
HAL Id: inria-00338751
https://inria.hal.science/inria-00338751

Submitted on 14 Nov 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Exact Method For Hybrid Flowshop With Batching
Machines And Tasks Compatibilities

Adrien Bellanger, Ammar Oulamara

To cite this version:
Adrien Bellanger, Ammar Oulamara. Exact Method For Hybrid Flowshop With Batching Ma-
chines And Tasks Compatibilities. The Eleventh International Workshop on Project Management
and Scheduling - PMS 2008, Apr 2008, Istambul, Turkey. �inria-00338751�

https://inria.hal.science/inria-00338751
https://hal.archives-ouvertes.fr


❊①❛❝t ▼❡t❤♦❞ ❋♦r ❍②❜r✐❞ ❋❧♦✇s❤♦♣ ❲✐t❤ ❇❛t❝❤✐♥❣ ▼❛❝❤✐♥❡s

❆♥❞ ❚❛s❦s ❈♦♠♣❛t✐❜✐❧✐t✐❡s

❇❡❧❧❛♥❣❡r✱ ❆✳ ❛♥❞ ❖✉❧❛♠❛r❛✱ ❆✳

▲❖❘■❆ ✲ ■◆❘■❆ ◆❛♥❝② ●r❛♥❞ ❊st✱ ❊❝♦❧❡ ❞❡s ▼✐♥❡s ❞❡ ◆❛♥❝②
P❛r❝ ❞❡ ❙❛✉r✉♣t✱ ✺✹✵✹✷ ◆❛♥❝②✱ ❋r❛♥❝❡✳

❡✲♠❛✐❧s ✿ ❆❞r✐❡♥✳❇❡❧❧❛♥❣❡r❅❧♦r✐❛✳❢r ❆♠♠❛r✳❖✉❧❛♠❛r❛❅❧♦r✐❛✳❢r

❑❡②✇♦r❞s✿ ❇r❛♥❝❤ ❛♥❞ ❜♦✉♥❞✱ ❤②❜r✐❞ ✢♦✇s❤♦♣✱ ❜❛t❝❤✐♥❣ ♠❛❝❤✐♥❡s✱ t❛s❦s ❝♦♠♣❛t✐❜✐❧✐t✐❡s✳
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■♥ t✐r❡ ♠❛♥✉❢❛❝t✉r✐♥❣ ✐♥❞✉str②✱ t✐r❡ ♣r♦❞✉❝t✐♦♥ ✐s ❝♦♠♠♦♥❧② r❡♣r❡s❡♥t❡❞ ❛s ❛ t✇♦✲st❛❣❡
♣r♦❝❡ss✳ ❋✐rst ❛♥❞ s❡❝♦♥❞ st❛❣❡s r❡♣r❡s❡♥t t✐r❡ ❜✉✐❧❞✐♥❣ ❛♥❞ t✐r❡ ❝✉r✐♥❣ ♣r♦❝❡ss✱ r❡s♣❡❝t✐✈❡❧②✳
❚✐r❡ ❜✉✐❧❞✐♥❣ ✐s ♠❛❞❡ ♦♥ ♦♥❡ ♠❛❝❤✐♥❡✱ ❛❧❧ ❝♦♠♣♦♥❡♥ts ✭s✐❞❡✇❛❧❧s ❛♥❞ tr❡❛❞✮ ❛r❡ ❛ss❡♠❜❧❡❞
♦♥ r♦✉♥❞ ❞r✉♠s ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ r❛❞✐❛❧ t✐r❡s✳ ❚❤❡ ❛ss❡♠❜❧❡❞ ♣r♦❞✉❝t ✐s ❝❛❧❧❡❞ ❛ ❣r❡❡♥ t✐r❡

