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Abstract: In our PhD thesis, we showed that for the study of denotational semantics
of Linear Logic, it is crucial to generalize the standard notion of monad on a category.
An earlier generalization was already given by Hoofman: semi-monads. But it was
not suitable for our problem. This is why we introduced another generalization: weak
monads. In this report, we present this new notion and give some examples.
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Une note sur les théories algébriques faibles

Résumé : Dans notre thése de doctorat, nous avons montré que pour I’étude de la
sémantique dénotationnelle de la logique linéaire, il est crucial de généraliser la notion
standard de monade sur une catégorie. Auparavant, il existait déja une généralisation de
cette notion donnée par Hoffman : ce sont les semi-monades. Mais celle-ci ne permettait
pas de résoudre notre probléme. C’est pourquoi nous avons introduit une autre généra-
lisation : les monades faibles. Dans ce rapport, nous présentons cette nouvelle notion et
donnons quelques exemples.

Mots-clés : théorie des catégories, logique linéaire, sémantique dénotationnelle.
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Notation

For any category C, we denote by ob(C) the collection of objects of C.

1 Introduction

The first works tackling the problem of giving a categorical interpretation of linear logic
are those of Lafont ([10]) and Seely ([14]) - the reader can refer to [13] for a survey. The
works of Benton, Bierman, Hyland and de Paiva ([1], [2] and [3]) led to the following
axiomatics: a categorical model of the intuitionistic multiplicative exponential fragment
of Linear Logic (IMELL) is a quadruple (C, £, ¢, w) such that:

e C=(C,®,I,a,\ p,7) is a closed symmetric monoidal category ;
e L= ((T,m,n),0d,d) is a symmetric monoidal comonad on C ;

e ¢ is a monoidal natural transformation from (7, m,n) to ® o A¢ o (T,m,n) and w
is a monoidal natural transformation from (7', m,n) to *¢ such that

— for any object A of the category C, ((T'(A),d4),ca,w4) IS a cocommutative
comonoid in (CT,®", (I,n),a, \, p)

— and for any f € CY((T'A,84),(TB,6p)), f is a comonoid morphism,

where A¢ is the diagonal monoidal functor from C to C xC, *¢ denotes the monoidal
functor that sends any morphism to the identity on I, T is the comonad (7,0, d)
on C and CT is the category of T-coalgebras.

In particular, (7,9,d) is a comonad on the category C. In such a model, if A is
an atom, the axiom !A H'A and the n-expansion of the axiom are interpreted by the
same morphism: the identity on 7'(A), denoted by idp(4). But there are models of
Linear Logic that don’t satisfy this property. This is why we sought to weaken these
axioms in order to capture these models. The starting point is the idea that we have to
interpret the axiom by the identity on 7'(A) and the n-expansion by T'(id4) and that we
don’t ask to have T'(ida) = idp(4); in other words, 7' is not a functor anymore, but a
semi-functor. Semi-functors have been introduced by Hayashi ([8]) in order to study the
semantics of lambda calculus. In the same way, we introduced weakenings of the notions
of comonads and monoidal comonads. In this paper, we present this weakening of the
notion of comonad: weak comonad, i.e. weak monad in the opposite category.

We begin, in Section 2, to recall another generalization of the notion of monad given
by Hoofman ([9]): the notion of semi-monad. The definition of weak monad is given
in Section 3 and an equivalent definition in Section 4. We recall the definition of semi-
adjunction in Section 4.1; it is worth noting that we have two dual statements (Propo-
sition 6 and Proposition 7) that relate semi-monads and weak monads (see also the
conclusion of section 3). In Section 5, we generalize the Eilenberg-Moore construction
for weak monads and show that, in the same way as the standard construction gives
rise to a resolution of a monad, our construction gives rise to a resolution of a weak-
monad; this construction was used for giving our new axiomatics of models of Linear
Logic presented in our PhD thesis. In Section 6, we give some examples of comonads on
the category Rel. All these examples are provided by a general construction (Taylor’s
formula) that we present in Section 7. This construction comes from the study of differ-
ential nets introduced by Ehrhard and Régnier ([5]) and shows that differential nets can
be seen as a decomposition of Linear Logic, in the same way as Linear Logic can be seen
as a decomposition of Intuitionistic Logic.

RR n° 6643



4 Daniel de Carvalho

2 Semi-monads

Definition 1 ([8]) Let C and D be two categories. A semi-functor C — D is a pair
(To, T1) consisting of a function Ty : 0b(C) — 0b(D) and of a function Ty that to each
arrow A — B of the category C assigns an arrow To(A) — To(B) of the category D such
that we have Ty (g o f) = T1(g) o T1(f) whenever g o f is defined.

In other words, a semi-functor is a functor, except that it does not necessarily preserve
identities.

Of course, we can still compose semi-functors as we compose functors and thus obtain
a category whose objects are categories and whose arrows are semi-functors. We have also
natural transformations between semi-functors and we can define vertical compositions
e and horizontal compositions o of natural transformations between semi-functors as we
do it for natural transformations between functors.

e If F, G and H are three semi-functors C — D and if o is a natural transforma-
tion F = G and 7T is a natural transformation G = H, then T e 0 is a natural
transformation F = H defined by (tec)c =1c 0 0.

e If F and G are two semi-functors C — D and F’ and G’ are two semi-functors D —
E and if o is a natural transformation F' = G and o’ is a natural transformation
F' = @', then o' o o is a natural transformation F' o F = G’ o G defined by
(0'00)c =05y F'(oc).

Normal natural transformations are what Hoofman, in [9], calls semi-natural trans-
formations.

