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Abstract : In this paper, we continue the study of the Raman amplification
in plasmas that we have initiated in [5] and [6]. We point out that the Raman
instability gives rise to three components. The first one is colinear to the incident
laser pulse and counter propagates. In 2-D, the two other ones make a non-zero
angle with the initial pulse and propagates forward. Furthermore they are
symmetric with respect to the direction of propagation of the incident pulse.
We construct a nonlinear system taking into account all these components and
perform some 2-D numerical simulations.
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1 Introduction

The interaction of powerfull laser pulse with a plasma gives rise to several com-
plex multiscale phenomena. It is of great interest since it occurs in the labo-
ratory simulations of nuclear fusion (NIF, Laser Mega Joule). One of the key
mechanism is the Raman instability that can be coupled with Landau damping
(see [1]). In [5] and [6], we have initiated a quite systematical mathematical
study of the Raman amplification process in plasma by justifying nonlinear
models in 1-D and 2-D. These models relies on the propagation of three kind of
waves : the initial laser pulse (Kj,wy), the Raman component (Kr,wg) and the
electronic plasma wave (K1, wpe + w1) where K and w stands respectively for
the wave vector and the frequency and wp. is the electronic plasma frequency.
In order to be efficient, the interaction has to be a three waves mixing that is
the data must satisfy the following relationships :
e The dispersion relation for electromagnetic waves

wg :wge+c2|K0|2, (11)

w? :u)ﬁe—l—c2|KR|27 (1.2)
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where c is the velocity of light in the vacuum.
e The dispersion relation for electronic plasma waves

(wpe + wy)? = wze + vfh|K0\2, (1.3)

where vy, denotes the thermal velocity of the electrons, see below (section 2.1)
for its value.
e The three waves resonance conditions

Wy = Wpe +wWr + wr, (1.4)
Ko=Kp+ K. (1.5)

Even in 2-D, one can find solutions of this system such that K;, Kr and Ky
are colinear. This corresponds to the solution used in [5], [6]. The aim of this
paper is to provide a more general study in order to understand the influence
of the geometry. We solve (1.1) — (1.5) numerically and show that there exists
infinitely many solutions in the plane. We compute the amplification rates asso-
ciated to these solutions and show that the backward solution has a maximum
amplification rate when it is colinear to the initial pulse, while the most two
amplified forward directions make a non-zero angle with the laser pulse and are
symmetric with respect to the direction of propagation of the incident pulse.
(see Section 2 and Section 3).

In Section 4, we introduce a nonlinear model taking into account both direc-
tion of propagations. First, denote by Ag the incident laser field, Ky and wq the
associated wave vector and frequency, Ar, the backscattered Raman compo-
nent K, and wg, the associated wave vector and frequency, Ag,, the forward
Raman component Kr, and wg, the associated wave vector and frequency, and
finally Agg the second forward Raman component, Kr; and wg; the associated
wave vector and frequency. We assume that K is colinear to the z—axis and
then Kp, and KRg are symmetric with respect to the x — axis. < n. > is the
low-frequency variation of the density of ions. Furthermore, we put

_ kO _ le _ kRZ _ kRs
Ky = ( 0 > ’ KR1 - < £R1 ) KR2 - ng ) KR§ - ER; )
11 =Ki1- X —wiat, O10=Ki2- X —wiot, 0125 = Ky 25 - X —wy 2t

The system reads in a nondimensional form

i+ ilggaw)Ao + (C;EA - fﬁaﬁ)/xo - ‘2"58 <ne>Ay  (L6)
-V- E(ARle_wl*1 % + oz(ARZe_’HL2 + AR;e_wLQS ) %),
- 2;21;1 <ne>Ag, — V- E*Agein IIk(IZI’ (1.7)



. %k 279 Ak 2
z(@t + K, - V)AR2 + (c KA - S50 (Kp, V) )AR2
WR,Wo 2wp,wo Ro
wQ . kr
=——<n.>4A aV - E* Age'®2 2 1.8
 2WowR, fa 0 |KR,| (18)
2k 4k2
i(8t+ ¢ %o KR;'V)AR§+ ( ZkOA—i(KRS V)2>AR;
WR,Wo 2wpr,wo Wk,
w2 kr
= <ne > Ags —aV - E* Ayetfr > z_ 1.9
 2WowR, f | KR, | 9
’LatE—f— ’UthkO AE— <'I’L5>E+V(A0A}} 1011 le
WpeWo 2&) 1 |K31|
, . kn
a(AgAs €012 4 Ag A% etfr2® 72), 1.10
(oA, oAk ) (i ] (1.10)

dme wow w w.

