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Bruno Scherrer
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Abstract

In reinforcement learning, an agent collects
information interacting with an environment
and uses it to derive a behavior. This pa-
per focuses on efficient sampling; that is,
the problem of choosing the interaction sam-
ples so that the corresponding behavior tends
quickly to the optimal behavior. Our main
result is a sensitivity analysis relating the
choice of sampling any state-action pair to the
decrease of an error bound on the optimal so-
lution. We derive two new model-based al-
gorithms. Simulations demonstrate a quicker
convergence (in the sense of the number of
samples) of the value function to the real op-
timal value function.

Shie Mannor
LIDS, MIT
Room 35-406
77 Massachussetts Avenue
Cambridge MA, 02139-4307

tually going to a similar risky environment (e.g. on
Mars) (Bernsteiret al., 2001). Another case where per-
formance during training is irrelevant ieurodynamic
programming(Bertsekas and Tsitsiklis, 1996), where
reinforcement learning methods are used to solve very
large MDPs in simulation. Tackling this sampling issue
is all the more relevant when sampling has a high cost
(in the robot example, interacting with the world costs a
lot of time and energy). In all these problems, we want
the computed behavior to tend to the optimal behavior
quickly with the number of samples

Our approach is the following: we first derive a con-
fidence bound on the optimal value function, then we
make a sensitivity analysis relating the choice of sam-
pling any state-action pair to the tightening of this confi-
dence bound. Our main result is Theorem 3, where we
actually predict how sampling in a given state-action
pair will tighten the confidence bound. With such an
analysis, an agent can, step after step, choose to sample

the state-action pair that will tighten its confidence on
its behavior quality the most. Going even further, sec-
In reinforcement learning, an agent collects informatiotion 5 introduces an Error MDP, whose optimal policy
interacting with an environment and uses it to deriveorresponds to the best sampling strategy for tightening
a behavior. This paper focuses on efficient samplinghe confidence bounid the long-term

that is, the problem of choosing the interaction SaMYost work in reinforcement learning sampling analysis

ples so that the corresponding behavior tends quickly %ertsekas and Tsitsiklis. 1996: Even-Oiral. 2003:
i ) 1 " i)

Ejh; opU;nfaI betrllawor."'l'khe problerln W(ta. con5|d|er_th(ta.re earns and Koller, 1999; Kearns and Singh, 1998) rely
erent irom the wetl-known exploration-explortation , , 4, maximund ., norm. Though sufficient for many
dilemma (Kumar, 1985), in which an agent wants to

llect inf tiorwhil timizing its int " | convergence resultd,., bounds are often disappoint-
fr?. ectinforma |0n_/\(/j |etr(1)p |m|2|n%| S Therac 'O?' n i ing as they don't give a precise picture of where and
NIS paper we considerine case wnere tn€ agentwan y the approximation is bad. In this paper, we pro-
find the samples that will allow it to tend to the optimal

behavior with fewer samplemhile not caring about it vide a confidence bound with respect to thenorm.
ehavior ewer sampleginiienot canng aboutlts g,y a hound allows us to have a more precise insight
exploration performance.

of whereandhow muchn the state-action space, sam-
A typical setting where the present work might be usepling error on the parameters R and T incur a global
fulis when the agent hasmacticeepoch at its disposal cost on the value function.

when its performance does not matter. For instance, paper is organized as follows. Section 1 presents

gn?ht be a comp;ll:_ter cﬁsm?hpl?yer Wh'%h 'Sk pGracucmghe core of reinforcement learning: we briefly present
clore a competition like the famous bBack- amrno'i]hetheoryofoptimal control with Markov decision pro-