♦r ✉♥❝✉r❡❞ t✐r❡✳ ❚✐r❡ ❝✉r✐♥❣ ✐s ❛♥ ❤✐❣❤✲t❡♠♣❡r❛t✉r❡ ❛♥❞ ❤✐❣❤✲♣r❡ss✉r❡ ❜❛t❝❤ ♦♣❡r❛t✐♦♥✱ ✐♥
✇❤✐❝❤ ❛ ♣❛✐r ♦❢ ❣r❡❡♥ t✐r❡s ✐s ♣❧❛❝❡❞ ✐♥t♦ ❛ ♠♦❧❞ ❛t ❛ s♣❡❝✐✜❡❞ t❡♠♣❡r❛t✉r❡✳ ❚✇♦ ❦✐♥❞s ♦❢
t✐r❡ ❝❛♥ ❜❡ ❝✉r❡❞ t♦❣❡t❤❡r ✐❢ t❤❡② s❤❛r❡ ❛ s❛♠❡ ✈❛❧✉❡ ♦❢ t♦t❛❧ ❝✉r✐♥❣ ❞✉r❛t✐♦♥✳ ❚❤❡ ♠♦❧❞
❝❛♥♥♦t ❜❡ ♦♣❡♥❡❞ ✉♥t✐❧ t❤❡ ❝✉r✐♥❣ r❡❛❝t✐♦♥ ✐s ❝♦♠♣❧❡t❡❞ ❢♦r t❤❡ ❜♦t❤ ❣r❡❡♥ t✐r❡s ♦♥ t❤❡
s❛♠❡ ♠♦❧❞✳

❚❤✐s ✐♥❞✉str✐❛❧ ♣r♦❜❧❡♠ ✐s ♠♦❞❡❧❡❞ ❛s ❛ t✇♦✲st❛❣❡ ❤②❜r✐❞ ✢♦✇s❤♦♣ ♣r♦❜❧❡♠ ✇❤❡r❡ n

❥♦❜s ❛r❡ t♦ ❜❡ ♣r♦❝❡ss❡❞ ✜rst ❛t st❛❣❡ 1 ❛♥❞ t❤❡♥ ❛t st❛❣❡ 2✳ ❚❤❡ ✜rst st❛❣❡ ❝♦♥s✐sts ♦❢ m1

♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s ❛♥❞ t❤❡ s❡❝♦♥❞ st❛❣❡ ❝♦♥t❛✐♥s m2 ♣❛r❛❧❧❡❧ ❜❛t❝❤✐♥❣ ♠❛❝❤✐♥❡s✳ ❊❛❝❤ ❥♦❜ j

✭j = 1, . . . , n✮ ❤❛s ♣r♦❝❡ss✐♥❣ t✐♠❡ pj ❛t st❛❣❡ 1 ❛♥❞ ♣r♦❝❡ss✐♥❣ t✐♠❡ qj ❧✐❡s ✐♥ ✐♥t❡r✈❛❧ [aj , bj ]
❛t st❛❣❡ 2✳ ❆t st❛❣❡ 2 ❥♦❜s ❛r❡ ♣r♦❝❡ss❡❞ ✐♥ ❜❛t❝❤✱ ❛♥❞ ❛❧❧ ❥♦❜s ♦❢ t❤❡ s❛♠❡ ❜❛t❝❤ st❛rt ❛♥❞
✜♥✐s❤ t♦❣❡t❤❡r ❛♥❞ ❤❛✈❡ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡✳ ❆ ♣❛✐r ♦❢ ❥♦❜ ✭i, j✮ ✐s ❝♦♠♣❛t✐❜❧❡ ✐❢ t❤❡② s❤❛r❡
❛ s✐♠✐❧❛r ♣r♦❝❡ss✐♥❣ t✐♠❡ ❛t s❡❝♦♥❞ st❛❣❡✱ ✐✳❡✳ [ai, bi]∩ [aj , bj ] 6= ∅✱ t❤❡r❡❢♦r❡ t❤❡ ♣r♦❝❡ss✐♥❣
t✐♠❡ ♦❢ ❛ ❜❛t❝❤ k ✐s ❞❡t❡r♠✐♥❡❞ ❛s t❤❡ ♠❛①✐♠❛❧ ✐♥✐t✐❛❧ ❡♥❞♣♦✐♥t aj ♦❢ ❥♦❜s ❝♦♥t❛✐♥❡❞ ✐♥
❜❛t❝❤ k✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✜♥❞ ❛ s❝❤❡❞✉❧❡ ✇❤✐❝❤ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡
❧❛t❡st ❜❛t❝❤✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ♥♦t❡❞ FH2(m1, m2)|p❴batch(II), GP = INT, k < n|Cmax