(97— 2A) < e >= TR BB (1B 4 S0 42 4 220 4 2
i pe wo WRy

wpe

Ry (‘AR2‘2 + |ARS

)). (1.11)

The constants ¢, cs, m. and m; are respectively the velocity of light in vacuum,
the acoustic velocity, the electron’s and ion’s mass. The methods of [5] applies
and one gets the following theorem .

Theorem 1.1. Let s > g—i—S, (a0, ar,,ar,,ars,e) € (H3+2(Rd))5d, ng €
H**tY(RY) and ny € H*(RY). There exists T > 0 and a unique mazimal solution
(Ao, ARy, ARy, ARy, E, < ne >) to (1.6) — (1.11) such that

5d
(Ao, Ag,, AR,, AR, E) € (C’([O,T[; Hs+2)) 7

<ne > € C(0, T H*) nC'([0,T[; H*),
with initial value
(Ao, AR,, ARy, Arg, E)(0) = (ao, ar,,ar,,ar,e)
< ne > (0) =ng, 0 <ne>(0) =ng.

In Section 5, we perform some numerical simulations in order to illustrate
the phenomena and to emphazise the new directions of propagation.



2 Obtaining a 3-D Raman amplification system

2.1 The Euler-Maxwell system

As noticed in the introduction, the main drawback of the model developped in
[5] is the fact that the Raman component and the laser incident field are colinear
in the sense that the wave vectors are proportional (in opposite direction). The
aim of this section is to get rid of this hypothesis. We will only sketch the
computations that are very closed to the ones done in [5]. We start from the
bifluid Euler-Maxwell system. The Euler equations are

T. 1
(ng + ne) (Opve + ve - V) = _Je Vne — e(no + ne) (E+ —v. x B), (2.1)
me Me C
sz i 1
(TLO + nl) (at’l)i + v; - Vvl) = _2 Vn; + M(E —+ —v; X B), (22)
mg m; c
One + V- ((no + ne)ve) = 0, (2.3)
omn; +V - ((’I’Lo + nz)vz) =0. (24)

The Maxwell system is written in terms of the electric-magnetic fields for the
study of the electronic-plasma waves (Langmuir waves)

8B +cV x E =0, (2.5)
OE —cV x B = 47re((n0 + e )ve — Z(no + ni)vi), (2.6)

while the formulation with magnetic potential, electric potential and electric
field in the Lorentz jauge is used for the study of the electromagnetic waves
(light)

o) =V - A, (2.7)
OtA+ cE = cVip, (2.8)
OFE —cVXxVxA= 47T6((TL0 + Ne)Ve — Z(no + ni)vi),

where Z is the atomic number of the ions. We first perform a linear analysis
of system (2.1) — (2.9) and compute the dispersion relations as well as the
polarizations conditions. Then using the time enveloppe approximation, we
derive a quasilinear system describing the interaction.

2.2 Dispersion relations and polarization conditions.

Since the mass of the ions is much larger than that of the electrons (a ratio
of at least 10?), the velocity of the ions is smaller than that of the electrons.
Therefore we can neglect the contribution of the ions in the current in (2.6) or
(2.9). We then linearize System (2.1) — (2.9) around the steady state solution 0



and one gets

’YeTe €Nng

noOive = — Vne — E, (2.10)
Me Me

8{/16 + ’Ilov Ve = 0, (211)

OB +cV x E =0, (2.12)

O:FE — ¢V X B = 4mengv,, (2.13)

Note that the accoustic part concerning the ions is decoupled from the high fre-
quency part concerning the electrons and will be considered below. We look for
plane wave solutions to (2.10) — (2.11) under the form e*(-X—«t) (ve, Ne, B, R).
Two kind of waves can propagate :

i) Longitudinal waves for which K is parallel to E (electronic-plasma wave).
They satisfy the dispersion relation

w? =W, +vh | K[, (2.14)
with
9 4re?ng Yele
U}pe = y Ugp = .
Me Me

ii) Transverse waves for which K is orthogonal to F (electromagnetic waves).
They obey the dispersion relation

w? =wl, + F|K[* (2.15)

Since for our applications, v, < ¢, the shape of the graph of (2.14) or (2.15)
are very different. Indeed, (2.14) is very flat near the origin compare to (2.15)
(see Figure 1).

o=t ——
Vth=110  +

omega

IKI

Figure 1: Plot of the first part of the dispersion relations (2.14) (dashed line)
and (2.15) (solid line) with w?, = 1, ¢* = 1 and v}, = 0.01. The plot corresponds
to w as a function of |K]|.



