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Abstract: Systems with unilateral constraints usually possess abarstructure dy-
namics, in which systems can switch from one mode to anotherta contacts and
impacts. In particular, friction participating into conta and impacts will extremely
complicate the dynamics, and even result in some singigisisithen using rigid body
models. In this paper, we develop a method that can well déhltive dificulties
involved in the variable structure systems, such as theipteilimpacts with friction
(i.e. the occurrence of simultaneous impacts), the sugtérgiroblems in rigid body
systems, the multivalued graph in the stick mode of the Qubls friction, and the
inelastic collapse in impacts. The transition rules to rtmmtihe switches from one
mode to another are also established, in which the normiaisséd each contact point
are controlled by the complementary conditions for a cdraacess and by the po-
tential energy at contact points for an impact process,axthi¢ tangential states at the
contact point will be governed by a correlative fiagent of friction defined by the
tangential diterential equations. A system elaborated’ind [38] with preeeigperimen-
tal results serves as an example to illustrate the theatet@velopments, in which a
dimer consisting of two spheres rigidly connected by a liglass rod bounces on a
vibrating plate. This system, even though simple enoughibés profuse physical
phenomena under fiierent initial and driving conditions, and may spuffeient or-
dered persistent motions, such as the drift, jump and flottedes. In particular, each
mode of the persistent motion is synthesized by a peridglicamplicated motion that
may involve single and double impacts, contacts with or auttslip,etc. Based on the
theory proposed in this paper, we clearly explain the regifipersistent motions in the
dimer and find that the peculiar property of friction with ebstinuity plays a signifi-
cant role for its formation. Plenty of numerical simulatiare carried out, and precise
agreements between the numerical and experimental reseltbtained. Furthermore,
a simplified model for the dimer in drift mode is developed #mebretical analysis is
implemented. An approximate formula for the mean horizee#icity is obtained that
also coincides well with the experimental findings. This rhaypeneficial for the study
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2 Liu, Zhaoé& Brogliato

of complex systems dynamics, in which there exists an isiticonnection between
the ordered behaviors of the systems and the microsize p#essrof its ingredients.

Key-words: nonsmooth mechanical system, impact, Coulomb frictiomglex sys-
tems, numerical simulation.
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Dynamique a structure variable d’un dim ere
rebondissant

Résune : Les systémes avec contraintes uniltérales possédergtrurcture variable,
avec plusieurs modes définis par les onctacts avec ou sattenient et les impacts.
Dans cet article nous proposons uriatle num'‘erique associée a un modele d'impacts
multiples avec frottement, afin de simuler un dimére quoreht sur une table vibrante.
Un tel systeme, bien que relativement simple, incorpopupart des diicultés liees

au caractere non-régulier des systemes avec contdatérai frotant. Les résultats
numeériques sont comparés avec succes aux résulta#amentaux présentés par Dor-
bolo et al. (Physical Review Letters, 95, 2005).

Mots-clés : mécanique non-réguliere, impacts, frottement de Gublosimulation
numeérique, systemes complexes.
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1 Introduction

Multibody systems with nonsmooth interface laws (unilateonstraints, friction, etc)
are ubiquitous in many fields of application (aerospaceyraotive systems , granular
matter, circuit breakers industry, nuclear plants, bip&mtamotion, robotics, biolog-
ical engineering, etc), and have been attracting the aitenf researchers in many
fields including multibody dynamic§][1], systems and cohfiBh applied mathemat-
ics [4], mechanical engineeringl[2], particle physics [Blogy [€], etc The chal-
lenges from such systems are to provide accurate and ireasisponses for systems
with discontinuous events, and to establish a uniform thigeal framework to de-
scribe the complex behavior. The first issue is related toptioblem of modeling
contactimpacts with or without friction in rigid body systems. Thecend one is as-
sociated with the description of complex systems, in whighghysical mechanism of
some ordered phenomena under certain actions of discretgseflike the swarming
and swirling motion in granular matter) are still ambigu@is8,[9].

The feature of multibody systems with unilateral constiiand friction is that
their structure is time-varying, since the contact poitd$us may change from active
to inactive, stick to slipetc. Obviously, more contact points will make the topology
of these systems more complex and even singular in certaiardical situations. For
instance, superstatic problems may be met when the numltke @ictive contacts is
larger than the number of degrees of freedbm [10]. The Rainparadox can be in-
duced by the combination of Coulomb’s friction with certapecial configurations of
the system[[111, 12,18, 53], multiple impacts (i.e. seveodlisions occurring at the
same time on the system) with or without friction may ocCijii#]. The classical resti-
tution laws cannot provide unique and consistent solutionshe velocity outcomes
of such nonsmooth systemis[15] 16], and the peculiar prppédry friction will gen-
erate plenty of singularities in the rigid body modéls| [58]. Moreover, the transition
rules to monitor the switches from one mode to another alteustilear and lack of
proper description, such as the transition from stick o aliits reversal motions, and
the problem of inelastic collapses in which a sequence ofotgpwill converge to a
contact phase_[57]. Therefore, solving multibody systerits wnilateral constraints
within the framework of rigid body dynamics requires deepdelong and analysis in
various aspects of scientific activities: applied mathérsamechanics and physics.
An overview on the subject can be foundinl[L7] [10, 18].

From the mathematical point of view, the Coulomb'’s frictlaw and the unilateral
constraints lend themselves to representations with Lioe&lonlinear Complemen-
tary Problems (LCP or NCP)T18] Pl 4]. Compact formulatiossxg LCP or NCP
tools allow one to describe the dynamics of variable stmectystems within a uni-
form framework. However, the essential features of the muwgh interface laws, like
the multivalued graph of Coulomb’s law at zero tangentiddeity and the discontinu-
ity of impacts, will generate tiny structures in both the @ and impact processes.
In particular, these tiny structures usually play a sigaificrole for the global behav-
ior of the systems, and need to be carefully checked in ocdefitiently monitor the
transitions between various cont@titpact status. Therefore, the improvements of the
mathematical theories related to the variable structurarhjcs require further inves-
tigations on the aspect of physical modeling, especiallggaling with the events of
multiple contactd§mpacts with friction, and the singularities appearingigid body
models.

Multiple impacts have a crucial influence on the long-termatyics of a system
with variable structures and may spur some ordered phermmsanh as the so-called
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solitary wavein 1D chain systems$ 19, 20, 21,1221 23] 24, 128,26 21728, 0937,
different pattern formation in vibrated layer$ [5], thearming and swirlingstates in
self-propelled rods[ 8, 32,-34,135,133,1 86] 3&l¢ From the energetic point of view,
two main dfects will be involved in the complex phenomena of multipl@auts: local
effects at the contact points (that imply energy dissipatioough plastic deformation
and friction as well as other dissipation forces), and dleffacts that &ect the whole
system and take the form of waves traveling through the syétiee global &ects are
responsible for thenergy dispersioamong the various bodies in the system) [30]. At
present, there exists various models to take account ohtbeaictions between contact
bodies: some of them based on restitution mappings (liké\thgton’s or Poisson’s
codficient) [38,[39[°40]. The principal drawbacks of these modéisn dealing with
multiple impacts (even frictionless) or single impactshw@oulomb friction, is that
they are not able to separate the dissipation and the dispgrgave or the couplings)
effects, and there may be an infinite choice offiogents for the same energetical be-
havior [3], so that the mechanical meaning of theffioents is unclear. Hence these
models may generate quite inaccurate numerical resultermétive methods associ-
ated with forcgcompliance models will spur a process of multiscale cateutaoth in
time and space levels, where the detailed informationediett the very small deforma-
tion at local regions of bodies varying in a very short timewh be investigated care-
fully. Obviously these methods also possess their own daald like the diiculty

of estimating contact parameters and th &DEs problems in numerical implemen-
tation, thus generating unpredictable results for sinmuat [41,[254R2]. Therefore,
the challenge in dealing with multiple impacts depends ndt on the choice between
rigid body or compliant models, but also on the level of nuicgrimplementation
when multiple scales occur.

Undoubtedly, the processes of multiple contactgamchpacts will be further com-
plicated by the frictional #ects, in which dferent types of tangential motions (such as
stick-slip, rolling without slip) may appear in the courdeontacts and the short-time
collisions. In particular, the multivalued part of Coulombgraph that corresponds to
the stick mode is much tough in using rigid body models. Soesearchers argued
that the Coulomb’s model should be regularized at zero taaevelocity [42[43] by
smoothing the relationship between the normal and targjdatces over a small range
of tangential velocity. However, this modification destdie intrinsic properties of
dry friction observed from amount of experiments, and resdeme numerical results
unpractical. In fact, the transition of the frictional mesdeom stick to slip or its reverse
correspond to a global reflection for the complex behaviorsointacts with friction,
and depends not only on the material properties of the cohtaties but also on the
dynamics of the systems. The physical phenomena like theesucbllapses of steady
statesl[3B] and the ordered behaviors in elongated pa{@4s35] imply that the mul-
tivalued part of the Coulomb’s law has to be kept in the anslgad is significant for
the numerical simulation 45, 16]. Nevertheless, the ddpane of frictional forces on
the normal contact forces will bring manyfliculties in monitoring the discontinuity
of the tangential motion, and also in the calculations fer¢hntact forces in the stick
mode due to the multivalued property of the Coulomb’s gralshthis paper, aor-
relative cogficient of frictiondepending on the dynamical equations in stick mode is
introduced, and the fliculties mentioned above can be well overcome.

The goal of this paper is to propose a method for dealing Wighdynamics of vari-
able structure systems. The addition and deletion of caimstras well as the events
of impacts are anticipated to be solvable. In particulag,@hient of multiple impacts
with friction that usually play a significant role on the gidiibehavior of systems will

RR n° 6718
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be emphasized in this paper. According to a preliminary worlfrictionless mul-
tiple impacts[[47[-418], the so-called Darboux-Keller apgrio [49,16[ 45,13] will be
extended to the case of frictional multiple impacts. In timisthod the local energy
loss is confined by Stronge’s energetic fméent [15,50], while the dispersiorfects
are reflected by a distributing law that is related to thetiadastiffness and the mode
of the potential energy accumulation between contactirdjdso/47]. In the absence
of friction, the comparisons between our numerical préalict and the experimental
results found in the literatur221] show very good agreem[&,48], thus validating
the proposed algorithm and model. When friction partiegdhto multiple impacts,
the tiny structures of the impulsive dynamics induced byGoelomb’s friction will
be carefully investigated, and then combine with the methdd4, [48] to make the
frictional multiple impacts solvable.

The development of the method proposed in this paper for éhiale structure
dynamics will be illustrated by using a simple system experitally investigated in
[38]. The simple system, a dimer, consists of two spheredlyigonnected by a light
rod that bounces on a vibrating plate. Unddfatent initial and driving conditions,
the vibrated dimer can be excited with various modes of pnst motion, including
the Flutter (F) mode in which the tips of the dimer hit the plaut of the phase at
every other period of collision, the Jump (J) mode in whiclthbiips collide with
the plate once every cycle of the vibration of the plate, dred Drift (D) mode in
which a persistent horizontal drift is observed. In patacithe experiments show that
the drift of the dimer is a concatenation of multiple cobiss that include individual,
double, and rolling contacts. Obviously, the dimer, thosigiple enough, encapsulates
most dfficulties of nonsmooth mechanical systems such as the sagersioblem in
rigid body model, the discontinuity of tangential motionedto friction, the single
and multiple impacts with friction. Moreover, one can aipiade that the mechanism
exhibited in the simple system would benefit to the studiesofiective dynamics in
complex systems of self-propelled (SP) particles 17,_8,/3E1/51]. Therefore, the
dynamics of a bouncing dimer plays a significant role bothdnsmooth systems and
granular matter.

The paper is organized as follows: Secfibn 2 describes therdhodel and presents
the governing equations that will vary with the contactistadf the tips. The topology
of the contact states in the dimer will be presented in Se@ioin which a correla-
tive codficient of friction is introduced to identify the transitioroin stick to slip or
its reverse. The singularity of the superstatic problem thay appear in the dimer
with contact phases is also discussed in this section. Thalsive diferential equa-
tions based on the Darboux-Keller's method are establighsdctior#, in which the
distributing law proposed iri_[47] for multiple impacts wile briefly introduced, and
the tiny structures induced by the Coulomb’s friction in ewps will be discussed in
detail. The problem of inelastic collapse that is assodiatéh a transition from a
sequence of impacts to a contact phase will also be illestrat this section, and a
guideline for the identification of the transition is pressh In sectiofil5, we analyze
the experimental phenomena presentefih [38], and coménearrelative co@icient
of friction with the experimental specifics to estimate thagtical value of the static
codficient of friction that will be applied into the numerical sitations. The com-
parison between numerical and experimental results isechout in sectiofllé, and the
difference for the slip cdicient of friction between impacts and contacts is claimed.
Moreover, the influence of the initial and driving conditioan the formation of the
persistent motions in the dimer is also investigated. Aditwyto the numerical obser-
vations, a simplified model for the dimer in a drift mode isg@eted in sectioldl 7, and
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i Steel Ball 2 (m.7)
g
Glass Rod (my,,])

Steel Ball 1 (m,r)

y = Asin(oH+)

Figure 1: A dimer bouncing on a vibrated plate.

an approximate formula for the mean speed of the drift mdi@btained that can well
reflect the connection between the global drift motion amdrtiicro parameters in the
dimer. Summaries and conclusions are given in the finalmagti

2 The dynamics of a bouncing dimer

Fig[ depicts for the dimer experimentally studied[inl [3B8]which two steel spheres
are rigidly connected by a light glass rod with 4mm diameted placed on a plate that
vibrates with a sinusoidal waveform. Let us denatg, {) the mass of the sphere and
its radius, respectively. The mass of the rothisand its length isl(- 2r) that is varied
to change the aspect ra## = (1 + 0.5l/r) [38]. In the laboratory frame of reference
the oscillation of the plate is

Yp(t) = Acost + ) (1)

with amplitudeA and frequencyf, ande is the initial phase angle of the plate oscil-
lation related to the reference time for simulation. Let eaate &, y1), (X2, Y2) and
(%, yr) the coordinates of the mass centers of the left ball, righitand the glass rod,
respectively. The tilt angle of the rod is denoteda®Vith these kinematical quantities,
the kinetic energy of the dimer in motion can be expressed as

1 5 5 5 1 5 . 1 .

