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propagation d’une onde acoustique dans une jonction de
fentes minces

Résumé : Dans ce rapport de recherche, nous utilisons la théorie des développements
asymptotiques raccprdés pour analyser la propagation d’ondes acoustiques & travers une
jonction de deux fentes minces. Ceci nous permet de proposer des conditions de Kirchoff
ameéliorées pour le probléme limite 1D. Ces conditions sont analysées et validées numérique-
ment.

Ce rapport de recherche contient également les démonstrations de [JS08], et la trame de ce
rapport suit en grande partie la trame de ’article cité.

Mots-clés : Développements asymptotiques raccordés, fentes minces, conditions de Kir-
choff
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Introduction

One can consider time harmonic wave propagation and time domain wave propagation in
thin domains that are junctions of thin slots whose thickness e is small with respect to
the wave length A and converge, when € tends to 0 to a 1-dimensional graph. Intuitively,
one expects that the solution of the original model converges (in a sense we can find in
the works of Rubinstein and Schatzman [RS01a], [RS01b] or Kuchment [Kuc02]) to a 1D
function defined on the limit graph. The homogeneous Neumann boundary condition is
considered (the “good” boundary conditions from a physical point of view). The limit model
is known for a long time: the limit solution satisfies the 1D time harmonic wave equation
(namely the Helmholtz equation), or the 1D time domain wave equation, and the so called
Kirchoff conditions (in electricity) at each node of the graph: the solution is continuous
at the node of the graph and the sum of fluxes at this node vanishes. Note however that
the rigorous justification of such a result in quite recent: see the works of Rubinstein and
Schatzman [RS01a], [RS01b] or Kuchment [Kuc02]. In these papers, eigenvalue problems
are considered (but the results are quite similar to the ones that we shall investigate) : the
convergence to the limit problem is established (without error estimate).

This research report intends to covert the simpliest case : the study of aymptotic models
for time harmonic wave propagation and time domain wave propagation in thin domains
that are junctions of thin slots whose thickness ¢ is small with respect to the wave length A
and converge, when ¢ tends to 0 to a 1-dimensional graph. Intuitively, one expects that the
solution of the original model converges (in a sense that will be made more precise later in this
report) to a 1D function defined on the limit graph. The homogeneous Neuman boundary
condition is considered. A natural question is to look for more accurate approximate models,
i.e. models that would permit to identify not only the limit solution but also its first order
(or higher order) expansion with respect to €. As we shall see, this can be reduced to
constructing improved Kirchoff conditions at the nodes ot the limit graph. The present
work is a first contribution in this direction in the simplest possible case where we consider
scalar wave propagation in a homogeneous medium composed by the junction of two thin
2D slots of the same thickness: in particular, the limit graph has only two branches and
one node, From the technical point of view, the interest is that, even in this very simple
case, the analysis is not so trivial and going beyond the limit problem requires some multi-
scale asymptotic analysis in order to capture the non 1D phenomena that take place in
the neighborhood of the junction. In this paper, in the spirit of the work of [JT06] for
the junction between a thin slot and a half-space, we shall use the method of matched
asymptotics (see also [II'92], [VD64| for more general references) which is an interesting
alternative to multiscale expansions (see [MNPOO] and [TVDOG6] for the connection between
the two approaches), and we extend the results we got for the time harmonic wave equation
to the time domain wave equation.

The outline of the report is as follow :

RR n° 0123456789
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e in the section 1, we present the problem we study in this report, and we claim our
main results,

e in the section 2, we express the exact solution of our problem as a development of
functions with respect with the variable ew, and we write the problems satisfied by
the various terms of our expansions,

e in the section 3, we prove rigorously that the terms of our expansions are well-defined,
i.e. they satisfy canonical problems that we know, with various techniques from the
PDE’s, they have a unique solution; and we prove that the exact solution of the initial
problem differs from the truncated sum of the terms of our expansion with a constant
which get smaller and smaller with the increasing of the number of terms we take,

e in the section 4, we show that on the most interesting part of the domain we consider,
the solution can be computed by a simplier model - we explain this model and which
error we have by taking this model instead of taking the full problem,

e the sections 5 and 6 show many theorical and numerical results that illustrate the
previous sections.

We put in the appendix A to C some technical results that are used many times along this
report and that may (and will) be used for future papers.

INRIA



inria-00335588, version 1 - 30 Oct 2008

Propagation of an acoustic wave in a junction of two thin slots 5

1 Model problem and main results

1.1 Geometry of the domain

In this section we introduce the geometry and the equations of our problem. We consider
a domain made of the junction of two slots (see figure 1.1). More precicely, we consider
the union of two thin rectangles with respective lengths L_ and L, and thickness ¢, the
small parameter in the analysis, with a junction zone. A geometrical characteristic of this
domain is the angle 2« between the two thin slots. For the analysis, we consider in fact a
family of such thin domains denoted QF, with varying e. We make the choice (this has an
influence on the asymptotic analysis) that one part of the boundary of QZ remains fixed,
namely the two segments S~ and ST that intersect at the reentrant corner of the junction
zone. Analytically, we have:

QF, =2 UQL UJ; (1.1)

with JS =¢ ja where :fa is the normalized junction presented in figure 1.2 and
S={x=(z,9) eR? /0<tx-tT <Ly —e<x n* <0}
t~ =(1,0)", n~=(0,1)" (1.2)

tt = (cos(2a)7sin(2a))t, nt = (- sin(2a)7cos(2a))t,

ZQ
= Lt (sin(2ar), — cos(2ar))

(0,-1) (tan(a),—1)

Figure 1.2: The normalized junction ja
Figure 1.1: Configuration of the domain ¢,

Remark 1.1. It is possible to take some other shapes for the junction, we will see later
where this has an influence.

The problem we consider is : find u® € H! (Q%; C) such as

€
—Auf — =0, in QF, aau =f, on ',
n
(1.3)
Out Out
. —wu® =0, on Iy o =0, on 09, \ (' UT).

RR n° 0123456789
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where the source term f is a given constant (i.e. a constant function along I'®) and n
denotes the outward unit vector along 0€2,.

Remark 1.2. The third line of (1.3) describes that the unknown function u® verifies the
Sommerfield radiation condition. The reader can see [KG89] for more details. Here we use
an approximate order 1 condition.

1.2 The 1D limit problem

When ¢ tends to 0, the domain Q¢ “degenerates” into a “1D domain” namely the union of the
two segments S_ and S™. Intuitively, one expects that the solution u® “converges” to a “1D
function”, namely a function of the arclength s along S_ U S, solution of a “1D problem”.
It remains to give a more precise mathematical meaning to such a statement. To describe
the “limit problem” inside the slots, we will use local normalized (tangential and normal)
coordinates (s,?), that express that Q% and Q° are isomorphic to the rectangles

Q, =10,Ly[x]—1,0[, Q_=]—L_,0[x]—1,0[,
through the maps

x = (z,y) — (5,0) = (x-t5,x-n%/e) from Q% into Qx.

Let us introduce u%(s) : ] — L_, L[ — C be the solution of the 1D Hemholtz equation (our
1D limit problem):
%—l—w?uozo, in |-L_,L4[, (7)
ou° ou® (14
O R S - (PSS A
from which we define the 2D functions a9, : Q4 — C such that
@(s,7) =u’(s) in Oy (1.5)
Next, we introduce the “rescaled” exact solutions in Qi
0% (s,0) = uf(x,y) for (s,0) = (x-t¥ x-n¥/e) (1.6)
as well as in the normalized junction
Us(X) =u’(eX) in J,. (1.7)

The precise meaning of the convergence of u¢ to u° is given in the following theorem :

INRIA
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Theorem 1.3. The functions U5 converge to the “I1D functions” u%. in Hl(ﬁi) and the

function US converges to the constant a°(0) in Hl(fa). Moreover, there exists a positive
constant C, independent of € such that:

S s - @l + 107 - @) g, < Ce. (18)
+

Proof. We first prove that we have some stability result (see the appendix B). By looking
more carefully the proof of the proposition B.1, we can see that the derivate of 45 over
v and the gradient of [Z © converges to 0, as £ converges to 0, and the fact that the limit
solution belongs to H(Q_ U J, UQ,) gives that U = 1°(0). To conclude, we multiply the
first equation of (1.3) by the limit function 4°, and by applying the Green formula, we can
see that the derivate of the limit function over s is continuous at s = 0, then the function
u? satisfies the problem (1.4).

The proof of the error estimate is much less trivial and will be in fact a consequence of the
asymptotic analysis developed in the present work. Let us remark that this estimate can
not be deduced from the results of [Kuc02] or [RS01a). [

A first immediate (and a priori surprising) observation is that the limit solution u° does not
see the geometry of the junction: in particular, it is independent of the angle o ! Physically it
means that, for the limit problem, the incident wave emitted at s = — L~ by the source term
f does not produce any reflection when it reaches the junction at s = 0 : it is completely
transmitted. For € > 0, it is clear that there exists a reflected wave whose amplitude is
expected to be an increasing function of «. This raises the following question: does there
exist an “improved 1D model” whose solution would provide a better approximation to the
exact solution than «°, and would in particular permit us to observe a reflected wave ?
The answer to this question (at least one possible answer) is the object of the following
subsection.

To better understand how the 1D problem will be modified, one has to interpret the limit
solution u° as the solution of a transmission problem between two 1D Helmholtz equations
in the segments | — L~,0[ and |0, L[ with the help of the transmission conditions:

[u®] := u0(0*) —u(07) =0,

ud u? u? (1.9)
[38_} =20 - %0 =0

These are nothing but the particular version of the well-known “Kirchoff conditions” at
a node where only two branches of a graph is connected. Thus, our question could be
rephrased as follows : does there exist “improved Kirchoff conditions” that would lead to a
better approximation of the true solution than u° ?

RR n° 0123456789
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1.3 An improved 1D approximate model

To describe our improved model, we need to introduce some additional notation. The
construction of the improved solution will use the solution of an auxiliary (frequency inde-

pendent) boundary value problem posed in the normalized junction :fa, namely the problem
which consists in finding W, € H!(J,), with mean-value 0

_ Wa =0, (1.10)
Ja

that solves the boundary value problem (note that W, depends on « through ja )

AWa - O, ln Ja7

W, N

o T TeWa = 1, on X%, (1.11)
OW,, T o o

o =0 on dJ, \ (3% UXY)

where, once X% has been identified to the segment | — 1,0[, T4 is nothing but the nonlocal
operator defined as

T: H3(]-1,0) —  H2(]-10])

oo 00 (1.12)
p=> gpw, — To=> mpp,w,
p=0 p=0
where w,, is the basis of L?(] — 1,0[) given by
wo(D) =1, wy(P) =V2 cosprv, p=1,2,3,-- (1.13)

Proposition 1.4. The problem (1.11,1.10) is well posed and admits a unique solution.

Proof. We introduce the following closed subspace of Hl(fa) defined as

V= {\I/a € H'(J,) such that /A T, = o}
T
We write the problem onto its variationnal formulation : find W, € V such that, for all
¥, €V,

: vwawfa+/ U, T W, :i/ v, (1.14)
Ja o

i b
Thanks to the Poincaré-Wirtinger inegality, the seminorm of Hl(ja) is a norm on V. Let
call a(W,, ¥,,) the left member of (1.14) and I(¥,) the right one. It is easy to see that

INRIA
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l € L(V,C). We use for the bilinear form a the results of the appendix A, in partical the
proposition A.5 which ensures the coercivity of a and the proposition A.3 which ensures the
continuity of a |

The function W, will appear in the approximate problem through the constant (which is
uniquely determined even without (1.10)):

K(a) = / Wa [ Wa (1.15)

The new 1D approximate problem that we consider consists in finding 4° : | — L™, LT [— C,
solution of the 1D Helmholtz equation in each segment | — L~,0[ and |0, L[ (note the
difference with (1.4-(i)) ):

621]6
0s?

satisfies the same boundary conditions than v at s = £L*, ie. (1.4-(ii)), and finally the
transmission conditions

+w?@® =0, in |—L7,0[U]0,LT[, (1.16)

e (5. e ()4 (B
ﬁ;ﬂ = —cw?tana (@),  where (@) = L (@5(0F) + @(07)).