Therefore, even if a precise couple (Ko, wp) is imposed for the incident laser
field, we have to consider only the frequency wy. for the electronic plasma wave
with a continuous range K of wave vectors. Therefore, the complete solution
reads

B B . [ B
. J _
El_| By e~ Wwret 4 Z E]; UK X—wit) o (2.16)
Ve Ve|| j=1 Vel
n e

where || corresponds to the longitudinal part and L coresponds to the tranverse
part. Furthermore, for all 1 <j <n
w?— :w§e+c2\Kj|2. (2.17)
As usual (BHvEvaeane) and (Bi,Ei,vgl) satisfy some polarization condi-
tions that are obtained like in [5] by pluging plane waves in (2.10) — (2.13).
1Wpe

1
EH, BH:O, ne:frﬂeV~EH.

Ve|| = —1
ell dreng

For the transverse part, one writes B; = V x A and using the Maxwell system
in the Lorentz jauge we get

—iw; A+ cE) =0, (2.18)
—iw; B+ cKj x Kj x A = dmngue (2.19)
—iwjl | = —niEi. (2.20)

Using (2.19) and (2.20), one obtains

2
4me“ng

—Z.WjEi +CKJ' X Kj X Aj = —1 [y Ei
eWj
It follows that Eﬂ_ is orthogonal to K; and therefore so do Aﬂ_ and vg - Ina

2-D geometry, this leads to look for Ei, Ajl and vg | under the form
o L
B A v ) = (2.21)
( €L €L L) | Kjl

where (E7, A’ ,v’ ) denote now scalar functions. The polarization relations on
these scalar fields read

. e . . .wj .
'U';J_ = mieCAﬂ_, Ei = ’L?Ai— (222)



2.3 The weakly nonlinear theory.

We restrict ourself to the 2D case. Since we are interested in the Raman insta-
bility, we take n = 2 in (2.16) write

B 0 By
Bl o B [ et 4 | Po | gitox—won
Ve Ue|| Veo
n Ne 0
Br
n Er | ji(Kn-X—wnt) fee, (2.23)
VeR
0

where 0 stands for the incident laser field and R for the Raman component.
The equations satisfied by each of the electromagnetic fields (BO, Ey, er) and
(BR,ER7’UER) are, using the vector potential A (A=Aq or AR)

D2A + 2V x V x A= —4rec(ng + ne)ve.
The polarization condition (2.21) leads to
0PA — *AA = —4dmec Py ((no + ne)ve),
where P . is the orthogonal projector onto K. Now we write
A= Ae/FX—w) 4 e,
(with K = Ky or K, w = wp or wg) and get
2A = (92A — 2iwd A — W A)e?,
VA= (VA+iKA)e”,
AA= (AA+2iK - VA - K?A)e',
where § = K - X — wt. At the first order
—2iwd A — 2ic*K - VA = 0.
Therefore .
27 _ ¢ 27
0fA = E(KV) A.
This is the method used to derive the BBM equation in the water wave theory
(see [2] or [4]). We obtain (omitting the tildes)
4
— 2iwd A — 2°K - VA — PAA+ (K- V) A+ (K> — w?)A
w

= —dmec Py ((ng +ne)ve)e™ . (2.24)



We now consider a three waves mixing. In a 2-D framework we consider three
waves vectors (Ko, Kr, K 1) and three frequencies (wg,wr,w) satisfying

)

Ko=Kr+ K;
Wo = Wpe + WR + w1

KO:(IS()),KR:(f;),Kl:(Zl). (2.25)

Without loss of generality we assume that the incident laser field propagates
along the x—axis. In the right-hand-side of (2.24), the nonlinear term gives

using (2.22)
noé€
(nO + ne)ve = NoVe + Nele = mO CA + NeVe.

