❡✱ ❞❛♥s ❧❡ t❡r♠❡ let (t1 t2) in t✱ ♥♦✉s ❛ss♦❝✐❡r♦♥s à ❧❛ ✈❛r✐❛❜❧❡ ❧✐é❡ ♣❛r ❧❡ ❧❡t ❧✬✐♥❢♦r♠❛t✐♦♥
❯♥❦♥♦✇♥✳

◆♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ♣r♦♣❛❣❡r ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❧❡ ❧♦♥❣ ❞❡ ❧✬❛♥❛❧②s❡✱ ❛✜♥ ❞❡ ❧❡s ✉t✐❧✐s❡r ♥♦t❛♠♠❡♥t
❞❛♥s ❧❡ tr❛✐t❡♠❡♥t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ❧❡s ♣r♦♣❛❣❡♦♥s ❛✉ tr❛✈❡rs ❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ✿

Γ ::= [] | γ :: Γ.

❉♦♥♥♦♥s ♥♦✉s q✉❡❧q✉❡s ❛❜ré✈✐❛t✐♦♥s ♣♦✉r ♣❧✉s ❞❡ ❧✐s✐❜✐❧✐té ✿
✕ ▲❡s ❛❜str❛❝t✐♦♥s ❝✉rr②✜é❡s ✿ nabs m t = λ. . . . λ

︸ ︷︷ ︸

m+1

. t✳

✕ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✐♠❜r✐q✉é❡s ✿ napp t (t0, . . . , tm) = (. . . (t t0) . . . tm)✳
❘❡♣ér❡r ❧❡s ❛❜str❛❝t✐♦♥s ❝✉rr②✜é❡s s❡ ❢❛✐t t♦✉t s✐♠♣❧❡♠❡♥t ❡♥ r❡♣ér❛♥t ❧❡s ❞é✜♥✐t✐♦♥s ❧♦❝❛❧❡s ✭❧❡t

t1 ✐♥ t2✮ ♦ù t1 ❡st ❞❡ ❧❛ ❢♦r♠❡ nabs m t✱ ❛✉q✉❡❧ ❝❛s✱ ❝❡tt❡ ✈❛r✐❛❜❧❡ s❡r❛ ❛ss♦❝✐é❡ à ❧✬✐♥❢♦r♠❛t✐♦♥ ❑♥♦✇♥

m ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡✳ ❙✐♥♦♥✱ ♦♥ ❧✉✐ ❛ss♦❝✐❡r❛ ❧✬✐♥❢♦r♠❛t✐♦♥ ❯♥❦♥♦✇♥✳

is❴curried❴abs (t) =

{
Known m s✐ t = nabs m t1
Unknown s✐♥♦♥

▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♥é❝❡ss✐t❡ ❧❡ r❡♣ér❛❣❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ✐♠❜r✐q✉é❡s
(napp t (t0, . . . , tm)) ♦ù ❧✬❛♣♣❡❧é ❧❡ ♣❧✉s ✐♥t❡r♥❡ t ❡st ✉♥❡ ✈❛r✐❛❜❧❡ n! ❞♦♥t ♦♥ s❛✐t q✉✬❡❧❧❡ ❡st ❛ss♦❝✐é❡
à ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ❞✬❛r✐té ♣♦t❡♥t✐❡❧❧❡ m + 1 ✿ ❑♥♦✇♥ m ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡✳
❈♦♠♠❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡s❝❡♥❞ ré❝✉rs✐✈❡♠❡♥t ❞❛♥s ❧❛ str✉❝t✉r❡ ❞✉ t❡r♠❡ µ▼▲✱ ✐❧
s✬❛❣✐t ❞❡ r❡♣ér❡r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞♦♥t ❧❡ s♦✉s✲t❡r♠❡ ❣❛✉❝❤❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ (napp n! (t0, . . . , tm−1))
❛✈❡❝ Γ(n) = Known m ♦ù Γ ❡st ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ ❡t Γ(n) s♦♥ n + 1✲✐è♠❡ é❧é♠❡♥t✳ ❊♥ ❡✛❡t✱ ❡♥
❛♣♣❧✐q✉❛♥t ❧❡ s♦✉s✲t❡r♠❡ ❞r♦✐t tm✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ t♦t❛❧❡✳

✹✳✷✳ ❚r❛❞✉❝t✐♦♥ ❞❡ t❡r♠❡ µ▼▲ ❡♥ t❡r♠❡ ♥▼▲

▲♦rs ❞❡ ❧✬❛♥❛❧②s❡✱ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t Γ s❡ ❝♦♠♣♦rt❡ ❝♦♠♠❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t
❞✬é✈❛❧✉❛t✐♦♥✳

❙✐ ♦♥ ❛♥❛❧②s❡ ❧❡ t❡r♠❡ λ. t ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t Γ ❛❧♦rs✱ ♦♥ ❛♥❛❧②s❡ ❧❡ s♦✉s t❡r♠❡ t ❞❛♥s
❧✬❡♥✈✐r♦♥♥❡♠❡♥t Unknown :: Γ✳

❙✐ let t1 in t2 s✬❛♥❛❧②s❡ ❞❛♥s Γ ❛❧♦rs t2 s✬❛♥❛❧②s❡ ❞❛♥s is❴curried❴abs t1 :: Γ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
s✐ t1 = nabs m t0 ❛❧♦rs ♦♥ ❝♦♥s✐❞èr❡ t0 ❞❛♥s Unknown :: . . . :: Unknown

︸ ︷︷ ︸

m+1

:: Γ q✉❡ ♥♦✉s ♥♦t♦♥s

nUnknown (m + 1) Γ✳

◆♦✉s ❡✛❡❝t✉♦♥s ❧✬❛♥❛❧②s❡ ❡t ❧❛ tr❛❞✉❝t✐♦♥ ❞✬✉♥ t❡r♠❡ µ▼▲ ❡♥ ✉♥ t❡r♠❡ ♥▼▲ ❡♥ ♠ê♠❡ t❡♠♣s✱ ❡♥
✉t✐❧✐s❛♥t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ Γ ❝♦♠♠❡ ❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ tr❛❞✉❝t✐♦♥✳ ▲❡s ♠é❝❛♥✐s♠❡s ❞é❝r✐ts
♣❧✉s ❤❛✉t ♣❡r♠❡tt❡♥t ❛❧♦rs ❞❡ tr❛❞✉✐r❡ ❝♦♥✈❡♥❛❜❧❡♠❡♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s✱ ❧❡s s♦✉s✲t❡r♠❡s ❣❛✉❝❤❡s ❞❡
❧✐❛✐s♦♥s ❧♦❝❛❧❡s✱ s❡❧♦♥ q✉❡ ❝❡ s♦✐t ❞❡s ❛❜str❛❝t✐♦♥s ♦✉ ♣❛s✱ ❡t ❧❡s ✈❛r✐❛❜❧❡s✳ ◆♦✉s tr❛❞✉✐r♦♥s ❧❡s ❢♦♥❝t✐♦♥s
♣♦t❡♥t✐❡❧❧❡♠❡♥t ♥✲❛✐r❡s ♣❛r ❧❛ ❝✉rr②✜❝❛t✐♦♥ ❞❡ ❧❡✉rs tr❛❞✉❝t✐♦♥s✳ ◆♦t♦♥s NCurry(m) ❧❡ ❝♦♠❜✐♥❛t❡✉r
❞❡ ❝✉rr②✜❝❛t✐♦♥ à m + 1 ❛r❣✉♠❡♥ts ❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿ λ0. λ0 . . . λ0

︸ ︷︷ ︸

m+1

. (m + 1)! [m!, . . . , 0!]✳

[[t]]Γ ❞és✐❣♥❡ ❧❛ tr❛❞✉❝t✐♦♥ ❞✉ t❡r♠❡ µ▼▲ t ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ Γ ❡t ❡st ❞é✜♥✐❡ ❝♦♠♠❡
s✉✐t ✿

[[i]]Γ = i

[[n!]]Γ =
{
NCurry(m) n! s✐ Γ(n) = Known m ❀
n! s✐♥♦♥

✻



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

[[λ. t]]Γ = λ0. [[t]](Unknown::Γ)

[[let t1 in t2]]Γ =

{
let λm. [[t]](nUnknown (m+1) Γ) in [[t2]](Known m::Γ) s✐ t1 = nabs m t ❀
let [[t1]]Γ in [[t2]]Unknown::Γ s✐♥♦♥

[[ta tb]]Γ =







n! [[[t0]]Γ, . . . , [[tm]]Γ, [[tb]]Γ] s✐ ta = napp n! (t0, . . . , tm)
❡t Γ(n) = Known(m + 1) ❀

[[ta]]Γ [[[tb]]Γ] s✐♥♦♥

❊♥ ❣✉✐s❡ ❞✬✐❧❧✉str❛t✐♦♥✱ ❝♦♥s✐❞ér♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡ tr❛❞✉❝t✐♦♥✳ ❇✐❡♥ q✉❡ ♥♦✉s s♦②♦♥s ❞❛♥s ✉♥
❢♦r♠❛❧✐s♠❡ ❞❡ ❉❡ ❇r✉✐❥♥✱ ♣♦✉r ♣❧✉s ❞❡ ❝❧❛rté ♥♦✉s ♥♦♠♠♦♥s ✐❝✐ ❧❡s ✈❛r✐❛❜❧❡s ✿

✕ ❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝✉rr②✜é❡ t♦t❛❧❡ ❞✬✉♥❡ ❛❜str❛❝t✐♦♥ ❝♦♥♥✉❡ ✿ ❧❡ t❡r♠❡ µ▼▲ let f =
λx. λy. x + y in f 3 4 s❡r❛ tr❛❞✉✐t ♣❛r ❧❡ t❡r♠❡ ♥▼▲ let f = λ1[x; y]. x + y in f [3; 4].