The conditions (1.17) are clearly first order modifications of the transmission conditions
(1.9). To understand in which sense they provide a better approximation that (1.9), following
the definition of %% from u®, we reconstruct from @° a 2D solution in the normalized slots as

U (s,0) = a°(s) in Qi (1.18)
and, for 0 < § < §* := max{L_, L}, we define
Q% =6, L [x]—1,0[ and Q% =]—L_,—d[x]—1,0] (1.19)

Theorem 1.5. For any € > 0, the boundary value problem (1.16, 1.4-(ii), 1.17) is well
posed in HY(] — L=,0[ U ]0,L*[). Moreover, for any 0 < § < §*, there exists a constant
Cs, independent of € such that

> a2~ @l < Cs €’ (1.20)
+

Remark 1.6. Contrary to what happens in theorem 1.3, it is not possible to take § = 0 in
the error estimate (1.20) (in other words, the constant Cs blows up when § — 0). This is
due to the apparition of some boundary layer in the neighborhood of the junction, with an
amplitude which is like . This will be detailled more carefully in the section 3.2

This theorem will be proved in the section 3.2.

RR n° 0123456789



inria-00335588, version 1 - 30 Oct 2008

10 Patrick Joly , Adrien Semin

2 The formal expansion

As we said in the introduction, as the problem is multiscale, it is not possible to write a uni-
form expansion for the solution everywhere in the domain €2%,. The method of the matched
asymptotic expansions will lead us, we have to consider three distinct zones, respectively two
slots zones and a junction zone, in which different expansions will be obtained. However,
contrarily to the native intuition, this domain decomposition does not correspond to the
partition (1.1) of ¢, : in the method of the matched asymptotics, the different domains
must overlap, the idea being that the different expansions must “coincide” in the overlaping
zones.

2.1 An overlaping domain decomposition

This domain decomposition is valid for the time harmonic case and for the time domain
case.

In the following, we will denote C the class of positive continuous fonctions of £ > 0 that
tehd to 0 when & — 0, less rapidly than ¢|In(¢)| (a typical example is £?, with 3 < 1).

C R T o _p(e)
C={¢:R+—>R+/ E11i1r(1)<p(5):0and sh—r%sﬂn(fﬂ :—i—oo} (2.1)

Given ¢ in C, we define the two slots as
Q4 (e) = {x € QF such that p(e) < £x - t* < Ly} (c03) (2.2)
and we define the junction slot as

Ja(e) = eJo U J {x € O such that 0 < £x-t* < 2p()} (D J3) (2.3)
+

in such a way that we have QF = Q_(e) U J,(e) U Q4 (g) with two overlaping zones (see the
figure 2.2)
O4(g) = {x € 2, such that ¢(g) < +x- t* < 2p(e) } (2.4)

Mapping on the overlaping decomposition : we use here different mappings for the
slots and the junction. For the slots, the mapping

x> (5,0) = (x - tT,x - nF/e) (2.5)
maps the domains Q4 (¢) into the rectangles ﬁi(s) with
§+(6) = ]@(E)aLJr[ X] - ]-70[ ) ﬁ*(g) = ] - Lia _90(5)[ X] - ]-70[ )

Note that the sets @i(s) increase when € decreases and converge to Q.+ when ¢ tends to 0.
In the same way, the mapping
X X= X/é‘ (2'6)

INRIA
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maps J, () onto Jo (¢) (see the figure 2.1), a domain which increases when ¢ decreases and
converges to the unbounded domain

Joso = Jo UBL UB_ (2.7)

N

20(¢) 2¢(e)/e

P

Ja(e) Scaling of rate e~ 1 1$

2a

o 0 (e)

Ja ()

~—p(e)
2¢(e)

Figure 2.1: The near-field zone Figure 2.2: The overlaping zones O (¢)

2.2 Local expansions and basic equations

We formulate our ansatz for the asymptotic expansions which consists, in each zone after
scaling ((2.5) or (2.6)), in looking for power series expansions with respect ew (for the time
harmonic case). In other words, we look for functions

u’;:ﬁi—mc and Uk:ja,oo—NC, keN

independant of € such that, at least formally,

u(s,e0) = > (ew)* uk(s,D) + o(ew)™,  in Qu(e), (2.8)
k=0
uf(eR) = ) (ew)F UF(R) +o(ew)™,  in Jale). (2.9)
k=0

It remains to obtain the equations that will determine the functions u% and U*. For the
uk’s, we substitute formally the expansion (2.8) in the 2D Helmholtz equation written in
Q4 (¢), using the scaled coordinates (s,7), and we identify the terms with the same power of
¢ (since we supposed that our functions do not depend on €). Straightforward manipulations

lead to :

0%uY. 0%ul 0?uk R T
—— =0, —=0 2yl 4 T = k>0. 2.10
g2 e e Rt e Y (2.10)
while the Neumann boundary condition along the “lateral” sides of lead to
ouk ouk.
(5. —1) = —= = + k> 0. 2.11
81//\ (Sa ) 81//\ (870) 07 s> 07 0 ( )

RR n° 0123456789
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Proposition 2.1. Let (uX)ren a family of functions defined on Q4 and satisfying (2.10)
and (2.11); then

2, k
0*ui
0s?

(i) ub(s,v) =uk(s), (44) +w?uk =0, +s€[0,LF, k>0. (2.12)
Proof. These properties are easily established by induction on k. Indeed,for k = 0,1, the
first two equations of (2.10) combined with (2.11) show that ©% and ul are independant of
7. Then, integrating the third equation of (2.10) written for £ = 0 (respectively for k = 1)
with respect to 7 (from —1 to 0) and using the boundary conditions for k = 2 and k = 3,
we see that uY. and ul satisfy (2.12-(i7)).

Assume that (2.12) holds up to k& = p. Then the third equation of (2.10) written for
k = p — 1 combined with (2.11) written for k = p + 1 show that u‘fl is independant of .
Next, integrating the third equation of (2.10) written for ¥ = p 4+ 1 combined with (2.11)
written for k = p 4 3 leads to (2.12-(ii)) for k = p+ 1. |

Moreover, from the boundary conditions on I'1 in (1.3), we deduce
ouk ouk

0 (%—zwui)(LJr) =0, k>0, (i) %(—L,) ——f fork=0, =0 forkz>1.
s s

(2.13)

To obtain the equations for the U*’s, we substitute formally the expansion (2.9) in the

2D Helmholtz equation written in J, (), using the scaled coordinates X, and we identify

the terms with the same power of e. This permits to see that the U*’s satisfy embedded
Laplace’s equations

AU =0, AU'=0, AU*4+U*2=0, k>2, inJyo. (2.14)

with Neumann boundary conditions
ouk
on
Remark 2.2. In the sequel, we shall adopt the convention that all quantities super-indexed
by k (such as U*, uk, ...) are 0 for negative values of k. This will be useful to simplify

some formulas. For instance, with this convention the last equation of (2.14) is also valid
for k=0,1.

=0, ondJys, keN. (2.15)

2.3 Matching conditions

Here, we cannot characterize fully the functions (u%, U¥)’s: we miss boundary conditions at
s = 0 for the u%’s and conditions at infinity for the U*’s. These conditions, that will be given
by the matching conditions, will couple the u’;’s and the U*’s. To express these matching
conditions, it is useful to describe the form of the functions U*’s in the two semi-strips gi
(see figure 2.3): this is the object of the next section.

INRIA
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Figure 2.3: The subdomains Ei

2.3.1 Modal expansion of solutions of embeddeb Laplace equations

Let consider U¥ : B — C k>0, in HL (B4) satisfying

~  oU%
AUY =0, AUL=0, AUE+UE2=0, in Ba, a—jﬁ =0 forv=-1,0, k=2
14
(2.16)
Later, in section 2.3.2, the results of the present section will be applied to the restriction of
the U¥’s on By, where U*’s are the coefficients in the expansion (2.9).

In By, we shall use the local coordinates (5,7) = (X - t£,% - n%) such that
ReBy <= (£570)€]0,00[x]—1,0[. (2.17)

The behaviour of the fields U* in the two semi-strips Ei is easily described using separation
of variables in (8, 7) coordinates, which naturally introduce the basis w,, (cf (1.13)), which

are adapted to the Neumann conditions at 7 = —1 or 0 : there exists 1D functions U% (3)
such that
UE5,9) = ST UE (5w, () (2.18)
pEN

If we substitute formally the expression (2.18) into the equations (2.14) (written in the
semi-strips By ), we obtain

02Uk T
Vke{0,1}, VpeN, 8§2’p—p7r Uf,=0 (2.19)
82Uﬂkﬂp 2 277k k—2
Vk > 27 Vp € N, 8?27 —pT U:bp + U:bp = O (220)

The resolution of (2.19, 2.20) is a tedious but simple exercise on ordinary differential equa-
tions. In what follows, we reproduce some results of [JT06], that we present in a slightly

RR n° 0123456789
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different form, more adapted to the purpose of this report. After having remarked that the
change of unknown

Ui)p(g, V)= exp(:i:7r§)Vik)p(§, V)

leads to the equations (with the convention Vj’;p =0 for k < 0)

2k vk )
8§27p pT ag’pz— j’;pQ (2.21)

We introduce, for each p € N, two sequences of polynomial solutions of (2.21)

(ch,(3),d8,(3)), keEN,
which are defined inductively on k, for each p € N and are identically 0 for odd values of k.

e The value p = 0 plays a particular role, since equation (2.21) degenerates. For k =), 1
one has

Qo =15 chy@=0, @) =1 d\y(E=0, (2:22)

continuing for k > 2 with:

62C§z 0 _ 8C]:€t 0
7 = o ho(0) = —7=(0) =0,
. o (2.23)
=+, — 3 =+,
932 S =— d]j:,027 d]:T:,O(O) = 8§0 (0) =0,

It is easy to see that, for even k’s, one recovers the monomials of the series expansion

of exp(15):
EO T e O T @l '

e For p > 1, one starts from
cg,p(g) =1, cip(?) =0 for p > 0; dlp(?) =1, di)p(g) =0.forp>0, (2.25)

Then, (ck ,(5),d% ,(5)) are defined as the polynomial solutions of

02%ck ock .
g raum gt ==t =0,

(2.26)
ok adk

5 = —diy  d,0)=0.

