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Sur la Conjeture des Jeux Uniques ∗Stéphane Pérennes† , Ignasi Sau‡§Thème COM � Systèmes ommuniantsProjet MASCOTTERapport de reherhe n° 6691 � September 2008 � 8 pagesRésumé : La plupart des problèmes d'optimisation ombinatoire sont NP-di�iles, 'est-à-dire qu'ils ne peuvent être résolus en temps polynomial que si les lasses P et NP sontidentiques. Pour es problèmes on peut espérer soit trouver des algorithmes d'approximation,soit prouver qu'ils ne peuvent pas être approximés de manière e�ae.En 2002 S. Khot formula la Conjeture des Jeux Uniques (UGC), qui géneralise le théorèmePCP et impliquerait d'importants résultats d'innaproximabilité pour plusieurs problèmesd'optimisation ombinatoire (par exemple Max Cut ou Vertex Cover). Intuitivement,la UGC dit que, pour une ertaine lasse de jeux, appelés uniques, il est NP-dur de déidersi l'on peut trouver une solution prohe de l'optimale, ou si toutes les solutions sont loin del'optimale.Cette onjeture est devenue un problème ouvert des plus importants dans la théorie de laomplexité et de l'approximation.Dans et artile nous étudions un problème très relié à la UGC: Max-E2-Lin2 dans lesgraphes bipartis. DansMax-E2-Lin2 on a un graphe G ayant deux type d'arêtes, requérantsoit la même soit di�érente ouleur pour ses extrémités. Le but est de 2-olorer les sommetsde G en maximisant le nombre d'arêtes satisfaites. Nous prouvons que e problème est APX-omplet dans les graphes bipartis et, en utilisant le Théorème de Répétition Paralèlle, nousdisutons les onséquenes de e résultat dans le adre des jeux uniques et la UGC.Mots-lés : Computational Complexity, Unique Games, Parallel Repetition, Hardness ofApproximation.
∗ This work has been partially supported by European projet IST FET AEOLUS, PACA region ofFrane, Ministerio de Eduaión y Cienia of Spain, European Regional Development Fund under projetTEC2005-03575, Catalan Researh Counil under projet 2005SGR00256 and COST ation 293 GRAAL,and has been done in the ontext of the r Corso with Frane Teleom.
† Masotte joint projet - INRIA/CNRS-I3S/UNSA, Sophia-Antipolis, FRANCE.Stephane.Perennes�sophia.inria.fr
‡ Masotte joint projet - INRIA/CNRS-I3S/UNSA, Sophia-Antipolis, FRANCE.Ignasi.Sau�sophia.inria.fr
§ Graph Theory and Combinatoris group at Applied Mathematis IV Department of UPC, Barelona,SPAIN.



A Note on Max-Ek-Lin2 and the Unique GamesConjeture ¶Abstrat: Most ombinatorial optimization problems are NP-hard, i.e. they annot besolved in polynomial time unless P = NP. Two typial approahes to deal with these prob-lems are either to devise approximation algorithms with good performane, or to prove thatsuh algorithms annot exist. In 2002 S. Khot stated the Unique Games Conjeture (UGC),whih generalizes the PCP Theorem. The UGC would imply signi�ant hardness results forseveral optimization problems (e.g., Max Cut or Vertex Cover). Loosely speaking, theUGC states that for a lass of games (alled unique) in whih the optimal solution takesvalues between 0 and 1, it is NP-hard to deide whether the optimal is lose to 0 or loseto 1.This onjeture has beome one of the most outstanding open problems in omplexity andapproximation theory. In this artile we study a problem whih turns out to be loselyrelated to the UGC: Max-E2-Lin2 in bipartite graphs. The input of Max-E2-Lin2 is agraph G with two types of edges. Namely, eah edge requires its end-verties to be oloredwith either the same olor or di�erent olors. The objetive is to 2-olor the verties of Gmaximizing the number of satis�ed edges. The problem is known to be APX-omplete ingeneral graphs. In this artile we prove that the problem remains APX-omplete in bipartitegraphs and, using the Parallel Repetition Theorem, we disuss the onsequenes that thisresult ould have in the framework of unique games and the UGC.Key-words: Computational Complexity, Unique Games, Parallel Repetition, Hardness ofApproximation.



