• Ér✐❡ P❡rr✐❡r 
  
♥❡❞ ❛s✿ ρ = 2 No i=1 n i |u i | 2 , No i=1 n i = N, 0 n i 1

ǫ i = < u i , H u i > < u i , u i > = 1 2 Ω ∇u i ∇v+ < V u i , u i > = e kin + e p ,
✭✻✮ ✇❤❡r❡ e kin st❛♥❞s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❲❡ ❛

•s♦ s❡❛r❝❤ ❢♦r ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ H ✐♥t♦ s✉✐t❛❜•❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• s♣❛❝❡s✱ ✇❤✐❝❤ ✇✐•• ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝❛•❝✉•❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② e p ✳ ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ H ❛r❡ ❦♥♦✇♥ t♦ ❤❛✈❡ ❛ ♣♦•②♥♦♠✐❛• ❞❡❝❛② ✇❤❡♥ |r| → +∞✱ ✇❡ ✇✐•• t❤✉s st✉❞② t❤❡♠ ✐♥ ❛ ❞♦♠❛✐♥ t❤❛t ❝♦♥t❛✐♥s t❤❡✐r s✉♣♣♦rt✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠✐♥❣ t❤❛t t❤✐s ❞♦♠❛✐♥ ✐s ❜✐❣ ❡♥♦✉❣❤✱ u i ✈❛♥✐s❤ ❢❛r ❢r♦♠ t❤❡ ❜♦✉♥❞❛r✐❡s✱ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆✉♠❡r✐❝❛• ❛❞✈❛♥t❛❣❡s ♦❢ ✹ t❤✐s ❝❤♦✐❝❡ ❛r❡ s❤♦✇♥ ✐♥ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ r❡s♦•✉t✐♦♥ s❝❤❡♠❡ ✇✐•• ❞❡♣❡♥❞ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ V xc ✭✷✮✳ ■♥❞❡❡❞ ✐♥ ▲❉❆✱ V xc ✐s ❡✈❛•✉❛t❡❞ ❢r♦♠ t❤❡ ❣r✐❞ ✈❛•✉❡s ♦❢ ρ✳ ❖✉r ❝❤♦✐❝❡ ✐s t♦ ❡①♣❛♥❞ ρ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛• V ✐♥t♦ ❛♥ ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♦r❜✐t❛•s u i ✇✐•• ❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦rt❤♦♥♦r♠❛• s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ❜❛s✐s✱ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♥❡❛r•② ❞✐❛❣♦♥❛•✐s❛t✐♦♥ ♦❢ ❡••✐♣t✐❝ ♦♣❡r❛t♦rs✱ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✇❛✈❡•❡t ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ ✇✐•• ❞❡t❛✐• t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• s♣❛❝❡s t❤❛t ✇✐•• ❜❡ ✉s❡❞✱ ❣❡♥❡r❛t❡❞ ❜② ♦rt❤♦❣♦♥❛• ♦r ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s❡s✳ ✷ ✸❉ ♣❡r✐♦❞✐❝ ▼✉•t✐r❡s♦•✉t✐♦♥ ❆♥❛•②s✐s ✭▼|❆✮ ▲❡t ω = R/Z ❜❡ t❤❡ ✉♥✐t t♦r✉s ♦♥ R✱ ❛♥❞ Ω = (R/Z) 3 ✳ ❲❡ ✜rst r❡❝❛•• s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✸❉ ♣❡r✐♦❞✐❝ ▼|❆ ✐♥ ❛ ❣❡♥❡r❛• ❝♦♥t❡①t✳ ❚❤❡♥ ✇❡ ✇✐•• ❢♦❝✉s ♦♥ ♦rt❤♦♥♦r♠❛• ❛♥❞ ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s✳ ✷✳✶ ❈♦♥str✉❝t✐♦♥ ❋♦r ♠♦r❡ ❞❡t❛✐•s ♦♥ ♣r❛❝t✐❝❛• ❝♦♠♣✉t❛t✐♦♥s r❡•❛t❡❞ t♦ t❤❡s❡ ❜❛s❡s✱ ✇❡ r❡❢❡r t♦ ❬✶✶✱ ✷✹(✳ ❆ ♣❡r✐♦❞✐❝ ▼|❆ {V J } ♦❢ L 2 (Ω) ✐s ❝♦♥str✉❝t❡❞ ❜② ❛♥ ✐s♦tr♦♣✐❝ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ▼|❆✬s {V J }✳
◆♦t❛t✐♦♥ ✶ ✭▼|❆ ♦❢ L 2 (ω)✮ ▲❡t {V J } ❛♥❞ { V J }✱ J 0 ❜❡ t❤❡ ❛s❝❡♥❞✐♥❣ ❞❡♥s❡ s❡q✉❡♥❝❡s ♦❢ t✇♦ ❜✐♦rt❤♦❣♦♥❛• ▼|❆✬s ♦❢ L 2 (ω)✳ ■♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✱ t❤❡ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s φ J,k ❛♥❞ φ J,k ✇❤✐❝❤ s♣❛♥ t❤❡ s♣❛❝❡s

V J = s♣❛♥{φ J,k ; k ∈ ω J = [0, . . . , 2 J -1]} and V J = s♣❛♥{ φ J,k ; k ∈ ω J } ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❞✐•❛t✐♦♥✱ s❤✐❢t ❛♥❞ ♣❡r✐♦❞✐③❛t✐♦♥ ♦❢ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ φ ❞❡✜♥❡❞ ♦♥ R✿ φ J,k (x) = r∈Z φ(2 J (x + r) -k) , φ J,k (x) = 2 J r∈Z φ(2 J (x + r) -k). ▼♦r❡♦✈❡r✱ t❤❡② s❛t✐s❢② t❤❡ ❜✐♦rt❤♦❣♦♥❛•✐t② r❡•❛t✐♦♥✿ ω φ J,k (x) φ J,l (x) dx = δ k,l , ∀J ∈ N, ∀k, l ∈ ω J , ✺ ✇❤❡r❡ δ k,l ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡•t❛✳ ❚❤❡ ✇❡••✲❦♥♦✇♥ t✇♦✲s❝❛•❡ ❡q✉❛t✐♦♥s r❡✇r✐t❡ ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ❝❛s❡✿ φ J,k = n∈ω J+1 h J+1 (n -2k) φ J+1,n , φ J,k = n∈ω J+1 h J+1 (n -2k) φ J+1,n . ✭✼✮ ✇❤❡r❡ h J ❛♥❞ h J ❛r❡ t❤❡ ✜•t❡rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ 2 J -♣❡r✐♦❞✐③❛t✐♦♥ ♦❢ t❤❡ ✜•t❡rs h ❛♥❞ h ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ φ✳ ❲❡ ✇✐•• ❛ss✉♠❡ t❤❛t t❤❡ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ φ ❤❛✈❡ ❛ ❝♦♠♣❛❝t s✉♣✲ ♣♦rt❀ t❤✐s ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ✜•t❡rs h J ❛♥❞ h J ❤❛✈❡ ✜♥✐t❡ •❡♥❣t❤✳ ■❢ t❤❡ r❡str✐❝t✐♦♥s t♦ [0, 1] ♦❢ ♣♦•②♥♦♠✐❛•s ♦❢ ❞❡❣r❡❡ •❡ss ♦r ❡q✉❛• t❤❛♥ m -1 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ V J ✱ t❤❡♥ t❤❡ ▼|❆ {V J } ✐s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r m ❬✾(✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ ✇❡ ♥♦t❡ P V J t❤❡ ❜✐♦rt❤♦❣♦♥❛• ♣r♦•❡❝t✐♦♥ ✐♥t♦ t❤❡ s♣❛❝❡ V J ✿ ∀u ∈ L 2 (ω), P V J u = k∈ω J < u/ φ J,k > φ J,k , t❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦•❞s✿ u -P V J u H s 2 -J(m-s) u H m , ∀ u ∈ H m (ω) ✭✽✮ ❙✐♥❝❡ ♦✉r ♦❜•❡❝t✐✈❡ ✐s t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ❑♦❤♥✲❙❤❛♠ ♦♣❡r❛t♦r ❡①✲ ♣❛♥❞❡❞ ✐♥t♦ ❛ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✱ ✇❡ ✇✐•• ♥♦t ✐♥tr♦❞✉❝❡ ❤❡r❡ ✇❛✈❡•❡ts✳ ❇✉t t❤❡ r❡s✉•ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❛rt✐❝•❡ ✇✐t❤ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s❡s✱ ❛r❡ ❛•s♦ ✈❛•✐❞ ❜② ✉s✐♥❣ ✇❛✈❡•❡ts✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛• ▼|❆ ✐s ❞♦♥❡ ❛s ❢♦••♦✇s✳ ❉❡✜♥✐t✐♦♥ ✶ ✭▼|❆ ♦❢ L 2 (Ω)✮ ❆ ❝♦✉♣•❡ ♦❢ ❜✐♦rt❤♦❣♦♥❛• ♣❡r✐♦❞✐❝ ▼|❆ {V J } ❛♥❞ { V J } ♦❢ L 2 (Ω) ✐s ❞❡✜♥❡❞ ❜② ✐s♦tr♦♣✐❝ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ▼|❆✬s {V J } ❛♥❞ { V J }✿ V J = V J ⊗ V J ⊗ V J , and V J = V J ⊗ V J ⊗ V J . ▲❡t Ω J = ω 3 J ✳ ❆ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ V J ✐♥❞❡①❡❞ ❜② k = (k 1 , k 2 , k 3 ) ∈ Ω J ✇r✐t❡s ❢♦r ❡❛❝❤ r = (x, y, z) ∈ Ω✿ Φ J,k (r) = φ J,k 1 (x) φ J,k 2 (y) φ J,k 3 (z). ✻ ■♥ t❤❡ ❢♦••♦✇✐♥❣✱ ✐t ✇✐•• ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❛❞♦♣t ❛ ✈❡❝t♦r✲t②♣❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❜❛s✐s✿ F J = {Φ J,k } k∈Ω J ✱ F J = { Φ J,k } k∈Ω J ✳ ❆ ❢✉♥❝t✐♦♥ u ♦❢ V J ✇✐t❤ ❝♦❡✣❝✐❡♥ts C = {c J,k } k∈Ω J ✇✐•• ❜❡ ✇r✐tt❡♥ ❛s✿ u = C T F J = k∈Ω J < u, Φ J,k > Φ J,k . ■♥ t❤❡ ♥❡①t ♣❛rt ✇❡ ✇✐•• ✐♥tr♦❞✉❝❡ t✇♦ s♣❡❝✐✜❝ ❢❛♠✐•✐❡s ♦❢ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❞ ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦r❜✐t❛•s u i ❛♥❞ t❤❡ ♣♦t❡♥t✐❛• V ✳ ✷✳✷ ❖rt❤♦♥♦r♠❛• ❛♥❞ ✐♥t❡r♣♦•❛t✐♥❣ ▼|❆✬s ❋♦r ❝♦♠♣✉t❛t✐♦♥❛• r❡❛s♦♥s✱ t❤❡ ♦r❜✐t❛•s u i ✐♥ ✭✶✮ ❛r❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦r✲ t❤♦♥♦r♠❛• ❜❛s✐s ❬✶✶(✳ ▲❡t {V ⊥ J } ❜❡ ❛♥ ♦rt❤♦♥♦r♠❛• ▼|❆ ♦❢ L 2 (Ω)✱ ♦❢ ♦r❞❡r m 1 ✳ ■♥ ♥✉♠❡r✐❝❛• t❡sts ✇❡ ✇✐•• ✉s❡ t❤❡ ❉❛✉❜❡❝❤✐❡s ❢❛♠✐•② ❛♥❞ t❤❡ ❈♦✐✢❡ts ❋✐❣✉r❡ ✶✿ ▲❡❢t✿ ❉❛✉❜❡❝❤✐❡s s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ❢r♦♠ ✷ ✭❜•❛❝❦ •✐♥❡✮ t♦ ✺ ✭r❡❞ ❞♦ts✮✳ |✐❣❤t✿ ❈♦✐❢♠❛♥ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ✷✱✹ ❛♥❞ ✻✳ ❬✶✶( ✭❋✐❣✳✶✮✳ ❉❛✉❜❡❝❤✐❡s ✇❛✈❡•❡ts ❛r❡ ✇❡•• s✉✐t❡❞ t♦ ❊•❡❝tr♦♥✐❝ ❙tr✉❝t✉r❡ ❈❛•✲ ❝✉•❛t✐♦♥s ❬✸✶✱ ✶✼(✱ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s♠❛•• ❝♦♠♣❛❝t s✉♣♣♦rts r❡•❛t❡❞ t♦ t❤❡✐r ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦♣❡rt✐❡s✳ ❖❜s❡r✈❡ ♦♥ ❋✐❣✳✶ t❤❛t ❉❛✉❜❡❝❤✐❡s s❝❛•✐♥❣ ❢✉♥❝✲ t✐♦♥s ❛r❡ ❛s②♠♠❡tr✐❝✳ ❈♦✐✢❡ts ❛r❡ ❛•♠♦st s②♠♠❡tr✐❝✱ ❜✉t t❤❡✐r s✉♣♣♦rts ❛r❡ •♦♥❣❡r✳ ❚❤❡ ♣♦t❡♥t✐❛• ✇✐•• ❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛ ❜❛s✐s s❛t✐s❢②✐♥❣ t❤❡ ✐♥t❡r♣♦•❛t✐♦♥ ♣r♦♣❡rt②✿ ❉❡✜♥✐t✐♦♥ ✷ ✭■♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥✮ ❆ ✶❉ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ θ ✼ ✐s ✐♥t❡r♣♦•❛t✐♥❣ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥✿ θ(x -k) = δ 0,k , ∀k ∈ Z. ▲❡t ❞❡♥♦t❡ ❜② V c J ❛ ✸❉ ✐♥t❡r♣♦•❛t✐♥❣ ▼|❆✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✸❉ s❝❛•✐♥❣ ❢✉♥❝✲ t✐♦♥s✿ Θ J,k (r) = Θ J,0 (x -k) = θ J,k 1 (x 1 ) θ J,k 2 (x 2 ) θ J,k 3 (x 3 ) ✇❤❡r❡ θ J,k (x) = r∈Z θ(2 J (x+r)-k) ❤❛s ❛ L ∞ ✲♥♦r♠❛•✐③❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ Θ J,k s❛t✐s✜❡s Θ J,k ( l 2 J ) = δ k,l . ❙✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✐s ❛•s♦ ❝❛••❡❞ ■♥t❡r♣♦•❡t ❬✶✸(✳ ❚❤❡ ❜✐♦rt❤♦❣♦♥❛• s❝❛•✐♥❣ ❢✉♥❝✲ t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② Θ J,k (.) = 2 3J δ(2 J . -k)✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r ♦❢ V c J ✇✐•• ❜❡ ❝❛••❡❞ m 2 ✳ ■♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛• ♦r❞❡rs ❛r❡ s❤♦✇♥ ♦♥ ✜❣✉r❡ ❋✐❣✳✷✳ ❋✐❣✉r❡ ✷✿ ■♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡rs ✹✱✻✱✽✱✶✵✳ ❚❤❡ ♦s❝✐••❛t✐♦♥s ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ♦r❞❡r✳ ❆s ❡①♣•❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✱ t❤❡ ♣♦t❡♥t✐❛• V ❞❡✜♥❡❞ ♦♥ Ω ✐s ❦♥♦✇♥ ❛t ❣r✐❞ ♣♦✐♥ts k/2 J ✱ k ∈ Ω J ✳ ▲❡t ❱ = {v J,k } k∈Ω J = {V (k/2 J )} k∈Ω J ❜❡ t❤❡ ❣r✐❞ ✈❛•✉❡s✱ t❤❡ ✐♥t❡r♣♦•❛t✐♦♥ ♦❢ V ✐♥t♦ V c J ✐s ❣✐✈❡♥ ❜②✿ P V c J V (r) = ❱ J (r) = ❱ T T J = k∈Ω J v J,k Θ J,k (r) = k∈Ω J < V, Θ J,k > Θ J,k (r) ✭✾✮ ✇✐t❤ T J = {Θ J,k } k∈Ω J ✳ ❚❤❡ ♦❜•❡❝t✐✈❡ ♥♦✇ ✐s t♦ ❛♣♣•② t❤❡ ♦♣❡r❛t♦r V t♦ ❛♥ ♦r❜✐t❛• u i ✐♥ ❛♥ ❡✣❝✐❡♥t ✇❛②✳ ❚❤✐s ♠❡❛♥s t♦ r❡❞✉❝❡ ❛s ❢❛r ❛s ♣♦ss✐❜•❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛• ❝♦st✱ ✇❤✐❝❤ ❝❛♥ ❜❡❝♦♠❡ ❤✉❣❡ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ✽ ✸ |❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐•t♦♥✐❛♥ ♦♣❡r❛t♦r ■♥ t❤✐s ♣❛rt ✇❡ ✇✐•• ❛ss✉♠❡ t❤❛t V ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜•❡ r✳ ❲❡ ✜rst ♣r❡s❡♥t ❡st✐♠❛t❡s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛• ❡♥❡r❣✐❡s ✐♥ s♦♠❡ ❝❛s❡s✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t ✐♥ t❤❡ •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥✱ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛• ♦♣❡r❛t♦r t♦ ❛♥ ♦r❜✐t❛• ❝❛♥ ❤❛✈❡ ❛ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛• ❝♦st✳ ❖♥❡ s♦•✉t✐♦♥ ❢♦r t❤✐s ♣r♦❜•❡♠ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦•❡❝t✐♦♥ ♦♣❡r❛t♦rs ♦♥t♦ t❤❡ s♣❛❝❡s ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳ ✸✳✶ •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥ ❲❡ •♦♦❦ ❢♦r s♦•✉t✐♦♥s u i ♦❢ s②st❡♠ ✭✸✮ ✐♥ t❤❡ s♣❛❝❡ V ⊥ J ✱ ❣✐✈❡♥ ❜② t❤❡✐r ❝♦❡✣❝✐❡♥ts C i ✐♥ ❛♥ ♦rt❤♦♥♦r♠❛• s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s F J = {Φ J,k } k∈Ω J ✿ ũi (r) = C T i F J = k∈Ω J c (i) J,k Φ J,k (r), ✭✶✵✮ ✇✐t❤ C i = {c (i) J,k } k∈Ω J ✳ ❚❤❡ s②st❡♠ ✭✸✮ ✐s t❤❡♥ r❡❞✉❝❡❞ t♦✿ A + G B C i = ǫ i C i ✇❤❡r❡ A = [A k,k ′ ] ❛♥❞ G B = [ G B k,k ′ ] ❛r❡ t❤❡ ❢♦••♦✇✐♥❣ ♠❛tr✐❝❡s ✭t❤❡ ❡①♣♦♥❡♥t G st❛♥❞s ❢♦r •❛•❡r❦✐♥✮✿ ∀ k, k ′ ∈ Ω J A k,k ′ = 1 2 Ω ∇Φ J,k ∇Φ J,k ′ , G B k,k ′ = < Φ J,k , V J Φ J,k ′ > . ❲❡ ✇✐•• ❢♦❝✉s ♥♦✇ ♦♥ t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣✐❡s ❢♦r ♦♥❡ ♦r❜✐t❛•✳ ❲❡ t❤✉s ❛❜❛♥❞♦♥ t❤❡ ✐♥❞❡① i✱ ❛♥❞ ❝❛•• t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦•✉t✐♦♥ ũ✳ ❚❤❡ ♦r❜✐t❛•s ũ ❛r❡ ♦rt❤♦♥♦r♠❛• ✐♥ V ⊥ J ✱ ✇❤✐❝❤ ✐♠♣•✐❡s C T C = 1✳ ❚❤❡ t♦t❛• ❡♥❡r❣② ♦❢ ũ ✐s ❣✐✈❡♥ ❜② ǫ = e kin + e p ✱ ✇❤❡r❡ e kin st❛♥❞s ❢♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ e p ❢♦r t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣②✳ ❑✐♥❡t✐❝ ❡♥❡r❣②✿ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② e kin r❡•❛t❡❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛• ũ ✐s ❣✐✈❡♥ ❜②✿ e kin = C T A C C T C = C T A C. ✭✶✶✮ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✇❡•• ❦♥♦✇♥ r❡s✉•t ❬✷✽( ✐♥ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛• V ✐s ③❡r♦✿ ✾ Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t u ❜❡ ❛♥ ♦r❜✐t❛•✳ ❆ss✉♠❡ t❤❛t u ❛♥❞ ❛•• t❤❡ ♦r❜✐t❛•s ♦❢ •♦✇❡r ❡♥❡r❣② ❜❡•♦♥❣ t♦ H s (Ω)✳ ❚❤❡♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② e kin ✱ ❛♥❞ t❤❡ ❝♦♠♣✉t❡❞ ❡♥❡r❣② ẽkin ❜❡❤❛✈❡s •✐❦❡✿ |e kin -ẽkin | 2 -2J(r 1 -1) , ✭✶✷✮ ✇✐t❤ r 1 = min(s, m 1 )✳ P♦t❡♥t✐❛• ❡♥❡r❣②✿ ❚❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② r❡•❛t❡❞ t♦ ❛♥ ♦r❜✐t❛• u ✐s ❣✐✈❡♥ ❜②✿ e p (u) =< u, V u > . ■♥ t❤❡ •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥✱ t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛• ũ ✐s✿ ẽp =< ũ, ❱ J ũ >= C T G B C C T C = C T G B C. ✭✶✸✮ ❙✐♥❝❡ t❤❡ ♣♦t❡♥t✐❛• V ✐s ❡①♣❛♥❞❡❞ ✐♥t♦ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s {Θ J,k } ✭s❡❡ ✭✾✮✮✱ ❛♥ ❡•❡♠❡♥t ♦❢ t❤❡ ♣♦t❡♥t✐❛• ❙t✐✛♥❡ss ♠❛tr✐① G B ✇r✐t❡s✿ F or k, k ′ ∈ Ω J , G B k,k ′ = < Φ J,k , ❱ J Φ J,k ′ > = Ω Φ J,k (r) ❱ J (r) Φ J,k ′ (r) dr = m∈Ω J v J,m Ω Φ J,k (r) Θ J,m (r) Φ J,k ′ (r) dr = m∈Ω J v J,m T J (k -m, k ′ -m), ✇❤❡r❡ T J (k, k ′ ) = Ω Φ J,k (r) Θ J,0 (r) Φ J,k ′ (r) dr✳ ❙✐♥❝❡ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ♣❡r✐♦❞✐❝ t❡♥s♦r✲♣r♦❞✉❝t ❢✉♥❝t✐♦♥s✱ ❡❛❝❤ t❡r♠ T J (k, k ′ ) ✐s ❛ ♣r♦❞✉❝t ♦❢ t❤r❡❡ ❝②❝•✐❝ ♠❛tr✐❝❡s T ✱ ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❛••❡❞ ❝♦♥♥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ❬✶✵✱ ✷✼(✿ T (k, k ′ ) = ω φ(x -k) θ(x) φ(x -k ′ ) dx. ❉❡t❛✐•s ♦❢ t❤❡ ❝❛•❝✉•❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ t❤❡s✐s ❬✼(✳ ❚❤❡ ♠❡❛♥ ✐❞❡❛ ✐s t❤❛t✱ t❤❛♥❦s t♦ t❤❡ s②♠♠❡tr② ❛r♦✉♥❞ t❤❡ ❢✉♥❝t✐♦♥ Θ J,m ✱ t❤❡ ❝❛•❝✉•❛t✐♦♥ ♦❢ G B k,k ′ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ ❜✐❞✐♠❡♥s✐♦♥❛• ❝♦♥✈♦•✉t✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥ts ❱ ✇✐t❤ ❡•❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① T J ✳ ✶✵ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❍❛♠✐•t♦♥✐❛♥ H ✐s ❡••✐♣t✐❝✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ V s❛t✐s✲ ✜❡s inf r∈Ω V (r) > -1❀ t❤❡♥ t❤❡ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ♦r❜✐t❛•s ❢✉•✜•• t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭✉s✐♥❣ ✭✺✮ ❛♥❞ ✭✽✮✮✿ u -ũ ≤ C 2 -Jr 1 u H r 1 ✭✶✹✮ ✇✐t❤ r 1 = min(s, m 1 )✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♠❛② ❞❡r✐✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❡rr♦r ❡st✐✲ ♠❛t❡✳ Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t u ❜❡ ❛♥ ♦r❜✐t❛•✳ ❆ss✉♠❡ t❤❛t u ❛♥❞ ❛•• t❤❡ ♦r❜✐t❛•s ♦❢ •♦✇❡r ❡♥❡r❣② ❜❡•♦♥❣ t♦ H s (Ω)✳ ❙✉♣♣♦s❡ ❛•s♦ t❤❛t t❤❡ ♣♦t❡♥t✐❛• V ∈ H L (Ω)✳ ❚❤❡♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ♣♦t❡♥t✐❛• ❡♥❡r❣② e p (u) ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ẽp (ũ) ❜❡❤❛✈❡s •✐❦❡✿ |e p (u) -ẽp (ũ)| C 1 2 -Jr 1 + C 2 2 -Jr 2 , ✭✶✺✮ ✇✐t❤ r 1 = min(s, m 1 )✱ r 2 = min(L, m 2 )✳ Pr♦♦❢✿ |e p (u) -ẽp (ũ)| = |e p (u) -e p (ũ) + e p (ũ) -ẽp (ũ)| Ω V (u 2 -ũ2 ) + Ω (V -❱ J ) ũ2 ❯s✐♥❣ ✭✶✹✮ ②✐❡•❞s✿ Ω V (u 2 -ũ2 ) V L ∞ Ω |(u -ũ)(u + ũ)| 2 V L ∞ u u -ũ 2 -Jr 1 V L ∞ u u H r 1 . ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ♠❛•♦r❡❞ ❜②✿ Ω (V -❱ J ) ũ2 V -❱ J L ∞ u 2 2 -Jr 2 V H r 2 u 2 ✇✐t❤ r 2 = min(L, m 2 )✱ ✉s✐♥❣ ❝•❛ss✐❝❛• ✐♥t❡r♣♦•❛t✐♦♥ ❡rr♦r✳ ❲❡ t❤✉s ❣❡t t❤❡ ❡st✐♠❛t❡ ✭✶✺✮✳ ✶✶ ❚❛❜•❡ ✶✿ ◆✉♠❜❡r ♦❢ ❝♦❡✣❝✐❡♥ts ♦❢ T J •♦❝❛t❡❞ ❜❡t✇❡❡♥ t✇♦ ♠❛❣♥✐t✉❞❡s✱ ✇✐t❤ m 1 = 2 ❛♥❞ m 2 = 8✳ ❋♦r ❡①❛♠♣•❡ ✾✹✷✵ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❡✣❝✐❡♥ts ❣r❡❛t❡r ✐♥ ❛❜s♦•✉t❡ ✈❛•✉❡ t❤❛♥ 10 -8 ✱ ❛♥❞ s♠❛••❡r t❤❛♥ 10 -4 ✳ |T J (k, k ′ )| > 10 -4 > > 10 -8 > > 10 -11 # 684 9420 14980 ❉r❛✇❜❛❝❦s ❚❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ T J ✐s ❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛• ❝♦st✱ ❛s ❛•r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❬✷✻(✳ ❋♦r m 1 = 4 ✭❉❛✉❜❡❝❤✐❡s✮ ❛♥❞ m 2 = 8 ✭■♥t❡r♣♦•❡t✮✱ T ❤❛s ❛•♠♦st ✸✵ ❝♦❡✣❝✐❡♥ts ❣r❡❛t❡r t❤❛♥ 10 -8 ✳ ■♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ❚❛❜•❡ ✶ s❤♦✇s t❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t s✐③❡✳ ❖❜✈✐♦✉s•②✱ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ •♦❝❛•✐③❡❞ ♥❡❛r t❤❡ ❞✐❛❣♦♥❛• ✭❢♦r k ❝•♦s❡ t♦ k ′ ✮✳ ❙❡✈❡r❛• ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❝♦♠♣•❡①✐t②✱ ❜❛s❡❞ ♦♥ q✉❛❞r❛t✉r❡ ❢♦r♠✉•❛ ❬✷✶✱ ✷✻(✳ ▼♦r❡ ♣❛rt✐❝✉•❛r•②✱ ◆❡❡•♦✈ ❛♥❞ •♦❡❞❡❝❦❡r ❬✷✻( ✉s❡ q✉❛❞r❛t✉r❡ ❢♦r♠✉•❛ ✇✐t❤ ❛♥ ❡①❛❝t♥❡ss ♦r❞❡r •✐♥❦❡❞ t♦ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ♦r❞❡r✳ ❚❤❡② s❤♦✇❡❞ t❤❛t t❤❡ q✉❛❞r❛t✐❝ ♦r❞❡r ❢♦r t❤❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡ ✇❛s r❡s♣❡❝t❡❞ ❜♦t❤ ✐♥ ✉♥✐❢♦r♠ ❛♥❞ ♥♦♥ ✉♥✐❢♦r♠ ❣r✐❞✱ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ✸✳✷ ❇✐♦rt❤♦❣♦♥❛• Pr♦•❡❝t✐♦♥ ♦♣❡r❛t♦rs ❲❡ ♣r❡s❡♥t ♥♦✇ t❤❡ ♣r♦•❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❤r❡❡ t②♣❡s ♦❢ s❝❛•✐♥❣ ❢✉♥❝✲ t✐♦♥ ❜❛s✐s ✭♦rt❤♦♥♦r♠❛• ❜❛s✐s✱ ✐♥t❡r♣♦•❛t✐♦♥ ❜❛s✐s ❛♥❞ ✐ts ❜✐♦rt❤♦❣♦♥❛• ♦♥❡✮✳ ◆♦t❛t✐♦♥ ✷ ✭❖rt❤♦❣♦♥❛• ♣r♦•❡❝t♦r P V ⊥ J ✮ ▲❡t P V ⊥ J ❜❡ t❤❡ ♦rt❤♦❣♦♥❛• ♣r♦✲ •❡❝t✐♦♥ ♦❢ L 2 (Ω) ✐♥t♦ V ⊥ J ✿ P V ⊥ J :      L 2 (Ω) -→ V ⊥ J , u -→ P V ⊥ J u = k∈Ω J < u, Φ J,k > Φ J,k . ◆♦t❛t✐♦♥ ✸ ✭■♥t❡r♣♦•❛t✐♦♥ ♦♣❡r❛t♦r P V c J ✮ ▲❡t P V c J ❜❡ t❤❡ ✐♥t❡r♣♦•❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ C 0 (Ω) ✐♥t♦ V c J ✿ P V c J :      C 0 (Ω) -→ V c J , u -→ P V c J u = k∈Ω J < u, Θ J,k > Θ J,k = k∈Ω J u J,k Θ J,k . ✶✷ ◆♦t❛t✐♦♥ ✹ ✭❇✐♦rt❤♦❣♦♥❛• ♣r♦•❡❝t✐♦♥ P e V c J ✮ ▲❡t P e V c J ❜❡ t❤❡ ♣r♦•❡❝t♦r ♦❢ L 2 (Ω) ✐♥t♦ V c J ✭⊂ H -1 (Ω)✮✿ P e V c J :      L 2 (Ω) -→ V c J , u -→ P e V c J u = k∈Ω J < u, Θ J,k > Θ J,k . ❋♦••♦✇✐♥❣ ❬✾( ❛♥❞ ❬✸(✱ t❤❡ ♣r♦•❡❝t♦rs P V ⊥ J ❛♥❞ P V c J s❛t✐s❢② t❤❡ ❡rr♦r ❡st✐♠❛t❡ ✭✽✮✿ ✐❢ m 1 ✭r❡s♣✳ m 2 ✮ ✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r ♦❢ V ⊥ J ✭r❡s♣✳ V c J ✮✱ t❤❡♥ t❤❡ ❡rr♦rs ✐♥ L 2 ✲♥♦r♠ ❜❡t✇❡❡♥ ❛ ❢✉♥❝t✐♦♥ u ∈ H s (Ω) ❛♥❞ ✐ts ♣r♦•❡❝t✐♦♥s ❜❡❤❛✈❡ ❛s✿ u -P V ⊥ J u 2 -Jr 1 u H r 1 , r 1 = min(m 1 , s), ✭✶✻✮ u -P V c J u 2 -Jr 2 u H r 2 , r 2 = min(m 2 , s). ✭✶✼✮ ❙✉❝❤ ❛♥ ❡st✐♠❛t❡ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ✐♥ ❝❛s❡ ♦❢ t❤❡ t❤✐r❞ ♦♣❡r❛t♦r P e V c J ✳ ❆s V c J ✐s s♣❛♥♥❡❞ ❜② ❉❡•t❛✲❢✉♥❝t✐♦♥s✱ t❤❡ ♣r♦•❡❝t✐♦♥ P e V c J u ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ u •❡❛✈❡s ✐♥ t❤❡ ❙♦❜♦•❡✈ s♣❛❝❡ H -1 ♦❢ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✱ ❡♥❞♦✇❡❞ ❜② t❤❡ H -1 ✲♥♦r♠✿ ∀ u ∈ H -1 , u H -1 = sup φ ∈ H 1 (Ω) φ H 1 = 1 | < u, φ > H -1 ,H 1 |. ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❢♦••♦✇✐♥❣ ❡rr♦r ❡st✐♠❛t❡ ❝❛♥ ❜❡ ♣r♦✈❡❞✱ ❢♦••♦✇✐♥❣ ❬❄(✿ Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ ♣r♦•❡❝t✐♦♥ ❡rr♦r ♦❢ ❛ L 2 ✲❢✉♥❝t✐♦♥ u✱ ♣r♦✈✐❞❡❞ ❜② P e V c J ✱ ❜❡❤❛✈❡s ✐♥ t❤❡ s♣❛❝❡ H -1 ❛s✿ u -P e V c J u H -1 2 -J(r 2 +1) u H r 2 . ✭✶✽✮ ✐❢ r 2 ??✳ |❡♠❛r❦ ✶ ❚❤❡r❡ ❡①✐sts s❡✈❡r❛• ✇❛②s t♦ ❞❡✜♥❡ ❛ ♣r♦•❡❝t♦r P V c J ✱ s✐♥❝❡ t❤❡r❡ ❡①✐st s❡✈❡r❛• ❜✐♦rt❤♦❣♦♥❛• s♣❛❝❡s V c J ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r✐♠❛• s♣❛❝❡ V c J ✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ❢♦r u ∈ V ⊥ J ✱ P V ⊥ J P V c J u = u ✐♥ ❣❡♥❡r❛•✳ ✶✸ Pr❛❝t✐❝❛• ✉s❡ ♦❢ ♣r♦•❡❝t♦rs ◆✉♠❡r✐❝❛••②✱ t❤❡s❡ ♣r♦•❡❝t♦rs ❛r❡ ❛♣♣•✐❡❞ t♦ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• s♣❛❝❡s V ⊥ J ✱ V c J ✱ ♦r V c J ✱ s♣❛♥♥❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❜❛s❡s F J ✱ T J ❛♥❞ T J ✳ ❚❤❡s❡ ♣r♦•❡❝t♦rs ❛r❡ ❡♥t✐r❡•② ❞❡✜♥❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ♠❛tr✐❝❡s Z✱ X ❛♥❞ Y ∈ M J ✱ ✇❤❡r❡ M J ✐s t❤❡ s❡t ♦❢ 2 3J × 2 3J r❡❛• ✈❛•✉❡❞ ♠❛tr✐❝❡s✳ ◆♦t❛t✐♦♥ ✺ P V ⊥ J :    V c J -→ V ⊥ J , u = D T T J Z --→ P V ⊥ J u = (ZD) T F J = C T F J , ✇❤❡r❡ Z =< T J , F J >= < Θ J,k , Φ J,k ′ > k,k ′ ∈Ω J . P V c J :    V ⊥ J -→ V c J , u = C T F J X --→ P V c J u = (XC) T T J = D T T J , ✇❤❡r❡ X =< F J , T J >= < Φ J,k , Θ J,k ′ > k,k ′ ∈Ω J . P e V c J :                V ⊥ J -→ V c J , u = C T F J Z T --→ P e V c J u = (Z T C) T T J = D T T J . V c J -→ V c J , u = D T T J Y -→ P e V c J u = (Y D) T T J = D T T J . ✇❤❡r❡ Y =< T J , T J >= < Θ J,k , Θ J,k ′ > k,k ′ ∈Ω J . ❆♣♣•②✐♥❣ Z✱ X ♦r Y t♦ ❛ s❡t ♦❢ 2 3J ❝♦❡✣❝✐❡♥ts ✐s ❡❛s✐•② ❞♦♥❡ ❜② t❤r❡❡ s✉❝❝❡ss✐✈❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛• ❝♦♥✈♦•✉t✐♦♥s ❬✼(✳ ❯s✐♥❣ s✉❝❤ t❡❝❤♥✐q✉❡ ✐♥ ♣♦t❡♥✲ t✐❛• ❡♥❡r❣② ❡✈❛•✉❛t✐♦♥ ❝❛♥ t❤✉s ✐♠♣r♦✈❡ s✐❣♥✐✜❝❛♥t•② t❤❡ ❝♦♠♣•❡①✐t②✳ ■♥❞❡❡❞✱ ❛♣♣•②✐♥❣ t❤❡ ♠❛tr✐① Z t♦ ❛ s❡t ♦❢ 2 3J ❝♦❡✣❝✐❡♥ts ❝♦sts 3(l 1 + l 2 -1)2 3J ✱ ✇✐t❤ l 1 ❛♥❞ l 2 t❤❡ s✉♣♣♦rt •❡♥❣t❤s ♦❢ t❤❡ ✶❉ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s φ ❛♥❞ θ✳ ❆♣♣•②✐♥❣ X ❝♦sts 3 l 1 2 3J ✱ s✐♥❝❡ t❤❡ ✜•t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ θ ✐s δ 0,k ✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❬✷✻( ✐s t❤❛t ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦❡✣❝✐❡♥ts C ❢♦r t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ V ⊥ J ✇✐t❤ ❛♥ ♦r❞❡r ✐♥❞❡♣❡♥❞❡♥t ♦❢ m 1 ✳ ■♥ ❬✷✻(✱ t❤❡ ❜❡st ♦r❞❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ < u, Φ J,k > ✐s 2m 1 ✱ ✇❤❡r❡❛s ✐♥ ♦✉r ♠❡t❤♦❞ ✇❡ ✜rst ♣r♦•❡❝t u ∈ L 2 (Ω) ✐♥ V c J ♦❢ ❛♥② ♦r❞❡r m 2 ✱ ❛♥❞ t❤❡♥ ♣r♦•❡❝t ✐♥t♦ V ⊥ J ✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦st ♣❡r ❣r✐❞ ♣♦✐♥t ✐s ✐♥ ♦✉r ❝❛s❡ 3(l 1 +l 2 -1)✱ ❛♥❞ ✐♥ t❤❡✐r ❝❛s❡ 3(2 l 1 + 3)✳ ■❢ l 1 ❛♥❞ l 2 ❛r❡ ❡q✉❛•✱ t❤❡♥ ❜♦t❤ ♠❡t❤♦❞s ❛r❡ s✐♠✐•❛r✳ ❚❤❡ ♥✉♠❡r✐❝❛• st✉❞✐❡s ♦❢ s❡❝t✐♦♥ ✹ ❣✐✈❡s t❤❡ ❡st✐♠❛t✐♦♥s ♦❢ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ m 1 ❛♥❞ m 2 ✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦••♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥❡q✉❛•✐t✐❡s✳ ✶✹ ❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ♦❢ s✉❝❝❡ss✐✈❡ tr❛♥s❢❡rs t♦ ❞✐✛❡r❡♥t ▼|❆ ▲❡♠♠❛ ✶ ▲❡t u ∈ H s (Ω)✱ m 1 ❜❡ t❤❡ ♦r❞❡r ♦❢ V ⊥ J ✱ ❛♥❞ m 2 t❤❡ ♦r❞❡r ♦❢ V c J ✳ ❙✉❝❝❡ss✐✈❡ ♣r♦•❡❝t✐♦♥s ♦♥t♦ V ⊥ J ❛♥❞ V c J ♦❢ u ♣r♦✈✐❞❡ t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡s✿ u -P V c J P V ⊥ J u L 2 2 -Jr 1 u H r 1 + 2 -Jr 2 u H r 2 . ✭✶✾✮ ✇✐t❤ r 1 = min(m 1 , m 2 ) ❛♥❞ r 2 = min(s, m 1 )✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ tr❛♥s❢❡r t❤r♦✉❣❤ V c J ❛♥❞ V ⊥ J •❡❛❞s t♦✿ u -P e V c J P V ⊥ J u H -1 2 -J(r 1 +1) u H r 1 + 2 -J(r 2 +1) u H r 2 . ✭✷✵✮ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡st✐♠❛t❡s ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❝♦♠❡s s✐♠♣•② ✉s✐♥❣ t❤❡ tr✐❛♥❣✉•❛r ✐♥❡q✉❛•✐t② ❛♥❞ ❡st✐♠❛t✐♦♥s ✭✶✻✮✱ ✭✶✼✮ ❛♥❞ ✭✶✽✮✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ ✐s ❛♥ ✐••✉str❛t✐♦♥ ♦❢ •❡♠♠❛ ✶ ✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝✲ t✐♦♥✳ ❊①❛♠♣•❡ ✶ ▲❡t u ❜❡ ❛ •❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ❞✐s❝r❡t✐③❡❞ ♦♥ ❛♥ ✐♥t❡r♣♦•❛t✐♥❣ ❜❛s✐s✱ ✇✐t❤ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r D✳ ❆s u ∈ H s (Ω) ❢♦r ❛•• s > 0✱ ♦♥•② t❤❡ ♦r❞❡rs m 1 ♦❢ V ⊥ J ❛♥❞ m 2 ♦❢ V c J ✐♥t❡r❢❡r❡ ✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ✭✶✮ ❉♦ s✉❝❝❡ss✐✈❡ ♣❛ss❛❣❡ t♦ V c J ❛♥❞ V ⊥ J ✱ ❜② ❛♣♣•②✐♥❣ t❤❡ ♠❛tr✐① ZX✳ ❚❤❡♥ ❡✈❛•✉❛t❡ t❤❡ ❡rr♦r ||D -(XZ) n D|| l 2 ✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✾✮✱ t❤❡ ❛♣✲ ♣r♦①✐♠❛t✐♦♥ ❢♦••♦✇s t❤❡ •❛✇ 2 -J min(m 1 , m 2 ) ✳ ✭✷✮ ❙❡❝♦♥❞✱ ❛♣♣•② n t✐♠❡s Z T Z t♦ C✱ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r ||D-(Z T Z) n D|| l 2 ✳ ❚❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ P e V c J P V ⊥ J f t♦ V c J ✐s ❞♦♥❡ ❜② ❛♣♣•②✐♥❣ t❤❡ ■❞❡♥t✐t② ♠❛✲ tr✐①✱ s✐♥❝❡ V c J ❛♥❞ V c J ❛r❡ ❜✐♦rt❤♦❣♦♥❛•✳ ❚❤❡ r❡s✉•ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ❋✐❣✳✸ ❛♥❞ ✐♥ t❛❜•❡ ❚❆❇❬✶( ✳ ❋♦r ♦♥❡ ❝♦✉♣•❡ (V ⊥ J , V c J )✱ t✇♦ ❝✉r✈❡s ❛r❡ ♣•♦tt❡❞✿ t❤❡② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ t❤❡ ❝✉r✈❡s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❋✐❣✳✸✱ ❡✈❛•✉❛t❡❞ ❜② ❛ •❡❛st sq✉❛r❡ ♣r♦❝❡❞✉r❡✳ ■♥ t❤❡ ♠❡t❤♦❞ ✭✶✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ❝♦rr❡s♣♦♥❞ r❛t❤❡r ❣♦♦❞ t♦ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ♦❢ r 1 ❛♥❞ r 2 s❤♦✇♥ ✐♥ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ✭✶✾✮✳ ❋♦r t❤❡ ♠❡t❤♦❞ ✭✷✮✱ ✇❡ ❤❛✈❡ ❛•s♦ ❡✈❛•✉❛t❡❞ t❤❡ ❡rr♦r ✐♥ L 2 ♥♦r♠✿ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❡rr♦rs ❛r❡ ❜❡tt❡r t❤❛♥ ✐♥ ♠❡t❤♦❞ ✭✶✮✱ ✇❤✐❝❤ ✐s ♥♦t ♣r❡❞✐❝t❡❞ ❜② ✭✷✵✮✳ ✸✳✸ ❆♣♣•✐❝❛t✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡♥❡r❣✐❡s ❚❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐•t♦♥✐❛♥ ♦♣❡r❛t♦r ✭✷✮ t♦ ❛♥ ♦r❜✐t❛• u ❤❛s t✇♦ ♣❛rts✿ ✶✮ ❛♣♣•② ❛ ❞❡r✐✈❛t✐♦♥ ✜•t❡r ✭❦✐♥❡t✐❝ ♣❛rt✮✱ ✷✮ ♠✉•t✐♣•② ❜② t❤❡ r❡❛• ❢✉♥❝t✐♦♥ V ✭♣♦t❡♥t✐❛• ♣❛rt✮✳ ■♥ t❤✐s ♣❛rt✱ ✇❡ ✇✐•• ✐♥tr♦❞✉❝❡ ❛♣♣r♦①✐♠❛t✐♦♥s ũ ♦❢ t❤❡ ♦r❜✐t❛• u ✭✶✵✮✳ ✶✺ ❚❛❜•❡ ✷✿ ❊rr♦r r❛t❡s ❢♦r s❡✈❡r❛• V ⊥ J ❛♥❞ V c J ✳ ❉✸ ■✽ ❉✹ ■✻ ❉✹ ■✶✵ ❉✺ ■✻ ❉✹ ❈✷ ❉✹ ❈✻ ✸✳✵✸ ✻✳✵✽ ✸✳✾✹ ✺✳✾✻ ✸✳✼✻ ✼✳✽✸ ✺✳✼✽ ✻✳✸✸ ✸✳✹✷ ✸✳✽✼ ✸✳✼✵ ✼✳✹✻ ❋✐❣✉r❡ ✸✿ ❊rr♦rs ✭✶✮ ||D -(XZ) n D|| l 2 ❛♥❞ ✭✷✮ ||D -(Z T Z) n D|| l 2 ❢♦r s❡✈❡r❛• 2 J ✱ ✇✐t❤ n = 10✳ ❚❤❡ •❡❣❡♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❝♦✉♣•❡s ✭V ⊥ J ✱ V c J ✮ ♦❢ ♦r❞❡rs m 1 ❛♥❞ m 2 ✳ ❉ st❛♥❞s ❢♦r ❉❛✉❜❡❝❤✐❡s✱ C ❢♦r ❈♦✐✢❡t ❛♥❞ ■ ❢♦r ✐♥t❡r♣♦•❡t ❢❛♠✐•✐❡s✳ ✸✳✸✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣② ❚♦ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭✶✶✮ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ r❡•❛t✐✈❡ ❡rr♦r τ kin ✿ e kin = C T A C C T C , and 
τ kin = |e kin -e kin | |e kin | . ✸✳✸✳✷ P♦t❡♥t✐❛• ❊♥❡r❣② ❲❡ ❝♦♥str✉❝t ♥♦✇ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❍❛♠✐•t♦♥✐❛♥ ♦♣❡r❛t♦r✿ ✇❡ st❛rt ❢r♦♠ t❤❡ ♣♦t❡♥t✐❛• ❱ J ❡①♣❛♥❞❡❞ ✐♥ t❤❡ ❝♦••♦❝❛t✐♦♥ ❜❛s✐s T J ❊q✳ ✭✾✮ ❛♥❞ ✇❡ ✇✐•• ❞❡❞✉❝❡ t✇♦ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② e p ✳ ❚♦ t❤❛t ♣✉r♣♦s❡✱ ✇❡ ✇✐•• ❞❡✜♥❡ t✇♦ ❦✐♥❞s ♦❢ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t ❛♥❞ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t✿ ◆♦t❛t✐♦♥ ✻ ✭▼❛tr✐①✲♠❛tr✐① ❛♥❞ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts✮ ▲❡t t✇♦ r❡❛• ✶✻ ♠❛tr✐❝❡s A ❛♥❞ B ∈ M J ♦❢ s✐③❡ 2 3J × 2 3J ✱ ❛♥❞ t✇♦ ✈❡❝t♦rs U ❛♥❞ V ♦❢ s✐③❡ 2 3J ❜❡ ❣✐✈❡♥✳ ❚❤❡ st❛♥❞❛r❞ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t ✇r✐t❡s A B✱ ✇❤❡r❡❛s t❤❡ st❛♥❞❛r❞ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t ✇r✐t❡s A U ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛tr✐①✲ ♠❛tr✐① ♣r♦❞✉❝t •✱ ❛♥❞ t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t • ✇✐•• ❞❡♥♦t❡ ❛♥ ❡•❡♠❡♥t✲❜②✲ ❡•❡♠❡♥t ♠✉•t✐♣•✐❝❛t✐♦♥✱ ❛s ❢♦••♦✇s✿ (U • A) ij = U i A ij , (U • V ) i = u i v i . ▼❡t❤♦❞ ✶ ❚❤❡ ❜✐•✐♥❡❛r ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ ❱ J ✐s ✇r✐tt❡♥ ✐♥ V ⊥ J × V ⊥ J ✿ < u, V v > ∼ < u, P V ⊥ J (❱ J P V c J v) >, ∀ u, v ∈ V ⊥ J .
❛♥❞ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❜❛s✐s F J ②✐❡•❞s t❤❡ ❙t✐✛♥❡ss ▼❛tr✐①✿ 

1 B = Z (❱ • X). ■❢ D = X C ✱ t❤❛t ✐s ✐❢ D ✐s t❤❡ ❝♦••♦❝❛t✐♦♥ ✈❡❝t♦r ♦❢ u ♦♥ V c J ✱ ❛♥❞ ✐❢ D = Z T C✱ ✇❤❡r❡ D ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ u ✐♥ t❤❡ ❞✉❛• ✐♥t❡r♣♦•❛t✐♥❣ ❜❛s✐s✱ t❤❡♥ t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② 1 e p ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②✿ 1 e p = D T (❱ • D) D T D . ▼❡t❤♦❞ ✷ ❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ ❱ J ❜②✿ < u, V v > ∼ < u, P V ⊥ J P V c J (❱ J P e V c J v) >, ∀ u, v ∈ V ⊥ J ■ts ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❜❛s✐s F J ❛♥❞ t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ♦❢ ❛♥ ❡•❡♠❡♥t u ∈ V ⊥ J ✇r✐t❡✿ 2 B J = Z (❱ • Z T ), 2 e p = D T (❱ • D) D T D . ◆❡①t s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ r❡•❛t✐✈❡ ❡rr♦rs ❢♦r t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ✐♥ t❤❡ t❤r❡❡ ❝❛s❡s✿ •❛•❡r❦✐♥✱ ♠❡t❤♦❞s ✶ ❛♥❞ ✷✳ ❚❤❡ r❡•❛t✐✈❡ ❡rr♦r ✇r✐t❡s✿ G,1,2 τ p = |e p -G,1,2 e p | |e p | , ✭✷✶✮ ✇❤❡r❡ e p ✐s t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ♦❢ t❤❡ ❡①❛❝t ♦r❜✐t❛• u✳ ✶✼ ✹ ◆✉♠❡r✐❝❛• ❆♣♣•✐❝❛t✐♦♥s ❲❡ ❤❛✈❡ ❞♦♥❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛• t❡sts ♦♥ t✇♦ •✐♥❡❛r ❍❛♠✐•t♦♥✐❛♥ ♦♣❡r❛t♦rs✳ ✶✳ ❚❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✿ t❤❡ ♣♦t❡♥t✐❛• V o ❛♥❞ t❤❡ s♦•✉t✐♦♥ u o ❛r❡ ✈❡r② r❡❣✉•❛r✱ s♦ t❤❛t ✇❡ ❝❛♥ ♦❜s❡r✈❡ ♥✉♠❡r✐❝❛••② t❤❡ ❡rr♦r ❡st✐♠❛t❡s ❞❡♣❡♥❞✐♥❣ ♦♥•② ♦♥ t❤❡ ❜❛s✐s ♦r❞❡r✳ ✷✳ ❚❤❡ ❍②❞r♦❣❡♥ ❛t♦♠✿ t❤❡ ♣♦t❡♥t✐❛• V h ❛♥❞ t❤❡ ♦r❜✐t❛• u h ❛r❡ ❜♦t❤ ✐♥ C 0 ✱ ❛♥❞ •❡❛❞s t♦ ♠♦r❡ ❝♦♠♣•✐❝❛t❡❞ •❛✇s ❢♦r t❤❡ ❡rr♦r ❜❡❤❛✈✐♦r✳ ■♥ t❤❡ t❡sts ♣r❡s❡♥t❡❞ ❤❡r❡✱ ✇❡ ❤❛✈❡ ♠❛❞❡ ❛ ❞✐•❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ Ω✿ ❢♦r ❛•• r = (X, Y, Z) ∈ Ω✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ tr✐♣•❡t (x, y, z) s✉❝❤ t❤❛t X = x L , Y = y L , Z = z L ✱ ✇✐t❤ L = 10✳ ❚❤❡ ♦r❜✐t❛• u ✐s ❡①♣❛♥❞❡❞ ✐♥t♦ t❤❡ s♣❛❝❡ V c J ♦❢ ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r m 2 ✿ P V c J u = k∈Ω J u(x J,k ) Θ J,k . ✭✷✷✮ ❙t❛rt✐♥❣ ❢r♦♠ ❊q✳✭✷✷✮✱ ✇❡ ❡✈❛•✉❛t❡ e kin ❛♥❞ e p ✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts C = {c J,k } k∈Ω J ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣•②✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✿ P V ⊥ J u = k∈Ω J c J,k Φ J,k = C T F J = (ZD) T F J . ✭✷✸✮ ✹✳✶ ❍❛r♠♦♥✐❝ ♦s❝✐••❛t♦r ❚❤❡ ♠♦❞❡• ❢♦r t❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r ✐s✿ H = - 1 2 ∆ + 1 2 |r| 2 , r ∈ Ω. ❆ s♦•✉t✐♦♥ (E o , u o ) ♦❢ t❤❡ ❡✐❣❡♥♣r♦❜•❡♠ Hu = Eu ✐s ❦♥♦✇♥ ❛♥❛•②t✐❝❛••②✿ u o (r) = C N e -|r| 2 /2 , ∀ r ∈ Ω E o = e kin + e p , e kin = < u o | -1 2 ∆|u o > < u o |u o > = 0.75 a.u., e p = < u o | 1 2 |r| 2 |u o > < u o |u o > = 0.75 a.u.. ✭✷✹✮ C N ✐s ❛ ♥♦r♠❛•✐③❛t✐♦♥ ❢❛❝t♦r✱ ❜❛s❡❞ ♦♥ t❤❡ L 2 ♥♦r♠ ♦❢ u o ✿ u o 2 = 1✳ ❚❤❡ ♦r❜✐t❛• u o ❞❡❝❛②s r❛♣✐❞•②✱ s♦ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❣r❡❛t L✳ ■♥ t❤✐s ❡①❛♠♣•❡✱ t❤❡ ♦r❜✐t❛• u o ❛♥❞ t❤❡ ♣♦t❡♥t✐❛• V o •✐✈❡ ✐♥ C ∞ ✱ t❤❡♥ t❤❡ ❝♦♥✈❡r✲ ❣❡♥❝❡ ♦r❞❡r ❞❡♣❡♥❞s ♦♥•② ♦♥ t❤❡ s♣❛❝❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡rs m 1 ❛♥❞ m 2 ✳ ✶✽ ❋✐❣✉r❡ ✹✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✿ r❡•❛t✐✈❡ ❡rr♦r τ kin ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2 J ✳ ❉✐❢✲ ❢❡r❡♥t ♦r❞❡rs m 1 ❛♥❞ m 2 ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ✹✳✶✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣② ❋✐❣✳✹ s❤♦✇s t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡•❛t✐✈❡ ❡rr♦r τ kin ✐♥ t❡r♠s ♦❢ 2 J ✱ ♦♥ ❛ •♦❣✴•♦❣ ♣•♦t✳ ❚✇♦ ■♥t❡r♣♦•❡t ♦r❞❡rs✱ m 2 = 6 ❛♥❞ m 2 = 8✱ ✇✐t❤ ❛♥ ♦rt❤♦❣♦♥❛• ♦r❞❡r ♦❢ m 1 = 4✱ ❛r❡ ❝♦♥s✐❞❡r❡❞✿ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ m 2 ✐s ✇❡❛❦✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❜❡❤❛✈✐♦r ❢♦r t❤❡ r❡•❛t✐✈❡ ❡rr♦r✿ τ kin ∼ C 2 -2J(m 1 -1) , ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♣r♦♣❡rt② ✭✶✷✮✳ ■♥❞❡❡❞✱ t❤✐s ♣r♦♣❡rt② ❤♦•❞s ❢♦r ❛ ♣✉r❡ ▲❛♣•❛❝✐❛♥ ♦♣❡r❛t♦r✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ r❡❝♦✈❡r❡❞ t❤✐s ❡st✐♠❛t✐♦♥ ❢♦r ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ t❤❡ ❍❛♠✐•t♦♥✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✱ ❛♥❞ ✐ts ❦✐♥❡t✐❝ ♣❛rt✳ ❇❡•♦✇ 10 -9 ✱ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ✐♥t❡r❢❡r❡s ✇✐t❤ t❤❡ ✈❛•✉❡s✳ ❚❤❡ r❡s✉•ts ❛r❡ ✈❡r② s✐♠✐•❛r ❢♦r ❛ ❙②♠♠•❡t ❛♥❞ ❛ ❉❛✉❜❡❝❤✐❡s s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ s❛♠❡ ♦r❞❡r ✭t❤❡ ❙t✐✛♥❡ss ♠❛tr✐❝❡s ♦❢ t❤❡ ▲❛♣•❛❝✐❛♥ ❛r❡ ✐❞❡♥t✐❝❛•✮✳ ❲❡ ❣❡t t❤❡ s❛♠❡ r❡s✉•t ✇✐t❤ ❈♦✐✢❡ts ✭t❤❡ ❡rr♦r ✐s ♦❢ ♦r❞❡r 10 -5 ❢♦r 2 J = 32✮✱ ❜✉t ❉❛✉❜❡❝❤✐❡s ❢✉♥❝t✐♦♥s ❤❛✈❡ s❤♦rt❡r s✉♣♣♦rt✱ ❛♥❞ t❤✉s ❤❛✈❡ ♠♦r❡ ♥✉♠❡r✐❝❛• ✐♥t❡r❡st✳ ❚❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡♥❡r❣② ✐s t❤✉s q✉❛❞r❛t✐❝ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ J ❛♥❞ m 1 ✳ |❡♠❡♠❜❡r t❤❛t ✐❢ ✇❡ ✇❛♥t t♦ ❣❡t ❛♥ ❡♥❡r❣② ✇✐t❤ s♦♠❡ ♣r❡❝✐s✐♦♥ ǫ✱ ✇❡ ♦♥•② ♥❡❡❞ ❛ ♣r❡❝✐s✐♦♥ ♦❢ √ ǫ ♦♥ t❤❡ ♦r❜✐t❛•✳ ✶✾ ✹✳✶✳✷ P♦t❡♥t✐❛• ❊♥❡r❣② •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥ ■♥ ❝❛s❡ ♦❢ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✱ ✐t ✐s ❡❛s② t♦ ❡✈❛•✲ ✉❛t❡ t❤❡ •❛•❡r❦✐♥ ❙t✐✛♥❡ss ♠❛tr✐①✱ t❤❛♥❦s t♦ t❤❡ s❡♣❛r❛❜✐•✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ s♦•✉t✐♦♥✿ V o (r) = 1 2 (x 2 + y 2 + z 2 ) = v(x) + v(y) + v(z), u o (r) = C N e -|r| 2 /2 = u(x) u(y) u(z), u(x) = C 1/3 N e -x 2 /2 . ▲❡t ω = [0, L[✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ✐♥ t❡r♠s ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛• q✉❛♥t✐t②✿ e p = Ω u o (r) V o (r) u o (r) dr = 3 ω v(x) u 2 (x) dx = 3 × 1 4 . ❉✹ ■✽ ❉✸ ■✽ ❉✸ ■✹ ✸✷ ✵✳✼✺✵✵✵✼✵✾✽✺ ✵✳✼✺✵✵✹✸✾✵✼ ✵✳✼✺✵✺✺✾✼✺ ✻✹ ✵✳✼✺✵✵✵✵✵✸✵✶✶✹ ✵✳✼✺✵✵✵✵✻✼✺✶✹ ✵✳✼✺✵✵✸✸✾✸✼ ✶✷✽ ✵✳✼✺✵✵✵✵✵✵✵✵✺✽✼✺✺ ✵✳✼✺✵✵✵✵✵✶✵✹✷✼ ✵✳✼✺✵✵✵✵✵✶✵✹✷✼ ❚❛❜•❡ ✸✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✿ ♣♦t❡♥t✐❛• ❡♥❡r❣② G ẽp ✐♥ ❝❛s❡ ♦❢ •❛•❡r❦✐♥ ❢♦r✲ ♠✉•❛t✐♦♥✳ ❚❛❜•❡ ✸ s❤♦✇s t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣✐❡s G ẽp ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣•❡s (m 1 , m 2 )✳ ❆s t❤❡ s♦•✉t✐♦♥ ✐s ❤✐❣❤•② r❡❣✉•❛r✱ t❤❡ ♣r❡❝✐s✐♦♥ ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡s❡ t✇♦ ♦r❞❡rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❛r❡ ✐♥ t❤❡s❡ t❤r❡❡ ❝❛s❡s ✽✳✺✱ ✻✳✷ ❛♥❞ ✹✳ ❚❤✐s s✉❣❣❡sts ❛♥ ❡rr♦r ❜❡❤❛✈✐♦r •✐❦❡✿ G τ p ∼ C 2 -J min(2m 1 +α, m 2 ) , α 1 2 . ❆ r❡❛s♦♥❛❜•❡ ❝❤♦✐❝❡ ✐s t❤✉s ❛♥ ■♥t❡r♣♦•❡t ♦r❞❡r m 2 2m 1 ✳ ▼❡t❤♦❞ ✶ ❋✐❣✉r❡ ❋✐❣✳✺ s❤♦✇s t❤❡ ❡✈♦•✉t✐♦♥ ♦❢ t❤❡ r❡•❛t✐✈❡ ❡rr♦r 1 τ p ❞❡✜♥❡❞ ✐♥ ❊q✳✭✷✶✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2 J ✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣•❡s ✭m 1 , m 2 ✮✳ ❚❤❡ ❝♦❡✣❝✐❡♥t r❛t❡ ❜❡❤❛✈❡s •✐❦❡✿ 1 τ p ∼ C 1 2 -J min(m 1 ,m 2 ) . ✭✷✺✮ ✷✵ ❋✐❣✉r❡ ✺✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✳ |❡•❛t✐✈❡ ❡rr♦r 1 τ p ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦✲ •✉t✐♦♥ 2 J ✳ ■♥ t❤r❡❡ ❝❛s❡✱ V ⊥ J ✐s s♣❛♥♥❡❞ ❜② ❈♦✐✢❡ts ♦❢ ♦r❞❡r m 1 = 2, 4, 6✱ ❛♥❞ ✐♥ t❤❡ •❛st ♦♥❡✱
2 τ p ∼ C 2 2 -J min(2m 1 ,m 2 ) , ✭✷✻✮ t❤❡ ❢❛❝t♦r C 2 ❞❡♣❡♥❞✐♥❣ ♦♥ ||u|| H m 1 ❛♥❞ ||u|| H m 2 ✳ ❚❤❡ ❡♥❡r❣✐❡s ❢♦r t❤❡ ♠❡t❤♦❞ ✷ ✭❚❛❜•❡ ✺✮ ❛r❡ ♦❢ s❛♠❡ ♦r❞❡r ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ •❛•❡r❦✐♥ ❢♦r♠✉•❛t✐♦♥ ✭❚❛❜•❡ ✸✮✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥❝•✉❞❡ t❤❛t t❤✐s ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛• ❡♥❡r❣② ✐s ♦♣t✐♠❛•✿ ✐ts ❜❡❤❛✈✐♦r ✐s ❛s ❣♦♦❞ ❛s t❤❡ •❛•❡r❦✐♥ ♦♥❡✱ ❛•t❤♦✉❣❤ ✐ts ❝♦♠♣✉t❛t✐♦♥❛• ❝♦♠♣•❡①✐t② ✐s ❤✐❣❤•② r❡❞✉❝❡❞✳ ✷✶ ❋✐❣✉r❡ ✻✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✱ 2 τ p ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2 J ✱ ❢♦r ❞✐✛❡r❡♥t ♦rt❤♦❣♦✲ ♥❛• ❜❛s❡s m 1 ✿ ❈♦✐✢❡ts ✭•❡❢t✮ ❛♥❞ ❉❛✉❜❡❝❤✐❡s ✭r✐❣❤t✮✳ ❚❤❡ ❝✉r✈❡s C6I10 ❛♥❞ D4I10 s❤♦✇ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ m 2 ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❏ ❉✸ ■✽ ❉✹ ■✽ ❈✹ ■✽ ✺ ✳✼✺✵✵✹✸✵✺✸ ✳✼✺✵✵✶✵✶✼✻ ✳✼✺✵✵✵✾✹✻✽✷ ✻ ✳✼✺✵✵✵✵✻✷✼✹✵ ✳✼✺✵✵✵✵✵✹✸✺✷✹ ✳✼✺✵✵✵✵✵✹✵✺✻✾ ✼ ✳✼✺✵✵✵✵✵✵✾✺✷✽ ✳✼✺✵✵✵✵✵✵✵✶✶✷✷ ✳✼✺✵✵✵✵✵✵✵✶✵✵✹✽ ❚❛❜•❡ ✺✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✳ 2 ẽp ❢♦r ❞✐✛❡r❡♥t J ✭❝♦•✉♠♥✮ ❛♥❞ ❞✐✛❡r❡♥t ❝♦✉♣•❡s (m 1 , m 2 )✳ ✷✷ ✹✳✷ ❍②❞r♦❣❡♥ ❛t♦♠ ❋♦r t❤❡ ❍②❞r♦❣❡♥ ❛t♦♠✱ t❤❡ ❍❛♠✐•t♦♥✐❛♥ ♦♣❡r❛t♦r ✇r✐t❡s H e = - 1 2 ∆ + V h , ✇✐t❤ V h (r) = -1 |r| ✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ (E h , u h ) ✐s ❦♥♦✇♥ ❛♥❛•②t✐❝❛••②✿ u h (r) = C N e -|r| ,
e kin = 0.5 a.u., e p = -1. a.u., -rc) . 