Note the difference between the two lines of (2.26)
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Proposition 2.3. Let (c’;p(g), d’;p(?)) be a polynomial family of functions satisfying
(2.25, 2.26), then :

— This family is well-defined an is unique

- cgi’f; and dgi’,’; have degree m

2m—+1 _ 2m+1 _
Cxp = di,p =0

We have relations linking d’;,p and Cli,p :

d’i)p(s) = c’i)p(—s) = d’jm,(—s), p=1l, k>0 (2.27)

We have relations linking d’;,p and d’;,l :
di () =p " di (ps), p21, k20 (2.28)

Proof. We have five points to proove. For the first point, we simply have to study the
kernel of the partial differential operator

0u ou

and prove that there exists a unique polynomial solution of the partial differential
u(0)=0, keN (2.30)

and this solution is exactly of degree k + 1. Looking for the kernel of (2.29), we can
see that there exists two constant (a,b) € C such that

u(s) = aexp(F2pms) +b (2.31)

We can see then that if we are looking for two polynomial solutions of (2.30) that we
call u and v, the difference is a polynomial in the kernel of (2.29), and the expression
(2.31) gives immediately that u — v = 0, so if (2.30) has a solution, this solution is
unique. Now we will exhib this solution : let u be of the form

k1
U (s) = Zaiksl (2.32)
=1

Injecting (2.32) in the left part of (2.30) gives :

k-1
Z [+1 (af+27k(l +2)+ 27rpaf+1’k) sl 4 27Tpa£+1,ksk =" (2.33)
1=0
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This gives immediately that

» +1
R (2.34)
F(+2)al,y, '
af = —— 1<k -1
+1,k 27.(_p ’ =

So the function U% , exists and is solution of (2.30).

By induction on m € N, using the resolution of (2.30) and using the expression (2.32),
the second point is easily proved.

By induction on m € N and using the knowledge of the kernel of (2.29), the third
point is easily proved.

For the fourth and fifth point, we could use the expression (2.34), but there’s a quite
more beautiful way. We prove these properties by induction on k. For k£ = 0 and k
odd, these properties are clearly true, since d9. p and Y p are equal to 1. Suppose that
these properties are true up for k = 2m. We apply the operator (2.29) to dm+2( e) and
(respectively) CI;Z( o), d’j?;gQ( e) and p—2~ mdm+2(po), and after computation, we
can see that the difference is in the kernel of this operator, is polynomial and vanishes
at s = 0. We get immediately that the difference vanishes, and then these properties
are true for k = 2m + 2; the recurrence is established. |

Next, we construct two families of functions C]i,p and d’;,p from Qx4 into C, for p € N and
k € N*, by:
cf ,(X) = exp (pm5) ¢ ,(5) wp(V),

(2.35)
di (%) = exp (Fpr5) d ,(5) wp (D),
that constitute particular families of embedded Laplace s equations:
VpeN, VkeN, Ach, =-ci?2 Adi,=-di? Q. (2.36)

with homogeneous Neumann boundary conditions at 7 = —1, 0.

Lemma 2.4 (Fundamental lemma for the expansion of U¥). Let {Ui € HL (By), k >

0} satisfying (2.16), there exist two sequences (vpk)(p Kyen2 and (6pk)(p ken2 of complex
numbers such as

koo
= 3> (e S+ O )y (in H(Ba). (2.37)
m=0 p=0
Proof. First, note that the result is true for £ = 0 and k£ = 1 (harmonic functions in Bi

that satisfy the Neumann conditions at 7 = —1,0 are linear combinations of the clp’s and
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d?bp’s) . By induction, let us admit that the sequences 'y;[l and 5§l have been constructed
up to ! = k — 1. Let us introduce (remember that clim = dlim =0):

k (o'} k (o'}
k _ + m + m _ + m + m
i - Z Z (Vp,kfm Ctp + 5p,kfm im) - Z Z (’Ychfm Ctp + 5p,k7mdi7p)
m=1 p=0

m=2 p=0

Then we get (using (2.36) and applying the change of index m — m — 2) :

M»
]38

AUET = (ﬁk_mAc’g)p + 5§k_mAd’£,p)

3
I
[\
S
i
o

I
M?T‘
M8

(Pypk mC:I:;D +5pk m _)

TS
Ll
3
I
[}

I
NE

+ m + m . _77k—2
(’Vp,kfz—m CEp 0 k2om i,p) = —Ux

3

=]

=
I
o

Thus, the function U} —U}* is harmonic on Bi, and we know that there exist two sequences
of complex numbers, that we choose to denote repectively by (*yp ) pen and (6p & )peN, such
that

k,* + +
vk -ukr =3 (“/p,k e, + 0, dg:,p)'

p=0

and the proof is completed. |

We can formalize this result by introducing the vector spaces
Vi(By) =span {(c},.dT,), peN, m<k}, V(B:)=|JVn(Bz) (2.38)

and the linear forms Uy € V(By) — N, (Us) € Cand Uy € V(B1) — D, (Us) € C such
that

k [e%S)

YUy € Vi(By), -y Z ( W(Us) <+ DE (Us) ;’;,p). (2.39)
m=0 p=0

In the following, the value m = 0 will play a particular role and that is why we shall denote

YUy € V(By), NFfUs):=NEUs), DEUL) =D Us). (2.40)

With this notation, the lemma 2.4 can be reinterpreted as
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Corollary 2.5. Let {U} € Hlloc(éi), k >0} satisfying (2.16), then
Uk e Vi(By) and NI, (UY)=NF@UE™), DE (UE)=DEUL™). (2.41)

and consequently,

oo

E= 33 (v (0

p=0

) e, +DF (UET™) af,),  (inHl(By)).  (242)

We can give a more tractable definition of Vit and DF that can be interpreted as “mean”
Dirichlet or Neumann trace operators at s = 0:

Lemma 2.6.

N ! J tou
Vi € V(Ba), Dgt(ui):/ Us(0.9)dp, NFhe) = [ EOD)dp,  (243)
0 0
Proof. Integrating (2.39) with respect to U gives:
VU € Vi(By), / Us(ED)dD = (N&m(ui)cg,o(gwpgfm(ui) ;n,o(g)). (2.44)
0 m=0

For s = 0, this equality leads to the first equality of (2.43), thanks to (2.22), (2.23) and
(2.40). For the second equality, we first differentiate (2.44) with respect to § and take s =0
(using again (2.22), (2.23) and (2.40)). [

Moreover, for functions which belong to the kernel of the linear forms N;E for p > 1, we
have

Lemma 2.7. Let Vo(Bx) = {Us € V(By) /¥ p>1, NEUs)=0}. Then

1
YU € Vo(By), D;,t(ui):/o U= (0,D) wy (D) dD (2.45)

Proof. It is similar to the proof of lemma 2.6, except that we first multiply (2.39) by w,
before integrating with respect to 7 and then use (2.25) and (2.26). The details are left to
the reader. |

2.3.2 Derivation of the matching conditions

To derive the matching conditions, we simply write that the two expansions (2.8) and (2.9)
must coincide (at least formally) in the overlaping zones (2.4), i.e. denoting U the restric-
tion of U* to By:

i VUL (s/e,D/€) + o(ew) i (5,0/e) + o(ew)™ in OF(e).  (2.46)
k=0 k=0
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We denote respectively £ and R the left and right hand side of (2.46). To get another
expression for R, we use the Taylor series expansion (in s) of each u%

8m k
R = ZZ (ew)*s™ — 8;ni(0)—|—0(5w)°° (2.47)

k=0m=0

[e%S) k 0o o0
For L, we use the expansion (2.42) for UY and obtain (using Z Z Z Z)

k=0 m=0 m=0 k=m

[ OlNe SHNo o]

L= (ew)* (NEUE™) e (/2,7/2) + DEWUE™) A2 (5/2,7/2) ) +o(ew)™
m=0p=0 k=m

Since for p > 1, the functions df' , are exponentially decreasing when at infinity and since

the functions ¢ belong to the class C (see (2.1)), the corresponding terms in the previous

sum can be “put into” the o(sw)® part. For the rest of the sum, we distinguish the terms for

p = 0, for which we use the formulas (2.24) from the terms corresponding to p > 1 (which

are exponentially increasing at infinity):

_ - = k artprk—2m’ (18/5 Qm ! :t k 2m/ (ZS/E)QMI
L = ;MZXQ;M (ew)* NGE(UE2™) G T T ZMXQ;W ew)k D >7(2m’)!
+ Z (ew)” Nf(Ui*m) cl ,(s/e,V/e) + o(ew)™

m=0p=1k=m

Using the change of index k — k+ 2m’+1 in the first sum (resp. k — k4 2m/ in the second
one), we get

oo X

L - Z Z (Ew)kN:I:(Uk+1)(2ws Z Z cw) IcD:i: (Ur) (ZSW)
m'=0 k=—1 m’ +1)! m'=0 k=0 el (2.48)

Y DD (W) NFWUET™) e (s/2, /) + ofew)™

m=0 p=1k=m

Finally, the formal identification of the expressions (2.48) and (2.47) in the overlaping zone
O (e), as functions of s and ¢, will lead us to our matching conditions.

First, for p > 1, after multiplication of (2.48) and (2.47) by w,(?) and integration over 7,

we get
3 er,(s/e) (Z (aw)kN;E(Ufm)) —0.
m=0

k=m
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The proposition 2.3 implies that the functions ci’fg are linearly independent and one deduces
from that Rg(Uifzm/) =0,Ym' >0,k > 0, that is to say

NEUR) =0, p>1, k>0. (2.49)

which express the absence of exponentially growing terms. We can see that (2.49) leads to
the following condition

U* grows as most polynomially at infinity in jam (2.50)

Next, it remains to identify power series expansions. The identification of the terms in
(ew)Fs™, distinguishing even and odd values of m, leads to

2m’, k
0" ul

2m’ 41, k—1
—=£¢( 87%
852m’

(w)>™ DE(UE) = 0), (w)?™ T NF(UE) = (0), m'>0, k>0.

aSQm’+1

Using the fact that each u% solves the 1D Helmholtz equation, we have

!’
1 0*m k.
(Zw)Zm’ 882m’ = U,

and using lemma 2.6, we get the “Dirichlet” and “Neumann” matching conditions, namely

1
D) uh(0) = / Uk (3,9) dp, k>0,
. ’ (2.51)
8’11/:‘:7 18U:]E ~ g~
pr— >
W s [ Zrenw. ko
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3 Justification of the formal expansion and error esti-
mates

In this paragraph, our goal is to prove that the functions (uf,u* ,U*) are uniquely defined,

and that there exists an approximate function built from these functions which differs from

the solution of the exact problem with some power of ¢ that is increasing with the order of
the approximation we consider.

3.1 Existence and uniqueness of the formal expansion
In this section, our goal is to prove that the equations (2.12, 2.13, 2.14, 2.15) together the

matching conditions (2.51) - define a unique family

{ Wb,k U") e HY Q) x HYQ-) x Hlgo(Tu), K20}

To reach this goal, we first formulate an equivalent problem where the unknowns (Ug)ken
are restricted to the junction J, (section 3.1.1), which is moreover useful for numerical

computations. Next, we prove the existence-uniqueness result by induction on & (section
3.1.2).

3.1.1 Restriction to a bounded domain of the problems for the U*

Our goal in this section is to characterize the restrictions of the functions U"’s to the junction
Jqo by giving exact Dirichlet to Neumann boundary conditions at the interfaces £¢ (see figure
1.2).

Using (2.42), (2.43), (2.45) and (2.49), we can write, separating m = 0 from m > 1 :

LUk = [
vt = %05 m e, n Z[/ UL(0,7) w,() d7] 42,
1 0 8 ’ 7
1< Uk~
. ;Z[/O X5 " 0.9y an) ez + 3 / UL (0,) w,(9) dp] dT.,
m=1 m=1p=0
(3.1)
To compute the trace of Ui and its normal derivative of U. i on Ei, we remark using (2.24)
that 0 0
Oc od
8&10 (0,0) =1, ;i’o (0,7) =0,
, S ) s (3.2)
cm m
8?0 (0,7) = 8{70 (0,0) =0 for m > 1.
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Moreover, we can deduce from (2.22) to (2.26) the existence of 6" € C,p > > 0 such
that -
%(O) =+4," with moreover 52 = —pr and 612,’”“ =0. (3.3)
and therefore that (differentiate (2.35) with respect to 3)
od"
8?’ (0,0) = £ 8% wy(¥) forp>1, k>1. (3.4)

Then, using (3.2) and (3.4), we deduce from (3.1) that

k 1 k 0 1
%(o,a) = [O %(o,ﬁ)dﬂ —~ pr[/o UK (0,0) wy(D) dD'] wy (D)
k
+ ZZ&’” /U ™(0,7) wy(D) dv | wy(D).

