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❆❜str❛❝t

▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ✐♥ ◗✉❛♥t✉♠ ❈❤❡♠✐str② ♣r♦✈✐❞❡ ❡✣❝✐❡♥t

❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣r♦♣♦s❡ s❡✈❡r❛❧ r❡♣r❡s❡♥t❛✲

t✐♦♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❉❡♥s✐t② ❋✉♥❝t✐♦♥❛❧

❚❤❡♦r②✱ ❜❛s❡❞ ♦♥ ♦rt❤♦❣♦♥❛❧ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s❡s✳

❚❤❡s❡ ❤✐❣❤ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦t❡♥t✐❛❧ ❛♥❞

❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ✇✐t❤ ❛ ❧✐♥❡❛r ❝♦♠♣❧❡①✐t②✳ ❋✐♥❛❧❧② ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

s❤♦✇ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡t❤♦❞✳

❑❡②✇♦r❞s✿ ❉❡♥s✐t② ❋✉♥❝t✐♦♥❛❧ ❚❤❡♦r②✱ ❖r❜✐t❛❧ ❡♥❡r❣②✱ ■♥t❡r♣♦❧❛t✲

✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥✱ O(N) ♠❡t❤♦❞✱ ❙t✐✛♥❡ss ▼❛tr✐①✱ ❍❛r♠♦♥✐❝ ❖s❝✐❧✲

❧❛t♦r✱ ❍②❞r♦❣❡♥✳

■♥tr♦❞✉❝t✐♦♥

❆❜ ✐♥✐t✐♦ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s ❬✷✺❪ ♣r♦✈✐❞❡s ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ♠❡t❤♦❞s ❢♦r t❤❡
❊❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ q✉❛♥t✉♠ ❈❤❡♠✐str②✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱
✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❍♦❤❡♥❜❡r❣✲❑♦❤♥✲❙❤❛♠ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ t❤❡♦r②✱ ✇❤✐❝❤
❧❡❛❞s t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ■♥ q✉❛♥✲
t✉♠ ❝❤❡♠✐str② t✇♦ t②♣❡s ♦❢ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞✿ ♦♥ t❤❡ ♦♥❡
❤❛♥❞✱ ❙❧❛t❡r✲t②♣❡ ♦r ●❛✉ss✐❛♥✲t②♣❡ ❜❛s✐s ❞❡❝♦♠♣♦s✐t✐♦♥s ❢♦r t❤❡ s♦❧✉t✐♦♥ ✉s❡
❜❛s✐s ❢✉♥❝t✐♦♥s ❧♦❝❛❧✐③❡❞ ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡✱ ❣❡♥❡r❛❧❧② ❝❡♥t❡r❡❞ ❛t t❤❡ ❝❡♥t❡r
♦❢ ♥✉❝❧❡✐ ❛♥❞ ✇❡❧❧ ❛❞❛♣t❡❞ t♦ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ ♣❧❛♥❡ ✇❛✈❡s ♠❡t❤♦❞ ✐♥✈♦❧✈❡s ❢✉♥❝t✐♦♥s ❧♦❝❛❧✐③❡❞ ✐♥ ❋♦✉r✐❡r s♣❛❝❡
❜✉t ✏❞❡❧♦❝❛❧✐③❡❞✑ ✐♥ ♣❤②s✐❝❛❧ s♣❛❝❡ ✇❤✐❝❤ ❞♦❡s ♥♦t ❢❛✈♦r t❤❡ ♥♦♥ ✉♥✐❢♦r♠
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†▲❛❜♦r❛t♦✐r❡ ❏❡❛♥ ❑✉♥t③♠❛♥♥✱ ●r❡♥♦❜❧❡ ✉♥✐✈❡rs✐t② ❛♥❞ ❈◆❘❙✱
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str✉❝t✉r❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s s❡❝♦♥❞ ♠❡t❤♦❞ ❧✐❡s ✐♥ t❤❡
❡❛s② ❡✈❛❧✉❛t✐♦♥ ♦❢ ♦♣❡r❛t♦rs ❛♥❞ ♦♥ t❤❡ ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♣r♦✲
✈✐❞❡❞ ❜② t❤❡ ❋❋❚✳ ■♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠❡t❤♦❞s✱ ✇❛✈❡❧❡ts ❛♣♣❡❛r ❛s ❛ ❣♦♦❞
❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ♣❤②s✐❝❛❧ ❛♥❞ ❋♦✉r✐❡r r❡♣r❡s❡♥t❛t✐♦♥s✳ ▲✐❦❡ ♣❧❛♥❡ ✇❛✈❡s✱
✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❛ ❢❛st ❛❧❣♦r✐t❤♠✱ t❤❡ ❢❛st ✇❛✈❡❧❡t
tr❛♥s❢♦r♠ ✭❋❲❚✮ ❜❡✐♥❣ ♦❢ ❧✐♥❡❛r ❝♦♠♣❧❡①✐t②✱ ❛♥❞ t❤❡② ♣r♦✈✐❞❡ ♣♦❧②♥♦♠✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❛r❜✐tr❛r② ♦r❞❡r ❬✾❪✳

❋♦r t❤❡s❡ r❡❛s♦♥s✱ ✇❛✈❡❧❡t ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❢♦r ❡❧❡❝tr♦♥✐❝
❝❛❧❝✉❧❛t✐♦♥s ❬✸✶✱ ✽✱ ✷✱ ✶✽✱ ✸✷✱ ✸✵❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦♣❡rt② ♦❢
s♦♠❡ ✇❛✈❡❧❡t ❢❛♠✐❧✐❡s s❡❡♠s t♦ ❜❡ ❝r✉❝✐❛❧ ❢♦r t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♣♦t❡♥✲
t✐❛❧ ♦♣❡r❛t♦r ❬✶✺✱ ✷✸✱ ✶✱ ✶✹✱ ✶✻❪✳ ■♥❞❡❡❞✱ t❤❡ ♣♦t❡♥t✐❛❧ ♦♣❡r❛t♦r ✐s ✉s✉❛❧❧②
r❡♣r❡s❡♥t❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ ✇♦r❦s ❜② ✐ts ✈❛❧✉❡s ♦♥ ❛ ❣r✐❞✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ♣r❡s❡♥t ❛♥ ❡✣❝✐❡♥t ❛♥❞ ❛❝❝✉r❛t❡ ♠❡t❤♦❞
❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡♥❡r❣✐❡s r❡❧❛t❡❞ t♦ t❤❡ ❑♦❤♥✲❙❤❛♠ ♦♣❡r❛t♦r✳ ❈❧❛ss✐✲
❝❛❧ ❡rr♦r ❡st✐♠❛t❡s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❤❡r❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥ ❡❧❧✐♣t✐❝ ❢♦r♠ ♦❢
t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ✐ts ♥♦♥❧✐♥❡❛r✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❡rr♦r
❡st✐♠❛t❡s ♠❛② ❜❡ ❞♦♥❡ ✐♥ t❡r♠s ♦❢ ❡♥❡r❣✐❡s ✭❡✳❣✳ ❡✐❣❡♥✈❛❧✉❡s✮✳ ❲❡ ✇✐❧❧ ❢♦❝✉s
✐♥ t❤✐s ❛rt✐❝❧❡ ♦♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s✱ s✐♥❝❡ ✐t ✐s
t❤❡ ✜rst st❡♣ t♦✇❛r❞s ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ✇❛✈❡❧❡ts✳ ❖✉r ♠❡t❤♦❞ ✐s
✜rst❧② ❞❡✜♥❡❞ ❢♦r t❤❡ ❑♦❤♥✲❙❤❛♠ ♦♣❡r❛t♦r✱ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧✱ ❛♥❞
♦rt❤♦♥♦r♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦r❜✐t❛❧s✳ ❚❤❡♥
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡t❤♦❞ ✐s st✉❞✐❡❞ ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❤❡♥ t❤❡ ♣♦t❡♥✲
t✐❛❧ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧✿ ✇❡ ❞❡r✐✈❡ ❡rr♦r ❡st✐♠❛t❡s ❢♦r ❜♦t❤
t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣✐❡s✳ ❋✐♥❛❧❧②✱ ♥✉♠❡r✐❝❛❧ t❡sts ♦♥ t❤❡ s✐♠♣❧❡
♠♦❞❡❧s ♦❢ ❍②❞r♦❣❡♥ ❛♥❞ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤✐s
❛♣♣r♦❛❝❤✳

✶ ❉❡♥s✐t② ❋✉♥❝t✐♦♥❛❧ ❚❤❡♦r②

✶✳✶ ❑♦❤♥✲❙❤❛♠ ❊q✉❛t✐♦♥s

❲❡ ♣r❡s❡♥t ❜❡❧♦✇ t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❉❡♥s✐t② ❋✉♥❝t✐♦♥❛❧
❚❤❡♦r② ♦❢ ❍♦❤❡♥❜❡r❣✱ ❑♦❤♥ ❛♥❞ ❙❤❛♠ ❬✷✵✱ ✷✷❪✳ ●✐✈❡♥ K ♥✉❝❧❡✐ ✭♣♦s✐t✐♦♥❡❞
❛t Rα✱ α = 1, N✮ ❛♥❞ 2N ❡❧❡❝tr♦♥s ♦❝❝✉♣②✐♥❣ No ❡♥❡r❣② ❧❡✈❡❧s✱ t❤❡ ❛✐♠ ✐s
t♦ ❝♦♠♣✉t❡ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ρ✱ ❞❡✜♥❡❞ ❛s✿

ρ = 2

No∑

i=1

ni |ui|2,
No∑

i=1

ni = N, 0 6 ni 6 1,

✷



✇❤❡r❡ t❤❡ ♦❝❝✉♣✐❡❞ ♦r❜✐t❛❧s ui s❛t✐s❢② t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥
∫

Ω
ui uj dr =

δi,j , ❛♥❞ ❛r❡ t❤❡ N ❧♦✇❡st ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❑♦❤♥✲❙❤❛♠ ♦♣❡r❛t♦r✿

H[ρ] ui = ǫi ui, i = 1, . . . , N, ✭✶✮

H[ρ] = −1

2
∆ + V (r) + VC [ρ] + Vxc[ρ] = −1

2
∆ + VKS(r). ✭✷✮

❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ t❤❛t ni = 1✱ ∀ i = 1, . . . , No✱ ❛♥❞ t❤❛t t❤❡ ♥✉♠❜❡r
♦❢ ♦❝❝✉♣✐❡❞ ❡♥❡r❣② ❧❡✈❡❧s No ✐s ❡q✉❛❧ t♦ N ✳ ❚❤❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ V ❛♥❞ t❤❡
❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ VC ❞❡s❝r✐❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ t♦
t❤❡ ♥✉❝❧❡✐✱ ❛♥❞ t❤❡ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s✿

V (r) = −
K∑

α=1

Zα

|r − Rα|
,

−∆VC = 4πρ.