✕ ❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝✉rr②✜é❡ ♣❛rt✐❡❧❧❡ ❞✬✉♥❡ ❛❜str❛❝t✐♦♥ ❝♦♥♥✉❡ ✿ ❧❡ t❡r♠❡ µ▼▲ let f =
λx. λy. x + y in f 3 s❡r❛ tr❛❞✉✐t ♣❛r ❧❡ t❡r♠❡ ♥▼▲ let f = λ1[x; y]. x + y in (NCurry(1) f) [3].

✕ ❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝✉rr②✜é❡ t♦t❛❧❡ ❞✬✉♥❡ ❛❜str❛❝t✐♦♥ ✐♥❝♦♥♥✉❡ ✿ ▲❡ t❡r♠❡ µ▼▲

(λf. f 3 4) (λx. λy. x + y) s❡r❛ tr❛❞✉✐t ♣❛r ❧❡ t❡r♠❡ ♥▼▲ (λ0f. f 3 4) [(λ0x. λ0y. x + y)].
❊♥ ❡✛❡t✱ ❞❛♥s ❧❡s ❞❡✉① ♣r❡♠✐❡rs ❡①❡♠♣❧❡s✱ ❧❡ s♦✉s✲t❡r♠❡ ❣❛✉❝❤❡ f = λx. λy. x + y ❡st tr❛❞✉✐t ♣❛r ❧❛
❢♦♥❝t✐♦♥ ❞✬❛r✐té ✷ ✿ f = λ1[x; y]. x + y ♣✉✐sq✉❡ λx. λy. x + y = nabs 1 (x + y)✳ ▲❡ s♦✉s✲t❡r♠❡ ❞r♦✐t
❡st ❛❧♦rs tr❛❞✉✐t ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t [(f ; Known 1)]✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❡①❡♠♣❧❡✱ f 3 4 ❝♦♥st✐t✉❡ ✉♥
❛♣♣❡❧ t♦t❛❧ ❡t ❡st tr❛❞✉✐t ♣❛r f [3; 4] ♣✉✐sq✉✬♦♥ s❛✐t q✉❡ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❛tt❡♥❞❛♥t ❞❡✉① ❛r❣✉♠❡♥ts✳
❊♥ ❡✛❡t✱ ❧❡ s♦✉s✲t❡r♠❡ ❣❛✉❝❤❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ f 3 ❡st ❜✐❡♥ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ♥✬❛tt❡♥❞❛♥t ♣❧✉s
q✉✬✉♥ ❛r❣✉♠❡♥t✳

P❛r ❝♦♥tr❡✱ ❞❛♥s ❧❡ s❡❝♦♥❞ ❡①❡♠♣❧❡✱ f 3 ❡st ✉♥ ❛♣♣❡❧ ♣❛rt✐❡❧✱ f ❡st ❞♦♥❝ tr❛❞✉✐t ❝♦♠♠❡ ✉♥❡ ✈❛r✐❛❜❧❡
❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t [(f ; Known 1)] ❡t ❞♦♥❝ ♣❛r (NCurry(1) f)✳

❊♥✜♥✱ ❞❛♥s ❧❡ tr♦✐s✐è♠❡ ❡①❡♠♣❧❡✱ ♥♦✉s ❛✈♦♥s ❛✛❛✐r❡ à ✉♥ ❛♣♣❡❧ ❝✉rr②✜é q✉✐ ♣♦✉rr❛✐t êtr❡ ❞é❝✉rr②✜é✳
❈❡♣❡♥❞❛♥t✱ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♥❡ s❡ ♣ré♦❝❝✉♣❡ ♣❛s ❞❡s ❢♦♥❝t✐♦♥s ♥♦♥ ❧✐é❡s ♣❛r ✉♥ ❧✐❡✉r ❧♦❝❛❧✱ ❧✬❛♣♣❧✐❝❛t✐♦♥
❡st ❞♦♥❝ tr❛❞✉✐t❡ ♣❛r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ s✐♠♣❧❡✳

✺✳ Prés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡

▲❛ ❞é❝✉rr②✜❝❛t✐♦♥ ét❛♥t ❢♦r♠❡❧❧❡♠❡♥t ❞é✜♥✐❡ ♣❛r ❧❛ tr❛❞✉❝t✐♦♥ ❞✬✉♥ t❡r♠❡ µ▼▲ ❡♥ ✉♥ t❡r♠❡ ♥▼▲✱
♥♦✉s ♣♦✉✈♦♥s ❡♥tr❡r ❞❛♥s ❧❡ ✈✐❢ ❞✉ s✉❥❡t ✿ s❛ ♣r❡✉✈❡ ❞❡ ❝♦rr❡❝t✐♦♥✳ ■❧ ♥♦✉s ❢❛✉t ♠♦♥tr❡r q✉✬✐❧ ② ❛
♣rés❡r✈❛t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❡♥tr❡ ✉♥ t❡r♠❡ µ▼▲ ❡t s❛ tr❛❞✉❝t✐♦♥✳ ❆✉tr❡♠❡♥t ❞✐t q✉❡ ❧✬é✈❛❧✉❛t✐♦♥
❞❡ ❧✬✉♥ ❝♦rr❡s♣♦♥❞ à ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧✬❛✉tr❡✳ ■❧ ♥♦✉s ❢❛✉t ♠❛tér✐❛❧✐s❡r ❝❡tt❡ ♥♦t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡
❛✈❛♥t ❞✬❡①❤✐❜❡r ❧❛ ♣r❡✉✈❡ ❞❡ ❝♦rr❡❝t✐♦♥✳ ■❧ s✬❛❣✐t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✉♥ ❧✐❡♥ ❡♥tr❡ ✈❛❧❡✉rs µ▼▲ ❡t ♥▼▲✳
❈❡ ❧✐❡♥ ❡st ❞♦♥♥é s♦✉s ❢♦r♠❡ ❞✬✉♥❡ r❡❧❛t✐♦♥ ♣❛r❛♠étré❡ ♣❛r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬é✈❛❧✉❛t✐♦♥ ❞♦♥♥é❡ ♣❛r
❧✬❛♥❛❧②s❡ st❛t✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧✬❛♥❛❧②s❡ ♣❡r♠❡t ❞❡ ❞♦♥♥❡r ✉♥❡ ❛♣r♦①✐♠❛t✐♦♥ ❞❡s ❢♦r♠❡s ❞❡s ❢❡r♠❡t✉r❡s
❛♣♣❛r❛✐ss❛♥t ❞❛♥s ✉♥ ♣r♦❣r❛♠♠❡ µ▼▲ ❛✐♥s✐ q✉❡ ❞❛♥s s❛ ❞é❝✉rr②✜❝❛t✐♦♥✳

✺✳✶✳ ❈❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s

▲✬❛♥❛❧②s❡ st❛t✐q✉❡ ♥♦✉s ♣❡r♠❡t ❧♦rs ❞❡ ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ ❞✐✛ér❡♥❝✐❡r ❞✐✛ér❡♥ts ❝❛s ❞✬❛♣♣❧✐❝❛t✐♦♥✳ ❊❧❧❡
♥♦✉s ♣❡r♠❡t ❞❡ ❝❛r❛❝tér✐s❡r str✉❝t✉r❡❧❧❡♠❡♥t ❞❡s ❢❡r♠❡t✉r❡s ✭✐✳❡✳ ❧❛ str✉❝t✉r❡ ❞❡ ❧❡✉rs ❝♦♠♣♦s❛♥ts✮
❛♣♣❛r❛✐ss❛♥t ❧♦rs ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ µ▼▲ t♦✉t ❝♦♠♠❡ ♣♦✉r ❧❡ t❡r♠❡ ♥▼▲ ✐ss✉ ❞❡ ❧❛ tr❛❞✉❝t✐♦♥✳

✺✳✶✳✶✳ ❈❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s µ▼▲

■♥tér❡ss♦♥s ♥♦✉s ❛✉① rè❣❧❡s ❞❡ sé♠❛♥t✐q✉❡ ❞❡ µ▼▲ q✉✐ s♦♥t s✉s❝❡♣t✐❜❧❡s ❞❡ ❢❛✐r❡ ❛♣♣❛r❛îtr❡ ❞❡s
❢❡r♠❡t✉r❡s ✿

✼



❩✳❉❛r❣❛②❡

e(n) = (t, e1)
✭✶✮

e ⊢ n! → (t, e1)

e ⊢ t1 → (λ. t, e1) e ⊢ t2 → v2 v2 :: e1 ⊢ t → (t, v2 :: e1)
✭✷✮

e ⊢ (t1 t2) → (t, v2 :: e1)

e ⊢ (λ. t) → (t, e) ✭✸✮

❯t✐❧✐s♦♥s ♠❛✐♥t❡♥❛♥t ❧❡s ✐♥❢♦r♠❛t✐♦♥s ♣r♦✈❡♥❛♥t ❞❡ ❧✬❛♥❛❧②s❡ ♣♦✉r ❝❛r❛❝tér✐s❡r ❝❡s ❢❡r♠❡t✉r❡s✳