(3.5)
Finally, using the definition of the operator Ty (see (1.12)) and the Neumann matching
condition (2.51-(N)), we see that U” satisfies the non homogeneous DtN condition :

oo

ou*
on

lau u
k_ i
+ T U w ) + g

m=1p=

5 [ / “(0,) wy(?) o] wp(P), on T2
1
(3.6)
Finally, we obtain a problem “equivalent” to (2.12, 2.13, 2.14, 2.15, 2.51) by replacing (2.51-
(N)) by the DtN condition (3.6). The precise statement is the following :

Theorem 3.1. Let {(u+, ub U%) € H(Qy) x H () x Hlloc(fa,oo), k> 0} be a solu-
tion of (2.12, 2.13, 2.14, 2.15) with the matching conditions (2.51), then

{(ui,uﬁ,Uk)eH1(§+)xH1(Q ) x HL(Ja), k>0}

is solution of (2.12, 2.13), (2.14,2.15)7 , (2.51-(D)) and (3.6), where (2.14,2.15)5 holds
the restriction of (2.14, 2.15) respectively to ja and 3ja,oo N 6ja,

Reciprocally, zf{(u+, uk [ UF) € Hl(Q+) x H! (Q ) % Hlloc(j ), k= 0} is solution of (2.12,
2.13), (2.14,2.15) 3 , (2.51-(D)) and (5.6), then by extending U* to By via (3.1),

{(uﬁ,uk_, U*) e HYO,) x HY(OL) x HE (Jaoo), k> 0}

is a solution of (2.12, 2.18, 2.14, 2.15) and (2.51).
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Proof. The direct statement has been proved. For the reciprocal, let us consider
{(u’i,u’i,Uk) e HY(Q,) x HY(Q) x Hy (Jo), k> 0}

solution of (2.12, 2.13), (2.14,2.15) 7 , (2.51-(D)) and (3.6), and let us extend U* to By via
(3.1). We have several points to prove :

(i) U* € Hly, (Joo0),
(i) U* satisfies (2.14, 2.15),
)

(iii

(2.51-(N)) is satisfied.

(i) This point is the easiest one, since the expansion (3.1) is built to satisfy the continuity
of the trace of U* and 88_1{1’“ over X¢

(ii) This point is also easy to prove. We know that (2.14, 2.15) is proved on Jo X
(afa N afa,oo). We simply have to prove that these equations are also true on

B\i X (aﬁi N 8:7;700). Note that the proof is very similar (to not say identical)
to the proof of the fundamental lemma 2.4. We start from (3.1) :

1 8Uk7m R B R
/0 75% 0, D)wp (v dl/‘| Yot Z Z {/ Ui ™(0,0)wy(v)dv| di

m=0 p=0
(3.7)
We apply the Laplacian operator on (3.7), we use (2.36) and after a sum reindexation,
we have that

k

m=0

AUi— k 2

(iii) Here, there’s a little more work to do. We start from (3.1), and we can write easily
(3.5), because the work has already be done. The relation (3.5) can be written as

ou* L ouk

k _ o~ P~
e +T.U% = 0 B (0,v)dv (3.8)
4 Z S| / UL~ (0,0) wp(P) d9 ] wp(P), on 55
m=1p=1

However, (3.6) must be satisfied. Taking the difference between (3.6) and (3.8) leads
o (2.51-(N)).
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3.1.2 Existence and uniqueness

It is done by induction on k. According to theorem 3.1, it suffices to consider the problem
(2.12, 2.13), (2.14, 2.15) 5 , (3.6) and (2.51-(D)). To clearly identify the recursion process,
it is useful to reformulate this problem in a more decoupled way (we mean between u% and
U*, at each step k), which is also useful from the computational point of view.

To achieve such a decoupling the idea is first to consider (3.6) as a boundary condition for
Uk next to formulate a 1D transmission problem for u%. That is why we shall use the
following two technical lemmas

Lemma 3.2. Given ® € L2(J,) and g+ € H™2(X9), there exists U € H(J.), which is

unique up to an additive constant, such that there exists U € H(J,), which is unique up to
an additive constant, such that

AU = @, in T, | Z—Z:O, onafa\(zimzi).
(3.9)
U
_+TiU:gi7 Onzaa
on

if and only if one satisfies the compatibility condition

/gg+/ag+:/1<1>. (3.10)

Moreover, W, being defined by (1.11, 1.10) , any solution of (3.9) satisfies

/U—/ U:/Aq>wa+/ g,wa+/ g+ Wa . (3.11)
s o o s N

+

Proof. The existence-uniqueness proof is a classical exercise about Lax-Milgram’s lemma
and Poincaré-Wirtinger’s inequality (the important point is that T : H2 (X9) — H™ 2 (X9)
is a positive symmetric operator whose kernel is the space of constant functions - see the
appendix A). The compatibility condition (3.10) is obtained by integrating the first equation
of (3.9), using Green’s formula and the symmetry of T .

To obtain (3.11), we multiply the equation for U by W, and integrate over fa . Using
Green’s formula twice, and the fact that W, is harmonic, we get

2/1(%[]—2—%%):[ oW,

Ja

Using the boundary conditions on X¢ for U and W, together with the symmetry of T, we
obtain (3.10). |
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Lemma 3.3. Given (j4,jn) € CxC and f— € C , there exists a uniqueuyx € H'( (0, £L1) ),
such that:

2
88:; +wus =0, +se[0, L%,
Ou 4 ou_
o = - = 3.12
(S +rwur) (L) =0, Z=(L) = /-, (3.12)
. 8U+ Ou_ .
u4(0) —u—(0) = ja , K(O)_W(O)_M'
Proof. The result is straightforward (one can compute explicitely the solution of the problem
(3.12)). |

According to (2.14, 2.15)7 and (3.6), we can apply lemma 3.2 with U = Uk, & = —Uk—2
and g+ = gi‘l with
k 1 8u’j§1 ko L &
ghiti=+= 0) + Z Z 8y [/0 UL ™(0,0) wy(D) dv | wp(¥), on XF (3.13)

w O0s

m=1p=1

where the index £ — 1 in gﬁc;l is “justified” by the fact that gifl is known explicitly when

w1 and the U™’s for m < k — 1 are known. Writing (3.10) gives

1 (Buil B ouk1

ds (07) ds (0_)) - /s U

w Ta

which, written for “k = k 4+ 17, gives the Neumann jump condition

1 au’; n au’; B b1
;(g(o )= S50 ))_—/A Ukt k0. (3.14)

@

Writing (3.11) gives the Dirichlet jump condition

/ Uk—/ U’“:—/A U2 Wa+/ gt Wa+/ 9 W, (3.15)
b)) 3 Ja 3o b))

«
that can be rewritten, using the matching conditions (2.51-(D)):

u]j[(0+)—ulj[(0_):—/j k-2 W“+/z

o
+

gt w, +/ gt W, (3.16)
o b))

a
+

For each k, we have succeeded to decouple the calculation of u’; since jump conditions (3.14)
and (3.16) written for “k = k + 17 are sufficient, when associated to equations (2.12, 2.13),

to determine u% uniquely (lemma 3.3).
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As the solution of problem (P) with ® = U¥~2 and g4 = giﬁl, U is defined up to an
additive constant. To fix this constant we can use again (2.51-(D)) (in a symmetric way
with respect to + ) :

1 k K _ L (ko k(-

2( EiU +/gU)_2(u+(o )+ u* (0 )) (3.17)
Finally, we obtain an equivalent problem to (2.12, 2.13), (2.14, 2.15) 7 , (3.6), (2.51-(D)) by
replacing (2.51-(D)) by (3.14), (3.16) and (3.17). More precisely

Theorem 3.4. The following two propositions are equivalent (for the clarity of notation,
we omit to mention again the functional setting):

(i) { (uh,uf,U*), k >0} is solution of (2.12, 2.13), (2.14, 2.15); , (3.6) and (2.51-
(D))-

(ii) { (uf,ub,U¥), k> 0} is solution of (2.12, 2.13, 3.14, 8.16) and ((2.14, 2.15);. , 3.6,
3.17), with gh~! deﬁned as (3.13).

Proof. We just proved the implication (i) = (ii). We will prove the implication (i) = (i).
Let { (uf,u”,U%), k > 0} a solution of (2.12, 2.13, 3.14, 3.16) and ((2.14, 2.15)5 , 3.6,
3.17), with g%~ ! defined as (3.13). The only point we have to proove is that (2.51-(D)) is
satsisfied. However, (3.17) is exactly
1 k k 1 k + k _
5 ( vk+ | U ) =2 (u+(0 ) +u¥ (0 )), (3.18)
B9 @

and, since we can write (3.15) thanks to the problem satisfied by Uy, and since (3.16) must
be satisfied, by taking the difference, we get

/ U"—/ Uk = uk(07) —uk(07) (3.19)

To conclude, one simply has to see the conditions (2.51-(D)) as linear combination of (3.18)
and (3.19). [

Next, we show that the problem (2.12, 2.13, 3.14, 3.16) and ((2.14, 2.15);@, 3.6, 3.17), with

gft_l defined as (3.13), admits a unique solution { (u’i,u’i, Uk, k> O}, by induction on
k e N.
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The case k = 0. With the convention of remark 2.2, we see from (2.12, 2.13, 3.14, 3.16)
that uY. is, as expected, the solution of the transmission problem for the 1D Helmholtz prob-
lem with the transmission conditions (1.9) with u°(0%) = u9.(0)), i. e. the “concatenation”
of u? and uf is nothing but u° as defined in section 1.2 (see (1.4)).

Moreover, we see from (2.14, 2.15) and (3.6) that U° solves (3.9) with ® = 0 and g+ = 0,
which implies that U° is constant. Next, (3.17) gives

U° = = (u9.(0) +u2(0)) = u®(0).

N~

The general case k£ > 1. Assume that (uﬁ, ul | UZ), { < k—1 are known, then, according
to theorem 3.4,

o We first determine (uﬁ,u’i ) as the unique solution of the 1D transmission problem
(2.12, 2.13) with the transmission conditions (3.14, 3.16). (cf. lemma 3.3)

e We compute g%~ ! thanks to (3.13).

e We determine U* as the solution, cf. lemma 3.2, of the boundary value problem ((2.14,
2.15)5 , 3.6, 3.17). One must of course check the compatibility condition (3.10), which
is a consequence of (3.14).

