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ASYMPTOTICS FOR STEADY STATE VOLTAGE POTENTIALS
IN A BIDIMENSIONAL HIGHLY CONTRASTED MEDIUM
WITH THIN LAYER

CLAIR POIGNARD

ABSTRACT. We study the behavior of steady state voltage potentials in two
kinds of bidimensional media composed of material of complex permittivity
equal to 1 (respectively a) surrounded by a thin membrane of thickness h and
of complex permittivity « (respectively 1). We provide in both cases a rigorous
derivation of the asymptotic expansion of steady state voltage potentials at any
order as h tends to zero, when Neumann boundary condition is imposed on the
exterior boundary of the thin layer. Our complex parameter « is bounded but
may be very small compared to 1, hence our results describe the asymptotics of
steady state voltage potentials in all heterogeneous and highly heterogeneous
media with thin layer. The asymptotic terms of the potential in the membrane
are given explicitly in local coordinates in terms of the boundary data and of
the curvature of the domain, while these of the inner potential are the solutions
to the so-called dielectric formulation with appropriate boundary conditions.
The error estimates are given explicitly in terms of h and « with appropriate
Sobolev norm of the boundary data. We show that the two situations described
above lead to completely different asymptotic behaviors of the potentials.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

1.1. Motivations. The daily exposure to an electromagnetic environment raises
the question of the effects of electromagnetic fields on human health. The accurate
assessment of the currents induced by these fields and more generally of their effects
in the living tissues are major issues, both for their relevance in medical research
and for their implications on the definition of industrial standards. Compared to
materials usually studied in classical electromagnetic systems, the human body is
a highly heterogeneous medium made of a large number of materials with specific
properties. These materials, which are very highly heterogeneous, have non-usual
electromagnetic constants. This changes the way that Maxwell’s equations are dealt
with [19] and introduces numerical difficulties.

At the microscopic scale, electromagnetic modelizations of the biological cell
have been developed the last twenty years. The knowledge of the distribution of
electromagnetic fields in biological cells has become extremely important in bio-
electromagnetic investigations. In particular, the calculation of the transmembra-
nar potential (TMP), which is the difference of the electric potentials through the
membrane is of great interest in the modelization of the influency of electromag-
netic fields on living cells [19]. Actually, a sufficiently large amplitude of the TMP
leads to an increase of the cell membrane permeability [21], [23]. This phenome-
non, called electropermeabilization, holds great potential for application in many
fields of medicine. It has been already used in oncology and holds promises in gene
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2 CLAIR POIGNARD

therapy and also in carcinogenesis [24], justifying that precise assessments of the
TMP are crucial.

Experimental measurements of TMP on living cells are limited, due to the thin-
ness of the membrane (few nanometers). Moreover, the presence of electrodes
near the membrane may perturb significantly the TMP, providing non-accurate
experimental data. Therefore Fear, Stuchly [12] and Foster and Schwan [14] have
developed a simple electromagnetic model of the biological cell so as to perform nu-
merical calculations of the TMP. In their model, the cell is a highly heterogeneous
medium of relatively regular shape (there is no corner) composed by a homoge-
neous conducting cytoplasm of radius of few micrometers surrounded by a thin
very insulating membrane with constant thickness of few nanometers (see Fig 1).

om =1077 to 1077S/m
em = 10 € ‘
h=10"%1to 1072

2l ~ 2 pm

FIGURE 1. The electric model of the biological cell (see Fear et al.
[12], [14)).

Recall the respective values of the void permeability and permittivity:
1
po=471077SI, g =-—10""S.I.
367

This model is the authoritative work in bioelectromagnetic research area. Sev-
eral researchers have numerically computed the steady state potentials in this cell
model with simple geometry using finite elements methods. Sebastian, Munoz et
al. have shown in [18] and [22] the influency of the geometry on the electric field
distribution by computing steady state voltage potentials in few simple shapes of
cells (spherical, cubic and ellipsoidal cells). However the thinness of the membrane
and the high contrast between cytoplasm and membrane conductivities lead to nu-
merical difficulties, in terms of the meshing of the membrane and computer times
of calculations. Moreover the accuracy of the numerical results are not rigorously
justified.

To avoid these numerical difficulties and to perform computations in realistic
shapes of cell, Pucihar et al. [21] propose to replace the membrane by a condition
on the boundary of the cytoplasm, using electromagnetic and optic considerations
but they do not give any error estimate to prove the accuracy of their method.

For all these considerations, it seems of great interest to develop a rigorous as-
ymptotic analysis to replace the thin insulating membrane surrounding a conduct-
ing inner domain. We also choose to present approximated boundary conditions
equivalent to a very conducting thin layer, to obtain asymptotic results in all highly
heterogeneous domains.

We study in this paper the behavior of the steady state voltage potentials in
highly contrasted media composed by an inner domain surrounded by a thin layer.
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Two materials are considered. The first medium consists of a conducting inner
domain (say that its complex permittivity is equal to 1) surrounded by a thin
membrane; we denote by « the membrane complex permittivity. The parameter «
is bounded but it may tend to zero. This is the reason why we say that the thin
layer is an insulating membrane. This material corresponds to the cell modelization
of Fear and Stuchly. The second material consists of an insulating inner domain of
permittivity a surrounded by a conducting thin membrane (say that its complex
permittivity is equal to 1). In this case, we suppose that « tends to zero. These
two media describe all the possible media with thin layer.

We perform an asymptotic expansion of the potentials in terms of the membrane
thickness. The approached inner potential is then the finite sum of the solutions
to elementary problems in the inner domain with appropriate conditions on its
boundary, which approximate the effect of the thin layer. Our method leads to the
construction of so-called “approximated boundary conditions” at any order [11]. We
estimate precisely the error performed by this method in terms of an appropriate
power of the relative thinness and with a precise Sobolev norm of the boundary
data. This method is well-known for non highly contrasted media. It is formally
described in some particular cases in [1] and [16]. We also refer to Kr&henbiihl and
Muller [17] for electromagnetic considerations. Usually, when it is estimated (see
for example [11]), the norm of the error involves an imprecise norm of the boundary
data (a €°° norm while a weaker norm is enough) and mainly, the constant of the
estimate depends strongly on the dielectric parameters of the domain. It is not
obvious (it is even false in general!) that such results hold for highly contrasted
domains with thin layer.

The aim of this paper is to derive full rigorous asymptotic expansions of steady
state voltage potentials with respect to the thinness h for upper bounded a.

1.2. Problems studied. Let us write mathematically our problem. Let ; be a
smooth bounded bidimensional domain (see Fig. 2), composed of a smooth domain
O surrounded by a thin membrane O, with a small constant thickness h:

Qp =0UQOy.

Let o be a non null complex parameter with positive real part; « is bounded but
it may be very small. Without loss of generality, we suppose that |a| < 1. Denote
by ¢n and -, the following piecewise constant functions

1,ifz e O
Vo € Qp, =< '
* w an(@) {a, if z € Oy,

a, ifreO
Vx € Qp, ) =<' ’
h (@) {1, if 2 € O
We would like to understand the behavior for h tending to zero and uniformly
with respect to |a] < 1 of V}, and wj the respective solutions to the following
problems (1) and (2) with Neumann boundary condition; V}, satisfies

(1&) V- (thVh) =0in Qh,
oV
(1b) = ¢ on 0y,

(1c) / Vi do = 0;
200
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qn = a (resp.y, = 1)

qn = 1(resp.y, = )

FIGURE 2. Parameters of 2.

and uy, satisfies

(2a) V- (v Vup) =0 in Qp,
5}
(2b) % = ¢ on O,

(2¢) / updo = 0.
90

Since we impose a Neumann boundary conditions on 0€2; the boundary data ¢
must satisfy the compatibility condition:

odo = 0.
oy,

The above functions Vj, and uy, are well-defined and belong to H'(£2},) as soon as
¢ belongs to H~'/2(0Qy,).