Equation (2.24) then reads

4
— 2iwd A — 2°K - VA — PAA+ (K- V) A+ (K> — w?)A
w
= —wpeA —4mec Pt (neve)e_w,
and we get

2 1 4 2 .
i+ Sk V)at (a5 (K- 9)) A= T P (neve)e

(2.26)

At this step, we have to compute the right-hand-side of (2.26)
Nele = ( < Ne > —|—neHeﬂ“’Pct + c.c.) (UeHe*“"Pct +vepe’? =0 4y petfn £ 4 c.c.),
0

where < n, > denotes the low frequency part of the variation of density of ions.
We have to use the interaction condition (2.25).

e Equation on Ag. We keep only the resonant terms in the right-hand-side
of (2.26), that is

1

2mec K Ki _i,
o PKL<<ne >080@+ne“vm@e )
with 1
neH =-—V. EHv Vep = LAO, VeR = ¢ AR~
4me MeC MeC
Therefore
c? 9 c* 2
Z(at+7K0 V)A()‘Fi(c A*j(K@ V) )AO
wo 0
2me? K
— <ne> Ay — V- -EAR P (—R) —i6
WoMe " 0 2wome ROy |KR|



Moreover, for any vector a

_ KOL -a KOl
Ko | Kol

PKOL (a)

The 2-D equation for Ay then reads

. 2 1/, ct 2
z(@t + 7K0 . V)Ao + 7(0 A — 72(K0 . V) )AO
wo 2w wg
2me? e o Ko Kpg
= e > Ag— V- E)Age " ——=.
wom, e 7 A0 2wome( JAre | Ko | K gl

e Equation on Agr. A similar computation for Agr gives

. 2 1 9 ct 2
z(@t—i——KR-V)AR—i——(c A-*(Kp-V) )AR
WR 2WR w
2 2
= e <me>Ag — ¢
WRMe WRMe

R
(V- E*)Aoew1 Ko - Kr

| Ko||Kr|

(2.27)

(2.28)

e Equation on E. The electronic-plasma part is very similar to that of [5].

We describe briefly the procedure. Using (2.1), (2.2) and (2.6), one has

PE+ VXV XE= 4#68,5((710 + ne)ve)

= 47 (ng + ne)Otve + VOt
Yele

€

= 47re< — (no + ne)ve - Voo — Vne

e(no + ne) 1

_ T(E+ Eve X B)) — v,V - ((no +ne)Ue>-

Keeping only at most quadratic terms gives

T
8t2E+CQV XVXE:47T€(—7’LOU€.V,U€_ e evne
€N

B e(no —|—ne)E_

Me M

Writting E = Ejje”"“r<! + c.c. gives

drey, T,

ORE| + SV x V x Bl +wh By + — 1~ Vn,
e

e(no + ne) en

= 471'6( — NV - VUe —
Me

Using the polarization condition

Ve X B —ngv.V - Ue>.

0
Ej| — —ve X —ngveV - ve
cMme



we obtain
6§E|| + AV x V x EH — vthV . EH —|—w12]eEH

e(no + ne) eng et

E) -

e CMe

= 47re( — NV + VU — Ve X —NoUV - ve>e

The nonlinear resonant terms are given by
Ve - VU = vg - VUi + R - Vg,
neEH =< n, > Ey,
ve X B =1y X By + vx X By,
eV - ve =1V - v + v Vg,
since vg and vy are orthogonal. But
e

By =V x Ay, vy = Ao,

MeC
then

62710
2.2
megc

eno

—NeVe + VU — Ve X B = —

(AO VA + A% - VA

+onVxA}+A}><V><AO)

:_SZZ;V(AO-A}).

Since KK
Ag - A% = AgAs —2 8
O TR T TR | KRl

it follows that
— 2iwp€6tEH + 2V x V x EH — vthV . E||
_ 4dreng 4dredng

= <ne>Ej - 55
Me m2c

KoKgr
[ Kol K R|

V(ApApe™
The final equation reads denoting Ey = E)|

1)2 02
i0.Fy + —-VV - Ey —

2wpe Wpe
_ Wpe

cw * 1
= <n€>Eo+2m:;V(A0AReel

V xV x Ey

Ky 'KR)
| Ko||[Kr|/

e Equation on < n, >. The accoustic part is the same as in [5] and reads

(2.29)

2
(97 - 2a) <ne>= A (B + %(mo\? +145]%)), (2.30)

1
4mn;
where

2= 0iTi | ele
m; me

System (2.27) — (2.30) is the 2-D Raman interaction system.