❈♦♥s✐❞ér♦♥s ❧❛ rè❣❧❡ ✭✶✮✳ ❙✉♣♣♦s♦♥s q✉❡ Γ(n) = Known m✱ ❛❧♦rs ✐❧ ✈✐❡♥t t = nabs m t′ ❡t ♥♦✉s
❛✈♦♥s q✉❡ ❞❛♥s e✱ n! s✬é✈❛❧✉❡ ❡♥ (nabs m t′, e1)✳

■♥tér❡ss♦♥s ♥♦✉s à ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ ❞❡ ❧❛ ❢♦r♠❡ napp n! (t0, . . . , tk) ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t e✳
❙✉♣♣♦s♦♥s Γ(n) = Known m ❡t k < m✳ ❙❛❝❤❛♥t q✉❡ t0 ❞❛♥s e s✬é✈❛❧✉❡ ❡♥ v0✱ ✳ ✳ ✳✱ tk ❡♥ vk✱ ♥♦✉s ♣♦✉✈♦♥s
♣ré✈♦✐r q✉❡ napp n! (t0, . . . , tk) s✬é✈❛❧✉❡r❛ ❡♥ (nabs (m − k) b, vk :: . . . :: v0 :: e1) ✭k ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛
rè❣❧❡ ✭✷✮✮✳

❉❛♥s ❧❡s ❛✉tr❡s ❝❛s✱ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❞✬✐♥❢♦r♠❛t✐♦♥ ♥♦✉s ♣❡r♠❡tt❛♥t ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ❢❡r♠❡t✉r❡s
✐♥tr♦❞✉✐t❡s✳ ◆♦✉s ♥♦t♦♥s e1@e2 ❧❛ ❝♦♥❝❛té♥❛t✐♦♥ ❞❡ ❧❛ ❧✐st❡ e1 à ❧❛ ❧✐st❡ e2✳

◆♦t♦♥s µclos m t e args = (nabs (m − |args|) t, args@e)✳

◆♦✉s ♣♦✉✈♦♥s ❛✐♥s✐ ❝♦♥str✉✐r❡ ❞❡s rè❣❧❡s ❞✬é✈❛❧✉❛t✐♦♥ ❤②❜r✐❞❡s ✿ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ t ❞❛♥s ✉♥
❡♥✈✐r♦♥♥❡♠❡♥t ❞✬é✈❛❧✉❛t✐♦♥ e ❞♦♥t ❧❡s ❢❡r♠❡t✉r❡s s♦♥t ❝❛r❛❝tér✐sé❡s ❣râ❝❡ ❛✉① ✐♥❢♦r♠❛t✐♦♥s ♣r♦✈❡♥❛♥t
❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ Γ✳

e(n) = (t, e1) Γ(n) = Known m t = nabs m t′
✭❡✈❛❧✲✈❛r✲❛❜s✮

e ⊢ n! → (µclos m t′ e1 [])

e(n) = (µclos m t′ e1 []) e ⊢ t0 → v0 . . . e ⊢ tk → vk k < m
✭❡✈❛❧✲❝✉rr✐❡❞✲❛♣♣✮

e ⊢ napp n! (t0, . . . , tk) → (µclos m t′ e1 [vk; . . . ; v0])

◆♦✉s ❛✈♦♥s ❞♦♥❝ tr♦✐s s♦rt❡s ❞❡ ❢❡r♠❡t✉r❡s q✉✐ ♣❡✉✈❡♥t ❛♣♣❛r❛îtr❡ ❧♦rs ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡
µ▼▲ ✿

✕ ❧❡s ❢❡r♠❡t✉r❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ✈❛r✐❛❜❧❡ ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ✿ (µclos m t′ e1 [])✱
✕ ❧❡s ❢❡r♠❡t✉r❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♠❜r✐q✉é❡ ♣❛rt✐❡❧❧❡✱ ❞♦♥t ❧✬❛♣♣❡❧é ❧❡ ♣❧✉s ✐♥t❡r♥❡

❡st ✉♥❡ ✈❛r✐❛❜❧❡ q✉❡ ❧✬♦♥ s❛✐t êtr❡ ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ✿ (µclos m t′ e1 args)✱
✕ ❧❡s ❢❡r♠❡t✉r❡s q✉❡❧❝♦♥q✉❡s ♣♦✉r ❧❡s ❛✉tr❡s ❝❛s ✿ (t, e)✳

✺✳✶✳✷✳ ❈❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s ♥▼▲

❉❡ ♠ê♠❡ ♥♦✉s ♣♦✉✈♦♥s ❝❛r❛❝tér✐s❡r ❧❡s ❢❡r♠❡t✉r❡s ✐ss✉❡s ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥✳ ❈♦♠♠❡♥ç♦♥s ♣❛r
♥♦✉s ✐♥tér❡ss❡r à ❝❡❧❧❡ ✐ss✉❡ ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ❞é❝✉rr②✜❝❛t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ♥✲❛✐r❡✳

e ⊢ t → v
✭❡✈❛❧✲◆❈✉rr②✮

e ⊢ NCurry(m) t → (0, λ0. . . . λ0
︸ ︷︷ ︸

m

. (m + 1)![m!; . . . ; 0!], v :: e)

❊♥ ❡✛❡t✱ NCurry(m) t = (λ0. (λ0. . . . λ0
︸ ︷︷ ︸

m+1

. (m + 1)![m!; . . . ; 0!])) [t]✳

❖r✱ e ⊢ NCurry(m) → (0, λ0. . . . λ0
︸ ︷︷ ︸

m+1

. (m + 1)![m!; . . . , 0!]; e)✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ rè❣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥✱ ♦♥

♦❜t✐❡♥t ❡✈❛❧✲◆❈✉rr②✳

◆♦t♦♥s ✿ (nclos m clos e0 args) = (0, λ0. . . . λ0
︸ ︷︷ ︸

m−|args|

. (m + 1)![m!; . . . ; 0!], args@(clos :: e0))✳ ●râ❝❡ à

❧✬❛♥❛❧②s❡ st❛t✐q✉❡ ♥♦✉s s❛✈♦♥s ✉♥ ♣❡✉ ♣❧✉s ❞❡ ❝❤♦s❡s✱ ♥♦t❛♠♠❡♥t q✉❡ t = n! t❡❧ q✉❡ Γ(n) = Known m✳

✽



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

❊♥ ❡✛❡t✱ ❧❡ ❝♦♠❜✐♥❛t❡✉r ◆❈✉rr② ♥✬❛♣♣❛r❛ît q✉❡ ❞❛♥s ❧❛ tr❛❞✉❝t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s✳ ❉❡ ♣❧✉s✱ ♥♦✉s ♣♦✉✈♦♥s
❝❛r❛❝tér✐s❡r ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝✉rr②✜é❡ ❞❡ ❧❛ ❢♦r♠❡ (. . . ((NCurry(m) n!) [t0]) . . . [tk]) ♦ù
k < m ❡t Γ(n) = Known m✳

❉❛♥s ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❞✬é✈❛❧✉❛t✐♦♥ e ❡t ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ Γ✱ ❝♦♥s✐❞ér♦♥s ❧❡s ❞❡✉① rè❣❧❡s
❤②❜r✐❞❡s s✉✐✈❛♥t❡s ✿

e(n) = (m, t, e0) Γ(n) = Known m
✭❡✈❛❧✲◆❈✉rr②✲✈❛r✮

e ⊢ NCurry(m) n! → (nclos m (m, t, e0) e [])

e(n) = (m, t, e0) Γ(n) = Known m

e ⊢ t0 → v0 . . . e ⊢ tk → vk k < m
✭❡✈❛❧✲❝✉rr✐❡❞✲❛♣♣✮

e ⊢ (. . . ((NCurry(m) n!) [t0]) . . . [tk]) → (nclos m (m, t, e0) e [vk; . . . ; v0])

❚♦✉t ❝♦♠♠❡ ♣♦✉r ❧❡s ❢❡r♠❡t✉r❡s µ▼▲✱ ♥♦✉s ❛✈♦♥s tr♦✐s s♦rt❡s ❞❡ ❢❡r♠❡t✉r❡s ♣♦✉✈❛♥t ❛♣♣❛r❛îtr❡ ❧♦rs
❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ ♥▼▲ ✐ss✉ ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠ê♠❡s ❝♦♥❞✐t✐♦♥s ✿

✕ ❧❡s ❢❡r♠❡t✉r❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ✈❛r✐❛❜❧❡ ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ✿ (nclos m (m, t, e0) e [])✱
✕ ❧❡s ❢❡r♠❡t✉r❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♠❜r✐q✉é❡ ♣❛rt✐❡❧❧❡✱ ❞♦♥t ❧✬❛♣♣❡❧é ❧❡ ♣❧✉s ✐♥t❡r♥❡