T = SM(E + V3 + 56 + ) + M (¢ +37) + 523 + 36 )
whereJ, = 2myr?/5, J, = m(I — 2r)2/12 are the inertias of the ball and the rod with
respect to their mass centers, respectively. The positiehseen the mass centers
of the left and right balls as well as the glass rod can be ottedeby the following
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geometrical relationships:

X2 = Xp +1cosb, y, =y; +1sind 3)
X = X1 + 0.5 cosh, y; = y1 + 0.51siné.

Let us introduce the so-callddcal coordinates, following an established terminol-
ogy [1€]. We consider the two points (one for each ball) tmathe closest to the plate.
Their normal coordinates in the fixed frame are

Xo, =Y1—F, Xn, =Y2—-r=Yy1+Isind—r (4)

The local tangential relative positions, that correspanthé local sliding veloci-
ties, are given by:

Xey = X1+ 10, X, = Xo+ 10 =X +1C0SO+ 10 (5)

Let us select] = [xq, Y1, H]T € R3 as the generalized coordinates of the system, and
defineXc = [Xn,, Xn,» Xeps Xo,]' € R%. The vector for the contact forces at the tips is
denoted a§ = [Fy,, Fn,, Fr,, Fr,]" € R Itis noteworthy thaF,, andF, equal zero
when thei—th contact{ = 1, or, 2) is not closed. The Euler-Lagrange equations of the
dimer are (the time argument is dropped):

M(6)d — h(6, 6) = KT(0)F + Qq(6) (6)
whereM (0) is a 3x 3 mass matrix,
2my + my 0 —l sing (M, + 0.5m;)
M(0) = 0 2m, + my | cosd (my + 0.5my) 7

—Ising(my, + 0.5m,) lcost (my + 0.5m,)  (myl? + 0.25m 1% + 23, + J;)

andh(e, ) and Qq(6) are the vectors of the inertial forces and the generalivecet
due to gravity, respectively:

h(6,6) = [¢71 cosd (my + 0.5m,), &1 siné (my + 0.5m;), 0]
Qq(6) = g[0. —(2my + my), —(my + 0.5my)I coss] (8)
The matrixK T (6) is the Jacobian matrix,
0 01 1
K@) =1 10 0 (9)

O lcos# r r—Ising

The matrixK (6) also connects the two potential contact points cartestdorities
and accelerations with the generalized velogignd generalized acceleratiais

Xc = K(6)g (10)
and
Xc = K(6)§ + (6, 6) (11)

where
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S = [0, 18 sing, 0,17 coss] . (12)

The solution of[[b) depends on the contact forces actingestith potential contact
points, which are closely associated with the contact statuhe tips of the left and
right balls in the dimer (the points directly underneath gemmetric center of the
balls during the motion of the dimer). In order to detect tloatact status and to
determine the contact forces at both tips, the local dynaleiguations are established
by combining[6) with[IIl) (next we drop the argumént

Xe=KMKTF+KM (h+Qq) +S (13)

From EdIB, the normal and tangential accelerations carparately expressed
as
Xn = AFn + BFT + Hn (14)

and
%, = CFp + DF; + H, (15)
Wherexn = [.).(np xI"Ig]Tv XT = [.).(Tl’ x‘{'z]Tv Fn = [Fnl, Fnz]Tv FT = [FTl, FTZ]Tv
KM KT = é g . Hp = [Hn, Ho,]" @andH, = [H,,, H,,]" are the terms of
the normal and tangential accelerations induced by theexpphd inertial forces.
The status of each contact point will be analyzed accordirgg(T2 and15, and
then provide the proper constraint equations to makié Edvéilsie.

3 The topology of the contact states

There are three qualitativelyftirent regimes for the contact status at each tip of the
left and right ballsfree motionn which the contact at the tip is not closentinuous
slidein which the sphere at the tip is rolling with slip on the olsti¢d platestick mode

in which the corresponding sphere will purely rotate withslip. The contact status at
each tip will determine the dynamical behavior of the dimerinly a long-term contact
dynamics or a short-term collision process. The impact thiosof the dimer will be
discussed in sectidd 4. In this section, we will investigaie topology of the dimer
dynamics in the contact phases.

The system modes of the dimer are the combinations of thewcbstiatus at each
tip of the left and right spheres. Theoretically speakiray,the dimer there are?3
different kinds of modes. By considering the symmetry of theaxdirdtatus at the tips
of the left and right balls, we can classify the modes of theatias: thdree moden
which the dimer is airborne; thaingle-slip moden which one tip is in contact with
the plate withcontinuous slidewhile the other tip wis irfree motion the single-stick
modein which one tip purely rolls without slip on the plate, whiles other is airborne;
double-slip modé which both tips withcontinuous slidare in contact with the plate;
and double-stick mod@ which both tips take the stick mode. The system state of
one tip withcontinuous slideand the other witlstick modecannot appear due to the
assumption of perfect rigidity, hence there are 7 modes.

The modes are influenced by the unilateral constraints amfdfittion efects be-
tween the plate and the dimer. Therefore the rules for thsitians between éierent
contact status should be established. They depend on thenties of the normal and
tangential constraints applied by the contacts with foicti
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3.1 The complementary condition in the normal direction

Thefree motiormode can be easily identified by using the following gap fiomct for
the relative displacements between the tips and the plate,

i =Xy —Yp(), (i=12) (16)

with the following complementarity conditions in the nodrdérection at each unilat-
eral constraint,
6i-Fn=0,62=0 F,=0,i=12 a7

However, things complicate when one or two contact pointsigeon the oscillated
plate because there may be transitions between variousat@tatus. For instance, the
tip may change from rolling to sliding, or slip reversal, @tachment. If at timé

§i)=0,6(t) <0, (i=12), (18)

an event of impacts is triggered at the tjpand impulsive equations for the dimer
should be established to obtain the velocities outcomes #fe discrete event. This
case will be discussed in sectidn 4.

Whens; = & = 0, the contact at tipis closed and one has to rewrite the comple-
mentarity conditions at the acceleration level in orderdtedt the transition between
various contact modes [44],

6i-Fn=0,6>0 Fp>0,i=12 (19)
We may rewrite[(TI9) more compactly as
OSFnJ_AFn+BFT+Hn—(¥p(t))20 (20)
Yo(t)

As we shall see, solving this set of complementarity coadgiwhose unknown is
Fn requires some analysis (in particularl(15) and the frickkamwill play a role).

3.2 Coulomb’s friction

When friction is present at the contacts, the relative tatigemotion and the contact
forces will be mutually influenced. Usually, the peculiapperty of dry friction is
described by the following Coulomb’s law. In tleentinuous slide modr the tipi,
the normal and tangential contact forces should satisfioil@ving linear relationship,

Vz

F. = —uFn sign( ) if v, #£0,i = 1,2, (21)

[ Ve |
wherev, is the relative tangential velocity, amd = X;,, (i = 1,2). i > O is the slip
friction codficient at the tig.

Once the event of, = 0 is detected, the contact status atitgannot be uniquely
determined since the tip may stick or continuously slip vétheversal direction on
the plate. Considering the fact that the Coulomb friction t@presents a constraint
at the force level, the contact status of 8tek modeat tip i should be defined at the
acceleration level[10,-44], thus a new constraint excepvfo= 0 should be added
into thestick mode

INRIA
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| F+. |< usFy, if v, = 0 andv,, = 0, (22)
I S | I I

whereus > y; is the static coféicient of friction. Ifv,, # O at the instant of,, = 0,
the relative tangential motion at the contact pawill not stop but take a reversal slip
when the relative tangential velocity, passes through zero. In this case, the contact
force at tipi is still kept on the surface of the friction cone, and theristsxa linear
relationship between the normal and tangential force thégfies the Coulomb’s law
for slip. A problem arising in this situation is how to deteénethe future slip direction.
In the planar cases, the slip will be reversal and the daaiif the friction force can
be easily determined. For the spatial cases, the futuredsigetion has to coincide
with the one of the relative tangential acceleratignat the instant of,, = 0 [485].
Therefore, the Coulomb’s friction law in this situation igdified to:

Fr = —uiFn sign( zn ) if v, =0andv, #0,i =1,2. (23)

| Vz |

3.3 Transition between various system states

The transition from contact to detachment will be governgdhe complementarity
conditions in the normal direction at the contact pointsjlevkthe one from slip to
stick is determined by the Coulomb’s law. In particular, t@ipling between the
normal and tangential motions at contact points signifigaastmplicates the transition
between various system’s modes. Because the contact sfatash contact point in
the normal and tangential directions are governed Heidint constraint equations, the
identification for the transition of the contact status dbdae separately carried out in
the normal and tangential directions at each contact point.

Let us first consider the simplest case in which the dimersgagd with asingle
slip modeat the tipi in contact with the plate. So we hase= 0, 6; = 0, X, # 0, and
Fn, = Fr; =0, (j #1i). From EJ.TH, the normal accelerations can be expressed as:

% = AFn + BiFy, + Hy (24)
whereA; andB; are the |, i)th elements of the matricés andB in Eq[13, respec-
tively. The tangential relative acceleration at theiftip
¥z, = CiFn + DiF, + H;, (25)

whereC; andD; are the {,i)th elements of the matric& andD in Eq[I%, respec-
tively. If the single slip mode is kept at tipat timet, i.e. X, (t) # 0, then the tangential
constraint at this instant is:

Fr = —uiFn sign(x; (t)) (26)
The combination ofl{d4) an@{P6) leads to
%o, = AiFn + Hy, (27)
whereA; = A — i Bisign(x;, (t)). It is clear that E@.A7 is an algebraic equation

only related to the variables, ‘andFn,, which should satisfy the complementarity con-
dition as expressed in Eg]19. A > 0, the normal contact force, can be uniquely
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determined according to the complementarity condition, #uus the tangential force
F., can also be obtained based on[E}.26. The valués,aindF, are the constraint
forces produced by tipat the instant,. Then, the simulation for the dynamical equa-
tion (@) can be advanced based on the stajggy) at timety. If the solution from the
complementarity condition i&, = 0 and if X, > O, this implies that a detachment
occurs at this instant, and a free mode is generated for therdi

In some special configurations, the valuefpfmay be less than zero. This is re-
lated to Painlevé paradoxes that may arise in rigid bodyadyios (there exists multiple
solutions or even no solution at all for EQl27). Detaileccdision on this problem can
be found in[[B[1 12,138, 5P, 53]. For the case of no solutioRdinlevé paradoxes, a
tangential impact will appear at the contact point accaydiinthe experimental valida-
tion for a two-link robotic systeni[11,12]. Thus, the impguésdynamics described in
the next section can be used if the paradoxical situatioogroc

If X, (t) = O is checked, the transition of the contact status in theeatigl direc-
tion may occur due to the peculiar property of the Coulomh&ibn. However, the
difficulty arising in this case is that the property of the friatis not known previ-
ously, such that we cannot confirm which constraint equaticom the Coulomb’s law
should be applied on the tangential direction of the corgatit. An iterative method
for searching the proper tangential constraint is necgss$at us first set; (t;) = 0
for Eq[I®. Then, we can obtain a relationship between thenabaind tangential forces
for the stick mode,

FTi = _Di[CiFni + HTi] (28)
i

Substituting EE.28 into EG.P4 leads to a new algebraic éguébr the normal force
Fn, and the normal acceleratioq,”

o . Cl HTi
Xni - [AI - E]Fni + Hni - E (29)

Thus EdZP is an algebraic equation for the contact stattts aviangential stick
mode, and then the complementarity conditiod (19) can bd tesebtain the normal
contact forceFy,. After that, the tangential forcg., in the stick mode can be easily
calculated by EE.28. It is noteworthy that the valuedgfandF,, are true only if
the system is in the stick mode. Therefore, we should rectieeicondition for the
occurrence of the stick mode. Let us define aftoent termed as theorrelative
cogficient of friction as

_Fdl
Hst = Fn-

(30)

A transition from slip to stick will appear at the instagtonly if u, < us, and
then the normal and tangential fordes andF,, obtained from the stick mode can be
applied into Eq6 to advance the simulation.

If 1l > us, the tangential constraint should be replaced by the Cobiofriction
for slip since the contact force is not located in the intedibthe friction cone at the
instant oft. However, the direction of the possible tangential veloistalso unknown
at the instant ok, (t) = O, since the sign assigned on the friction force cannot bevkno
in advance. These problems are discussed in[54. 55, 566f5n4vhich theoretical
results and numerical schemes are developed. By combinetahgential constraint
for slip with the normal motion expressed in EJ.24, it is cldwt the contact forces
can be obtained by using the complementarity conditioniseatbntact point.