Several authors have worked on similar problems (see for instance Beretta et
al. [5] and [6]). They compared the exact solution to the so-called background
solution defined by replacing the material of the membrane by the inner material.
The difference between these two solutions has then been given through an integral
involving the polarization tensor defined for instance in [2], [3], [5], [6], [7], plus some
remainder terms. The remainder terms are estimated in terms of the measure of
the inhomogeneity. In this paper, we do not use this approach, for several reasons.

The Beretta et al. estimate of the remainder terms depends linearly on a and
1/a: their results are no more valid in a highly contrasted domain (i.e. for a very
large or very small). Secondly, « is complex-valued, hence differential operators
involved in our case are not self-adjoint, so that the I'- convergence techniques of
Beretta et al. do not apply. Thirdly, the potential in the membrane is not given
explicitly in [5], [6] or [7], while we are definitely interested in this potential, in
order to obtain the transmembranar potential (see Fear and Stuchly [12]). Finally,
the asymptotics of Beretta et al. are valid on the boundary of the domain, while
we are interested in the potentials in the inner domain.

The heuristics of this work consist in performing a change of coordinates in the
membrane Oy, so as to parameterize it by local coordinates (7, §), which vary in a
domain independent on h; in particular, if we denote by L the length of dO (in the
following, without any restriction, we suppose that L is equal to 27)), the variables
(n,0) should vary in [0, 1] x R/LZ. This change of coordinates leads to an expression
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of the Laplacian in the membrane, which depends on k. Once the transmission con-
ditions of the new problem are derived, we perform a formal asymptotic expansion
of the solution to Problem (1) (respectively to Problem (2)) in terms of h. Then
we validate our expansions. In this paper we work with bidimensional domain and
we are confident that the same analysis could be performed in higher dimensions.

This paper is structured as follows. In Section 2, we make precise our geometric
conventions. We perform a change of variables in the membrane, and with the help
of some differential geometry results, we write Problem (1) and Problem (2) in the
language of differential forms. We refer the reader to Flanders [13] or Dubrovin
et al. [9] (or [8] for the french version) for courses on differential geometry. We
derive transmission and boundary conditions in the intrinsic language of differential
forms, and we express these relations in local coordinates.

In Section 4 we study Problem (1). In paragraph 4.1 we derive formally all the
terms of the asymptotic expansion of the solution to our problem in terms of h.
Paragraph 4.2 is devoted to a proof of the estimate of the error.

Problem (2) is considered in Section 5. We supposed that « tends to zero: a
boundary layer phenomenon appears. To obtain our error estimates, we link the
parameters h and a. We introduce a complex parameter § such that

Re(B) > 0,0r (Re(8) =0, and I(8) #0),

ee(3). o fyeo(l)

We distinguish two different cases, depending on the convergence of |a| to zero:
a = Bhe, for ¢ € N* and a = o(h") for all N € N.

For ¢ = 1 we obtain mixed boundary conditions for the asymptotic terms of the
inner potential, and as soon as ¢ > 1, appropriate Dirichlet boundary conditions
are obtained. We end this section by error estimates.

In conclusion we present few numerical simulations using a finite element method,
which have been presented in the Conference NUMELEC2006 [20]. Using the sci-
entific software GetDP [10], we illustrate the asymptotics at the orders 0 and 1 for a
non-highly heterogenous cell. In collaboration with P.Dular from Liege University
and R.Perrussel from Ampere Laboratory of Lyon, we are working on the implemen-
tation in GetDP of higher order asymptotics in all possible highly heterogeneous
domains. Appendix gives some useful differential geometry formulae.

and

Remark 1. The use of the formalism of differential forms ¢ (qnd) could seem futile
for the study of the operator V - (qn V). In particular the expression of Laplace
operator in local coordinates is well known. However we wanted to present this
point of view to show how simple it is to write a Laplacian in curved coordinates
once the metric is known.

Moreover once this formalism is understood for the functions (or 0-forms), it
is easy to study 6 (qnd) applied to 1-forms. This leads directly to the study of the
operator rot (g rot) , whose expression in local coordinates is less usual.

1.3. Main results. We choose to present our two main theorems in this introduc-
tion so that the reader interested in our results without their proves might find
them easily.

For sake of simplicity, we suppose that 0O is smooth, however this assumption
may be weakened, see Remark 3. We denote by ® the €°°— diffeormorphism, which
maps a neighborhood of cylinder C = [0,1] x R/27Z unto a neighborhood of the
thin layer. The diffeomorphism ®y, = ®(0, -) maps the torus unto the boundary 0O
of the inner domain while ®; = ®(1-) is the ¥°°—diffeomorphism from the torus
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unto 99,. We denote by « the curvature of 9O written in local coordinates, and
let hg be such that
1

ho < .
SUPgeRr /277 |K(0)]

1.3.1. Asymptotic for an insulating thin layer. The first theorem gives the asymp-
totic expansion of the solution V}, of (1), for h tending to zero, for bounded a.

Theorem 1. Let h belong to (0, hy). The complex parameter o satisfies
3) laf <1,
(4) R(a) >0 or {afe(a) = 0 and 3(a) # o}.

Let N € N and ¢ belong to HN*3/2(0Q,). Denote by f and f the following func-
tions:

Vo e R/2xZ, f(0) = poD1(0),
Vr € 00, f(z)=do® 0d;" ().
Define the sequence of potentials (V,¢, Vkm)szo as follows. We impose
Y(n,0) e C, 0,Vy" =0,
and we use the convention

Vie=0, if 1 < —1,
Vm =0, ifl < —1.

For 0 < k < N we define for all 0 < s <1 the function 0,V;"(s,-) on R/27Z :
1
(9nd7_7_1($, ) :517k+1f +/ {K: {3778727Vkm + anvkm}
+ 32 KPOIVI ) + 2RO, Vi + OV,
+ 773538727anl2 + 772113377V£Q + 77/43892‘/]6"112 - 77/4//89‘/]:12 }d?’],

and the functions V¢ and V" are then defined by

Ach = 0,

Vil oo = a0y Vit 0@y,
/ chdU = O7

00

dse 0.0, V()= [ O dn v o
0
Let Ry and Ry be the functions defined by:

RS = Vi — S ViERF, in O,
R =Vio® -0 Vhk in C.

Then, there exists a constant Co n > 0 depending only on the domain O and on
N such that

(5a) IR% |10y < Conlfllnaroo)lalh™ /2,

(5b) RN 12 (o) < Co N lfll gss20)h™ 2.
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Moreover, if ¢ belongs to HN5/2(08y,), then we have

(6a) | Ry 1 0) < OO,N||fHHN+5/2(a(9)|04|hN+1,

(6b) IR m2 (o) < Co N |fll ga-+s/200)hN 2.

In this theorem, we approach the potential in the inner domain at the order
N by solving N elementary problems with appropriate boundary condition. From
these results, we may build an approximated boundary condition on dO at any
order, in order to solve only one problem. However, this kind of conditions lead to
numerical unstabilities, this is the reason why we think that the method to obtain
the potential step by step is more useful.

Since it is classical to write approximated boundary conditions we make precise
these conditions at the orders 0 and 1. Denote by 8 the curvature of O in Euclidean

coordinates and by V) and V| the approximated potentials with approximated

boundary condition at the order 0 and 1 respectively. We have:
0 _ .

