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Abstract: An L(p,1)-labelling of a graph is a function f from the vertex
set to the positive integers such that |f(x) — f(y)| > p if dist(x,y) = 1 and
|f(x) — f(y)| > p if dist(z,y) = 2, where dist(z,y) is the distance between
the two vertices z and y in the graph. The span of an L(p, 1)-labelling f
is the difference between the largest and the smallest labels used by f plus
1. In 1992, Griggs and Yeh conjectured that every graph with maximum
degree A > 2 has an L(2, 1)-labelling with span at most A2 + 1. We settle
this conjecture for A sufficiently large. More generally, we show that for
any positive integer p there exists a constant A, such that every graph with
maximum degree A > A, has an L(p, 1)-labelling with span at most A2+ 1.
This yields that, for each positive integer p, there is an integer C), such that
every graph with maximum degree A has an L(p, 1)-labelling with span at
most A? + C,,.
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L(p, 1)-étiquetage des graphes

Résumé : Un L(p, 1)-étiquetage d'un graphe est une fonction f de
Pensemble des sommets dans les entiers telle que |f(z) — f(y)| > p si
dist(z,y) = Let |f(x)— f(y)| > psidist(z,y) = 2, avec dist(z, y) la distance
entre les deux sommets x et y dans le graphe. L’écart d'un L(p, 1)-étiquetage
f est la différence entre la plus grande et la plus petite étiquette utilisée par
f plus 1. En 1992, Griggs et Yeh ont conjecturé que tout graphe de degré
maximum A > 2 admet un L(2,1)-étiquetage d’écart au plus A% + 1. Nous
prouvons cette conjecture pour A suffisamment grand. Plus généralement,
nous montrons que pour tout entier strictement positif p, il existe une
constante A, tel que tout graphe de degré maximum A > A, admet un
L(p, 1)-étiquetage d’écart au plus A% + 1. Ceci implique que, pour tout en-
tier strictement positif p, il y a un entier C), tel que tout graphe de degré
maximum A admet un L(p, 1)-étiquetage d’écart au plus A% + C,,.

Mots-clés : coloration, contraintes de distances, L(p, 1)-étiquetage
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1 Introduction

In the channel assignment problem, transmitters at various nodes within a
geographic territory must be assigned channels or frequencies in such a way
as to avoid interferences. A model for the channel assignment problem devel-
oped wherein channels or frequencies are represented with integers, “close”
transmitters must be assigned different integers and “very close” transmit-
ters must be assigned integers that differ by at least 2. This quantification
led to the definition of an L(p, ¢)-labelling of a graph G = (V, E) as a func-
tion f from the vertex set to the positive integers such that |f(z)— f(y)| > p
if dist(z,y) = 1 and |f(z) — f(y)| > ¢ if dist(z,y) = 2, where dist(z,y) is
the distance between the two vertices x and y in the graph G. The notion
of L(2,1)-labelling first appeared in 1992 [13]. Since then, a large number
of articles has been published devoted to the study of L(p, ¢)-labellings. We
refer the interested reader to the surveys of Calamoneri [7] and Yeh [25].

Generalisations of L(p, ¢)-labellings in which for each i > 1, a minimum
gap of p; is required for channels assigned to vertices at distance 7, have also
been studied (see for example the recent survey of Griggs and Kral’ [12],
and consult also [3], 16}, 17, 19]).

In the context of the channel assignment problem, the main goal is to
minimise the number of channels used. Hence, we are interested in the
span of an L(p, q)-labelling f, which is the difference between the largest
and the smallest labels of f plus 1. The A, ;-number of G is X\ 4(G), the
minimum span over all L(p, g)-labellings of G. In general, determining the
Ap,g-number of a graph is NP-hard [10]. In their seminal paper, Griggs and
Yeh [13] observed that a greedy algorithm yields that Ao 1(G) < AZ+2A+1,
where A is the maximum degree of the graph G. Moreover, they conjectured
that this upper bound can be decreased to A% + 1.

Conjecture 1 ([13]). For every A > 2 and every graph G of maximum
degree A,
)\271(G) < A? +1.

This upper bound would be tight: there are graphs with degree A, di-
ameter 2 and A2 + 1 vertices, namely the 5-cycle, the Petersen graph and
the Hoffman-Singleton graph. Thus, their square is a clique of order A? +1,
so the span of every L(2,1)-labelling is at least A 4 1.

However, such graphs exist only for A being 2, 3, 7, and possibly 57, as
shown by Hoffman and Singleton [14]. So one can ask how large may be the
Ag2,1-number of a graph with large maximum degree. As it should be at least
as large as the largest clique in its square, one can ask what is the largest
clique number y(A) of the square of a graph with maximum degree A. If A
is a prime power plus 1, then y(A) > A? — A + 1. Indeed, in the projective
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4 F. Havet, B. Reed and J.-S. Sereni

plane of order A — 1, each point is in A lines, each line contains A points,
each pair of distinct points is in a line and each pair of distinct lines has a
common point. Consider the incidence graph of the projective plane: it is
the bipartite graph with vertices the set of points and lines of the projective
plane, and every line is linked to all the points it contains. The properties
of the projective plane imply that the set of points and the set of lines form
two cliques in the square of this graph, and there are A? — A + 1 vertices in
each.

Jonas [I5] improved slightly on Griggs and Yeh’s upper bound by show-
ing that every graph of maximum degree A admits an L(2, 1)-labelling with
span at most A% + 2A — 3. Subsequently, Chang and Kuo [8] provided the
upper bound A% + A + 1 which remained the best general upper bound for
about a decade. Kral’ and Skrekovski [I8] brought this upper bound down
by 1 as the corollary of a more general result. And, using the algorithm of
Chang and Kuo [§], Gongalves [11] decreased this bound by 1 again, thereby
obtaining the upper bound A% + A — 1. Note that Conjecture [1]is true for
planar graphs of maximum degree A # 3. For A > 7 it follows from a result
of van den Heuvel and McGuiness [24], and Bella et al. [4] proved it for the
remaining cases.

We prove the following approximate version of the generalisation of Conjec-
ture 1] to L(p, 1)-labelling .

Theorem 2. For any fized integer p, there exists a constant Cp, such that
for every integer A and every graph of mazrimum degree A,

Mi(G) <A+ C,.

This result is obtained by combining a greedy algorithm (or any of the
previously mentionned upper bounds, or their generalisation for L(p,1)-
labellings) with the next theorem, which settles Conjecture [1| for sufficiently
large A.

Theorem 3. For any fized integer p, there is a A, such that for every graph
G of mazimum degree A > A,

Mp1(G) < A% 41,

Actually, we consider a more general setup. We are given a graph Gy
with vertex-set V', along with a spanning subgraph G,. We want to find a
(p, 1)-backbone colouring of (G1,G2) that is an assignment of integers from
{1,2,...,k} to the elements of V so that vertices adjacent in G; receive
different colours and vertices adjacent in (G receive colours which differ by
at least p. Backbone colouring has been introduced by Broersma et al. [6].
Typically the maximum degree of (1 is much larger than the maximum
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L(p,1)-labelling of graphs 5

degree of Gy. In the case of L(p,1)-labelling, G is the square of Go. We
impose the condition that for some integer A, the graph G; has maximum
degree at most A% and G5 has maximum degree A. We show that under
these conditions there exists a (p, 1)-backbone colouring for k = A? + 1
provided that A is large enough. The bound is best possible since G1 may
be a clique of size A? 4+ 1. Formally, we prove the following result.

Theorem 4. Let p be an integer. There is a A, such that for every A > A,
and Go C Gy with A(Gy) < A? and A(G2) < A, there exists a (p,1)-
backbone colouring of (G1,G2).

In the next section we give an outline of the proof. In the section fol-
lowing that, we present some probabilistic tools we need. We then turn to
the gory details.

In what follows, we use G1-neighbour to mean a neighbour in G; and
Ga-neighbour to indicate a neighbour in Ga. For every vertex v and every
subgraph H of Gy, we let degk(v) be the number of Gi-neighbours of v in
H. We omit the subscript if H = (5.

Moreover, lots of inequalities are correct only when A is large enough.
In such inequalities, we will use the symbols <*, >* <* and >* instead of
<, > < and >, respectively. We do not explicit the value of the constant
A,, and make no attempt to optimise it.

2 A Sketch of the Proof

We consider a counter-example to Theorem |4| chosen so as to minimize V.
Thus, for every proper subset X of the vertices of Gy, there is a (p,1)-
backbone (A2 + 1)-colouring ¢ of (G1[X], G2[X]). Such a colouring is called
a good colouring of x. In particular, as Go C Gq, this implies that every
vertex v has more than A% — (2p — 2)A neighbours in G as otherwise we
could complete a good colouring of V(G1) — v greedily. Indeed for each
vertex, a coloured Go-neighbour forbids 2p — 1 colours, which is 2p — 2 more
than being only a G1-neighbour.

The next lemma follows by setting d = 1000pA and applying to G; a
decomposition result due to Reed [22, Lemma 15.2].

Lemma 5. There is a partition of V into disjoint sets D1,..., Dy, S such
that

(a) every D; has between A% — 8000pA and A? 4 4000pA vertices;

(b) there are at most 8000pA3 edges of G1 leaving any D;;

RR n® 6673



6 F. Havet, B. Reed and J.-S. Sereni

(c) a vertex has at least %A2 G1-neighbours in D; if and only if it is in
D;; and

(d) for each vertex v of S, the neighbourhood of v in G contains at most
(A;) — 1000pA3 edges.