❜② t❤❡ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ●r❛❤❛♠✱ ✭✶✾✼✾✮✳

❙❡✈❡r❛❧ st✉❞✐❡s ❞❡❛❧✐♥❣ ✇✐t❤ ❡①❛❝t ❛♣♣r♦❛❝❤ ♦❢ ❤②❜r✐❞ ✢♦✇s❤♦♣ ✇❡r❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ✭❈❛r❧✐❡r✱ ✭✷✵✵✵✮✱ ▼♦✉rs❧✐✱ ✭✷✵✵✵✮✱ ❍♦✉❛r✐✱ ✭✷✵✵✻✮✮✳ ❆ s✉r✈❡② ♦❢ ❞✐✛❡r❡♥t s♦❧✈✐♥❣
❛♣♣r♦❛❝❤ ❢♦r ❤②❜r✐❞ ✢♦✇s❤♦♣ ✐s ♣✉❜❧✐s❤❡❞ ❜② ❑✐s✱ ✭✷✵✵✹✮✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛ ❇r❛♥❝❤ ✫ ❇♦✉♥❞ ♠❡t❤♦❞ ❢♦r ❛ t✇♦✲st❛❣❡ ❤②❜r✐❞ ✢♦✇s❤♦♣ ✐♥
♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥✳

✷ ❇r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ♠❡t❤♦❞

■♥ ♦✉r ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ♠❡t❤♦❞✱ ✇❡ ❝♦♥s✐❞❡r ❡❛❝❤ st❛❣❡ ♦❢ ❤②❜r✐❞ ✢♦✇s❤♦♣ s❡♣❛r❛t❡❧②✳
■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✜rst st❡♣ ♦❢ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ❝♦♥s✐❞❡rs t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ♦❢
♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s ❛♥❞ t❤❡ s❡❝♦♥❞ st❡♣ tr❡❛ts t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ♣❛r❛❧❧❡❧ ❜❛t❝❤✐♥❣
♠❛❝❤✐♥❡s ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s rj ✱ ✇❤❡r❡ ❡❛❝❤ t❡r♠✐♥❛❧ ♥♦❞❡ ♦❢ t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ tr❡❡
r❡♣r❡s❡♥ts ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ PB(m2)|rj |Cmax✳



▲❡t Σ ❜❡ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s❝❤❡❞✉❧❡s ❛t t❤❡ ✜rst st❛❣❡✳ ❊❛❝❤ σ ∈ Σ ✐♥❞✉❝❡s ❛ ❝♦♠♣❧❡t✐♦♥
t✐♠❡ C1

j (σ) ❢♦r ❡❛❝❤ ❥♦❜ j ∈ J ✳ ❚❤❡♥ ❢♦r ❛ ❣✐✈❡♥ σ ∈ Σ✱ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ♣r♦❜❧❡♠

PB(m2)|rj , GP = INT, k < n|Cmax ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ rj = C1
j (σ)✱ ∀j ∈ J ✳ ▲❡t Cmax(σ)

❜❡ t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ✈❛❧✉❡ ♦❢ ♣r♦❜❧❡♠ PB(m2)|rj , GP = INT, k < n|Cmax ❢♦r ❛ ❣✐✈❡♥
σ ∈ Σ✱ t❤❡♥ ❝❧❡❛r❧② s♦❧✈✐♥❣ t❤❡ ❤②❜r✐❞ ✢♦✇s❤♦♣ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ s❝❤❡❞✉❧❡
σ∗ ∈ Σ ✇❤✐❝❤ ✐s s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ C̃max(σ∗) = minσ∈Σ C̃max(σ)✳