TD-player (Tesaurp, 1995), or a robot which learns Messes (MDPs) and the certainty equivalence method
a non-harmful environment (e.g. on Earth) before ac-
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for reinforcement learning. Section 2 reviews recent reamount of rewards if one does actianfrom state
sults for analyzing approximations in the MDP frames and then follows the policyr: Q™ (s,a) def
work. In section 3, we apply this analysis to the rein- o i aift=0
forcement learning problem and prove the key theoreffr | 2oi=0 7 B(st:at)| so = s, ar = { (s;) else ]
of this paper: Theorem _3 shows how t_o esur_nate thgnd satisfies: Q™ (s, ) def E[R(s,a)] +
effect of sampling a particular state-action pair on the S T(s, a, 8 )V (s)
approximation error. Section 4 then describes two new &+ Y '

algorithms that are based on this key theorem. Sectidgiven these notations, the optimal control problem
5 illustrates experimentally and discusses the results afnounts to finding an optimal policy* whose value

these algorithms. Finally, section 6 provides a discud<*, called the optimal value function, is the greatest

sion of the related literature. for all states: Vs € S, V*(s) = max, V"™ (s).
Such an optimal policy exists and its value func-
1 Themodd tion V*, is the unique fixed point a contrac-

tion mapping, so that for all states V*(s) =

/ * /
Markov Decision processes (MDP) (Puterman, 1994%13){“ (B[R(s, a)] + 725 T(s5, 0, 8)V*(s") 1;2?

provide the theoretical foundations of challenging probcorresponding  optimal Q-fu/nctionQ*(s, a) =
. aps e . . * 1 1

lems to researchers in artificial intelligence and operdE[R(s, )]+ 732, T(s,a,s)V"(s") s  partic-

tion research. These problems include optimal contréflarly interesting as it enables us to derive a

and reinforcement learning (Sutton and Barto, 1998). deterministic - optimal - policy 7*(s) as follows:
o ) m*(s) = argmax, Q*(s,a). A standard algorithm for
A Markov Decision Process is a controlled stochastigg|ying optimal control is Policy Iteration (Puterman,

process satisfying the Markov property with rewards 9g94) which converges to the optimal solution in a
(numerical values) assigned to state-action pairs. Fofipite number of iterations.

mally, an MDPM is a four-tuple(S, A, T', R) whereS _ _ _ _

is the state spacey is the action spacd is the tran- The reinforcement learning problem is a variant of
sition function andr is the reward functionT" is the ~Optimal control where the MDP parameter8 @nd
state-transition probability distribution conditioneyl b 1)) are initially unknown, and therefore must be esti-

the action; for all state-action paifs, a) and possible mated through sample experiments (Sutton and Barto,
1998). While optimal control only involves planning,

r def — e —
subsequent stateS: T'(s, a, 5) = Plsiy1 = s'lse = reinforcement learning involves both learning (estima-

cs:br?és:oarzaf t(s 7t?1)e€inlthaluswtth?erc?Sg ?g/v\;?:il?g:ii?:haﬂ?n of the parameters) and planning and is therefore
! pond KIng gslightly more difficult problem. A standard and nat-
tiona € A in stateS. We assume throughout this pa-

. X ral solution his problem, known h rtain
per thatR is bounded. Then, without loss of general-u al so ution to this problem, kno as the certainty
; L ) . ; quivalence method (Kumar and Varaiya, 1986), con-
ity, we also assume that it is contained in the interval o . imating th K d
(0, Ronas) Sists in estimating the unknown parameté&snd 7',
maz /e and then deriving a policy from these estimates. Let
Given an MDP (S, A, T, R), the optimal con- #(s,a) be the number of times one has taken action
trol problem consists in finding a sequence ofn states. Let #(s,a,s’) be the number of times one
actions (ag,a1,as,...) that maximises the ex- arrived in states’ after having taken action in state
pected long-term discounted sum of rewardss. Let XR(s,a) be the cumulative amount of rewards
E[> o' R(st,a¢)|so =s, a;) where the ex- received when taking actiom in states. The idea of
pectation is over the runs of the Markov chain inducethe certainty equivalence method is to solve the MDP
by (ag,a1,as,...), andy € (0,1) is a discount M = (S, A, T, R) where

factor. A well-known fundamental result is that an . def LR(s,a) . . def #(s,a,8")
optimal sequence of actions can be derived from d%(5:@) = #(s,a) and7'(s,a,s') = #(5,a)
deterministic functiont : S — A, called policy, (1)

which prescribes which action to take in every stateare the maximum-likelihood estimates Bfand7". Af-

The value function of a policyr at states is the ter a finite number of samples, choosing the optimal
expected long-term discounted amount of rewardgolicy given this empirical model is clearly an approx-
if one follows policy = from states: V7(s) def  imation. The next sections provide an explicit analysis
E (32020 R(se, ai)| s0 = 5, ap = m(st)] where Of this approximation.

the expectation is over the runs of the Markov chain

induced byr, and satisfies for all states V7(s) Y 2 The approximation error

E[R(s,m(s))]  + 2y T(s,7(s),s)V7(s).