✇❤❡r❡ C N ✐s ❛ ♥♦r♠❛•✐③❛t✐♦♥ ❝♦♥st❛♥t✳ ✹✳✷✳✶ ❑✐♥❡t✐❝ ❡♥❡r❣② ❚❤❡ ❡✈♦•✉t✐♦♥ ♦❢ τ kin ❞❡♣❡♥❞s ♦♥ t❤❡ H s ✲r❡❣✉•❛r✐t② ♦❢ t❤❡ ♦r❜✐t❛• u h ✳ ■♥❞❡❡❞✱ ✇❡ ♦❜s❡r✈❡ ✭❢♦r ✐♥st❛♥❝❡ ♦♥ ✜❣✉r❡ ❋✐❣✳✼✮ t❤❡ ❢♦••♦✇✐♥❣ ❜❡❤❛✈✐♦r✿ τ kin ∼ C 2 -2J(min(m 1 ,s)-1) , ✇✐t❤ ❛ ♣r❡❢❛❝t♦r C ✐♥❝r❡❛s✐♥❣ ✇✐t❤ m 1 ✳ ◆✉♠❡r✐❝❛••②✱ t❤❡ ❙♦❜♦•❡✈ r❡❣✉•❛r✐t② ♦❢ t❤❡ ♦r❜✐t❛• ✐s ❛r♦✉♥❞ ✷✳✹✳ ❚❤✐s ✈❛•✉❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ t❤❡♦r❡t✐❝❛• r❡s✉•t ♦❜t❛✐♥❡❞ ❜② ❍✳✲❏✳ ❋•❛❞ ✭▼P■✱ ▲❡✐♣③✐❣✮✱ t❤❛t ✇♦✉•❞ ❜❡ ♣✉❜•✐s❤❡❞✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❍②❞r♦❣❡♥ ♦r❜✐t❛• ❤❛s ❛ r❡❣✉•❛r✐t② s♠❛••❡r t❤❛♥ 5 2 ✳ ❖♥ ❋✐❣✳✼✱ t❤❡ ❉❛✉❜❡❝❤✐❡s ❜❛s✐s ❜❡❤❛✈❡s s•✐❣❤t•② ❜❡tt❡r t❤❛♥ ❈♦✐✢❡ts✱ ❝❡rt❛✐♥•② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❛♣•❛❝✐❛♥ ❙t✐✛♥❡ss ♠❛tr✐① ✐♥ ❉❛✉❜❡❝❤✐❡s ❜❛s✐s ✐s t❤❡ s❛♠❡ t❤❛t t❤❡ ♦♥❡ ✐♥ t❤❡ ✐♥t❡r♣♦•❛t✐♥❣ ❜❛s✐s✳ ❋♦r ♣❤②s✐❝❛• s②st❡♠s✱ ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛• ✐s ♠♦r❡ ✐rr❡❣✉•❛r✱ ✐t ✇✐•• ❜❡ t❤✉s ♥♦t ✉s❡❢✉• t♦ t❛❦❡ ❤✐❣❤ ♦r❞❡r m 1 ✳ ✹✳✷✳✷ P♦t❡♥t✐❛• ❊♥❡r❣② ❚❤❡ s✐♥❣✉•❛r✐t② 1 |r| ✇✐•• ❜❡ ♥✉♠❡r✐❝❛••② ❛✈♦✐❞❡❞ ❜② ♥♦t ❝❡♥t❡r✐♥❣ V h ❛t ❛ ❞✐s❝r❡t✐s❛t✐♦♥ ♣♦✐♥t✳ • ❆t ✜rst✱ ✇❡ ❡✈❛•✉❛t❡ t❤❡ r❡•❛t✐✈❡ ❡rr♦r ✇❤❡♥ t❤❡ ♦r❜✐t❛• ✐s t❤❡ •❛✉ss✐❛♥ u o ✳ |❡s✉•ts ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜•❡ ✻✳ ❆s t❤❡ s✐♥❣✉•❛r✐t② ❞♦❡s ♥♦t ❛♣♣❡❛r ♥✉♠❡r✐❝❛••②✱ V h ✲r❡❣✉•❛r✐t② ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❛•✐t②✳ ◆❡✈❡rt❤❡•❡ss✱ t❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ q✉❛•✐t② ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s✳ ❆❝t✉❛••②✱ ✐t ❛♣♣❡❛rs t❤❛t ♠❡t❤♦❞ ✷ ✐s ✐♥ ❣❡♥❡r❛• ❜❡tt❡r t❤❛t ♠❡t❤♦❞ ✶✳ ❚❤❡ ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❢♦r C2 ❛r❡ ❝♦♠♣❛t✐❜•❡ ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r 2 -J min(m 1 ,m 2 ) ✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❛r♦✉♥❞ 4✱ ❛♥❞ ❝❡rt❛✐♥•② r❡♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛• r❡❣✉•❛r✐t② ♦❢ V h ✳ ✷✸ ❋✐❣✉r❡ ✼✿ ❍②❞r♦❣❡♥ ❆t♦♠✿ τ kin ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2 J ✱ ❢♦r ❞✐✛❡r❡♥t m 1 , m 2 ✳ ❈✷ ■✻ ❉✸ ■✻ ❈✹ ■✻ ❉✹ ■✻ ❈✻ ■✽ ✷✳✵✻ ✹✳✵✺ ✸✳✾✺ ✹✳✶✹ ✸✳✾✼ ✹✳✶✷ ✸✳✾✸ ✹✳✵✻ ✹✳✷✸ ✹✳✵✻ ❚❛❜•❡ ✻✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣♦t❡♥t✐❛• V h ❛♥❞ ♦r❜✐t❛• u o ✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ r❡•❛t✐✈❡ ❡rr♦rs 1 τ p ✭•❡❢t✮ ❛♥❞ 2 τ p ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ (m 1 , m 2 )✳ • ❋♦r t❤❡ ❍②❞r♦❣❡♥ ♦r❜✐t❛• u h ✱ ❡①❝❡♣t ❢♦r ❈♦✐✢❡ts ♦❢ ♦r❞❡r m 1 = 2✱ ✇❡ ❣❡t ❛•✇❛②s ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❜❡t✇❡❡♥ 2.89 ❛♥❞ 2.98 ❢♦r ❜♦t❤ ♠❡t❤♦❞s ✶ ❛♥❞ ✷✱ ❛♥❞ ❢♦r ❛♥② m 2 ✳ ■♥ t❤✐s ❝❛s❡✱ ♥✉♠❡r✐❝❛• r❡s✉•ts t❡♥❞ t♦ ❝♦♥✜r♠ t❤❡ ❡st✐♠❛t✐♦♥s ✭✶✾✮ ❛♥❞ ✭✷✵✮✳ ❋♦r ❡❛❝❤ ❝♦✉♣•❡ ✭m 1 , m 2 ✮✱ t❤❡ ❡rr♦r ✐s ♦❢ ♦r❞❡r 10 -4 ❢♦r 2 J = 128✳ ✹✳✷✳✸ ■♥✢✉❡♥❝❡ ♦❢ ♣s❡✉❞♦✲♣♦t❡♥t✐❛• Ps❡✉❞♦✲♣♦t❡♥t✐❛•s ❤❛✈❡ s❡✈❡r❛• ♣r♦♣❡rt✐❡s✱ t❤❡ ♠❛✐♥ ♦♥❡ ❜❡✐♥❣ t♦ s❝r❡❡♥ ♥✉✲ ❝•❡✉s ♣♦t❡♥t✐❛• ❜② t❤❡ ✜rst ❡•❡❝tr♦♥s ♦❢ t❤❡ ❛t♦♠✱ t♦ ❝❛♥❝❡• t❤❡ s✐♥❣✉•❛r✐t②✳ ■♥ ♦✉r t❡sts✱ ✇❡ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ♦♥❡✿ V loc (r) = - 1 |r| erf |r| √ 2 r loc +e -1 2 ( |r| r loc ) 2 c 1 + c 2 ( |r| r loc ) 2 + c 3 ( |r| r loc ) 4 + c 4 ( |r| r loc ) 6 , ✇❤❡r❡ ❡r❢ ❞❡♥♦t❡s t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ♦r r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛• •❛✇✱ ❛♥❞ C i ✱ r loc ❛r❡ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ ❛t♦♠ ❝❤❛r❛❝t❡r✐st✐❝s✳ ◆✉♠❡r✐❝❛• ✈❛•✉❡s ✷✹ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ P❤②s✐❝s •✐t❡r❛t✉r❡ ❬✶✾(✳ ❚❤❡ s❡❝♦♥❞ ❞✐✣❝✉•t② ✐♥ ❛t♦♠✐st✐❝ s✐♠✉•❛t✐♦♥s ✐s t❤❡ •♦♥❣ r❛♥❣❡ ♦❢ ♣♦t❡♥t✐❛•s✱ ❜❡❤❛✈✐♥❣ •✐❦❡ 1/|r|✳ ❖♥ t❤❡ t♦r✉s Ω✱ ✇❡ ❤❛✈❡ t♦ ❝✉t ✐t ❛rt✐✜❝✐❛••②✱ ❜② ❛♣♣•②✐♥❣ ❛ ✇✐♥❞♦✇✳ ❚❤❡ ❍❛♠✐•t♦♥✐❛♥ t❡st❡❞ ❤❡r❡ ✐s t❤✉s✿ H = - 1 2 ∆ + V = - 1 2 ∆ + V loc (r) 1 + e β (|r|

❚❤❡ ♦r❜✐t❛•