❡st ✉♥❡ ✈❛r✐❛❜❧❡ q✉❡ ❧✬♦♥ s❛✐t êtr❡ ❧✐é❡ à ✉♥❡ ❛❜str❛❝t✐♦♥ ❝✉rr②✜é❡ ✿ (nclos m (m, t, e0) e0 args)✱
✕ ❧❡s ❢❡r♠❡t✉r❡s q✉❡❧❝♦♥q✉❡s ✉♥❛✐r❡s ♣♦✉r ❧❡s ❛✉tr❡s ❝❛s ♣r♦✈❡♥❛♥t ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✿ (0, t, e)✳

✺✳✷✳ ❈♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ❞✬é✈❛❧✉❛t✐♦♥ µ▼▲ ❡t ♥▼▲

▲❡s ❞✐st✐♥❝t✐♦♥s ❞❡ ❢❡r♠❡t✉r❡s ❡♥ µ▼▲ ❡t ♥▼▲ ♣r♦✈✐❡♥♥❡♥t ❞❡s ♠ê♠❡s ❡①♣❧♦✐t❛t✐♦♥s ❞❡ ❧✬❛♥❛❧②s❡✳
■❧ ♣❛r❛ît ❞♦♥❝ ♥❛t✉r❡❧ ❞✬❡①❤✐❜❡r ✉♥ ❧✐❡♥ ❡♥tr❡ ❡❧❧❡s ✈✐s✲à✲✈✐s ❞❡ ❧✬❛♥❛❧②s❡✳ ❈❡ ❧✐❡♥ s❡ ♠❛tér✐❛❧✐s❡ ❛✉
tr❛✈❡rs ❞✬✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❢❡r♠❡t✉r❡s µ▼▲ ❡t ❧❡s ❢❡r♠❡t✉r❡s ♥▼▲ ♣❛r❛♠étré❡ ♣❛r ❧❡s ✐♥❢♦r♠❛t✐♦♥s
❝♦♥t❡♥✉❡s ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡✳

❈❡tt❡ r❡❧❛t✐♦♥ s❡ str❛t✐✜❡ ❡♥ tr♦✐s r❡❧❛t✐♦♥s ❞é✜♥✐❡s ♠✉t✉❡❧❧❡♠❡♥t ✿
✕ ❈♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❢❡r♠❡t✉r❡s ♣r♦✈❡♥❛♥t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐❛❜❧❡✳ ❊❧❧❡ ❞é✜♥✐t ❞❛♥s

q✉❡❧❧❡s ❝♦♥❞✐t✐♦♥s ✉♥❡ ❢❡r♠❡t✉r❡ µ▼▲ µv ❡st ❡♥ r❡❧❛t✐♦♥ ❛✈❡❝ ✉♥❡ ❢❡r♠❡t✉r❡ ♥▼▲ nv s❡❧♦♥
❧✬✐♥❢♦r♠❛t✐♦♥ γ✳ ❈❡ q✉✐ s❡ ♥♦t❡ ✿µv ∼γ nv✳

✕ Pr♦♣❛❣❛t✐♦♥ ❞❡ ❝❡tt❡ r❡❧❛t✐♦♥ ❛✉① ❡♥✈✐r♦♥♥❡♠❡♥ts ❞✬é✈❛❧✉❛t✐♦♥✳ ❙✐ ∀n, µe(n) ∼Γ(n) ne(n) ❛❧♦rs
µe ❡t ne s♦♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ♣❛r r❛♣♣♦rt à Γ✱ ❝❡ q✉✐ s❡ ♥♦t❡ µe ∼Γ ne✳

✕ ❈♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ✐ss✉❡s ❞✬é✈❛❧✉❛t✐♦♥ ✿ r❡❧❛t✐♦♥ ❜✐♥❛✐r❡ ❡♥tr❡ ✉♥❡ ✈❛❧❡✉r µ▼▲ µv ❡t
✉♥❡ ✈❛❧❡✉r ♥▼▲ nv s❡ ♥♦t❛♥t µv ∼ nv✳

❈❡s r❡❧❛t✐♦♥s tr❛✐t❡♥t ❢❛❝✐❧❡♠❡♥t ❧❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s ❡♥tr❡ ✈❛❧❡✉rs ❡♥t✐èr❡s✱ ❡❧❧❡s s❡ ❞é✜♥✐ss❡♥t
❝♦♠♠❡ s✉✐t ✿

µv ∼ nv
✭✈❛r✲❯♥❦♥♦✇♥✮

µv ∼Unknown nv

[[t]]nUnknown (m+1) Γ = u µe ∼Γ ne
✭✈❛r✲❑♥♦✇♥✮

(µclos m t µe []) ∼(Known m) (m, u, ne)

(i) ∼ (i) ✭♠❛t❝❤✲✐♥t✮
[[t]](Unknown::Γ) = u µe ∼Γ ne

✭❝❧♦s✲s✐♠♣❧✮
(t, µe) ∼ (0, u, ne)

[[t]](nUnknown (m+1) Γ) = u µe ∼Γ ne |args| ≤ m args ∼(nUnknown (|args|)[]) args′
✭❝❧♦s✲❝✉rr②✜❡❞✮

(µclos m t µe args) ∼ (nclos m (m, u, ne) e′ args′)

▲❡s rè❣❧❡s ✭✈❛r✲❯♥❦♥♦✇♥✮ ❡t ✭✈❛r✲❑♥♦✇♥✮ ❞é✜♥✐ss❡♥t ❧❛ ♣r❡♠✐èr❡ ❞❡ ❝❡s r❡❧❛t✐♦♥s ♠✉t✉❡❧❧❡s ✿
❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ❛ss♦❝✐é❡s à ✉♥❡ ✈❛r✐❛❜❧❡ ✈✐s✲à✲✈✐s ❞✬✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞✬❛♥❛❧②s❡✳

✾



❩✳❉❛r❣❛②❡

▲❛ ♣r❡♠✐èr❡ ❡①♣r✐♠❡ ❧❡ ❢❛✐t q✉✬✉♥❡ ✈❛❧❡✉r µ▼▲ µv ❡t ✉♥❡ ✈❛❧❡✉r ♥▼▲ nv s♦♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ✈✐s✲à✲
✈✐s ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❯♥❦♥♦✇♥ s✐ ❡❧❧❡s s♦♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ✈❛❧❡✉rs ❞✬é✈❛❧✉❛t✐♦♥✳

▲❛ rè❣❧❡ ✭✈❛r✲❑♥♦✇♥✮ ✐♥❞✐q✉❡ ❞❛♥s q✉❡❧❧❡s ❝♦♥❞✐t✐♦♥s ✉♥❡ ❢❡r♠❡t✉r❡ ❝✉rr②✜é❡ µ▼▲ (µclos m t µe [])
❡st ❡♥ r❡❧❛t✐♦♥ ❛✈❡❝ ✉♥❡ ❢❡r♠❡t✉r❡ ♥✲❛✐r❡ (m, u, ne) ♥▼▲ ✈✐s✲à✲✈✐s ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❑♥♦✇♥ m✳ ■❧ ❢❛✉t
q✉❡ ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ t ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ Γ ❛✉❣♠❡♥té ❞❡ (m+1) ❛♣♣r♦①✐♠❛t✐♦♥s ♥❡✉tr❡s
✭✐❡✳ ❯♥❦♥♦✇♥✮ (nUnknown (m + 1) Γ) ♣♦✉r ❧❡s (m + 1) ♣❛r❛♠ètr❡s s♦✐t u ❡t q✉❡ ❧❡s ❡♥✈✐r♦♥♥❡♠❡♥ts ❞❡s
❢❡r♠❡t✉r❡s µ▼▲ (µe) ❡t ♥▼▲ (ne) s♦✐❡♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ✈✐s✲à✲✈✐s ❞❡ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ (Γ)✳

▲❛ r❡❧❛t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ❞✬é✈❛❧✉❛t✐♦♥ s❡ ❞é✜♥✐t ✈✐❛ ❧❡s tr♦✐s rè❣❧❡s s✉✐✈❛♥t❡s ✿
✭♠❛t❝❤✲✐♥t✮✱ ✭❝❧♦s✲s✐♠♣❧✮ ❡t ✭❝❧♦s✲❝✉rr②✜❡❞✮✳ ▲❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ❡♥t✐èr❡s s❡ ré❞✉✐t ❡♥
❧✬é❣❛❧✐té ❞❡s ❡♥t✐❡rs ❝♦♥❝❡r♥és✳ ❯♥❡ ❢❡r♠❡t✉r❡ µ▼▲ s✐♠♣❧❡ ✿ (t, µe) ❡st ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ✉♥❡
❢❡r♠❡t✉r❡ ♥▼▲ (0, u, ne) s✐ ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ (Unknown :: Γ)✱ u ❡st ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ t ❡t
s✐ µe ❡t ne s♦♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ✈✐s✲à✲✈✐s ❞❡ Γ✳