10



3 The amplification rates and the most ampli-
fied directions.

3.1 Semi-classical asymptotic.

As in [6], we write a semi-classical limit of System (2.27) — (2.30) in order to
obtain amplification rates. Denoting Ey = Ee!(F1X—«1t) and writting

OBy < w1 Ey, VEy < KiEy

leads to
2 2me? e Ko - Kpgr
(o —K-V)A: <ne>Ag— i Ky EAR R (31
Z(t—i_wo 0 0 WoMe " 0 ZQwOme ! R‘K0||KR| ( )
2 27e? Koy - K
i(3t+C—KR~V)AR: T pe > Ap—i— K, - E* A R
WR WRMe 2wrme | Kol|| KR|
(3.2)
v2 c?
i(0 - S (K V)€ - oKy x Ky x €
Wpe 2wpe
_ Wpe Wpee . Ko-Kgr
. 5 A K. )
5 <ne>E-+i m.c 0 R|KO||KR| 1 (3.3)

Now recall that the third wave (wpe + w1, K1) satisfies the dispersion relation
(2.14)

(wpe + WI)Z = w;?)e + Ut2h|K1|2v
and thus a direct expansion gives

~ Ut2h|K1|2

2wWpe
Then the equation on & reads
v2 Ki-& wpeKi-& Wpe Ky-Kgr
(0 — i Ky V) = 2 i Ag A} Kyl
’( e V) K- 2 K] am,a AR TR K
Finally, denoting by
Wpe Wpe K&
fO L A07 fR* r AR? f: : ;
| K |
Equations (3.1), (3.2) and (33) become
2 2 K
ot Sro Vo= 1 s o i e, )
wo woMe 2w
§ : €|K1\

2
i(at+:7RKR'v)fR: w;re <ne> fr— f fo cos(0), (3.5)

€

el 1|
2MeWpe

2
i(@t - z'zth K - v)f - “’ge <ne>f4i fols cos(6), (3.6)

pe

where 6 denotes the angle beetwen Ky and Kpg.

11



3.2 Amplification rates.

Let us now consider that fy is fixed (it is a pump wave). System (3.5) — (3.6)
becomes

O fr = %f*fo cos(6), (3.7
o = 5L f s cos(o), (3.8)
mewWR

The amplification rate is therefore proportional to
| K1
V/WRWpe

Recall that the incident field propagates along the x—axis and that

k k 2
fo= () ka= (i ) =)

Remark that we have £r = —¢;. The dispersion relation (2.14) and (2.15) gives

8=

|cos(8)].

wg = w2, + kie?,
W= B+ (0 + B, (3.9)
(Wpe +w1)? = wf)e +vZ (k3 + 03).

We take wpe as unit for w and —* as unit for k. Introduce
pe

Uth
a=— << 1,
c

then System (3.9) can be rewritten into

wd =1+k3,
wh =14 (k% + (%), (3.10)
(1+wi)?=1+a?(k? +02).

The amplification rate 3 is given by
VEZ + 03
VI+HELR+ 02\ /K% + 63

For given kg, wy satisfying w3 = 1+ k2, we therefore need to find the maximum
of B(kg, k1,¢1) subject to the constraints

wh =1+ (kx +0%), (1+w)?>=1+a?(ki+63), ko = kr + k1.

8=

Replacing kgr by ko — k1 in (3.11) gives

B = ;
\/1+(k0—k1)2+€% \/(k‘o—kl)Q‘i‘f%

with

VI+ R =1+ (b — k)2 + 8+ 4/1+ 02(k2 + ). (3.13)

12



3.3 Conclusions.

The above problem (3.12) — (3.13) is solved numerically. The conclusions are
the following ones. For the backscattered component (k < 0), the maximum is
reached for ¢; = 0. This means that the most amplified direction corresponds to
the case where the Raman field is colinear to the incident laser field (see Figure

2).

Figure 2: [ with respect to ¢; with k <0

This model is used in [5]. For the forward component (k > 0), one can see
in Figure 3 that the maximum of (3 is reached for ¢; # 0. Therefore, the Raman
field makes a non-zero angle with the incident laser pulse and gives rise to new
direction of propagation. It would be a cone in 3-D.

0.45-
0.40
0.35-
o.ao:
. 25:

0.20

| / \
| \\\

\

T T T T T T T L —
0 02 04 06 08 10 1.2 1.4 16

1811

Figure 3: 8 with respect to /1 with £ >0

The next step is to take into account this new direction.
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4 A complete model

4.1 Some basic tools

In order to describe the directions of propagation, one introduces the three wave
vectors for the Raman component given by problem (3.12) — (3.13)

k k kprs
KR1:<€1}:1 >7KR2:<£}I:2>aKR§5:<£:f)»

Ko = Kpg, + K11 = Kg, + K12 = Kgy + K1 25,

ko \ [ kg, k11

(0 )=Cem )= ),
_( kg, k1,2
(b))
_ ]{/’Rg kLQS
(e )+ ().