❚❤❡ ❡①❝❤❛♥❣❡✲❝♦rr❡❧❛t✐♦♥ ♣♦t❡♥t✐❛❧ Vxc ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ✭✷✮ ✐s
♦❢t❡♥ ❡✈❛❧✉❛t❡❞ ❜② t❤❡ ▲♦❝❛❧ ❉❡♥s✐t② ❆♣♣r♦①✐♠❛t✐♦♥ ✭▲❉❆✮ ❬✷✺✱ ✶✾❪✿ Vxc

❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ρ(r)✳
❙❡✈❡r❛❧ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ s♦❧✈❡ t❤✐s ♥♦♥❧✐♥❡❛r

s②st❡♠✳ ❚❤❡ s✐♠♣❧❡st ♦♥❡ ✐s ❝❛❧❧❡❞ t❤❡ ❘♦♦t❤❛❛♥ ❛❧❣♦r✐t❤♠ ❬✷✾❪✱ ❛♥❞ ❜❡❤❛✈❡s
❧✐❦❡ ❛ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❞❡♥s✐t② ρ✳ ❲✐t❤♦✉t ❣♦✐♥❣ ✐♥t♦ ❞❡t❛✐❧s✱ t❤❡
♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ❢♦r ❛ ❣✐✈❡♥ ρ✱ ♦♥❡ ✐s ❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ VKS ✱ ❛♥❞ t❤❡♥ t♦
s♦❧✈❡ ✭✶✮ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡s ǫi ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲
❢✉♥❝t✐♦♥s ui✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡ ❬✻✱ ✹✱ ✺✱ ✸✵❪✳

✶✳✷ ❚❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠

❆♥ ✐♠♣♦rt❛♥t st❡♣ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ♣r♦❜❧❡♠ ✭✶✮✕✭✷✮
✐s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡s ǫi ♦❢ ❛ ❣✐✈❡♥ ❍❛♠✐❧t♦♥✐❛♥
H = −1

2∆ + V ✱ ❛♥❞ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ui✳ ❆t ✜rst✱ V ✐s ❛
❢✉♥❝t✐♦♥ V (r)✱ ❛♥❞ ✇❡ ❢♦❝✉s ♦♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦❢ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s
♦❢ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✐♥ s♣❡❝✐✜❝ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳

❙♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐s❝r❡t❡ s♣❡❝tr✉♠ ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❬✶✷✱ ✷✽❪✱ ✇✐t❤ s♦♠❡ ❝♦♥❞✐t✐♦♥ ♦♥ V ✳ ❆ ✜rst ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜②
V (r) = K

|r| ✇✐t❤ K < 0 ✐♥ R
3❀ ✐♥ t❤✐s ❝❛s❡ t❤❡ s♣❡❝tr✉♠ ♦❢ H ✐s ❞❡❝♦♠♣♦s❡❞

✐♥t♦ ❛ ❝♦♥t✐♥✉♦✉s ♣❛rt ✭[0,+∞[✮ ❛♥❞ ❛ ❞✐s❝r❡t❡ ♣❛rt✱ ✇❤✐❝❤ ✐s ♠✐♥♦r❡❞ ❜②
s♦♠❡ ǫ ∈ R✿

ǫ < ǫ1 ≤ ǫ2 ≤ · · · ≤ ǫm ≤ · · · < 0,

✸



✇✐t❤ ♣♦ss✐❜❧② ǫi = ǫi+1 = · · · = ǫi+m✱ ❡✳❣✳ ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t②✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♦rt❤♦♥♦r♠❛❧ ✐♥ L2(R3)✳
❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r H =
−1

2∆+ 1
2 |r|2 ✐♥ R

3 ✇❤✐❝❤ ✐s t♦t❛❧❧② ❞✐s❝r❡t❡✱ ❛♥❞ ❝♦♠♣♦s❡❞ ♦❢ ♣♦s✐t✐✈❡ ❡✐❣❡♥✲
✈❛❧✉❡s✳

❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✲✷✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❋✐♥❞ ui ∈ H1(Ω), i = 1, . . . , N ✱ s✉❝❤ t❤❛t✿

1

2

∫

Ω
∇ui∇v+ < V ui, v >= ǫi < ui, v >, ∀ v ∈ H1(Ω), ✭✸✮

✇❤❡r❡ < ui, v >=
∫
Ω ui v✳ ❚❤❡s❡ s♦❧✉t✐♦♥s ui ✇✐❧❧ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✐♥

✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
❞✐s❝r❡t❡ s♦❧✉t✐♦♥s t♦✇❛r❞s ❝♦♥t✐♥✉♦✉s ♦♥❡s ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✷✽❪✳ ■♥ t❤❡ r❡str✐❝t✐✈❡ ❝❛s❡ ✇❤❡r❡
H ✐s ❛♥ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r✱ ✐ts ❛♣♣r♦①✐♠❛t❡ ❡✐❣❡♥✈❛❧✉❡s ǫ̃i s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡✿

|ǫi − ǫ̃i| ≤ C h2(m−1), ✭✹✮

❛ss✉♠✐♥❣ s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s✱ ❛♥❞ t❤❛t t❤❡ i✲
✜rst ❡✐❣❡♥✈❡❝t♦rs (u1, · · · , ui) ❜❡❧♦♥❣ t♦ Hm(Ω) ✭h ❞❡♥♦t❡s t❤❡ s✉❜❞✐✈✐s✐♦♥
❧❡♥❣t❤✮✳ ❲❤❡♥ ǫi ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠✉❧t✐♣❧✐❝✐t② ✶✱ ✇❡ ❛❧s♦ ❣❡t✿

‖ui − ũi‖H1 ≤ C hm−1, ✭✺✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ ♦r❞❡r ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
t✇✐❝❡ ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❡✐❣❡♥✈❡❝t♦r ✐♥ ❡♥❡r❣② ♥♦r♠✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ st✉❞② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣✐❡s✿

ǫi =
< ui, H ui >

< ui, ui >
=

1

2

∫

Ω
∇ui∇v+ < V ui, ui >

= ekin + ep, ✭✻✮

✇❤❡r❡ ekin st❛♥❞s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❲❡ ❛❧s♦ s❡❛r❝❤ ❢♦r ❛ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ H ✐♥t♦ s✉✐t❛❜❧❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✱ ✇❤✐❝❤ ✇✐❧❧ ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝②
♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ep ✳
❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢H ❛r❡ ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ✇❤❡♥ |r| → +∞✱
✇❡ ✇✐❧❧ t❤✉s st✉❞② t❤❡♠ ✐♥ ❛ ❞♦♠❛✐♥ t❤❛t ❝♦♥t❛✐♥s t❤❡✐r s✉♣♣♦rt✳ ▼♦r❡♦✈❡r✱
❛ss✉♠✐♥❣ t❤❛t t❤✐s ❞♦♠❛✐♥ ✐s ❜✐❣ ❡♥♦✉❣❤✱ ui ✈❛♥✐s❤ ❢❛r ❢r♦♠ t❤❡ ❜♦✉♥❞❛r✐❡s✱
❛♥❞ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆✉♠❡r✐❝❛❧ ❛❞✈❛♥t❛❣❡s ♦❢

✹



t❤✐s ❝❤♦✐❝❡ ❛r❡ s❤♦✇♥ ✐♥ ♥❡①t s❡❝t✐♦♥✳
❚❤❡ r❡s♦❧✉t✐♦♥ s❝❤❡♠❡ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Vxc ✭✷✮✳ ■♥❞❡❡❞ ✐♥
▲❉❆✱ Vxc ✐s ❡✈❛❧✉❛t❡❞ ❢r♦♠ t❤❡ ❣r✐❞ ✈❛❧✉❡s ♦❢ ρ✳ ❖✉r ❝❤♦✐❝❡ ✐s t♦ ❡①♣❛♥❞ ρ ❛♥❞
t❤❡ ♣♦t❡♥t✐❛❧ V ✐♥t♦ ❛♥ ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱
t❤❡ ♦r❜✐t❛❧s ui ✇✐❧❧ ❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦rt❤♦♥♦r♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ❜❛s✐s✱
t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♥❡❛r❧② ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs✱ ♣r♦✈✐❞❡❞
❜② t❤❡ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ✇✐❧❧ ❞❡t❛✐❧ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s t❤❛t ✇✐❧❧ ❜❡
✉s❡❞✱ ❣❡♥❡r❛t❡❞ ❜② ♦rt❤♦❣♦♥❛❧ ♦r ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s❡s✳

✷ ✸❉ ♣❡r✐♦❞✐❝ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❆♥❛❧②s✐s ✭▼❘❆✮

▲❡t ω = R/Z ❜❡ t❤❡ ✉♥✐t t♦r✉s ♦♥ R✱ ❛♥❞ Ω = (R/Z)3✳ ❲❡ ✜rst r❡❝❛❧❧ s♦♠❡
❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✸❉ ♣❡r✐♦❞✐❝ ▼❘❆ ✐♥ ❛ ❣❡♥❡r❛❧ ❝♦♥t❡①t✳ ❚❤❡♥ ✇❡ ✇✐❧❧
❢♦❝✉s ♦♥ ♦rt❤♦♥♦r♠❛❧ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s✳

✷✳✶ ❈♦♥str✉❝t✐♦♥

❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡s❡ ❜❛s❡s✱ ✇❡ r❡❢❡r
t♦ ❬✶✶✱ ✷✹❪✳ ❆ ♣❡r✐♦❞✐❝ ▼❘❆ {VJ} ♦❢ L2(Ω) ✐s ❝♦♥str✉❝t❡❞ ❜② ❛♥ ✐s♦tr♦♣✐❝
t❡♥s♦r ♣r♦❞✉❝t ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ▼❘❆✬s {VJ}✳

◆♦t❛t✐♦♥ ✶ ✭▼❘❆ ♦❢ L2(ω)✮ ▲❡t {VJ} ❛♥❞ {ṼJ}✱ J > 0 ❜❡ t❤❡ ❛s❝❡♥❞✐♥❣
❞❡♥s❡ s❡q✉❡♥❝❡s ♦❢ t✇♦ ❜✐♦rt❤♦❣♦♥❛❧ ▼❘❆✬s ♦❢ L2(ω)✳ ■♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✱
t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s φJ,k ❛♥❞ φ̃J,k ✇❤✐❝❤ s♣❛♥ t❤❡ s♣❛❝❡s

VJ = s♣❛♥{φJ,k ; k ∈ ωJ = [0, . . . , 2J − 1]} and ṼJ = s♣❛♥{φ̃J,k ; k ∈ ωJ}

❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❞✐❧❛t✐♦♥✱ s❤✐❢t ❛♥❞ ♣❡r✐♦❞✐③❛t✐♦♥ ♦❢ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞
φ̃ ❞❡✜♥❡❞ ♦♥ R✿

φJ,k(x) =
∑

r∈Z

φ(2J(x + r) − k) , φ̃J,k(x) = 2J
∑

r∈Z

φ̃(2J(x + r) − k).

▼♦r❡♦✈❡r✱ t❤❡② s❛t✐s❢② t❤❡ ❜✐♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥✿

∫

ω
φJ,k(x) φ̃J,l(x) dx = δk,l, ∀J ∈ N, ∀k, l ∈ ωJ ,

✺



✇❤❡r❡ δk,l ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳ ❚❤❡ ✇❡❧❧✲❦♥♦✇♥ t✇♦✲s❝❛❧❡ ❡q✉❛t✐♦♥s r❡✇r✐t❡
✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✿

φJ,k =
∑

n∈ωJ+1

hJ+1(n − 2k) φJ+1,n,

φ̃J,k =
∑

n∈ωJ+1

h̃J+1(n − 2k) φ̃J+1,n. ✭✼✮

✇❤❡r❡ hJ ❛♥❞ h̃J ❛r❡ t❤❡ ✜❧t❡rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ 2J−♣❡r✐♦❞✐③❛t✐♦♥ ♦❢ t❤❡
✜❧t❡rs h ❛♥❞ h̃ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ φ̃✳

❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ φ̃ ❤❛✈❡ ❛ ❝♦♠♣❛❝t s✉♣✲
♣♦rt❀ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ✜❧t❡rs hJ ❛♥❞ h̃J ❤❛✈❡ ✜♥✐t❡ ❧❡♥❣t❤✳
■❢ t❤❡ r❡str✐❝t✐♦♥s t♦ [0, 1] ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ❧❡ss ♦r ❡q✉❛❧ t❤❛♥ m − 1
❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ VJ ✱ t❤❡♥ t❤❡ ▼❘❆ {VJ} ✐s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r m ❬✾❪✳
■♥ t❤✐s ❝❛s❡✱ ✐❢ ✇❡ ♥♦t❡ PVJ

t❤❡ ❜✐♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥t♦ t❤❡ s♣❛❝❡ VJ ✿

∀u ∈ L2(ω), PVJ
u =

∑

k∈ωJ

< u/φ̃J,k > φJ,k,

t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

‖u − PVJ
u‖Hs . 2−J(m−s) ‖u‖Hm , ∀ u ∈ Hm(ω) ✭✽✮

❙✐♥❝❡ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❑♦❤♥✲❙❤❛♠ ♦♣❡r❛t♦r ❡①✲
♣❛♥❞❡❞ ✐♥t♦ ❛ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✱ ✇❡ ✇✐❧❧ ♥♦t ✐♥tr♦❞✉❝❡ ❤❡r❡ ✇❛✈❡❧❡ts✳
❇✉t t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡ ✇✐t❤ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s❡s✱ ❛r❡ ❛❧s♦
✈❛❧✐❞ ❜② ✉s✐♥❣ ✇❛✈❡❧❡ts✳
❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ▼❘❆ ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✶ ✭▼❘❆ ♦❢ L2(Ω)✮ ❆ ❝♦✉♣❧❡ ♦❢ ❜✐♦rt❤♦❣♦♥❛❧ ♣❡r✐♦❞✐❝ ▼❘❆ {VJ}
❛♥❞ {ṼJ} ♦❢ L2(Ω) ✐s ❞❡✜♥❡❞ ❜② ✐s♦tr♦♣✐❝ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
▼❘❆✬s {VJ} ❛♥❞ {ṼJ}✿

VJ = VJ ⊗ VJ ⊗ VJ , and ṼJ = ṼJ ⊗ ṼJ ⊗ ṼJ .