❊♥✜♥✱ ✉♥❡ ❢❡r♠❡t✉r❡ µ▼▲ ♣r♦✈❡♥❛♥t ❞✬✉♥ ❛♣♣❡❧ ♣❛rt✐❡❧ ❞✬✉♥❡ ❢❡r♠❡t✉r❡ ❝✉rr②✜é❡ (µclos m t µe args)
❡st ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ✉♥❡ ❢❡r♠❡t✉r❡ ❝✉rr②✜é❡ ♥▼▲ (nclos m (m, u, ne) e′ args′) s✐ ❞❛♥s ❧✬❡♥✈✐✲
r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡ (nUnknown (m + 1) Γ)✱ u ❡st ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ t✱ s✐ ❧❡ ♥♦♠❜r❡ ❞✬❛r❣✉♠❡♥ts ❞é❥à
♣❛ssés |args| ❡st ✐♥❢ér✐❡✉r à ❧✬❛r✐té ❞❡ ❧❛ ❢❡r♠❡t✉r❡ ❞é❝✉rr②✜é❡✱ s✐ args ❝♦rr❡s♣♦♥❞ à args′ ✈✐s✲à✲✈✐s
❞❡ (nUnknown (|args|)[]) ❡t s✐ ❧❡s ❡♥✈✐r♦♥♥❡♠❡♥ts ❞❡ ❢❡r♠❡t✉r❡s s♦♥t ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ✈✐s✲à✲✈✐s ❞❡
Γ✳ ❖♥ ♥♦t❡r❛ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t q✉❡❧❝♦♥q✉❡ ❞❛♥s ❧❛ ❢❡r♠❡t✉r❡ ♣❛rt✐❡❧❧❡ ♥▼▲✳ ❊♥ ❡✛❡t✱
✉♥❡ ❢❡r♠❡t✉r❡ ❞❡ ❧❛ ❢♦r♠❡ ♥❝❧♦s ♣r♦✈✐❡♥t ❞✬✉♥❡ é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ✐♠❜r✐q✉é❡ ❞♦♥t
❧✬❛♣♣❡❧❛♥t ❧❡ ♣❧✉s ✐♥t❡r♥❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ NCurry(m) n!✳ ❖r✱ ✐❧ s✬❛❣✐t ❞✬✉♥ t❡r♠❡ ❝❧♦s ✭s❛♥s ✈❛r✐❛❜❧❡
❧✐❜r❡✮✱ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ ❢❡r♠❡t✉r❡ ❡st ❞♦♥❝ ♣❡✉ s✐❣♥✐✜❝❛t✐❢✳

✺✳✸✳ ❈♦rr❡❝t✐♦♥ ❞❡ ❧❛ ❉é❝✉rr②✜❝❛t✐♦♥

●râ❝❡ ❛✉① r❡❧❛t✐♦♥s ❞é✜♥✐❡s ❝✐✲❞❡ss✉s✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♠♣❛r❡r ✉♥❡ é✈❛❧✉❛t✐♦♥ µ▼▲ à ✉♥❡ é✈❛❧✉❛t✐♦♥
♥▼▲✳ ❈❡tt❡ ♥♦t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡ ✈❛❧❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r ❧✬é✈❛❧✉❛t✐♦♥
❞✬✉♥ ♣r♦❣r❛♠♠❡ µ▼▲ à ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ s❛ tr❛❞✉❝t✐♦♥ ❡♥ ♥▼▲✳ ◆♦✉s ❛✈♦♥s ❞é♠♦♥tré ❧❡ t❤é♦rè♠❡ ❞❡
❝♦rr❡❝t✐♦♥ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶ ✭Prés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ❞❡ ❧❛ ❞é❝✉rr②✜❝❛t✐♦♥✮

❙✐ [[t]][] = u ❡t [] ⊢ t → µv✱ ❛✈❡❝ ❛❧♦rs ∃ nv, [] ⊢ u → nv ❡t µv ∼ nv✳

▲❛ ♣r❡✉✈❡ s❡ ❢❛✐t ♣❛r ✐♥❞✉❝t✐♦♥ s✉r ❧❡s rè❣❧❡s ❞✬é✈❛❧✉❛t✐♦♥ µ▼▲✳ ❖♥ ♣r♦✉✈❡✱ ♣♦✉r ❝❤❛q✉❡ rè❣❧❡
❞✬é✈❛❧✉❛t✐♦♥ µ▼▲✱ ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ s✐♠✉❧❛t✐♦♥ s✉✐✈❛♥t ✿

µe ⊢ t ne ⊢ [[t]]Γ

µv nv
❄

µe∼Γne

♣

♣

♣

♣

♣

♣

♣

♣

❄
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣✲

∼

❙✐ ❧❡ t❡r♠❡ µ▼▲ t s✬é✈❛❧✉❡ ❡♥ ✉♥❡ ✈❛❧❡✉r µv ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t µe ❡t q✉❡ µe ∼Γ ne ❛❧♦rs ✐❧ ❡①✐st❡
✉♥❡ ✈❛❧❡✉r nv✱ t❡❧❧❡ q✉❡ ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ne✱ ❧❡ t❡r♠❡ [[t]]Γ s✬é✈❛❧✉❡ ❡♥ nv ❡t µv ∼ nv✳

▲❡ ❝❛s ✐♥tér❡ss❛♥t ❞❡ ❧❛ ♣r❡✉✈❡ ❡st ❝❡❧✉✐ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ✭❧❡s ♣r♦♣r✐étés ♣rés❡♥té❡s ❝♦♠♠❡ ❞❡s
rés✉❧t❛ts ♦♥t ❛✉ss✐ été ❞é♠♦♥tré❡s✮✳ ◆♦✉s ❡♥ ❞ét❛✐❧❧♦♥s ✐❝✐ ❧❛ ❞é♠♦♥str❛t✐♦♥ ✿

▲❡♠♠❡ ✶ ❙✐ µe ⊢ (ta tb) → µv ❡t µe ∼Γ ne ❛❧♦rs ∃nv, ne ⊢ [[(ta tb)]]Γ → nv ❡t µv ∼ nv✳

P❛r ✐♥❞✉❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s ❧❡s tr♦✐s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✵



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

✕ s✐ µe ⊢ ta → (t, µea) ❡t µe ∼Γ ne ❛❧♦rs ∃nva, ne ⊢ [[ta]]Γ → nva ❡t (t, µea) ∼ nva

✕ s✐ µe ⊢ tb → µvb ❡t µe ∼Γ ne ❛❧♦rs ∃nvb, ne ⊢ [[tb]]Γ → nvb ❡t µvb ∼ nvb

✕ s✐ µvb :: µea ⊢ t → µv ❡t µvb :: µea ∼Γ′ ne′ ❛❧♦rs ∃nv, ne′ ⊢ [[t]] → nv ❡t µv ∼ nv

❉❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥✱ ♥♦✉s ❞✐st✐♥❣✉♦♥s ❞❡✉① ❝❛s à tr❛✐t❡r ✿
✕ ■✳ ❈❛s ♥♦♥ ♦♣t✐♠✐sé ✿ [[(ta tb)]]Γ = [[ta]]Γ [[[tb]]Γ] ❡t ta ♥✬❡st ♣❛s ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ❞✬✉♥❡

❢♦♥❝t✐♦♥ ❝♦♥♥✉❡ ❛tt❡♥❞❛♥t ✉♥ ❞❡r♥✐❡r ❛r❣✉♠❡♥t✳
✕ ■■✳ ❈❛s ♦♣t✐♠✐sé ✿ [[(ta tb)]]Γ = n! [[[t0]]Γ; . . . ; [[tm]]Γ; [[tb]]Γ] ❡t ta = napp n (t0, . . . , tm) ❛✈❡❝

Γ(n) = Known m + 1✳
■✳ ❈❛s ♥♦♥ ♦♣t✐♠✐sé ✿

❊♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ta ❡t tb✱ ✐❧ ✈✐❡♥t ❧❡s ❞❡✉① rés✉❧t❛ts ✿
✕ ✭❛✮ ✿ ne ⊢ [[ta]]Γ → nva ❡t (t, µea) ∼ nva

✕ ✭❜✮ ✿ ne ⊢ [[tb]]Γ → nvb ❡t µvb ∼ nvb

❖r✱ µv ❡st ❧❡ rés✉❧t❛t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ µvb :: µea ⊢ t → µv✳ P♦✉r ❛♣♣❧✐q✉❡r ❧❡ ❞✐❛❣r❛♠♠❡ à
❝❡tt❡ é✈❛❧✉❛t✐♦♥✱ ✐❧ ♥♦✉s ❢❛✉t ✐❞❡♥t✐✜❡r nva ❝♦♠♠❡ ét❛♥t ✉♥❡ ❢❡r♠❡t✉r❡ ❡t ✐❞❡♥t✐✜❡r ❧❡ ❝♦r♣s ❡t
❧✬❡♥✈✐r♦♥♥❡♠❡♥t✳ ◆♦✉s ❞❡✈♦♥s ❞♦♥❝ ♥♦✉s ✐♥tér❡ss❡r à ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❢❡r♠❡t✉r❡ ✐ss✉❡ ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡
ta✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ rés✉❧t❛t ✭❛✮ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t (t, µea) ∼ nva✳ ❙❡❧♦♥ ❧❛ rè❣❧❡
✉t✐❧✐sé❡ ♣♦✉r ♦❜t❡♥✐r ❝❡tt❡ ❝♦rr❡s♣♦♥❞❛♥❝❡✱ ✐❧ s✬♦✛r❡ à ♥♦✉s ❞❡✉① ❝❛s ✿