Sur la Conjeture des Jeux Uniques 31 IntrodutionA unique game onsists of an undireted onneted graph G = (V, E), a olor set C,and for eah edge (i, j) with i < j a permutation πi,j : C → C. A oloring of the graph
c : V → C ful�lls (or satis�es) an edge (i, j) if πi,j(c(i)) = c(j). Trevisan gives a nieintrodution to unique games in [10℄. If a oloring ful�lls all the edges, then knowing theolor at one vertex uniquely determines all the other olors. That is the reason why suh agame is alled unique. One an e�iently determine whether suh a oloring exists by tryingall possible olors at one node to see if any of the resulting oloring ful�lls all the edges.However it might be di�ult to determine whether one an ful�ll some large fration of theedges. In 2002, Subhash Khot de�ned the Unique Games Conjeture (UGC for short) :Conjeture 1.1 (Unique Games Conjeture [4℄) For every onstant δ > 0 there is a�xed �nite olor lass C suh that it is NP-hard to distinguish the following 2 ases for anyunique game with olor lass C :1. There is some oloring that ful�lls at least a (1 − δ)-fration of the edges.2. Every oloring ful�lls at most a δ-fration of the edges.Sine it was �rst formulated in 2002, the UGC has beome one of the most hallengingopen problems in omputational omplexity [5, 6, 8, 10℄. The UGC is a strengthening of theProbabilistially Chekable Proof (PCP) Theorem. If the UGC were true, it would haveimportant onsequenes for the theory of omplexity and approximation. For instane, itwould imply that any improvement in approximatingMax Cut below 0.878567 would foreP = NP [6℄, and that Vertex Cover would be hard to approximate within 2-ε [7℄.In this artile we study a problem whih seems to be losely related to a partiularase of the UGC. Namely, in Setion 2 we prove that Max-E2-Lin2 in bipartite graphs isAPX-omplete, by a redution from 3-Max-Cut. In Setion 3 we disuss the relation ofthis result with the UGC, in order to understand better the UGC, or even to provide anintermediate step towards a hypotheti proof of the UGC.2 Max-E2-Lin2 in Bipartite Graphs is APX-ompleteIn this setion we fous on the following lassial NP-omplete problem :Max-Ek-Lin2 :Input : a set of linear equations modulo 2 with exatly k variables per equation.Output : an assignment of the variables maximizing the number of equations satis�ed.The ase when k = 2 an be seen in a natural way as a graph optimization problem asfollows : eah variable orresponds to a vertex, and eah linear equation (involving exatly2 variables) orresponds to an edge. There are two types of edges, namely those that re-quire their endpoints to have the same value (either 0 or 1), and those that require theirendpoints to have di�erent value. In what follows, we all suh edges of type S and type
D, respetively. Let also |S| and |D| be the number of edges of type S and D of the inputgraph G, respetively. In this ontext, an optimal solution is a 2-oloring of the verties
RR n° 6691



4 Stéphane Pérennes , Ignasi Sauof G maximizing the number of satis�ed edges. In the edge-weighted version, the objetivefuntion to be maximized is the sum of the weights of the satis�ed edges.Karpinski proved in [3℄ that Max-E2-Lin2 is APX-omplete in general graphs. It isnatural to ask what happens to omplexity when we restrit the input graph to beingbipartite (Max-E2-Lin2-Bip for short). We prove in Theorem 2.1 that Max-E2-Lin2-Bipremains APX-omplete. The main reason why we study this problem, besides the fat thatthe hardness result is interesting by itself, is its lose relation with the UGC, as we shall seein Setion 3. Before going through the proof of Theorem 2.1, we need to introdue anotherlassial NP-omplete problem :
d-Max-Cut :Input : un undireted graph G = (V, E) of degree bounded by d.Output : a partition of V into two groups so as to maximize the number of edgeswith exatly one endpoint in eah group.Observe that solvingMax-Cut in a graph G is equivalent to �nding a bipartite subgraphwith maximum number of edges, sine any bipartite subgraphH ⊆ G with maximum numberof edges an be transformed into another (not neessarily indued) bipartite subgraph H ′ ⊆