▲❡t ΩJ = ω3
J ✳ ❆ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ VJ ✐♥❞❡①❡❞ ❜② k = (k1, k2, k3) ∈ ΩJ

✇r✐t❡s ❢♦r ❡❛❝❤ r = (x, y, z) ∈ Ω✿

ΦJ,k(r) = φJ,k1
(x) φJ,k2

(y) φJ,k3
(z).

✻



■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❛❞♦♣t ❛ ✈❡❝t♦r✲t②♣❡ ♥♦t❛t✐♦♥ ❢♦r
t❤❡ ❜❛s✐s✿ FJ = {ΦJ,k}k∈ΩJ

✱ F̃J = {Φ̃J,k}k∈ΩJ
✳ ❆ ❢✉♥❝t✐♦♥ u ♦❢ VJ ✇✐t❤

❝♦❡✣❝✐❡♥ts C = {cJ,k}k∈ΩJ
✇✐❧❧ ❜❡ ✇r✐tt❡♥ ❛s✿

u = CTFJ =
∑

k∈ΩJ

< u, Φ̃J,k > ΦJ,k.

■♥ t❤❡ ♥❡①t ♣❛rt ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t✇♦ s♣❡❝✐✜❝ ❢❛♠✐❧✐❡s ♦❢ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦r❜✐t❛❧s ui ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧
V ✳

✷✳✷ ❖rt❤♦♥♦r♠❛❧ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♥❣ ▼❘❆✬s

❋♦r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡❛s♦♥s✱ t❤❡ ♦r❜✐t❛❧s ui ✐♥ ✭✶✮ ❛r❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦r✲
t❤♦♥♦r♠❛❧ ❜❛s✐s ❬✶✶❪✳ ▲❡t {V

⊥
J } ❜❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ▼❘❆ ♦❢ L2(Ω)✱ ♦❢ ♦r❞❡r

m1✳ ■♥ ♥✉♠❡r✐❝❛❧ t❡sts ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❉❛✉❜❡❝❤✐❡s ❢❛♠✐❧② ❛♥❞ t❤❡ ❈♦✐✢❡ts

❋✐❣✉r❡ ✶✿ ▲❡❢t✿ ❉❛✉❜❡❝❤✐❡s s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ❢r♦♠ ✷ ✭❜❧❛❝❦ ❧✐♥❡✮ t♦
✺ ✭r❡❞ ❞♦ts✮✳ ❘✐❣❤t✿ ❈♦✐❢♠❛♥ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ✷✱✹ ❛♥❞ ✻✳

❬✶✶❪ ✭❋✐❣✳✶✮✳ ❉❛✉❜❡❝❤✐❡s ✇❛✈❡❧❡ts ❛r❡ ✇❡❧❧ s✉✐t❡❞ t♦ ❊❧❡❝tr♦♥✐❝ ❙tr✉❝t✉r❡ ❈❛❧✲
❝✉❧❛t✐♦♥s ❬✸✶✱ ✶✼❪✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s♠❛❧❧ ❝♦♠♣❛❝t s✉♣♣♦rts r❡❧❛t❡❞ t♦ t❤❡✐r
❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt✐❡s✳ ❖❜s❡r✈❡ ♦♥ ❋✐❣✳✶ t❤❛t ❉❛✉❜❡❝❤✐❡s s❝❛❧✐♥❣ ❢✉♥❝✲
t✐♦♥s ❛r❡ ❛s②♠♠❡tr✐❝✳ ❈♦✐✢❡ts ❛r❡ ❛❧♠♦st s②♠♠❡tr✐❝✱ ❜✉t t❤❡✐r s✉♣♣♦rts ❛r❡
❧♦♥❣❡r✳

❚❤❡ ♣♦t❡♥t✐❛❧ ✇✐❧❧ ❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛ ❜❛s✐s s❛t✐s❢②✐♥❣ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
♣r♦♣❡rt②✿

❉❡✜♥✐t✐♦♥ ✷ ✭■♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥✮ ❆ ✶❉ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ θ

✼



✐s ✐♥t❡r♣♦❧❛t✐♥❣ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥✿

θ(x − k) = δ0,k , ∀k ∈ Z.

▲❡t ❞❡♥♦t❡ ❜② V
c
J ❛ ✸❉ ✐♥t❡r♣♦❧❛t✐♥❣ ▼❘❆✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✸❉ s❝❛❧✐♥❣ ❢✉♥❝✲

t✐♦♥s✿
ΘJ,k(r) = ΘJ,0(x − k) = θJ,k1

(x1) θJ,k2
(x2) θJ,k3

(x3)

✇❤❡r❡ θJ,k(x) =
∑

r∈Z

θ(2J(x+r)−k) ❤❛s ❛ L∞✲♥♦r♠❛❧✐③❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ΘJ,k

s❛t✐s✜❡s

ΘJ,k(
l

2J
) = δk,l.

❙✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ ■♥t❡r♣♦❧❡t ❬✶✸❪✳ ❚❤❡ ❜✐♦rt❤♦❣♦♥❛❧ s❝❛❧✐♥❣ ❢✉♥❝✲
t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② Θ̃J,k(.) = 23Jδ(2J . − k)✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r ♦❢ V

c
J

✇✐❧❧ ❜❡ ❝❛❧❧❡❞ m2✳ ■♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ♦r❞❡rs ❛r❡ s❤♦✇♥
♦♥ ✜❣✉r❡ ❋✐❣✳✷✳

❋✐❣✉r❡ ✷✿ ■♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡rs ✹✱✻✱✽✱✶✵✳ ❚❤❡ ♦s❝✐❧❧❛t✐♦♥s
✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ♦r❞❡r✳

❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✱ t❤❡ ♣♦t❡♥t✐❛❧ V ❞❡✜♥❡❞ ♦♥ Ω ✐s ❦♥♦✇♥ ❛t ❣r✐❞
♣♦✐♥ts k/2J ✱ k ∈ ΩJ ✳ ▲❡t ❱ = {vJ,k}k∈ΩJ

= {V (k/2J)}k∈ΩJ
❜❡ t❤❡ ❣r✐❞

✈❛❧✉❡s✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ V ✐♥t♦ V
c
J ✐s ❣✐✈❡♥ ❜②✿

PV c

J
V (r) = ❱J(r) = ❱TTJ =

∑

k∈ΩJ

vJ,k ΘJ,k(r) =
∑

k∈ΩJ

< V, Θ̃J,k > ΘJ,k(r)

✭✾✮
✇✐t❤ TJ = {ΘJ,k}k∈ΩJ

✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♥♦✇ ✐s t♦ ❛♣♣❧② t❤❡ ♦♣❡r❛t♦r V t♦ ❛♥
♦r❜✐t❛❧ ui ✐♥ ❛♥ ❡✣❝✐❡♥t ✇❛②✳ ❚❤✐s ♠❡❛♥s t♦ r❡❞✉❝❡ ❛s ❢❛r ❛s ♣♦ss✐❜❧❡ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ✇❤✐❝❤ ❝❛♥ ❜❡❝♦♠❡ ❤✉❣❡ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳

✽



✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r

■♥ t❤✐s ♣❛rt ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t V ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ r✳
❲❡ ✜rst ♣r❡s❡♥t ❡st✐♠❛t❡s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣✐❡s ✐♥ s♦♠❡
❝❛s❡s✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t ✐♥ t❤❡ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ♣♦t❡♥t✐❛❧ ♦♣❡r❛t♦r t♦ ❛♥ ♦r❜✐t❛❧ ❝❛♥ ❤❛✈❡ ❛ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳
❖♥❡ s♦❧✉t✐♦♥ ❢♦r t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦rs ♦♥t♦
t❤❡ s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳

✸✳✶ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥

❲❡ ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥s ũi ♦❢ s②st❡♠ ✭✸✮ ✐♥ t❤❡ s♣❛❝❡ V
⊥
J ✱ ❣✐✈❡♥ ❜② t❤❡✐r

❝♦❡✣❝✐❡♥ts Ci ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s FJ = {ΦJ,k}k∈ΩJ
✿

ũi(r) = CT
i FJ =

∑

k∈ΩJ

c
(i)
J,k ΦJ,k(r), ✭✶✵✮

✇✐t❤ Ci = {c(i)
J,k}k∈ΩJ

✳ ❚❤❡ s②st❡♠ ✭✸✮ ✐s t❤❡♥ r❡❞✉❝❡❞ t♦✿

[
A + G

B
]
Ci = ǫi Ci

✇❤❡r❡ A = [Ak,k′ ] ❛♥❞ G
B = [GBk,k′ ] ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s ✭t❤❡ ❡①♣♦♥❡♥t

G st❛♥❞s ❢♦r ●❛❧❡r❦✐♥✮✿

∀ k,k′ ∈ ΩJ Ak,k′ =
1

2

∫

Ω
∇ΦJ,k ∇ΦJ,k′ ,

G
Bk,k′ = < ΦJ,k, VJ ΦJ,k′ > .

❲❡ ✇✐❧❧ ❢♦❝✉s ♥♦✇ ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣✐❡s ❢♦r ♦♥❡ ♦r❜✐t❛❧✳ ❲❡
t❤✉s ❛❜❛♥❞♦♥ t❤❡ ✐♥❞❡① i✱ ❛♥❞ ❝❛❧❧ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ũ✳ ❚❤❡ ♦r❜✐t❛❧s
ũ ❛r❡ ♦rt❤♦♥♦r♠❛❧ ✐♥ V

⊥
J ✱ ✇❤✐❝❤ ✐♠♣❧✐❡s CT C = 1✳ ❚❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ ũ ✐s

❣✐✈❡♥ ❜② ǫ̃ = ẽkin + ẽp✱ ✇❤❡r❡ ẽkin st❛♥❞s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ẽp ❢♦r
t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✳

❑✐♥❡t✐❝ ❡♥❡r❣②✿ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ẽkin r❡❧❛t❡❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛❧
ũ ✐s ❣✐✈❡♥ ❜②✿

ẽkin =
CT

A C

CT C
= CT

A C. ✭✶✶✮

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧t ❬✷✽❪ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡
♣♦t❡♥t✐❛❧ V ✐s ③❡r♦✿

✾



Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t u ❜❡ ❛♥ ♦r❜✐t❛❧✳ ❆ss✉♠❡ t❤❛t u ❛♥❞ ❛❧❧ t❤❡ ♦r❜✐t❛❧s ♦❢
❧♦✇❡r ❡♥❡r❣② ❜❡❧♦♥❣ t♦ Hs(Ω)✳ ❚❤❡♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
ekin✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❡❞ ❡♥❡r❣② ẽkin ❜❡❤❛✈❡s ❧✐❦❡✿

|ekin − ẽkin| . 2−2J(r1−1), ✭✶✷✮

✇✐t❤ r1 = min(s,m1)✳

P♦t❡♥t✐❛❧ ❡♥❡r❣②✿ ❚❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② r❡❧❛t❡❞ t♦ ❛♥ ♦r❜✐t❛❧ u ✐s ❣✐✈❡♥
❜②✿

ep(u) =< u, V u > .

■♥ t❤❡ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛❧
ũ ✐s✿

ẽp =< ũ, ❱J ũ >=
CT G

B C

CT C
= CT G

B C. ✭✶✸✮

❙✐♥❝❡ t❤❡ ♣♦t❡♥t✐❛❧ V ✐s ❡①♣❛♥❞❡❞ ✐♥t♦ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♣♦❧❛t✐♥❣
s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s {ΘJ,k} ✭s❡❡ ✭✾✮✮✱ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❙t✐✛♥❡ss
♠❛tr✐① G

B ✇r✐t❡s✿

For k,k′ ∈ ΩJ , G
Bk,k′ = < ΦJ,k,❱J ΦJ,k′ >

=

∫

Ω
ΦJ,k(r) ❱J(r) ΦJ,k′(r) dr

=
∑

m∈ΩJ

vJ,m

∫

Ω
ΦJ,k(r) ΘJ,m(r) ΦJ,k′(r) dr

=
∑

m∈ΩJ

vJ,m TJ(k − m,k′ − m),

✇❤❡r❡ TJ(k,k′) =

∫

Ω
ΦJ,k(r) ΘJ,0(r) ΦJ,k′(r) dr✳ ❙✐♥❝❡ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s

❛r❡ ♣❡r✐♦❞✐❝ t❡♥s♦r✲♣r♦❞✉❝t ❢✉♥❝t✐♦♥s✱ ❡❛❝❤ t❡r♠ TJ(k,k′) ✐s ❛ ♣r♦❞✉❝t ♦❢
t❤r❡❡ ❝②❝❧✐❝ ♠❛tr✐❝❡s T ✱ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts
❬✶✵✱ ✷✼❪✿

T (k, k
′
) =

∫

ω
φ(x − k) θ(x) φ(x − k

′
) dx.