(7) AV, =0, in O,
0 _

(8) OV = of,

and
1 o .

(9) AV,,, =0, in O,

(10) O Vay — @hO} V), = a(1 + hR)L,

where J; denotes the tangential derivative on 0O. The boundary condition (10)
imposed to 8nVa1pp is well-known for non highly contrasted media. It might be
found in [17]. With our theorem, we prove that it remains valid for a very insu-
lating membrane, and we give precise norm estimates. Moreover we give complete
asymptotic expansion of the potential in both domains (the inner domain and the
thin layer).

We perform numerical simulations in a circle of radius 1 surrounded by a thin
layer of thickness h. Fig 3 illustrates the asymptotic estimates at the orders 0 and
1 of Theorem 1 for an insulating thin layer. However, Fig 4 shows that as soon
as the thin layer becomes very conducting, for example as soon as a = i/h, these
asymptotics are no more valid: we have to use the asymptotics of Theorem 2.

1.3.2. Asymptotics for an insulating inner domain. Let 8 be a complex parameter
satisfying:
Re(B) > 0,0r (Re(B8) =0, and (8) #0).

The modulus of 8 may tend to infinity, or to zero but it must satisfy:

1 1 1
|ﬁ|:o<ﬁ>, and mzo(ﬁ>.
Theorem 2. Let h belong to (0,hy). Let ¢ € N* and N € N. We suppose that «
satisfies:
(11) a = Bhi.
Let ¢ belong to HN+3/2194(9Q,) and denote by f and f the following functions:
Vo e R/2xZ, f(0) = poD1(0),
Ve € 00, f(z)=do® 0d;" ().
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o
10
-5 %
10 ¥
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10 o
b
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10 4 -4 2
10 10 10 10
O First Order 4 Zeroth Order

FIGURE 3. H! norm of the error at the orders 0 and 1 for o = 3.

Define the function (uy?,uy")N__, by induction as follows, with the convention

ulc’q = 07 Zfl S _27
uw"t=0, ifl < -2.

e Ifg=1
Aui} =0, in O,
_ 82uc,1‘ + anuc,l — f,
R Pe f Ontiy 20
/ uiidao =0.
00
V(n,0) e C, u™'=u"1|oo0Po.
Moreover,

Opugt =0, duit = (1 —n)dF" + f.

For 0 < k < N, denote by ¢}, the following function:

1
O = /0 (Ii (37]8,27u21+11 + 8,7u;”+11) + nrdFuY — T]Iilagu;n_’ll) dn.
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10

A3

10

10

10

a T T T T TTT T T I T TTTT] T T I T T 1T
10 = 4 - -1
10 10 10 10

O First Order —+ Zeroth Order

FIGURE 4. H' norm of the error at the orders 0 and 1 for a = i/h.
and define uZ’l by
Aui’l =0, in O,
1
- Fu| owu| = ol —/ — 1RO u Ny | 0 By,
L R L I 0(77 )05 0yuy”dn | 0 g

c,1
/ Up da@ =0.
00

In the membrane u;n’l is defined by
S
uZL’l = / Opuptdn + ug?o @,
0

and BnuZ:'li fori=1,2 is determined by:

S
m,l __ 2 m,l m,1
Oy, = /1 (‘“ (377877%“71 + anukﬂel)

2, m,l 2. m,l / m,1
— Oguy ;o —NEOgu 3+ MK 89“k+1‘3> dn.
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e If ¢ > 2. The function ui"? is defined by

/uTiqu =0,
T

2, m,
— Oyuit = f.

The potential u®] is solution to the following problem:

{ Au®! =0, in O,

N I N B
Ui |y =u_j 0Py

Moreover,
Oyug™? =0, Oui"? = (1 —n)dGu’{" + .
For 0 < k < N, denote by ¢} the following function:

1
= / (Ii (317('“),2711:11 + 0, ukH) + nrdguyd — nfi’(’“)guzl;ql) dn.
0

uy" =1 is entirely determined by the equality:

1
— Huk |77 1—63nuk+1 q0¢0+¢k / n@ganu;”#dn,
0
hence

S
mq(s,@):/ Opuy "t dn 4w p=1.
1

The potential u;?

{ Aup? =0, in O,

c,q _ ,,Mq -1
(% |ao—“k 0d; .

The functions ((’“)nu?fi)izl , satisfies equation (12), in which THEE

placed by u™1
Let 1y and riy? be the functions defined by:

cq _ N capk

ryl =up = u'h”, in O,

m,q __ N m,qpk
TN —UhO‘I’_Ek:quk h, in C.

satisfies the following boundary value problem:

s re-

Then, there exists a constant Co n > 0 depending only on the domain O and on

N such that

[ h
HT ||H1(O <Co N||fHHN+3/2+q((90) max< m7\/ﬁ> hNJr1/27

Iy ey < Co N |fll ga-+a/290)hN T2

If ¢ belongs to HN15/2+4(9Qy,), we have

I3l 1.0y < Co NI Fl s rzvaemyhN T

Suppose that ¢ = 1 and let us give now the approximated boundary conditions
at the order —1 and 0. The approximated boundary condition at the order —1 is

given by:
—0fuly gy + BOUL 4y = GO PLODGT,
while those at the order 0 is:
hBtR 1 + hR

—(1 = hR/2)07Uf qpp + —— 04U app + BORUY app = ——— 0 P10 By
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Thus it is very different from the approximated boundary condition (8) imposed
to prp in the case of an insulating membrane. This is a feature of the conducting
thin layer. Observe on Fig 5 that the numerical computations in a circle confirm

our theoretical results.

$ $ $ $ @ Jh P P ¥ % oA o £
—1 T

—a-
10

—A4 O
10 o ©

_57
10

- T T T T T T TTT T T T T T T TTT T T
10 —3 -3 -2
10 10 10
O First Order < Zeroth Order

FIGURE 5. H' Norm of the error at the order —1 and 0 for an
insulating inner domain : o = h.

Remark 3 (Regularity of the domain). Our asymptotic method is “derivative con-
suming” in the sense that the definition of the asymptotic coefficient at the order
n € N involves derivatives of the previous asymptotic coefficients. Hence, for sake
of simplicity we suppose that 0O is smooth. This assumption may be weakened to
¢P'— regularity for p > 1, which depends on the order of the approzimate bound-
ary condition. For example, in Theorem 1, if N > 1, a €NtV regularity for
00 is enough to define the first two terms (chvvkm)kzo,---N7 while in Theorem 2,
a €NT31— regularity is enough. However with these regularities, the proofs of the
error estimates are more technical and less optimal than in our theorems (the esti-
mates in the inner domain are of order O(hN11/?) instead of O(hN*!)).

Thanks to our previous results by comparing the parameters |«| and h of a
heterogeneous medium with thin layer, we know a priori, which asymptotic formula
(Theorem 1 or Theorem 2) has to be computed. We emphasize that our method

10

-
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might be easily implemented by iterative process as soon as the geometry of the
domain is precisely known.

In the following, we show how the asymptotics are built, and then we prove our
theorems. Let us now make precise the geometric conventions.

2. GEOMETRY

The boundary of the domain O is assumed to be smooth. The orientation of the
boundary 0O is the trigonometric orientation. To simplify, we suppose that the
length of OO is equal to 2w. We denote by T the flat torus:

T = R/2nZ.

Since 0O is smooth, we can parameterize it by a function ¥ of class € from T to
R? satisfying:

VOEeT, |V (0)=1.