The Q-function of a policy # for state-action In this section, we review some recent general results
pair (s,a) is the expected long-term discountedabout approximation in MDPs. We will apply them to



the reinforcement learning case in the next section. Note that, in contrast to the optimal value function
which depends upon the real transition functibnthe
approximation errord&™ and E* depend upon the es-
timate transition functio”. These approximation er-

ror n th il m . In he theorem
where B, often referred to as the Bellman operator. ors can thus be easily computed. Indeed, the theore

. ve have just described can be practically exploited in
returns for any real-valued functidi¥ on S, and any . S :
def  the following manner. Given(s, a) for all state-action

actiona, a new real-valued function of [B,W](s) = pairs(s,a) (we show in the next section how to derive
E[R(s,a)]+7 22, T(s,a,s")W(s"). Consider that, in- sy ch a quantity), the error poliey. = arg max, e(s, a)
stead of using this Bellman operatdf,, we use @ can be derived in a straightforward way. Then the ap-
slightly different Bellman operatoB,, which for any  yroximation errorE*, and the policyrr; can be com-
real-valued function” on S, and any actiom, returns  puted with an algorithm similar to Policy Iteration (see
the following function ofs : [B,W](s) def R(s,a) + algorithm 1). By using the triangle inequality, it is also
v, T(s,a,s")W(s'). We shall callB, the approxi-
mate Bellman operator as it is based on some approf!gorithm 1 Er r or

imate parameter® and7’. For any policyr, let V™ Input: a state spacé, an action space, an approxi-
be the value of the policy based on these approximate mate7’, an upper bound on the one-step errpthe
parameters. Similarly, lét* be the corresponding op-  policy 7., and a discount factoy

timal value function and* the corresponding optimal Output: the approximation error E and the poligy;
policy. In the remaining of this section, we show how Initialize =g arbitrarily

to analyze the error due to usits}, instead of33,. repeat

1. Find the solutio{E(s1), E(s2), ...) of the lin-
ear system Which satisfies for all staﬁes

Recall that, in the discounted optimal control problem
we want to find the optimal value functiori* which
satisfies for all states: V*(s) = max, [B,V*](s)

Suppose(s,a) is an upper bound of the error if using
the apprommatel parameters to operatF on the real op- E(s) = e(s, mo(s)) + Z s, mm(s), 8 )E(s)
timal value functionl/*: ‘[BaV*] (s) — [BaV*](s)‘ < ves
e(s,a). As e measures how much error applying once 2. Update the policyr, for all states s:
the approximate Bellman operator will incur, we call - , ,
it the 1-step error. Though in practice, the 1-step er- m(s) < B TEX Z T(s.a,s")B(s)

. rp . . . s’eS
ror might be difficult to estimate as it depends on un- until convergence
known quantities B, andV*), next section will show

how to estimate it in the reinforcement learning Caseeasy to derive a bound on the distance betweerethie

Let 1 be the indicatrice function. For any transition, o, 1o of the optimal policy* and thereal value of the

functionT" and any policyr, let IT=7E be the discounted optimal policyn* derived from the approximate model:
sum of occupations of the dynamical system whose dy-

namics is characterized By andr; I _is the solu- [|[V* =V ||} < [|[V* =V*|i + |V = V™ ||y < | E|x
tion of a linear system of sizg5|: Vs € S I7 (s) = 2
1+, T(s',w(s"), ) I7 . (s). The following theo-  with E ) g+ BT, andtorelate it to the 1-step error:
rem (Munos and Moore, 2000) allows to compute thea”E||