Definition 2 Let F and G be two semi-functors C — D. A natural transformation
o F = G is said to be normal if, for any object C' of the category C, we have

Q¢ © F(idc) = Qac .
Two remarks:

e a natural transformation F' = G is normal if, and only if, for any object C of the
category C, we have
G(idc)oac = ac ;

e if I’ or G is a functor, then « is a normal natural transformation from the functor
F to the functor G.

We already know that the category of categories and semi-functors does exist. Better,
the following data define a 2-category Catg:

e the objects are categories ;

e for any objects C and D, Cat,(C, D) is the category whose objects are semi-functors
C — D, whose arrows are normal natural transformations, whose composition is
the vertical composition e and whose identity on a semi-functor F is (F(idc))cec ;

e composition is composition of the semi-functors and the horizontal composition o
of normal natural transformations ;

e the identity on an object C is the identity functor idc on the category C and the
identity natural transformation id,q. from the natural transformation idc to the
natural transformation idc.

INRIA
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Now, given a 2-category C, we can define what is a monad in the 2-category C as
Street did in [15].

Definition 3 ([15]) Let C be a 2-category and let C be an object of the 2-category C.
A monad in the 2-category C on C is a triple (T, u,n) consisting of

e anarrow T :C — C ;

e g 2-arrown :idc =T ;

e a2-arrow p:ToT =T
such that the diagrams

id
ToToTwTOT

idr o p p (1)
ToT T
I

ey

2 I (2)
T
T

Tor <21 7
3
K s (3)

T

commute in the category C(C,C).
We can now define the notion of semi-monad

Definition 4 A semi-monad on a category C is a monad in the 2-category Cat, on the
category C.

The following proposition gives a characterization of the semi-monads on a category
C. That is how [9] defines semi-(co)monads.

Proposition 1 The triple (T, u,n) is a semi-monad on a category C if, and only if,
e T is a semi-functor C — C,
e 1 is a natural transformation idc = T,

e and i is a natural transformation T oT = T

RR n° 6643



6 Daniel de Carvalho

such that, for any object A of the category C, the diagrams

ToToT(A) X4 7o 1(4)

T(pa) KA (1)

T o T(A) T(A)

2\

T(A) AL 7o a)

2
@ij/ HA (2)
T(A)
Tor(a) L0 14
fia A¢éb;> 3)
T(A)

commute in the category C.

PROOF

Diagrams (1), (2) and (3) correspond respectively to the diagrams (1), (2) and (3) of
Definition 3. Diagram (4) means the normality of .

Diagram (1) means the associativity of the multiplication pu: we find exactly the same
diagram in the definition of a monad. Diagrams (2) and (3) mean the neutrality of n
for p and correspond to the two other necessary usual diagrams in the definition of a
monad ; but, now, we don’t necessarily have T(ida) = idp(a): here, we require that the
composition of the two arrows be equal to T(ida). Lastly, we demand that Diagram (4)
commutes: this one does obviously automatically hold in the case of a monad.

The notion of semi-monad is a good starting point in order to have a denotational
semantics of the n-expanded proofs of Linear Logic. But how to interpret all the proofs ?
We need a comultiplication which is not normal. So, we want another weakening of the
notion of monad with a non normal multiplication.

But we have a problem to capture this notion: we fail to define a 2-category whose ob-
jects would be categories, whose arrows would be semi-functors and whose 2-arrows would
be natural transformations. Indeed, now, the identity on a semi-functor C — D cannot
be (F(idc))cec anymore, it has to be (idp(c))cec. Now, the horizontal composition o
is not functorial anymore: if F' is not o functor, then idp o id;q. # idp. Then ?

INRIA



A Note on Weak Algebraic Theories 7

3 Weak monads

By considering Definition 3 again, we note that we could be able to define what is a
monad in a 2-category in another way. Indeed, given a 2-category C and an object C of
the 2-category C, it is clear that the triple (C(C,C),0,idc) is a trict monoidal category.
Then a monad in the 2-category C on the object C of the 2-category C is the same thing
as a monoid in the strict monoidal category (C(C,C),0,idc).

Given a category C, we denote by 1/2End(C) the category whose objects are semi-
functors C — C, whose arrows are natural transformations, whose composition is the
vertical composition e and whose identity on an object F' is (idpcy)cec. We already saw
that o is not a functor. Hence the triple (1/2End(C),o,idc) is not a strict monoidal
category. But almost... It is an example of what we call a strict semi-monoidal category,
notion that generalizes the notion of strict monoidal category.

Definition 5 A strict semi-monoidal category is a triple (C,®,I) consisting of
e a category C ;
e a semi-functor ® : C x C — C such that

— for any objects A, B and C of the category C, we have (A ® B) @ C =
A® (B®C)

— and for any arrows f, g and h of the category C, we have (f @ g) @ h =
f®lgah);

e and an object I of the category C such that, for any object A of the category C, we
have I A=A=ARI.

In other words, a strict semi-monoidal category (C,®,1) is a strict monoidal category,
except that we don’t necessarily have idy ® idp = tdagp. There is nothing to change to
the usual definition of strict monoidal functor.

Definition 6 A strict monoidal functor (F, m,n) from a strict semi-monoidal category
(C, ®, I) to a strict semi-monoidal category (C',®’',I') is a triple (F, m, n) consisting of

e a functor F : C — C/,
e a normal natural transformation m: @' o (F x F) = Fo®,
e and an arrow n:I' — F(I) of C’
such that, for any objects A, B and C of the category C, the diagram

ma g ® id
A,B FO)

F(A) @' F(B)®' F(C) (A® B) &' F(C)

idp(a) ® mp.c MAgB,C

F(A)® F(B®O) F(A® BeC)
ma BeC

RR n° 6643



8 Daniel de Carvalho

commutes in the category C' and, for any object A of the category C, the two diagrams

n® id
A)____F(A),F

(I) ® F(A)

commute in the category C'.