Since the boundary 9, of the cell is parallel to the boundary 0O of the inner
domain the following identities hold:

00 = {¥(0),0 € T},
and
o0, = {¥(0) + hn(6),0 € T}.

Here n(0) is the unitary exterior normal at () to d0O. Therefore the membrane
Oy, is parameterized by:

Oh = {(I)(nae)a (777 9) 6]07 1[XT}5
where
®(n,0) = ¥(0) + hnn(0).

Denote by « the curvature of 9O. Let hg belong to (0,1) such that:

1
(13) hy < ——.
[[£:ll oo
Thus for all & in [0, ko), there exists an open intervall I containing (0, 1) such that
is a smooth diffeomorphism from I x R/27Z to its image, which is a neighborhood
of the membrane. The metric in Oy, is:

(14) h2dn? + (1 + hnr)2d6>.

Thus, we use two systems of coordinates, depending on the domains O and Op: in
the interior domain O, we use Euclidean coordinates (x,y) and in the membrane
Oy, we use local (n,0) coordinates with metric (14).

We translate into the language of differential forms Problem (1) and Problem
(2). We refer the reader to Dubrovin, Fomenko and Novikov [9] or Flanders [13] for
the definition of the exterior derivative denoted by d, the exterior product denoted
by ext, the interior derivative denoted by § and the interior product denoted by
int. In Appendix we give the formulae describing these operators in the case of a
general 2D metric. Our aim, while rewriting our problems (1) and (2) is to take
into account nicely the change of coordinates in the thin membrane.

Let V be the 0-form on £ such that, in the Euclidean coordinates (z,y), V is
equal to V', and let F' be the 0-form, which is equal to ¢ on 9Q;. We denote by N
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the 1-form corresponding to the inward unit normal on the boundary €, (see for
instance Gilkey et al. [15] p.33):

N = N,dz + N,dy,

= N,dn.
N* is the inward unit normal 1-form. Problem (1) takes now the intrinsic form:
(15a) 0 (qrndV) =0, in Qp,
(15b) int(N*)dV = F, on 0Qp,.

According to Green’s formula (Lemma 1.5.1 of [15]), we obtain the following trans-
mission conditions for V along 00:

(15¢) int(N*)dV|so = Oéint(N*)dV|80h\8Qh,
ext(N*)V]po = ext(N*)V|50,\00, -

Similarly, denoting by U the 0-form equal to u in Euclidean coordinates we rewrite
Problem (2) as follows:

(16a) d (ypdU) = 0, in Qp,

(16b) int(N*)dU = F, on 0Qp;

the following transmission conditions hold on 00:

(16 ) aint(N*)dUbo = int(N*)dUboh’\th,
C * *
eXt(N )U|a() = ext(N )U|60h\89h'
3. STATEMENT OF THE PROBLEM

In this section, we write Problem (15) and Problem (16) in local coordinates,
with the help of differential forms. It is convenient to write:

VOET, & (0)=(0,0),d (0)=d(L,0),

and to denote by C' the cylinder:

C=1[0,1] xT.
We denote by R, f and f the following functions:
(17) V(z,y) € 00, RK(z,y) = koP; " (z,y),
(18) VOET, f(6)=o®i(0),
(19) Vo € 00, f=fod;'(x).

Using the expressions of the differential operators d and §, which are respectively
the exterior and the interior derivatives (see Appendix), applied to the metric (14),
the Laplacian in the membrane is given in the local coordinates (7, 8) by:

v (n,0) € C,

B 1 1+ hnk 1 1

Moreover, for a 0-form z defined in Oy, we have:

. . 1
int(N*)dz| 5 = Eﬁnz|n:0,

. . 1
int(N")dz|,q, = E&]zh:l.
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Denote by
Ve=V,in O,
V™ =Vo®,in C,
and by

u® =wu, in O,

u" =uo®d,in C.

We infer that Problem (15) may be rewritten as follows:

(21a) AV¢=0,in O,
1 m 1 m
c _ g m
(21c) OnVE 0Dy = 20,V ‘n:o’
(21d) Veodo= V™|, _,,
(21e) V™), _y = hJ.

/ Vdo =0.
00

Similarly the couple (u®, u™) satisfies

(22a) Au® =0, in O,

1 m 1 m | _

1
(22¢) adpuo @y = E&]um ,
n=0
(22d) u“o®o=u"|,_,
(22e) Ou™,—y =N,

/ udo = 0.
20

Remark 4. In the following, the parameter « is such that:
R(a) >0 or {§R(a) =0and (o) # O}.

Since a represents a complex permittivity it may be written (see Balanis [4]) as
follows:

a=¢—io/w,

with €, o, and w positive. Thus this hypothesis is always satisfied for dielectric
materials.

Notation 5. We provide C with the metric (14). The L*-~ norm of a 0- form u
in C, denoted by |[ullaor2 (), is equal to:

1/2

1 27
|u|A0L§<c>—</ / h<1+hm>|u<n,e>|2dndo) ,
0 0

= llullz2(04)
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and the L* norm of its exterior derivative du, denoted by ||dul[s12 is equal to

! 2771—'—/?,7']/4, 2 h 2 1/2
il = ([ [ 0t o) + 1 ol O anas)

= || gradul|z2(0,)-

To simplify our notations, for a 0— form u defined on C, we define by ”u”Hé(C)
the following quantity

lullro) = llullacrz, o) + l[dullarzz, ),

when the above integrals are well-defined. Observe that for a function u € HY(O},),
we have:

[ullmr1(0y) = [luo @1 (c)-

Remark 6 (Poincaré inequality in the thin layer). Let z belong to H} (C), such
that

2w
(23) / 2(0,6)do = 0.
0
Then, there exists an h— independant constant Co such that
(24) Izllacz ey < Co lldzllzi L2 (o) -

We prove (24) using Fourier analysis. According to the definition (13) of ho there
exists two constants Co and co depending on the domain O such that the following
inequalities hold:

1 2m
@50 lelfoszoy < Coh [ [ 1m0 doan,
o Jo
1 pom 2
Onz(n, 0
(25b) ||dZH?uL§(D) 2 co </ / W + |02 d9dn> :
0o Jo
For k € Z, we denote by Z the k'~ Fourier coefficient (with respect to §) of z:
e :
Zp = o /. 2(0) e~ %9 d6.

Since (892) = ikZ, we infer:
k

1 1, 9
Wk # 0, / Zk (] dn < / (32) ] an.
0 0
According to gauge condition (23), we have:
20(0) = 0,

thus, using the equality

= [ (32), s

we infer

/01 Zo(n)]* dn < /01 ‘(577\2)0 (77)‘2 dn.
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Therefore,
%Z;/O 12,0 dngé{/o \(@)k(n)fdm/o ‘(5"\2>k<’7)‘2}'

We end the proof of (24) by using Parseval inequality and inequalities (25).
4. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING MEMBRANE

We derive asymptotic expansions with respect to h of the potentials (V¢, V™)
solution to Problem (21). The membrane is insulating since the modulus of « is
supposed to be smaller than 1. However, our results are still valid if |«| is bounded
by a constant C greater than 1. We emphasize that the following results are valid
for « tending to zero.

4.1. Formal asymptotic expansion. We write the following ansatz:
(26a) Ve=Vi+hVE+ R Vs +- -,
(26b) VT =V AV RV
We multiply (21b) by h?(1 + hnk)? and we order the powers of h to obtain:
V(n,0) € [0,1] x T,
@7 RV™ + he 3n0; V™" + 0,V™} 4+ h* {(3n°k*2V™ + 2”0, V™ 4+ 05V}
+ PP RPEV™ + 2P0 V™ + GV — k' 9V} =0

We are now ready to derive formally the terms of the asymptotic expansions of V¢
and V™ by identifying the terms of the same power in h.