Finally, regrouping the above results with theorems 3.1 and 3.4, we have proven the following
theorem

Theorem 3.5. There exists a unique family
{ (b, U) € B (@) x Y (@) x Hlyo(Faco)y £>0)
satisfying (2.12, 2.13, 2.14, 2.15), the matching conditions (2.51) and the growth conditions
(2.50).
3.2 Error estimates

In this section, we will prove the error estimates of the theorem 1.3 of the section 1, by
giving the result in the general case. We will prove these results by two steps :

1. A global estimate on Qg (section 3.2.1)

2. A local estimate on Q‘si defined by (1.19) - here we will understand why we can’ t
directly take § = 0 in (1.20) (section 3.2.2)
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3.2.1 Global error estimate

We consider ¢ € C (going back to section 2.1) and introduce a cut-off function

S

(o)

from which we construct a 2D cut-off function . defined on Q¢, as (going back to the section
1, we have Qf, = eJ, U Q% UQT)

D.(s) =0 ( ) with ® € Ci°(R4), supp @ € [0,2], ®(s)=1in [0,]1]

e On 5ja, EIBE =1
e On Qi, e(s,v) = D (L)

The idea is to consider that the variations of the function Cfa are compactly supported in
the overlaping zones O (¢), of course we’ll have to choose the function ¢.

Next, given k € N, we propose the following global approximate function (one idea is to
choose ¢ with respect to k)

k
ufl’p’;, =(1- EI;E) Z (ew)™ Z (ew)™U™(e/c) on QF (3.20)

m=0

Thanks to the stability result proved in the appendix B, we only have to study, for any
function v € H'(Q)), the quantity

a®(u® — ui},’;, v)

where a° is the left member of (B.1). Thanks to the fact that each function uX satisfies
(2.13), and thanks to the fact that each function U* satisfies (2.15), which leads that the

functions u® and uapp satisfy the same boundary conditions on 025, we have

1
k kY= 2 k=
a®(u® —ugy,,v) = . /5 —A (uf —ugy,) T —w? (u® —ui) v (3.21)
Since u® satisfies the Helmholtz equation, this relation becomes

a®(u® — uifp, / Auappv + wzufl;pv (3.22)
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We inject now the expression of S given by (3.20) into (3.22), and we can see that (3.22)

can be written as, since ®. is compactly supported for s € [p(e), 2¢(¢)] :

k

_Wla)2 /:WE) /_06 o (?) Z(5w)m(u7£(s) — U (se ', ve N))u(s,v)dvds

() m=0

a®(u® — uifp, v)

<H

EW(E) @(e)

+
m | =

S~
(;6*)

[~
o
&

3
7~ N
mm| —

'
)
.
3
+
-

3

N—
S]]

2, m

k
1 ~ m [ 0°u m\
+ g/s(l—QE) E (ew) (83; +w2ui>v

(3.23)
Note that there are two similar terms in (3.23) for each function u’l. We treat each term of

this relation to get a upper bound of |a®(u® — ujzfp, v)| by a constant multiplied by the H!

norm of v over ﬁa.
The fourth term of (3.23) is the simpliest to treat : since each function u']' satisfies (2.12),
this term vanishes.

The third term is treated differently, since the functions U* do not satisfy the Helmholtz
equation, but (2.14) : this term is equal to

é /Q B, ((cw)* U 4 (ew)*U*) (3.24)

We separate the integration over z—:ja from the integration over the sets 5. On Eja, we
simply use the Cauchy-Schwartz inegality, since &, =1 :
1
- /A ((ew) U1 + (ew)* U w
€ Jel,

<O g Mol o7y + €710 [UF |7 M0 lle ey
which gives
YR
€ Jel,

< Ekwk_l ||Uk_1||L2(ja) ||v||L2(fa) + €k+1wk HUkHLQ(ja) ||v||L2(fa)

(3.25)

Remark 3.6. For k = 0, U~! = 0, and the term (3.25) is like . Note moreover that the
quantities ||UkHL2(JA ) for any k£ do not depend on ¢

For the integration of (3.24) over Q% , we have many points to observe :
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e First, the quantity in the integral vanishes for s > 2p(¢)

e Then, Uk is known and given by (2.42), it grows as s*¢~*, when s*e~* goes to infty

(this is the case, because ¢ € C).

We have the following boundary for the term U*

2¢(e + 2¢(e)
/ / (ew) Ui< i V) T(Es, v)dsdy < —w*2%p( C’k/ / (£s,v)dvds

(3.26)
We use to conclude the following lemma
Lemma 3.7. For allv € Hl(ﬁa), we have
1 2¢(e) 0
g/ / U(Es,ev)dvds < /2p(e) ||v||H1(§a) (3.27)
0 —&
Proof. Clearly, we have, by using the variable change U = ev,
1 2¢0(e) 0 2¢0(e) 0
—/ / (s, ev)dvds = / / v(+s,V)dvds
€Jo —¢ 0 -1
Then by using the mean-value inegality, one can write that
2¢(e) 2¢(¢)
/ / (£s,v)dvds < / / < (o, V)da) dvds (3.28)
which is bounded clearly by
2¢(e) 2¢(e)
/ / / (0 V)do | dvds (3.29)

We use in (3.29) the Cauchy-Schwartz inegality on the integral over o, and we bound the
L2 norm of the derivate of v over s by the H! norm of v, and we get (3.27). u

Finally, using lemma 3.7 in (3.26) gives

Ze(®) +s v
/ / (ew) Ui( ) v(£s,v)dsdy < wkC’katp(s)kH/z 10l @,y (3.30)

The third term, according to (3.25) and (3.30), is finally bounded by

k—1/2

Crsw® Lo(e) ||v||H1(§a) with Cj 3 which does not depend or ¢ nor w (3.31)
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The first and the second terms can be treated in the same way. The idea is to do the same
thing as in the section 2.3.2, the only difference is that our sums are finite sums, instead
of being infinite sums. We can see that if we take . = (2k)e|In(¢)|, the terms d}’, are
o(e*) up to m = k, for € small enough. Then, it is quite easy to show that the first term is
bounded by

2¢(e) 0
Cka 8kg0(8)_2wk+1/ / v(%s, v)dvds (3.32)
0 —€

and the second term is bounded by

2¢(e) 0
Ch.2 6k_1(p(8)_1wk/ / v(+s, v)drds (3.33)
0 —€

with constants Cj 1 and C} 2 that do not depend on € nor w.

We use again the lemma (3.7) and we use that ¢ < ¢(g), since p(e)e™! tends to co as ¢
tends to 0, then we can say that there exist two constants we call again C}, 1 and C} 2 which
do not depend on ¢ nor w such that the two first terms of (3.23) are bounded by

(C’k,lwkﬂ + C’k,zwk) o(e)k1/2 Hv||H1(§a) (3.34)

. . . . . _ ’k . _
Finally, using (3.31) and (3.34) in (3.23) gives , taking v = u® — ug;;, and denoting Cj =
Ok’lwk-"_l + Ok’zwk + Ok’gwk_l

|a5(u€ _ uak uf — ua,k )| < Cksp(g)kfl/Z Hua _ ua,k

app’ app GZDPHHl(Qa) (3.35)

To conclude, we use the stability result given by the proposition B.1, and we use ¢(g) =
(2k)e| In(e)|, to have the following theorem

Theorem 3.8. There exists a constant Cj, which does not depend on € such that, for e small

enough,
e,k

||u(S - uappHHl(ﬁa) < ék (g| ln(g)l)kil/z (3'36)

Remark 3.9. In this theorem, the constant Cp, is like w¥. This means, if we go back to

the time-domain equation, that the more precise approximate function we want, the more
derivates of the Cauchy data with respect to time we have to consider.

3.2.2 Local error estimate

We can get a better result if we only look the error in the slots th (see back 1.19). We can

write that
~c ~e.k _ [=e ~e,k+2 ~e,k+2 ~e,k
U — Ugy,, = (u — Uy ) + (uapp — uapp) (3.37)

and some classical triangular inegality gives

I8 2 gy < 15 058

~ Tl g [l — g,

app appHHl(ﬁi) (3.38)
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Thanks to the theorem 3.8, we can raise up the term Hﬂs — aifp““m@@ by C;, g1 when

¢ is small enough (in fact, one can see that we can always do this majoration, since ¢ is
small enough thanks to the hypothesis of this theorem). For the second term, we can see
that for & such that 4ke|In(e)| < & (in other words, 2¢(c) < §), we have, on QY. :

Usgpet? — gy, = (ew) Ml + (ew) 20l (3.39)

and we can easily see, since the family of functions u% does not depend on ¢, that the norm
of (3.39) is bounded by a constant Cj times e¥*1.
Moreover, we can express the following theorem

Theorem 3.10. For any 0 < § < §*, we can build up the 1D approximates functions

k
(s, v) = Z (ew)™u, for £s=08 and for —e <v <0 (3.40)

m=0

Then :

1. for € such that 4ke|In(e)| < 8, we have a5F = ugk, on ﬁi,

2. we have the following error estimate : there exists a constant Cs which does not depend
on € such that
~ck k
||us —u” HHl(ﬁi) < Cs (3.41)

Proof. The proof of this theorem is straightforward. |

One good remark we can do is : what happens if we take directly 6 = 0 in the theorem 3.107
In fact, we have the following result

Proposition 3.11. We have the following equivalent : for any k € N,

Juf = a* || ) ~ Ce (3.42)

Proof. Near +s = 07, we can see that the function %% is clearly a 1D function, however u°
is a real 2D function. By using some Fourier analysis, and if we call ¢, (u) the 1D function
defined by

& (uF)(s) = [ (55D (PP, >0 (3.43)

we can easily see that

Jus — ﬂ67k||H1(§i) = [eo(w®) = ﬂ67k||H1((O,iLi)) + Z (1+77) llen (@) 0,202y (3:44)
peN*

However, by using the modal expansion of the functions U¥, it is quite easy to show that
||cp(u‘5)||Hl((0 sra)) ~E (because U! is a real 2D function), and that explains (3.42). [
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Remark 3.12. Taking k = 0 in the proposition 3.11 added to the remark 3.6 let us allow
to write down the result of the theorem 1.3 (we knew already the limit fonction, the new
fact here is that we have the error estimates).
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4 Construction and analysis of the improved Kirchoff
conditions
In this section, once we proved by the theorem 3.5 that the functions u% and the functions

U* are uniquely defined, we explain how we can get the improved 1D problem (1.16, 1.17)
and how we can get the error (1.20) of the theorem 1.5.

4.1 Construction of the Kirchoff conditions

To improve the transmission conditions satisfied by the limit problem, according to theorem
3.10, it is natural to look at the transmission conditions satisfied by:

g1l 1

Wl=u+ewu

For the Neumann jump condition, we first use (3.14) for k = 1, the fact that U° = «°(0) in
Jo, and that the measure of J, is tan « to get

Ou' 0 0 0
— | =—w U’ = -w tana u’(0) = —w tana (u’) . 4.1)
s 7.

Thus u®'! satisfies

rms,l] = [8—1})} +ew {8_111] = —cw? tana (u’)

ds ds ds
which can be rewritten, since u® = v — ew u!
o e,1
[ g } +ew® tana (uo') = O(e?). (4.2)
S

For the Dirichlet jump condition, we first use (3.16) for k = 1,

w:/ go_wa+/ @ W
so b3}

a
+

with, using (3.13) for k =1,

Thus, by definition of K(«),
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Therefore, u! satisfies

0
] = o] 20 o] = < K(o) (5)
s
which can be rewritten, using again u® = u! — cw u'
R Oust
[us!] — e K(a) < s > =0(?%). (4.4)

Finally, the transmission conditions for the 1D approximate solution @° , namely (1.17) ,
are simply obtained by dropping the O(¢?) terms in (4.4) and (4.2) repectively.
4.2 Analysis of the transmission conditions

To prove the result (1.20), we will make an asymptotic expansion on (1.16, 1.17) and then
we will compare the asymptotic expansion got here with the asymptotic expansion of the
theorem 3.5. The precise meaning is the following :

(i) For the problem (1.16, 1.17), we write 4° as a power serie of ¢, in fact

i =Y (ew)"@* (4.5)

keN

We can easily see that each function @* satisfies the Helmholtz equation for s > 0
with boundary conditions the same boundary conditions as u* at s = +L., and each
function #* satisfies the following transmission conditions

[@*] = LK (a) <aa;81> and {%—fﬂ — wian(a) (@) (4.6)

Note that the family (@)gey is uniquely defined thanks to the lemma 3.3.