G ontaining H suh that |E(H ′)| ≥ |E(H)| and V (H ′) = V (G).Karpinski proved in [3℄ that 3-Max-Cut is APX-omplete, providing an approximationalgorithm with approximation ratio 1.0858, together with a hardness lower bound of 1.003.Theorem 2.1 Max-E2-Lin2-Bip is APX-omplete.Proof: To see thatMax-E2-Lin2-Bip belongs to APX, it is easy to satisfy max{|S|, |D|}pedges of the input bipartite graph G = (A ∪ B, E) just by �rst oloring all the verties of
G with the same olor (ful�lling |S| edges), then oloring the verties in A with olor 0 andthe verties in B with olor 1 (ful�lling |D| edges), and taking the best solution. This naïvealgorithm learly provides a 2-approximation.We prove that Max-E2-Lin2-Bip is APX-hard with a gap-preserving redution from3-Max-Cut, proved to be APX-hard in [3℄. We �rst deal with the edge-weighted version,and then we desribe how to adapt the redution to the unweighted ase.Given an input graph G = (V, E) of 3-Max-Cut with maximum degree at most 3, weonstrut an instane G′ of Max-E2-Lin2-Bip in the following way : we put two opies
V1 and V2 of the vertex set V , i.e. there are two verties u1 ∈ V1 and u2 ∈ V2 for eahvertex u ∈ V . (With slight abuse of notation, we will suppose heneforth that to eah pair
{u1, v2} ∈ V1 × V2 orresponds without ambiguity a pair {u, v} ∈ V × V , with possibly
u = v.) Then we add an edge of type D with weight 1 between u1 ∈ V1 and v2 ∈ V2 if andonly if (u, v) ∈ E, and an edge of type S with weight 4 between u1 ∈ V1 and v2 ∈ V2 if andonly if u = v. This ompletes the onstrution of G′ = (V1 ∪ V2, E

′), whih is illustratedwith a small example in Fig. 1a. Let n = |V (G)|.Claim 1 Any optimal solution of Max-E2-Lin2-Bip in G′ ontains the n edges of type S.Let us see that given any solution H of Max-E2-Lin2-Bip in G′, we an transform H intoa better (in terms of the weight of the satis�ed edges) solution H ′ ontaining the n edges
INRIA
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b)a)Fig. 1 � Redution in the proof of Theorem 2.1 : a) for the weighted ase ; and b) for theunweighted ase. The thik edges are of type S, the others being of type D. If no weight isdisplayed beside an edge, it is assumed to be 1.of type S. Indeed, if for a vertex u the edge (u1, u2) is not satis�ed in H , then u1 and u2have di�erent olor in H . Sine the degree of u in G is at most 3, if we hange the olor of
u1 (let H ′ be this new subgraph) then at most 3 edges with weight 1 beome unsatis�ed in
H ′, but the edge (u1, u2) with weight 4 is satis�ed in H ′. Thus, the weight of the satis�ededges of H ′ is stritly greater than the weight of those of H .Let OPTG be the optimal value of 3-Max-Cut in G, and let OPTG′ be the optimalvalue of the weighted version of Max-E2-Lin2-Bip in G′.Claim 2 OPTG′ = 2 · OPTG + 4n.By Claim 1, in an optimal solution H ⊆ G′, for eah vertex u ∈ V (G), both verties u1 and
u2 are olored with the same olor. So if the edge (u1, v2) is satis�ed in H , then the edge
(u2, v1) is also satis�ed. Therefore, OPTG′ is ahieved by a 2-oloring of the verties of Gmaximizing the number of edges with exatly one endpoint in eah olor lass. This problemis exatly 3-Max-Cut in G, so the laim follows.By Claim 2, it is lear that the existene of a PTAS forMax-E2-Lin2-Bip would implythe existene of a PTAS for 3-Max-Cut, whih is a ontradition.For the unweighted ase, we modify the onstrution of G′ in the following way : foreah vertex u ∈ V (G), we put 8 opies u1