We let H; be the subgraph of G induced by D; and H; its complementary
graph. An internal neighbour of a vertex of D; is a neighbour in H;. An
external neighbour of a vertex of D; is a neighbour that is not internal.

Lemma 6. For every i, the graph H; has no matching of size at least 103pA.

Proof. Suppose on the contrary that M is a matching of size 10>pA in H;.

Let R be the unmatched vertices in H;. Then, A? — 10%pA < |R| <
A? + 10*pA by Lemma (a). For each pair of vertices v and v that are
matched in M, the number of internal neighbours of u plus the number of
internal neighbours of v is at least %A2, by Lemma c). Thus there are at
least $A? — (|H;| — A?) — 2|M| >* %|R| vertices in R that are adjacent to
both of u and v in G1. So on average, a vertex of R is adjacent in G to both
members of at least £|M| pairs. This implies that at least $|R| >* ;5 A2
members of R are adjacent in Gy to both members of at least %]M | pairs.
Let X be 1—10A2 such vertices in R.

Every vertex of R— X that is adjacent in GG to less than half of X must
have at least A% — 2A — (|H;| — 1[X]) >~ 2—15A2 G1-neighbours outside D;.
Thus, Lemma [5(b) implies that there are at least [R — X| — 200 000pA >
%AQ — 10*pA — 200 000pA >* %AQ vertices in R — X that are adjacent in
(1 to at least half of X. Let Y be a set of %A2 such vertices.

We consider a good colouring of V(G1) \ D;. We extend this to our
desired (A2 + 1)-colouring of V(G1) greedily as follows, thereby obtaining a
contradiction.

1. Colour the vertices of M, assigning the same colour to both members
of each matched pair. This is possible because each pair has at most
$A? + 2| M| previously coloured Gi-neighbours (by Lemma (c)) and
2A previously coloured Ga-neighbours, so there are at least §A2 +1-
1004pA >* 1 colours available.

2. Colour the vertices of H; — Y — X — M. This is possible since each
such vertex has at most %AQ G1-neighbours outside of D; (by Lemma
(c)), and at most |H;|—|X|—|Y| <* $A? previously coloured internal
neighbours.

3. Colour the vertices of Y. This is possible since each vertex of Y has
at least 3|X| = 55A? uncoloured Gi-neighbours and hence at least
%AQ +1—(2p—2)A >*1 colours available.

INRIA



L(p,1)-labelling of graphs 7

4. Colour the vertices of X. This is possible since each vertex of X has at
least %|M | = 100pA colours that appear twice in its neighbourhood,
and thus has at least 98pA colours available.

O]

For each i € {1,2,...,/}, we let M; be a maximum matching of H;, and
K; be the clique D; — V(M;). So, |K;| > A? — 10*pA by Lemmas (a) and

We let B; be the set of vertices in K; that have more than A4 G-
neighbours outside D;, and we set A; := K; \ B;. Considering Lemma [5|b)
we can make the following observation.

Observation 7. For every index i € {1,2,...,/(},

|Bi| < 8000pA™/* and so |A;] > A% — 9000pAT/4.

We are going to colour the vertices in three steps. We first colour Vj :=
V\ UleAi except some vertices of S. Then we colour the vertices of V5 :=
UleAi. We finish by colouring the uncoloured vertices of S greedily.

In order to extend the (partial) colouring of V; to V5, we need some
properties. We prove the following.

Lemma 8. There is a good colouring ¢ of a subset Y of Vi such that

(i) every uncoloured vertex of Vi is in S;
(ii) for each edge xy of every M;, c(z) = c(y);

(11i) for every uncoloured vertex v of Vi, there are at least (2p—2)A colours
that appear on two G1-neighbours of v; and

(iv) for every colour j and clique A; there are at most %AQ vertices of
A; that have either a Gi-neighbour outside D; coloured j or a Go-
neighbour outside D; with a colour in [j —p+ 1,5+ p—1].

We then establish that a colouring that verifies the conditions of Lemma
can be extended to Y U V5.

Lemma 9. Every good colouring of a subset Y of V1 satisfying conditions
(i)—(iv) of Lemma@ can be completed to a good colouring of Y U V.

By Lemma (zzz), we can then complete the colouring by colouring the
vertices of V] — Y greedily.

Thus to prove our theorem, we need only prove Lemmas [8|and [9] Forth-
with the details.

RR n® 6673



8 F. Havet, B. Reed and J.-S. Sereni

3 Probabilistic Preliminaries

In this section, we present a few probabilistic tools that will be used in this
paper. Each of these tools is presented in the book of Molloy and Reed [22],
and most are presented in many other places.

The Lovéasz Local Lemma [9] Let Ay, ..., A, be a set of random events
so that, for each i € {1,2,...,n},
(i) Pr(A;) <p and

(ii) A; is mutually independent of all but at most d other events.

If pd < % then Pr(A;U...UA,) > 0.

The binomial random variable BIN(n,p) is the sum of n independent
zero-one random variables where each is equal to 1 with probability p.

The Chernoff Bound [20, [I] For every t € [0, np],

t?
Pr (|BIN — t) <2 -— .
£ (BINGr.p) ] > ) < 2050 (5. )

Only in the proof of Lemma [20] will we use the following version of the
Chernoff Bound: for every ¢ > 0,

Pr ([BIN(n, p) — np| > £) < 2exp (t o (1 + Tfp) (np + t)> .

The following is a simple corollary of Azuma’s Inequality [2] 22].

The Simple Concentration Bound Let X be a non-negative random
variable determined by the independent trials T4, ..., T,,. Suppose that for
every set of possible outcomes of the trials

(i) changing the outcome of any one trial can affect X by at most c.

Then

2
Pr(| X —E(X)| >1t) <2exp <_ct2n> )

Talagrand’s Inequality requires another condition, but often provides a
stronger bound when E(X) is much smaller than n. Rather than providing
Talagrand’s original statement [23], we present the following useful corol-
lary [22].

Talagrand’s Inequality [23] Let X be a non-negative random variable
determined by the independent trials T, ..., T,,. Suppose that for every set
of possible outcomes of the trials

INRIA



L(p,1)-labelling of graphs 9

(i) changing the outcome of any one trial can affect X by at most ¢; and

(ii) for each s >0, if X > s then there is a set of at most rs trials whose
outcomes certify that X > s.

Then for every t € [0, E(X)],

Pr <\X _E(X)| >t + GOCW) < dexp (—802;;()0) .

McDiarmid extended Talagrand’s Inequality to the setting where X de-
pends on independent trials and permutations, a setting that arises in this
paper. Again, we present a useful corollary [22] rather than the original
inequality [21].

McDiarmid’s Inequality [21] Let X be a non-negative random variable
determined by the independent trials T1,...,T, and m independent permu-
tations 11y, ..., Il,,. Suppose that for every set of possible outcomes of the
trials

(i) changing the outcome of any one trial can affect X by at most ¢;

(ii) interchanging two elements in any one permutation can affect x by at
most ¢; and

(i1i) for each s >0, if X > s then there is a set of at most rs trials whose
outcomes certify that X > s.

Then for every t € [0, E(X)],

Pr (yX ~E(X)|>t+ GOCW) < 4dexp (-802:;()0) .

In both Talagrand’s Inequality and McDiarmid’s Inequality, if 60cy/r E(X) <
t < E(X) then by substituting ¢/2 for ¢ in the above bounds, we obtain the
more concise

2
Pr(|X — E(X)| > t) < dexp <_3202:E(X)> .

That is the bound that we will usually use.

4 The Proof of Lemma

In this section, we want to find a good colouring for an appropriate subset
Y of G[Vi], which satisfies conditions (i)—(iv) of Lemma We actually
construct new graphs G] and G35 and consider good colourings of these
graphs. This will help us to ensure that the conditions of Lemma [§] hold.

RR n® 6673



10 F. Havet, B. Reed and J.-S. Sereni

4.1 Forming G5 and G

For j € {1,2}, we obtain G;- from G; by contracting each edge of each M;
into a vertex (that is, we consider these vertex pairs one by one, replacing
the pair xy with a vertex adjacent to all of the neighbours of both x and y in
the graph). We let C; be the set of vertices obtained by contracting the pairs
in M;. We set V* 1=V, — U, V(M;) + US_,C;. For each i € {1,2,...,4},
let Big; be the set of vertices of V* not in B; UC}; that have more than A9Y/5
neighbours in A4;. We construct G} from G} by removing the vertices of
UleAi and adding for each ¢ an edge between every pair of vertices in Big,.
And Gj is obtained from G by removing the vertices of Uf_; A;.

Note that G5 C G7. Our aim is to colour the vertices of V* except some
of S such that vertices adjacent in G7 are assigned different colours, and
vertices adjacent in G5 are assigned colours at distance at least p. Such a
colouring is said to be nice. To every partial nice colouring of V* is associated
the (p, 1)-backbone colouring of V; obtained as follows: each coloured vertex
of VNV* keeps its colour, and for each index ¢, every pair of matched vertices
of M; is assigned the colour of the corresponding vertex of C;. So this partial
good colouring satisfies condition (i) of Lemma

Definition 10. For every vertex v and every subset F' of V'*,

e the number of Gj-neighbours of w in F is 0 (u);

e the number of Gj-neighbours of u in F is §%(u); and
o 5% (u) := 6L (u) + 4pdZ(u).
For all these notations, we omit the subscript if F' = V*.

The next lemma bounds these parameters.

Lemma 11. Let v be a vertex of V*. The following hold.

(i) 62(v) < 24, and if v ¢ US_,C; then §2(v) < A;
(ii) if v € S N Big; for some i, then §'(v) < A2 — 8pA;

(iii) o(v) < A2, and if v & S then §'(v) < %Az.