Recall that for (m,n) in N2, §,, ,, is Kronecker symbol equal to 1 if m = n and
to 0 if m # n. By identifying the powers of h, we infer that for [ € N, V,¢ and V™
satisfy the following equations:

(28a) AV =0, in O,
for all (n,0) € C,
O™ =~ {n {BndViy + 0,V }
(28b) + 32 R22V™ + 20K20, V™ + 0 Vi
+ 773“33727‘/7113 + 2R20, Vs + ROV — k' 09V },
with transmission conditions

(28c) OV 0P =a 0, V14|
(28d) Veody = V)|

n=0"
n=0"
with boundary condition

(286) 677‘/2m|77:1 :6l,lfu

and with gauge condition

(28f) / Vifdo =0.
00
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In equations (28), we have implicitly imposed
{szo, i< -1,

2
(29) V=0, if 1 < —1.

The next lemma ensures that for each non null integer N, the functions Vy and
V3 are entirely determined if the boundary condition ¢ is enough regular.

Notation 7. For s € R, we denote by € ([0,1]; H*(T)) the space of functions
u defined for (n,0) € [0,1] x T, such that for almost all 6 € T, u(-,0) belongs to
%> ([0,1]), and such that for all n € [0,1], u(n,-) belongs to H*(T).

Lemma 8. We suppose that 0O is smooth.
For N € N and p > 0 we suppose that ¢ belongs to HNtP=1/2(9Qy,) and let
la| < 1.

Then the functions V§",--- V' and Vi,--- , V5 are uniquely determined and
they belong to the respective functional spaces:
Vk=0,---,N,
(30a) Ve ¢ ([0, 1); HN+P*’€+1/2(T)) ,
(30b) Ve e NP O),
Moreover, there exists a constant Cn 0, such that:
Vk=0,---,N,
(31a) nzl[g))l] V™ (n, ')||HN+p—k+1/2(qr) < Onoplltllavir-1/2(50)
(31b) ||ch||HN+p7k+l((’)) < |0‘|ON,(’),p||f||HN+P*1/2(6(9)-

Remark 9. To simplify, we suppose that |a] < 1, but the same result may be
obtained if there exists Co > 1 such that |a| < Cy. In this case, the constant Cn,o,p
would also depends on Cj.

Proof. Since 9O is smooth and since ¢ belongs to HN*P=1/2(9Q);,), for N > 0 and
p > 0, then the functions f and f defined by (18) and by (19) belong respectively to
HN+P=1/2(T) and to HN*P=1/2(90). We prove this lemma by recursive process.

e N =0. Let p > 0 and let ¢ belong to H?~1/2(9Q,).

Thus f and f belong respectively to H?~'/2(T) and HP~/?(90). Using (28b) and
(28e¢), we infer:

2V =0
(32) no
877‘/0 |77:1 = Oa
hence, 0,V§"™ = 0. According to (28b) and to (28e), we straight infer
oLVi" = f.

Therefore by (28a) and (28¢) the function V{ satisfies the following Laplace prob-
lem:

33a AVE =0,
0
(33b) Voo = of,

with gauge condition

(33¢) / Vdo = 0.
00
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According to (28d), we infer
(34) Vot = Vi 0y,
hence Vi and Vj" are entirely determined and they belong to the following spaces:

Vi e 6 ([0, 1];Hp+1/2(1r)) :
Vy € HPTHO).
Observe also that there exists a constant Cp , such that
sup Vi (0, ) goss z(ry < Coplifl o200y,

n€l0,1]

||Voc||Hp+1(o) < |O‘|C(97;D||f||HP*1/2(8(9)'

e Induction.

Let N > 0. Suppose that for all p > 0, for all ¢ € HNTP=1/2(9Qy,) and for
M = 0,---,N the functions V}; and V}} are known. Suppose that they belong
respectively to HVN+tP=M+1(0) and to V7 € € ([0, 1]; HNTP=M+1/2(T)) and that
estimates (31) hold.

Let ¢ belong to HN+tPT1/2(9Qy,). Therefore, for M = 0,--- , N, the functions
Vi and Vi# are known, they belong respectively to HYP=M+2((0) and to V;} €
%> ([0,1]; HN+P=M+3/2(T)) and the following estimates hold:

VM =0,--,N,

Sl[lp |‘V](4n(777')”HN+P*M+3/2('ﬂ‘) < CN,O,pr||HN+p+1/2(ao)a
nel0,1

|‘VJ\C4HHN+P*M+2((’)) < |alCn,0pllfl v +r12(00)-

We are going to build Vg, , and V3, ;. From (28b) and (28e), we infer, for all
(n,0) € C,
RV, =— {n {3003V + 9, Vi)
+ 3P RPVNL L + 220, V' + 95V
+ 0 EPOIVE o + P EP OV + nrOFVAy — nm'(?gV]’\}LQ},
a»,]VJ”vn_;’_l ‘77:1 = 0.

Recall that we use convention (29). Since we have supposed that V} is known for
M < N and belongs to € ([0, 1]; HN*1+P=M=1/2(T)), we infer that:

V(s,0) € C,
(35)

1
A, Vi 1 (s, ) :/ {n {3778,27‘/£l + 877V£1}
+ 3P KPOLVR 4 20RO, VP + RV

+ 0P RPEVE o + P RPNV o + nEOGV g — nn’agV](,”Q}dn,
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is entirely determined and belongs to %> ([0,1]; HP*'/2(T)). Moreover, since
Oy Vi1 is known, we infer exactly by the same way that 0,Vy",, is also deter-
mined. Actually, it is equal to

V(s,0) € C,
1
I Vi'a(s, ) :/S {’i {377812;V£1+1 + 6,,V£1+1}
+ 3P KPOLV + 200,V + OV
PRV POV mRORVR L~ e OV

and it belongs to ¢ ([0, 1]; H?*1/%(T)). According to (28¢c), the function V¢, is
then uniquely determined by

(36a) AV, =0,
(36b) Vi1l po = O Vi 0 By,

with gauge condition
(36¢) / Vyy1do = 0.
20

Moreover, it belongs to HPT1(QO). Transmission condition (28d) implies the fol-
lowing expression of V', ;:

Vs € (0,1), Vi i(s,-) = / OVt (m, ) dn 4+ V5 0o,
0

where 0,V is given by (35) and belongs to > ([0, 1]; H**1/2(T)). We infer
also that there exists Cy 11,0, > 0 such that

21[16131] Hvﬁl—i-l(m ')HHp+1/2(vﬂ-) < CN+170,p||f||HN+P+1/2(8(9)7
nelo,

HVJ\c/-i-lHHp+1(o) < |a|Cnt1,0, f||HN+P+1/2(6(9)7

hence the lemma. g
Observe that the functions (V,¢, V™) are these given in Theorem 1.

4.2. Error Estimates of Theorem 1. Let us prove now the estimates of Theo-
rem 1. Let N € N and ¢ belong to HN*+3/2(9,). The function f is defined by
(19). Let RS and RY be the functions defined by:

RS = Vi — S0 VERF, in O,
R =Vyo® — S0 V/"h*, in C.