❉❡t❛✐❧s ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ t❤❡s✐s ❬✼❪✳ ❚❤❡ ♠❡❛♥ ✐❞❡❛
✐s t❤❛t✱ t❤❛♥❦s t♦ t❤❡ s②♠♠❡tr② ❛r♦✉♥❞ t❤❡ ❢✉♥❝t✐♦♥ ΘJ,m✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥
♦❢ G

Bk,k′ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥ts ❱ ✇✐t❤
❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① TJ✳

✶✵



❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ❡❧❧✐♣t✐❝✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ V s❛t✐s✲
✜❡s infr∈Ω V (r) > −1❀ t❤❡♥ t❤❡ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛❧s ❢✉❧✜❧❧ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭✉s✐♥❣ ✭✺✮ ❛♥❞ ✭✽✮✮✿

‖u − ũ‖ ≤ C 2−Jr1 ‖u‖Hr1 ✭✶✹✮

✇✐t❤ r1 = min(s,m1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♠❛② ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❡st✐✲
♠❛t❡✳

Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t u ❜❡ ❛♥ ♦r❜✐t❛❧✳ ❆ss✉♠❡ t❤❛t u ❛♥❞ ❛❧❧ t❤❡ ♦r❜✐t❛❧s ♦❢
❧♦✇❡r ❡♥❡r❣② ❜❡❧♦♥❣ t♦ Hs(Ω)✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ V ∈ HL(Ω)✳
❚❤❡♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ep(u) ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡
♣♦t❡♥t✐❛❧ ❡♥❡r❣② ẽp(ũ) ❜❡❤❛✈❡s ❧✐❦❡✿

|ep(u) − ẽp(ũ)| . C1 2−Jr1 + C2 2−Jr2 , ✭✶✺✮

✇✐t❤ r1 = min(s,m1)✱ r2 = min(L,m2)✳

Pr♦♦❢✿

|ep(u) − ẽp(ũ)| = |ep(u) − ep(ũ) + ep(ũ) − ẽp(ũ)|

6

∣∣∣∣
∫

Ω
V (u2 − ũ2)

∣∣∣∣ +

∣∣∣∣
∫

Ω
(V −❱J) ũ2

∣∣∣∣

❯s✐♥❣ ✭✶✹✮ ②✐❡❧❞s✿
∣∣∣∣
∫

Ω
V (u2 − ũ2)

∣∣∣∣ 6 ‖V ‖L∞

∫

Ω
|(u − ũ)(u + ũ)|

. 2 ‖V ‖L∞ ‖u‖ ‖u − ũ‖

. 2−Jr1 ‖V ‖L∞ ‖u‖ ‖u‖Hr1 .

❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ♠❛❥♦r❡❞ ❜②✿
∣∣∣∣
∫

Ω
(V −❱J) ũ2

∣∣∣∣ . ‖V −❱J‖L∞ ‖u‖2

. 2−Jr2 ‖V ‖Hr2 ‖u‖2

✇✐t❤ r2 = min(L,m2)✱ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ❡rr♦r✳ ❲❡ t❤✉s ❣❡t t❤❡
❡st✐♠❛t❡ ✭✶✺✮✳

✶✶



❚❛❜❧❡ ✶✿ ◆✉♠❜❡r ♦❢ ❝♦❡✣❝✐❡♥ts ♦❢ TJ ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ t✇♦ ♠❛❣♥✐t✉❞❡s✱ ✇✐t❤
m1 = 2 ❛♥❞ m2 = 8✳ ❋♦r ❡①❛♠♣❧❡ ✾✹✷✵ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❡✣❝✐❡♥ts ❣r❡❛t❡r
✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ t❤❛♥ 10−8✱ ❛♥❞ s♠❛❧❧❡r t❤❛♥ 10−4✳

|TJ(k,k′)| > 10−4 > > 10−8 > > 10−11

# 684 9420 14980

❉r❛✇❜❛❝❦s ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ TJ ✐s ❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st✱ ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❬✷✻❪✳ ❋♦r m1 = 4 ✭❉❛✉❜❡❝❤✐❡s✮ ❛♥❞ m2 =
8 ✭■♥t❡r♣♦❧❡t✮✱ T ❤❛s ❛❧♠♦st ✸✵ ❝♦❡✣❝✐❡♥ts ❣r❡❛t❡r t❤❛♥ 10−8✳ ■♥ t❤r❡❡
❞✐♠❡♥s✐♦♥s✱ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t s✐③❡✳ ❖❜✈✐♦✉s❧②✱
t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❧♦❝❛❧✐③❡❞ ♥❡❛r t❤❡ ❞✐❛❣♦♥❛❧ ✭❢♦r k ❝❧♦s❡ t♦ k

′✮✳
❙❡✈❡r❛❧ ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❝♦♠♣❧❡①✐t②✱ ❜❛s❡❞ ♦♥

q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ❬✷✶✱ ✷✻❪✳ ▼♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ ◆❡❡❧♦✈ ❛♥❞ ●♦❡❞❡❝❦❡r ❬✷✻❪
✉s❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛ ✇✐t❤ ❛♥ ❡①❛❝t♥❡ss ♦r❞❡r ❧✐♥❦❡❞ t♦ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥
♦r❞❡r✳ ❚❤❡② s❤♦✇❡❞ t❤❛t t❤❡ q✉❛❞r❛t✐❝ ♦r❞❡r ❢♦r t❤❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡ ✇❛s
r❡s♣❡❝t❡❞ ❜♦t❤ ✐♥ ✉♥✐❢♦r♠ ❛♥❞ ♥♦♥ ✉♥✐❢♦r♠ ❣r✐❞✱ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳

✸✳✷ ❇✐♦rt❤♦❣♦♥❛❧ Pr♦❥❡❝t✐♦♥ ♦♣❡r❛t♦rs

❲❡ ♣r❡s❡♥t ♥♦✇ t❤❡ ♣r♦❥❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❤r❡❡ t②♣❡s ♦❢ s❝❛❧✐♥❣ ❢✉♥❝✲
t✐♦♥ ❜❛s✐s ✭♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✱ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❛s✐s ❛♥❞ ✐ts ❜✐♦rt❤♦❣♦♥❛❧ ♦♥❡✮✳

◆♦t❛t✐♦♥ ✷ ✭❖rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r PV ⊥
J

✮ ▲❡t PV ⊥
J

❜❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦✲

❥❡❝t✐♦♥ ♦❢ L2(Ω) ✐♥t♦ V
⊥
J ✿

PV ⊥
J

:





L2(Ω) 7−→ V
⊥
J ,

u −→ PV ⊥
J

u =
∑

k∈ΩJ

< u, ΦJ,k > ΦJ,k.

◆♦t❛t✐♦♥ ✸ ✭■♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r PV c

J
✮ ▲❡t PV c

J
❜❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥

♦♣❡r❛t♦r ♦❢ C0(Ω) ✐♥t♦ V
c
J ✿

PV c

J
:





C0(Ω) 7−→ V
c
J ,

u −→ PV c

J
u =

∑

k∈ΩJ

< u, Θ̃J,k > ΘJ,k =
∑

k∈ΩJ

uJ,kΘJ,k.

✶✷



◆♦t❛t✐♦♥ ✹ ✭❇✐♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ PeV c

J

✮ ▲❡t PeV c

J

❜❡ t❤❡ ♣r♦❥❡❝t♦r ♦❢

L2(Ω) ✐♥t♦ Ṽ
c
J ✭⊂ H−1(Ω)✮✿

PeV c

J

:





L2(Ω) 7−→ Ṽ
c
J ,

u −→ PeV c

J

u =
∑

k∈ΩJ

< u, ΘJ,k > Θ̃J,k.

❋♦❧❧♦✇✐♥❣ ❬✾❪ ❛♥❞ ❬✸❪✱ t❤❡ ♣r♦❥❡❝t♦rs PV ⊥
J

❛♥❞ PV c

J
s❛t✐s❢② t❤❡ ❡rr♦r ❡st✐♠❛t❡

✭✽✮✿ ✐❢ m1 ✭r❡s♣✳ m2✮ ✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r ♦❢ V
⊥
J ✭r❡s♣✳ V

c
J ✮✱ t❤❡♥ t❤❡

❡rr♦rs ✐♥ L2✲♥♦r♠ ❜❡t✇❡❡♥ ❛ ❢✉♥❝t✐♦♥ u ∈ Hs(Ω) ❛♥❞ ✐ts ♣r♦❥❡❝t✐♦♥s ❜❡❤❛✈❡
❛s✿

‖u − PV ⊥
J

u‖ . 2−Jr1‖u‖Hr1 , r1 = min(m1, s), ✭✶✻✮

‖u − PV c

J
u‖ . 2−Jr2‖u‖Hr2 , r2 = min(m2, s). ✭✶✼✮

❙✉❝❤ ❛♥ ❡st✐♠❛t❡ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ✐♥ ❝❛s❡ ♦❢ t❤❡ t❤✐r❞ ♦♣❡r❛t♦r PeV c

J

✳ ❆s

Ṽ
c
J ✐s s♣❛♥♥❡❞ ❜② ❉❡❧t❛✲❢✉♥❝t✐♦♥s✱ t❤❡ ♣r♦❥❡❝t✐♦♥ PeV c

J

u ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥

u ❧❡❛✈❡s ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H−1 ♦❢ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✱ ❡♥❞♦✇❡❞ ❜② t❤❡
H−1✲♥♦r♠✿

∀ u ∈ H−1, ‖u‖H−1 = sup
φ ∈ H1(Ω)

‖φ‖
H1 = 1

| < u, φ >H−1,H1 |.

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡ ❝❛♥ ❜❡ ♣r♦✈❡❞✱ ❢♦❧❧♦✇✐♥❣ ❬❄❪✿

Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ❡rr♦r ♦❢ ❛ L2✲❢✉♥❝t✐♦♥ u✱ ♣r♦✈✐❞❡❞ ❜② PeV c

J

✱

❜❡❤❛✈❡s ✐♥ t❤❡ s♣❛❝❡ H−1 ❛s✿

‖u − PeV c

J

u‖H−1 . 2−J(r2+1)‖u‖Hr2 . ✭✶✽✮

✐❢ r2??✳

❘❡♠❛r❦ ✶ ❚❤❡r❡ ❡①✐sts s❡✈❡r❛❧ ✇❛②s t♦ ❞❡✜♥❡ ❛ ♣r♦❥❡❝t♦r PV c

J
✱ s✐♥❝❡ t❤❡r❡

❡①✐st s❡✈❡r❛❧ ❜✐♦rt❤♦❣♦♥❛❧ s♣❛❝❡s Ṽ
c
J ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r✐♠❛❧ s♣❛❝❡ V

c
J ✳

◆♦t✐❝❡ ❛❧s♦ t❤❛t ❢♦r u ∈ V
⊥
J ✱ PV ⊥

J

PV c

J
u 6= u ✐♥ ❣❡♥❡r❛❧✳

✶✸



Pr❛❝t✐❝❛❧ ✉s❡ ♦❢ ♣r♦❥❡❝t♦rs ◆✉♠❡r✐❝❛❧❧②✱ t❤❡s❡ ♣r♦❥❡❝t♦rs ❛r❡ ❛♣♣❧✐❡❞ t♦
❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s V

⊥
J ✱ V

c
J ✱ ♦r Ṽ

c
J ✱ s♣❛♥♥❡❞ ❜② t❤❡

r❡s♣❡❝t✐✈❡ ❜❛s❡s FJ ✱ TJ ❛♥❞ T̃J ✳ ❚❤❡s❡ ♣r♦❥❡❝t♦rs ❛r❡ ❡♥t✐r❡❧② ❞❡✜♥❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s Z✱ X ❛♥❞ Y ∈ MJ ✱ ✇❤❡r❡ MJ ✐s t❤❡ s❡t ♦❢ 23J × 23J r❡❛❧
✈❛❧✉❡❞ ♠❛tr✐❝❡s✳

◆♦t❛t✐♦♥ ✺

PV ⊥
J

:





V
c
J 7−→ V

⊥
J ,

u = DTTJ
Z−−→ PV ⊥

J

u = (ZD)TFJ = CTFJ ,

✇❤❡r❡ Z =< TJ ,FJ >=
{
< ΘJ,k,ΦJ,k′ >

}
k,k′∈ΩJ

.

PV c

J
:





V
⊥
J 7−→ V

c
J ,

u = CTFJ
X−−→ PV c

J
u = (XC)TTJ = DTTJ ,

✇❤❡r❡ X =< FJ , T̃J >=
{

< ΦJ,k, Θ̃J,k′ >
}

k,k′∈ΩJ

.