Proof. (i) To obtain G%, we only removed some vertices and contracted
some pairwise disjoint pairs of non-adjacent vertices. Consequently,
the degree of each new vertex is at most twice the maximum degree
of Gg, i.e. 2A, and the degree of the other vertices is at most their
degree is G2, hence at most A.

INRIA



L(p,1)-labelling of graphs 11

(77) By Lemma (b), we have | Big; | < 8000pAS/® for each index i. More-
over, a vertex v can be in Big; for at most A'/® values of i. Recall that
for each index 7 such that v € S N Big;, the vertex v has at least A%/5
G1-neighbours in A;. So, in the process of constructing G7, it looses
at least A%% edges and gain at most 8000pA7/5 edges. Consequently,
the assertion follows because A5 >* 8000pA”/> + 8pA.

(i4i) By (ii), if v € S then §'(v) < deg!(v) < A%, Assume now that v ¢ S,
hence v € B; U C; for some index i. By Lemma [6] each set C; has at
most 1000pA vertices and by Observation [7], each set B; has at most
8000pA/* vertices. Moreover, by Lemma (c), each vertex of D; has
at most iA2 G1-neighbours outside of D;. It follows that each vertex
of B;UC; has at most 3A2+1000pA +8000pAT/44+8000pAT/> <* 3 A2
G7-neighbours.

O]

Our construction of G} and GY is designed to deal with condition (%)
of Lemma The edges we add between vertices of Big; are designed to
help with condition (iv). The bound of %Az on the degree of the vertices of
V*\ S in the last lemma helps us to ensure that condition () holds.

To ensure that condition (i7i) holds, we would like to use condition
(7) and the fact that sparse vertices have many non-adjacent pairs of G-
neighbours. However, in constructing G, we contracted some pairs of non-
adjacent vertices and added edges between some other pairs of non-adjacent
vertices. As a result, possibly some vertices in S are no longer sparse. We
have to treat such vertices carefully.

We define S to be those vertices in S that have at least 90pA neigh-
bours outside S. Then S contains all the vertices which may no longer be
sufficiently sparse, as we note next.

Lemma 12. Fach vertex ofS\g has at least 450pA® pairs of G1-neighbours
in S that are not adjacent in G7.

Proof. Let s € S\ S. We know that s has at least A% — (2p — 2)A G-
neighbours. Hence it has at least (A;) —4pA3 pairs of G-neighbours. Thus,
by Lemma (d), the vertex s has at least 996pA? pairs of G-neighbours that
are not adjacent in Gp. Since s ¢ S, all but at most 90pA3 such pairs lie in
N(s) N S. Let © be the collection of pairs of G-neighbours of s in S that
are not adjacent in G1. Then |Q| > 906pA3. For convenience, we say that
a pair of € is suitable if its vertices are not adjacent in G7.

Let s; be a member of a pair of 2. If s; does not belong to Ule Big;,
then every vertex of S that is not adjacent to s1 in G is also not adjacent
to s1 in G7. Thus every pair of € containing s is suitable.

RR n® 6673



12 F. Havet, B. Reed and J.-S. Sereni

Ifs; € Ule Big;, then for each index % such that s; € Big,, the vertex s;
has at least A%5 G-neighbours in A;. Hence, there are at least A2 —92pA —
(A% - A9/5) = A5 — 92pA pairs of Q) containing s;. Recall from the proof
of Lemma [11] that the number of edges added to s; by the construction of
G7 is at most 8000pA7/5 <* %Ag/ 5 — 46pA. Consequently, the number of
suitable pairs of ) containing the vertex sj is at least half the number of
pairs of € containing s.

Therefore, we conclude that at least 1| > 450pA3 pairs of Q are suit-
able. O

It turns out that we will colour all of S , which makes it easier to ensure
that condition (477) holds.

4.2 High Level Overview

Our first step is to colour some of S, including all of S. We do this in two
phases. In the first one, we consider assigning each vertex of S a colour
at random. We show by analysing this random procedure that there is a
partial nice colouring of S such that every vertex of S\ S satisfies condition
(7i7) of Lemma |8 In the second phase, we finish colouring the vertices of S.
We use an iterative quasi-random procedure. In each iteration but the last,
each vertex chooses a colour, from those which do not yield a conflict with
any already coloured neighbour, uniformily at random. The last iteration
has a similar flavour.

We then turn to colouring the vertices in the sets B; and C;. Our degree
bounds imply that we could do this greedily. However, we will mimic the
iterative approach just discussed. We use this complicated colouring process
because it allows us to ensure that condition (iv) of Lemma [8 holds for the
colouring we obtain. At any point during the colouring process, Notbig; ; is
the set of vertices v € A; such that v has either a G}-neighbour v ¢ Big,UD;
that has colour j or a Gj-neighbour u ¢ Big; UD; that has a colour in
[7 —p+ 1,74+ p—1]. The challenge is to construct a colouring such that
Notbig; ; remains small for every index i and every colour j.

4.3 Colouring sparse vertices

As mentioned earlier, we colour sparse vertices in two phases. The first one
provides a partial nice colouring of S satisfying condition (7i7) of Lemma
The second one extends this nice colouring to all the vertices of S , using an
iterative quasi-random procedure.

We need a lemma to bound the size of Notbig; ;. We consider the fol-
lowing setting. We have a collection of at most A? subsets of vertices. Each
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L(p,1)-labelling of graphs 13

set contains at most Q vertices, and no vertex lies in more than A%° sets.
A random experiment is conducted, where each vertex is marked with prob-

ability at most ﬁ. We moreover assume that, for any set of s > 1

1
oA Note
that this is in particular the case if the vertices are marked independently.

vertices, the probability that all are marked is at most (

Lemma 13. Under the preceding hypothesis, the probability that at least
A3T/20 gets contain a marked vertez is at most exp (—A1/20).

Proof. For every i € {1,2,...,9}, let E; be the event that at least %A?’”QO
sets contain a marked member of T;, where T; is the set of vertices lying in
between A=1/5 and A¥/5 sets. Note that if at least A37/20 sets contain at
least one marked vertex, then at least one the events F; must hold.

The total number of vertices in the sets being at most A2Q, we deduce

that |T;| < %. Furthermore, if E; holds then at least éA37/2O*Z’/5

vertices of T; must be marked. Therefore,

A2Q/A(i71)/5 1
Pr(E;) < ( L A37/20-i/5 > ' <QA2/5>
( eA2Q/AU-VS >sA3”2O~5
éA37/20*i/5 x QA2/5

9e
< A1/20

Since $A37/20*i/5 > %Al/%, the probability that F; holds is at most é exp (—Al/zo),
and therefore the sought result follows. O

1 AB7/20—i/5
9

(by Stirling formula)

1 A37/20—i/5
9

4.3.1 First step

Lemma 14. There exists a nice colouring of a subset H of S with colours
in {1,2,...,A% + 1} such that

(i) every uncoloured vertex v of S\ S has at least (2p — 2)A colours ap-
pearing at least twice in Ng(v) := Ng,(v) N S;

(ii) every vertex of S has at most %—SAQ coloured G7-neighbours;

(iii) for every index i and every colour j, the size of Notbig, ; is at most

A19/10'

Proof. For convenience, let us set C':= A% +1. We use the following colour-
ing procedure.
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14 F. Havet, B. Reed and J.-S. Sereni

1. Each vertex of S is activated with probability 1%.

2. Each activated vertex is assigned a colour of {1,2,...,C}, indepen-
dently and uniformly at random.

3. A vertex which gets a colour creating a conflict — i.e. assigned to one
of its Gj-neighbours, or at distance less than 2 of a colour assigned to
one of its G3-neighbours — is uncoloured.

We aim at applying the Lovész Local Lemma to prove that, with positive
probability, the resulting colouring fulfils the three conditions of the lemma.
Let v be a vertex of G. We let Eq(v) be the event that v does not fulfil
condition (7), and E2(v) be the event that v does not fulfil condition (ii). For
each i, j, let E3(i, j) be the event that the size of Notbig, ; exceeds A9/10 Tt
suffices to prove that each of those events occurs with probability less than
A~ Indeed, each event is mutually independent of all events involving
vertices or dense sets at distance more than 4 in G} or Gj. Moreover,
each vertex of any set A; has at most A%/* external neighbours in G, and
|A;] < A% +1. Thus, each event is mutually independent of all but at most
A0 other events. Consequently, the Lovasz Local Lemma applies since
AT AT6 < i, and yields the sought result.

Hence, it only remains to prove that the probability of each event is
at most A717. We use the results cited in Section Bl Let us start with
Es(v). We define W to be the number of activated neighbours of v. Thus,
Pr(E;(v)) < Pr (W > 13A?%). We set m := [N(v)N S|, and we may assume
that m > %A? The random variable W is a binomial on m variables with
probability %. In particular, its expected value E(W) is %—73. Applying the
Chernoff Bound to W with ¢t = 2%, we obtain

207
Pr(W>5A%) < Pr(W-EW) > g)
< 2exp (i) < AT

since %A2 <m < A2

Let v € S\ S. We now bound Pr(FE;(v)). By Lemma let 2 be a
collection of 450pA3 pairs of G1-neighbours of v in S that are not adjacent
in G7. We consider the random variable X defined as the number of pairs of
2 whose members (i) are both assigned the same colour j, (ii) both retain
that colour, and (iii) are the only two vertices in N(v) that are assigned j.
Thus, X is at most the number of colours appearing at least twice in Ng(v).
The probability that some non-adjacent pair of vertices u, w in N (v) satisfies
(i) is 1% : 1% : % In total, the number of Gj-neighbours of v,u,w in H is
at most 3A2%, and the number of Gj-neighbours of u and w is at most 4A.
Therefore, given that they satisfy (i), the vertices u and w also satisfy (ii)
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C

81 3A? (8p—8)-A N
100C - exp <_C> exp <_C> >* 3pA.