We have to prove that there exists a constant Co ny > 0 depending only on the
domain O and on N such that

(37a) IR% |10y < Con lIfll sz ooy lal BN T2,
(37b) RN 10y < Co NIl grx+3/200) AN T2,
Moreover, if ¢ belongs to HN5/2(98;,), then we have

(38a) RN (0) < Conlfllan+s2o0)lalh™

(38b) IR m2 (o) < Co N |fll ga+s/200)hN 2.
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Proof of Theorem 1. Since ¢ belongs to HV+3/2(9Q,), according to the previous

lemma, the couples of functions (R%, R¥) and (Rﬁv L1 BY +1) are well defined and

belong to H'(O) x H; (C). The Sobolev space Hy (C) is defined in Notation 5.
Denote by gn the following function defined on C"

gN =k (3773727V1<7n +0,V) + 3772’12312,‘/&”—1 + 29R%0, VR + OV,
+ 0 EPOIV o + P EP OV o + KOGV g — 1K 06V,

+h <3n2n28,27V1(,” + 2020, VI + 05V
+ 773,%38,27‘%1_1 + 772,%38771/](,”_1 + nnagVJ(,”_l — 77/489‘%11)

+ h? (773/138,271/]([” +02K20, Vi + nrdg Vi — nn’agvjff”)

According to the previous lemma and since ¢ belongs to HN+1/2(9Q;,), the above
function gy belongs to € ([0,1]; H~'/*(T)) and the function 9,V belongs to
% ([0,1]; H*/*(T)). Moreover, there exists a constant Cy,o such that

(40) {Supne[o,l] lgn (M ir-1720) < Onoll Fllanr/2mys

SUPyelo,1] 10, VA" (n, ')HHs/z(T) < ON,OHfHHN+1/2(1r)-
The functions R§ and R} satisfy the following problem:
ARY =0, in O,

1+ hnk h —hN
Op | ——— 0, Ry Op | ———RY | = ————
77( h n N>+ 9(1_’_}”7"{/9 N> (1+h17/<a)gN’

with transmission conditions:
@
OnRsy 00 = = (0 R, + BN 0,VA o )
R?V O‘I)() = Rﬁ|n:0 )
with boundary condition

anR?\Hn:l = 07

and with gauge condition

/ Ry do =0.
o0

By multiplying the above equality by Ry and by integration by parts, we infer
that:

AR |3 120y + @ HdRWHing(c) = —ah® /CgN(nae)R_ﬁ(ﬂae) dndé
(41) —i—ahN“/Ta,,Vﬁ|n:0 Ry, o 49
—ahNH! /Tm Vi l,— R_mnzl de.

By hypothesis (4), and using by Cauchy-Schwarz inequality and estimates (40), we
infer that there exists a constant Co, y > 0 such that

R(@) [dRF A1 22 () < 1ol Conh™ 2 fll nvsrsam | RE |y o),
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and
|S(a)| HdRWHing(c) < |04|CO,NhN_1/2||f||HN+1/2(1r)||Rﬁ||H;(C),
hence

||dRJ7G||?\1L§(C) < CO;NhN_1/2||f||HN+1/2('J1‘)”R}G”Hé(C)'

Since [} RY,—odf = 0, by Poincaré inequality (24), there exists a strictly positive
constant Cp, which does not depend on h such that

||R7]G||AOL§(C) < CO ||dR7]<]I||A1L23(C) y

hence
1B || 10y < Co Nl fllgv/amhN 2,
and therefore we deduce directly from the above estimate and from (41),

RN 1 0) < Co NI fll ga-+i/2emyal hN 712,

The above estimate holds for ¢ € HN71/2(99;,). Since ¢ belongs to HV+3/2(98);,),

we obtain the same result by replacing N by N + 1:
(42) 18R 1l 111 () < Conall fllzsaraemh™ 72,
1R+t 1l i1 0y S Convail fllanesremlalhN 172,

According to the previous lemma, the functions Vi, and V3, are well-defined
and there exists a constant Cy o such that:

A

IV 1llz o) < |elCnollfll gr+s/200),

m Cn,0
HVN+1||H;(C) < T}'L||f||HN+3/2(60)-
Writing
N =Ryt VJ\CI+1hN+1=
and

N =R+ VA AN
we infer that
IR 0y < Conll £l rnaseem ol VT2,
and

1Bl 1oy < Co N1 fll gvssaemhN 2.

If ¢ belongs to HN15/2(9Q);,), we write

N = Riyso + VA hV T+ VG LRV,
and

N = RBY o+ VR AT+ VR,

to obtain estimates (38), hence Theorem 1. O

Remark 10 (Counter-example :the perfectly insulating inner domain). Consider
Problem (2):
div (yn gradu) = 0 in Qp,
ou

I = ¢ on IO,

/ udo = 0.
20
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If the inner domain is perfectly insulating (i.e. if yn vanishes in O), the steady
state potential in the membrane satisfies:

ﬁ&] ((1 + hnn)&]u )"‘ 89 <m39u ) = 07 m C,

with the following boundary conditions:
Ou™,—o =0, Ogu™|, _, =hf,

and with gauge condition

2
/ um|n:0d6‘ =0.
0

By identifying the terms of the same power of h we would obtain: ui* =0, and u®
would satisfy:

2. m __ .
Opui =0, in C,

8nu;”|n:0 =0, anuinln:1 =f,

27
/ u71"|n:0d9 = O,
0

which is a non-sense as soon as f # 0. Our ansatz (26) fails. Actually, the
asymptotic expansion of u™ begins at the order —1: a boundary layer phenomenon
appears. This is described in the next section.

5. ASYMPTOTIC EXPANSION OF THE STEADY STATE POTENTIAL FOR AN
INSULATING INNER DOMAIN

Consider now the case of an insulating inner domain surrounded by a thin con-
ducting layer. Similarly to the previous section, we derive the asymptotics of the
potentials with respect to h. As we see later on, the asymptotics begin at the order
—1 instead of 0 in the previous section.

Let solution up, to Problem (2):

V- (thuh) =0in Qh,

% = ¢ on 0Qy,
on
/ updo =0,
o0

where 7, equals

wem e -{} e
We suppose
(43a) || tends to zero,
(43b) R(a) >0 or {%(a) =0 and (o) # O}.

Thus the inner domain is insulating. Let 8 be a complex parameter satisfying:
Re(f) > 0,0r (Re(8) =0, and (B) #0).

The modulus of 8 may tend to infinity, or to zero but it must satisfy:

pi=o(3). aa F=o(7).
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We suppose that u may be written as follows:

1
uhzﬁu,l—l—uo—l—hul—l—nm

We denote by u° and u™ o ®~! the respective restrictions of u; to O and to Op.
One of the two following cases holds.

Hypothesis 11 (« = §h9). There exists ¢ > 1 such that:
(44) a = Bhi.

Hypothesis 12 (a = o(hY), VN € N). The complex parameter o satisfies (43)
and for all N € N,

(45) VN €N, |af =o(hY).

First we suppose that Hypothesis 11 holds: we will discuss on Hypothesis 12 later
on. We denote by (u®9,u™?) the solution to Problem 2 under the Hypothesis 11.
According to (22), by ordering and identifying the terms of the same power of h,
for k € NU —1, for ¢ € N*, u>? and uj"? satisfy:

(46a) Aup? =0, in O,
for all (n,0) € C,
(’ﬁu;”’q =_ {m {Bn(?%uﬁ’lq + Oy
(46b) + 30 R205u 4 20k 0y u + O™y
+n3 n363,u73§ + 772f<538,7u7i’g + nli(’“)guﬁ’g — nm’agu;n’g},

(46¢) u; o Py = u)"

(46d) aﬁu;n)q“:l :5l,1f7

(46¢e) / uy"%do =0.
00

n=0"

Transmission condition (22c) coupled with Hypothesis 11 implies:

(46f) ﬁanuffl_q 0dg = aﬁur.’q|n:0’

In equations (46), we have implicitly imposed

{ufﬂ —0, if [ < -2,

47
(47) W™t =0, if | < —2.