PeV c

J

:





V
⊥
J 7−→ Ṽ

c
J ,

u = CTFJ
ZT

−−→ PeV c

J

u = (ZT C)T T̃J = D̃T T̃J .

V
c
J 7−→ Ṽ

c
J ,

u = DTTJ
Y−→ PeV c

J

u = (Y D)T T̃J = D̃T T̃J .

✇❤❡r❡ Y =< TJ , TJ >=
{
< ΘJ,k,ΘJ,k′ >

}
k,k′∈ΩJ

.

❆♣♣❧②✐♥❣ Z✱ X ♦r Y t♦ ❛ s❡t ♦❢ 23J ❝♦❡✣❝✐❡♥ts ✐s ❡❛s✐❧② ❞♦♥❡ ❜② t❤r❡❡
s✉❝❝❡ss✐✈❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✈♦❧✉t✐♦♥s ❬✼❪✳ ❯s✐♥❣ s✉❝❤ t❡❝❤♥✐q✉❡ ✐♥ ♣♦t❡♥✲
t✐❛❧ ❡♥❡r❣② ❡✈❛❧✉❛t✐♦♥ ❝❛♥ t❤✉s ✐♠♣r♦✈❡ s✐❣♥✐✜❝❛♥t❧② t❤❡ ❝♦♠♣❧❡①✐t②✳ ■♥❞❡❡❞✱
❛♣♣❧②✐♥❣ t❤❡ ♠❛tr✐① Z t♦ ❛ s❡t ♦❢ 23J ❝♦❡✣❝✐❡♥ts ❝♦sts 3(l1 + l2−1)23J ✱ ✇✐t❤
l1 ❛♥❞ l2 t❤❡ s✉♣♣♦rt ❧❡♥❣t❤s ♦❢ t❤❡ ✶❉ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ θ✳ ❆♣♣❧②✐♥❣
X ❝♦sts 3 l1 23J ✱ s✐♥❝❡ t❤❡ ✜❧t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ θ̃ ✐s δ0,k✳
❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❬✷✻❪ ✐s t❤❛t ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡
t❤❡ ❝♦❡✣❝✐❡♥ts C ❢♦r t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ V

⊥
J ✇✐t❤ ❛♥ ♦r❞❡r ✐♥❞❡♣❡♥❞❡♥t ♦❢ m1✳

■♥ ❬✷✻❪✱ t❤❡ ❜❡st ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ < u, ΦJ,k > ✐s 2m1✱ ✇❤❡r❡❛s
✐♥ ♦✉r ♠❡t❤♦❞ ✇❡ ✜rst ♣r♦❥❡❝t u ∈ L2(Ω) ✐♥ V

c
J ♦❢ ❛♥② ♦r❞❡r m2✱ ❛♥❞ t❤❡♥

♣r♦❥❡❝t ✐♥t♦ V
⊥
J ✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦st ♣❡r ❣r✐❞ ♣♦✐♥t ✐s ✐♥ ♦✉r ❝❛s❡ 3(l1+l2−1)✱

❛♥❞ ✐♥ t❤❡✐r ❝❛s❡ 3(2 l1 + 3)✳ ■❢ l1 ❛♥❞ l2 ❛r❡ ❡q✉❛❧✱ t❤❡♥ ❜♦t❤ ♠❡t❤♦❞s ❛r❡
s✐♠✐❧❛r✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ♦❢ s❡❝t✐♦♥ ✹ ❣✐✈❡s t❤❡ ❡st✐♠❛t✐♦♥s ♦❢ ❛ ❣♦♦❞
❝❤♦✐❝❡ ♦❢ m1 ❛♥❞ m2✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥❡q✉❛❧✐t✐❡s✳

✶✹



❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ♦❢ s✉❝❝❡ss✐✈❡ tr❛♥s❢❡rs t♦ ❞✐✛❡r❡♥t ▼❘❆

▲❡♠♠❛ ✶ ▲❡t u ∈ Hs(Ω)✱ m1 ❜❡ t❤❡ ♦r❞❡r ♦❢ V
⊥
J ✱ ❛♥❞ m2 t❤❡ ♦r❞❡r ♦❢ V

c
J ✳

❙✉❝❝❡ss✐✈❡ ♣r♦❥❡❝t✐♦♥s ♦♥t♦ V
⊥
J ❛♥❞ V

c
J ♦❢ u ♣r♦✈✐❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✿

‖u − PV c

J
PV ⊥

J

u‖L2 . 2−Jr1 ‖u‖Hr1 + 2−Jr2 ‖u‖Hr2 . ✭✶✾✮

✇✐t❤ r1 = min(m1,m2) ❛♥❞ r2 = min(s,m1)✳
■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ tr❛♥s❢❡r t❤r♦✉❣❤ Ṽ

c
J ❛♥❞ V

⊥
J ❧❡❛❞s t♦✿

‖u − PeV c

J

PV ⊥
J

u‖H−1 . 2−J(r1+1) ‖u‖Hr1 + 2−J(r2+1) ‖u‖Hr2 . ✭✷✵✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡s ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❝♦♠❡s s✐♠♣❧② ✉s✐♥❣ t❤❡ tr✐❛♥❣✉❧❛r
✐♥❡q✉❛❧✐t② ❛♥❞ ❡st✐♠❛t✐♦♥s ✭✶✻✮✱ ✭✶✼✮ ❛♥❞ ✭✶✽✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❧❡♠♠❛ ✶ ✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝✲
t✐♦♥✳

❊①❛♠♣❧❡ ✶ ▲❡t u ❜❡ ❛ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛♥ ✐♥t❡r♣♦❧❛t✐♥❣
❜❛s✐s✱ ✇✐t❤ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r D✳ ❆s u ∈ Hs(Ω) ❢♦r ❛❧❧ s > 0✱ ♦♥❧② t❤❡ ♦r❞❡rs
m1 ♦❢ V

⊥
J ❛♥❞ m2 ♦❢ V

c
J ✐♥t❡r❢❡r❡ ✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳

✭✶✮ ❉♦ s✉❝❝❡ss✐✈❡ ♣❛ss❛❣❡ t♦ V
c
J ❛♥❞ V

⊥
J ✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♠❛tr✐① ZX✳

❚❤❡♥ ❡✈❛❧✉❛t❡ t❤❡ ❡rr♦r ||D − (XZ)nD||l2✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✾✮✱ t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❢♦❧❧♦✇s t❤❡ ❧❛✇ 2−J min(m1, m2)✳

✭✷✮ ❙❡❝♦♥❞✱ ❛♣♣❧② n t✐♠❡s ZT Z t♦ C✱ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r ||D−(ZT Z)nD||l2✳
❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ PeV c

J

PV ⊥
J

f t♦ V
c
J ✐s ❞♦♥❡ ❜② ❛♣♣❧②✐♥❣ t❤❡ ■❞❡♥t✐t② ♠❛✲

tr✐①✱ s✐♥❝❡ V
c
J ❛♥❞ Ṽ

c
J ❛r❡ ❜✐♦rt❤♦❣♦♥❛❧✳

❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ❋✐❣✳✸ ❛♥❞ ✐♥ t❛❜❧❡ ❚❆❇❬✶❪ ✳ ❋♦r ♦♥❡ ❝♦✉♣❧❡
(V⊥

J , Vc
J)✱ t✇♦ ❝✉r✈❡s ❛r❡ ♣❧♦tt❡❞✿ t❤❡② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r

♦❢ t❤❡ ❝✉r✈❡s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❋✐❣✳✸✱ ❡✈❛❧✉❛t❡❞ ❜② ❛ ❧❡❛st sq✉❛r❡ ♣r♦❝❡❞✉r❡✳
■♥ t❤❡ ♠❡t❤♦❞ ✭✶✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ❝♦rr❡s♣♦♥❞ r❛t❤❡r ❣♦♦❞ t♦ t❤❡

❝♦♠♣❡t✐t✐♦♥ ♦❢ r1 ❛♥❞ r2 s❤♦✇♥ ✐♥ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✶✾✮✳
❋♦r t❤❡ ♠❡t❤♦❞ ✭✷✮✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ t❤❡ ❡rr♦r ✐♥ L2 ♥♦r♠✿ t❤❡

❝♦♥✈❡r❣❡♥❝❡ ❡rr♦rs ❛r❡ ❜❡tt❡r t❤❛♥ ✐♥ ♠❡t❤♦❞ ✭✶✮✱ ✇❤✐❝❤ ✐s ♥♦t ♣r❡❞✐❝t❡❞ ❜②
✭✷✵✮✳

✸✳✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡♥❡r❣✐❡s

❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ✭✷✮ t♦ ❛♥ ♦r❜✐t❛❧ u ❤❛s t✇♦
♣❛rts✿
✶✮ ❛♣♣❧② ❛ ❞❡r✐✈❛t✐♦♥ ✜❧t❡r ✭❦✐♥❡t✐❝ ♣❛rt✮✱
✷✮ ♠✉❧t✐♣❧② ❜② t❤❡ r❡❛❧ ❢✉♥❝t✐♦♥ V ✭♣♦t❡♥t✐❛❧ ♣❛rt✮✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✇✐❧❧
✐♥tr♦❞✉❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s ũ ♦❢ t❤❡ ♦r❜✐t❛❧ u ✭✶✵✮✳

✶✺



❚❛❜❧❡ ✷✿ ❊rr♦r r❛t❡s ❢♦r s❡✈❡r❛❧ V
⊥
J ❛♥❞ V

c
J ✳

❉✸ ■✽ ❉✹ ■✻ ❉✹ ■✶✵ ❉✺ ■✻ ❉✹ ❈✷ ❉✹ ❈✻

✸✳✵✸ ✻✳✵✽ ✸✳✾✹ ✺✳✾✻ ✸✳✼✻ ✼✳✽✸ ✺✳✼✽ ✻✳✸✸ ✸✳✹✷ ✸✳✽✼ ✸✳✼✵ ✼✳✹✻

❋✐❣✉r❡ ✸✿ ❊rr♦rs ✭✶✮ ||D− (XZ)nD||l2 ❛♥❞ ✭✷✮ ||D− (ZT Z)nD||l2 ❢♦r s❡✈❡r❛❧
2J ✱ ✇✐t❤ n = 10✳ ❚❤❡ ❧❡❣❡♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❝♦✉♣❧❡s ✭V⊥

J ✱ V
c
J ✮ ♦❢ ♦r❞❡rs m1

❛♥❞ m2✳ ❉ st❛♥❞s ❢♦r ❉❛✉❜❡❝❤✐❡s✱ C ❢♦r ❈♦✐✢❡t ❛♥❞ ■ ❢♦r ✐♥t❡r♣♦❧❡t ❢❛♠✐❧✐❡s✳

✸✳✸✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣②

❚♦ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭✶✶✮ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r τkin✿

ẽkin =
CT

A C

CT C
, and τkin =

|ekin − ẽkin|
|ekin|

.

✸✳✸✳✷ P♦t❡♥t✐❛❧ ❊♥❡r❣②

❲❡ ❝♦♥str✉❝t ♥♦✇ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r✿ ✇❡ st❛rt
❢r♦♠ t❤❡ ♣♦t❡♥t✐❛❧ ❱J ❡①♣❛♥❞❡❞ ✐♥ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ❜❛s✐s TJ ❊q✳ ✭✾✮ ❛♥❞ ✇❡
✇✐❧❧ ❞❡❞✉❝❡ t✇♦ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ẽp✳ ❚♦ t❤❛t
♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t✇♦ ❦✐♥❞s ♦❢ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t ❛♥❞ ♠❛tr✐①✲✈❡❝t♦r
♣r♦❞✉❝t✿

◆♦t❛t✐♦♥ ✻ ✭▼❛tr✐①✲♠❛tr✐① ❛♥❞ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts✮ ▲❡t t✇♦ r❡❛❧

✶✻



♠❛tr✐❝❡s A ❛♥❞ B ∈ MJ ♦❢ s✐③❡ 23J × 23J ✱ ❛♥❞ t✇♦ ✈❡❝t♦rs U ❛♥❞ V ♦❢ s✐③❡
23J ❜❡ ❣✐✈❡♥✳ ❚❤❡ st❛♥❞❛r❞ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t ✇r✐t❡s A B✱ ✇❤❡r❡❛s t❤❡
st❛♥❞❛r❞ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t ✇r✐t❡s A U ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛tr✐①✲
♠❛tr✐① ♣r♦❞✉❝t ·✱ ❛♥❞ t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t · ✇✐❧❧ ❞❡♥♦t❡ ❛♥ ❡❧❡♠❡♥t✲❜②✲
❡❧❡♠❡♥t ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛s ❢♦❧❧♦✇s✿

(U · A)ij = UiAij ,

(U · V )i = uivi.