✶✮ ■❧ s✬❛❣✐t ❞❡ ❧❛ rè❣❧❡ ✭❝❧♦s✲s✐♠♣❧✮✳ ■❧ ✈✐❡♥t nva = (0, u, nea) ❛✈❡❝ [[t]](Unknown::ea1) = u ❡t µea ∼ea1
nea✳

◆♦✉s ♣♦✉✈♦♥s ❛♣♣❧✐q✉❡r ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ t ❡t ♥♦✉s ♦❜t❡♥♦♥s ❛✐♥s✐ ❧❡ rés✉❧t❛t✳

✷✮ ■❧ s✬❛❣✐t ❞❡ ❧❛ rè❣❧❡ ✭❝❧♦s✲❝✉rr②✜❡❞✮✳ (t, µea) ♣r♦✈✐❡♥t ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ❞✬✉♥❡ ❢❡r♠❡t✉r❡
❝✉rr②✜é❡ ✿ (t, µea) = (µclos m b µea1

args)✳ ■❧ ✈✐❡♥t nva = (nclos m (m, u, nea1
) nec args′) ♦ù

µea1
∼Γa1

nea1
, |args| ≤ m ❡t args ∼nUnknown (m+1) [] args′ ❡t µea1

∼Γa1
nea1

✳

◆♦✉s ❛❧❧♦♥s ❞✐st✐♥❣✉❡r s❡❧♦♥ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s r❡st❛♥t à ♣❛ss❡r ♣♦✉r ❛✈♦✐r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
t♦t❛❧❡ ✿

❛ ✕ ✐❧ r❡st❡ ♣❧✉s ❞✬✉♥ ♣❛r❛♠ètr❡

■❧ s✬❛❣✐t ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ✿ ✐❧ ✈✐❡♥t µv = (µclos m b µea1
(µvb :: args)) ❡t nv =

(nclos m (m, u, nea1
) nec (nvb :: args′)) ❡t ❧❡ rés✉❧t❛t s❡ ❞é♠♦♥tr❡ ♣❛r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ rè❣❧❡

❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ♥▼▲ ❡t ❡♥ ♠♦♥tr❛♥t ♣❛r ❝♦♥str✉❝t✐♦♥
(µclos m b µea1

µvb :: args) ∼ (nclos m (m, u, nea1
) nec (nvb :: args′))✳

❜ ✕ ✐❧ r❡st❡ ✉♥ ♣❛r❛♠ètr❡

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❛✛❛✐r❡ à ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ t♦t❛❧❡✳ ▲❡ rés✉❧t❛t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t à
❝❡❧✉✐ ❞❡ u ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ((nvb :: args′)@nea1

)✳ ❖♥ ♦❜t✐❡♥t ❝❡tt❡ é✈❛❧✉❛t✐♦♥ ❡♥ ❡①♣❧♦✐t❛♥t
❝♦♥✈❡♥❛❜❧❡♠❡♥t ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ t✳ ■❧ ✈✐❡♥t ((nvb :: args′)@nea1

) ⊢ u → nv

❡t µv ∼ nv✳ ❈❡♣❡♥❞❛♥t ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ ta ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿ (. . . ((NCurry m n!) [[t0]]Γ) . . .)[[tm]]Γ)✳
◆♦✉s ❛✈♦♥s ❞♦♥❝ à ♠♦♥tr❡r q✉❡ (m + 1)! [m!; . . . ; 0!] s✬é✈❛❧✉❡ ❡♥ nv ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ((nvb ::
args′ :: (m, u, nea1

))@nec)✳ P♦✉r ❝❡❧❛ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ rés✉❧t❛t ✐♥t❡r♠é❞✐❛✐r❡ s✉✐✈❛♥t ✿

❙✐ |args| = n ❡t (v :: args)@me ⊢ m → vres ❛❧♦rs
(v :: args′)@((n, m,me) :: e′) ⊢ (n + 1)![n!; . . . ; 0!] → vres✳

◆♦✉s ♦❜t❡♥♦♥s ❛✐♥s✐ ❧❡ rés✉❧t❛t✳

■■✳ ❈❛s ♦♣t✐♠✐sé ✿
P❛r ❛❜✉s ❞❡ ♥♦t❛t✐♦♥✱ ♥♦t♦♥s [[args]]Γ ♣♦✉r [[[t0]]Γ; . . . ; [[tm]]Γ] ❛✈❡❝ args = (t0, . . . , tm)✳ ◆♦✉s ❛✈♦♥s
[[ta]]Γ = n! [[args]]Γ✱ ta = napp n! args ❡t q✉❡ Γ(n) = Known |args|✳ ❉❡ ♣❧✉s✱ ♥♦t♦♥s [[args]]Γ = nargs✳
◆♦✉s ❛✈♦♥s µe ∼Γ ne✱ ✐❧ ✈✐❡♥t µe(n) = (µclos |args| b e′ [])✳

❉❡ ❧à✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❡♥✈✐r♦♥♥❡♠❡♥ts ♣♦✉r ❡♥ ❞é❞✉✐r❡ q✉❡ ✿
ne(n) = (|args|, u, ne′) ❡t (µclos |args| t e′ []) ∼(Known |args|) (|args|, u, ne′)✳

◆♦✉s ❛✈♦♥s ❡♥ ❤②♣♦t❤ès❡ µe ⊢ napp n! args → (t′, e).

◆♦✉s ✉t✐❧✐s♦♥s ❧❡ rés✉❧t❛t ✐♥t❡r♠é❞✐❛✐r❡ s✉✐✈❛♥t ✿ ❙✐ e ⊢ napp n! args → v ❛❧♦rs ∃vn,∃vargs, e ⊢
n! → vn ❡t e ⊢ args → vargs✳

✶✶



❩✳❉❛r❣❛②❡

◆♦✉s ♦❜t❡♥♦♥s ❞♦♥❝ vargs✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ rè❣❧❡ ❤②❜r✐❞❡ ❞✬é✈❛❧✉❛t✐♦♥ ❞✬❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡
✭❡✈❛❧✲❝✉rr✐❡❞✲❛♣♣✮✱ ♥♦✉s ♦❜t❡♥♦♥s (t, e) = (µclos |args| t e′ (rev vargs)) s✐
µe(n) = (µclos |args| b e′ []) ❡t µe ⊢ args → vargs✳

❉❡ ♣❧✉s✱ ♥♦✉s s❛✈♦♥s q✉❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ta ❡st ✉♥❡ ✐♠❜r✐❝❛t✐♦♥ ❞❡ m ❛♣♣❧✐❝❛t✐♦♥s
❝✉rr②✜é❡s ❞❡ n! ❛✉① é❧é♠❡♥ts ❞❡ nargs ✿ [[ta]]Γ = Nnapp (NCurry(|args|) n!) nargs✳ ❊♥ ✉t✐❧✐s❛♥t
❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ ❛ss♦❝✐é❡ à ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ta✱ ♥♦✉s ♦❜t❡♥♦♥s ✿ ne ⊢ [[ta]]Γ → nv1 ❡t
(µclos |args| t e′ (rev vargs)) ∼ nva✳

◆♦✉s ❡ss❛②♦♥s ❞♦♥❝ ❞✬❡♥ s❛✈♦✐r ✉♥ ♣❡✉ ♣❧✉s s✉r nva✳ ❖♥ s❛✐t q✉❡
ne ⊢ (NCurry(|args|) n!) → (nclos |args| (|args|, u, ne′) ne []) ✈✐❛ ❧❛ rè❣❧❡ ✭❡✈❛❧✲◆❈✉rr②✮✳

❉❡ ♣❧✉s✱ ❞❡ ne ⊢ Nnapp (NCurry(|args|) n!) nargs → nv1✱ ♦♥ ❞é❞✉✐t ✿
∃nvargs, ne ⊢ nargs → nvargs ❡t nva = (nclos |args| (|args|, u, ne′) ne (rev nvargs))✳

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❢❡r♠❡t✉r❡s µ▼▲ ❡t ♥▼▲ s✉✐✈❛♥t❡ ✿
(µclos |args| t µe′ (rev vargs)) ∼ (nclos |args| (|args|, u, ne′) ne (rev nvargs))✳

❇✐❡♥ q✉❡ ♥♦✉s ❛②♦♥s ❝❛r❛❝tér✐sé ❧❡s ❢❡r♠❡t✉r❡s✱ ♥♦✉s ❞❡✈♦♥s tr❛✐t❡r ❧❡s ❞❡✉① rè❣❧❡s ❝♦♥❞✉✐s❛♥t à
✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❢❡r♠❡t✉r❡s ✿ ✭❝❧♦s✲s✐♠♣❧✮ ❡t ✭❝❧♦s✲❝✉rr②✜❡❞✮✳ ❊♥ ❡✛❡t✱ (µclos . . .) ❡st ❞❡ ❧❛
❢♦r♠❡ (t, e) ❡t (nclos . . .) ❡st ❞❡ ❧❛ ❢♦r♠❡ (0, u, e)✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ❞❡✉① ❝❛s à tr❛✐t❡r✳