Let us now derive the formal asymptotics of © when Hypothesis 11 holds.

5.1. Formal asymptotics.
o N=-1.
The functions u"™;? satisfies
8,27u7fiq =0,in C,
Oui =0 = 0,  Ipul;=1 =0,
hence u™;? depends only on the variable . Observe that we have, for almost all
0 € T the following equality:
u31(6) = uZf o o(0).
e N=0.
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The function uy"? satisfies:
8,27u70n’q =0,in C,
Omug =0 =0,  Iug"ly=1 =0,
hence, d,uy"? vanishes identically in C.
e N=1.
The functions u]"? satisfy:
3,271/171"‘1 = —0ju™,in C,
Onuyn=o = BOnu]_j0 Lo,  Opuy™fp—1 = f.
Therefore for ¢ = 1 we obtain the following equality:
—02u™ + BO U 0D =

hence the following boundary condition imposed to ufi on 00:

- gui}‘ +ﬁanui}‘ ~f.
00 00

Therefore, the function ui} is solution to the following problem:
Au®} =0, in O,
(15) = Ot 8 O] =1
/ uiidao =0.
o0
(49) V(n,0) € C, u™' =u"}]s00Po.

Since R(3) > 0, a straight application of Lax-Milgram theorem ensures that u®* is
uniquely determined and belongs to H*(O) as soon as the boundary data belongs
to H=3/2(00).

If ¢ > 2, the function u]"? satisfies:

(50) —Opu™! = f.

Since [, u”;?df = 0, equality (50) defines uniquely u”"{?. We infer that u®{ is
solution to the following problem:

{Auil =0, in O,

51
(51) ¢ zuTiqofbal.

- “f”ao

Hence we have determined u";? and u®{ for ¢ € N*. Observe that ui} is solution
to Laplace equation with mixed boundary condition, and for ¢ > 2 the potential
u®? is the solution to Laplace equation with Dirichlet boundary condition, while for
an insulating membrane, we obtained Neumann conditions for the approximated
steady state potentials.

Let us now determined uy’? and uyy? for ¢ € N* by recurrence.
e Induction.
Suppose that for N > 0, the functions uy?,, uy? |, Oyuiy? and dyuy Y, are built,
: m,q o fing-
The function uy, satisfies:
2, Mg _ 2, m.q m,q 2, m,q 2, m,q 1o Mg
{ OQupN g = —K (377677UN+1 + 67ZUN+1) — Oguy? — nrOyuy? + k' Oguy?y,in C,

m,q — cq m.q -
Onunaln=0 = BOnuyy ;0 Po,  Opuyylp=1 =0.
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Denote by ¢% the following function:

1
% = /O (m (3776,271/]:};31 + (’%u%fl) + nm?gu%fl — nfi’(?gu’fiq> dn.

Since 8727u7]$f1 and O,uyy’}; are supposed to be known, the function ¢ is entirely

determined. Observe that if ¢ = 1, 8nu%i2|n:0 is unknown since 8,u%" is not yet
determined, while as soon as ¢ > 2, 9,u};|y=0 is known.

Using transmission condition (46¢) , we infer the following equality satisfied by
uﬁ’l inn=0:

1
OB oo+ B 0o =0k — [0 D0 an
0

hence the boundary condition imposed to uﬁ\}l on 00:

B 0,ust

1
- Bu| =\ ¢ —/ — 1)930uydn | 005
00 0UN |5 <¢N . (n = 1)050nuydn | 0 g

Thus the function u;’,l is solution to the following problem:

Au$t =0, in O,
1
(52) - 92u§\}1‘80 + 4 ('“)nu;}l o~ (¢}V _/O (n— 1)5§5nu%’1dn> 04’617

c,1
/ Uy dao =0.
00

In the membrane u’Nn’l is defined by
S
(53) wl = / 8,0y + uSd 0 .
0
If ¢ > 2, u)y?];=1 is entirely determined by the equality:
1
SO =0 000+ 64— [ (0 D3O
hence
S
uy(s,0) = / Opuytdn + uly | p=1.
1
The potential u3? satisfies the following boundary value problem:

{ Auy' =0, in O,

54
(54) U g = un o ®g .

Observe that for ¢ > 1, dyuyy?/, is then entirely determined by:
S
Oty = [ (= (o, + 05t
— 8311%"] — nﬁagu%fl + 77/1’(9911,%111) dn.

Therefore, we have proved that for all N > —1, for ¢ € N*, the functions uy? and
u)y? are uniquely determined.
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Remark 13 (Regularity). Observe that these functions are the potentials given in
Theorem 2. We leave the reader verify by induction that the following regularities
hold. Let g € N*, N > —1 and p > 1. Let ¢ belong to HN1P=3/2(9Q);,).

u®l € HNTP(©),

it e 6 ([0, 1) V2N R(T) )

Wk =0, , N,
(55&) uz-,q c H1+N+p—2[k/2](o)7
(55b) upt € 6 ([0, 1); BN 2D/ )

Moreover, there exists a constant Cn 0., independant on h and (3 such that:

(56a) sup H“Tiq(nv ')HH1/2+N+p('ﬂ~) < CN,O,prHHNﬂ*/?(aO)a
n€[0,1]
(56b) "uil}’H1+N+p(o) < CN,O,p”fHHNMfs/z(a(’))v
Vk=0,--,N,
(56¢) Sl[tpl] ||U2n’q(77a ')||H1/2+N+p—2[<k+1>/m (T) < CN1(97;D||f||HN+P*3/2(8O)7
nelo,
(56d) ||“;’q||H1+N+pf[k/2](o) < CN,O,prHHNw*S/?(aO)-

5.2. Error estimates of Theorem 2. Let us now prove Theorem 2. Let ¢ € N*
and N € N. The complex parameter « satisfies (43) with Hypothesis 11. Let ¢
belong to HN+3/2+4(9Q;,). Let ri? and 737 be the functions defined by:

Cq N Capk

TN _u_gk:—lj\;‘k h” in O,
mq _ mapk
ryt=uo® =% ju. R in C.

We have to prove that there exists a constant Co y > 0 depending only on the
domain O and on N such that

¢ [ h
(57&) ||T]\}q||H1(O) < CO,N||f||HN+3/2+q(6(9) max ( m, \/ﬁ> hN+1/2,

(57b) Ir% ey < Conlfllgn+arz@oyh™ 172,

If ¢ belongs to HN+5/214(9Qy,), we have

||7°§:\}q||H1(o) < CO,N||f||HN+5/2+q(1r)hN+1~

Proof. The proof of Theorem 2 is similar to the proof of Theorem 1. Since ¢
belongs to HN~1/2(98,), according to the previous lemma, the couples of functions
(ry®,ry?) and (ry?y, i) are well defined and belong to H*(O) x Hy (C).
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Denote by gy the following function defined on C:"

gn =k (3n0;uly ! + Oyuy?) + 30’ K2O;uN Y + RO + OFul Y
+ 17 KOty + 0ROty + nrOju Ty — 1k dpuy
+h <3772/£28§u§3’q + 277/128,7u%"q + 892u%"q

(58)

+ 0RO 0RO+ ROGuy Yt nn’aeu%"ﬁ)

+h? (nglig(?f]u%’q + nznganu%"q + nnagu%’q — nn/(?gu%’q>

According to the previous lemma and since ¢ belongs to HN~1/2(9Q;,), the above
function gy belongs to € ([0,1]; H~'/%(T)) and the function 9, V"¢ belongs to
%> ([0,1]; H*/*(T)). Moreover, there exists a constant Cy,o such that