Hence, if F4(v) holds then X must be smaller than its expected value by at
least pA. But we assert that

2 4A
and (iii) with probability at least (1 — %)?A : ( — M) . Consequently,

E(X) > 450pA3 -

Pr(E(X) —pX > A) <F AT, (1)

which will yield the desired result.

To establish Equation , we apply Talagrand’s Inequality, stated in
Section [3l We set X; to be the number of colours assigned to at least two
vertices in N (v), including both members of at least one pair in €2, and Xy
is the number of colours that (i) are assigned to both members of at least
one pair in €, and (ii) create a conflict with one of their neighbours, or are
also assigned to at least one other vertex in N(v). Note that X = X; — Xo.
Therefore, by what precedes, if E7(v) holds then either X; or Xo must differ
from its expected value by at least %pA. Notice that

1
E(X3) < E(X;) < C-450pA3 - 55 < 450pA .

If X1 > t, then there is a set of at most 4t trials whose outcomes certify
this, namely the activation and colour assignment for ¢ pairs of variables.
Moreover, changing the outcome of any random trial can only affect X;
by at most 2, since it can only affect whether the old colour and the new
colour are counted or not. Thus Talangrand’s Inequality applies and, since
E(X;) > E(X) >* 3pA, we obtain

Pr (X1 - B(X))| > 1pA) <4 PA* < Ip-w
r — — ex — — .
! V= 9P ) =SSP\ T304 4 450pA ) = 2

Similarly, if Xo > ¢ then there is a set of at most 6¢ trials whose outcomes
certify this fact, namely the activation and colour assignment of ¢ pairs of
vertices and, for each of these pairs, the activation and colour assignment
of a colour creating a conflict to a neighbour of a vertex of the pair. As
previously, changing the outcome of any random trial can only affect Xo by
at most 2. Therefore by Talagrand’s Inequality, if E(X3) > %pA then

Pr(|X, - B(Xa)| > 2pA) <4 PA° < Lp-
r - = e - = .
2 2N 9P ) =P\ T 3964 450pA ) = 2

If E(X»2) < %pA, then we consider a binomial random variable that counts
1

each vertex of Ng(v) independently with probability WPA' We let X},
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16 F. Havet, B. Reed and J.-S. Sereni

be the sum of this random variable and X5. Note that ipA <E(X)) < %pA
by Linearity of Expectation. Moreover, observe that if | Xo — E(X3)| > 3pA
then | X, — E(X})| > 1pA. Therefore, by applying Talagrand’s Inequality to
X} with ¢ =2, 7 =6, and t = IpA € [60c\/r E(X}), E(X})], we also obtain
in this case

1 1
Pr <|X2 — E(Xy)| > 2pA> <Pr (|X§ —E(X})| > 4pA)

<dexp| — PA° <* 1A_17.
- 16-32-6-3-pA /) = 2

Consequently, we infer that Pr (E(X) — X > A) <* A717 as desired.

It remains now to deal with E3(i,j). We use Lemma For each 1,
every vertex of A; has at most A%* external neighbours. Moreover, for
each colour j, each such neighbour is activated and assigned a colour in
[7 —p+ 1,7+ p— 1] with probability at most % . (2”51) <* A5/4%A2/5' As
these assignments are made independently, the conditions of Lemma [13] are
fulfilled, so we deduce that the probability that Es(i,7) holds is at most
exp (—A1/2O) <* A™17. Thus, we obtained the desired upper bound on

Pr(FEs5(i,7)), which concludes the proof. O

4.3.2 Second step

In the second step, we extend the partial colouring of S to all the vertices
of S. To do so, we need the following general lemma, that will also be used
in the next subsection to colour the vertices of the sets B; U C;. Its proof is
long and technical, so we postpone it to Section [6]

Lemma 15. Let F' be a subset of V* with a partial nice colouring, and
H be a set of uncoloured vertices of F'. For each vertex u of H, let L(u)
be the colours available to colour u, that is that create no conflict with the
already coloured vertices of F U H. We assume that for every verter u,
|L(u)| > 11pA33/20 and |L(u)| > 6} (u) + 6pA.

Then, the partial nice colouring of F' can be extended to a mice colouring of
H such that for every index i € {1,2,...,¢} and every colour j, the size of
Notbig; ; increases by at most A19/10,

Consider a partial nice colouring of S obtained in the first step. In
particular, | Notbig; ;| < A9/10 We wish to ensure that every vertex of S
is coloured. This can be done greedily, but to be able to continue the proof
we need to have more control on the colouring. We apply Lemma [15] to the
set H of uncoloured vertices in S. For each vertex u € H, the list L(u) is
initialised as the list of colours that can be assigned to w without creating
any conflict. By Lemmas|11|and ii), |L(u)| > %Az —4pA >* 11pA33/20,
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Suppose that u is in no set Big;. Then 0% (u) < degg(u) < A2—90pA, and
u has at most A Gj-neighbours. Hence, we infer that |L(u)| > §};(u)+88pA.
Assume now that u belongs to some set Big;. By Lemma|l1{(7) and (ii), we
have §(u) < A? — 8pA and §%(u) < A. So, |L(u)| > 64 (u) + 8pA — 2pA =
61 (u) + 6pA.

Therefore, by Lemma [15| we can extend the partial nice colouring of S
to S such that | Notbig; ; | < 2A19/10 for every index i and every colour j.

4.4 Colouring the sets B; and C;

Let H := Ule(Bi U C;). At this stage, the vertices of H are uncoloured.
We first apply Lemma [15| to extend the partial nice colouring of S to the
vertices of H in such a way that Notbig, ; does not grow too much, for every
index ¢ and colour j. Next, we will show that the good colouring derived
from this nice colouring satisfies the conditions of Lemma

For each vertex u of H, let L(u) be the list of colours that would not
create any conflict with the already coloured vertices. By Lemma (mz),
61 (u) < 3A2%. Hence, |L(u)| > LA2+6} (u)—4pA >* max (11pA3%/20 L (u) + 6pA).

Therefore, by Lemma we extend the partial nice colouring of the
vertices of S to the vertices of Ule(Bi U C;). Moreover, for each index i
and each colour j, the size of each Notbig, ; is at most 3A19/10,

Consider now the partial good colouring of V; associated to this nice
colouring. Let us show that it satisfies the conditions of Lemma [§ By the
definition, it satisfies conditions (i) and (ii). Condition (zi:) follows from
Lemma Hence, it only remains to show that condition (iv) holds.

Fix an index 7 and a colour j. Recall that Big, is a clique, so there is at
most one vertex of Big, of each colour. Consequently, the number of vertices
of A; with a G1-neighbour in Big; coloured j is at most max (2 . %A2, %AQ) =
3A?, by Lemma (c) Besides, the number of vertices of A; with a Ga-
neighbour in Big; with a colour in [j —p+ 1,7 + p — 1] is at most 4pA.
Finally, the number of vertices of A; with either a Gi-neighbour not in
Big,; UD; coloured j, or a Ga-neighbour not in Big; UD; with a colour in
[j —p+1,7+p—1] is at most [Notbig, ;| < 3A19/10 " Thus, all together,
the number of vertices of A; with a GG1-neighbour not in B; U C; coloured 7,
or a Gy-neighbour not in B; U C; with a colourin [j —p+ 1,7 +p— 1] is at
most

3

ZA2+3A19/10+4])A S* §A27

as desired.

This concludes the proof of Lemma
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18 F. Havet, B. Reed and J.-S. Sereni

5 The Proof of Lemma

We consider a good colouring of V satisfying the conditions of Lemma [§
The procedure we apply is composed of two phases. In the first phase, a
random permutation of colours is assigned to the vertices of A;. In doing
so, we might create two kinds of conflicts: a vertex of A; coloured j might
have an external GGi-neighbour coloured j, or a Go-neighbour with a colour
in[j—p+1,j+p—1]. We shall deal with these conflicts in a second phase.
To be able to do so, we first ensure that the colouring obtained in the first
phase fulfils some properties.

Proposition 16.
1
|[Ail +Bil + 5[V (Mi)| < A* 41,

Proof. By the maximality of M;, for every edge e = xy of M; there is at
most one vertex v, of K; that is adjacent to both = and y in H;. Hence,
every edge e of M; has an endvertex n(e) that is adjacent in H; to every
vertex of K; except possibly one, called z(e). By Lemmas [5| and @,

|K;| = |As| 4 | Bs] > A% — 8000pA — 2.10%pA >* 103pA > |M;].

So there exists a vertex v € A; U B; \ Ueens,;z(e). The vertex v is adjacent
in G1 to all the vertices of K; (except itself) and all the vertices n(e) for
e € M;. So

[~ 1+ 5 V(M) < deg!(v) < A7,
0

Phase 1. For each set A;, we choose a subset of a; := |A;| colours as
follows. First, we exclude all the colours that appear on the vertices of
B; UC;. Moreover, if a colour j is assigned to at least 2p — 1 pairs of vertices
matched by M;, not only do we exclude the colour j but also the colours in
[j —p+1,j+p—1]. By Proposition [16| and because every edge of M; is
monochromatic by Lemma z'i), we infer that at least a; colours have not
been excluded. Then we assign a random permutation of those colours to
the vertices of A;. We let Temp, be the subset of vertices of A; with an
external G1-neighbour of the same colour, or a Ga-neighbour with a colour
at distance less than p.