1

approximation error: Pe(s.0) ~ = Vo (N gy (8)F W gamien ()} 1o ()

Theorem 1 ®)
1) Given a policyr, if E™(s) satisfies for all states,

E™(s) = e(s,m(s)) +7 %2, T(s,n(s), ') E™(s') then 3 Thesampling error

for all statess, |[V7(s) — V7 (s)] < E™(s). . i )
2) If E*(s) satisfies for all statess, E*(s) = Thte analysis otf)the gre\;]lﬁ)us S?Ct'?r? shO\t/ys h|OW tlp cor?—
. . pute an error bound while using the optimal policy o

maxg (s, a) + ymax, (AZS’ T(s,a,s)E(s") ) then the approximate model given the 1-step eerom this
for all statess, |[V*(s) — V*(s)| < E*(s). section, we provide two key theorems that link the ap-
3) We can quantify the relation between the 1-step errgsroximation analysis and reinforcement learning. The
e and these approximation error bounds: proofs are deferred to the appendix.
%\\Ef'\\l = 1 I. (s) and oIE | _ o

e(s,a) ta=n(s)} 1w de(s,a) Our firstimportant result shows how to relate the 1-step

Wamr. ()31 . () Wherer,(s) def argmax, e(s,a)  €rrore to the amount of sampling (s, a) in each state-
e 7\'E*

and g« (s) = arg max, (ZS, T(s,a, s’).E*(s’)) action(s, a):
are the policies that incur the worst errors in the equa-Theorem 2
tion characterizingt*. Fix § > 0. Then with probability at least — 9, for all



state-action pairgs, a): 4 Two sampling algorithms

‘[BaV*] () [BQV*](s)‘ < A This section provides two new algorithms for efficient
#(s,a) sampling in reinforcement learning that are based on

the analysis of the previous sections. We consider two
where \ def Rz (1 + ﬁ) and u df  cases, the off-line case and the online case. In the off-
- line case, the agent can sample any action from any

\/% log w are two constant numbers. state whenever it wants to. The on-line case is a bit

more tricky: at any time, the agent is in one state, it
. def chooses an action and then gets to a new state and can
As a corollary, if we set(s, a) = V#(s,a) only sample from this new state; the on-line case is in
derive X as described in previous section (see Equatiopther words constrained by the real interaction dynam-
2), we obtain thafV* — V7" ||; < || E||; with probabil- ics.
ity at leastl — 4. In other words, this analysis provides aLI_

confidence bound on the quality of the policy given the he_ off-line case algorithm (see algprlthm 2) is rather
number of samplegt(s, a) in every state-action pair. straight-forward. It can be used with any of the two

, and if we

Because in the analysis so far, we have considered thégorithm 2CGf f -1 i ne sanpl i ng

Ly norm instead of the usudl,, norm, we can pre- |nput: astate space S, an action space A and a discount
dict the effect of sampling on the error boundls > factor~y

[V* — V*andE > [V* — V™| we introduced in  Output: an approximate value functidn, a policy,

the previous section (Theorem 1 and Equation 2). Sup- and a confidence bourfd

pose the agentis about to sample some state-action pailnitializations: R(S,a) — 0, T(S,a,s’) = 0,
(s,a). Before it does so, the agent has upper bounds ¢(s, a) < +o0, 7, arbitrary.

of the error||E*||; and || E||; which hold with high repeat

probability. After the agent has actually sampled, it (V,#) « Sol veNDP((S, A, T, R),~).

might compute new error bounds’*||; and | E’||;. (E,mg) — Error(S,A,T, e 7).

Let A||E*|; def |E™|1 — |[E*|. and A||E|; def Compute one of the score functioSiés, a) for all

|E'||l, — ||E|, be the variations of these error bounds (s, a) (Equation4or5). o
when sampling some state-action pair. Let us also de- Sample the state-action pair, a) that maximizes

. : def 1 1 . S(s,a). A R
fine the functionf (k) = “z= — 77 We can predict Update the parametefs, a) and7'(s, a, .) given

the evolution of the error bounds without actually hav-

. . . the observed result of sampling (Equation 1).
ing to compute them for all state-action pairs:

Update the error parameter, a) andn. (s, a).