INRIA
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Transition from stick to slip may appear in the case of theatimith asingle
stick modewhich can also be monitored by using tterelative cogicient of friction
obtained from the stick mode. Ify, < us, the stick mode will be preserved at the
instantt. Otherwise, the contact pointvill resume to slip since the friction cone has
been shakenfh

When more contact points are closed, the calculation foctimact forces and the
transition between various system states will be more cexaplet us consider the
situation of the dimer with @double-slip modat timet, in which g;(t) = 0, Si(t) =0,

X (t) # 0,0 = 1,2). By using the tangential constraints for slip and[EQ.1¢,08n

obtain
an ~ Fnl
. =A +
|: an :| [ Fn2

Hn,
g } (31)

where

A [ Ar1 — u1B11sgn(X-;) A1z — u2B12Sgn(X-,) } (32)

T | Aot - 11Baisgn(k)  Azz — 112Bo2Sg(Xs,)
If A is positive definite, the LCP in HGR0 has a unique solufigrand reads as
0<Fn L AF,+H, —( g;pgg ) > 0. If A is not positive definite, the so-called Painlevé
P
paradox may appear. However this singularity does not oatarrg the simulated
trajectories in this study.
Although the transition from a double stick to a single stickdes is impossible
in the dimer system, a general discussion is presented iiolfba/ing. Let us assume
X, (t) = O while x,,(t) # 0 att. Thus, the tangential constraint at contact point 1 may be
changed due to the occurrencexf(f) = 0. From Ed.Ib, we can separate an equation
for the tangential acceleratioq,,

le = Clanl + ClZan + DllFT1 _ﬂ2D12Sgr(X'rz)an + HT1 (33)

By settingX;, = 0, we can obtain

1 .
Fr, = —D—M[Cn':nl + (C12 — p2D125gN(Xr,)) Fr, + He,] (34)

% | Al Fr | o[ B 35
[ Xn, } [ Fn, } Hn, (39)
Similarly to the previous cases, Ed.35 consists of a setgetahic equations for
the normal accelerations and normal forces that can be dsdlyeusing the normal
complementarity conditions in EgQl20. The matixshould be positive definite so that

there are no paradoxical situations. Then, the propertigefangential constraint can
be identified from the correlative cfirient of friction. If

1 _ |F71(tk)|

Thus, we have

= < Us,, 36
Mst Fnl(tk) Hs, ( )
a transition from slip to stick will appear at the contactmidi. Otherwise, if
F. (t
1 _ | 1( k)| (37)

= > Us,,
Hst E n (tk) Hs,
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14 Liu, Zhaoé& Brogliato

the tangential constraint should satisfy the Coulombstifsh law for slip, and
values for all the contact forces at the two contact pointsikhbe recalculated.

For the dimer, it is possible that box, andX;, vanish simultaneously at a certain
timetx. In order to identify the properties of the tangential coamisits at both contact
points, we sek,; = 0 andx;, = 0 in Eq[I}. IfD is a full-rank matrix, the relationship
between the tangential and normal forces can be expressed as

F, = -D"'CF,-DH, (38)
thus, we have . .
Xn = AFn + Hn (39)
whereA = A - BD!C, H, = H, - BD!H,. If A is positive definite, the correlative
codficient of friction for each contact point can be deduced as:

P O TP )
TR ()T T Fr(W)

Obviously, there exist four éfierent combinations between the values of the correl-
ative codficients of friction. If

(40)

fa < psy, and i < ps,, (41)

there will be a transition from a double-slip to double-stinodes. If one of the
above conditions is violated, the tangential constraintesponding to that one should
be changed, and the contact forces should be recalculatédhentangential con-
straints applied beforehand are consistent with the cofidaces obtained from the
LCP’s equations.

In summary, once the relative tangential velocity at a tipadg| zero, a transition
between the contact status may be triggered in the systeenprbiperty of the tangen-
tial constraints at this instant can be identified by a catied codficient of friction
ust, Which also represents a relationship between the nornteiaargential forces for
the contact point with a stick status. Thus théidulty of the Coulomb’s law with
a multivalued graph can be overcome. In other words, theacbriorce that lies in
the interior of the friction cone can be determined by usingelative cofficient of
friction pst.

3.4 The singularity in contact phases

As noted in above, some singularities, like the Painlev@&agax and the superstatic
problems, may appear in the formulation. An obvious sitrafor this corresponds to
the case when the dimer lies on the oscillated plate in whatparstatic problem may
be spurred. Let us sét= 0, Eq[T# and EE5 can be written as

X | _ 1| B2 B3 Fn, 1f =l —rl Fr
% | "B Bz Bo || Fmo | TRl 0 0 || F

ey | 1| =1l ol Fn, 1
X, |~ gl -1 Fn, +E

Br+2r? pr+2r2 || Foy —0.5162
ﬁl + 2r2 ,31 + 2r2 F
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wheres = myl? + 43, + 23, f1 = B/(2My + M), B2 = B1 + (4my + My)12/(4my + 2my),
B3 =1 - 0.5I2

Obviously, both matrice€ andD in [3) are not full rank due té = 0. If both the
tips keep slipping, the friction forcds,, andF,, in Eq[Z2 can be represented by the the
normal forces based on the Coulomb’s friction law, so thgdarity of the matrice€
andD has no influence on the simulation. Then[E}.42 can be exgitessE31 with a
positive definite matrid, that can be solved by using the complementarity conditions
in Eq[Z0. However, if both the tips keep sticking on the plag %,;, = 0 andx,, = 0,
the superstatic problem of rigid body model will occur dughe singularity of the
matrix D in @3). In this case, the tangential forces cannot be egprkas the form in
(@33) since the inverse matrix &f does not exist. Nevertheless, detailed observation for
Eq[Z3 can provide a way of dealing with the singularity. Thmf the two equations

in @3) gives:

2
+2(ﬁ’1+2r)

e (44)

. . 2rl
Koy + X, = F[Fnz - Fn,]
and their substraction gives: .
Koy — %o, = 167 (45)
By settingX;, = X, = 0, we can immediately obtath= 0, and

rl

Pt et g

[Fr = Fn.] (46)

It is noteworthy that = 0 implies a solution in the stick mode. Moreover, we can
write Eq[Z2 as:

Koy _} Bz Bs Fn, E —l -9
[an}_ﬂ[ﬁs /SZHFW}W[ i |FrtFade| g @40
Substitution of EQ.46 intd{47) leads to
. 1)? 1)2
[ S }z 1| B2- ﬁjil)zzrz Bs + ﬁ<|>2 [ Fu |, [ -9 } (48)
%, B Bs + ,BfrJr)ZrZ B2 - ,BEL)Zr? Fr, -9

Using EJi4B and the complementarity condition one can olite values ofp,
andF,, as well asF,, + F,, by Eq[4®. As a result from the knowledge that the two
contact points in one rigid body should slip or stick on thatplsimultaneously, we
can define the followingorrelation cogficient of friction

|FT1 + FT2|
Fn, + Fn,

Obviously, at the instant of., = 0 andx;, = 0, the transition from slip to stick can
be identified by the following relationships. If

Hst = (49)

Hst<Min(us), =12 (50)

a transition from slip to stick will occul = 0, Xr, = %, = 0, andxp, = X, = 0
can be considered as the solution of the dimer dynamics. If

st > Maxg), 1=1,2, (51)

RR n° 6718



16 Liu, Zhaoé& Brogliato

the tangential constraint for stick should be replaced kyothe for slip, and the LCP’s
equations should be reformed to obtain the correct comaces$. If the dimer is previ-
ously located in a stick mode, the identification for a tréiosifrom stick to slip takes
a similar process.

4 Impact dynamics with friction

4.1 Impulsive differential equations

Whené; = 0 or 62 = 0, or both, and when the relative normal velodfty< 0, a
collision between the ball and the plate occurs. Roughlhakipg, there exist two
different kinds of impact events: single impacts and double atspd he single impact
occurs when one tip is airborne while the other tip collidgaiast the plate. The double
impacts correspond to the situation when one tip of the diiesron the plate at the
instant of the other tip colliding against the plate, or bodlide at the same time.

According to the Darboux-Keller's method [3.149. 16] 45, [44], an impact pro-
cess should experience a course at the impulse level evaghtibcan be thought of
an instantaneous event. Lég, ;] denote the time interval of the impact, which can
be further divided into much smaller intervats {j.1]. Assuming that positiong are
constant ontp, t;] and that all forces are negligible w.r.t. the contact ferEg, F-,
the integration for the dynamical equations of the dimer ¢y, 1] results in a set of
differential equations with respect to the normal impulses

JMa-h-KTF-Qgldt =M -dq-KT™-dP=0 (2)

where the vectorh andQq are non-impulsive terms and therefore vanish by the inte-
gration. The quantitiedq = q(ti;1) — q(t;) and

tis1 i+l fi
dP = f Fdt = f Fdt - f Fdt = P(ti1) — P(t), (53)
t; 0 0

are the changes of generalized velocities and normal irepws {j, i, 1], respec-
tively. From [IB), the local impact dynamics at the impuleeel can be expressed
as:

gi.‘(’: } =KM KT [ 3?: } (54)
and can be further separated as

dx, =A-dP,+B-dP, (55)
and

dx, = C-dP,+D-dP; (56)

wheredXy = [d%n,, d%n,] T, dX; = [d%,, d%;,]", dPy = [dPy,, dPy,]", dP; = [dP;,,dP,,],

A B
-l T _
andKM K _( c b/
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4.2 The normal and tangential constraints for impacts

Contacting bodies during impacts will experience a complexess with energy dissi-
pation and dispersioh[B0]. Basically speaking, the degiim of energy can be defined
by using Stronge’s cdicient of restitution[[15], and the dispersion of energy apjrey

in a multi-impact process can be described by using a diginiyp law, which will be
illustrated in the next subsection. According to StrongeBnition, the dissipated en-
ergy at the contact poinexperiencing an impact with a single compresgapansion
cycle can be defined by

Pn,(tf)
& — Wr,i _ fpn, (tc) 6Idpn' 57
SET W TP o (57)
¢ Jo ™ GidPy,

whereW;; < 0 andW;; > 0 are the works done by the normal contact force at point
j during the compression phase {f) and the expansion phasg, ], respectivelys;
is the relative normal velocity at the contact pdinOne has

i = X = Vp(), i=1,2 (58)

ObviouslyWe; also corresponds to the potential energy accumulated gitinig
compression phase, and can be obtained by summing the poadirct ofdP; andd
from the beginning of the impact to the instantRft.) that corresponds t@(tc) = 0
Thus

Pni (tc) = j:c dpni’ 5i(Pni (tc)) =0 (59)

and
Pr, (tc) . i
Wy, = f dPaé,  6i(Pat) =0 (60)
0

After that, the potential energy will be transferred intaddic energy through the ex-
pansion phase. Sinag; can always be identifiedfiline (as a function of\,;), the
total recovered energf; i can be determined g andW,;. For instanceW\;; equals
W, for a fully elastic impact, antlV;; = O for a plastic impact.

The energetic cd&cient of restitution can be extended to the situation wheeest
exists some initial potential energl{; < 0) at the contact point[47],

W .
€ =—— 61
S! Eoj + We; (61)

Eql[&1 presents a normal constraint at the energy level tsidenthe transition of
energy during an impact:

The dissipated energy during an impact process dependseoinitial energy k;
and the input energy W at the contact point, as well as the gbeent of restitution
eS’i.

Let us denoteE;(Py, (t)) the residual potential energy at any instarassociated
with a normal impulsé,, (t) for the contact poinit According to [47],E;(P;i(t)) can be
expressed as

1 Pni ® .
Ei(Pni (t)) = Eo; + mf(; 5idpni (62)
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18 Liu, Zhaoé& Brogliato

whereTra is a parameter to transfer the work done by the normal impulse
the potential energyTra = 1 for a compressional phasé & 0), andTra = e,2 for
an expansion phasé ¢ 0). Obviously, the impact finishes at the instant when no
potential energy exists at the contact pajnte.

E(Pa(1) =0, i=12 (63)

EqIE3 can be thought of as a normal constraint for an impasttehat is defined
at the energy level. The constraint in the tangential divealuring an impact event is
still governed by the Coulomb’s friction law, which can beua@lently rewritten at the
impulsive level as:

dP;, = —uj dP, sign(| X I)’ Jifvy, #0,i=1,2 (64)
dP;, = —u dP, sign(I XT‘ |), if v, =0 andv,, #0, (65)
| dP;, |< usdPy, if v, = 0 andv,, = 0, (66)

It is noteworthy that Coulomb’s law in HQI§4166 is writterr fine infinitesimal
impulses, and thus does notfar from the energetical problems of friction laws written
at the impulse leve[]3, 84.2].

4.3 The distributing law for multiple impacts

In case of a single impact (only one contact point during thpdct), the normal im-
pulse at the contact point varies monotonically, and thasbeataken as a "time-like”
independent variabl& 140, 116,145, 12] 47] for the impulsiiféedential equation§{h4).
Then the output of the system after an impact (the post-itngocity of the system)
can be obtained by integrating theffdrential equationd(h4) at the impulsive scale.
However, when impacts involve multiple contacts, the epevill disperse and prop-
agate in space through the network of contacts. In this ¢hsenormal impulses at
every contact point are tangled with each others and theepsoof multiple impacts
is complex. In order to establish the relationship amongttrenal impulses at every
contact point, a distributing law and the relevant numégcaeme are developed in
[44,[48] for dealing with the event of multiple impacts withdriction. The basic idea
is the following:

The material properties of the contacting bodies can besgmted by a compliance
model composed of a compression (or loading) phase and amsigm (unloading)
phase. Suppose that the contact potakes the following forgéndentation relation-
ship for a compressional phase

Fn = Ki(@)™", 1i=12 (67)

wheren; = 3/2 for Hertz’s contactK; is the contact sfiness, and~, is the con-
tact force during the compression phaseis the relative displacement between the
contacting bodies as expressed in[Eh.16. The firdentation relationship in the
expansion phase is connected wlihl(67) by using an energdificient e; to take
into account the dissipation of energy. After that, we camdfer the relationship of

INRIA



Bouncing dimer 19

forceg/displacement into the level of impulse-velocity to link thermal contact force
Fn, to the potential energl;(Py, (t)) stored at the contact point

d Pni
dt

Since the contact forces can always be expressed asftheedtial of the normal im-
pulse with respect to time, frofi{68) and assuming the expop the forcgindentation
relationship takes equal valugst all contacts, the ratios between the increments of
normal impulses among various contact poirtan be expressed as

dPy o _
— = ?’i”'ﬂ(Eij(Pni’ Po)) 7, i=12i#] (69)

= Fa(Pa(®) = (L+ )71 K™ (Ei(Py ()77 (68)

wherey;; = Ki/K; andE;; = Ei/E; are the ratios of the contactfftiesses and the
potential energies between contact poirgtad j. EqIE® represents the variation of nor-
mal impulse during the same time interval, and is termeddistebuting lawrelated
to the increments of the normal impulses dispersed in sj#afie [

It is obvious that[[6P) establishes a relationship betwesious normal impulses
to make the impulsive flierential equationd_(b4) with a unique independent "time-
like” variable. Combining this distributing law with the ulsive diferential equa-
tion makes frictionless multiple impacts solvable. Forgbé&ection of the independent
"time-like” variable, a guideline can be found in]47], in wh the event of multiple
impacts is dominated by primary contact pointhat corresponds to the point taking
the maximal potential energy among the various contacts.