Lemma 17. With positive probability, the following hold.

(i) For each i, | Temp; | < 3A%/%;
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(ii) for each index i and each colour j, at most A0 yertices of A; have
a Gp-neighbour in Uyx; Ay coloured j or a Ga-neighbour in Ui Ay, with
a colour in [j—p+1,j+p—1].

Proof. We use the Lovasz Local Lemma. For every index i, we let E1(i)
be the event that | Temp; | is greater than 3A%%. For each index i and
each colour j, we define Fs(i,j) to be the event that condition (ii) is not
fulfilled. Each event is mutually independent of all events involving dense
sets at distance greater than 2, so each event is mutually independent of
all but at most A” other events. According to the Lovéasz Local Lemma,
it is enough to show that each event has probability at most A0, since
A% x A0 < 4,

Our first goal is to upper bound Pr(F;(i)). We may assume that both
the colour assigments for all cliques other than A;, and the choice of the
a; colours to be used on A; have already been made. Thus it only remains
to choose a random permutation of those a; colours onto the vertices of A;.
Since every vertex v € A; has at most A%* external neighbours and A Go-
neighbours, the probability that v € Temp; is at most (A%* + 2pA)/a;. So
we deduce that E(] Temp; |) < A%* + 2pA. We define a binomial random
variable B that counts each vertex of A; independently with probability
A%/*/(2a;). We set X := | Temp, | + B. By Linearity of Expectation,

%AE’“ < E(X) = E(| Temp, |) + %N’/‘* <*2A5/

Moreover, if | Temp, | > 3A%* then | Temp, | — E(| Temp; |) > A%*, and
hence X — E(X) > %A5/ 4. We now apply McDiarmid’s Inequality to show
that X is concentrated. Note that if | Temp, | > s, then the colours to 2s
vertices (that is, s members of Temp, and one neighbour for each) certify
that fact. Moreover, switching the colours of two vertices in A; may only
affect whether those two vertices are in Temp,, and whether at most four
vertices with a colour at distance less than 2 are in Temp,. So we may
apply McDiarmid’s Inequality to X with ¢ = 6,7 = 2 and t = %AE’/‘I €

[600\/7* E(X), E(X)] We deduce that the probability that the event Ej (i)
holds is at most

Pr <| Temp; | — E (| Temp; |) > A5/4) < Pr <\X _E(X)| > ;A5/4>

A5/2
<4 _
P T X 32 % 36 x 2A5/4

<* Aflo

We now upper bound Pr(E>(i, j)). To this end, we use Lemmal[13] Recall
that the vertices of A; get different colours. Every vertex v € A; has at most
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A5/* external neighbours, and A Gy-neighbours. We set Q := A4 + A,
We let S(v) be the set of all vertices that are either external Gi-neighbours
of v, or Ga-neighbours of v. Hence, |S(v)| < Q. Note that each vertex is in
at most A%* sets S(v) for v € A;. Each vertex of a set S(v) is assigned a
colour in [j —p+ 1,7, + p — 1] with probability at most

2p—1 < 1
max )
ko oay (2p — 1)Q x A2/5

because mina; > A2 — 9000pA7/* by Observation @ Moreover, at most
2p—1 vertices in each set Ay, are assigned a colour in [j—p+1,7+p—1]. As
the random permutations for different cliques are independent, Lemma [I3]
implies that the probability that more than A37/20 vertices of A; have an
external Gi-neighbour in some Ay coloured j, or a Ga-neighbour in some
Ay, coloured in [j —p+1,j + p — 1] is at most exp (—Al/ZO) <* A710. This
concludes the proof. O

Phase 2. We consider a colouring « satisfying the conditions of Lemma
For each set A; and each vertex v € Temp,; we let Swappable, be the set of
vertices u such that

)
(b) v(u) does not appear on an external Gi-neighbour of v;
(¢) v(v) does not appear on an external Gi-neighbour of u;
)

no colour of [y(u) —p+1,v(u) + p — 1] appears on a Ga-neighbour of
v;

(e) no colour of [y(v) —p+ 1,7v(v) + p — 1] appears on a G-neighbour of
u.

Lemma 18. For every v € Temp,, the set Swappable, contains at least
1—10A2 vertices.

Proof. Let us upper bound the number of vertices that are not in Swappable,,.
By Lemma (z), at most 3A%/* vertices of A; violate condition (a) and at
most A%/* vertices violate condition (b) by the definition of A;. As v has at
most A neighbours in G2, the number of vertices violating condition (d) is at
most 2pA. According to Lemma (iv), the number of vertices of A; violating
conditions (¢) or (e) because of a neighbour not in (Uj_; Ay) U (B; UC;) is
at most %AQ. Moreover, by the way we chose the a; colours for A;, for any
colour « € [y(v)—p+1,7(v)+p—1]\{7v(v)}, then at most 2- (2p—2) vertices
of M; and one vertex of B; are coloured «. Each of these vertices have at
most A neighbours in G3. Hence, as there are 2p — 2 choices for the colour
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a, the number of vertices violating condition (e) because of a neighbour in
B; U} is at most

(2p—2)-(2-(2p—2)+1)-A = (8p* —14p +6) - A.

Finally, the number of vertices violating conditions (c) or (e) because of a
colour assigned during Phase 1 is at most A'9/10 thanks to Lemma u)
Therefore, we deduce that

4 1
Swappable, | > |A;|—=AZ—AY/T0_gAP/4_(8p? —14p+2p+6)-A—1 >* — A2,
v 5 10
7
as |A;| > A% — 9000pA# by Observation O

For each index ¢ and each vertex v € Temp,;, we choose 100 uniformly
random members of Swappable,. These vertices are called candidates of v.

Definition 19. A candidate u of v is unkind if either

(a) w is a candidate for some other vertex;

(b) v has an external neighbour w that has a candidate w’ with the same
colour as u;

(¢) v has a Gy-neighbour w that has a candidate w’ with a colour in
() =p+1,7(u) +p —1];

(d) v has an external neighbour w that is a candidate for exactly one
vertex w', with y(w') = v(u);

(e) v has a Gg-neighbour w that is a candidate for exactly one vertex w’,
that has a colour in [y(u) —p+ 1,v(u) +p — 1];

(f) w has an external neighbour w that has a candidate w’ with the same
colour as v;

(9) u has a Gy-neighbour w that has a candidate w’ with a colour in
() =p+ Ly +p—1J;

(h) w has an external neighbour w that is a candidate for a vertex w’ with
the same colour as v; or

(i) u has a Ga-neighbour w that is a candidate for a vertex w’ with a
colour in [y(v) —p+ 1,7y(v) +p —1].

A candidate of v is kind if it is not unkind.

Lemma 20. With positive probability, for each index i, every vertex of
Temp; has a kind candidate.
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We choose candidates satisfying the preceding lemma. For each vertex
v € Temp,; we swap the colour of v and one of its kind candidates. The
obtained colouring is the desired one. So to conclude the proof of Lemma [9]
it only remains to prove Lemma [20}

Proof of Lemma[20. For every vertex v in some Temp;, let Fj(v) be the
event that v does not have a kind candidate. Each event is mutually inde-
pendent of all events involving dense sets at distance greater than 2. So each
event is mutually independent of all but at most AY other events. Hence,
we shall prove that the probability of each event is at most A=Y, and so the
conclusion will follow from the Lovasz Local Lemma since A710. A% <* %.

Observe that the probability that a particular vertex of Swappable, is
chosen is 100/| Swappable, |, which is at most 1000A~2,

We wish to upper bound Pr(F;(v)) for an arbitrary vertex v € Temp;,
so we can assume that all vertices but v have already chosen candidates.
By Lemma [17|(7), the number of vertices that satisfy condition (a) of Def-
inition [19] is at most 300A%4. Note that the vertex v has at most A%/4
external neighbours, each having at most 100 candidates. Since each colour
appears on at most one member of Swappable,, we deduce that the number
of vertices satisfying one of the conditions (b) and (d) is at most 101A5/4,
Similarly, the number of vertices satisfying one of the conditions (¢) and (e)
is at most 202pA.

We deal now with the remaining four conditions, starting with condition
(f). The number of vertices of A; that satisfy condition (f) is at most the
number of edges with an endvertex in A; and an endvertex in Ay with k # 4,
and such that the endvertex not in A; has chosen a candidate with the colour
of v. For each vertex w € Uyp.; Ay, we let N, be the number of GG1-neighbours
of w in A;. So, N, < A%%. Note that > N, < 8000pA? by Lemma (b)
We define the random variable Fy, to be N,, if w has a candidate with the
colour of v, and 0 otherwise. Thus, the number of vertices of A; that satisfy
condition (f) is at most the sum o of the variables Fy, for w € Up;Ap. We
aim at showing that

1
Pr (a > 2A3/2> < gA*m. (2)
Since each vertex in some set Temp, chooses its candidates independently,

the variables F,, are independent. For each r € {0,1,..., [log, (A%4)]}, let
Sy be the set of vertices w of Uy.; Ay such that 2r—1 < N, <2". So,

[log, (A5/4)1 f10g2(A5/4)W
cs Y Y Rs Y v
r=0 weS, r=0
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where o, := [{w € S, : F, # 0}|. Consequently, to prove it suffices to
show that for every index 7,

A—IO
P r > 1) <
r (U ) ] (ﬂog2(A5/4)"| + 1)
L 2A3/2
where t, := 2 (Tlogs (A5/)151)

Fix an index r. As the variables F,, are independent, the probability
that o, is more than ¢, is no more than the probability that the binomial
random variable BIN(n,, p,) with n, := 53290,011[’ A3 and p, := 1000A~2 is more

than ¢,.. Therefore, we deduce from Chernoff’s Bound that

2

t t t
< 2exp <2T — <nrpr+ 2r> In <1+ QnTp >)
TET

A—IO
8 ([oga(A5/1)] + 1)

t
Pr (o, > t,) <" Pr <BIN(nT,pT) — NPy > r)

*

as wanted.