Definition 7 Let (C,®,I), (C',@",I') and (C",Q",I") be three strict semi-monoidal
categories. Let (F, m,n) be a strict monoidal functor from (C,®,1) to (C',®',I') and let
(F',m’ n’) be a strict monoidal functor from (C',Q', I') to (C",®",I"). We set

(F',m’,nY)o(F,m,n)=(F oF,m", F'(n)jon’) ,
where m” = (M"4,8) 4 peopc) With m"ap = F'(ma,) o m'p(a),p(p)-
It is clear that the following data define a category 1/2MonCat:
o the objects are strict semi-monoidal categories ;
e an arrow C — C' is a strict monoidal functor from C to C’ ;
e the identity on the object (C,®, 1) is (idc, (ida,B) 4 peopc)- 1)
e composition is this defined in Definition 7.

Note that the terminal object of the full subcategory MonCat whose objects are strict
monoidal categories is stil the terminal object of the category 1/2MonCat. The following
definition generalizes the notion of monoid in a strict monoidal category.

Definition 8 A monoid in a strict semi-monoidal category C is a triple (A, u,n) such
that there exists a strict monoidal functor (F, m,n) from the terminal object (1,®,*) of
the category 1/2MonCat to C such that A = F (), u = m, . and n = n.

The following proposition gives a characterization of the monoids in a strict semi-
monoidal caregory.

Proposition 2 The triple (A, p,n) is a monoid in a strict semi-monoidal category (C,®,I)
if, and only if, A is an object of the category C, 1 is an arrow A®Q A — A of the category
C and n is an arrow I — A of the category C such that the diagrams

d
AoAsA PPN 4o
ida @ p H (1)
INRIA
A® A A
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A n@idA

AR A

A®AEE§E£A®A

commute in the category C.

PROOF

Simple check.

Diagrams (1), (2) and (3) hold for a monoid in a strict monoidal category. Diagram
(4) automatically holds whenever the strict semi-monoidal category is indeed o strict

monoidal category.

There is nothing to change to the usual definition of monoid morphism.

Definition 9 Let (A, u,n) and (A’ 1, n) be two monoids in a strict semi-monoidal
category (C,®,I). A monoid morphism from (A, u,n) to (A', 1/, ') is an arrow X : A —

A’ of the category C such that the two diagrams

Apa—t 4

A® A A
Ao A 7 A
I— 1T 4
2 A
o

commute in the category C.

RR n° 6643



10 Daniel de Carvalho

It is clear that, for any semi-monoidal category C = (C,®,1), the following data
define a category Mon(C):

e the objects are monoids ;

e the arrows are monoid morphisms ;

e the identity on (A, u,n) is the identity on A ;

e composition is the same as composition in the category C.

Definition 10 Let C be a category. Set WMon(C) = Mon(1/2End(C), o,idc). The
objects of the category WMon(C) are called weak monads on the category C and the
arrows of the category WMon(C) are called monad morphisms.

The following proposition gives a characterization of the weak monads on a given
category.

Proposition 8 Let C be a category. A weak monad on a category C is a triple (T, u,n)
consisting of

e a semi-functor T : C — C,
e a natural transformation n : idc = T,
e and a natural transformation p:ToT =T

such that, for any object A of the category C, the diagrams

ToToT(A) XA 7o 1(4)

Zg% pa (2)

T(A)

Tor(a) L04) 14
1A @@9 3)

T(A)
T o T(A) Tlidr) T(A)

» 1A (4)
INRIA



A Note on Weak Algebraic Theories 11

commute in the category C.

PROOF

Simple check.

Diagram (1) means the associativity of p: we find it in the definition of monad and
of semi-monad. Diagrams (2) and (3) mean the neutrality of n for u: we find Diagram
(3) in the definition of semi-monad, but not Diagram (2). Diagram (4) automatically
holds in a monad: be carefull, it is not the diagram that would mean the normality of u.

Proposition 4 Let (T,u,n) be a weak monad on a category C. Then the following
assertions are equivalent:

e the triple (T, 1, n) is a semi-monad on the category C ;
e the natural transformation p: T oT = T is normal ;
e the semi-functor T : C — C is a functor ;

e the weak monad (T, u,n) on the category C is a monad.

PROOF

Simple check.
Every weak monad induces a semi-monad.

Definition 11 Let C be a category. We denote by Sy the function that to each object
(T, u,n) of the category WMon(C) assigns the triple (T, (idr oidc) e p,n).

Lemma 1 Let C be a category. For any object T of the category WMon(C), Sy(T) is
an object of the category 1/2Mon(C).

Proor
Simple check.

Definition 12 Let C be a category. We denote by Sy, the function that to each \ €
WMon(C)((T, u,m), (T", 1, n")) assigns (idr: o idgc) e A.

Lemma 2 Let C be a category. For any A € WMon(C)(T,T’), we have S1(\) €
1/2Mon(C)(So(T), So(T")).