We then intoduce the Raman frequencies wg,, wr, and wpg; solution to

satisfying

that is

Wy = Wpe + WR, + W11,
= Wpe + WR, + w12,
= Wpe + WRS + w1,2s.

Note that (Ko,wo), (Kr,,wr,), (KR,,wr,) and (Krs,wr;y) satisfy the disper-
sion relation for electromagnetic waves (2.15) while (K7 1,w1,1), (K7,2,w1,2) and
(K1,2¢,w1,0¢) satisfy the one for electronic-plasma waves (2.14). That means
that we have

WR, = OJ2 —‘y—CQ(kI%l +é%1),

WR, = \/w2 + c2(kg, +43,),

wry = \/oﬂ + 2 (kg + Ogy)-

Since Ky and K3 are symmetric with respect to Ky, choosing Ky colinear to
the x—axis, we have kr, = kry and £, = —{g;. Therefore, one has wr, = wgr;
and wi 2 = wi 2s. In the sequel, we replace WR3 and wi 2s by wg, and wy 2.

14



4.2 The equations.
As in Section 2, one gets the following set of equations, assuming that K is
colinear to the x—axis,

4 2me?

i+ K v)a +(—Cgk3A (Ko v)*)4 <ne>A
J— . — — . = e
K wg 0 0 2w(2) 2&)3 0 0 Mewq 0
(4.1)
e . Ko-KR —ib K()'KR —i0 KO'KRS
_ V-E(ARe 10 0 4 Ap em2 2 TR 4 Apee “’2572),
2w o Kl[ER] T Kol[KR] Kol [ K
. ? 5 ct 2
i(00+ - Kp, - V) Ap, + 5 (A = S (K, - V)" ) Ap,
WR, 2wp, Wk,
271'62 € ; KO 'KR
_ <ne>Ap, — —— V- E*Apet?r 0T 4.2
MeWR, " f 2mewR1 o |K0]|KR1| ( )
(00t Ky )y 5 (A = S (K, - 9)?) 4
. c _—— .
t Wh, Ra2 R> 2WR2 w}g:iz Rs R,
2me? e i0,., Ko Kgr
= <ne>Ap, — ——V - E*Ageihrz 272 4.3
MeWR, R 2mewR2 0 |K0||KR2| ( )
2 1 ct 2
(o Kp; - V) Ap; (28 = 5 (Kny - 9)*) Apy
2me? e j Ko - Ky
— <ne>Aps — ——V - E*Agetfrr T2 4.4
MeWRS fiz 2mewr, 0 | Ko|| K Rg (44)
v2 w? Wpel 0, , Ko Kr
OE+ M AF =" cp, >F Lad V(A it 20 R
o e 2 =7 T amee AR ([,
_ Ko - Kg o Koy Kps
+ AgA* 12 0 M2 oA AL ei0 20 72) 4.5
O K| KR, T T [ Kol Krs | .
2
92— 2A _ 1 A(IE? + 25 (1A 12 + (A 12+ |Ap |2 12
- cA) <ne>= |E* + =5 (|4o]* + AR, |* + [AR, [ + |Ars [*) ).
Mg c
(4.6)

Note that since the Raman components are not resonant one another, one gets
two distinct equations without coupling terms like Ag, AR, and the same pro-
cedure than in Section 2 can be used. A non dimensional form can be obtained.
We denote p =< n, >. Using w%) as time scale, ﬁ as space scale and denoting

w. AO ~ W AR
pe pe 1
Ag = VwWo - AR1 = VWR, >
c c
wpe AR, wpe ARg

AVRQ = VWR, c v ’ AZRZ = VWR, c )