✷✳✶ ❋✐rst st❡♣

■♥ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ♣r♦❝❡❞✉r❡✱ ✇❡ ❣❡♥❡r❛t❡ ❛ s❡t Σ ♦❢ s❝❤❡❞✉❧❡s ❢♦r
t❤❡ ✜rst st❛❣❡ ♦❢ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s ♣r♦❜❧❡♠✳ ❚❤❡ s❡t Σ s❤♦✉❧❞ ❝♦♥t❛✐♥s ❛❧❧ ♥♦♥ ❞♦♠✐♥❛t❡❞
s❝❤❡❞✉❧❡s✳ ❊❛❝❤ s❝❤❡❞✉❧❡ σ ♦❢ Σ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐st σ = (σ1, . . . , σn)✱ ❛♥❞ ❝♦♥✈❡rs❡❧②
❡❛❝❤ ❧✐st r❡♣r❡s❡♥ts ❛♥ ✉♥✐q✉❡ s❝❤❡❞✉❧❡✳ ■♥ ❢❛❝t✱ ❢♦r ❛ ❣✐✈❡♥ ❧✐st✱ ❛ s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ❜②
❛ss✐❣♥✐♥❣ t❤❡ ✜rst t❛s❦ t♦ t❤❡ ✜rst ❛✈❛✐❧❛❜❧❡ ♠❛❝❤✐♥❡✱ t❤❡♥ r❡♠♦✈✐♥❣ t❤✐s t❛s❦ ❢r♦♠ t❤❡ ❧✐st
❛♥❞ ❛ss✐❣♥✐♥❣ t❤❡ ♥❡①t t❛s❦ ♦❢ t❤❡ ❧✐st t♦ t❤❡ ♥❡✇ ❛✈❛✐❧❛❜❧❡ ♠❛❝❤✐♥❡ ❛♥❞ s♦ ♦♥✳

❈♦♥s✐❞❡r t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ tr❡❡✱ t❤❡ r♦♦t ♥♦❞❡ N0 ✐s s❡t t♦ ❛♥ ❡♠♣t② ❧✐st✳ ❆ ♥♦❞❡
N1

l ♦❢ ❧❡✈❡❧ l ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛rt✐❛❧ s❝❤❡❞✉❧❡ σ(Nl) = (σ1, . . . , σl) ♦❢ l ❥♦❜s ❛t t❤❡ ✜rst
st❛❣❡✳ ❊❛❝❤ ◆♦❞❡ ♦❢ ❧❡✈❡❧ n ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♠♣❧❡t❡ s❝❤❡❞✉❧❡ ❛t t❤❡ ✜rst st❛❣❡✳ ■♥ ♦r❞❡r
t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✱ ✇❡ ❞❡✈❡❧♦♣ ❞✐✛❡r❡♥t ❧♦✇❡r ❜♦✉♥❞s✱ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ❛♥❞
❛♥ ❛❞❥✉st♠❡♥t ♣r♦❝❡❞✉r❡ ❝❛❧❧❡❞ ❋❆P ✭❋❡❛s✐❜✐❧✐t② ❛♥❞ ❆❞❥✉st♠❡♥t Pr♦❝❡❞✉r❡✮ ✇❤✐❝❤ ✇❛s
✐♥tr♦❞✉❝❡❞ ❜② ●❤❛r❜✐✱ ✭✷✵✵✷✮✳