PROOF

Set T = (T,p,n) and T' = (T', 1/, n’). We have

Si(AN)en = ((idp oidc)e ) en
(by definition of S1)
(idg o idg) e (A o)
= (idp oidc) en
(because A € WMon(C)(T,T"))

/

= n

RR n° 6643



12 Daniel de Carvalho

We have

Sit(A)eu = ((idproidc)e ) ep
(idpr oidc) e (A e )
= (idgr oidc) e (' e (Ao X))
(because A € WMon(C)(T, T'))
= ((idy:oidc)ep')e (Ao ))
(' o (idgrorr 0 idc)) @ (Ao N)
(' o (idgr o idc oidy oidc)) e (Ao N)
w' o ((idp: oidg o idyr oidc) @ (Ao \))
w o (((idys oidc) e N) o ((idgr oidc) @ M)
W o ($1(0) 0 1Y) -

Lemma 3 Let C be a category. For any X € WMon(C)((T, p,n), (T, 1/, 7)) and any
A e WMon(C)((T", ', '), (T, ", ")), we have S1(A @ X) = S1(X') @ S1(A).

PROOF

S1(N) e S1(N) ((idrn oidc) @ ') o ((idrs oidc) @ \)
(by definition of S1)

idrr oidc) e (N e (idys oidc)) @ A
idyr oidc) e ((idpr oidc) e N') e X
(idgr oidc) e (idpr oidc)) @ (N e )
(idgr @ idyi) o (idc oidc)) @ (N e \)
idrn e idg) e (X e \)

= Si(Nel) .

(
(
= (
(
(

Lemmas 1, 2 and 3 show that, for any category C, we can define a functor S =
(S0,51) : WMon(C) — 1/2Mon(C) with Sy defined as in Definition 11 and with S,
defined as in Definition 12.

4 Weak monads in extension form

Let C be a category.
It is well-known that the notion of monad on the category C is equivalent to the
following notion (see, for instance, [12] that calls it algebraic theory in extension form).

Definition 13 A monad in extension form on the category C is a triple (T',n, —*), where
e T is a function ob(C) — 0b(C);
e 1) is a function that to each object A of C assigns an arrow na : A — T(A) in C;
e —* is a function that to each f € C(A,T(B)) assigns an element f* of C(T'(A),T(B))
such that

INRIA



A Note on Weak Algebraic Theories 13

(i) for any f € C(A,T(B)), we have f*ona = f;
(ii) for any f € C(A,T(B)) and for any g € C(B,T(C)), we have g* o f* = (¢* o [)*;
(iii) for any object A of the category C, na* = idp(a).

The aim of this section is to show that the notion of weak monad is equivalent to the
following notion (see Proposition 5).

Definition 14 A weak monad in extension form on the category C is a triple (T, n, —*),
where

e T is a function 0b(C) — 0b(C);
e 1) is a function that to each object A of C assigns an arrow na : A — T(A) in C;
e —* is a function that to each f € C(A,T(B)) assigns an element f* of C(T'(A),T(B))
such that
(i) for any f € C(A,T(B)), we have f*ona = f;
(i) for any f € C(A,T(B)) and for any g € C(B,T(C)), we have g* o f* = (g% o f)*.
Definition 15 Let T = (T,n,—*) and T' = (T",n/,—*') be two weak monads in exten-

sion form on the category C. A monad morphism from T to T' is a function X\ that to
each object A of the category C assigns an element A4 of C(T(A),T'(A)) such that

(i) for any object A of the category C, we have Ag ona = n'y;
(ii) for any f € C(A,T(B)), we have A o f* = (Ag o f)* o 4.

Definition 16 Let T = (T,n,—*), T/ = (T’,n’,—*,) and T" = (T”,n”,—*”) be three
weak monads in extension form on the category C. Let A be a monad morphism from T
to T and let N be a monad morphism from T’ to T”. We denote by \ e X the function

that to each object A of the category C assigns the element (N e X\)a = N, o Aa of
C(T'(A), T7"(A)).

Lemma 4 Let T = (T,n,—*), T = (T',0/,—*) and T” = (T",n",—*") be three weak
monads in extension form on the category C. Let \ be a monad morphism from T to T’
and let \' be a monad morphism from T’ to T”. Then )\ e )\ is a monad morphism from
T to T”.

PROOF

e For any object A of the category C, we have

(NoXNaona = (Nyoda)ona
= Nyo(Aaona)
= Nyon's
(because )\ is a monad morphism from T to T')
" 4
(because \' is a monad morphism from T’ to T") .

RR n° 6643



14 Daniel de Carvalho

e For any f € C(A,T(B)), we have

(N eXNpof* = (NgoAg)of”

= Xgo(Apof")

= Ngo((Apof)” oda)
(because \ is a monad morphism from T to T')
(X o (Ap o f)*) oA
(X o (g o f)" 0 Ny) o A
(Mg oAp)o f)* o (NyoAa)
(N eXpof) o(NeXa

Definition 17 Let T = (T,n,—*) be a weak monad in extension form on the category
C. We denote by idr the function that to each object A of the category C assigns idp 4 €
C(T(A), T(A)).

Lemma 5 Let T = (T,n,—*) be a weak monad in extension form on the category C.
Then idy is a monad morphism from T to T.
Proor

Trivial.

Lemma 6 Let T = (T,n,—*) and T' = (T",1/, —*') be two weak monads in extension
form on the category C and let \ be a monad morphism from T to T'. Then we have

(i) idp e XA = \;
(i) \eidy = \.

PROOF

Trivial.

Lemmas 4, 5 and 6 show that we can define the category eWMon(C) whose objects
are weak monads in extension form, whose arrows T — T' are monad morphisms from
T to T', whose composition is ¢ and whose identity on T is idry.