Theorem 3 until stopped

Fix 6 > 0. Then with probability at least — §, sam- _ . .
pling actiona in states will affect the error bounds as score functionS* andS defined just after Theorem 3.

follows: At each iteration, the agent computes the approximate
f L on value function, derives the corresponding error bound,
Al = 87(s,a) + 0 (f(#(s, a))) estimates the effect of sampling (this involves 2 linear

A|E|1 = S(s,a) + o (f(#(s,a))) systems inversions f&* and 4 forS), and samples the

state-action pair that will decrease the approximation

with error bound the most.

* def
§(5,0) = Miamr. () 7,2, () G5 0L ) 11 the on-line case, one wants the agent to take a se-
def uence of actions that minimizes the approximation er-
Ssa) = A (Jj{G:We(SHITWE(SH ®) (rqor in the long-term. Indeed, the agen?rr)]eeds not only
Vgamie (o)) I ﬁ*(s>) |F(#(s,a))| choose the best current sample, it must also plan to go
' to regions of the state space where sampling is use-
ful. To do so, we introduce an Error MDRAS =
As f is quickly decreasing to (f(k) ~ k=% when (S, A,T,S), whose optimal policy maximizes the long-
k — o0), theo(.) term is more and more negligible term decrease of error (see algorithm 3). Here we con-
as the number of samples grows. This fundamental rsider the score& but our arguments are similar fér .
sult prescribes to sample the state-action paic) for  If the agent follows the optimal policy of this Error
which the scoresS(s,a) or $*(s,a) are the biggest. MDP, it should expect to maximize the discounted sum
We show how to practically exploit this information of error decreasey_,” ,v'S(s:,a:). As every new
through two algorithms in the next section. sample might change the scaethe Error MDP must



Algorithm3On-1i ne sanpling and we randomly chose a starting state. We measured,
Input: a state space S, an action space A, a startirgpmple after sample, the efficiency of the 4 different

states, and a discount factoy exploration strategies by computing 1) tteal relative
Output: an approximate value functidri, a policyn,  distance between the real optimal value function and
and a confidence bourd . the approximate optimal functiof* </ Ll and
Initializations:  R(s,a) — 0, T(s,a,s') = 0, 2) thereal relative distance between the real optimal
e(s,a) < +o0, T arbitrary. value function and the real value of the approximate
repeat optimal policyC' </ W Recall that| E*(|;

(V,#) « Sol veNDP((S, A, T, R), ). _ .
(E,mp) — Error (S, A, T, e, w0, 7). (resp. ||[E'||1) constitutes an upper bound p¥*||,C

Compute one of the score functiofigs, a) forall ~ ("€SP- [[V*[11€), and that using scor&™ (resp. 5) is
(s,a) (Equation 4 and 5). aimed at reducin E*||; (resp.||E|1). In figure 1 and

- 2, we display a typical performance evolution ©f
oy Teaplore Sol veMDP({S, A, T, S),~). . . N
I(Ex7erc1j)tle tf?etactiom o (<l (s) »7) andC for the offline and the online cases; this gives 4
explore .

Update the current state, and the parameters sub-figures by problem. We show the performance evo-
R(s a) andT(s a,.) (Equation 1) lution for the 4 different exploration strategies: using

Update the error parameter§;, a) andrm. (s, a). scor&_S‘ , using score_S‘, exhaustive sampling, random
: sampling; this thus gives 4 curves. For each curve, we
until stopped 4 . . . .
ran the simulations 20 times and display the median and
the ranges (after having removed the 4 worst and best

. . . I . For all th , th icker th t
in theory be solved at each time step. The choice c\{ﬁ ues). For all these curves, the quicker they go to

: ) . . ; e better.

one action (which thus involves solving an MDP) might
look like a heavy computation. Nevertheless, it is easf first glance at figures 1 and 2 leads to the following
to see that after sampling actiarin states, any score general observation: the scoseis better thanS* for
S will at most vary byfi—*; (#(s,a)). Let V;° denote decreasing” and C*. This is somehow surprising, as
the optimal value function of the Error MDR4S at S Was designed to minimiz€ while 5 was designed
timet, then||VS, — VS|l < ~2L f(#(s,a)). In 1© minimizeC*; indeed, one would have expected that
other,words V\Tr:ille tirr:e O(o)e; éﬁ:&griaﬂon"qﬁ . ets using &* would be more efficient for decreasing'.