4.4 The topology of impacts with friction

Usually, the friction at contact points has little influermethe normal compliance law.
Therefore, the distributing law discovered for frictiosdemultiple impacts can be ex-
tended to the frictional case. Similarly to the case of cotstaith friction, the structure
of the impulsive diferential equation§{52) may be changed due to the pariicipat
friction, depending on the tangential constraints defingdhie Coulomb’s law from
(&4) to [6®). For instance, the relationship between thenaband tangential impulses
at the same contact point will change when the contact stattess from slip to stick
or vice versa In this subsection, the possible structure of the impantdyics for the
dimer is discussed.

4.4.1 A single impact with friction

Let us assume the left steel baill £ 1) collides against the oscillated plate, while
the right ball is airborne. ThudP,;, = 0 anddP,, = 0. From the local impulsive
differential equatior{35) one obtains

[gi“nﬂzA-[dp"é}+B. 3 (70)

dP,, }

During an impact process, the matrideandB are supposed to be constant due to
the negligible variation of the configuration. Let us set tbhatact pointi(= 1) with
slip (i.e. the relative tangential velocity, = %, # 0). The tangential impulseP,,
satisfies the Coulomb’s friction law:
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20 Liu, Zhaoé& Brogliato

dP;, = —p1dPy,, sign(X, ). (71)
Thus, we have
d,, = AidP,, (72)

whereA is in Eq@2. The impulsive dierential equations can be advanced ac-
cording to the "time-like” independent variabd#>, . The end of the impact will be
monitored by using the residual potential energy at theaminoint. If

1 (Pu®. .
Eq(Pn, (1) = m‘fo 61dP,, =0, and 61 >0, (73)

is detected at the instant &%, the impact at the contact point 1 finishes and the
generalized velocities can be obtained fronTEly.52 that eahdught of as the output
of the impact to reinitialize the system and advance the migalescheme to the next
step.

During the impact, the event of,” = 0 may be checked beforg;(P,) = O.
This event may change the structure of the impulsivieténtial equations due to the
variation of the property of the tangential constraint. f&inly to the case of the point
in contact with the plate, we can sibt,, = O for Eq[E5,

. dPy, _ dP,,
—C[ 0 +D[ 0

It is noteworthy thatC andD are also constant, and a relationship between the
tangential and normal impulses can be obtained:

0

dk, (74)

dP,, = FkdPy,. (75)
Let us denote aorrelation cogficient of friction
Ht = [Hg. (76)

If ui < us, the friction at the instant ok, (Pn,(t)) = O obeys Coulomb’s law
for stick. Then EQ.45 can be substituted irffal (70) to exptlessmpulsive diferential
equation with respect to the normal imputg, . However, iful, > us , the contact
point will keep slipping on the oscillated plate. In this eathe relationship between
the tangential and normal impulses is

dP;, = —u1dPy, sgn(dx.,), (77)

then EQZI7 can be substituted infal(70), and the the sinonlatin be advanced based
on the tangential constraint expressedid (77).

Let us compare the correlative dheients of friction in contact and impact phases
at a single contact point with friction. From EQI28, the tiglaship between the fric-
tion and normal forces is influenced by the terms from therasieand initial forces,
thus the value ofil, will vary even though the contact point keeps sticking. Hesve
the correlative cocient of friction for impacts will be only influenced by therdiy-
uration that is constant due to the assumptions of impubtbweamics. Therefore, for
an impact in the dimer, the cfiigientyl, is a constant with respect to a certain con-
figuration. This also implies that the stick mode will be me®d once it is triggered
(detailed information related to a single impact with fiectis given in [45[12]).
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4.4.2 Double impacts with friction

The double impacts in the dimer occur when one tip hits thélasieg plate, while the

other contact is closed. In this case, two normal impulséisappear in Eq.H2. During
double impacts, the potential energies accumulated intbesbntact points will vary

and then make thprimary contact poinbe altered. Let us séfs the primary contact
point, in which

E>E, i#j andi,j=12 (78)

ThusdP,, can be thought of as the primary normal impulse taken as apgntent
variable. The variation of the normal impulse at the confaaitt j, dP,, can be
connected witld P, by the distributing law

L +1
dPy, =] (Eji (Pn. Pn)) " dPy (79)

For the case of the two contact points with the same Hertasaob ¢ = 3/2),
Eq[Z® can be written as

dPy, = (Eji(Pn, Pr))3dPy (80)
If both contact points are slipping{ # 0, ., # 0), then
dPy, = —1 dPysign(%.), dP;, = —; dPy sig(x,) (81)
Substitution of[[7B) and(B1) into HQl55 leads to

E

dx. } = AdP, (82)

2
Thus, the impulsive diierential equations can be solved before the tangential con-

straints at the contact points are changed. The end of tHaelmapact is monitored by

the potential energies accumulated in the two contact polfithe potential energies

at the contact points satisfy

Ej(Pn,(t)) =0, and Ei(Pn (1)) #0, (83)

the impact at poinj finishes. The double impact becomes a single impact at the
contact point. Only if both the potential energies at the two contact BsHtisfy
Ei = 0 andE; = 0, the double impact will be completed.

Let us investigate the possible variation of the tangentaktraints during double
impacts. We assume that the evapt= 0 is checked, but at the other contact point
%.; # 0, before the impacts at the two points finigh ¢ 0 andE; # 0). Thus, the tan-
gential constraint applied on the contact paintay be varied and should be identified
correctly. From E@.H6 with the distributing lalv{79) and thegential constraint for
slip at pointj, dP;; = —u;sgrn(X,;)dPy,,, we can obtain:

dx., = GidP, + DidP,, (84)

for someC; andD;. Settingdx,, = 0 leads to
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¢
dpP, = —E'd P (85)

I

Letus denottﬂiSt = |Ci/Dj| the correlative coéicient of friction in this situation. If
Uy < s, EqIBH can be substituted infa]56) to make it solvable végipect to the inde-
pendent normal impuls#P, . If i, > us, the tangential constraint at the contact point
j should be replaced by the Coulomb’s friction law for stiy,; = —u; sgrn(dx;,)dPny,,
and then it can be substituted infa](56) to obtain the satuticthe impulsive dieren-
tial equations.

In the case of both contact points with zero tangential vg&sc(X,, = 0,1 = 1, 2)
before impacts finishE; # 0 andE; # 0), we can setlx, = 0 in Eq[56 and use the
distributing law [[ZD) to obtain the following relationship

dP, = -D*CdP, (86)

From Ed8B, two correlative ciicients of friction related to the ratios between
the corresponding normal and tangential impulses at thecwact points can be
obtained.

I - i — ] 7
Hst dpni ’ and Hst dpnj (8 )

If
p <ps. and pl <, (88)

both contact points will satisfy the tangential constraiinom the Coulomb’s friction
law for stick. Then we can substitufe]86) into[Ed|.56 to abthe impulsive dierential
equations with the same form as shown in[EH.82, but the efenaéthe matrixA in
this case will take dferent values in comparison with the ones in[Eh.82.

If one of the conditions iN{88) cannot be satisfied, the tatigeconstraint at the
corresponding point should be replaced by the Coulomiz$idn law for slip. Let us
assume that

po > ps, and pg < ps. (89)

Then the tangential constraint at the contact pogfitould be

dP;, = —ui dPy sgrdx;,). (90)

It is noteworthy that the value gf, will also be influenced by the property of the
tangential constraint at the contact pointTherefore, we should first substitute the
tangential slip constraint at contact poirnto EqIE® to obtain a similar relationship as
shown in EQ.B4. By settingx., = 0 we can obtain a correct relationship between the
normal and tangential impulsesR,, anddP;,) for the contact poin} with stick mode.
After that, the correct tangential constraints at both aohpoints can be substituted
into EqIE® to obtain the impulsiveftiérential equations with the similar form as shown
in Eq[82, which can be solved by using the independent nammallsedP,, .

If both the conditions in[{d8) are not satisfied, in which

p > ps and pl > p. (91)

INRIA



Bouncing dimer 23

then the contact points should take the tangential conssraf the Coulomb’s fric-
tion for slip.

dp‘ri = —Hi dPni SQr(dXﬂ)’ dPTj = —Hj dpnj SQr(dXTJ) (92)

A similar form as in Eq.82 for the impulsivefiiérential equations with respect to the
independent normal impulgiP, can be obtained.

4.5 The singularity in double impacts and the inelastic colipse

As illustrated in sectiofi]3, a singularity will appear in ttese of two contact points
sticking on the plate. Basically speaking, the dynamicsointact and impact phases
takes the same structure generated by the variation of tigetdial constraints at con-
tact points except for the nonimpulsive terms. Therefarehs a singularity will also
be induced by impacts, and requires a detailed analysis.

Due to the special configuration of the dimer, double impactaur wherg = 0,
and the matribD is singular. Therefore, when both contact points take zemgential
velocities &, = 0,i = 1,2) before double impacts finistE( # 0 andE; # 0), we
cannot obtain the relationship between the tangential isgsulP, and the normal
impulsesdP, according to E.86.

Following the reasoning in secti¢lh 3 that deals with the siagty of the dimer
contacting the plate with two stick contact points, we cataivb

rl
dP,, +dP,, = m[d Pn, — dPy,], (93)

by settingdx., = 0 anddx,, = 0. Let us assume thalP,, is the primary normal
impulse, therdP,, can be connected witthP,, by the distributing law in E.89. Thus,
we can use the fact that the two contact points have to sligick en the plate si-

multaneously to define a correlation deent of friction for the singularity in double
impacts:

[dP;, + dP.,|
=— = 94
Hst = "apy, + dPy, (04)
which can be further expressed as
rl 1- l/(11+l)E(ll+l)/ll
= gty ©)
! +721 21
At the instant ofx;, = 0 andx;, = 0, if
Hst<Min(us), =12 (96)

the tangential constraint in the two contact points shoalis#y the relationship ex-
pressed in EL®3. Then we can substitute it into the follgwinpulsive equations
obtained from E@.35 fo# = 0

o .
e R Al | B - R (R S G
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and obtain the following impulsive fierential equations with respect to the inde-
pendent normal impulséP,,,

. oy ()2 1
dxm _ 1 '82 B1+2r2 '83 + B1+2r2 — dpP 98
d%, |~ B (1)’ ()2 A | 9P (98)
: Bs+ g B2 piae Vo1 B
If
Hst > Maxus), 1=1,2, (99)

the tangential constraint at the two contact points is:
dP;, = —u dPysgn(dx;,), i=1,2, (100)

Substituting EGITO0 intd{®7) can also lead to the impuldierential equations
with respect to the normal impulsiP,,. It is obvious that the impulsive fierential
equations in both cases can be solved by takiRg as a "time-like” independent
variable. The end of the impact at each contact point will dtilled by the normal
constraint defined at the energy level.

A sequence of impacts can be transferred into a contact piaseh is related to
the problem ofinelastic collapsestudied by many authors [69,197,158]. For instance,
an inelastic ball will physically come to rest in a finite timdowever, if the collision
for each bounce is assumed instantaneous and inelasticongiant Newton’s resti-
tution codficient, the theoretical results will show that an infinite raenof bounces
occurs. Obviously this phenomenon cannot be expected iexgetally, and is named
collisional singularity

The misconstruction for the problem of the inelastic cadlajs due to the Newton’s
restitution coéicient used for describing an impact process. Let us recakbthemes
in dealing with a system with or without a shock action. Theémuhfference between
them is whether the nonimpulsive forces are ignored or ndte isual method for
an impact is that thefiects from the nonimpulsive forces is omitted like the way of
using the Newton'’s restitution cficient to obtain the post-impact velocity after each
bounce. When the intensity of an impact is very small, it igiobs that the nonimpul-
sive forces will significantly influence or dominate the bébaof the system. Thus
their dfects cannot be ignored. For the typical example of the itielball bouncing
on the ground, the reason for its rest is due to the gravityiegn it, but not the
complete dissipation of energy. In other words, when theamibetween the ball and
the ground is established, a part of the energy will be reksidehe ball to generate
a vibration. This has been verified by the experimentsin.[Fherefore, a transition
from a sequence of impacts to a contact will be significantfjluenced by the rela-
tive effects between the contact and nonimpulsive forces. A simpieafidentifying
the transition from a sequence of impacts to a contact carfieed by the following
condition,

5 =0, 6 <0, and |5i] <&, (101)

wheree is a small quantity. We assume that the contact is closed dttput of impacts
for the relative velocity between the plate and the tifgiis< Aw/100.
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5 Qualitative analysis for the drift motion in the bounc-
ing dimer

According to the precise experiments presented ih [38|dimer bouncing on an oscil-
lated plate can exhibit a horizonal drift motion in certaiitial and driving conditions.
Obviously the formation of the ordered behavior signifibadepends on the impact
and contact dynamics of the dimer. Based on the qualitatiedyais for the experi-
mental findings, in this section we will investigate the driymechanism of the drift
motion, and then estimate the stick fogent of friction between the dimer and the
plate.