Definition 18 We denote by My the function that to each object T = (Ty,n,—*) of the
category eWMon(C) assigns the triple (T, u,n), where

o T'=(Ty,Th), where T1 is a function that to each f € C(A, B) assigns (ng o f)*.

e /i is a function that to each object A of the category WMon(C) assigns pa =
(idp(ay)*.

Lemma 7 For any object T of the category eWMon(C), My(T) is an object of the
category WMon(C).

INRIA



A Note on Weak Algebraic Theories 15

PROOF

Let T = (Ty,n,—*) be an object of the category eWMon(C). Set My(T) = (T, 1, ) with
T = (Ty,T1). Let f € C(A,B) and g € C(B,C). We have
Ti(go f) = (mool(gef))
(by definition of T1)
(nceg)o f)
((ncog)" enp)o f)*
(nceg) e(nsof))”
ncog)o(mpof)
= Ti(g)oTh(f) -

~—~ ~~ —~

Hence T is a semi-functor C — C.
For any f € C(A, B), we have

pup o (T oT)(f)

idpgy © (s © (B o))
ZdT(B (77T(B) o(npo f)))"
(idpgy o nrm)) © (nB o))
idppy o (B o f)*)"

np o f)*"

(B o f)* oidray)”

np o f)* oidy

= T(f)oua

(by definition of T and p) .

(
(
(
(
(
(

Hence p is a natural transformation T o T = T.
For any f € C(A, B), we have

T(f)ona

(np o f) ona
(by definition of T')
= npof .
Hence 1 is a natural transformation idc = T'.
For any object A of the category C, we have
paoT(pa) = idpay o (rayoidpa))”
(by definition of T and )
= (idpay © (N (a) ©idpa)))”
= ((id7a) ©nr(a)) ©idip(ay)”
= (idra) oidpa))”
idi‘}(A)*
= (idp(a) o idr(r(a))"
= id}(A) o id}(T(A))
= [AOUT(A) -
For any object A of the category C, we have
paonray = idpa) 0 nNra)
(by definition of pa)
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= idT(A)
For any object A of the category C, we have
paeT(na) = idpiay o (nrcayona)”

(by definition of 1 and T')
(ZdT (A) o (Nr(a)©na))”
= ((ZdT (4) © M1 (4)) ©14)"
(idr(a 0 na)"
(nae sz)
T(ZdA) .
For any object A of the category C, we have

A © T(’LdT(A)) = Zd;—v(A) o (nT(A) o ZdT(A))*

(by definition of T and p)
id(4) © N7 (4)
(idpay © Mr(a))”

Lemma 8 Let T and T' be two objects of the category eWMon(C). Let A be a monad
morphism from T to T’. Then we have A € WMon(C)(My(T), My(T")).

Proor
Set T = (To,n, =*), T' = (Tg,n', =), Mo(T) = (T’ pp,n) and Mo(T') = (T", ', 7).
e For any f € C(A, B), we have
T'(floda = (o f)" oda
= (Aponpof) o
(because X is a monad morphism from T to T’)

= Apo(pof)
(again because \ is a monad morphism from T to T')

= ApoT(f) .
e For any object A of the category C, we have
(Aep)a = Xaopa
= Mo idT(A)

= (Aaoidp(a)” o Apa)
(because X is a monad morphism from T to T’)

= (idT’(A)*l o (s(a © Aa)*) o A1 (4)
= (ZdT/ */ [¢] T/(AA)) o AT
= ZdT/ ) + e} ( (AA) o A’I‘ )

= ( (/\0>\))A

INRIA



A Note on Weak Algebraic Theories 17

e For any object A of the category C, we have

(Aema = Aaona
= 4
(because \ is a monad morphism from T to T') .

Lemmas 7 and 8 show that we can define a functor M : eWMon(C) — WMon(C)
with M = (Mo, M), where My is defined as in Definition 18 and M, is defined as follows:
if A € eWMon(T,T), then My(\) = A € WMon(M,(T), My(T")).

Definition 19 We denote by eq the function that to each object T = ((Typ,T1), 1, n) of
the category WMon(C) assigns the triple (T, n, —*), where

e —* is a function that to each f € C(A,T(B)) assigns up o T1(f).

Lemma 9 For any object T of the category WMon(C), eo(T) is an object of the category
eWMon(C).

PROOF

Let T = (T, u,m) be an object of the category WMon(C). We set eo(T) = (To,n, —").
For any f € C(A,T(B)), we have

frona = (upoT(f))ona
(by definition of —*)
pp o (T(f)ona)
= ppo(nsolf)
= (puBomnp)of
= udpp) o f
f.

For any f € C(A,T(B)) and for any g € C(B,T(C)), we have

goft = (pcoT(g)o(upoT(f))
(by definition of —*)
= pco(T(g)opup)oT(f)

pe o (prcyo (T oT)(g)) o T(f)
((uc o prcy) o (T'oT)(g)) o T(f)
= ((ucoT(uc))oT(T(9))oT(f)

oo (T(uc) o T(T(g))) o T(f))
pc o T(ucoT(g)) o T(f)
pc o (T(g*) o T(f))
= pcoT(g"of)
= (g"of)" .

Lemma 10 Let T and T’ be two objects of the category WMon(C). Let \ be a monad
morphism from T to T'. Then we have A € eWMon(C)(eo(T), eo(T")).
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PROOF

Set T = (T, p,m), T =

/

(T/a//ﬂ?/); eO(T) = (T07777 _*) and eO(T/) = (Tévn/v = )

For any object A of the category C, we have

Aaona

= (Aen)a

(because \ is a monad morphism from T to T') .