' goes, g We think that the reason why this effect stands is re-
Sted to the fact that the scofedepends upon the cur-

olution of M at timet + 1 with its solution at timet rent approximate optimal police* whereass* does
will speed up the process. We study the practical effi- pp P policy

. . . . not (compare definitions of andS* in Theorem 3).
ciency of these algorithms in the next section. Thus, the current knowledge of the approximate opti-

mal policy7* tends to favour sampling along the state-
5 Experiments action pairs which belong t6¢*, and therefore can be
seen as a heuristic that accelerates the convergence.

We have experimented our two algorithms, each Withpe our main experimental result is the following:
the two possible score criterd andS, and compared ), algorithms with scorés lead to a clear quicker
them to two standard sampling approaches: 1) Randogacrease of* than both standard approaches for all
Sampling: At any iteration, one chooses an action problems (see figures 1-a, 1-b, 2-a, 2-b). If we con-
uniformly at random inA (in the offline case, one also giger the error measuré€, our algorithms lead to a
chooses; uniformly at random). 2) Exhaustive Sam- ey improvement n all cases except figure 2-b’ where
pling: Atany iteration, one chooses the actio(in the  {here does not seem to be a significant improvement,
offline case, the state-action pdi, ) that has been ihqygh there is actually one (figures 2-b and 2-b’ cor-
experienced the less. respond to two measures of the same experiments and

We considered two classes of problems: 1) Rando#h€ improvementis clear far™ in figure 2-b.).

Grid MDPs: We created a set of randdimx 5 grid  \jore general observations can be derived from all the
MDPs, with4 actions, where transitions are local: theexperiments we have run and whose results are not
next-state distribution from the state of coordinategpqown in this paper. The convergence acceleration is
(z,y) on the grid only includes the statér = 1,y £ 4ways smoother and easier to notice for the relative
1)}. 2) Howard's Automobile Replacement problem:yisiance between the approximate value function and
We consider this 40-state 41-action MDP as it is dege yeq| optimal value functiort(*) than for the relative

fined in (Howard, 1960), because it often stands for gistance between the real value of the approximate opti-
test-bed in the optimization literature. mal policy#* and the optimal valug). The reason for

In all experiments, we set the discount factaio 0.99 €' to show less clear improvement is probably related