A similar argument shows that, with probability at least 1 — %Aflo, at
most 2A%/2 vertices of A; satisfy condition (g).

We consider now condition (h). A vertex u of A; satisfies condition (h) if
it has an external G1-neighbour that was chosen as a canditate for a vertex
with the same colour as v. We actually consider the number of edges with
an endvertex in A; and the other in some Ay with k # i, and such that the
endvertex not in A; is a candidate for a vertex with the same colour as v.
We express this as the sum of several random variables.

Recall that N, is the number of Gi-neighbours of w in A;, for every
w € Upx;Ag. So, Ny < A%/4 We define X, to be N,, if w is a candidate
for a vertex with the colour of v, and 0 otherwise. Thus, the probability
that X, = N, is at most 1000A~2. The number of vertices of A; satisfying
condition (h) is at most the sum 7 of the variables X, for w € Up2;A;. Our
aim is to show that

1
Pr (7‘ > 2A3/2> < §A‘1°. (3)

Recall that
Sy ={w e Uk?giAk corl < N, <2"}

for every r € {0,1,..., [log, (A%/*)]}. Hence,

[log, (A5/4)-| [log, (A5/4)-‘
D SID SEOEI DU
r=0 weS, r=0
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where 7, := [{w € S, : X,, # 0}|. Consequently, to prove it suffices to
show that for every index 7,

A—IO
Pr(r >t.) < 4
I‘(T ) ] (ﬂog2 (A5/4)"| + 1) ( )
L 2A3/2
where ¢, := 2 (Tloga (A/YT41)°

Let us fix an index . Observe that 7, is at most 100 3, ; ZF where each
Zf is a zero-one random variable, which is 1 if there is a vertex of S, N A
that is a candidate for a vertex with the same colour as v, and 0 otherwise.
In particular, Z¥ = 1 with probability at most 1000|S, N Ax|A~2. Moreover,
if 7 > t, then 30, ZF > 5. Let R, := 27" -8000pA®. By Lemmalg|b),
for every k # i the size of S, N Ay is at most M, := min (AQ, Rr). We set

Ty i={k #i:2"71 < |S, N Ag| <27}

for every integer m € {0,1,...,[logy(M,)]}. Hence, |[Tp,| < 227m 7.

8000pA3, and
[logy (Mr

)]
7 < 100 >zt
m=0 k€T
To prove , it suffices to show that

Afl(]
vm e {0,1,..., [logy(M,)]}, Pr zE >t <
{ (M Pl 2 Stiog; (T8 + ) (o AT+ 1)
(5)
where
ty

I
" 100 (Tlogy (V)T + 1)

Let us fix an index m. The variables Z* for k € T, are independent zero-
one random variables, each being 1 with probability at most 2™ - 1000A 2.
Observe that if 2™ -1000A~2 > 1, then |T},| < 32-10°pA 27" and hence ()
holds. Thus we assume in the sequel that 2 - 1000A~2 < 1. We define Y,
to be the sum of 227™" . 8000pA? independent zero-one random variables,
each being 1 with probability 2™ - 1000A~2. Thus, ZkeTm ZF <Y,,. The
expected value of Y,,, is

E(Y;,) = 32-10% - 277A <* A%/2,
We deduce from Chernoff’s Bound that

Pr (Ym —E(Y,) > t2/> < 2exp <t2/ —1In <1 + ;”) (E(Y) + 7;/))

8 ([logy (A5/4)] +1) ([logy (M,)] +1)
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This yields , and thus (4)), which in turn implies , as desired.

A similar argument shows that the probability that more than 2A3/2 —
200pA vertices of A; satisfy condition (i) because of an external G'o-neighbour
is at most %A‘lo. Moreover, at most 200pA vertices satisfy condition (i)
because of an internal Ga-neighbour.

Therefore, with probability at least 1 — %A‘lo the number of unkind
members of Swappable, is at most

8A32 1+ 300A5* 1 101A%/4 1+ 303A <* AT/4,

In this case, the probability that no candidate is kind is at most

AT/ 100 *1A_10
A2/10 < 3 '

Consequently, the probability that Fj(v) holds is at most %A‘lo + %A‘lo =
A9 as desired. O

6 The Proof of Lemma [15|

In this subsection we prove Lemma We colour H using a two phase
quasi-random procedure.

Phase 1. We fix a small real number € € ]0, ﬁ], and carry out K :=
2Aflog A iterations. In each iteration, we analyse the following random
procedure, which produces a partial colouring A. Note that at every time of
the procedure, |L(v)| > 6}, (v) + 2pA for every vertex v of H, where U is the
subgraph of H induced by the uncoloured vertices.

1. Each uncoloured vertex of H is activated with probability o := A™¢;
2. each activated vertex v choose a uniformly random colour \(v) € L(v);

3. if two activated neighbours create a conflict, both are uncoloured;

4. each activated vertex u that is still coloured is uncoloured with prob-
ability ¢(v), where ¢(v) is defined so that v has probability exactly %a
of being activated and retaining its colour;

5. for each vertex v that retains a colour, we remove from the lists of the
yet uncoloured vertices all the colours that could create a conflict.
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First, we have to show that the parameter g(v) is well-defined. Let Nj(v)
be the set of all uncoloured G7-neighbours of v. Given that v is activated,
the probability that it is uncoloured in the third step of the procedure is at
most

Y Pr(A\w)=j)x > aPr\w)e[j-p+1j+p—1])

jEL( ) u€N1 (v)

Z ZPr €elj—-p+Llj+p—1))

\L (v)
u€N1 (v) jeL(v)
2p—1
S > ¥
u€N1 (v)
[N1(v)] .1
=(2p — Do < (2p—Da < o,
| L(v)] 2

since |L(v)| > |N1(v)|. Thus, the probability of being activated and not
being uncoloured after the third step of the procedure is more than %a. So
q(v) is well-defined.

Lemma 21. After K iterations, with positive probability

AQOOE

(i) each vertex of UleAi has at most uncoloured external neighbours

mn H;

AQOO&

(17) each vertex of H has at most uncoloured neighbours in H; and

(7i1) for every i and every colour j, the size of Notbig; ; grows by at most
L A19/10
5 .

We postpone the proof of this lemma to the end of this section. We choose
a partial colouring of H that verifies the conditions of the preceding lemma,
and proceed with Phase 2.

Phase 2. For every uncoloured vertex of H, let Li(v) be the list of avail-
able colours after Phase 1. At most 0% (v) < 6% (v) + 4pA colours have
been removed from L(v). Hence, |Li(v)| > 2pA. We apply the following
procedure.

1. For each uncoloured vertex v of H, we choose a uniformly random
subset L'(v) C Ly(v) of size 2pA290¢;

2. we colour all such vertices v from their sublist L'(v), greedily one-at-
a-time.
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Observe that the second step is possible thanks to Lemma (zz) Thus,
we obtain a good colouring of H. It only remains to prove that it fulfills the
condition of Lemma To this end, we first establish the following result
about the colouring constructed in Phase 2.

Lemma 22. With positive probability, for every i and every colour j, the
size of Notbig, ; grows by at most %Aw/w during Phase 2.

Proof. We want to apply the Lovasz Local Lemma. For each set A; and
each colour j, let E(i,j) be the event that more than %Alg/ 10 vertices of A;
have neighbours outside of Big; UD; with a colour in [j —p+1,7,5 +p — 1]
in their sublist. We bound Pr (E(i, 7)) using Lemma By lemma [21),
every vertex of A; has at most Q := A?%% uncoloured external neighbours
in H. Each such neighbour u chooses a colour in [j —p+ 1,7 +p — 1]
in its sublist with probability at most 4p2A20% /|L(u)| <* ﬁ, because
|Li(u)| > 2pA. Besides, these assignments are made independently. So, as
%Alg/lo >* A37/20 Lemma 13| yields that Pr (E(i, 7)) < exp(—AY/20) <*
AN

Observe that each event is mutually independent of all events involving
dense sets at distance more than 2, and each dense set is adjacent to at most
A2 x A5/ other dense sets. As a result, each event is mutually independent
of all but at most A? other events. Consequently, the Lovasz Local Lemma
applies and yields the conclusion. ]

Using the last two lemmas, we can prove Lemma

Proof of Lemma[15 We consider a colouring obtained after Phases 1 and 2.
By Lemmas (zm) and Notbig; ; grows by at most %Alg/ 10 quring each
phase for every index ¢ and every colour j. O

Thus, to complete the proof, it only remains to prove Lemma[2I] To this end,
we will inductively obtain an upper bound R on the number of uncoloured
external G-neighbours of a vertex of UézlAi after the k™ iteration, and
lower and upper bounds m;_ (v) and m; (v) on the number of neighbours in
U of a vertex v after the k' iteration. Let 6 := ( — %A‘a). Note that
0 > % since A® >* 1. We set

Ry:=A%* and Vk>0, Ry :=0R, , + Ry, (6)
and for every vertex v,

mar(v) = 5}{(1)) and Vk >0, mﬁ(v) = Omg L (v) + mﬂl(v)@/m, (7)
k-1

my (v) =0} (v) and Yk >0, my (v) = 0my_,(v) —m,_, (0)*9%0. (8)

These parameters fulfill some useful properties, as we note next.
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Lemma 23. The following hold.