1
, . . . , u4

1
∈ V1 and u1

2
, . . . , u4

2
∈ V2. Then we adda omplete bipartite graph with edges of type S between the verties u1

1
, . . . , u4

1
∈ V1 and

u1

2
, . . . , u4

2
∈ V2. Finally, we add an edge of type D between u4

1
∈ V1 and v4

2
∈ V2 if andonly if (u, v) ∈ E (see Fig. 1b). One again, any optimal solution for G′ ontains all the 16nedges of type S, and OPTG′ = 2 · OPTG + 16n. The theorem follows. 2

RR n° 6691



6 Stéphane Pérennes , Ignasi Sau3 Relation with the Unique Games ConjetureIn this setion we disuss the relation of Theorem 2.1 with the UGC. First we need tointrodue the Parallel Repetition Theorem, proved by Raz in [9℄ and further simpli�ed byHolenstein in [2℄. This result states that a parallel repetition of any two-prover one-roundproof system (it an be seen as a unique game in a bipartite graph, see [1℄) dereases theprobability of error at an exponential rate.Max-E2-Lin2-Bip an be naturally thought of as a unique game G with |C| = 2 olors,the permutation for eah edge being either the identity or a transposition. The parallelrepetition of k times G orresponds to a unique game with |C| = 2k olors. Indeed, let usdesribe the game when we repeat G one. Given the input graph G of Max-E2-Lin2-Bip,we onsider the diret produt G × G, and then 4 types of edges an appear, namely SS,
SD, DS, and DD. We have that C = Z2

2
and |C| = 4 (more generally, if we repeat k times Gwe have that C = Zk

2
and |C| = 2k). This game is abelian in the sense that, for instane, anedge ((a, x), (b, y)) ∈ E(G×G) of type SD is satis�ed if and only if c(a)+ c(b) ≡ 0 (mod 2)

and c(x) + c(y) ≡ 1 (mod 2). Observe that in this partiular game all the bijetions aretranslations.Using the notation of [2, 9℄, let v < 1 be the optimal value of G. This onstant v an beseen as the maximum probability that both players an win, eah player orresponding toone stable set of the bipartite graph G. This probability v orresponds to the perentageof satis�ed edges of an optimal solution in G. The Parallel Repetition Theorem states thatwhen we repeat k times G in parallel, then the probability that both players an win allgames simultaneously is at most vk, where v < 1 is a onstant depending only on v.On the one hand, the UGC states that for every �xed onstant δ > 0, there exists a olorlass C suh that the gap (given by ases 1 and 2 in Conjeture 1.1) for any unique gamewith olor lass C is [δ, 1 − δ].On the other hand, Theorem 2.1 states that there exists a onstant 0 < α < 1 suh thatit is impossible (unless P = NP) to �nd in polynomial time a solution better than (1−α)v,in terms of the perentage of satis�ed edges. This APX-hardness result an be seen as a gap
[(1 − α)v, v] for the game G, in the sense that in this interval we have no knowledge aboutthe optimal solution.In order to get lose to the UGC, we need to be able to say something more about thisgap for G. If one managed to prove that the gap for the game G orresponding to Max-E2-Lin2-Bip were, for instane, [1 − 1/k2, v1/k], then the Parallel Repetition Theorem wouldimply that the gap of repeating k times G would be, asymptotially, [1 − 1/k, v]. Sine forany �xed onstant δ > 0 there exists an integer k suh that 1/k < δ, the interval [1− 1/k, v]would be ontained in [1 − δ, 1], and the upper part of the gap given by the UGC would beovered. Finally, the same kind of argument ould be adapted to over the lower part of thegap.Let v̂ be a onstant suh that 1 − 1/k2 < v̂ < 1. Summarizing, the important questionfor G is the following : Provided that we know that a proportion at least (1 − 1/k2) of theedges of G an be satis�ed, is it NP-hard to satisfy a proportion v̂ of the edges ? In otherwords, the problem is whetherMax-E2-Lin2-Bip an be e�iently approximated when oneINRIA