v
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with

2m€w0

VWoWpeWR, ,

we obtain (dropping the tildes) and introducing

le
Y
w32

212 2k§ Ak, Ze
(at+—a) ( Ao P )Ao o (4.7)
v.E(A —i01,1 le A —i61 o A —i61 os kR2
-V B(4ne K] O (meT T Are ’)\KR\)’
1 2
; c*ko 212 kg 2
Z(at + WleoKRl 'V)ARl + m(c kOA_ :(KRI V) )ARl
2
pAp, — V- E* Agetrn by (4.8)
2w0wR1 KR, |’
) ko 2,9 Atk 2
z(@t + LA}RQWOKRQ . V)AR2 + R (C koA — 7(.0%_32 (KR2 V) )AR2
w? k
_ pe A V. E*A i012 "VRa 4.9
2w0w32p R, — @ ¢ ‘KRQ‘ ( )
kg Ak 2
i( O Kgs Aps 2k O (Kpe - Aps
Z( t+wR2w0 Rs V) R 2wR2wO(C 0 wR2< R V)) R
w? k
=P pAps —aV - E*Agel®z —F2 4.10
ZwOszp I ‘ ‘KRz‘ ( )
28E+ Uthko AE = wpe E+V(AOA* 011 le
2wpewo 2w, R, € | KR, |
* 4 * il12s kR’z
a(AOAR i01,2 +AO i01,2 )m)7 (411)
2
4 € € €
(97 - c2a)p =" —L"O“’RIA(|E|2+“’L|Ao|2+°‘i|AR1|2
% pe wo WR,
Wpe
2 (|Ap + ARg?)). (412)
R>

Remark 4.1. Note that the only new coefficient is the ratio of the Raman
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5 Numerical simulations.

5.1 The scheme.

We adapt the scheme introduced in [6]. We consider a regular mesh in space.
The fields are approximated by A;; for ¢ = 0,...,N, and j = 0,..., N,. We
use periodic boundary conditions that is for all j = 0,..., Ny, Ag; = An, ;. In
space, we consider centered finite difference discretization for each differential
operator. Introducing

1 +1 2 +1 2
Xn+1 _ Ang + A(2) Xn+1 _ A;Lh + AR1 Xn+1 _ A%z + ARZ
0 2 ) R1 2 I Ry 2 )
n+1 2
XI,,%+1 _ AR2 + A 5 Xngl _ En+1 + En Xn+1 _ anrl +pn
S 2 b 2 b P 2 b
as new unknowns, the scheme reads
Xnth_ An k2 2k} Akl
9,220 0 ;R0 g ynt1 (—OA _ 7032)Xn+1
At + wg zRo 2w(2] 2w§ ®)0
2 1
= et (WA v e e |fk<Rl |
wy i Ry
(ot 1 Ni1gn+d) —ig¥ 2 KR,
_ S gntixnel Lyl x Nt 2)6 12 ® SRz
3 (VBTG VXl K,
o _ntl +1 N+15n+3 —'GNJ;% kr
75(% X VXD @ARg)e et (5.1)
where
41 1 n+3 n
\IITI; i +\DTEL ? _ VETL AR12 AR12 __ AN
2 - ’ 2 T TRe
n+l n—31 n+1 n
AR; + (DAR; — A" (I)AR; * AR; An
R

are auxiliary functions. The equations of System (4.8) — (4.12) are discretized
in the following way

XX+1 _ A?{ 2k 1 A2 9
2 Ry 1+ 0 K ‘VXn+1+ (2]{2A* 0 K .V )Xn+1
! At WR,Wo fa B 2wR, Wo © %o W (Kn, V) B
2 nal
= an+an+l _ (\I/n+%> *Xn-&-leiefjé le (52)
2wowr, P Rl E 0 |KR1 | 7
XXH - Ag 2k k2 2
2 Ry 2+ 0 K ‘VXn+1+ (2]{2A* 0 K .V )Xn+1
! At WR,Wo a2 Rz 2w R, wo © %o wh, (Kr, V) Re
2 nal
= b xmrlynbl (\1/”*%)*X"“e”f;é il (5.3)
2(4)0&)32 P R E 0 |KR2 | ’
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Q'XZ:'; ~ Ak Pk Kps - VX ( 2k2A 4k0 Kp, - V) ) xnH!
! At + WR,Wo Ry Ry T 2wWR,wWo ¢ o2~ ng ( Ra - ) ) R
w2 1y * otk
= P XX () gt R 5.4
2wowr, P TR B 0o € |KR,|’ (54)

XX B,
At 2wpewp

(X61+1 ((I)n+2 )*ew:; + Xn+1 ((I)Z""f )*6%01123)&)7 (5.5)
R |KR2|

1
Wpe 1ynt1 ntl(gntiye o2 kR,
X’rL-‘rl _ P XTLJr X 4 V(X P ) ef11
E 2w p E 0 ( AR, ) |KR1 |

pn+1 _ an +pn—1 B ch(pTL-Q—l _|_pn—1) _ dm, WOWR, A(|En|2 Wpe|An|2
AtQ 2 m; 2

wpf’ 2 Wpe n |2 n
Ay A A
w | | WR, (| R2| + | 5

pe

2)). (5.6)
The scheme is inspired from that of C. Besse [3] and B. Glassey [7].