▼❡t❤♦❞ ✶ ❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ ❱J ✐s ✇r✐tt❡♥ ✐♥ V
⊥
J × V

⊥
J ✿

< u, V v > ∼ < u, PV ⊥
J

(❱JPV c

J
v) >, ∀ u, v ∈ V

⊥
J .

❛♥❞ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❜❛s✐s FJ ②✐❡❧❞s t❤❡ ❙t✐✛♥❡ss ▼❛tr✐①✿

1
B = Z (❱ · X).

■❢ D = X C ✱ t❤❛t ✐s ✐❢ D ✐s t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ✈❡❝t♦r ♦❢ u ♦♥ V
c
J ✱ ❛♥❞ ✐❢ D̃ =

ZT C✱ ✇❤❡r❡ D̃ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ u ✐♥ t❤❡ ❞✉❛❧ ✐♥t❡r♣♦❧❛t✐♥❣
❜❛s✐s✱ t❤❡♥ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② 1ẽp ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②✿

1ẽp =
D̃T (❱ · D)

D̃T D
.

▼❡t❤♦❞ ✷ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ ❱J ❜②✿

< u, V v > ∼ < u,PV ⊥
J

PV c

J
(❱J PeV c

J

v) >, ∀ u, v ∈ V
⊥
J

■ts ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❜❛s✐s FJ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ ❛♥
❡❧❡♠❡♥t u ∈ V

⊥
J ✇r✐t❡✿

2
B

J = Z (❱ · ZT ),

2ẽp =
D̃T (❱ · D̃)

D̃T D̃
.

◆❡①t s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✐♥ t❤❡ t❤r❡❡
❝❛s❡s✿ ●❛❧❡r❦✐♥✱ ♠❡t❤♦❞s ✶ ❛♥❞ ✷✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✇r✐t❡s✿

G,1,2τp =
|ep − G,1,2ẽp|

|ep|
, ✭✷✶✮

✇❤❡r❡ ep ✐s t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❡①❛❝t ♦r❜✐t❛❧ u✳

✶✼



✹ ◆✉♠❡r✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s

❲❡ ❤❛✈❡ ❞♦♥❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ t❡sts ♦♥ t✇♦ ❧✐♥❡❛r ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦rs✳

✶✳ ❚❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✿ t❤❡ ♣♦t❡♥t✐❛❧ Vo ❛♥❞ t❤❡ s♦❧✉t✐♦♥ uo ❛r❡
✈❡r② r❡❣✉❧❛r✱ s♦ t❤❛t ✇❡ ❝❛♥ ♦❜s❡r✈❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❡rr♦r ❡st✐♠❛t❡s
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❜❛s✐s ♦r❞❡r✳

✷✳ ❚❤❡ ❍②❞r♦❣❡♥ ❛t♦♠✿ t❤❡ ♣♦t❡♥t✐❛❧ Vh ❛♥❞ t❤❡ ♦r❜✐t❛❧ uh ❛r❡ ❜♦t❤ ✐♥
C0✱ ❛♥❞ ❧❡❛❞s t♦ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❧❛✇s ❢♦r t❤❡ ❡rr♦r ❜❡❤❛✈✐♦r✳

■♥ t❤❡ t❡sts ♣r❡s❡♥t❡❞ ❤❡r❡✱ ✇❡ ❤❛✈❡ ♠❛❞❡ ❛ ❞✐❧❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ Ω✿ ❢♦r
❛❧❧ r = (X, Y, Z) ∈ Ω✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ tr✐♣❧❡t (x, y, z) s✉❝❤ t❤❛t X = x

L , Y =
y
L , Z = z

L ✱ ✇✐t❤ L = 10✳ ❚❤❡ ♦r❜✐t❛❧ u ✐s ❡①♣❛♥❞❡❞ ✐♥t♦ t❤❡ s♣❛❝❡ V
c
J ♦❢

✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r m2✿

PV c

J
u =

∑

k∈ΩJ

u(xJ,k) ΘJ,k. ✭✷✷✮

❙t❛rt✐♥❣ ❢r♦♠ ❊q✳✭✷✷✮✱ ✇❡ ❡✈❛❧✉❛t❡ ẽkin ❛♥❞ ẽp✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts C =
{cJ,k}k∈ΩJ

❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✿

PV ⊥
J

u =
∑

k∈ΩJ

cJ,k ΦJ,k = CTFJ = (ZD)TFJ . ✭✷✸✮

✹✳✶ ❍❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r

❚❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✐s✿

H = −1

2
∆ +

1

2
|r|2, r ∈ Ω.

❆ s♦❧✉t✐♦♥ (Eo, uo) ♦❢ t❤❡ ❡✐❣❡♥♣r♦❜❧❡♠ Hu = Eu ✐s ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧②✿

uo(r) = CN e−|r|2/2, ∀ r ∈ Ω

Eo = ekin + ep,

ekin =
< uo| − 1

2∆|uo >

< uo|uo >
= 0.75 a.u.,

ep =
< uo|12 |r|2|uo >

< uo|uo >
= 0.75 a.u.. ✭✷✹✮

CN ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r✱ ❜❛s❡❞ ♦♥ t❤❡ L2 ♥♦r♠ ♦❢ uo✿ ‖uo‖2 = 1✳
❚❤❡ ♦r❜✐t❛❧ uo ❞❡❝❛②s r❛♣✐❞❧②✱ s♦ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❣r❡❛t L✳ ■♥ t❤✐s
❡①❛♠♣❧❡✱ t❤❡ ♦r❜✐t❛❧ uo ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ Vo ❧✐✈❡ ✐♥ C∞✱ t❤❡♥ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ♦r❞❡r ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡rs m1 ❛♥❞ m2✳

✶✽



❋✐❣✉r❡ ✹✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✿ r❡❧❛t✐✈❡ ❡rr♦r τkin ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2J ✳ ❉✐❢✲
❢❡r❡♥t ♦r❞❡rs m1 ❛♥❞ m2 ❛r❡ ❝♦♥s✐❞❡r❡❞✳

✹✳✶✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣②

❋✐❣✳✹ s❤♦✇s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r τkin ✐♥ t❡r♠s ♦❢ 2J ✱ ♦♥ ❛ ❧♦❣✴❧♦❣
♣❧♦t✳ ❚✇♦ ■♥t❡r♣♦❧❡t ♦r❞❡rs✱ m2 = 6 ❛♥❞ m2 = 8✱ ✇✐t❤ ❛♥ ♦rt❤♦❣♦♥❛❧ ♦r❞❡r
♦❢ m1 = 4✱ ❛r❡ ❝♦♥s✐❞❡r❡❞✿ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ m2 ✐s ✇❡❛❦✳ ❲❡ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r ❢♦r t❤❡ r❡❧❛t✐✈❡ ❡rr♦r✿

τkin ∼ C 2−2J(m1−1),

✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♣r♦♣❡rt② ✭✶✷✮✳ ■♥❞❡❡❞✱ t❤✐s ♣r♦♣❡rt②
❤♦❧❞s ❢♦r ❛ ♣✉r❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ r❡❝♦✈❡r❡❞ t❤✐s ❡st✐♠❛t✐♦♥
❢♦r ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✱
❛♥❞ ✐ts ❦✐♥❡t✐❝ ♣❛rt✳

❇❡❧♦✇ 10−9✱ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ✐♥t❡r❢❡r❡s ✇✐t❤ t❤❡ ✈❛❧✉❡s✳ ❚❤❡ r❡s✉❧ts
❛r❡ ✈❡r② s✐♠✐❧❛r ❢♦r ❛ ❙②♠♠❧❡t ❛♥❞ ❛ ❉❛✉❜❡❝❤✐❡s s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ s❛♠❡
♦r❞❡r ✭t❤❡ ❙t✐✛♥❡ss ♠❛tr✐❝❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛r❡ ✐❞❡♥t✐❝❛❧✮✳ ❲❡ ❣❡t t❤❡ s❛♠❡
r❡s✉❧t ✇✐t❤ ❈♦✐✢❡ts ✭t❤❡ ❡rr♦r ✐s ♦❢ ♦r❞❡r 10−5 ❢♦r 2J = 32✮✱ ❜✉t ❉❛✉❜❡❝❤✐❡s
❢✉♥❝t✐♦♥s ❤❛✈❡ s❤♦rt❡r s✉♣♣♦rt✱ ❛♥❞ t❤✉s ❤❛✈❡ ♠♦r❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡r❡st✳

❚❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡♥❡r❣② ✐s t❤✉s q✉❛❞r❛t✐❝
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ J ❛♥❞ m1✳ ❘❡♠❡♠❜❡r t❤❛t ✐❢ ✇❡ ✇❛♥t t♦ ❣❡t ❛♥ ❡♥❡r❣② ✇✐t❤
s♦♠❡ ♣r❡❝✐s✐♦♥ ǫ✱ ✇❡ ♦♥❧② ♥❡❡❞ ❛ ♣r❡❝✐s✐♦♥ ♦❢

√
ǫ ♦♥ t❤❡ ♦r❜✐t❛❧✳

✶✾



✹✳✶✳✷ P♦t❡♥t✐❛❧ ❊♥❡r❣②

●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥ ■♥ ❝❛s❡ ♦❢ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✱ ✐t ✐s ❡❛s② t♦ ❡✈❛❧✲
✉❛t❡ t❤❡ ●❛❧❡r❦✐♥ ❙t✐✛♥❡ss ♠❛tr✐①✱ t❤❛♥❦s t♦ t❤❡ s❡♣❛r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ s♦❧✉t✐♦♥✿

Vo(r) =
1

2
(x2 + y2 + z2) = v(x) + v(y) + v(z),

uo(r) = CN e−|r|2/2 = u(x) u(y) u(z),

u(x) = C
1/3
N e−x2/2.

▲❡t ω = [0, L[✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✐♥ t❡r♠s ♦❢ t❤❡ ♦♥❡
❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t②✿

ep =

∫

Ω
uo(r) Vo(r) uo(r) dr = 3

∫

ω
v(x) u2(x) dx = 3 × 1

4
.

❉✹ ■✽ ❉✸ ■✽ ❉✸ ■✹

✸✷ ✵✳✼✺✵✵✵✼✵✾✽✺ ✵✳✼✺✵✵✹✸✾✵✼ ✵✳✼✺✵✺✺✾✼✺

✻✹ ✵✳✼✺✵✵✵✵✵✸✵✶✶✹ ✵✳✼✺✵✵✵✵✻✼✺✶✹ ✵✳✼✺✵✵✸✸✾✸✼

✶✷✽ ✵✳✼✺✵✵✵✵✵✵✵✵✺✽✼✺✺ ✵✳✼✺✵✵✵✵✵✶✵✹✷✼ ✵✳✼✺✵✵✵✵✵✶✵✹✷✼

❚❛❜❧❡ ✸✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✿ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② Gẽp ✐♥ ❝❛s❡ ♦❢ ●❛❧❡r❦✐♥ ❢♦r✲
♠✉❧❛t✐♦♥✳

❚❛❜❧❡ ✸ s❤♦✇s t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣✐❡s Gẽp ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣❧❡s (m1,m2)✳
❆s t❤❡ s♦❧✉t✐♦♥ ✐s ❤✐❣❤❧② r❡❣✉❧❛r✱ t❤❡ ♣r❡❝✐s✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡s❡ t✇♦
♦r❞❡rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❛r❡ ✐♥ t❤❡s❡ t❤r❡❡ ❝❛s❡s ✽✳✺✱ ✻✳✷ ❛♥❞ ✹✳ ❚❤✐s
s✉❣❣❡sts ❛♥ ❡rr♦r ❜❡❤❛✈✐♦r ❧✐❦❡✿

Gτp ∼ C 2−J min(2m1+α, m2), α 6
1

2
.