(ii) One has the following theorem

Theorem 4.1. There exists a constant Cy, independant of € such that

k

i = > (ew)ma™

m=0

< Cpeft? (4.7)
HL((0,%L+))

This theorem will be proved (for the clarty of this section) in the appendix C.

(iii) One observes that u° = u°, @' = w'and u*® = u?, the last equality being an
unexpected bonus linked to the fact that J, has an symmetry axis. Indeed, (3.6) for
k=1 gives

ou!

ouv- v loud o1 /0wl
on + U _iw 0s (O)_iw 0s /-
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So, using the definition of W, (cf. (1.11, (1.10)) and (3.17) for k = 1, we conclude via

lemma 3.2 that 90
Loy g 20w
U—<u>+w 55 ) (0 Wa

Thus, writing (3.14) for k = 2 we get

2

{GL] =—w U' = —w tana (u') . (4.8)
0s 7.

which is identical to (4.1) after index shifting. On the other hand, writing (3.16) for k
= 2 gives

[u”] z/ gl_Wa—i—/ gt W .

s g

1 0ul
w Os

R oul
[w] =~ (5—;«)) Eiwa—g(m/za wa>.

Since fa has an axis of symmetry, W, is anti-symmetric with respect to this line (see
more precisely the proposition 5.1) and consequently

where, using (3.13) for k = 1 and §} = 0, gl =+ (0). Thus

Wa=— [ w, =K
59 so

(using the definition (1.15) of K(a) )

Finally, we have

2] = = K(a) <%—U;>- (4.9)

w
which is nothing but (4.3) after index shifting.
This allows us to write in th (modulo some abuse of notation)

2
ut — 0 = (u —a?) + (Z (ew)™u™ — ff)

m=0

and one concludes using (4.7) of the theorem 4.1 for k = 2, (3.41) of the theorem 3.10
for k = 2 and the triangular inequality to get (1.20).
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5 Study of the reflexion, transmission waves

We consider here the case of the junction of two semi-infinite strips, i.e. L+ = 400 and look
at the approximate model, i.e. the 1D Hemlholtz equation for s > 0 with the transmission
conditions (1.17) at s = 0. We are more precisely interested in the reflection-transmission
of an incident wave in the domain s < 0, i. e. look for a solution of the form

u(s) = { exp(ws) + R (o, w) exp(—ws), s <0 (5.1)

T.(a,w) exp(ws), s >0

If we put the expression of the total field (5.1) in the improved Kirchhoff laws we got in
(1.17), we get

t
T(ow) + Re(nw) ~1 = “20M (0 0) 1 Beo,0) +1)
(5.2)
K
T.(a,w) — Re(oyw) —1 = M(Ta(a,w) — Re(o,w) + 1)
The equations (5.2) gives then that
11+ zawtgn(a) 1+ zawlg(a)
Tg(a,w) = 5 <1 _ ewtan(a) + 1— rewK () (53)
2 2
11+ zawtgn(a) 1+ zawlg(a)
Rg(a,w) = 5 <1 _ zawtgn(a) - 1— zawlg(a) (54)

The figures 5.1 to 5.4 show the modulus of the coefficients T.(o,w) and R.(o,w) with
respect to «, with different values of ew. By looking for these results, and by looking for the
expressions of T, («,w) and R.(a,w) given by (5.3) and (5.4), we can say that :

e For a given o € [0,7/2], and for ewtan(«) small enough (that implies ew is small
enough), we can write the coefficients T. (o, w) and Re(«,w) as

T.(o,w) = 1+ %(tan(a) + K () + O((ew)?) (5.5)
Ra,w) = %“’(tan(a) — K(a)) + O((ew)?) (5.6)

e A consequence of (5.5) and (5.6) is that
IR (c,w)| = O(e), |Te(o,w)| =1+ 0(?). (5.7)

which means that in practice, the reflection phenomenon is in amplitude more directly
visible than the transmission phenomenon.
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Figures 5.1 to 5.4 : plot of |T:(c,w)| and |Re (o, w)| with respect to a in degrees
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Figure 5.3: ew = 0.01
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Figure 5.4: ew = 0.001

e For a given ew, and for « tending to zero, the expressions (5.5) and (5.6) are still valid,
except that the “O((ew)?)” term becomes a “O(a?)” term.

e For a given cw, and for « tending to /2, the expressions (5.3) and (5.4) become

T (o, w)

R.(a,w)

1 1+ 1sz2(7'r/2)
5 <_1 + 1_ 1wk (w/2) (58)
2
wewK (7/2)
1 1 I+ (5.9)
2 1— 1wk (w/2) '
2
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Here, in the expressions (5.8) and (5.9), we can see that when we let ew tend to zero,
T.(a,w) tends to 0 and R, (o, w) tends to —1. We can see moreover that

lim lim |R.(a,w)] =0 and lim lim |[R.(a,w)| =1
a—Z ew—0 ew—0a—%

By looking for expression of the coefficient R given by (5.6), we can ask ourself : how does
this coefficient alter with respect to a@ 7 To answer, we need some additional informations
about the coefficient K («)

5.1 More informations about the coefficient K(«)

We recall that K («) is given by the function W, solution of the problem (1.11, 1.10). We
can even reduce the computation domain thanks to the following proposition

Proposition 5.1. On the azis & := {(—Y tan(a), V) with Y €] — 1,0[}, the function W,
vanishes, and K(«) can instead be given

K@)=2[ W, (5.10)

=g

Proof. We can note that ja is symmetric with respect to the axis ¥§. On this domain, we
introduced the “rotated” function

Wa(X) = W, (x), for X = (x- (cos(a),sin(a)),x - (—sin(a), cos(a))) (5.11)
and we introduce the rotated set J,, by the set
Jo = {5{ € R? such as X = (x - (cos(a), sin(a)),x - (— sin(a), cos(a))) with x € fa} (5.12)
We can see that proving the proposition 5.1 is strictly equivalent to prove that
Wa (%) =0 for (%) = (0,7)
Since J, is symmetric with respect to the axis & = 0, we just have to prove that W,/(-,§) is

odd. We spilt W, into its even part W¢ and its odd part W (with respect to & of course).
Since the odd part has a mean-value 0 and thanls to (1.10), we have

[ WE=0 (5.13)
Jao

and always by spilting the odd and the even part, we can see that

AWE =0, in Jo,

aw& Ase e

o + T W, =0, on X¢, (5.14)
aw& 7 S S

e — 0, on 0., \ (S5 USe)
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(5.14, 5.13) give that WS = 0, and the proof is complete (since the function W, is an
odd function, the mean-value over the bound 3¢ is the opposite of the mean-value over the
bound X% ). [ |

Once we proved this proposition, we are interested by the set J,, defined by (see the figure
5.5)

Jo, = {ﬁ € T, such as % - (cos(a), sin(a)) > o} (5.15)

ne ) -
0 0

‘ ) A 2+
— e

tan (o) 1
Figure 5.5: Configuration of the domain J,

and the canonical domain J

We rotate the set J, to put the set 3¢ onto the set {0} x]—1,0[. We see that W, is solution
of the following problem (in the new coordinates, and thanks to the proposition 5.1) :

AWa = 07 in Jou
% +TWa=1,  onXf
(5.16)
Woz = Oa on 28
8;/;//0‘ =0, on the remaining boundary

and we get the coefficient K («) by the relation (5.10). However, it is more judicious to
introduce the 1D scaled function

1
tan(a)

P (X,Y) = Wa(tan(e)X,Y), for (X,Y) e J (5.17)
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and we see that ®, satisfies the following problem

0?0, 0?0, =~
2+ tan?(a) —=—— = 0, in J,

0X? Y2

D, ~
0 — + tan(a)T4 @, = 1, on Xy,
X (5.18)
®, =0, on X,
0%, .. =

o =0, on the remaining boundary Xy.

Reciproquely, if @, is a solution of (5.18), then the restriction of W, to the semi-junction
J,, is a solution of (5.16). The interest of the function ®,, is that this function is defined on
a domain that do not depend on the value of a.

We can see that it is natural to introduce the following space

H(l)(j):{UeHl(j) such as U = 0 on io} (5.19)

Since we search a function in H}(J) satisfying the problem (5.18), it is natural to associate
the variationnal problem : find ®, € H}(J) such that for all V € H}(J),

/ <8(I)~a 6_15 + tan?(a) 8(110‘ 3_13) + tan(«) VI, ¢, = vV (5.20)
F\0X 0X Yy 9y S, o

Then, we get the following trace on §]+ :

_ K
/g o = 2 tan(a) (5:21)

Proposition 5.2. For a given « €]0,7/2[ , the problem (5.20) has a unique solution.

Proof. Tt is simply the use of the Lax-Milgram theorem, as for the proof od the proposition
1.4. |

K(a) .

Here, we will give three properties about the function a — fan(a) -

Proposition 5.3. The function o — % s a decreasing function with respect to «
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Proof. Because of the writing of the trace (5.21), it is quite natural to introduce ¥, as the
derivate of @, with respect to a. Let is derive the problem (5.18) with respect to a : we get

0%V, 0, 0?0, 9 0%V, .~
e + tan”(«) 972 + 2tan(a)(1 4 tan®(«)) a7z~ O in J,
oY, 5 &
— + tan(o) T4 Yo + (1 + tan“ (o)) @, =0, on Xy,
X (5.22)
\I/a = O, on io;
AN -
5 =0 on XNy

And we associate the variationnal problem : find ¥, € H} (j) such that for all V € H} (j),

/ (a\ij)‘ 8—15 + tan?(a) a\ijI 3_13 + 2tan(a)(1 + tan%a))% 3_15) (5.23)
T\ 0X 0X oYy oY oY 9y
+tan(a) [ VILV, + (1 +tan’a) | VI ®, =0

The idea, then, is to use (5.20) with the particular test function W = ¥, and to use (5.23)
with the particular test function W = ®,. We get that (using the fact that /A ¢, 14V, =

PN
/ v, 7y ®,) :
D

[ T, = —2tan(a)(1 + tan?(a)) H

DS

2

0P,
oY

— (14 tan*(a)) /A O,T, P, (5.24)

L2(3) S,

Since the trace of ¥, over fbr is the derivate of the function we want to study, and thanks
to the proposition A.5, the proof is complete. [ |

Proposition 5.4. When o — 0, the function ®, converges (at least in a L? sense) to the
function g : (X,Y) — X =Y, and we have K (o) ~ tan(c)

Proof. We start from the initial problem (5.20). Formally, if we let « tends to zero, we can
see that the limit problem obtained is : find ®g € H}(J) such that for all V € H}(J),

/ 900 _ [y (5.25)
iox 0% Js.
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The associated problem is :

2 ~
9 <~I>0 =0, in J,
0X?
9% s, (5.26)
0X
(I)o = 07 on io.