For any f € C(A,T(B)), we have

Ao f*

= Ago(usoT(f))
= (Apoup)oT(f)
= (Aeu)poT(f)
= (We(AoN)poT(f)
(because \ is a monad morphism from T to T’)
= (Wpo(\oX)p)oT(f)
o ((AoN)poT(f))
g o (T"(AB) o Aremy) o T(f))
pp o (T'(Ag) o (Army o T(f)))
= ppo(T'(Ag) o (T'(f) o Aa))
o ((T'(Ap) o T'(f)) 0 Aa)
pp o (T"(Ap o f)oXa)
= (upo (ABOJC))O/\A
= (Ao f) oAq .

A~ Y~ /N /N~

(r
T’
T’

Lemmas 9 and 10 show that we can define a functor e = (eg,e1) : WMon(C) —
eWMon(C) with ey defined as in Definition 19 and with e defined as follows: if A €
WMon(T,T"), then e1(A) = A € eWMon(ey(T), eo(T")).

Proposition 5 The functors M and e are two isomorphisms of categories.

PROOF

Let T = ((To, T1), i1, 1) be an object of WMon(C). Set e(T) = (To,n, —*) and My(eo(T)) =

((To, T1), ' m).

For any f € C(A, B), we have

Ti(f) =

(B o f)"

s o Ti(ns o f)

p o (Ti(ns) o T1(f))
(uB oTi(ng)) o Ti(f)

Ty (idp) o T1(f)
(because ((To,T1), 1, m) is an object of WMon(C))

T1(idg o f)

Ti(f) -
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For any object A of the category C, we have

Py = idp
= paoTi(idray)
= KA
(because ((To,T1), p,m) s an object of WMon(C)) .

Hence M o ¢ = idwMion -

Let T = (To,n,—*)/ be an object of eWMon(C). Set My(T) = ((To,T1),1,m) and
eO(MO(T)) = (T07777 - )

For any f € C(A,T(B)), we have

’

f* = ppoTi(f)
= ddpy o(npof)”
= (idrp) o (mpof))”
= ((idrm)" onB)o f)"
= (idT(B) o f)*
(because (To,n, —) is an object of eWMon(C))
= f* .

Hence e o M = idewMon-

Hayashi introduced in [8] the notion of semi-adjunction. What is the relation between
the semi-monads and the weak monads on the one hand and the semi-adjunctions on the
other hand ?

4.1 Semi-adjunctions

Definition 20 [8] Let C and D be two categories. A semi-adjunction C — D is a
quadruple (F,G,«, 3), where F is a semi-functor C — D, G is a semi-functor D — C, «
and (3 are two functions that to each (A, B) € 0b(C) x 0b(D) assign respectively a function
aap:D(F(A),B) — C(A,G(B)) and a function B4, : C(A,G(B)) — D(F(A), B) such
that, for any f € D(B, B') and for any g € C(A’, A), the diagrams

D(F(A), B) — 22 c(4,6(B))

fo—0oF(g) G(f)o—oy (1)
D(F(A"), B o C(A",G(B"))
D(F(4), B) L2 ca,G(B)

fo—0oF(g) G(f)o—oy (2)
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commute.

Definition 21 A semi-adjunction (F,G,«, ) : C — D is said to be normal if, and only
if,

(i) for any f € D(F(A), B), we have aa, p(f o F(ida)) = aa,B(f);
(ii) and for any g € C(A,G(B)), we have 84 5(G(idg) o g) = Ba,B(g).

Remark 1 Let (F,G,a, ) be o semi-adjunction C — D. For any f € D(F(A),B),
we have aq p(f o F(ida)) = G(idp) o aua,p(f) and for any g € C(A,G(B)), we have
Ba.B(G(idp) o g) = Ba,B(g) o F(ida). Hence if F' or G is a a functor, then the semi-
adjunction (F,G,a, ) : C — D is normal.

Lemma 11 Let (F,G,a, ) be a normal semi-adjunction C — D.
(i) For any f € D(F(A), B), we have B4, 5 oaap(f)=foF(ida).
(ii) For any g € C(A,G(B)), we have aa g o fa,p(9) = G(idg)og.

PROOF

(i) Let f € D(F(A), B). We have

Bapoaap(f) = Paplaas(foF(ida)))
(because the semi-adjunction is normal)
= Ban(Glidp) o anp(f) oida)
(by Diagram (1) of Definition 20)
= ddpo foF(ida)
(by Diagram (3) of Definition 20)
= foF(ida) .

(ii) Let g € C(A,G(B)). We have

aapofanlg) = aap(Bap(Glids)oyg))
(because the semi-adjunction is normal)
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= aa,p(idp o fBa,B(g) o F(ida))

(by Diagram (4) of Definition 20)
G(idg)ogoidy

(by Diagram (2) of Definition 20)
= G(idg)og .

Lemma 12 Let (F,G,«,3) be a normal semi-adjunction C — D.

(i) For any f € D(F(A), B) and for any h € C(A’, A), we have aa g(f o F(h))

OZA,B(f) oh.

(i) For any f € D(F(A),B) and for any k € D(B,B’), we have aa p(k o f)

G(k’) [¢] aA,B(f)-

(iit) For any g € C(A,G(B)) and for any h € C(A’, A), we have B4/, g(goh) = [a,B(g)0

F(h).

(iv) For any g € C(A,G(B)) and for any k € D(B,B’), we have B4 5 (G(k) o g) =

koBan(g).

PROOF

(i) Let f e D(F(A),B) and h € C(A’, A). We have

aa p(foF(h)) = aa plidgofolF(h))

G(idp) oaa p(f)oh

(by Diagram (1) of Definition 20)
= G(idp)oaap(f)oidaoh
= aap(idgo foF(ida))oh

(by Diagram (1) of Definition 20)
= aap(f)oh .