(i) If R, > A% then R, <* 20FR,.

(it) If my (v) > A% then

%0’“(5}1(@) <* my (v) < mj (v) <* 20854 (v).

Proof. (i) We prove the following statement by induction on the integer

k, which yields the sought conclusion.

99/100
Vk >0, Rp<O0"Ry+ (9kRO)

as long as Ry, > A5 To see that this statement is indeed stronger,

note that if Ry > A% then as A% >* 2 we infer that 6¥Ry >* 1
which yields the conclusion.

The statement trivially holds when k£ = 0. Now, assume that it holds
for some integer k£ — 1, and let us prove that it holds for k. As in
the previous remark, we obtain using the induction hypothesis that
0*—1Ry > 1 because Rj_1 > Ry, > A% Therefore,

Ry = 0Ry,_1 + R/

<0 <6k1R0 i <9k1R0>99/100> N (29#1]{0)49/50

49/50
< 0"Ry + 099k/10091/100R39/100 + (49kR0> /

— 0" Ry + 999k/100R39/100 <91/100 1 449/50 <9kRo>_1/100>

< Ry <0’“R0> 99/100

)

where the third line follows from the fact that % < 6 < 1, and the last
line follows from the fact that /100 4 449/50 (HkRO)fl/loo <* 1.

The proof of the rightmost inequality is identical to the preceding one,
so we omit it. Moreover, m; (v) < m (v) by the definition. We now
prove by induction on the integer k that

99/100
Yk >0, mp(v) > 086k () — (e’fa}l(v)) e

The inequality is trivial if & = 0. Suppose that the inequality holds
for an integer k — 1, and let us prove it for k.
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By the prior remarks, we know that

99/100

my (0) < mif (v) < 00 () + (0105 (0)) T < 2080 (v).

my, (v) = Omy_(v) — ml:—l(v)49/5o

>0 <9k—15}{(v) ~ (015 w) ™ 100) ~ (2054 )) "

~1/100
> 0%k (v) _»099k/1005}{(v)99/100 <91/100 ) (Gké}{(v)> / )

99/100
> 0hop(0) - (0% (0)

since /100 <* 1 — 2 (9’“5}{(1)))71/100.

O
Proof of Lemma |21 We apply the Lovdsz Local Lemma to each iteration

of the procedure to prove inductively that with positive probability, after
k < K iterations the following hold.

(a) If Ry > A% then every vertex in Ul_; 4; has at most Ry, uncoloured
external Gj-neighbours in H;

(b) for every vertex v of H, if m (v) > $A29% then m_,(v) < 6}(v) <

m:—l(”)é

(c) for every index i and every colour j, the size of Notbig; ; increases by
at most mAw/m_e during iteration k.

Assuming this, we can finish the proof as follows. Note that
20KA2 <*1 <* A150€.

Since Ry = A%* and d},(v) < A? for every vertex v, the contrapositive of
Lemma implies that both Rx and m(v) are less than A0 <* éAQOOE.
Furthermore, all these parameters decrease with k, and they decrease by
less than half at each iteration. Therefore, as A200¢ < A5/4 there exist two
integers k1 and ko(v), both at most K, such that

%A%Os < Rkl < A2OO€
and, if 0% (v) > A29 then
lAQOOa <mT (’U) < EAQOOE
8 = ha(v) 4 ‘
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Note that the number of uncoloured vertices cannot increase, therefore ap-
plying (a) at iteration k; yields (i). Similarly, applying (b) at iteration ko (v)
yields (i), since mgz(v)(v) < dmy ) (v) < A% Finally, (iii) follows from
(c) because the number of iterations is K = 2A° log A.

It only remains to prove (a), (b) and (¢). We proceed by induction on k,
the three assertions holding trivially when k = 0. Let k be a positive integer
such that the assertions hold for all smaller integers.

For every uncoloured vertex v of U!_; A;, we define E1(v) to be the event
that v violates (a). For every vertex u of H, we define Es(u) to be the event
that u violates (b). For every index i and each colour j, we define F3(i, j) to
be the event that Notbig; ; violates (c). Each event is mutually independent
of all other events involving vertices or dense sets at distance more than
4 in G%, and hence is mutually independent of all but at most A6 other
events. We shall prove that each event F1(v), Eo(v) and E3(i, j) occurs with
probability at most A~'7. Consequently, the Lovasz Local Lemma applies
since 3ATIT. A6 <* %, and therefore with positive probability none of these
events occurs.

Bounding Pr(Es(i,7)).

Fix an index ¢ and a colour j. We apply Lemmawith Q = max(Ry_1, A?90),
By induction, we know that every vertex in A; has at most ) uncoloured
external G-neighbours at the beginning of iteration k. Moreover, the prob-
ability that a vertex v of H is assigned a colour in [j —p+ 1,5 + p — 1]

is at most | L2(€ g Note that these colour assignments are independent.
Consequently, provided that |L(v)| > 2pQA?%/®, Lemma implies that

Pr(Ej3(i, j)) < exp (—Al/QO) <* A717 since Aﬁo/;(zs >* A3T/20,

So, let us show now that |L(v)| > 2pQA?/>. Note that at most 0% (v)
colours can be removed from L(v), so by hypothesis |L(v)| > 2pA. This
remark establishes the result if Q < A3/®. Notice that A20% < A3/5_ since
e < ﬁ. So we may assume now that Rj_; > A3/5 and hence Q = Rj,_1.
Recall that at the beginning |L(v)| > 11pA33/20 by hypothesis. Thus, if
ok (v) < 8pA3/20 then |L(v)| > 3pA33/20 — 4pA >* 2pA33/20 > 2pQA/S
since Q = Ry_1 < Ry = A4, 1If 5 (v) > 8pA33/20 then as Rj_q > A3/®
observe that m; (v) > A%, So by Lemma (z) and (ii), we deduce that

_ 1 .-
[L(v)| > 63;(v) > my_(v) > 59'“ 'og(v)
> 4p0F 1 Ry AZ/5
>* 9pR_1A*° = 2pQA/5.

Bounding Pr(E;(v)).
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Fix a vertex v of UézlAi. We assume that Ry > %A%O? Let m be
the number of uncoloured external neighbours of v in H at the beginning
of iteration k. By induction, m < Rjp_1. We define Y to be the number
of those vertices that are coloured during iteration k. The probability of
an uncoloured vertex becoming coloured during iteration k is exactly %A*‘?.

Hence, E(Y) = 1A~*m. Consequently, if Ey(v) holds then Y must differ

from its expected value by more than R:Q_/f 0,

As in the proof of Lemma we express Y as the difference of two ran-
dom variables. Let Y] be the number of uncoloured external Gj-neighbours
of v that are activated during iteration k. Let Y5 be the number of un-

coloured external G'-neighbours of v that are activated and uncoloured dur-

ing iteration k. Thus, Y =Y — Y5 and hence if E;(v) holds then either Y;

or Ys differs from its expected value by more than %R:g_/f 0.

Note that Y7 < Ri_1, hence E(Y;) < Ri_1. Moreover, Y; is a binomial
random variable, so Chernoff’s Bound implies that

1 RA9/25 1
Pr (m ~EW)| > 2R§9/15°> < 2exp (— bl ) <t AT

12R)_; 2

since Ryp_1 > R > %AQOO?

The random variable Y5 is upper-bounded by the random variable Y3,
defined as the number of uncoloured external G-neighbours of v that are
activated and (i) uncoloured, or (ii) assigned a colour that is assigned to
at least log A Gj-neighbours of v. Furthermore, we assert that, with high
probability, Yo = Y. Indeed, if Y2 # Y] then there exists a colour assigned
to at least log A Gj-neighbours of v. By Lemma z'), the number of un-
coloured G'j-neighbours of v in H is at most d := 2051 Ry. Moreover, by
the induction hypothesis, &;;(u) > m;_,(u) >* 365716} (u) for every G-
neighbour u of v in H. Therefore, the number of colours available for u is
at least

max (5},(u) +6pA, 11pA33/20> — 53 (w) + mig_y (u)
> max <5}{(u) + 6pA, 11pA33/20> — 4pA — (1 - ;Gk_1> 517 (u)

> max (5}1(u),8pA33/20> . (1 = (1 - ;0k1>>

>16k71 « 8pA33/20
2

ZQpAZ/Sd.
Consequently,
d —log A e \'®4 1
Pr(Ys # Y)) < A (2 A2/5 ) < AZx S * AT
r(Yy #Yy) < A% <log A) P d =a 2pA2/5 < 4 ’
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which proves the assertion.
Since Yo — Y5| < A2 this implies that |E(Y2) — E(Y])| = o(1). As a
result, it is enough to establish that Pr (]YQ’ —E(Yy)| > %Rig/fo) < AT

to deduce that Pr (|Y2 —E(Ys)| > %Rig/fo) < AT

We will apply Talagrand’s Inequality. For convenience, we consider that
each vertex v of H is involved in two random trials. The first one, which
combines steps 1 and 2 of our procedure, is to be assigned the label “unac-
tivated” or “activated with colour j” for some colour j in L(v). The former
label is assigned with probability 1 — A™¢, and the latter with probability
%. The second random trial assigns to v the label “uncoloured” with
probability ¢(v), whatever the result of the first trial is. The technical ben-

efit of this approach is to obtain independent random trials.