This problem has a unique solution, which is ® : (X' , }7) — X —Y. Then, we can see that
the trace of ®y over ¥ is equal to %

To prove that ®, converges to @y, we make the difference between the two variationnal
formulations (5.20) and (5.25), to get

(P, — @) OV (P, — o) 8V)
——————~— +tan —_— +t VI (P, — @ 5.27
(KR 28 ) AR SR 2 (o) [ VI =0 G20
o
= —tan?(a) Q@_V — tan(«) VT, 9
3 0Y 0Y St
We look for the problem (5. 27) with the “weighted” norm
2
||2 H + tan?(a) ‘8—[{ + tan(a) /A Ur,u (5.28)
L2(J) Y llr23) NS

Note that, for a given a €]0, 7/2[, the norm defined in (5.28) is equivalent to the classical H*
seminorm on J (which is equivalent here to classical norm thanks to the Poincaré inegality).
After taking W = ®, — ®q in (5.27), we can see that the left member is the square of the
weighted norm we introduced in (5.28), and the right one is bounded by (thanks to A.6) :

0P
(tan(a) — +/tan(a) [ <I>0T+<I>0> 1®0 — oIy 3 (5.29)
L2(3) S
(P, — P
We get then ||, <I>0HH tends to zero, when « tends to zero. That implies (7~0)
tends to zero. To conclude, we use the following lemma
Lemma 5.5. for allU € Hé(j),
ou
1Ul23,) <2 Ha_X ) (5.30)
L K(a)
That implies ||® — Pol| 25, tends to zero, and we get that —1 tends to zero, when
(+) tan(a)
« tends to zero, by using the Cauchy - Schwartz inegality. |
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Proof of the lemma 5.5 : we start from the square norm of the trace of U over fbr, and we
apply the mean-value inegality (remember that U vanishes on ¥) :

9 0 0 8
U </ / xy‘U:vy dzxdy 5.31
Lowes [ [ 2| e wel (5:31)

and we use the Cauchy - Schwartz on (5.31) to have

ou

U % Ul 3 (5.32)

(Z4) L2(3)

<2]

Then, another application of the mean-value inegality gives

fee < [ ([
< [T

We can see that the integral over z in (5.33) does not depend on z, so the intergral over x
can be bounded by 1. Then, using the Cauchy - Schwartz inegality, (5.33) becomes

zy}|Uzy|dz)da:dy

(z,y ‘|U z,Y |dz) dxdy (5.33)

ou

2
01 <222 Whee (534

L2(J)

Then, (5.32) combined with (5.34) gives (5.30), and the proof of the lemma is complete. W

Remark 5.6. We proved in the proposition 5.4 that the L2 norm of the derivate of
b, - .
u tends to zero, when « tends to zero. We can ask ourself for which s € R

the norm ||®, — tends to zero, when « tends to zero. One remark we can do is that

®, 0]
0%a _ %o -1 (5.35)
oY oY LQ(XA]y)
By using the trace theorem, one can say that for s > 3/2, the norm ||, — does
not tend to zero, when « tends to zero. In fact, one over has that
00, 09 PN
= =1 in H?(X 5.36
AT (Zy) (5.36)

This means that the H! norm of ®, — ®, does not tend to zero, when « ~tends to 0. In the
proof of the proposition 5.4, we can see that the derivate ®, — ®o over X tends to 0 in L?
norm , when « tends to 0. This means that the derivate over Y does not tend to 0 in L?
norm.

INRIA



inria-00335588, version 1 - 30 Oct 2008

Propagation of an acoustic wave in a junction of two thin slots 45

Proposition 5.7. When o — Z, the function ®, converges (at least in a L? sense) to the
function ®x : (X,Y) —0, and we have K (o) = o(tan(a))

Proof. The proof is very similar to the proof of the proposition 5.4. One starts from (5.20),
divided by tan?(a). Formally, if we let o tends to 5, we can see that the limit problem

obtained is : find ®n € H}(J) such that for all V € H§(J),

0D =
/ sV (5.37)
i 0X 0X

Here, it is clear that ®z =0 on 3 and the trace of ®z over fbr is equal to O.
To prove that @, converges to @z, when « tends to 7, we make the difference between the
two variationnal formulations (5. 20) /tan?(a) and (5. 37) to get

1 8 (I) - aV 8 (I)oz — Oz 8V
/ ( - (®a —®g) OV g—) (5.38)
tan®( 0X 8X oY oY

1
T ( Pr)e —
tan / VI :) tan? (o) /§+V

We look here for the problem (5.38) with the weighted norm

b
tan? (o)

After taking V = ®, — ®z in (5.38), we can see that the left member is the square
of the weighted norm defined in (5.39), and the right one can be bounded by 2||®, —
x|y, (3)/ tan(a) (by using again the lemma 5.5). Then one can see that the norm ||®,, —

OV, — V)

2
1
U uTU (5.39)

) ou |
||U|| ’ (’j) = N tan(
o L2(J3) @) P

oy

—= tends

_2

an(a)’ oY L2(J)
to zero, when « tends to 7, and, by using a result similar to the result of the lemma (5.5),
K(a)
an(«)

The results of the propositions 5.3, 5.4 and 5.7 can be illustrated by the figure 5.6

x ||H, @) is uniformly bounded by This proves then that

one can see that

tends to zero, when a tends to 7. |

5.2 Study of the reflexion and transmission for small ¢

For small values of ¢, the transmission and reflexion coefficients are given respectively by
(5.5) and (5.6). We neglect here the O((ew)?) term. The modulus of the coefficient R is
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0.9F J

0.8} 1

0.7 1

0.6 J

0.5} 1

0.4t 8

0.3f J

0.2} 1

Figure 5.6: Plot of K(«)/tan(«) with respect to a in degrees

given by |Re(«, w)| = ew|tan(a) — K(a)|. One can see that

0
4o (tan(a) ~ K (a)

Il
>
S
7 N

-t

2

B

L
VRS

—

|
o+
&
E|=
DS
N——
N——

= (1+tan®(a)) <1 _ K@ ) —tan(a)aﬁ < K (o) >

tan(a)
=0

thanks to the propositions 5.3 and 5.4. Moreover, since K(0) = 0, we can say that the
function a — tan(a) — K () is a positive increasing function, and |R. (o, w)| = ew(tan(a) —
K (a)). We can see that the reflexion coefficient is an increasing function of a.
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6 Numerical computations

6.1 Survey of the exact solution (time harmonic case)

There is two different manners to compute the solution : the first one is to compute the
solution of an isotropic equation on a mesh which depends on €, the second one (which will
be used) is to compute the solution of an anisotropic equation (with anisotropic coefficients
which depend on ¢) on a fixed mesh!. We took a = m/4, L = 4, L' = 5 for the geometric
parameters, and w = 27 for the wave pulsation. The solutions were computed using the
code MONTJOIE?

For ¢ = 0.1, we can see that the solution has a 2D behaviour on the elbow, and has a 1D
behaviour on the slots (see the figures 6.1 and 6.2). For ¢ = 0.001, the variations of the
functions in the elbow are so small that we cannot see them (see the figures 6.3 and 6.4).

Remark 6.1. We cannot take ¢ smaller than 107, because of the anisotropic coefficients :
when we have a # 7/4, we have numerical errors that give a numerical solution which does
not be the exact solution.

6.2 Survey of the exact solution (time domain case)

In this section, we go back to the time domain (¢ will denote the time) and the wave equation
on which it is easier to illustrate out results. The approximate 1D problem we consider is

0%us  0%uf

_Pw . o .
0z 92 O inRy x (J—L7,0[U]0,L*]),
u® 7 2~€
[0°] — e K(o) <88u8>:07 [%]—atana <8871;>:07 at s = 0.
(6.1)

For the source term, we consider initial conditions chosen in such a way that for initial values
of ¢ the solution corresponds to an incident wave in s < 0

ouf
ot

(s, t) = ug(s —t) ( —  @°(s,0) = up(s), (5,0) = —ug(s) )

where ug is a smooth “Gaussian like” function compactly supported in s < 0. For the exact
or reference solution, we consider the wave equation in the domain ¢ with L4 = 400 and
Neumann boundary conditions and with the “same initial conditions” (we mean here that
the initial data are independent of the transverse coordinate in the slot).

1This mesh, of course, depends on the value of «
2homepage : http://www-rocq.inria.fr/poems,/montjoie,/
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Figure 6.1: Plot of the real part of the so- Figure 6.2: Plot of the imaginary part of
lution with ¢ = 0.1 the solution with € = 0.1

Figure 6.3: Plot of the real part of the so- Figure 6.4: Plot of the imaginary part of
lution with € = 0.001 the solution with ¢ = 0.001
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We used the code MONTJOIE to compute the 2D exact solution. We plot on figures 6.5 to
6.7 the solution at a time ¢ large enough to see the effects of the junction. We take ¢ = \/10
(where A is the wave length of the Cauchy data).

Figures 6.5 to 6.7 : 2D Computations of the exact solution (¢ = 0.1)).

_ AN

Figure 6.5: a = 7 Figure 6.6: o = 51—’(; Figure 6.7: o = ‘%’T

On the figures 6.5 to 6.7, we plot the solution on the scaled set Q_uUJ,uU (AZ_, for differents
values of «, and we use the same range to see the effect of the junction on the reflection (the
green color corresponds to the value 0). We can see about the reflection wave that :

e The form is the derivate of the “Gaussian like” function

e Its amplitude increases with the value of «

6.3 Numerical results on the improved 1D model

For the 1D model (6.1), we saw in the section 5 that, for small values of ae/A, the reflec-
tion phenomen corresponds in first approximation to a derivation with respect to time of
the incident signal. To see this phenomena, we compute the function @° solution of (6.1)
with the initial data ug(s) = exp(—5(s + L/2)?), and we plot e~ 1a°(t,s) as function of
t, with s = —3L/4, for differents values of ¢, and we compared with the translation of
—(tan(a) — K(a)) v'(s)

We can see in figures 6.8 and 6.9 that our comments about the reflection phenomena are
numerically discernible.

6.4 Convergence between the approximated model and the exact
model

We wish to check numerically the error (1.20) (theorem 1.5). We take § = 0.2, a = 7, and
proceed as follow :

(i) We compute K () once for all with a FreeFem-++2 script.

Surl : http://www.freefem.org/ff++/
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Figures 6.8 and 6.9 : plot of e~1a°(¢, s) as function of ¢, with s = —2&

0.5
04l £=02 15p £=02
€=01 £=0.1
03f | — —€=001 1k | — —e=001
— — —&=0.001 — — —&=0.001
0.2 Derivate of the Cauchy data| Derivate of the Cauchy data|

0.1

-0.1
-0.5
-0.2
—03l -1F
-04
-15
-0.5 t - . . t t . . - . . . t .
55 6 6.5 7 75 8 8.5 9 5 5.5 6 6.5 7 75 8 85 9
: . _ T : . __ 37
Figure 6.8: a = 7 Figure 6.9: a = <

(ii) For differents values of ¢ € ]1073,107![, we compute u® solution of (1.3) and @* solution
of (1.16, 1.17), and we build u$"? by (1.18)

(iii) We compute Z |[as PP — ﬂftHHl@i)
+

10 T

10" F E

10 ¢ E

10k E

10°} E

-4

10 ¢ E

107 E

—6
10 10° 10

10

Figure 6.10: Z [a5er — aiHHl(ﬁi) as function of ¢ (logscale)
+
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We can see on figure 6.10 that the error Z [P — U% |l @y, ) behaves as CeP, with

+
0 ~ 3, as expected.
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A Some properties about the non-local DtN operator

A.1 Definition of the functionnal framework and the DtN operator

It is well known that a function in L?(] — 1,0[) can be decomposed in form of cosines and

sines. For our interesting case, we denote L2 (] — 1,0]) the following set

0
L2..(—1,0) = {U € L%(] — 1,0[) such as Vp € N*, /_1 U(y) sin(pry)dy = o} (A.1)

In the same way, we can define, for s > 0, the following set
0
H (] —1,0]) = {U € H°(] — 1,0[) such as Vp € N*, / U(y) sin(pry)dy = 0} (A.2)
-1

Note that, for s < s, H%, (] —1,0[) € H.(] — 1,0[). Let us now introduce the orthonormal
basis of L2 (] — 1,0[) given by

cos

wo(e) =1, wy(e) =v2cos(pre), p=1,2,3... (A.3)

With the basis (A.3), a natural norm on the space H? (] — 1,0[) is

Ccos

el g-1.0p = 21+ (@, wp)ol* (A4)

peN

where 0
(%%mzjﬁwmmwy (A5)

We can now define the following DtN operator :

Definition A.1. For any function ¢ in H? (] — 1,0[), we can define the function T'¢ as

Ccos

p = Tp=> pr(e,wp)ow, (A.6)
peN

Remark A.2. We cas easily see that, at least in a formally sense, T'¢ = 0 for ¢H?Z (] —1,0])
if and only if ¢ is constant.