(i) Let f € D(F(A),B) and k € D(B, B’). We have

OéA)B/(kof)

= aap(kofoF(ida))

(because the semi-adjunction is normal)
= G(k)oaap(f)oida

(by Diagram (1) of Definition 20)
= G(k)oaas(f) .

(i13) Let g € C(A,G(B)) and h € C(A’, A). We have

Barp(goh)
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() Let g € C(A,G(B)) and k € D(B, B’). We have

Bap (G(k)og) Bap (G(k)ogoida)
kofBap(g)oF(ida)

(by Diagram (4) of Definition 20)
koidgofBap(g)oF(ida)
kofBap(Glidg)ogoida)

(by Diagram (4) of Definition 20)
= kofBas(g) -

Proposition 6 Let (F,G,«,3) be a semi-adjunction C — D such that F is a func-
tor C - D. We set T = G o F. For any object A of the category C, we set ng =
aa ) (idpay) and pa = G(Brea),ra)(idray)). Then the triple (T, u,n) is a semi-
monad on the category C.

PROOF

For any f € C(A, A’), we have

T(f)ona = G(F(f))oaarulidpa))
(by Lemma 12 (ii))
o ran(F(f)oidpay)
aa,pan(idpcary o F(f))
(by Lemma 12 (1))
aar,pan(idpan) o f
= naof.

For any f € C(A, A’), we have

T(f)opa = GF(f)) o G(Bra),ralidra)))
= G(F(f) o Bray,r)lidr)))
(by Lemma 12 (iv))
= G(Bry),ran(G(F(f)) oidra)))
= G(Br),ranlidray o T(f)))
(by Lemma 12 (iii))
= G(Bran,ran(idrany) o F(T(f)))
= G(Bran,rlidrany)) o GIF(T(f)))
= pao(ToT(f)) .

For any object A of the category C, we have

T(ida)opa = GoF(ida) o G(Brayr(a)(idra)))

G(F(ida) o Br(ay,ra)(idra)))

= G(idpa) © Br(a),ra)(idray))
(because F is a functor)

= G(Br(a),ra)(idra)))
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For any object A of the category C, we have

Br(a),ra)(idra)) o (F o G)(Bra),ra)(idray))

Br(r(ay),Fa) (idra) © G(Bra),ra) (idra))))
(by Lemma 12 (iii))

Brray),Fa) (G(Breay,Fa)(idrcay)) o idpriay))

Breay,ra)(idrcay) © Brray),rray) (idriray))
(by Lemma 12 (iv))

hence
paoT(pna) = paopipcay -
For any object A of the category C, we have

paoT(na) = G(Bra)r)(idray)) o (Go F)(aa rpa)(ideay))
= G(Bray,ra)(idra)) o Flaapa)(idpay)))
(by Lemma 12 (iii))
= G(Ba,r)(idray o aara)(idea))))
= G(Ba,ra)°aar)(idpa)))
(by Lemma 11 (i))
= Glidpay o Flida))
— T(ids) .

For any object A of the category C, we have

paonray = G(Breay,ra(idray)) o aray,riray) ideray))
(by Lemma 12 (%))
ar(ay,FA) (Bra),ra) (idra)) © idpra)y))
= ara),r)(Bray,ra)(idray))
= G(idpa)) oidp(a)
(by Lemma 11 (ii))
= G(idpa))
= GoF(ida)
(because F is a functor)
= T(ida) .

Hence, when we have a semi-adjunction between two semi-functors and the left semi-
adjoint is a functor, then we have an induced semi-monad by the semi-adjunction.

Proposition 7 Let (F,G,a,3) be a semi-adjunction C — D such that G is a func-
torD — C. We set T = Go F. For any object A of the category C, we set ny =
aara)(idpay) and pa = G(Bra),ra(idray)). Then the triple (T, u,n) is a weak
monad on the category C.
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ProoF
For any f € C(A, A"), we have

T(f)ona = G(F(f))oaarulidpa))
= aqrun(F(f)oidray)
(by Lemma 12 (ii))
aa,pan(idpcary o F(f))
= au p)lidpan) o f
(by Lemma 12 (1))
= naof.

For any f € C(A, A"), we have

T(f)opa = G
= G

(F(f)) OG(ﬁT ), 1 (A) (id7(a)))
(F(f) © Breay,ra)idray))
(5 T(A),F(A") (G(F(f)) o idT(A)))
(by Lemma 12 (iv))
= G(Bray,ran(idran o T(f)))
= (BT (A7), F (A7) (ZdT A" )o F(T(f)))
(by Lemma 12 (iii))
= G(Brn,rlidrany)) o GIF(T(f)))
= pao(ToT(f)) .