✶✮ ❈♦rr❡s♣♦♥❞❛♥❝❡ ♣r♦✈❡♥❛♥t ❞❡ ✭❝❧♦s✲s✐♠♣❧✮ ✿

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❡♥ ❤②♣♦t❤ès❡ ✿

✶ ✕ [[t]]Γ = ((m + 1)! [m!; . . . ; 0!] ❡t ✷ ✕ ((rev vargs)@µe) ∼Γ ((rev nvargs)@(|args|, u, ne′) :: e′)✳

❊♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ t✱ ♦♥ ♦❜t✐❡♥t ✿
(nv2 :: (rev nvargs)@(|args|, u, ne′) :: e′) ⊢ ((m + 1)![m!, . . . , 0!] → nv✳ ❖r ♥♦✉s ❛✈♦♥s à ♠♦♥tr❡r ✿
∃nv, (nv2 :: (rev nvargs)@ne) ⊢ u → nv✳

◆♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿
❙✐ |args| = n ❡t (nv2 :: (rev nvargs)@(n, u, ne′) :: e′) ⊢ (m + 1)! [m!; . . . ; 0!] → nv ❛❧♦rs
(nv2 :: (rev nvargs)@ne) ⊢ u → nv✳

❆♣♣❧✐q✉é ✐❝✐ ✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t✳

✷✮ ❈♦rr❡s♣♦♥❞❛♥❝❡ ♣r♦✈❡♥❛♥t ❞❡ ✭❝❧♦s✲❝✉rr②✜❡❞✮ ✿

◆♦✉s ❛✈♦♥s ❡♥ ❤②♣♦t❤ès❡s ✿

✶ ✕ [[t]](nUnknown |args| Γ) = u✱ ✷ ✕ e′ ∼Γ ne′ ❡t ✸ ✕ vargs ∼(nUnknown |args| []) nvargs✳

◆♦✉s ❡♥ ❞é❞✉✐s♦♥s (v2 :: (rev vargs)@e′) ∼(nUnknown (|args|+1) Γ) (nv2 :: (rev nvargs)@ne′)✳ ❊♥✜♥✱
❡♥ ✉t✐❧✐s❛♥t ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞✉❝t✐♦♥ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ t✱ ♥♦✉s ♦❜t❡♥♦♥s ❧❡ rés✉❧t❛t✳

✻✳ ❊①t❡♥s✐♦♥ ❛✉① ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s

❊①t❡♥s✐♦♥ ❞❡ µ▼▲ ❛✉① ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s ✭µ▼▲r❡❝✮ ✿ ❙❛ s②♥t❛①❡ ❡st ❧❛ ♠ê♠❡ q✉❡ µ▼▲ à
❧✬❛❥♦✉t ♣rès ❞❡s ❞é✜♥✐t✐♦♥s ré❝✉rs✐✈❡s ❞❡st✐♥é❡s à ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s✳ ❆✐♥s✐✱ ✉♥ t❡r♠❡
❞❡ ❧❛ ❢♦r♠❡ letrec t1 in t2 ❞é✜♥✐t ✉♥❡ ❢♦♥❝t✐♦♥ ré❝✉rs✐✈❡ ❞❡ ❝♦r♣s t1 ❞❛♥s ❧❡ t❡r♠❡ t2✳ ❆✉ ♥✐✈❡❛✉ ❞❡
❧✬é✈❛❧✉❛t✐♦♥✱ ✐❧ ♥♦✉s ❢❛✉t ❛❥♦✉t❡r ❞❡s ✈❛❧❡✉rs ❞❡ ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s (t, e)rec ❛✐♥s✐ q✉❡ ❞❡✉① rè❣❧❡s
❞✬é✈❛❧✉❛t✐♦♥s s❡♠❜❧❛❜❧❡s à ❝❡❧❧❡ ❞✉ λ✲❝❛❧❝✉❧✳

❚❡r♠❡s ✿ t ::= . . . | letrec t1 in t2

❱❛❧❡✉rs ✿ v ::= . . . | (t, e)rec

(t1, µe)rec :: µe ⊢ t2 → v

µe ⊢ letrec t1 in t2 → v

µe ⊢ t1 → (t, e)rec µe ⊢ t2 → v2 v2 :: (t, e)rec :: e ⊢ t → v

µe ⊢ t1 t2 → v

✶✷



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

▲❡ t❡r♠❡ letrec f x = x + (f x) in (f 3) s✬é❝r✐t ❡♥ µ▼▲r❡❝ letrec 0! + (1! 0!) in (0! 3)✳ ❉❛♥s ❧❡
s♦✉s✲t❡r♠❡ ❣❛✉❝❤❡✱ ❧❡ ♣❛r❛♠ètr❡ ❡st tr❛❞✉✐t ❝♦♠♠❡ ❧❛ ✈❛r✐❛❜❧❡ 0! t❛♥❞✐s q✉❡ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ré❝✉rs✐♦♥
❡st tr❛❞✉✐t❡ ♣❛r ❧❛ ✈❛r✐❛❜❧❡ 1!✳

❊①t❡♥s✐♦♥ ❞❡ ♥▼▲ ❛✉① ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s ✭♥▼▲r❡❝✮ ✿ ◆♦✉s ② ❛❥♦✉t♦♥s ❞❡s t❡r♠❡s ❞❡ ❧❛ ❢♦r♠❡
letrecn t1 in t2 ♦ù n ✐♥❞✐q✉❡ ❧✬❛r✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ré❝✉rs✐✈❡ ❞é✜♥✐❡✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧✬é✈❛❧✉❛t✐♦♥✱
♥♦✉s ❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s ✿ (n, t, e)rec ♦ù n ✐♥❞✐q✉❡ ❧✬❛r✐té ❞❡ ❧❛ ❢❡r♠❡t✉r❡✳ ◆♦✉s
❛✈♦♥s ❜❡s♦✐♥ ❞❡ ❞❡✉① ♥♦✉✈❡❧❧❡s rè❣❧❡s ❞✬é✈❛❧✉❛t✐♦♥ ♣♦✉r tr❛✐t❡r ❧❡s ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s✳ ✭❡✈❛❧✲❧❡tr❡❝✮ ✿
✉♥ t❡r♠❡ ❞❡ ❧❛ ❢♦r♠❡ letrecn t1 in t2 s✬é✈❛❧✉❡ ❡♥ ❧❛ ✈❛❧❡✉r v ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ne s✐ ❧❡ t❡r♠❡ t2
s✬é✈❛❧✉❡ ❡♥ v ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t (n, t1, ne)rec :: ne✳ ✭❡✈❛❧✲❛♣♣r✮ ✿ ❧❡ t❡r♠❡ tf [t0; . . . ; tn] s✬é✈❛❧✉❡ ❡♥
❧❛ ✈❛❧❡✉r v ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ne✱ s✐ tf s✬② é✈❛❧✉❡ ❡♥ ❧❛ ❢❡r♠❡t✉r❡ ré❝✉rs✐✈❡ (n, t, e)rec ❡t ❧❡s t1, . . . tn
❡♥ v0; . . . ; vn ❛❧♦rs t s✬é✈❛❧✉❡ ❡♥ v ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t vn :: . . . :: v0 :: (n, t, e)rec :: e✳

❚❡r♠❡s ✿ t ::= . . . | letrecn t1 in t2

❱❛❧❡✉rs ✿ v ::= . . . | (n, t, e)rec

(n, t1, ne)rec :: ne ⊢ t2 → v
✭❡✈❛❧✲❧❡tr❡❝✮

ne ⊢ letrecn t1 in t2 → v

ne ⊢ tf → (n, t, e)rec

ne ⊢ t0 → v0 . . . ne ⊢ tn → vn vn :: . . . :: v0 :: (n, t, e)rec :: e ⊢ t → v
✭❡✈❛❧✲❛♣♣r✮

ne ⊢ tf [t0; . . . ; tn] → v

❉é❝✉rr②✜❝❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ré❝✉rs✐✈❡s ✿ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧✬❛♥❛❧②s❡ st❛t✐q✉❡✱ ♥♦✉s t❡♥t♦♥s
❞❡ r❡♣ér❡r ❧❡s ❞é✜♥✐t✐♦♥s ré❝✉rs✐✈❡s t❡❧❧❡s q✉❡ ❧❡ ♣r❡♠✐❡r s♦✉s t❡r♠❡ s♦✐t ❞❡ ❧❛ ❢♦r♠❡ nabs n t✳ ❊♥ ❡✛❡t✱
❞❛♥s ✉♥❡ t❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ♥♦✉s s❛✈♦♥s q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ré❝✉rs✐✈❡ ❛✐♥s✐ ❞é✜♥✐❡ ❡st ❞✬❛r✐té n + 2✳

▲❛ tr❛❞✉❝t✐♦♥ ❞✬✉♥ t❡r♠❡ ❞❡ ❧❛ ❢♦r♠❡ letrec t1 in t2 s✬é♥♦♥❝❡ ❞♦♥❝ ❝♦♠♠❡ s✉✐t ✿

[[letrec t1 in t2]]Γ =







letrec(n+1) [[t]](nUnknown (n+2) (Known (n+1)::Γ)) in [[t2]](Known (n+1)::Γ)

si t1 = nabs n t;
letrec0 [[t1]](Unknown::Unknown::Γ) in [[t2]](Unknown::Γ)

sinon

◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ❞❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ t1✱ ♥é❝❡ss✐t❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥s
s✉r ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ré❝✉rs✐♦♥✳