(a) C*=|V*-V|/V* for Off-line Grid MDP 5*5 (a) C*=|V*-V|/V* for Off-line Howard
0.07 S 0.11 g
> [ —— > 0.1 = S* beeeea ]
Z 006 Exhaustive - = L o Exhaustive x|
[ s 009 .
£ Random = £ M Random ==
8 0.05 1 g 0.08 ! i
o o 1
Q 0.04 : Q 0.07 b
I L Lk 4
£ o003t : g 0% L*T
a o 004} . 1
g ooz} 2 oo03} I % ] ]
< © L Pl a0 . |
2 oot g 00 { SR e Lo T
0.01 F P PRI png
0 L L L L L 0 L L L L L
0 5000 10000 15000 20000 25000 30000 500000 1le+06 1.5e+06 2e+06 2.5e+06 3e+06
Number of samples Number of samples
(a’) C=|Vv*-V(pi)|/V* for Off-line Grid MDP 5*5 (a,) C=|Vv*-V(pi)|/V* for Off-line Howard
0.1 S 0.07 d
> 009 S* e > S* oo
S 008l Exhaustive x| 3 : ; Exhaustive x|
= : Random & = Random &
& 007 1 g \ 1
2 006+ 1 e % ]
3 3 1
§ 0.05 g § o
Z 004 ) ] z ]
2 003} 1 2 002} 1
& L % ] S
g 0% g oot B 1
0.01 | - T . . i B A
o S R A el A oL ‘ ‘ ‘ ‘
0 5000 10000 15000 20000 25000 30000 500000 1le+06 1.5e+06 2e+06 2.5e+06 3e+06
Number of samples Number of samples
(b) C*=|V*-V|/V* for On-line Grid MDP 5*5 (b) C*=|V*-V|/V* for On-line Howard
0.08 S 0.5 g
> 007 L S > 045 S e
= ' Exhaustive :x- = Exhaustive :-x-
g 0.06 Random = ] g Random = R
o o '
035 [ ¢ 1
o 005 ] o
@ @ 0.3 Th 1
e 004 g 2 I
% % 0.25 | i . ]
8 o003 1 8 o2l R |
g il g i L S
g °%2r | ] 8 oy ; o, 1
o) o I TN e g
x© 001 ‘ o 0.1 1 I TN ne
0 . LV 0.05 . . . ! ‘i : 3 I
0 5000 10000 15000 20000 25000 30000 ' 50000 100000 150000 200000 250000 300000
Number of samples Number of samples
(b’) C=|V*-V(pi)|/V* for On-line Grid MDP 5*5 (b’) C=|V*-V(pi)|/V* for On-line Howard
0.18 Y 0.07 P
> 016 r S* reewet 4 > S¥ oo
3 Exhaustive «--x-- 3 0.065 . . Exhaustive -
£ 0.14 Random o R £ i 1. ; Random =
B 3 0.06 [ ‘ 1
& o012} 1 s i ;
e =] B i -
@ 01t 1 @ 0055 b L o
g g 3 ‘ *in i
g 008r| 1 g o005} He
0.06 1 4 1§ S TH i
E 2 0045 | e I
B 004 I 1 B NS
€ ooz H I . 1 ¢ 004f ol
0 *i¢ I’i‘)@j jkﬂ Lk S i 0. I I I I I ‘ -
0 5000 10000 15000 20000 25000 30000 50000 100000 150000 200000 250000 300000
Number of samples Number of samples

Figure 1. Error measure evolution for Random Grid~igure 2: Error measure evolution for Howard’s auto-
MDP simulations: a (resp. a’) shows* (resp.C) for  mobile replacement problem simulations: a (resp. a’)
the off-line algorithm; b (resp. b’) shows* (resp.C) showsC* (resp.(C) for the off-line algorithm; b (resp.
for the on-line algorithm. b") showsC* (resp.C) for the on-line algorithm.



to its more general complex shap@:only changes by gorithm samples uniformly in the actions that have not
discontinuous jumps each time a new sample leads tda@en eliminated yet), the authors show that an eventual
change of the approximate poliéy. Another general non uniform sampling strategy is better than the ran-
observation is that the efficiency for decreasitigby dom sampling strategy. As we also derive confidence
our algorithms with scoré is usually more striking for bounds on the policy, we could have incorporated an
theon-linereinforcement learning problem than for theaction elimination procedure in our algorithm. We de-
off-line case (compare for instance 2-a and 2-b). This isided not to do so. Indeed, our simulations show that
particularly interesting, as it is likely that problems forjust our gradient-based approach can be efficient for re-
which samples have a high cost are afgoline prob- ducing the number of samples. A natural subsequent
lems. work will evaluate the combination of action elimina-
tion with our gradient approach in the minimization
of sampling we considered in our paper, and in the

6 Discussion exploration-exploitation dilemma.

We showed through simulations in the previous sectiof’®M @ computational viewpoint, our algorithms (espe-
that our algorithms can in practice speed-up the cor‘F—'a”y the on-line algorithm) require, for choosing every
vergemce towards the optimal value function and thB€Xt Sample, to solve a couple of MDPs and to invert

optimal policy. We here discuss our contributions 1t couple Of linear _system_s. We_ {ilready argued that it
the literature. would be, in practice, quite efficient to use the solu-