(59) sup,eio,1] 198 (1 Ml g-172(my) < Cnollfllav-1r2(m)s
SUPye(o,1] [[Onun® (n, ')”Hs/z(qr) < ON,(’)”f”HN*l/?(T)-
The functions ry? and r}"? satisfy the following problem:
Ary? =0, in O,
1+ hnk h —hN
By (=19, ) 4 0 ) =
" ( ho TN ) o (1+hnn oTN ) (1 + hr) ™

with transmission conditions:

1
B 10,15 0 B = 3 (7Rl + RN (D57 0 Do + hyuly 0 @0) )

c.q _ M
ry 0o®o =1y =0

with boundary condition
a"7Tx7q|n:1 = O’

and with gauge condition

/ ’I“]C\}q do = 0.
o0

By multiplying the above equality by 7y and by integration by parts, we infer that:
(60)

c,q 12 m,q| 2 ~ “m,q
5hl+q ||dTNq||A1L2(o) + ||d7"N q”Ang(c) =—n" /CQN(Wv G)TN q(777 0) dn do

+ BRI / (Oyusyt 0@ + hoyus 0 ®o) 77| do.
T

’7]:0

The end of the proof is similar to Theorem 1. Using the positivity of R(3) and
Poincaré-Wirtinger inequality (24), we straight infer estimate (57b) of ri?. To
obtain the estimates of 7, we write:

q

c,q _ ,.¢q c,q pN+k

TN —rN+q+ZuN+kh .
k=1



28 CLAIR POIGNARD

5.3. The case a = o(h"Y), VN € N. Now, we suppose that Hypothesis 12 holds.
In this case, we prove that ¢ and u" may be approximated by U¢ and U™, which
are solution to:

(61a) AU™ =0, in Oy,
(61Db) anUm|ao =0, 6nUm|th = ¢,
(61c) / U™do = 0.
20
and
(62a) AU =0, in O,
(62b) Uc|ao = Um|ao-

Actually, we have the following lemma:

Lemma 14. Let ¢ belong to H='/2(0,). Let (u®,u™) be the solution to Prob-
lem (2), and U™ and U° be defined respectively by (61) and (62). Then, we have:

(63) flu™ — Um”Hl((’)h) < Colal |¢|H*1/2(652h) )

(64) [u® = Ul g1 (o) < CO\/E'QS'H*U?(BQ;L) :

Proof. Denote by w® and w™ the following functions:
wé=u"-U° w"=u"-U",

and let ¢ belong to H~/2(98,). We have:

(65a) Aw® =0, in O,
(65Db) Aw™ =0, in Op,
(65c¢) a Opw|y0 = Onw™ g0 — a0 OnUC| 50
(65d) oo = W™ yo ;
(65¢€) Iw™|5q, =0,
(65f) / w"do = 0.
00

Thus we infer:

66) « / |Vw?) dvolp + /
@] O

It is well-known that :

V™ |* dvolp, = oz/a(9 On U g0 w™do.

h

HUmHHl(oh) < Co |¢|H*1/2(89h) )
and
U 10,y < Co lU™ 00| 11/2(50) -

Since « satisfies (43) we infer,

[w™ | 71 (0,) < Colallglg-1/2(00,) »
and thereby

”wCHHl(O) < CoV|e| |¢|H*1/2(8§2h) :
(I

It remains to derive asymptotics of U™ and then these of U¢. They are similar
to asymptotics of u"? for ¢ > 2: we just have to replace 3 by zero. We think the
reader may easily derive these asymptotics from our previous results.
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CONCLUSION

In this paper, we have studied the steady state potentials in a highly contrasted
domain with thin layer when Neumann boundary condition is imposed on the ex-
terior boundary. We derived rigorous asymptotics with respect to the thickness of
the potentials in each domain and we gave error estimate in terms of appropriate
Sobolev norm of the boundary data, electromagnetic parameters of our domain and
a constant depending only on the geometry of the domain. It has to be mentionned
that for an insulating inner domain (or equivalently a conducting membrane), the
asymptotic expansions start at the order -1 and mixed or Dirichlet boundary con-
ditions has to be imposed on the asymptotic terms of the inner domain.

To illustrate these asymptotics, numerical simulations using FEM are forthcomig
work with Patrick Dular from Université de Liege and Ronan Perrussel from Ampere
laboratory of Lyon. The main difficulty in illustrating the convergences of our
asymptotics consists of the geometrical approximation of the domain: high-order
geometric elements seem to be necessary.

Few results have been shown at the conference NUMELEC [20] for a non-highly
heterogenous cell. We perform calculus with GetDP [10] in elongated cell. In Fig. 6
we present the steady state potentials when the thin layer is slightly insulating.

;M ™
&

-0.0591 \Y 0.103

FIGURE 6. Steady state potentials in an elongated cell with insu-
lating membrane.

Asymptotics at the order 0 and 1 of Theorem 1 give the approximated potential in
O without meshing the membrane. In Fig. 7 we illustrate the respective convergence
orders of the errors in a semi-logarithm graphic.

Observe for instance that if A = 5.1072 the error made by our method is around
10% at the order 0 and 1% at the order 1.

APPENDIX

Let x denote the Hodge star operator, which maps 0— forms to 2— forms, 1—
forms to 1- forms and 2- forms to 0— forms (see Flanders [13]). We give explicit
formulae for the operators d, §, ext and int. These formulae are straightforward
consequences of the definition of the operators x, d and § = x~'dx. We refer the
reader to Dubrovin, Fomenko and Novikov [9].

We consider the metric given by the following matrix G

(67) G- (91 912
g12 922/’
We denote by |G| the determinant of G. The inverse of G is denoted by G~!
G~ = ("),
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FI1GURE 7. Error made by the asymptotics at the order 0 and 1 of Theorem 1.

and we suppose that the signature of G is equal to 1. Thereby, the operator x is
equal to Id on the space of 0-forms and 2-forms and it is equal to —Id on 1-forms.

5.4. Star operator in R2.

5.4.1. On 0-forms and on 2-forms. Let T be a 0-form and let S be the 2-form
vdy'dy?. Then xT is the 2-form pdy'dy? and xS is the O-form f. The following
identities hold:

n=+IG|T,
1
f=—v.
VIG|
5.4.2. On 1-forms. Let T be the 1-form T dy' 4+ 75 dy?. Then T is the 1-form
w1 dyt + s dy?, and we have the following formulae:

= —VI|G| (¢"T1 + g°°T3)
p2 =Gl (¢"' Ty + " T2) .

5.5. The action of d acting on 0-forms in R2. Let y be a 0 form, then du has
the following expression:
ou
dy' + == dy?
vt gz

on

dp = By

5.6. The action of § acting on 1-forms on R2. Let p be the 1-form p;dy! +
p2dy?, and define du = a. The 0-form « is equal to:

o= _\/%{8%1 (\/@ (9" +912N2))
+ 8%2 (\/@ (9% + g22u2)) }
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The exterior product of a 1-form with a 0-form. Let N be the 1-form

Nidy! + Nady? and f be a 0-form. The exterior product of ext(N)f is:

5.8.

ext(N)f = fN1dy' + fNody?.

The interior product of a 1-form with a 1-form. Let N and p be the

1-forms Nydy!+ Naody?, and pqdy* + pedy?. Then O-form int(N)u has the following
expression:

(1]

2]

[3]

(4

[5]

(7

(8]

[9]

(10]

(11]
(12]
(13]
(14]

(15]

[16]

(17]

(18]

int(N)p = N1 (pag™ + p29"?) + No (119" + p2g™) -
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