5.1 Experimental phenomenon in the dimer

Two experimental results are presentedin [38] for the dénvéth respective aspect
ratiosAr = 3.9 andA, = 5.7. In both cases the dimer will exhibitfigrent drift
motions: for smallA;, a positive drift motion is generated, in which the direntiaf
the drift will be towards the bouncing end; for largg however, the dimer is directed
towards its staying end, and a so-called negative driftomds generated.

Detailed observation of the experimental curves in Fig.[&8], clearly shows that
the dimer in both cases will experience the followinfelient modes in every cycle
of the drift motion: double impactsn which the bouncing sphere collides against the
oscillated plate while the other ball stays on the platshort-term free motionf the
dimer after the double impacta;sequence of single impadistween the staying ball
and the platea contact phasén which the staying ball lies on the oscillated plate.
These diterent modes make a cycle for the drift motion that is repetdettive the
dimer moving horizontally.

Nevertheless, the fierent aspect ratios & will make the drift motion with dif-
ferent horizonal directions (see Fig.3(a) In][38]), and thegential velocities at the
staying ball will take diterent characteristics (see Fig.3(b) inl[38]). In the case of
small A;, the horizonal velocity can suddenly vary from a negatieedo a positive
one at the event of double impacts, while for ladge the value of the horizontal ve-
locity seems to be always null after the event of the doublgsicts. During the phase
of the sequence of single impacts, the horizonal velocitthencase of small\, de-
creases gradually, while the horizonal velocity in the aafdargeAr seems to be null
for a relatively long time. Detailed examination [n]38] stmthat contact between the
staying ball and the oscillated plate can also be estallishboth cases, in which a
transition from stick to slip appears in the case of ladgewhile a reverse slip appears
in the case of smak.

From the observation for the experimental finding, it is clbat the diference of
the drift motions between the small and lajeis due to the frictional behavior at
the contact point, which strictly depends on the relatign&letween thecorrelation
cogficient of frictionand the stick co@cient of friction.

5.2 The correlative cofficient of friction

When a tip has a zero tangential velocity in both the contadtimpact phases, the
tangential constraint depends on the property of the dictione at the contact point,
that can be identified by using a correlation fméent of friction. This coéficient

represents a relationship between the tangential and heongact forces, which can
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be satisfied for the contact point in a stick mode. For theaxinoint with a slip mode,
however, the relationship between the normal and tandéaitcees should be redefined
by using a constant slip cfiecient of friction. Let us first consider the correlative
codficient of friction in the case of the dimer with one contactaiti.

From EdZb, the tangential acceleration at the contact paian be explicitly ex-
pressed as
% = ﬁ”if‘”& F, - %Fm T H, (102)

where
_ (my +0.5m)I2sin? 6

_ ; 2 _ 2 i
Ba e+ m , Bs=2rlsing+2re, Beg=(0.51sing+rl)coss. (103)
andg, is in Eq[43. By setting,, = 0, we have
Fo=— P g By (104)
B1+Pa+ps B1+pa+ps
The correlative coféicient of friction isu;C and can be expressed as
i 1
i,C
= ————1|Bs — BH; /Fn 105
Hst ﬂl+ﬁ4+ﬁ5|,86 BH< /Fnl (105)

Then, we can compare the values;af and of the static cdgcient of friction
us to identify the tangential status at the contact poinDbviously, the value oﬁ's’?
is influenced not only by the configuration, but alsothy coming from non-contact
forces.

Similarly, from E(Zb and{46), we can denote the corretativeficient of friction
in the case of contact poinwith a single impact agy, that can be explicitly expressed
as

Bs
B1+PBa+PBs’

which is only associated with the configuration of the dinteha instant ok;, = 0.
When more contacts are closed, the calculatiopfpiiepends on the tangential contact
status at other points, which has been discussed in seliand4 for the contact and
impact phases, respectively.

The event of double impacts seems to play a significant ral¢hi formation of
the drift motion in the dimer. Let us denote the correlatigefiicient of friction in this
case ag'. From EJ8b and setting the tips in the left and right ballhwie same
Hertz’ contact {,; = 1 andp = 3/2), we have

pyt = (106)

11— (Ew)3|
Br+2r% (Epp)3 +1

WL = (107)

It is noteworthy that the value f2' will be influenced by the ratio of the potential
energyEs» at the instant wher,, = X, = 0. Moreover, sinc&;, < 1, one has

rl
ﬁl + 2r2

us < = Uy (9= 0), (108)

which implies that at the same configuration the valugRfmust be less than the one
of .
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Figure 2: the value qfis; with the variation ofA, and the angl@.

5.3 Estimation of the codficient of friction

Let us number 1 and 2 the respective quantities in the leftrayind balls. When the
dimer moves with a drift mode, the terht,, is related tof? that is very small, and
thus has little &ects on the value f°. During the double impacts, the value®f;

is also very small since the left ball lies on the oscillatéatgpwhen double impacts
occur. So we can approximately adopt a unified valuggf= u% to identify the
property of the tangential constraint, which is only asatea with the configuration
of the dimer (the tilt angl®) and the geometrical paramet&r. By setting the steel
densitypsteel= 7.8 x 10°%kg/m? and the glass densigass = 1.0 x 10°%kg/m?, Figurel2
shows the evolution qgis; with A; and the anglé.

Now, let us estimate the stick ddieient of friction according to the experimental
findings in [38] and the unified correlative deient of frictionus;.. The experiments
have shown that the dimer is directed towards the bouncid@ & < 5, otherwise, the
dimer moves in the backward direction. As shown in the expenital curves (Fig.3(b)
in [38]), the reason for this is due to theffdirent behavior of the double impacts for
small and largé\,. In the casé\ = 3.9, the horizonal velocity at the tip in the left ball
can change with a positive value, while for the cAse- 5.7 it is null.

If A, = 5is setas the critical value for the occurrence of the stiokeit is obvious
that the drift behavior of the dimer should also be changddrbeand after this value.
Therefore, it seems reasonable that the valugspéit Ar = 5 andé = 0 should be
assigned on the stick cficient of frictionus since the drift direction is changed after
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A > 5. From EQ.I06 and the knowledge that the slipfiioient of friction is near to
the half value ofis, we estimate that the cficients of friction approximately take the
following values

us~ ust(Ar =5,0=0)~ 024, u=pus/2=012 (209)

5.4 Qualitative analysis of the drift mode

Based on the estimation of the d¢heient of friction and the theory developed in this
paper, we can present a qualitative analysis for the exgatmhphenomena exhibited
in the dimer. After double impacts, a sequence of small jumiisoe excited due to
the single impacts at the tip in the left ball, and then a ctinthase between the left
ball and the plate can be established. Obviously, thesdesimgacts and the contact
phase occur in the presence of friction, that may complitetéangential constraint at
the contact point.

From Fid2, it is clear that the correlative ¢beient of friction will vary not only
with differentA,, but also will change with the tilt angle Especially, for a fixedd,
its value will increase with the ange Therefore, for a small aspect rattp < 5, the
dimer should keep the slip constraint of Coulomb’s frictewen though there exists an
event ofx;, = 0 during the processes of a single impact or a contact phaseth&
dimer with a large?;, however, the correlative cfiizient may be greater than the stick
codficient of friction when the dimer with a large tilt angle. Thtise property of the
tangential constraint at the tip of the dimer can be changed.

Since friction forces are linked to the direction of the slgdocity, the impulsive
differential equations or the contact dynamical equationsheilchanged due to the
different directions of the initial tangential velocity. So teases associated with the
initial tangential velocity o, > 0 andx;, < 0 should be separately investigated.

The impact initiated from x; > O:

In the casex;, > 0, the tangential constraint in a single impact at the tiphef t
left ball becomesiP;, = —udP,,, and thus the tangential impulsive equations can be
explicitly written as

dk,, = —% [(B1+ Ba + Bo)it + Bo] dPn,. (110)

Since the cofficient beforedP,, is always negative, the tangential velocity, -
decreases during the impact initiated fram > 0 and may reach zero. When the event
X, = 0 is checked during the process of the impact, the tangesuizdtraint at the
tip will be changed depending on the valuef&f For the dimer with an aspect ratio
A; < 5, the slip constraint of Coulomb’s friction will be kept,ttihe slip direction may
be changed. For the dimer with > 5, if the evenix;, = 0 occurs when the tilt angte
is small, the correlative cdigcient will be smaller than the stick cigient of friction,
and thus the tangential constraint will be transferred atick mode that will make
the tangential velocity at the contact point vanish whenripact finishes. If the event
X, = 0 appears in the dimer with a large tilt angle, the corredatidficient may be
greater than the stick cicient, thus a slip mode will appear in the dimer with> 5.

The impact initiated from x; < 0:
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If the single impact occurs whext, "< 0, the tangential constraint at the contact
point becomeslP,, = udP,,, that will lead to the following tangential impulsive dif-
ferential equation

dx., = —/}3 [(B1 + Ba + Bs)u — Be] P, (111)

Obviously, the sign of the cdiécient befored P, will be influenced by the config-
uration of the dimer and the slip cieient of friction. If

(B1 + Ba + Bs)u < Be, (112)

the tangential acceleration dk, is guaranteed to be greater than zero, thus may pro-
duce a discrete event, = 0 for the impact initiated fromx;, < 0 and the tangential
constraint will be changed during impacts. However, if

(B1 + Ba + Bs)u > PBe (113)

the tangential acceleration af, ‘will be always less than zero during the process of
the impact, thus no variation of the tangential constraiicuos for the impact initiated
from x;, <O0.

In order to qualitatively analyze the property of the tartg@motion in the impact
initiated fromx;, < 0, we can simplify the cd&cient beforedP,, by considering the
dimer with a small tilt angle during the drift motion and igimg the dfects of the glass
rod. Thus, we can set

sind=0, cosh~1, m =0, J =0, (114)
and EQTTN becomes

: f(Br)
S e 11
& = S E@r el (115)
whereB; = 1/r, and the functiorf (B;),
f(By) = uB? — 2B, + 5.6u (116)

The sign of the functiorii(-) depends on the roots of the equatfdB,) = 0. Obviously,
if 4 > 1/ V5.6, no real root exists, sdx,, > 0 is guaranteed that will make, — 0
during the single impact initiated frony, "< 0.

If 0 < u <1/ V5.6, there are two real roots:

Br

2 \1-5612 2+ \1-5612
1 = T, Brz = T (117)

WhenB; € [B,, B,], d%;, < 0 and thus the amplitude of, will increase during
the impact with an initial condition ok;, < 0. So the discrete event af, = 0 can
not appear in the process of the single impac8lk B, or B, > B,, the tangential
velocity X,, will approach zero and a transition of the tangential camstrduring the
single impact is possible.
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From the estimation of the slip cfirient of friction,u = 0.12 < 1/ V5.6, and
Br € [Br,, By,], this illustrates that the single impact initiated from < 0 cannot allow
an event ofc, = 0, and the tangential constraint is not changed.

Summary of the impact behavior at the left ball

If a single impact is initiated from, > 0, the amplitude of the tangential velocity
X, > O will decrease during impact and may trigger an evernt,pf= 0 before the
impact finishes. For sma#;, the event of horizonal velocity vanishing will result in a
reverse slip. For largéy, this event will generate a stick mode when the tilt angle is
small, and a reverse slip if the tilt angle is large enough.tke single impact initiated
from x;, < 0, the amplitude of the tangential velocity will increasdiltie impact
finishes since the event &f, = 0 cannot occur.

The contact behavior at the left ball

A contact phase is confirmed by the detailed examinationghi$ measuring the
electric resistance between the spheres and the platd) igl@stablished by a sequence
of single impacts. Obviously, the transition will occur Het intensity of the single
impact is very small. During a (non impacting) contact ph#se tangential constraint
at the contact point may also be changed due to the variatite dangential velocity.
Let us get back to the slip mode when the contact is closedassuines;, > 0. Thus
the tangential constraint i5;, = —uF,,. Similarly to the case of a single impact, the
governing equation of the contact point in the tangentiadation takes the following
form,

o= =5 B+ pact B+ ol Fo + H, (118)

The diference betweel {I118) arfld{110) is that the tangential statecontact phase
will be influenced byH.,. For the dimer with a drift motion, the value b, is in gen-
eral very small, such that the qualitative property of theyential constraint in contact
phases is similar to the case of the dimer experiencing desimgact. Therefore, for a
dimer with a smallA;, the tangential velocity at the contact point will alwayssse
and can pass through zero to generate a reverse slip. Ho@vadimer with a large
A, when the tilt angle is very small, the tangential velocitll e restricted tax;, > 0.
Only when the tilt angle is large enough, the lock at the ocinpaint can be released
to permit a reverse slip.

For the case of the contact with the conditiqn < 0, the governing equation in the
tangential direction becomes

_ 1
B

Clearly, the tangential state in this case is also influebgeate termH,,. However,
for the experimental parameters used.in [38], it seems keairtfluences fronH,, is
tiny and the property of the tangential constrained is kieptsame as in the case of a
single impact with an initial conditior;, < 0.

Based on the above analysis, the behavior of the tangematities shown in
Fig.3(b) [38], can be better understood. In the cAse= 3.9, no stick mode can
appear in the double impacts or the sequential single i@ the contact phases.