If Y] > s then there is a set of at most slog A random trials that certify
this fact, i.e for each of the s vertices counted by Yj, the activation and
colour assignment of the vertex and either the choice to uncolour it in step
4, or the activation and assignment of a conflicting colour to a neighbour of
that vertex, or the activation and assignment of the same colour to log A —1
other G'j-neighbours of v. Furthermore, changing the outcome of one of the
random trials can affect Yy by at most log A. Recalling that E(Y2) < Ri_4
and Rj_; > A?%% Talagrand’s Inequality yields that

Yy R19/25 1
Pr(|Y! - E(Y))| > -RY” 50) <dexp | — kol <* AT
(’ 2 ~B(¥2)]> 3 Ry P76 % 321087 ARy, 4
provided that E(Y3) > %Rig_/fo. If E(Ys) < iRig_/lso then we consider the
random variable YJ defined to be the sum of Y2 and a binomial random
variable that counts each of the m uncoloured external neighbours of v in

H independently at random with probability max (1 LR297/15 0). Notice

’ 8m
that 1Ry < B(YY) < 2R, Moreover, if |Ya — E(Ya)| > LR then
Yy — E(Yy)| > %Rig_/ 15 O Applying Talagrand’s Inequality to Y, we infer
that the last inequality occurs with probability less than %A*”, as wanted.
Therefore, we obtain that Pr (E;(v)) < A~!7, as desired.
Bounding Pr (Ey(v)).

We fix a vertex v of H, and we assume that m; (v) > $A%°%. Our aim
is to prove that Pr (Fy(v)) <* A~!7. To this end, we wish to use a similar
approach to that for Ej(v). However, for every Gi-neighbour u of v in H,
the degree of v in H may be a lot bigger than the degree of v in H, which
makes it more difficult to bound the analogue of Pr (Y2 # Y7).

For every vertex u, let d(u) := 6 (u). Let L, be the set of colours
available to colour u. Recall that |L,| > 0} (u) + 2pA > d(u).
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We define Z; and Z, analogously to Y7 and Y3, that is we let Z; be the
number of uncoloured G7-neighbours of v that get activated, and we let Z3 be
the number of those activated neighbours of v that get uncoloured. Similarly
as before, it suffices to prove that, with high probability, neither Z; nor Zs
differs from its expected value by more than %(m;_l(v))@/ % Observe
that Z1 < m; | (v) < 4m,_,(v), and so E(Z1) < 4m;_,(v). Therefore,
Chernoff’s Bound implies that

1 - 49/25 1
Pr (!Zl - E(Z1)| > 5 (mkl(v))4g/50> < 2exp ( M) < iA_”,

48 my_,(v)

since my_, (v) > $A200¢,

We partition the neighbours of v in H into two parts N4 and Npg, where
N4 contains those vertices u with d(u) > §(v)?/*, and Np those with 6(u) <
5(v)3/4. We define Z4 and Zp to be the number of vertices that get activated
and uncoloured during this iteration in N4 and Np, respectively. Thus,
Jo =4+ ZpB.

We use a similar argument as the one for Y5 to show that Z 4 is concen-
trated. Let Z 4/ be the number of vertices in N4 that get activated and are
(i) uncoloured, or (ii) assigned a colour that is assigned to at least é(v)3/1°
members of Na. As [Na| < 6(v), and |Ly,| > 6(u) > 6(v)3/* for every vertex
of u € N4, the probability that Z4 and Z’; are different is at most

S(U) ~ —5(@)3/10 65(1}) g(v)s/m
@ 1) (i) (F0P) " < (e

since/ o(v) > my_ (v) > SA0As | 74— Z)| < A?, we infer that | E(Z4) —
E(Z))| = o(1).

By the same argument as for Y, we deduce that if Z) > s then there are
at most 6(v)*/10 trials whose outcomes certify this fact. Furthermore, each
trial can affect Z’, by at most 0(v)3/10. Therefore, if E(Z/y) > tm; _ (v)19/%
then Talagrand’s Inequality yields that

Pr (yzg ~B(Zy)] > § (mk_l(v))49/50>

m,;l(v)‘lg/% >

<4 -

1
<A
8

If E(Z)) < im;_,(v)*/%°, then we define Z/4 to be the sum of Z/; and
a binomial random variable that counts each vertex of N4 independently
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with probability max (1, Mmgfl(v)@/m). By Linearity of Expectation,

Imy (0)90 <E(Z%) < 2mj_(v)*/%°. Furthermore, if |2/, — E(Z),)| >
%m,;l(v)"‘g/m then |Zf — E(Z)})| > %m,;l(v)‘lg/m. Applying Talagrand’s
Inequality to Z’j yields that this latter inequality occurs with probability

less than %A‘”, as desired. Consequently,
Io_ 49/50 \ _x L A—17
Pr ‘ZA — E(ZA)‘ > §mk_1(’u) S ZA . (9)

We now finish with considering Zp. We first expose the assignments to
all vertices other than Np. Let H be this assignment. We shall condition
on H. First, we consider the conditional expected value of Zp regarding H.
We assert that

1 1
Pr <| E(ZpH) — E(Zp)| > 2771,;_1(1))49/50) <* gA*”. (10)
To see this, let py be the conditional expectation E(Zg|H). Note that the
expected value of p3; over the space of random colourings of H — Np is equal
to the expected value of Zp over the space of random colourings of H. So
our assertion is that pyy is indeed concentrated.

For each vertex u of Np, let F,, = F,(H) C L, be the set of colours of
L, that conflict with the assignments made by H to the neighbours of u in
H that are not in Np. First, we use Talagrand’s Inequality to prove that
|F,| is concentrated.

The random variable |F,| is determined by the independent colour as-
signments to the vertices of H — Np. If |F,| > s then there is a set of at
most s assignments that certify this fact, namely the assignments of differ-
ent colours to s vertices. Observe that the assignments to one vertex can
affect | Fy,| by at most 2p. Moreover, |F,| < |L,| so E(F,) < |L,|. Therefore,
Talagrand’s Inequality implies that

A4P|L, 2 1
Pr (||Fu] — BF)| > A7|Ly|) < dexp | ~S5m | <* 2A7
(1] = B(FN] > A0IL ) < dexp | —Jemrtr | <7 5A77,

since |L,| > 2A, in the case where E(|F,|) > A~2/5|L,|. If the opposite
case, we define I’ to be the sum of the random variable F,, and a binomial
random variable that counts each colour of L, independently at random
with probability 3A~%°. Note that SA~%°|L,| < E(F) < 3A72/%|L,|.
Moreover, if ||F,| — E(|F,|)| > A72/3|L,| then |F — E(F)| > 1A72/%|L,,|.
Applying Talagrand’s Inequality to F' shows that this latter inequality occurs
with probability less than %A‘lg, as desired.

Consequently, the probability that there is at least one vertex u of Np
for which |F,| differs from its expected value by more than A=2/5|L,| is at
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most |Np|gA™! < LA~'7. Hence, we assume that there is no such vertex

u, and we prove that this implies that |uy — E(uy)| < %mlz_l(v)‘lg/m.

Given a particular assignment H to H — UleAi and a colour j € L,
the probability that u keeps the colour j is 0 if j € F},, and at most

a-aw) I1 (1-75)

weN (u)NNp
JE€Lw
otherwise. Note that the product is at most 1, and does not depend on
F,. Hence, changing whether j belongs to F), affects the probability that

u retains its colour by at most m So, as |F,| differs from its expected

value by at most A~2/%|L,|, the conditional probability that v is uncoloured
differs from its expected value by at most A~2/%. Since uy is the sum of
these probabilities over all the vertices u of Ng, we deduce that

_ 1
lur — E(u)| < A72P|Np| < §mk71(v)4g/507

because |[Np| < 2m;_,(v) and m;_,(v) < A% This concludes the proof of
our assertion.

We define Z}; to be the number of vertices of Np that are activated
and uncoloured because (i) they are assigned a colour conflicting with a
neighbour outside of Np, or (ii) they are assigned a colour conflicting with
a neighbour w € Np and this colour is assigned to at most 5(@)3/10
of NGT (w) N Np.

vertices

. If Zp # Z'; then some vertex u of Np receives the same colour as at least
6(v)3/10 of its neighbours. Since each vertex u of Np has at most 6(v)3/*
neighbours, and |L,,| > 2A for every vertex w, we deduce that

5 / s 3/10
Pr (2 # Z5) <INol % (§ (©’ 4) (28)80)"

3(v)3/10
L[ eb(w)3 §(w)3/10 o [ 5(v)%/20 3(v)3/10
<A —————— =A ————
- 2(5(1})3/10A 2A
S(U)S/lo
A18/20 1
< A2 * = A—17
<a < - ) <A (1)

as 6(v) > $A200¢ Since | Zp — Z}5| < A? for every choice of H, we infer that
| E(Z[H) — E(Zp[H)| = o(1).

After conditioning on H, the random variable Z; is determined by at
most 6% (v) assignments and each assignment can affect ZJ; by at most
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% (v)1/3. Note that 6} (v) < mj (v) < 2m;_(v). So, for every choice of
‘H, the Simple Concentration Bound yields that

1
Pr (yzjg —E(Z|H)| > 4m,;1(v)49/50|H> <2exp (-

Therefore, by (I0)-(I2), we infer that Pr (|Z5 — E(Zp)| > $m;,_,(v)*/50) <~

m;71(0)49/25

1
<*§A*”. (12)

%A‘”. Thus, along with @, we deduce that

Pr(Es(v)) <* A7,
which concludes the proof. ]
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