❈❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s ✿ ❚♦✉t ❝♦♠♠❡ ♣♦✉r µ▼▲✱ ♥♦✉s ♣♦✉✈♦♥s ❝❛r❛❝tér✐s❡r
❧❡s ❢❡r♠❡t✉r❡s ❛♣♣❛r❛✐ss❛♥t ❧♦rs ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ t❡r♠❡ µ▼▲r❡❝✳ ❊♥ ❞❡❤♦rs ❞❡s tr♦✐s ❢♦r♠❡s
❝❛r❛❝tér✐sé❡s ♣❧✉s ❤❛✉t✱ ❧❛ ♣rés❡♥❝❡ ❞❡ ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s ❛❧❧✐é❡ ❛✉① ✐♥❢♦r♠❛t✐♦♥s ♣r♦✈❡♥❛♥t ❞❡
❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡✱ ♥♦✉s ♣❡r♠❡t ♥♦♥ s❡✉❧❡♠❡♥t ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s ♠❛✐s
❛✉ss✐ ❞❡s ❢❡r♠❡t✉r❡s ♣❛rt✐❡❧❧❡s ♣r♦✈❡♥❛♥t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬❛♣♣❧✐❝❛t✐♦♥s ✐♠❜r✐q✉é❡s✳

◆♦t♦♥s ✿ (µclosrec m t e args) = (nabs (m−|args|) t, args@(nabs m t, e) :: e)✳ ■❧ ✈✐❡♥t ❧❡s ❞❡✉①
rè❣❧❡s ❤②❜r✐❞❡s s✉♣♣❧é♠❡♥t❛✐r❡s ✿

e(n) = (t, e1)rec Γ(n) = Known m t = nabs m b

e ⊢ n! → (nabs m b, e1)rec

e(n) = (nabs m b, e1)rec e ⊢ t0 → v0 . . . e ⊢ tk → vk k ≤ m

e ⊢ napp n!(t0, . . . , tk) → (µclosrec m t e1 [vk; . . . ; v0])

✶✸



❩✳❉❛r❣❛②❡

❉❡ ♠ê♠❡✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡s ❝❛r❛❝tér✐s❛t✐♦♥s s✉♣♣❧é♠❡♥t❛✐r❡s ♣♦✉r ❧❡s ❢❡r♠❡t✉r❡s ❞❡ ♥▼▲r❡❝✳

e(n) = (m, t, e0)rec Γ(n) = Known m

e ⊢ NCurry m n! → (nclos m (m, t, e0)rec e [])

e(n) = (m, t, e0)rec Γ(n)Known m

e ⊢ t0 → v0 . . . e ⊢ tk → vk k ≤ m

e ⊢ (. . . ((NCurry m n!) [t0]) . . . [tk]) → (nclos m (m, t, e0)rec e [vk; . . . ; v0])

❊①t❡♥s✐♦♥ ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡s ✈❛❧❡✉rs ✿ ▲✬❡①t❡♥s✐♦♥ ❞❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❢❡r♠❡t✉r❡s
♥♦✉s ❛♠è♥❡ à ❞❡ ♥♦✉✈❡❧❧❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s ❞❡ ❢❡r♠❡t✉r❡s ✿

[[u]](Unknown::Unknown::Γ) = m e ∼Γ me
✭✶✮

(u, e)rec ∼(Known 0) (0, m,me)rec

[[u]](nUnknown (n+2) (Known (n+1)::Γ) = m e ∼Γ me
✭✷✮

(nabs n u, e)rec ∼(Known n+1) (n + 1, m,me)rec

[[u]](Unknown::Unknown::Γ) = m e ∼Γ me
✭✸✮

(u, e)rec ∼ (0, m,me)rec

[[u]](nUnknown (n+2) (Known (n+1)::Γ) = m e ∼Γ me
✭✹✮

(nabs n u, e)rec ∼ (nclos (n + 1) (n + 1, m,me)rec e′ [])

[[u]](nUnknown (n+1) (Known n::Γ) = m

e ∼Γ me |args| ≤ n args ∼nUnknown |args| [] args′
✭✺✮

(µclosrec n u e args) ∼ (nclos (n) (n, m,me)rec e′ args′)

❆✉ ♥✐✈❡❛✉ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ♣r♦✈❡♥❛♥t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡✱ ♥♦✉s
❛❥♦✉t♦♥s ❞❡✉① rè❣❧❡s ✿ ✭✶✮ ❡t ✭✷✮✳ ▲❛ rè❣❧❡✭✷✮ ❞é❝r✐t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ q✉❛♥❞ ❧✬❛r✐té
❡st s✉♣ér✐❡✉r à ✶ ✭❑♥♦✇♥ ✭♥✰✶✮✮ ✿ ❧❛ ❢❡r♠❡t✉r❡ ré❝✉rs✐✈❡ (nabs n u, e)rec ❡st ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡
❛✈❡❝ ❧❛ ❢❡r♠❡t✉r❡ ré❝✉rs✐✈❡ ♥▼▲r❡❝ (n + 1, m,me)rec s✐ ❧❡s ❡♥✈✐r♦♥♥❡♠❡♥ts e ❡t me s♦♥t ❡♥
❝♦rr❡s♣♦♥❞❛♥❝❡ ✈✐s✲à✲✈✐s ❞❡ Γ ❡t ❡t q✉❡ m ❡st ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ u ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞✬❛♥❛❧②s❡
(nUnknown (n + 2) (Known (n + 1) :: Γ✳

▲❛ r❡❧❛t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ✈❛❧❡✉rs ✐ss✉❡s ❞✬é✈❛❧✉❛t✐♦♥ ❡st ❛✉ss✐ ❡♥r✐❝❤✐❡✳ ▲❛ rè❣❧❡ ✭✸✮ ❞é✜♥✐t
❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❢❡r♠❡t✉r❡s ré❝✉rs✐✈❡s ♣r♦✈❡♥❛♥t ❞✬é✈❛❧✉❛t✐♦♥ s✐♠♣❧❡ ✭♣❛s ❞✬✉♥❡
rè❣❧❡ ❤②❜r✐❞❡✮✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ❢❡r♠❡t✉r❡s ♣❛rt✐❡❧❧❡s ♣r♦✈❡♥❛♥t ❞✬❛♣♣❧✐❝❛t✐♦♥s ✐♠❜r✐q✉é❡s t❡❧❧❡s q✉❡
❧✬❛♣♣❡❧❛♥t ❧❡ ♣❧✉s ✐♥t❡r♥❡ s✬é✈❛❧✉❡ ❡♥ ✉♥❡ ❢❡r♠❡t✉r❡ ré❝✉rs✐✈❡✱ ✐❧ ♥♦✉s ❢❛✉t ❞✐st✐♥❣✉❡r ❞❡✉① ❝❛s✳ ❉✬✉♥❡
♣❛rt✱ ❧♦rsq✉✬✐❧ s✬❛❣✐t ❞❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❡t ❞❡ s❛ tr❛❞✉❝t✐♦♥ ✈✐❛ ❧❡ ❝♦♠❜✐♥❛t❡✉r ◆❈✉rr② ✭✹✮ ❀
❡t ❞✬❛✉tr❡ ♣❛rt✱ ❧♦rsq✉✬♦♥ ❛ ❛✛❛✐r❡ à ✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❢❡r♠❡t✉r❡s ♣❛rt✐❡❧❧❡s ✭✺✮✳

❈♦rr❡❝t✐♦♥ ✿ ❚♦✉t ❝♦♠♠❡ ♣♦✉r ❧❛ tr❛❞✉❝t✐♦♥ ❞❡ t❡r♠❡ µ▼▲ ❡♥ t❡r♠❡ ♥▼▲✱ ♥♦✉s ❛✈♦♥s ❞é♠♦♥tré ❞❡
❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❧❡ t❤é♦rè♠❡ ❞❡ ♣rés❡r✈❛t✐♦♥ sé♠❛♥t✐q✉❡ ♣❛r ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ t❡r♠❡ µ▼▲r❡❝ ❡♥
t❡r♠❡ ♥▼▲r❡❝✳ ▲❛ ♣r❡✉✈❡ ❡st s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ♣rés❡♥té❡ ♣❧✉s ❤❛✉t✱ ❡❧❧❡ tr❛✐t❡ ♣❧✉s ❞❡ ❝❛s ✐♥❞✉✐ts ♣❛r
❧❡s rè❣❧❡s s✉♣♣❧é♠❡♥t❛✐r❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡ ✈❛❧❡✉rs✳

✼✳ ❈♦♥❝❧✉s✐♦♥s

❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❞é❝✉rr②✜❝❛t✐♦♥ st❛t✐q✉❡ ❡t ✉♥❡ ♣r❡✉✈❡ ❈♦q
q✉✬✐❧ ♣rés❡r✈❡ ❧❛ sé♠❛♥t✐q✉❡✳ ■❧ s✬❛❣✐t✱ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣r❡✉✈❡ ✈ér✐✜é❡ ♣❛r ♠❛❝❤✐♥❡

✶✹



❉é❝✉rr②✜❝❛t✐♦♥ ❝❡rt✐✜é❡

❞❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞✬✉♥❡ t❡❧❧❡ ♦♣t✐♠✐s❛t✐♦♥✳
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