tions of the Error MDP at time, as a starting point for
This work can be seen as an extension ofthenorm  finding the solutions at time + 1. Considering this
error analysis of (Munos and Moore, 2000) referred teomplexity, we would like to stress here the fact that
in this paper as Theorem 1, to the reinforcement learihere is a potential leverage on what we might call a
ing problem. A key issue in such an approach is to esomplexity-quality trade-off. Because all the computa-
timate in a sound way the 1-step error which dependgons we consider (for the MDPs as for the linear system
upon unknown parameter{ andV*). The work we inversions) are contraction mapping fixed points, it is
have presented in this paper shows that, for the reigtraightforward to imagine variations of these compu-
forcement learning problem, standard tools of the staations, where one just applies a small number of (pos-
tistical theory allow us to derive an upper bound of thissibly asynchronous) back-ups of the contraction oper-
1-step error which is true with high probability, and weators and use the corresponding approximate solutions
can consequently exploit the strength of thenormer-  for choosing the samples. This leverage principle for
ror analysis as explained in (Munos and Moore, 2000)kontraction mapping was used many times in the re-

The idea of optimizing the choices of samples basei&forcement learning literature (for instance, one can

on a gradient descent of the error on the value fundhink of the DYNA architecture (Sutton, 1991) as an

tion was also suggested in (Munos, 2001). However thaSynchronous version of the natural certainty equiva-

approach of the author for analyzing the error is quit nce method introduced n section 2). Here again for
different; from our viewpoint, the most important dif- the curren_t paper, we dec!ded not to over-com-ple>.<|fy
ference is that the author does not provide any conﬁhe analysis with such details so that the theoretical jus-
dence bounds on the approximate policy value, or eVéHIC&IIOI’IS of our algorithms remain clear, and_ also so
on the approximate value, which might be crucial inth_at we could analyze_ _th_e Very process of doing sam-
practice for deciding when it is reasonable to stop san?—“n_g based ona sensquy aqalygs without perturbing
pling. Furthermore, the author does not provide ani With some other approximation issues.

specific algorithm for the reinforcement learning prob-

lem nor does show any empiri_cal evaluation._ If given &«onclusion

gradient analysis of the error given the sampling, the al-

gorithm for sampling in the off-line case can be derive(il . . L .

in a rather straight-forward wav. the on-line case alao"” this paper, we provided a sensitivity analysis and two
. . 9 ay, o 9%ew algorithms which enable us to reduce the amount
rithm, which shows the most interesting improvements

. . . . . : of sampling in reinforcement learning. Simulations
in our simulations, and the very idea of introducing an pling 9

o show that our algorithms provide a quicker convergence
Error MDP, are completely new contributions. .
(in the sense of the number of samples) of the value

A closely related work is (Even-Dat al., 2003), where function to the real optimal value function than stan-
the exploration-exploitation dilemma is tackled withdard approaches. In the near future, we will investigate
confidence bounds on the Q-values and an action elimincorporating action elimination and using lower com-
nation procedure which progressively restricts the set gllexity variations of the algorithms presented in this pa-
possible actions to sample in each state. Using such per. We will also relate our work to the well-known
action elimination procedure (and even though their akexploration-exploitation dilemma. Further future direc-



tions include deriving model-free versions of our algoTesauro, G. (1995). Temporal difference learning and
rithms and combining them with function approxima- TD-Gammon. Communications of the ACN88(3),
tion in a neurodynamic wayBertsekas and Tsitsiklis, 58-68.

1996) for tackling large state space problems.

Appendix

A. Proof of Theorem 2
Bernstein, D., Zilberstein, S., Washington, R., and
Bresina, J. (2001). Planetary rover control as &et us defineAR(s,a) = |R(s,a) — R(s,a)| and
markov decision process. IAAAI Spring Sym- AT(s,a,s) def IT(s,a,s") —T(s,a,s’)|. Hoeffding’s
posium: Game Theoretic and Decision Theoreti?nequality (Hoeffding, 1963) gives:

Agents. 2
) Lo P AR(s,a) > s < 2@72<ﬁ) #(s,a)
Bertsekas, D. and Tsitsiklis, J. (199@)eurodynamic Ruaz — /#(s5,0) aS .

Programming Athena Scientific. . o )
Given the definition ofs, we can infer:
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