  ✹✿ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢♦r t❤❡ ♠❡t❤♦❞ ✶✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣•❡s (m 1 , m 2 )✳ s st❛♥❞s ❢♦r ✏s②♠♠❡tr✐❝✑✱ e ❢♦r ✏❡①tr❡♠❛• ♣❤❛s❡✑✳ ❚❛❜•❡ ✹ s❤♦✇s t❤❡ r❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✜❣✉r❡ ❋✐❣✳✺✳ ❈♦✐✢❡ts ❛r❡ s•✐❣❤t•② ❜❡tt❡r t❤❛♥ ❉❛✉❜❡❝❤✐❡s ❢✉♥❝t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡ ❈♦✐✢❡t s❝❛•✐♥❣ ❢✉♥❝t✐♦♥s ❤❛✈❡ ✈❛♥✐s❤✐♥❣ ♠♦♠❡♥ts✳ ▼❡t❤♦❞ ✷ ❚❤❡ r❛t❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ r❡•❛t✐✈❡ ❡rr♦r ✐♥ ♠❡t❤♦❞ ✷ ❛r❡ r❡•❛✲ t✐✈❡•② ❤✐❣❤✳ ❆s ♦❜s❡r✈❡❞ ♦♥ ✜❣✉r❡ ❋✐❣✳✻✱ t❤❡ ❡rr♦r ✐s q✉❛❞r❛t✐❝✿

  u 1 ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❞❡s❝r✐❜❡❞ ❜② H ✐s ♥♦t ❡q✉❛• t♦ u h ✳ ◆❡✈❡rt❤❡•❡ss ✇❡ ✉s❡ t❤❡ ❝♦✉♣•❡ ( V , u h ) ✐♥ ♦✉r ♥✉♠❡r✐❝❛• t❡sts✱ ❦♥♦✇✐♥❣ t❤❛t V (r) V (r) ∀ r ∈ Ω✱ ✐♠♣•②✐♥❣ t❤❡ ❡♥❡r❣② ✐♥❡q✉❛•✐t② e p < u h , V u h > < u h , u h > ✭r❡❝❛•• t❤❛t e p ✐s t❤❡ t❤❡♦r❡t✐❝❛• ❍②❞r♦❣❡♥ ♣♦t❡♥t✐❛• ❡♥❡r❣②✮✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ♦r❜✐t❛• u 1 ❢♦r t❤❡ ♣♦t❡♥t✐❛• V ❤❛✈❡ ❛•s♦ t♦ s❛t✐s❢② t❤❡ s❛♠❡ ✐♥❡q✉❛•✐t②✿ e p < u 1 , V u 1 > < u 1 , u 1 > . ■♥❞❡❡❞ V ✐s ❞❡❡♣❡r t❤❛♥ V ✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❡•❡❝tr♦♥ ✐s ♠♦r❡ ❛ttr❛❝t❡❞ ❜② V ✿ t❤✐s ✐♠♣•✐❡s t❤❛t t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② <u 1 , -1 2 ∆ u 1 > <u 1 , u 1 > ✐♥❝r❡❛s❡s✳ ❚❛❜•❡ ✼ ❛♥❞ ❋✐❣✉r❡ ❋✐❣✳✽ s❤♦✇ ❞✐✛❡r❡♥t ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✳ ❲❡ ❣❡t t❤❡ ♠❛①✲ ✐♠❛• ♦r❞❡r 2.95 ❢♦r m 1 > 4 ❛♥❞ m 2 > 4✳ ❋✐❣✉r❡ ✽✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣s❡✉❞♦✲♣♦t❡♥t✐❛•✳ |❡•❛t✐✈❡ ❡rr♦rs ✭ 1 τ p ✭•❡❢t✮✱ ❛♥❞ 2 τ p ✭r✐❣❤t✮✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ 2 J ✱ ❢♦r s❡✈❡r❛• ❝♦✉♣•❡s (m 1 , m 2 )✳ ✷✺ ❉✸ ■✽ ❈✷ ■✽ ❉✹ ■✻ ❉✹ ■✶✵ ❈✹ ■✹ ❈✹ ■✽ ❈✻ ✼✿ ❍②❞r♦❣❡♥ ❆t♦♠ ✇✐t❤ ♣s❡✉❞♦✲♣♦t❡♥t✐❛•✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ r❡•❛t✐✈❡ ❡rr♦r 1 τ p ✱ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♣•❡s m 1 , m 2 ✳ ❈♦♥❝•✉s✐♦♥ ❆❢t❡r r❡❝❛••✐♥❣ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥✈❛•✉❡s ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝✲ t♦rs ♦❢ ❛♥ ❡••✐♣t✐❝ ♦♣❡r❛t♦r✱ ✇❡ ❣✐✈❡ ❡rr♦r ❡st✐♠❛t✐♦♥s ❢♦r ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛• ❡♥❡r❣② ✐♥ s♣❡❝✐✜❝ ❝❛s❡s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♠❛❞❡ ✉s✐♥❣ ▼✉•t✐r❡s♦•✉t✐♦♥ ❆♥❛•②s✐s ♦♥ t❤❡ t♦r❡ ♦❢ R 3 ✳ ▼♦r❡ ♣❛rt✐❝✉•❛r•②✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣♦t❡♥✲ t✐❛• ❡♥❡r❣②✱ ❛♥❞ ❣✐✈❡♥ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤✐s ❡♥❡r❣② t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛• ❝♦st✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥t♦ ❛♥ ✐♥t❡r♣♦•❛t✐♥❣ s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✱ ✇❤❡r❡❛s t❤❡ ♦r❜✐t❛•s ❛r❡ ❡①♣❛♥❞❡❞ ✐♥t♦ ❛♥ ♦rt❤♦♥♦r♠❛• s❝❛•✐♥❣ ❢✉♥❝t✐♦♥ ❜❛s✐s✳ ❚❤❡✐r ❝♦♠♣✉t❛✲ t✐♦♥❛• ❝♦sts ❛r❡ ♦♣t✐♠❛•✱ •✐♥❡❛r ✐♥ O(N ) ✇❤❡r❡ N ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡✱ ❛♥❞ ✇✐t❤ ❛ ✈❡r② •♦✇ ♣r❡❢❛❝t♦r✳ ❋♦r ❜♦t❤ ♠❡t❤♦❞s✱ ♥✉✲ ♠❡r✐❝❛• t❡sts ♦♥ ❍❛r♠♦♥✐❝ ❖s❝✐••❛t♦r ❛♥❞ ♦♥ t❤❡ ❍②❞r♦❣❡♥ ❆t♦♠ s❤♦✇ t❤❡✐r ❡✣❝✐❡♥❝② ❛♥❞ ❛❝❝✉r❛❝②✳ ❆❝❦♥♦✇•❡❞❣❡♠❡♥ts ❆✉t❤♦rs ✇♦✉•❞ •✐❦❡ t♦ t❤❛♥❦ ❙t❡❢❛♥ •♦❡❞❡❝❦❡r ❢♦r ❤✐s ✜rst ✐❞❡❛ t♦ ❝♦♠❜✐♥❡ ❞✐✛❡r❡♥t ✇❛✈❡•❡t ❢❛♠✐•✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❜ ✐♥✐t✐♦ ♠❡t❤♦❞s✳ ❆✉t❤♦rs ❛r❡ ❛•s♦ ✐♥❞❡❜t❡❞ t♦ |❡✐♥❤♦•❞ ❙❝❤♥❡✐❞❡r ❢♦r ♠❛♥② ❢r✉✐t❢✉• ❞✐s❝✉ss✐♦♥s✳ ❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛••② s✉♣♣♦rt❡❞ ❜② t❤❡ ❈❊❆✲•r❡♥♦❜•❡✱ ❛♥❞ ❜② t❤❡ ■❍P ♥❡t✇♦r❦ ❇r❡❛❦✐♥❣ ❈♦♠♣•❡①✐t② ♦❢ t❤❡ ❊❈ ✭❝♦♥tr❛❝t ♥✉♠❜❡r ❍P|◆✲❈❚✲✷✵✵✷✲✵✵✷✽✻✮✳ |❡❢❡r❡♥❝❡s ❬✶( ❚✳❆✳ ❆r✐❛s✳ ▼✉•t✐r❡s♦•✉t✐♦♥ ❛♥❛•②s✐s ♦❢ ❡•❡❝tr♦♥✐❝ str✉❝t✉r❡✿ s❡♠✐❝❛r✲ ❞✐♥❛• ❛♥❞ ♦rt❤♦❣♦♥❛• ✇❛✈❡•❡t ❜❛s❡s✳ |❡✈✳ ▼♦❞✳ P❤②s✳✱ ✼✶✭✶✮✿✷✻✼✕✸✶✶✱ ✶✾✾✾✳ ❬✷( ❆✳❉✳ ❇❡❝❦❡✳ ❉❡♥s✐t②✲❢✉♥❝t✐♦♥❛• ❡①❝❤❛♥❣❡✲❡♥❡r❣② ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❝♦rr❡❝t ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✳ P❤②s✳ |❡✈✳ ❆✱ ✸✽✭✻✮✿✸✵✾✽✕✸✶✵✵✱ ✶✾✽✽✳ ✷✻