❆ r❡❛s♦♥❛❜❧❡ ❝❤♦✐❝❡ ✐s t❤✉s ❛♥ ■♥t❡r♣♦❧❡t ♦r❞❡r m2 > 2m1✳

▼❡t❤♦❞ ✶ ❋✐❣✉r❡ ❋✐❣✳✺ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r 1τp ❞❡✜♥❡❞
✐♥ ❊q✳✭✷✶✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2J ✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣❧❡s ✭m1,m2✮✳ ❚❤❡ ❝♦❡✣❝✐❡♥t
r❛t❡ ❜❡❤❛✈❡s ❧✐❦❡✿

1τp ∼ C1 2−J min(m1,m2). ✭✷✺✮

✷✵



❋✐❣✉r❡ ✺✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✳ ❘❡❧❛t✐✈❡ ❡rr♦r 1τp ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦✲
❧✉t✐♦♥ 2J ✳ ■♥ t❤r❡❡ ❝❛s❡✱ V

⊥
J ✐s s♣❛♥♥❡❞ ❜② ❈♦✐✢❡ts ♦❢ ♦r❞❡r m1 = 2, 4, 6✱ ❛♥❞

✐♥ t❤❡ ❧❛st ♦♥❡✱ ❜② ❛ ❉❛✉❜❡❝❤✐❡s ❜❛s✐s D4✳

❈✷ ■✽ ❈✹ ■✽ ❈✻ ■✽ ❉✹❡ ■✶✵ ❉✹s ■✽

✶✳✾✻ ✸✳✾✻ ✺✳✽✻ ✸✳✾✻ ✸✳✾✵

❚❛❜❧❡ ✹✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢♦r t❤❡ ♠❡t❤♦❞ ✶✱ ❢♦r
❞✐✛❡r❡♥t ❝♦✉♣❧❡s (m1,m2)✳ s st❛♥❞s ❢♦r ✏s②♠♠❡tr✐❝✑✱ e ❢♦r ✏❡①tr❡♠❛❧ ♣❤❛s❡✑✳

❚❛❜❧❡ ✹ s❤♦✇s t❤❡ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✜❣✉r❡ ❋✐❣✳✺✳ ❈♦✐✢❡ts ❛r❡ s❧✐❣❤t❧②
❜❡tt❡r t❤❛♥ ❉❛✉❜❡❝❤✐❡s ❢✉♥❝t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡ ❈♦✐✢❡t s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥s ❤❛✈❡
✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts✳

▼❡t❤♦❞ ✷ ❚❤❡ r❛t❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥ ♠❡t❤♦❞ ✷ ❛r❡ r❡❧❛✲
t✐✈❡❧② ❤✐❣❤✳ ❆s ♦❜s❡r✈❡❞ ♦♥ ✜❣✉r❡ ❋✐❣✳✻✱ t❤❡ ❡rr♦r ✐s q✉❛❞r❛t✐❝✿

2τp ∼ C2 2−J min(2m1,m2), ✭✷✻✮

t❤❡ ❢❛❝t♦r C2 ❞❡♣❡♥❞✐♥❣ ♦♥ ||u||Hm1 ❛♥❞ ||u||Hm2 ✳ ❚❤❡ ❡♥❡r❣✐❡s ❢♦r t❤❡
♠❡t❤♦❞ ✷ ✭❚❛❜❧❡ ✺✮ ❛r❡ ♦❢ s❛♠❡ ♦r❞❡r ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ●❛❧❡r❦✐♥
❢♦r♠✉❧❛t✐♦♥ ✭❚❛❜❧❡ ✸✮✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ✐s ♦♣t✐♠❛❧✿ ✐ts ❜❡❤❛✈✐♦r ✐s ❛s ❣♦♦❞ ❛s t❤❡ ●❛❧❡r❦✐♥ ♦♥❡✱
❛❧t❤♦✉❣❤ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s ❤✐❣❤❧② r❡❞✉❝❡❞✳

✷✶



❋✐❣✉r❡ ✻✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✱ 2τp ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2J ✱ ❢♦r ❞✐✛❡r❡♥t ♦rt❤♦❣♦✲
♥❛❧ ❜❛s❡s m1✿ ❈♦✐✢❡ts ✭❧❡❢t✮ ❛♥❞ ❉❛✉❜❡❝❤✐❡s ✭r✐❣❤t✮✳ ❚❤❡ ❝✉r✈❡s C6I10 ❛♥❞
D4I10 s❤♦✇ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ m2 ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳

❏ ❉✸ ■✽ ❉✹ ■✽ ❈✹ ■✽

✺ ✳✼✺✵✵✹✸✵✺✸ ✳✼✺✵✵✶✵✶✼✻ ✳✼✺✵✵✵✾✹✻✽✷

✻ ✳✼✺✵✵✵✵✻✷✼✹✵ ✳✼✺✵✵✵✵✵✹✸✺✷✹ ✳✼✺✵✵✵✵✵✹✵✺✻✾

✼ ✳✼✺✵✵✵✵✵✵✾✺✷✽ ✳✼✺✵✵✵✵✵✵✵✶✶✷✷ ✳✼✺✵✵✵✵✵✵✵✶✵✵✹✽

❚❛❜❧❡ ✺✿ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r✳ 2ẽp ❢♦r ❞✐✛❡r❡♥t J ✭❝♦❧✉♠♥✮ ❛♥❞ ❞✐✛❡r❡♥t
❝♦✉♣❧❡s (m1, m2)✳

✷✷



✹✳✷ ❍②❞r♦❣❡♥ ❛t♦♠

❋♦r t❤❡ ❍②❞r♦❣❡♥ ❛t♦♠✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ✇r✐t❡s He = −1

2
∆ + Vh,

✇✐t❤ Vh(r) = − 1
|r| ✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ (Eh, uh) ✐s ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧②✿

uh(r) = CN e−|r|,

ekin = 0.5 a.u.,

ep = −1. a.u.,

✇❤❡r❡ CN ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳

✹✳✷✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣②

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ τkin ❞❡♣❡♥❞s ♦♥ t❤❡ Hs✲r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦r❜✐t❛❧ uh✳ ■♥❞❡❡❞✱
✇❡ ♦❜s❡r✈❡ ✭❢♦r ✐♥st❛♥❝❡ ♦♥ ✜❣✉r❡ ❋✐❣✳✼✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✿

τkin ∼ C 2−2J(min(m1,s)−1),

✇✐t❤ ❛ ♣r❡❢❛❝t♦r C ✐♥❝r❡❛s✐♥❣ ✇✐t❤ m1✳ ◆✉♠❡r✐❝❛❧❧②✱ t❤❡ ❙♦❜♦❧❡✈ r❡❣✉❧❛r✐t②
♦❢ t❤❡ ♦r❜✐t❛❧ ✐s ❛r♦✉♥❞ ✷✳✹✳ ❚❤✐s ✈❛❧✉❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t
♦❜t❛✐♥❡❞ ❜② ❍✳✲❏✳ ❋❧❛❞ ✭▼P■✱ ▲❡✐♣③✐❣✮✱ t❤❛t ✇♦✉❧❞ ❜❡ ♣✉❜❧✐s❤❡❞✱ s❤♦✇✐♥❣
t❤❛t t❤❡ ❍②❞r♦❣❡♥ ♦r❜✐t❛❧ ❤❛s ❛ r❡❣✉❧❛r✐t② s♠❛❧❧❡r t❤❛♥ 5

2 ✳
❖♥ ❋✐❣✳✼✱ t❤❡ ❉❛✉❜❡❝❤✐❡s ❜❛s✐s ❜❡❤❛✈❡s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ ❈♦✐✢❡ts✱

❝❡rt❛✐♥❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ❙t✐✛♥❡ss ♠❛tr✐① ✐♥ ❉❛✉❜❡❝❤✐❡s
❜❛s✐s ✐s t❤❡ s❛♠❡ t❤❛t t❤❡ ♦♥❡ ✐♥ t❤❡ ✐♥t❡r♣♦❧❛t✐♥❣ ❜❛s✐s✳ ❋♦r ♣❤②s✐❝❛❧ s②st❡♠s✱
✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐s ♠♦r❡ ✐rr❡❣✉❧❛r✱ ✐t ✇✐❧❧ ❜❡ t❤✉s ♥♦t ✉s❡❢✉❧ t♦ t❛❦❡ ❤✐❣❤
♦r❞❡r m1✳

✹✳✷✳✷ P♦t❡♥t✐❛❧ ❊♥❡r❣②

❚❤❡ s✐♥❣✉❧❛r✐t② 1
|r| ✇✐❧❧ ❜❡ ♥✉♠❡r✐❝❛❧❧② ❛✈♦✐❞❡❞ ❜② ♥♦t ❝❡♥t❡r✐♥❣ Vh ❛t ❛

❞✐s❝r❡t✐s❛t✐♦♥ ♣♦✐♥t✳

• ❆t ✜rst✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✇❤❡♥ t❤❡ ♦r❜✐t❛❧ ✐s t❤❡ ●❛✉ss✐❛♥
uo✳ ❘❡s✉❧ts ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳ ❆s t❤❡ s✐♥❣✉❧❛r✐t②
❞♦❡s ♥♦t ❛♣♣❡❛r ♥✉♠❡r✐❝❛❧❧②✱ Vh✲r❡❣✉❧❛r✐t② ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡
r❡❛❧✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s✳ ❆❝t✉❛❧❧②✱ ✐t ❛♣♣❡❛rs t❤❛t ♠❡t❤♦❞ ✷
✐s ✐♥ ❣❡♥❡r❛❧ ❜❡tt❡r t❤❛t ♠❡t❤♦❞ ✶✳ ❚❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r C2 ❛r❡
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r 2−J min(m1,m2)✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s
❛r♦✉♥❞ 4✱ ❛♥❞ ❝❡rt❛✐♥❧② r❡♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ r❡❣✉❧❛r✐t② ♦❢ Vh✳

✷✸



❋✐❣✉r❡ ✼✿ ❍②❞r♦❣❡♥ ❆t♦♠✿ τkin ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2J ✱ ❢♦r ❞✐✛❡r❡♥t m1,m2✳

❈✷ ■✻ ❉✸ ■✻ ❈✹ ■✻ ❉✹ ■✻ ❈✻ ■✽

✷✳✵✻ ✹✳✵✺ ✸✳✾✺ ✹✳✶✹ ✸✳✾✼ ✹✳✶✷ ✸✳✾✸ ✹✳✵✻ ✹✳✷✸ ✹✳✵✻

❚❛❜❧❡ ✻✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣♦t❡♥t✐❛❧ Vh ❛♥❞ ♦r❜✐t❛❧ uo✳ ❈♦♥✈❡r❣❡♥❝❡
r❛t❡s ♦❢ r❡❧❛t✐✈❡ ❡rr♦rs 1τp ✭❧❡❢t✮ ❛♥❞ 2τp ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (m1,m2)✳

• ❋♦r t❤❡ ❍②❞r♦❣❡♥ ♦r❜✐t❛❧ uh✱ ❡①❝❡♣t ❢♦r ❈♦✐✢❡ts ♦❢ ♦r❞❡r m1 = 2✱ ✇❡
❣❡t ❛❧✇❛②s ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❜❡t✇❡❡♥ 2.89 ❛♥❞ 2.98 ❢♦r ❜♦t❤ ♠❡t❤♦❞s
✶ ❛♥❞ ✷✱ ❛♥❞ ❢♦r ❛♥② m2✳ ■♥ t❤✐s ❝❛s❡✱ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❡♥❞ t♦ ❝♦♥✜r♠
t❤❡ ❡st✐♠❛t✐♦♥s ✭✶✾✮ ❛♥❞ ✭✷✵✮✳ ❋♦r ❡❛❝❤ ❝♦✉♣❧❡ ✭m1,m2✮✱ t❤❡ ❡rr♦r ✐s
♦❢ ♦r❞❡r 10−4 ❢♦r 2J = 128✳

✹✳✷✳✸ ■♥✢✉❡♥❝❡ ♦❢ ♣s❡✉❞♦✲♣♦t❡♥t✐❛❧

Ps❡✉❞♦✲♣♦t❡♥t✐❛❧s ❤❛✈❡ s❡✈❡r❛❧ ♣r♦♣❡rt✐❡s✱ t❤❡ ♠❛✐♥ ♦♥❡ ❜❡✐♥❣ t♦ s❝r❡❡♥ ♥✉✲
❝❧❡✉s ♣♦t❡♥t✐❛❧ ❜② t❤❡ ✜rst ❡❧❡❝tr♦♥s ♦❢ t❤❡ ❛t♦♠✱ t♦ ❝❛♥❝❡❧ t❤❡ s✐♥❣✉❧❛r✐t②✳
■♥ ♦✉r t❡sts✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

Vloc(r) = − 1

|r|erf
( |r|√

2 rloc

)
+e

− 1

2
(

|r|
rloc

)2
(

c1 + c2(
|r|
rloc

)2 + c3(
|r|
rloc

)4 + c4(
|r|
rloc

)6
)

,

✇❤❡r❡ ❡r❢ ❞❡♥♦t❡s t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ♦r r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ ❧❛✇✱ ❛♥❞
Ci✱ rloc ❛r❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ ❛t♦♠ ❝❤❛r❛❝t❡r✐st✐❝s✳ ◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s

✷✹



♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ P❤②s✐❝s ❧✐t❡r❛t✉r❡ ❬✶✾❪✳ ❚❤❡ s❡❝♦♥❞
❞✐✣❝✉❧t② ✐♥ ❛t♦♠✐st✐❝ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ ❧♦♥❣ r❛♥❣❡ ♦❢ ♣♦t❡♥t✐❛❧s✱ ❜❡❤❛✈✐♥❣
❧✐❦❡ 1/|r|✳ ❖♥ t❤❡ t♦r✉s Ω✱ ✇❡ ❤❛✈❡ t♦ ❝✉t ✐t ❛rt✐✜❝✐❛❧❧②✱ ❜② ❛♣♣❧②✐♥❣ ❛ ✇✐♥❞♦✇✳
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❡st❡❞ ❤❡r❡ ✐s t❤✉s✿

H = −1

2
∆ + Ṽ = −1

2
∆ +

Vloc(r)

1 + eβ (|r|−rc)
.