5.2 The test case.

The values of the different parameters are the same than the ones used in [6] and
we refer to [6] for a complete description. In particular, vg, v, and vg, denotes
respectively the propagation speed of Ay, Ar, and Ar,. We denote 6 the angle
between the wave vectors of Ayg and Ar, and by Onax the angle corresponding
to the maximum amplification rate for the Raman component propagating in
the forward direction We work on a system in dimensionless form. The unit
of lenght is k— and the unit in time is ui The spatial domain is = € [0, 300]
and y € [0, 200] The number of discretization points in z is N, = 300 and the
one in y is Ny, = 200. We compute on a time intervall [0, 7] with 7" = 200. The
number of time steps is Ny = 576. The initial data for Ag is of the form

A(0,-) = e B (@120 = By (y=7)"

e Case 1: We consider a collision test case. We take 6 = 0,,. We define
a =01, 6, = Tlso’ By = ﬁ. The collision takes place at the point x =
100, y = 100. Taking into account the propagation speed of the different fields,

we introduce the following parameters

R, = o %50, L, 122 * 50 % cos(f), L, =100 — L, * tan(0).
We take
Ag(0,-) = ae=Pex(@=50)% =By *(y=100)"
Al = ﬁwefﬁz*(m*(mwbﬁl))zefﬁy (y*100)22 (5.7)
a  —Bax(x— —L% ¥ L
A2, = o Bar(em(100-L5, )7 = Bux(r=L4,)"
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This case corresponds to the maximum amplification rate for the second Raman
component that is 0 = 0.

e Case 2: We now let 8 varying from %Gmax to %Hmax and we keep L%z =
100 — L%, * tan(f). The initial conditions are the same than the ones used for
case 1.

5.3 Comments

For convenience we have rescaled all the fields. For each component, the max-
imum of the modulus is equal to 100. In Figure 4, we can observe the very
begining of the interaction at time ¢ = 50. The maximum of the amplitude of
Ap is still near its maximum whereas the ones for Ar, and Ag, are far from
their maximum. In Figure 5, we have reached the impact point. The support
of the different Gaussians are nearly equal and so the amplification process is
maximal. The two Raman components are growing exponentially whereas the
amplitude of the incident laser field is decreasing. It is of course in agreement
with the conservation law coming from System (4.7) — (4.12) and preserved by
our numerical scheme

d

2| (2140 + AR, [P + [ AR, [ + | AR, 2 + | B2 )ds = 0.
Rn

In Figure 6, the interaction has stopped since the supports became disjoints.
One can observe the effects of the dispersion on the fields.

In Figure 7, we have ploted the maximum of the fields Ar, and Ag, with
respect to the parameter v = ﬁ. We can observe that the angle # has no
influence of the fields Agr,. The influence on Ag, is of great interest. As
expected, the maximum for Ag, is achieved for v = 1. Furthermore one can
observe that the process is much more efficient for v = 1 than for example
v = % Indeed, the ratio between the two maximum of the amplitude is around
20 per cent, which means that the gain is considerable.

Note that the shapes of the curves of Figure 3 and Figure 7 are not the same
although the maximum is reached at the same point. It is due to the fact that
Figure 3 comes from a very basic analysis while Figure 7 takes into account
all the complex phenomenas involved in the Raman instability. For example
the influence of the fluctuation of the density of ions is crucial and it is not
taken into account in the linear analysis developped in Section 3.2. However we
would like to emphasize that we obtain the right angle leading to the maximum
amplification rate. Moreover, the curve of Figure 7 is flat at the maximum.
It is due to the fact that the pulse is not monochromatic and therefore even
if we prescribe the angle at a value that is different from the one giving the
maximum amplification rate, a larger region is involved. Geometrically and
finally, the critical value is also concerned and the amplification is larger than
that predicted by the linear theory.
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Incident laser field First Raman component

Second Raman component

Figure 4: 2D-geometry. Modulus of the rescaled fields at time t=50 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.
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Incident laser field First Raman component
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Second Raman component

Figure 5: 2D-geometry. Modulus of the rescaled fields at time t=66 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.
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Incident laser field First Raman component

Second Raman component

Figure 6: 2D-geometry. Modulus of the rescaled fields at time t=150 with initial
conditions (5.7). From left to right, first line Ag and Ag,, second line Ag,.
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