A.2 Properties about the DtN operator

Here, we will express and prove some properties about the DtN operator T'.

Proposition A.3. For any s >0, T € L(HS,,(]—1,0]), H*'(] = 1,0[)). Moreover, for any
531, T € L0, (] - 1,00, B (| — 1,0);

cos cos

Proof. We treat differently the case s > 1 and s < 1.
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e The case s > 1: let p € (H (] — 1,0[) and let us show that

Hz,, (1-1,0) (A7)

1Tl “10p S 7 ||l

cos

We initially start from

s— 2
||T90| H:(-1,0) Z(l +p2) ' |(T§07w17)0|
peN

Z(l + pQ)S_l Z qm(p, wq)o(wq, wp)o

PEN qeN

Since (wp)pen is an orthonormal basis on L2 (] — 1,0[), we get that

s— 2
||T90||H§051] 1,0) = E m(1+p*)°"'p* (¢, wp)o]
peN

and to raise up p? by 1+ p? to get (A.7)

e The case s < 1 : let p € (H: (] —1,0[) and let us show that, that for all ¢ €
(Héoss (] -1, OD’

‘/¢ T P I (A8)
We initially from
0
‘/ ¢(y)T<p(y)dy‘ = Do prle,wp)o(w, wy)o
-1 peEN
< 7Y VI (e wp)ol (¥, wp)ol
peEN
< Y (VT4 (e wp)ol (VI + ) |(¥, wp)ol
peEN

We use then the Cauchy - Schwartz inegality and the definition of the H_; norms to
get (A.8).

Remark A.4. Of course, the interesting cases (that we exploit) are for s = 1 and s = 1.

1
Proposition A.5. For all ¢ € Hes(] — 1,0[), we have

0
lj@www>o (A.9)
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1
Proof. Let ¢ € HZs(] —1,0][) given. Thanks to the proposition A.3 with s = %, the quantity

0
/ ©(y)Te(y)dy is finite. Then we have

-1

0
/_1 PW)To(y)dy =Y p(@ wp)o(,wp)o =7 > plip, wy)o(, wp)o

peN peEN

and (A.9) is proved.

1
Proposition A.6. Let ¢ and ¢ in Hés(] — 1,0[), then

-1

0 2 0 0
‘ | e < [ wwrea [ S

Proof. One starts from

2

= |7 Zp(% wp)O(wv wP)O

peN

‘/_01 V(y)Te(y)dy

By using the Cauchy - Schwartz inegality, (A.12) becomes

2

<Y ple,wp)ol* Y p (8, wp)ol?

peN peN

‘/01 V(y)Te(y)dy

We use then (A.10) to conclude.

(A.10)

(A.11)

(A.12)

(A.13)
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B The stability result

For the initial problem (1.3), it is possible to introduce its variationnal formulation : find
u® € H! (Q%; C) such that for all v € H! (QF; C),

4V
€ \Ja
We introduced in (B.1) the factor e~ to have the right member independant of €, when

we take © = 1 Let then denote by a®(u®,v) the left member of (B.1). It is also natural to
introduce the space

Vuf VT — w2ufo) —
( - [

r

1
wu'v | = — fo (B.1)
5 £Jre

€
a

H. (Qa) = {u € H'(Q4) such as u(s,?) = u(s) in Q4 and w(X,Y) = u(0) in fa} (B.2)

Thanks to trace theorem, for a given « €] — Z, Z[, an equivalent norm for the H' norm for

functions un Hllim(ﬁa) is the H!(S+) norm. Let us write a® as the left member of (B.1).
One can see that, for any given ¢, the Hilbert spaces H! (Q¢;C) and H* (ﬁa; (C) (when Qa
is the scaled set, i.e. by taking ¢ = 1) are equivalent vectorial spaces. By using the Riesz
representation theorem, forall u € H* (ﬁa; C), there exists a unique A*u € H! ((AZQ; (C) such

that, for all v € H! (Qa;@),

CLE(’U,,U) = <A5u,’[}>H1(§a;C) (B?))
The stability result can be anounced as below :

Proposition B.1. There exists C > 0 independant of € such as || A%|| <C

-1
Hl(ﬁa;C)
Proof. By contradiction, if the proposition B.1 is not true, there exists a sequence v* such
that

HUEHHl(Qa;C) =1 and ||A€’U€HH1(§&;C) — 0 when € — 0 (B.4)
Even if we have to extract a subsequence by using some compacity, we can suppose that v
converges to a limit function v°, weakly in H* (Qa; (C) and strongly in L2 (ﬁa;(C). Then
by using the Reisz representation by taking u = v = v¢, we get that

2 2

ov* 1 H v 1 2
— = + = [Vo°|7 a7 .
H ds L2(§i;i€) e || v L2(§i;C) € - (JQ?C) (B.5)
2 2
— W2 ”UE”L?(Qi;C) + ew? H”EHL2(L;C) 4w A [v° | + (A%0®, U€>H1(§a;<c)
+

The right member of (B.5) is bounded by (w? + ew + w) [|v°||2, (Bai) T ||A5v5|\H1(§a,C) HUEHHl(ﬁa,C),

which can be uniformy bounded (in fact, we have the hypothesis (B.4) which gives that
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”AEUEHHl(ﬁa'C) is lesser than 1, for € small enough). Then the left member of (B.5) is also

uniformly bounded. The weak convergence of v¢ to v° gives immediately that

~ 2 . .
ov L2(04:C) L2(Ja:C)
and we even have .
lim — = lim ||Vv°® - =0 B.7
==0| 9 L?(945C) B IV lie 7.i0) (B-7)

We get then that v° € Hllim(ﬁa). Once we got this result, we use that the function v* weakly
converges to v¥ to get

<v€’w>H1(§a;C) — <U0’w>H1(§a;C) , YveH! (Qa;(C) (B.8)

and we choose w = A°'®, with ® € H!(Q,). By using the Riesz representation (B.3) and
the fact that (u,v)y: = (v, u)y, we get that

<A€’v6, <1>>H1(ﬁ o <A5/v0,¢>>Hl(ﬁ o TEE H (ﬁa;c) ande -0  (B.9)

One can also see that, for all function ® € H{, | (ﬁa), the operator <A5/v5, <I’>Hl(ﬁ 9 tends

to the operator <A0v5, ¢’>H1 ( ) as ¢’ tends to zero (this is natural to consider ® in a such

QQ;C
space, since v° belongs to this space). By using some diagonal extraction, and the fact that

~

||AEUE||H1(§Q_C) — 0, we get that a” (v, ®) = 0 for every test function ® € H}, (Qa) This

lim

gives immediately that vy = 0 (we can compute here the solution explicitely), then we have
tim |67 5,.c) = 0 (B.10)

To finish, we get the real part of (B.5), and we can use some trivial inegalities to get

2

2
<P+ Baaic) T 140 I @0y 1l ae) (B1)

o
0s

L2(§i;(C)
By using (B.10) and (B.4), we have that

ov®
Os

lim
e—0

~ 0 (B.12)
L2 (fli;([:)

Finally, by using (B.10), (B.12) and (B.7), we give that ||UE||H1(§a-(C) — 0, then it is in
contradiction with the fact that H’UEHHl(@a;C) =1. [
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C Convergence of the 1D approximate model

Here we will prove the theorem 4.1 In the sequel, we will denote H the space HY(S_) x
H'(S,), and we put the following norm

1

2 2 2 2
ullp,e = Nl sy + Nl s, + K (o) |[w]] (C.1)

Note that, for a given &, this norm is strictly equivalent to the classical norm H!(S.), and
moreover we have

ulli sy < Nully e (C.2)
The other inegality degenerates when ¢ tends to zero.

The problem (1.16, 1.17) into its variationnal form can be written as : find 4° € H such
that, for all v € H

/S <a;: % _ oﬂff@) + 6%@ (] [7] — e? tan(a) (@) (8) — wit (L4 )5(Ls) = fo(—L_) (C.3)

Let denote a®(ac,v) the left member of (C.3), and I(v) the right one. As for the theorem
3.10, we will prove by using two steps : a stability result (section C.1), and a consistency
result (section C.2).

C.1 The stability result for the 1D approximate model
The stability result can be express as the following

Proposition C.1. There exists a constant independant of € such that, for all u € 'H,
l[ullyg,c < la”(u, @)ly (C.4)

Proof. By contradition, if the proposition C.1 is false, we can find a sequence u® € H such
that
[ully.=1 and a°(u,e) —0 (C.5)

By using the compactness of H!(S4.) since we have (C.2), there exists a subsequence (that we
still denote by u¢) such that convergerges to u" weeakly in H'(S+) and strongly in L2(S4).
Next, using the fact that ||u®[|,, . = 1 allows us to write that

[l < VeK(a) (C.6)

Since the application [e] € L(H*(S+),C) and thanks to the weakly convergence, [uf] con-
verges weakly to [u°] in C, and using the inegality (C.6), we get that [u®] = 0. Then, by
taking test functions v that satisfies [v] = 0 for a°, and using the weakly convergence, we
get that

oul v _ _
5 (G5 —wa) (Lt =0 (©7)
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The problem (C.7) is well posed and admits a unique solution which is u® = 0. To conclude,
we have, by using again the definition of a°,

2

1 2 . 2 2 2 2
+ [[uf]]” = Re(a®(u®,uf)) + w [[u®|” + ew” tan(a) [(u®)| (C.8)
sy eK(@)

ous
Os

The right member of (C.8) tends to 0 as € tends to 0 thanks to the hypothesis (C.5) and
the strongly convergence of u to 0 for the L2 norm. Then the left members tends also to 0.
We finally get that [[u®||,, . — 0 as € — 0, which is in contradiction with (C.5). [

C.2 The consistency result for the 1D approximate model

Here the error can be get directly. One starts from (after computation)

k _

o k

a (Z (ew)™ @™, v) = % (@°,7) — (ew)* <a—1;> @] — wtan(a)(ew) ! (@) @) (C.9)
m=0

By using the fact that | (0) | < Ce'/2|[v]l;, ., and by using trace theorems, we can raise up

(C.9) by
k
ac <u -y (sw)mﬂm,v>

m=0

< Cre®2 ol . (C.10)

By using the stability result given by the proposition C.1 and the inegality (C.2), one gets

that
k

i = (ew)" ™

m=0

< Cpekt1/? (C.11)
HY(St)

The result of the theorem 4.1 is obtained simply by using a triangular inegality, and the fact
that @**' does not depend on «.
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