▲♦✇❡r ❜♦✉♥❞s ❈♦♥s✐❞❡r t❤❡ ♥♦❞❡ Nl✱ ❧❡t J ❜❡ t❤❡ s❡t ♦❢ s❝❤❡❞✉❧❡❞ ❥♦❜s ❛♥❞ ❧❡t J̄ ❜❡
t❤❡ s❡t ♦❢ r❡♠❛✐♥✐♥❣ ❥♦❜s✳ ❉❡♥♦t❡ ❜② t1, . . . , tm1 t❤❡ ❛✈❛✐❧❛❜✐❧✐t② t✐♠❡ ♦♥ ✇❤✐❝❤ ♠❛❝❤✐♥❡s
1, . . . ,m1 ❜❡❝♦♠❡ r❡❛❞② ❢♦r ♣r♦❝❡ss✐♥❣ ❥♦❜s ♦❢ J̄ ✳ ❚❤❡ ✜rst ❧♦✇❡r ❜♦✉♥❞ ✐s ❛ ❥♦❜✲❜❛s❡❞ ❧♦✇❡r
❜♦✉♥❞✱ ✐✳❡✳ LB1 = maxi∈J̄(tk + pi + ai) ✇❤❡r❡ tk = min{ti|i = 1, . . . ,m1}✳ ❚❤❡ s❡❝♦♥❞

❧♦✇❡r ❜♦✉♥❞ ✐s ❛ ♠❛❝❤✐♥❡✲❜❛s❡❞ ❧♦✇❡r ❜♦✉♥❞✱ ✐✳❡✳ LB2 = tk + pk +
CF BCLP T

max
(J̄)

m2

✇❤❡r❡

pk = min{pj |j ∈ J̄} ❛♥❞ CFBCLPT
max (J̄) ✐s t❤❡ ♠✐♥✐♠❛❧ t♦t❛❧ ❧♦❛❞ ♦♥ ❜❛t❝❤✐♥❣ ♠❛❝❤✐♥❡s ♦❢

✉♥s❝❤❡❞✉❧❡❞ ❥♦❜s J̄ ✱ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ ❋❇❈▲P❚ ❛❧❣♦r✐t❤♠✱ ❖✉❧❛♠❛r❛✱ ✭✷✵✵✼✮✳

❯♣♣❡r ❜♦✉♥❞s ❚♦ ❤❡❧♣ t❤❡ s❡❛r❝❤ ✐♥ ♦✉r ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ❛❧❣♦r✐t❤♠✱ t❤❡ ♠❛❦❡s♣❛♥
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❤❡✉r✐st✐❝ ❜❛s❡❞ ♦♥ ❏♦❤♥s♦♥ r✉❧❡s ✭❏♦❤♥s♦♥✱ ✭✶✾✺✹✮✮ t❤❛t ✇❡ ❤❛✈❡ ❞❡✈❡❧✲
♦♣♣❡❞ ✐♥ ❇❡❧❧❛♥❣❡r✱ ✭✷✵✵✼✮✱ ✐s ✉s❡❞ ❛s ❛♥ ✐♥✐t✐❛❧ ✉♣♣❡r ❜♦✉♥❞✱ ❛♥❞ ✇❤❡♥ ❛ ❜❡tt❡r s❝❤❡❞✉❧❡
✐s ♦❜t❛✐♥❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s ✉♣❞❛t❡❞✳

❉♦♠✐♥❛♥❝❡ r✉❧❡s ■♥ ♦r❞❡r t♦ s♣❡❡❞✐♥❣ ✉♣ t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ♣r♦♣♦s❡
❞♦♠✐♥❛♥❝❡ r✉❧❡s t♦ r❡♠♦✈❡ ❞♦♠✐♥❛t❡❞ ♥♦❞❡s ❢r♦♠ t❤❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ♥♦❞❡s t♦ ❜❡ ❜r❛♥❝❤❡❞✳
■♥ ♦✉r ❜r❛♥❝❤✐♥❣ s❝❤❡♠❡✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ♦♥ ❜♦t❤ st❛❣❡s✱
• ■❢ t✇♦ ❥♦❜s jk ❛♥❞ jk+1 ❤❛✈❡ ❡q✉❛❧ ♣r♦❝❡ss✐♥❣ t✐♠❡s ♦♥ ❜♦t❤ st❛❣❡s✱ t❤❡♥ ❥♦❜ jk+1 ✐s
♥♦t ❛ ❝❛♥❞✐❞❛t❡ t♦ ❜❡ ❛❞❞✳