Xe, [(B1 + Ba + Bs)u — Bs] Fn, + He, (119)
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So the tangential velocity can freely change without aniric®n on its slip direction.
Therefore, a positive tangential velocity can be obtairfeet double impacts, and will
gradually decrease before its value equals zero, thenaserits amplitude along a
negative direction. Through a sequence of single impaasngact phase between the
dimer and the plate can be established before or after tteninsfx,, = 0, and then
a next cycle with a start of double impacts will begin: thusoasitive drift motion is
generated.

In the caseA, = 5.7, however, the double impacts will make the tangentialpost
impact velocity vanish due to the occurrence of the stick endifter that a sequence
of single impacts occurs and then a contact phase can bdiglstalbwvhen the intensity
of impacts become much puny. In the situation of the dimehn wismall tilt angle, the
friction cone at the contact point only permits positiveibonal velocity, thus its value
seems to be small or null for a relatively long time. Once ilhamngle is large enough,
the restriction from the friction cone will be shakefi to admit a reverse slip. Then a
negative slip can appear in the dimer.

6 comparison between numerical and experimental re-
sults

According to [38], the oscillated plate has a harmonic vibrawith frequencyf and
amplitudeA that is defined by a parameter

I = 47°Af?/g (120)

whereg is the gravitational acceleration. Numerical simulatieraiso carried out in
[38] based on an event-driven scheme with the following peters: the Newton’s co-
efficient of restitutiore = 0.65; the stick and slip cdicients of friction for the contact
phasegis = 0.4 andu = 0.2; and the friction coicients in impact phases™= 0.2
andyg = 0.1. Although qualitative agreements between the numerézallts and the
experimental findings are achieved, there still exists aiggnt discrepancy at the
guantitative level between the numerical results (se&Hhig[38]) with the experimen-
tal findings (Fig.3(b) in[[3B]). In this section, numericahsilations for the dimer under
different initial and driving conditions are carried out by gsihe method proposed in
this paper. The numerical results will be carefully compavéh the experimental data
provided in [38]. The influence of the parametegsu andes on the numerical results
will be discussed.

6.1 The preliminary numerical results

According to the estimation of the cfieient of friction presented in sectih 5.C, and
the restitution cofficient used in[[38], we adopt the following parameters toycaut
the numerical simulationgis = 0.24,u = 0.12,e5 = € = 0.65. Let us first investigate
the two cases exhibited in B8] for the dimer with = 3.9 andA;, = 5.7. In both
cases, the dimer is driven by the oscillated plate with timeesparameterst = 25Hz
andI’ = 0.9. The initial configuration of the dimer is denoted by a tiigée d; and an
initial heighthg, the distance between the tip (the potential contact pairtt)e lower
end of the dimer and the equilibrium position of the osadithplate. The simulation
starts at the instant when the waveform of the plate oscitids expressed as:
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Figure 3: The vertical positions of the left (black soliddjnand right (black dashed
line) contact points of the dimer with, = 3.9 as a function of time obtained from
numerical simulation, in whicif = 25 Hz, andl' = 0.9, e; = 0.65, us = 0.24,
1 =0.12. The red thin line is the vertical position of the plate.

Yp(t) = —Asinwt (121)

wherew = 1/f and A can be calculated according to the paramg&taccording to
Eq[I20.

For the dimer withA, = 3.9, we computé = 2(A, — 1)r = 27.55mm. The initial
conditions of the dimer are set@s= 5° andhy = 0.25mm Fig[3d shows the numerical
results for the vertical positions of the tips in the leftathk solid line) and right (black
dashed line) balls of the dimer. After several bounces tasidihe configuration of the
dimer for participating impacts, a periodical vertical mootcan be formed, in which
the tip in the left ball of the dimer will stay on the plate, Whthe tip in the right ball
will bounce df the plate periodically. The variation of the tilt angle i©am in Fig[3:
it has approximately a constant amplitude.

Except for the normal periodic motion, a novel horizontddtdran be observed in
Fig[@ for the tangential velocities at the left and rightstipFrom this figure we can
clearly observe the scenario for the complex motion of theediexperiencing the drift
mode: after the initial free motion of the dimer, the left sphwill collide repeatedly

INRIA

0.5



Bouncing dimer 33

al | -
© 37
o
o)
]
=)
o 2r L
1 - .
0 - .
-1 | | | |
0 0.1 0.2 0.3 0.4

time (s)

Figure 4. The numerical result of the swing anglebtained from the simulation pa-
rameterses = 0.65,us = 0.24, = 0.12, for the dimer withA, = 3.9, driving in f = 25
Hz, andl’ = 0.9.
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Figure 5: The tangential velocities of the left (solid lirm@)d right (dashed line) tips

for the dimer withA, = 3.9 obtained from numerical simulation. The parameters for

simulation arees = 0.65,us = 0.24,u = 0.12,f = 25 Hz, and” = 0.9.

against the oscillated plate before the right ball reacheglate. These single impacts
will make the tangential velocities of both tips quickly dease, while the tilt angle
approaches zero (see [Fig.4). After that, a strong collisetveen the right sphere and
the plate occurs that makes the tangential velocities ih bps immediately change
with a new positive direction. Then the right end of the dirheunces far away from
the plate, while the left end of the dimer experiences a sexpief single impacts. A
next cycle for the right end of the dimer experiencing onédigioh per period of the
plate oscillation begins.

Through the self-organization of the dimer motion expesieg a few cycles of
the plate oscillation, the left ball will stay on the osdiéld plate before the right ball
collides against the plate. Then the single impact betwikemigiht ball and the plate
will be transferred into double impacts. After that, a pdioally complex motion will
be formed that consists of double impacts, a sequence désimgacts at the left ball,
and a contact phase between the left ball and the plate.

The evolution of the tangential velocities at the tips inl#feand right balls shown
in Fig[H can also be better understood according to thetqtiaé analysis of the dimer
dynamics. Since all the correlative dheients in the dimer wittA, = 3.9 are smaller
than the stick cofficient of frictionus, the tangential velocities at the tips can freely
pass through zero when the contact between the dimer anddtesip closed. So
no stick mode appears in the tangential constraints of tiaco points, such that
the double impacts can make the tangential velocities df thas positive, and a single
impact at the left ball can make its horizonal velocity desesrapidly, while the contact
between the left sphere and the plate can slip reversely.

It is obvious that the stable persistent drift motion is gatex] by the repeated
complex motion that is periodic but rather subtle and mugihisticated in each cycle.
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Figure 6: The horizontal position of the left tip of the dingera function of time in the
drift mode forA, = 3.9 obtained from the simulation parametezs= 0.65,us = 0.24,
u=012,f =25Hz, and" = 0.9.

Fig[@ shows the horizontal position of the left tip of the dinn the casé\, = 3.9. Itis
clear that the horizontal drift motion can be approximated aniform rectilinear mo-
tion with an approximately constant mean sp&ei~ 3.3mnys, obtained by dividing
the distancex over ten cycles by the corresponding time.

In comparison with the experimental results for the dimehwi = 3.9 (see Fig.3
in [38]), a deviation at the quantitative level can be obedrin the numerical results:
the value of the mean drift speed obtained from simulatiolowger than the one in
experiments. From Fig.5, one finds that the horizonal diggteent is synthesized by
the positive and negative slip of the left tip in each cycldlef complicated periodic
motion. Therefore, the ffierence between them will determine the magnitude of the
mean drift speed, that will be influenced by the amplitudeshef positive and the
negative horizonal speed, and the durations for each parte 80 stick mode appears
in the tangential constraints for the dimer with = 3.9, and these quantities will be
affected by the slip cdicient of friction only. This illustrates that the estimatetiue
1 = 0.12 used in the simulation is not appropriate, and a modiGiogtr that will be
discussed later.
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Figure 7: The vertical positions of the left (black soliddjnand right (black dashed
line) contact points of the dimer with, = 5.7 as a function of time obtained from
numerical simulation, in whictf = 25 Hz, andl’ = 0.9, es = 0.65, us = 0.24,
1 =0.12. The red thin line is the vertical position of the plate.

Let us now investigate the case of the dimer with= 5.7, in which it will be
directed to drift backwards from the bouncing end (a negativection). The initial
conditions and the parameters used in simulation are the aarfor the casé, = 3.9:
ho = 0.25mm,6p =5°,1 =1 = 2(A, — 1)r = 4465mm,us = 0.24,u = 0.12,e5 = 0.65.

Similarly to the casé\, = 3.9, a periodic bouncing motion in the normal direction
is observed in Fi@l7, in which the bouncing end of the dimdr repeatedly collide
against the oscillated plate, while the left sphere seenwsay on the plate. Fig.8
shows the variation of the swing anglghat is also periodic with an approximately
constant maximal swing angle.

However, the tangential motion of the dimer with = 5.7 will significantly differ
from the one withA;, = 3.9. Fig[® depicts the evolution of the tangential velocités
the tips in the left and right balls fak = 5.7. Let us check the complex motion of the
dimer in this case.

The correlative coicientus; with a configuratiorg = 5° is larger than the stick
codficient of friction. The initial single impact in the left spieg after a free motion
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Figure 8: The numerical result of the swing anglebtained from the simulation pa-
rameterses = 0.65,us = 0.24, = 0.12, for the dimer withA, = 5.7, driving in f = 25

Hz, andl’ = 0.9.
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Figure 9: The tangential velocities of the left (solid lire)d right (dashed line) tips
for the dimer withA, = 5.7 obtained from numerical simulation. The parameters for
simulation arees = 0.65,u5 = 0.24,u = 0.12,f = 25 Hz, and” = 0.9.

of the dimer, will therefore not take a stick mode in its tamgg constraint. Conse-
qguently, the tangential velocity in the tip can change fragnozto a negative value,
and then the sequential detachment at the left ball will ggeea sequence of single
impacts that also makes the right ball approach the platektyuiWwhen the tilt angle
0 is so small to make the correlative d¢heientug be less than the stick cfigient of
friction us, a stick mode will appear in the single impacts at the tiphieflieft and right
balls. Thus the tangential post-impact velocities of the tvill vanish after the single
impacts. Together with the decrease of the intensity inglsésgle impacts, a contact
between the left ball and the plate can be established. Thwnlelimpacts will appear
in the dimer when the right ball reaches the plate again. Duké stick mode in the
tangential constraint, the tangential velocities at bipth of the left and right balls will
be equal to zero after the double impacts. The sequentiglesimpacts at the left
ball will make its tangential velocity approximately nullié to the stick mode of the
tangential constraint. Once the tilt anglés large enough to makes > us, the stick
mode at the tip of the left sphere will be shakef) and the left ball can slip reversely.
The repeated process will make the dimer drift backwardsestine positive tangential
velocity is absent in this case , see Eig.10.

It is obvious that the complex periodic motions in the diméhwespectiveA, =
3.9 andA, = 5.7 take a similar structure except for the variation of thegtantial
constraint during impacts and contact phases. Moreovenrnmparison with the case
A; = 3.9, the numerical simulations shown in [Elg.9 are close to #peemental results
(see Fig.3in[[38]).

Let us present an explanation for the deviation between tingenical simulations
and the experimental findings for the dimer with the twidetient aspect ratios. For the
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Figure 10: The horizontal position of the left tip of the dinss a function of time
in the drift mode forA, = 5.7 obtained from the simulation parametees:= 0.65,
s =024, =0.12,f =25Hz, and" = 0.9.
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Figure 11: The mean horizontal speed of the dimer scaled &witgrand frequency
versusA, for three values of driving frequency. obtained from theldation parame-
ters:es = 0.65,us = 0.24,4 = 0.12,f = 25,50, 75 Hz, and” = 0.9.

dimer with A, = 5.7, the mean drift motion mainly depends on the negative auusi
of the tangential velocity at the tip of the left sphere beftire double impacts occur.
The negative tangential velocity is generated by the slimgpmotion that starts from
a stick mode in the left sphere. The small error between thmeenical and experi-
mental results illustrates that the slip éio@ent of friction for a contact phase used in
simulation is approximately correct. However, for the diméh A, = 3.9, the posi-
tive drift motion is synthesized by a positive and negatlf@motions that depend on
the property of the slip friction in double impacts. Therefowe may postulate the
following for the frictional behavior between bodies.

Claim: Even though the stick cgieient of friction between bodies in impact and
contact phases may take the same value, the slificieat of friction in impact phases
should be less than the one in contact phases.

It is not easy to give a rigorous support for this statememesma lot of experi-
ments are carried out. Intuitively, the strong interactituming impacts will weaken
the tangential resistance due to the local plastic defaomasuch that the slip céi@
cient of friction during impacts will be lessened. The nuit@rresults obtained from a
modification for the slip cocient of friction will be presented in the next subsection.
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Figure 12: The horizonal velocities at the tip of the leftllimkthe dimer withA; = 3.9
(solid line) and 57 (dashed line). The simulation parameters dre: 25Hz,T" = 0.9,
es = 0.65,us=0.24,u°=0.12,4' = 0.08

Figd shows the curves of the scaled mean horizontal speetisA, for the
dimers driven by three fferent values of the frequencfy,= 25,50, 75Hz. The plate
oscillation at each frequency shares the same paranieter).9. The scaled mean
horizontal speed is denoted a$(fg1)10?, where(u) is the mean horizonal speed
obtained by dividing the drift distance over ten cycles viith corresponding time. It
is noteworthy that the calculation of the mean drift speechisied out only when a
persistent motion of the dimer in drift mode is excited.

The scaled mean horizonal speed obtained from numericaltseseems to well
agree with the experimental results for the dimer with a tiegalrift motion (Fig.4(a)
in [38]). However, quantitative errors between the nuna@nd experimental results
exist in the cases of the dimer with a forward drift motionr Fstance, the numerical
simulation in FidIllL shows that the mean drift speed moricédly varies with A,
but the experimental findings indicate that the drift speditl take maximal at the
neighborhood of, = 3.5. The discrepancy further illustrates that the modificatar
the value ofu during impacts is necessary.