Sur la Conjeture des Jeux Uniques 7knows that in an optimal solution almost all edges are satis�ed. Equivalently, is it possibleto �nd a bipartition of a graph when it is almost bipartite ?The UGC for this lass of games would be true if we were able to have more informationonerning the two ases of Max-E2-Lin2-Bip, i.e. the ase where any solution satis�esvery few edges, and the ase where there exists a solution satisfying almost all edges. Wehave seen in the proof of Theorem 2.1 that, modulo an additive fator, Max-E2-Lin2-Biplooks like 3-Max-Cut, so a better understanding of Max-Cut ould also provide impor-tant insights into the UGC.In onlusion, we showed that the problem of Max-E2-Lin2 is APX-omplete in bi-partite graphs, and we saw that the parallel repetition of the game orresponding to thisproblem naturally leads to unique games. Due to this strong relation, it would be very in-teresting to understand the hardness of Max-E2-Lin2 better, in order to shed some lighton the Unique Games Conjeture onerning unique games.Referenes[1℄ M. Ben-Or, S. Goldwaser, J. Kilian, and A. Widgerson. Multi prover interative proofs :How to remove intratability. In STOC'88 : Proeedings of the 20th annual ACMSymposium on Theory of Computing, pages 113�131, 1988.[2℄ T. Holenstein. Parallel repetition : simpli�ations and the no-signaling ase. InSTOC'07 : Proeedings of the 39th annual ACM Symposium on Theory of Comput-ing, pages 411�419, 2007.[3℄ M. Karpinski. Approximating Bounded Degree Instanes of NP-Hard Problems. InFCT'01 : Proeedings of the 13th International Symposium on Fundamentals of Com-putation Theory, pages 24�34, 2001.[4℄ S. Khot. On the Power of Unique 2-Prover 1-Round Games. In STOC'02 : Proeedingsof the 34th annual ACM Symposium on Theory of Computing, pages 767�775, 2002.[5℄ S. Khot. On the Unique Games Conjeture. In FOCS'05 : Proeedings of the 46thAnnual IEEE Symposium on Foundations of Computer Siene, page 3, 2005.[6℄ S. Khot, G. Kindler, E. Mossel, and R. O'Donnell. Optimal Inapproximability Resultsfor Max-Cut and Other 2-Variable CSPs ? In FOCS'04 : Proeedings of the 45th AnnualIEEE Symposium on Foundations of Computer Siene, pages 146�154, 2004.[7℄ S. Khot and O. Regev. Vertex over might be hard to approximate within 2-ε. Journalof Computer and System Sienes, 74(3) :335�349, 2008.[8℄ S. Khot and N. Vishnoi. The Unique Games Conjeture, Integrality Gap for Cut Prob-lems and Embeddability of Negative Type Metris into ℓ1. In FOCS'05 : Proeedings ofRR n° 6691



8 Stéphane Pérennes , Ignasi Sauthe 46th Annual IEEE Symposium on Foundations of Computer Siene, pages 53�62,2005.[9℄ R. Raz. A Parallel Repetition Theorem. SIAM Journal on Computing, 27(3) :763�803,1998.[10℄ L. Trevisan. Approximation Algorithms for Unique Games. In FOCS'05 : Proeedingsof the 46th Annual IEEE Symposium on Foundations of Computer Siene, pages 197�205, 2005.
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