• ■❢ ♣r❡✈✐♦✉s ♠❛❝❤✐♥❡ st❛rts ❜② t❛s❦ jk✱ t❤❡♥ ❝✉rr❡♥t ♠❛❝❤✐♥❡ ❤❛s t♦ st❛rt ❜② ❛ t❛s❦ jl

✇✐t❤ l > k✳

✷✳✷ ❙❡❝♦♥❞ st❡♣

❋♦r ❛ ❣✐✈❡♥ ❧❡❛❢ ♥♦❞❡ N ′ ♦❢ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞✱ ❛ ❝♦♠♣❧❡t❡ s❝❤❡❞✉❧❡
♦❢ t❤❡ ❥♦❜s ✐s ♦❜t❛✐♥❡❞ ❛♥❞ ❢♦r ❡❛❝❤ ❥♦❜ ✇❡ ❤❛✈❡ ✐ts ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ❛t ✜rst st❛❣❡✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❧❡❛s❡ ❞❛t❡ ❢♦r t❤❡ s❡❝♦♥❞ st❛❣❡✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ ❜r❛♥❝❤ ❛♥❞



❜♦✉♥❞ ♣r♦❝❡❞✉r❡ ❝♦♥s✐❞❡rs t❤❡ ♣r♦❜❧❡♠ PB(m2)|rj , GP = INT, k < n|Cmax✳ ❚❤❡ ♥♦❞❡
N ′ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ r♦♦t ♦❢ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ tr❡❡ ❛♥❞ ❡❛❝❤ ♥♦❞❡ ❞❡s❝r✐❜❡s ❛ ❧✐st
♦❢ ❜❛t❝❤❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♥♦❞❡ N2

l ♦❢ ❧❡✈❡❧ l ♦❢ t❤❡ st❡♣ t✇♦✱ ❞❡s❝r✐❜❡s ❛ ❧✐st ♦❢ ❜❛t❝❤❡s
❝♦♥str✉❝t❡❞ ❜② ❛❞❞✐♥❣ ❜❛t❝❤ BN2

l

♦❢ ✉♥s❝❤❡❞✉❧❡❞ ❥♦❜s✱ t❤✉s ❛❧❧ ❝♦♠❜✐♥❛✐s♦♥ ♦❢ ❝♦♠♣❛t✐❜❧❡
❥♦❜s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚♦ ❧✐♠✐t t❤❡ s✐③❡ ♦❢ t❤❡ tr❡❡ ✇❡ ✉s❡ s✐♠✐❧❛r ❧♦✇❡r ❜♦✉♥❞s ❞❡s❝r✐❜❡❞ ❢♦r
t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞✳ ❙♣❡❝✐✜❝ ❞♦♠✐♥❛♥❝❡ r✉❧❡s ✇❤✐❝❤ ❝♦♥s✐❞❡r✐♥❣ ❜❛t❝❤
♣r♦♣❡rt✐❡s ❛r❡ ❛❧s♦ ✉s❡❞ t♦ ❧✐♠✐t t❤❡ s✐③❡ ♦❢ t❤❡ tr❡❡✱ ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
• ■❢ t❤❡r❡ ✐s ❛♥ ❛✈❛✐❧❛❜❧❡ ❥♦❜✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❝✉rr❡♥t ❜❛t❝❤ B ✇✐t❤♦✉t ❛♥②
❝❤❛♥❣❡ ♦♥ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ B✱ B ✐s ♥♦t ❝❛♥❞✐❞❛t❡ t♦ ❡①t❡♥❞ t❤❡ ❧✐st ♦❢ ❜❛t❝❤❡s✳

• ▲❡t cbj = max{tk, rj} + aj ❜❡ t❤❡ s♠❛❧❧❡st ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ ❛ ❝❛♥❞✐❛t❡ ❜❛t❝❤ B̄