❚❤❡ ♦r❜✐t❛❧ u1 ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❞❡s❝r✐❜❡❞ ❜② H
✐s ♥♦t ❡q✉❛❧ t♦ uh✳ ◆❡✈❡rt❤❡❧❡ss ✇❡ ✉s❡ t❤❡ ❝♦✉♣❧❡ (Ṽ , uh) ✐♥ ♦✉r ♥✉♠❡r✐❝❛❧
t❡sts✱ ❦♥♦✇✐♥❣ t❤❛t V (r) 6 Ṽ (r) ∀ r ∈ Ω✱ ✐♠♣❧②✐♥❣ t❤❡ ❡♥❡r❣② ✐♥❡q✉❛❧✐t②

ep 6
< uh , Ṽ uh >

< uh, uh >
✭r❡❝❛❧❧ t❤❛t ep ✐s t❤❡ t❤❡♦r❡t✐❝❛❧ ❍②❞r♦❣❡♥ ♣♦t❡♥t✐❛❧

❡♥❡r❣②✮✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ♦r❜✐t❛❧ u1 ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ Ṽ ❤❛✈❡ ❛❧s♦ t♦ s❛t✐s❢②
t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t②✿

ep 6
< u1 , Ṽ u1 >

< u1, u1 >
.

■♥❞❡❡❞ V ✐s ❞❡❡♣❡r t❤❛♥ Ṽ ✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❡❧❡❝tr♦♥ ✐s ♠♦r❡ ❛ttr❛❝t❡❞ ❜②

V ✿ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②
<u1 , − 1

2
∆ u1>

<u1, u1> ✐♥❝r❡❛s❡s✳
❚❛❜❧❡ ✼ ❛♥❞ ❋✐❣✉r❡ ❋✐❣✳✽ s❤♦✇ ❞✐✛❡r❡♥t ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ❲❡ ❣❡t t❤❡ ♠❛①✲
✐♠❛❧ ♦r❞❡r 2.95 ❢♦r m1 > 4 ❛♥❞ m2 > 4✳

❋✐❣✉r❡ ✽✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣s❡✉❞♦✲♣♦t❡♥t✐❛❧✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ✭ 1τp ✭❧❡❢t✮✱
❛♥❞ 2τp ✭r✐❣❤t✮✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2J ✱ ❢♦r s❡✈❡r❛❧ ❝♦✉♣❧❡s (m1,m2)✳

✷✺
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✶✳✾ ✷✳✷ ✷✳✾ ✷✳✾ ✷✳✾✺ ✷✳✾✺ ✷✳✾✺

❚❛❜❧❡ ✼✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣s❡✉❞♦✲♣♦t❡♥t✐❛❧✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡
r❡❧❛t✐✈❡ ❡rr♦r 1τp✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣❧❡s m1,m2✳

❈♦♥❝❧✉s✐♦♥

❆❢t❡r r❡❝❛❧❧✐♥❣ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝✲
t♦rs ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r✱ ✇❡ ❣✐✈❡ ❡rr♦r ❡st✐♠❛t✐♦♥s ❢♦r ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧
❡♥❡r❣② ✐♥ s♣❡❝✐✜❝ ❝❛s❡s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♠❛❞❡ ✉s✐♥❣ ▼✉❧t✐r❡s♦❧✉t✐♦♥
❆♥❛❧②s✐s ♦♥ t❤❡ t♦r❡ ♦❢ R

3✳ ▼♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣♦t❡♥✲
t✐❛❧ ❡♥❡r❣②✱ ❛♥❞ ❣✐✈❡♥ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤✐s ❡♥❡r❣② t♦ ✐♠♣r♦✈❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡
♣♦t❡♥t✐❛❧ ✐♥t♦ ❛♥ ✐♥t❡r♣♦❧❛t✐♥❣ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✱ ✇❤❡r❡❛s t❤❡ ♦r❜✐t❛❧s
❛r❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦rt❤♦♥♦r♠❛❧ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✳ ❚❤❡✐r ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❝♦sts ❛r❡ ♦♣t✐♠❛❧✱ ❧✐♥❡❛r ✐♥ O(N) ✇❤❡r❡ N ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡✱ ❛♥❞ ✇✐t❤ ❛ ✈❡r② ❧♦✇ ♣r❡❢❛❝t♦r✳ ❋♦r ❜♦t❤ ♠❡t❤♦❞s✱ ♥✉✲
♠❡r✐❝❛❧ t❡sts ♦♥ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ❛♥❞ ♦♥ t❤❡ ❍②❞r♦❣❡♥ ❆t♦♠ s❤♦✇ t❤❡✐r
❡✣❝✐❡♥❝② ❛♥❞ ❛❝❝✉r❛❝②✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❆✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙t❡❢❛♥ ●♦❡❞❡❝❦❡r ❢♦r ❤✐s ✜rst ✐❞❡❛ t♦ ❝♦♠❜✐♥❡
❞✐✛❡r❡♥t ✇❛✈❡❧❡t ❢❛♠✐❧✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❜ ✐♥✐t✐♦ ♠❡t❤♦❞s✳ ❆✉t❤♦rs ❛r❡
❛❧s♦ ✐♥❞❡❜t❡❞ t♦ ❘❡✐♥❤♦❧❞ ❙❝❤♥❡✐❞❡r ❢♦r ♠❛♥② ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ❚❤✐s ✇♦r❦
✇❛s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❈❊❆✲●r❡♥♦❜❧❡✱ ❛♥❞ ❜② t❤❡ ■❍P ♥❡t✇♦r❦
❇r❡❛❦✐♥❣ ❈♦♠♣❧❡①✐t② ♦❢ t❤❡ ❊❈ ✭❝♦♥tr❛❝t ♥✉♠❜❡r ❍P❘◆✲❈❚✲✷✵✵✷✲✵✵✷✽✻✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚✳❆✳ ❆r✐❛s✳ ▼✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦❢ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡✿ s❡♠✐❝❛r✲
❞✐♥❛❧ ❛♥❞ ♦rt❤♦❣♦♥❛❧ ✇❛✈❡❧❡t ❜❛s❡s✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✼✶✭✶✮✿✷✻✼✕✸✶✶✱
✶✾✾✾✳

❬✷❪ ❆✳❉✳ ❇❡❝❦❡✳ ❉❡♥s✐t②✲❢✉♥❝t✐♦♥❛❧ ❡①❝❤❛♥❣❡✲❡♥❡r❣② ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤
❝♦rr❡❝t ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✳ P❤②s✳ ❘❡✈✳ ❆✱ ✸✽✭✻✮✿✸✵✾✽✕✸✶✵✵✱ ✶✾✽✽✳
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❬✸❪ ❙✳ ❇❡rt♦❧✉③③❛ ❛♥❞ ●✳ ◆❛❧❞✐✳ ❙♦♠❡ r❡♠❛r❦s ♦♥ ✇❛✈❡❧❡t ✐♥t❡r♣♦❧❛t✐♦♥✳
❈♦♠♣✉t✳ ❆♣♣❧✳ ▼❛t❤✳✱ ✶✸✭✶✮✿✶✸✕✸✷✱ ✶✾✾✹✳

❬✹❪ ➱✳ ❈❛♥❝ès ❛♥❞ ❈✳ ▲❡ ❇r✐s✳ ❖♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❙❈❋ ❛❧❣♦r✐t❤♠s ❢♦r
❍❛rtr❡❡✲❋♦❝❦ ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✸✹✭✹✮✿✼✹✾✕✼✼✹✱
✷✵✵✵✳

❬✺❪ ➱✳ ❈❛♥❝ès✱ ❑✳ ❑✉❞✐♥✱ ●✳❊✳ ❙❝✉s❡r✐❛✱ ❛♥❞ ●✳ ❚✉r✐♥✐❝✐✳ ◗✉❛❞r❛t✐❝❛❧❧② ❝♦♥✲
✈❡r❣❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ❢r❛❝t✐♦♥❛❧ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡rs ✐♥ ❉❡♥s✐t② ❋♦♥❝✲
t✐♦♥♥❛❧ ❚❤❡♦r②✳ ❏✳ ❈❤❡♠✳ P❤②s✳✱ ✶✶✽✭✶✷✮✿✺✸✻✹✕✺✸✻✽✱ ✷✵✵✸✳

❬✻❪ ➱✳ ❈❛♥❝ès✳ ❙✐♠✉❧❛t✐♦♥ ♠♦❧é❝✉❧❛✐r❡ ❡t ❡✛❡ts ❞✬❡♥✈✐r♦♥♥❡♠❡♥t✳ ❯♥❡ ♣❡r✲
s♣❡❝t✐✈❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ♥✉♠ér✐q✉❡✳ P❤❉ t❤❡s✐s✱ ➱❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❞❡s
P♦♥ts ❡t ❈❤❛✉ssé❡s✱ ✶✾✾✽✳

❬✼❪ ❈✳ ❈❤❛✉✈✐♥✳ ▲❡s ♦♥❞❡❧❡tt❡s ❝♦♠♠❡ ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡
str✉❝t✉r❡s é❧❡❝tr♦♥✐q✉❡s✳ P❤❉ t❤❡s✐s✱ ■♥st✐t✉t ◆❛t✐♦♥❛❧ P♦❧②t❡❝❤♥✐q✉❡ ❞❡
●r❡♥♦❜❧❡✱ ✷✵✵✺✳

❬✽❪ ❑✳ ❈❤♦✱ ❚✳❆✳ ❆r✐❛s✱ ❏✳❉✳ ❏♦❛♥♥♦♣♦✉❧♦s✱ ❛♥❞ P✳ ▲❛♠✳ ❲❛✈❡❧❡ts ✐♥ ❡❧❡❝✲
tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✼✶✭✶✷✮✿✶✽✵✽✕✶✽✶✶✱ ✶✾✾✸✳

❬✾❪ ❆✳ ❈♦❤❡♥✳ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ❲❛✈❡❧❡t ▼❡t❤♦❞s✳ ◆♦rt❤✲❍♦❧❧❛♥❞✳
❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥ ✸✷✱ ✷✵✵✸✳

❬✶✵❪ ❲✳ ❉❛❤♠❡♥ ❛♥❞ ❈✳ ▼✐❝❝❤❡❧❧✐✳ ❯s✐♥❣ t❤❡ r❡✜♥❡♠❡♥t ❡q✉❛t✐♦♥ ❢♦r ❡✈❛❧✉✲
❛t✐♥❣ ✐♥t❡❣r❛❧s ♦❢ ✇❛✈❡❧❡ts✳ ❙■❆▼ ❏✳ ◆✉♠✳ ❆♥❛❧✳✱ ✸✵✭✷✮✿✺✵✼✕✺✸✼✱ ✶✾✾✸✳

❬✶✶❪ ■✳ ❉❛✉❜❡❝❤✐❡s✳ ❚❡♥ ▲❡❝t✉r❡s ♦♥ ❲❛✈❡❧❡ts✳ ❙■❆▼✱ ✶✾✾✷✳

❬✶✷❪ ❘✳ ❉❛✉tr❛② ❛♥❞ ❏✳✲▲✳ ▲✐♦♥s✳ ❆♥❛❧②s❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡
♣♦✉r ❧❡s s❝✐❡♥❝❡s ❡t t❡❝❤♥✐q✉❡s✿ ❙♣❡❝tr❡ ❞❡s ♦♣ér❛t❡✉rs✱ ✈♦❧✉♠❡ ✺✳ ▼❛s✲
s♦♥✱ ✶✾✽✽✳

❬✶✸❪ ●✳ ❉❡s❧❛✉r✐❡rs ❛♥❞ ❙✳ ❉✉❜✉❝✳ ❙②♠♠❡tr✐❝ ✐t❡r❛t✐✈❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦✲
❝❡ss❡s✳ ❈♦♥str✉❝t✐✈❡ ❆♣♣r♦①✐♠❛t✐♦♥✱ ✺✭✶✮✿✹✾✕✻✽✱ ✶✾✽✾✳
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