Dorbolo et. al emphasized that their experiments do not shaliscontinuous
transition from forward to reverse drift at a certéin Our numerical results clearly
indicate that the forward drift will be transferred into tleverse one a; = 5 because
the stick coéicient of frictionus takes the value qig; in the dimer withA, = 5. They
explained the discrepancy by the sensitivity of the doublision to small variations
in frictional properties of the plate at large. We believe the reason for that comes
from the small variation of the stick cfigcient of friction us because of the age of
contact when plenty of experiments are carried out.

6.2 Numerical results obtained by modifying the slip cofficient of
friction

In order to reflect the dierence of the frictional behaviorsin contact and impactpba
let us denote ag' the slip codficient of friction during impacts, and® the one in
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Figure 13: A local figure zoomed from Figufe]12) for the horial velocity at the tip
of the left ball in the dimer witiA, = 3.9 (solid line) and 5 (dashed line), respectively.

contacts. The slip cdicient of friction for contacts is kept as the valueusf= 0.12,
and the one in impacts is estimated from a fitting method withlae ofy' = 0.08 that
can make the corresponding numerical simulation bettecidée with the experimental
results.

Under the same parameters as used in the above simulatiosstéar the slip co-
efficient of friction during the impacts, FIg12 shows the honial velocities at the tips
of the left ball for the dimers with the aspect ratiosAf= 3.9 andA, = 5.7, respec-
tively. Detailed observation for the horizonal velocitispresented in Figl3, zoomed
from Fig[I2. Clearly, the new numerical results precisegjsea with the experimental
results Fig.3(a) in138].

In comparison with the numerical results shown in[Hig.54p1= 3.9 obtained by
settingy' = 1€ = u = 0.12, the new numerical results are significantly improvedraft
the modification for the slip cdicient of friction in impacts. For the case Af = 5.7,
the diference between the numerical results before and after tlgfioation of the
slip codficient of friction is very small (see F[d.9 ahdl13).

The mean horizonal speed for the dimer with= 3.9 andA, = 5.7 can be cal-
culated by the horizonal displacements at the tip of thedeft shown in FidCT4. In
the caseA, = 3.9, the mean horizonal speed(ip = 8.7mnysand the horizonal dis-
tance at the left tip over 120sis aboutx,, = 1.044mm For the case oA, = 3.9,
(uy = —6.7mnys approximately, anc,, = —0.804mmover a timer interval 12@s
Both of them are very close to the values shown in Fig.3(g]) [38

Let us check the influence of the aspect r&i@nd the frequency on the dynam-
ics of the dimer in drift mode after the modification of thepstiodticient of friction.
The simulations are carried out for the dimers with variduvetween 21 and 85 at
three diterent frequencies of the plate vibration under the sameggriee 0.9. For
each point shown in Fig:l5, the scaled mean drift sgeis obtained when the per-
sistent drift mode is excited by adjusting the initial caruatis for the dimer releasing.
When the plate oscillates with a low frequentyand the dimer with a small aspect
ratio A, the excitation of the drift mode is more sensitive to théiahiconditions. In
particular, the drift mode cannot be excited for the dimahwi, < 2.1 bouncing on
the plate withf = 25Hz
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Figure 14: Horizonal displacements of the left tip of the dirm the drift mode for
A = 3.9 (solid line) andA,; = 5.7 (dashed line)
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Figure 15: The scaled mean horizonal spaefg=1)10? versusA, for three values of
driving frequency. Parameters used in simulations Ere:0.9, es = 0.65, us = 0.24,
ut=0.12,4 =0.08.
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Figure 16: The vertical positions of the left (black solidd) and right (black dashed
line) contact points of the dimer with, = 2.5 as a function of time obtained from
numerical simulation, in whictf = 25 Hz, andl’ = 0.9, es = 0.65, us = 0.24,
u®=0.12,4 = 0.08. The red thin line is the vertical position of the plate.

A persistent stable drift mode strictly depends on the micidehaviors of the
dimer bouncing on the plate, in which each cycle of the reggba&buncing motion
consists of complex motions such as double impacts, a sequéisingle impacts and
the contacts with frictionfects. In general, a stable repeated cycle can be formed only
if the dimer is released with an initial condition defined ispecial range. If the initial
conditions are not appropriate, the drift mode cannot begdad. At this stage, it is
still an open problem for finding the basin of attraction afldé periodic motions.

If A < 2.5, the drift mode becomes unstable according to the expatahebser-
vation in [38]. This can be explained by using the followingmerical simulations for
the dimer withA, = 2.5 bouncing on the plate with = 25HzandI’ = 0.9.

FigurdIb depicts the vertical positions at the tips of tlfteglied right balls withA, =
2.5. One sees that the left ball does not stay on the plate lugtdewith a small height.
Fig[Iq indicates that the contact phase between the ldfabdlthe plate seems to be
very short or absent during each cycle of the complicategiermotion. Obviously,
the absence of the contact phase in the left ball is the refasdhe instability of the
drift mode whenA, < 2.5. The unstable drift modes can also be found for the dimer
with an aspect ratio neak = 5, in which there is a discontinuous transition from
forward to backward drift motions. In these situations, ith&al conditions for the
release of the dimer should be carefully selected in ordfarta a stable drift mode.
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Figure 17: The tangential velocities of the left (solid lirmad right (dashed line) tips
for the dimer withA, = 2.5 obtained from numerical simulation used in the following
parametersf = 25 Hz, and” = 0.9, es = 0.65,us = 0.24,u° = 0.12,4' = 0.08.
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Figure 18: The vertical positions of the left (solid line)daright (dashed line) tips
for the dimer withA, = 6.5 obtained from numerical simulation used in the following
parametersf = 25 Hz, and” = 0.9, e5 = 0.65,us = 0.24,u° = 0.12,4' = 0.08.

From Fig[Th, we can also find that the positive drift speed ddtrease with the
increase of the aspect ratio whane (3.1, 5), and the value of the frequency has little
influence on the scaled mean drift motion. Meanwhile, anxidle exists atA, = 3.1,
in which the scaled mean drift speed in the chse 25Hz will rapidly decrease when
A changes from 3 to 29, and then increases by further diminishing the valué,of
In the cases of = 50 and 751z the scaled mean drift speed seems to be a constant
during the scope oA € (2.5,3.1), and then rapidly increases when the valuéois
further reduced.

In the casé); = 5, a transition from forward to reversal drift motion willddenly
occur. Indeed the symmetric structure of the tangentiadarsl with small A, (see
the relevant figures foA, = 3.9) collapses and is spontaneously transferred into the
negative drift mode. Obviously, the symmetry breaking is tluthe variation of the
frictional behavior at the contact point. In the negativift dnode, the absolute value of
the scaled mean drift speed will also decrease wheincreases, and be significantly
influenced by the value of the frequency of the plate. In tlee€a= 25Hz, the absolute
value of the scaled mean drift speed will decrease rapidly\vanish wher, > 6.2.
This situation is mostly like a single pendulum, in which @mal of the dimer is fixed
on the oscillated plate, and the other swings beyond the platl collides against it
once every cycle. Fig18 shows the normal motion for the dimith A, = 6.5 released
from an initial condition ohg = 2.25mmand6d, = 12°, in which a small swing appears
in the right ball even though the mean drift speed equals zero
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In the cases of = 50 and 7%z the occurrence for the zero mean drift speed are
A = 8.2 and 76, respectively. Under the same paramé&tethe external and inertial
forces applied in the dimer will vary with the frequency oétplate oscillation, thus
the critical value for the occurrence of the single pendutnate will be translated.

6.3 Other stable persistent motion shown in the dimer

For a fixedA,;, the mode of the persistent motion triggered in the dimerhvelsignifi-
cantly influenced by the initial and driving conditions. Fastance, the experiments in
[38] clearly show that the dimer dynamics is sensitive toitfigal conditions, and the
transition from a drift mode to the higher energy jump anddiumodes could be ob-
served when the parameferelated to the plate oscillation is varied. In the following
we carried out some numerical simulations and made an attengp/e an illustration
for the transition between filerent modes.

Once a stable persistent motion is established, the totagiginvolved in the dimer
should be approximately constant such that a quasi perioditon holds. Let us
analyze the energy involved in the drift, jump and flutter m®tbr the dimer.

In the case of the dimer with a stable drift mode, one ballstaythe plate, while
the other ball swings beyond the plate and hits the plate emery cycle of the plate
vibration. Most importantly, the swing motion of the dimer the plate is much seem-
ingly periodic and the maximal height of the hitting end a¢mwcycle seems to be kept
constant approximately. As a simple way for the estimaticth® total mechanical en-
ergies involved in drift mode we simplify the dimer dynaméssa system of an elastic
ball bouncing ¢ a fixed ground, in which the time interval between two sedgaént
bounces of the "elastic ball” is just equal to the period & gtate oscillationT. The
total mechanical energy in this simplified model is

1 1
Eg = mghnax= mg- EQ(T/Z)2 = émQZTZ, (122)

which can be thought of as the approximately constant enevgived in the dimer
with a drift mode.

For the case of a jump mode, both the left and right balls wilide with the plate
once every cycle of the plate oscillation. In this mode, tberring heights of the
two balls are nearly the same. Since the glass rod is very, ligh dimer resembles
the situation of two separated particles bouncing on arlatd plate with the same
period that equals the period of the plate oscillation. Fthismisimple model, the total
mechanical energy of the dimer involved in the jump mode @agproximated as

1 1
Ej = 2mghnax= 2mg- EQ(T/Z)2 = ngsz (123)

The scenario for the dimer with a flutter mode is that both dffieeind right balls hit
the plate out of phase at every other period of oscillatiarthis mode the time interval
between two sequential bounces is approximately equalite tve period of the plate
oscillation. Therefore, when the mode is simplified as thaasion of two separated
particles bouncing on an oscillated plate with the sameogethe total mechanical
energy of the dimer involved in the flutter mode can be estchal

E( = 2MQhe: = 2mg- 29(T)? = MG T? (124)
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Figure 19: The vertical position of the tips in left (solishd) and right (dashed line)
ball for the dimer A, = 3.9, f = 50Hz,I" = 0.9) in a jump mode generated by an initial
condition ofhy = 10.25mmandg, = 8°. Parameters of simulations agg = 0.65,
us = 0.24,u° =0.12,44' = 0.08.
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Figure 20: A zoomed picture from Figule19).

Therefore, the ratio of the energy for the drift, jump, andtéumodes is approxi-
matelyEq : Ej : Ef = 1: 2 : 8, which is consistent with the statement(inl [38] and the
numerical observation presented in this paper.

Obviously, the formation of a persistent motion means thainergy taken by the
dimer will converge to a stable energy level that is mairgdiy its external envi-
ronment. The convergence of the energy depends on the mschahthe exchange
between energies in the dimer and the oscillated plate. &4ukange is implemented
through the collisions between the dimer and the plate, lamdtick-slip modes. There-
fore, the initial conditions of the dimer, the plate ostiba and the property of the
frictional collisions will significantly influence the foration of the persistent motion.

Let us first investigate theffects from the initial energy on the modes of the per-
sistent motions in the dimer. For a dimer with = 3.9 under a plate oscillation with
f = 50Hz andl" = 0.9, the numerical simulation shows that a stable drift mode ca
be formed when it is released with a small initial energy. ldeer, the increase of the
initial energy will trigger a transition from a drift to a jusmode. The vertical position
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Figure 21: the horizonal position of the tip in the left (sdine) and right (dashed line)
ball for dimer A = 3.9, f = 50Hz,I" = 0.9) in a jump mode generated by an initial
condition ofhy = 10.25mmandéd, = 8°. Parameters of simulations agg = 0.65,
us = 0.24,u° = 0.12,4' = 0.08.

for the dimer released with the initial conditiohs= 10.25mmandé = 8° is shown
in Fig[I® and2D, in which a jump mode where both tips colligaiast the plate once
every cycle appears in the dimer, and a horizonal recipimgatovement appears in
the tips as shown in Fig:R21.

As noted in [38], the external energy involved in the plateiltagion also plays
a significant role for the formation of the persistent moti¢ior example, Dorbolo’s
experiments have shown that, for a dimer with fifgd= 3.9 andf = 25Hz, a stable
persistent drift motion can be observed over a rangg ef[0.5, 1.1], while the drift
mode will spontaneously collapse to restif< 0.5, or will be unstable with respect
to the transition to the higher energy jump and flutter modhestheir combinations if
r>11.

Fig[22 shows the numerical results for a dimer with= 3.9 falling on the plate
with an oscillationf = 25Hz andI’ = 0.2. We can find that the dimer will quickly rest
on the plate for the case of the plate with a weakening vitinati

Let us fix the values oA, = 3.9 andf = 25Hz but increase the magnitude of
the plate vibrationI{ = 1.4). Fig[ZB shows the simulation results for the dimer freely
dropped on the plate with initial conditiohs = 0.25mmandéd, = 10°. In this case, the
vertical motion of the left ball seems to be harmonic with piate oscillation, while
the right ball will alternately collide against the platetiva big and a small bounces in
each two adjacent cycles of the plate oscillation.

The above mode is unstable and sensitive to the initial ¢immdi of the dimer. Let
us carry out the numerical simulation by setthigg= 3.25mmandgd, = 10° for the same
dimer dropped on the plate with the same oscillation [Elgt2sivs that a combination
of jump and flutter modes appears in the dimer motions, in wttie left ball collides
against the plate once during every cycle, while the rightdmainces on the plate once
during every two cycles of the plate oscillation. The ineesof the initial energies
involved in both the left and right balls will make the two adgnt bounces at the right
ball be merged, and generate a big separation between thzaleénd the oscillated
plate.