❝♦♠♣♦s❡❞ ❜② ❛♥ ✉♥s❝❤❡❞✉❧❡❞ ❥♦❜s ❛♥❞ ❝♦♥t❛✐♥s ❛♥ ✉♥s❝❤❡❞✉❧❡❞ ❥♦❜ j✱ ✐❢ ❛♥ ♦t❤❡r ❜❛t❝❤
B ❤❛s ❛ r❡❧❡❛s❡ ❞❛t❡ ❣r❡❛t❡st t❤❛♥ cbi✱ t❤❡♥ B ✐s ♥♦t ❝❛♥❞✐❞❛t❡ t♦ ❡①t❡♥❞ t❤❡ ❧✐st ♦❢
❜❛t❝❤❡s✳

✸ Pr❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ❝❛rr✐❡❞
♦✉t s❡r✐❡s ♦❢ ♣r❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❝♦❞❡❞ ✐♥ ❈✰✰ ❧❛♥❣✉❛❣❡✱ ❛♥❞ r✉♥s
♦♥ ❛♥ ■♥t❡❧ P❡♥t✐✉♠ ▼ ✶✱✺ ●❍③ ❛♥❞ ✺✶✷ ▼❇ ❘❆▼✳ ❚❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡s ♦❢ ❥♦❜s ❛t t❤❡
✜rst st❛❣❡ ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ [5, 100]✱ ❛♥❞ ❛t t❤❡ s❡❝♦♥❞ st❛❣❡
t❤❡ ✐♥✐t✐❛❧ ❡♥❞♣♦✐♥ts aj ♦❢ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧s ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ✉♥✐❢♦r♠
❞✐str✐❜✉t✐♦♥ [5, 100]✱ ✇❤❡r❡ t❤❡ t❡r♠✐♥❛❧ ❡♥❞♣♦✐♥ts bj ❛r❡ ❣✐✈❡♥ ❛s bj = aj + 0.05 × aj ✳ ❲❡
t❡st❡❞ ✐♥st❛♥❝❡s ✇✐t❤ ✺ ♠❛❝❤✐♥❡s ❛t ❡❛❝❤ st❛❣❡ ❛♥❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ ❜❛t❝❤ ✐s ❡q✉❛❧ t♦ ✷✳
❚❤❡ ♣r❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ✐♥st❛♥❝❡s ✇✐t❤ ✶✷ t❛s❦s ❛r❡ s♦❧✈❡❞ ❡❛s✐❧② ✐♥ ❛ ❢❡✇
s❡❝♦♥❞s✳ ▼♦r❡ ❡①♣❡r✐♠❡♥ts s❤♦✉❧❞ ❜❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ✜♥❛❧ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳

❘❡❢❡r❡♥❝❡s

✶✳❆✳ ❇❡❧❧❛♥❣❡r✱ ❡t ❆✳ ❖✉❧❛♠❛r❛✳ ✭✷✵✵✼✮ ❋❧♦✇s❤♦♣ ❤②❜r✐❞❡ ❛✈❡❝ ♠❛❝❤✐♥❡s à tr❛✐t❡♠❡♥t ♣❛r ❜❛t❝❤
❡t ❝♦♠♣❛t✐❜✐❧✐té ❡♥tr❡ ❧❡s tâ❝❤❡s✳ ❋❘❆◆❈❖❘❖ ❱ ✴ ❘❖❆❉❊❋✬✵✼✱ ▲✐✈r❡ ❞❡s ❛rt✐❝❧❡s ✿ ✷✶✲✸✺✳

✷✳❏✳ ❈❛r❧✐❡r ❛♥❞ ❊✳ ◆ér♦♥✳ ✭✷✵✵✵✮ ❆♥ ❡①❛❝t ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ♠✉❧t✐♣r♦❝❡ss♦r ✢♦✇s❤♦♣✳
❘❆■❘❖✲❖♣❡r ❘❡s✳ ✼✽ ✿ ✶✹✻✲✶✻✶✳

✸✳❆✳ ●❤❛r❜✐✱ ▼✳ ❍❛♦✉❛r✐✳ ✭✷✵✵✷✮ ▼✐♥✐♠✐③✐♥❣ ♠❛❦❡s♣❛♥ ♦♥ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s s✉❜❥❡❝t t♦ r❡❧❡❛s❡
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