The formation of an ordered persistent motion is also infteerby the initial value
of the tilt angle in the dimer. A new mode is triggered whendireer is released with
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Figure 22: the horizonal position of the tip in the left (sbline) and right (dashed
line) balls for dimer A, = 3.9, f = 25Hz,T" = 0.2) generated by an initial condition
of hg = 0.25mmandg, = 12°. Parameters of simulations age = 0.65, us = 0.24,
u® =012, =0.08.
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Figure 23: the horizonal position of the tip in the left (sbline) and right (dashed
line) balls for dimer A, = 3.9, f = 25Hz,I" = 1.4) generated by an initial condition
of hg = 0.25mmandg, = 10°. Parameters of simulations age = 0.65, us = 0.24,
u® =012, =0.08.
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Figure 24: the horizonal position of the tip in the left (sbline) and right (dashed
line) balls for dimer A, = 3.9, f = 25Hz,T" = 1.4) generated by an initial condition
of hg = 3.25mmandg, = 10°. Parameters of simulations age = 0.65, us = 0.24,
u®=0.12,4 = 0.08.

a small height and a small tilt angle. g 25 shows the reslitained by setting the
initial conditions withhg = 0.25mmand6d, = 5°. The small initial tilt angle degrades
the impact intensity at the right ball, thus makes the dimerotion converge to a new
stable status. The local picture [E1g.26 (zoomed fronTElgsBbws that the dimer does
not rest permanently on the plate, but leaves it with a sneadjit during a half part of
every cycle of the plate oscillation.

Itis clear that the exchange between the energies invohvietidimer and the plate
depends on the property of the impact between the dimer anpl#ite. Let us change
the value of the cd&cient of restitutiores. The dimer is freely dropped from a height
ho = 0.25mmand an angl@, = 4°, with an oscillationf = 50Hz andI’ = 0.9. The
numerical simulation is carried out by settirg= 0.8 and keeping other simulation
parameters with the same values as used in previous cagg2] Bhows the vertical
positions of the tips in the dimer. Clearly, a flutter mode éngrated, in which both
the left and right balls hit the plate out of phase at everypgeriod of oscillation.
During the flutter mode, the tilt angf(see Fid.ZB) can vary periodically from positive
to negative values.

7 The approximated formula for the mean drift speed

Let us recall the scenario of the dimer with a stable driftioatAs noted in numerical
and experimental findings, the dimer in this mode seems toriberdby a periodic
motion that consists of a complex structure. Furthermone, @nd of the dimer hits
the plate once every cycle of the plate oscillation while dkieer end appears to stay
on the plate with forward aridr reverse slip throughout the cycle. Therefore, the
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Figure 25: the horizonal position of the tip in the left (sbline) and right (dashed
line) balls for dimer A, = 3.9, f = 25Hz,T" = 1.4) generated by an initial condition
of hg = 0.25mmandéy = 5°. Parameters of simulations aee = 0.65, us = 0.24,
u® =012, =0.08.
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Figure 26: A local picture zoomed from Higl25 for the horiabposition of the tip in
the left (solid line) and right (the dashed line) balls fomeér (A, = 3.9, f = 25Hz,
r=14)
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Figure 27: The vertical position of the tips in left (solishdi) and right (dashed line)
of the dimer &, = 3.9, f = 50Hz,T" = 0.9) in a flutter mode generated by an initial
condition ofh = 4.9mmandé = 4°. The simulation parameters ae= 0.8, us = 0.24,
u®=0.12,4 = 0.08.
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Figure 28: The anglé as a function of time for the dime’A{ = 3.9, f = 50Hz,

' = 0.9)in aflutter mode. Parameters of simulationsere 0.8, us = 0.24,u° = 0.12,
#' =0.08,hg = 0.25mm,f, = 4.
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dimer in a drift mode can be approximately characterizeddypeaial "unilateral single
pendulum” system that satisfies the following assumptions:

¢ the left ball always stays and slides on the oscillated piateéng drift motion;

¢ the period of the "unilateral single pendulum” is equal taetperiod of the plate
oscillation, T= 1/f;

The assumption that the left ball stays on the oscillateteptarresponds to the
situation of the dimer experiencing a contact phase in thierdode. Therefore, EG14
and EJ.Ib are just the governing equations for the "unidngle pendulum” system,
in which the contact forces at the end of the right ball ar@sd,, F-,) = (0, 0) since
the contact at the right ball is open. According to the nuoarsimulation for the
dimer with a drift mode, the maximal tilt angteis in general very small (see Hij.4
and®). Thus the & 2 matricesA, B, C andD in Eq[I4 andI5 can be considered as
constant by setting = 0. Further simplifications can be made by ignoring theds of
the light glass rod and the inertial terms. Then, the tarigksmid normal accelerations
of the left ball tip can be expressed as

B

x‘1'1(t) [(2 16 Bz) Tl() 16 82 n1( )] (125)
1 B, 0.8+ B?
) = T PO+ Lo g1 -9 (126)

whereB; = I/r andA, = 1+ 0.5B,.

As noted and analyzed in numerical simulations, the netonaif the dimer in the
drift mode can be directed positively or negatively depagdin the value of\.. In
every cycle of a positive drift motion, the tip of the left baiill first slip positively
then reverse its direction. If the positive part of the imégipn of the horizonal speed
over each cycle is larger than the one of the negative part aasitive drift motion
is generated. In the negative drift motion, the tip of the kefll only has a negative
tangential velocity that appears when the frictional cartbaleft end is shakenfo

Let us first investigate the case of a positive drift mode. fouthe peculiar property
of Coulomb’s friction, the positive drift motion should béepewise analyzed. Let us
denote {s, t1] and [t1, tg] the time intervals for the positive and negative drift noois,
respectively. In this case, the Coulomb’s frictiorFg = —uFn, andX;, (t1) = 0, thus
during the positive slip process the horizonal spee(t) at any timet can be obtained
by integrating E4.I25 over a time intervalt],

1

e, () = [u(B? +5.6)+2B] | Fn(9)ds (127)
t

1
2my(B2 + 1.6)

The termfttl Fn, (S)dsis related to the normal impulse during a time intervat],
and can be calculated by the analysis for the normal motidgheofeft ball. Using the
relationshipF,, = —uFn, and integrating EBLI26 over a time intervak{] leads to

Xn, (1) = Xn, (t2) + O(t1 — t) — [B? + uB; +0.8] ftl Fn(9)ds  (128)
t

my(1.6 + B?)
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According to the assumption that the left tip always stayshenoscillated plate,
we have

X, (1) = yp(t),  and X, (t) = ¥p(t) (129)

Moreover, numerical simulations and experimental findialgesw that, for each
cycle of the drift motion, the positive horizonal motion rigsstarts when the right
ball collides with the plate, before the plate oscillati@aches its positive maximal
position (see Fifl3 and Fig.3(b) in'138]). Let us denetthe phase angle for the time
lag between the instant of the collision starting and theafrtbe plate vibration with
positive maximal position. The normal displacement andeig} at the tip of the left
ball can be expressed as

Xn, (1) = yp(t) = Acosp(t - ts) — a) (130)
X, (1) = Vp(t) = —Aw sin((t — ts) — @)

whereA is the amplitude of the plate oscillation.
Let us introduce a new assumption according to the detaitsgroation of the
numerical simulation:

¢ a discontinuous transition from forward (or stick) to regerslip at the staying
end of the "unilateral single pendulum” occurs at the timeemtthe plate vibra-
tion reaches its minimal position

Thus, we have, (t1) = yp(t1) = 0 at timet; for the end of positive slip motion, and
the impulsefttl Fn,(S)dscan be obtained according to EQ.1128

t 2
1 mMy(1.6 + BY) .
F =" T gty -t t—ts) — 131
[ Fu9ds= gerpra et -y + Avsinutt -ty —a)] (131
Since the period of the "unilateral single pendulum” is ap@mately equal to the
one of the plate oscillation for a stable drift motion, the@adassumption for a discon-
tinuous transition from forward (or stick) to reverse sliglee staying end also means
that the two parts for the positiva{) and negativet,) slip motion are divided into

T+« T
Atp =t1—tS= 71-, Atn =te—t]_ = 27'[ T (132)

Substituting EqI31 intd{IP7) to obtain the horizonal sbgg(t) for the tip of
the left ball at timet, and integrating, (t) over the time intervaltf, t;], the positive
horizonal displacemerk), for each cycle of the drift motion is

u(2.8+ 0.5B?) + By
(X)p =
0.8+ B? + ubB;

[A(1 + cosa) + 0.5gAt7] (133)

Similarly, the negative displacement during the periodha teverse slipt], te]
can also be obtained according to[Egl125, in which the Colo®friction becomes
F. = uFn. Based on the assumption tha{(t;) = O, the horizonal velocity, (t)
during [t1, te] is

1

(O = @ 16)

t
[u(B? + 5.6) - 2B/] f Fn,(9ds (134)
t
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and

! my(1.6 + BY) .
fﬁ Fn (9)ds= B?—T;O.B[g(t —11) — Aw sin((t — t1) — )] (135)

Then, the negative displacemen, of the dimer experiencing irtf, te] can be ex-
pressed as

((2.8+0.5B2) — B
(Xn =
0.8+ B2 — uB;

L[AQ1 + cosa) + 0.5gAt?] (136)

Obviously, the net horizonal displacement during everyep€ the drift motion is the
sum of(x)p and(x),. Let us introduce the following parameters:

a=u(28+05B%, b=B, c=08+B?% d=uB,, I'=47%Af?/g  (137)

Then, the mean drift speed for the dimer in the positive dnifde is

Xp+On 2A (7? + @®)(ac - bd) + (bc— ad)ra
T =T [(1 + cosa)(ac— bd) + T 1138)
A scaled mean drift speed is defined by
Kpm = ((Qp + (0n) FPg 71107 (139)

andxkp, «n for the dimer in the positive and negative modes, respdygtiféus,

50

Kp = m[(l + cosa)(ac— bd)I + (7® + @?)(ac— bd) + (bc— ad)ra] (140)

If the dimer is in the negative drift mode, the positive sliptfae tip of the left
sphere is absent, &), = 0. Keeping the assumptions used for the case of the dimer
in positive drift mode, the net horizonal displacement igate&ve drift mode is simply
equal to{x)n,. Therefore, the scaled mean drift speed for the dimer in thegdrift
mode can be expressed as

Kn = %[(1 +cosa)l’ + 0.5(r — )?] (141)

From EqCI4D andT241, it is clear that the scaled mean driigeindependent of
the frequency of the plate oscillation for a fixedbut will be influenced by the value
of the phase angle. Fig[Z9 shows the scaled mean drift speed by settirg0 for the
parametef” = 0.9.

According to EQ.I32, setting = 0 means that the positive and negative slip mo-
tions at the tip of the left ball take the same time intervalsmy a cycle for its drift
motion. This obviously disagrees with the phenomena shovFig[I3 (also Fig.3 in
[38]) for the dimers withA; = 3.9 andA, = 5.7. In fact, for a dimer with a positive
drift mode, the time intervakt, for the positive slip motion is longer thaxt, related
to the part of the negative slip motion. Based on the numkesiaservation, the phase
anglea corresponds to a rangee [x/10, 7/6].

Fig[30 presents the scaled mean drift speed by settirgr/6 for the parameter
I' = 0.9. Clearly, for the part of the dimer with positive drift mqdbe scaled mean
drift speed obtained from the approximate formula is sigaiiily improved and can
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Figure 29: The scaled mean drift speed versusbtained from EQT40 ald T4d:= 0,
I'=09andu =0.12.
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Figure 30: The scaled mean drift speed verdusbtained from EQI20 and_141:
a=nr/6,' =0.9andu = 0.12.
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well coincide with the experimental findings ( see Fig.4[&]) and the numerical
discoveries shown in FIgl5. However, in the case of the diwith negative drift
mode, a relative large deviation between them can be olibefMais is because the
instant for a reverse slip in the dimer with a negative driftda is usually prior to the
time t; for the plate oscillation reaching its minimal positionnt@dicting the above
assumption. However, the quantitative property of the tiegdrift motion is still kept
in the approximate formula.

8 Summary and conclusions

This paper deals with the modelling and numerical simutattd a dimer bouncing
on a vibrated table, that is a nonsmooth mechanical systéjeciuo impacts (sin-
gle and double impacts) with friction. The Darboux-Kelleodel of multiple impacts
introduced in[[47] is applied and extended to the case withi@ub friction. The vari-
able structure dynamics is carefully described, and antedéen numerical method
is used to perform simulations. The transition rules to nwrthe switches from one
mode to another are established. In particulazpaelative cogicient of frictionis
introduced to analyze the complex structure of dynamicsiéed by the friction at
contact points. The simulation results are compared to xperenental results re-
ported in [38]. It is shown that the proposed model and nuraémethod allow one to
recover precisely the experiments.

The mechanism of the ordered behavior exhibited in the bogndimer is also
theoretically analyzed according to the theory proposetigmpaper, which leads to a
reasonable estimation for the frictional property betwdendimer and the oscillated
plate. Qualitative and numerical investigations indi¢htg each ordered persistent be-
havior in the dimer usually holds a quasi periodic motion thkes a complex structure
but convergesto a stable energy level. The pattern and fammaf the stable persistent
motions depend on the initial conditions and the regime efgy exchange between
the system and external environment where friction andiplelshocks play a promi-
nent dfects. An attempt is made to establish the connection bettiesglobal behav-
ior of the drift motion in the dimer and the microsize paraenebf the dimer’'s dynam-
ics. In terms of a simplified model, an approximate formulatfee mean horizonal
velocity is obtained that also coincides well with the exypental findings. These re-
sults therefore pave the way towards a reliable numeridaree for shape matters,
and may highlight the study for the collective dynamics imgbex systems.
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