For any object A of the category C, we have

Br(a),r(a)(idray) o (F o G)(Br(a),ra)(idr(a)))
Br(r(a)),Fa)(idray © G(Bra),ra)(idra))))
(by Lemma 12 (m))
Brray),ra)(G(Briay,pa)(idray)) o idrray)
Bra),ra) (idra)) © Brray),Fera) ((drira)))
(by Lemma 12 (iv))

[
@

hence
pa o T(pa) = pa o pir(ay -
For any object A of the category C, we have

paoT(ma) = G(Brea),r)lidpay)) o (G o F)(aa ra)(ideay))
= G(Breay,ra)lidpay) o Flaa pa(idpay)))
= G(Ba,r)(idpay o s pa)(idpay)))
(by Lemma 12 (iii))
= G(Ba,ra) o aa ra)(idpa)))
(by Lemma 11 (i))
= Glidp o Flida))
= T(idA) .
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For any object A of the category C, we have

paonrcay = GBrea),ra(idra))) o ara),pera) (idreray)
= ara),r)(Bra),ra) (idray) ©ideira)y))

(by Lemma 12 (ii))
= ara),ra)(Bray,Fa)(idray))

(by Lemma 11 (i)

G(idp(ay) o idr(a)

= Gl(idra))

(because G is a functor)
= ZdT(A) .
For any object A of the category C, we have

paoT(idray) = G(Brea),ra)idray)) o (G o F)(idray)
= G(Br(a),ra)(idra)) o Fidra)))
(by Lemma 12 (iii))
G(Br(a),ra)(idpay))
= HA .

Hence when have a semi-adjunction between two semi-functors and the right semi-
adjoint is a functor, we have an induced weak monad by the semi-adjunction.

Conversely, we may ask whether each weak monad originates in this way from a semi-
adjunction in which the right semi-functor is a functor. More formally, we ask if each
weak monad has a resolution in the following sense.

Definition 22 Given a weak monad T = (T, u,n) on a category C, a resolution of the
weak monad T is a semi-adjunction (F,G,a,3) : C — D such that

e G is a functor D — C;

e I'=GoF;

e for any A € ob(C), we have na = aq p(a)(idp(a));

e for any A € ob(C), we have pa = G(Br(a),r(a)(idra))-

This definition generalizes the definition of resolution of a monad that can be found
in [11]:

Given a monad T = (T,u,n) on a category C, a resolution of the monad T is a
quadruple (D, G, F,€) such that

o D is a category;

e I'=GoF;

e the quadruple (F,G,n,¢€) is an adjunction C — D;

e and = idy oeoidp.

Indeed, if we have a resolution (F,G,«,3) : C — D of a monad T = (T, u,n) on
a category C in the sense of Definition 22, then (D, G, F,¢) with ¢ = (¢B)pecopm) and
e = Ba(p),B(idc(p)) is a resolution of the monad T in the sense of [11].

The next section shows that a generalization of the Filenberg-Moore construction gives
rise to resolutions of weak monads.

RR n° 6643



26 Daniel de Carvalho

5 Algebras for a weak monad
We generalize the FEilenberg-Moore construction. Let C be a category.

Definition 23 Let T = (T, u,n) be an object of the category WMon. The following
data define a category CT:

e the objects are of the shape (A, h), where A is an object of the category C and
h e C(T(A), A) such that the diagrams

Tora) T, 14
A h
T(4) —— 4

ZQ;; h
r(a) LU4A) g
D h

A

commute in the category C;

e an arrow (A,h) — (A',h') is an arrow f: A — A’ in the category C such that the

diagram
A~ h T(A)
f (f)
A o T(A")

commute in the category C;
e for any object (A, h), the identity on (A, h) is the identity on A;
e composition is the same as composition in the category C.

Definition 24 For any object T of the category WMon(C), we denote by G* the functor
CT — C that to each object (A, h) of the category CT assigns the object A of the category
C and that to each arrow f of the category CT assigns the arrow f of the category C.
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Definition 25 We denote by Con(C) the full subcategory of the slice category Cat/C
whose objects are faithful functors D — C for any object D of the category Cat, where
Cat denotes the category of categories.

Definition 26 We denote by EMg the function that to each object T of the category
WMon(C) assigns the functor G* : CT — C.

Lemma 13 For any object T of the category WMon(C), EM(T) is an object of the
category Con(C).

PROOF
Trivial.

Lemma 14 For any A € WMon(C)(T',T), if (A, h) is an object of the category CT,
then (A,ho \a) is an object of the category C .

Proor
Set T=(T,u,n) and T = (T, 1/, n). We have

(hoAn)ouly = ho(haoml)

ho(Aep')a

ho(pe(AoA))a

(because A € WMon(C)(T',T))
= ho(uao(Ao))a)

= (hoT(h) o (a0 T'(An))

= ho(T(h)oArcay)oT'(Ma)

= ho(MaoT'(h)oT'(\a)

= (hoXa)o(T'(h)oT'(N\a))

= (hoAa)oT'(ho)ya) .

We have

(hoXa)ony ho(Xaony)
ho(Aen')a
— hona
(because A € WMon(C)(T’,T))

= ida .

We have
(hoXa)oT'(ida) = ho(AaoT'(ida))
= ho(T(ida) o Aa)
= (hoT(ida))oAa
= hO)\A .

Lemma 15 For any A € WMon(C)(T',T), if f € CT((A,h), (A’, 1)), then f € CT ((A, ho
)\A), (AI, h' o )\A’))-
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PROOF

We have

fo(hoXa) = (foh)oda
= (Mo T(f)) oA
W o (T(f) o M)
= WoOuwoT ()
(because A\ € WMon(C)(T’,T))
= (WoXa)oT'(f) .

By Lemmas 14 and 15, to each A € WMon(C)(T',T), we can define a functor
EM;(A\) = (Qo,Q1) : CT — CT as follows:

e Qo is the function that to each object (A, h) of the category CT assigns the pair
(A, ho >\A);'

e Q1 is the function that to each f € CT((A,h), (A, 1)) assigns f € CT((A,ho
)\A), (A/,hl o >\A’))-

And it is obvious that we have GT o EM(\) = GT. Lastly, if \ € WMon(C)(T’, T) and
X € WMon(C)(T”,T’), then for any object (A, h) of the category C*, we have

EM(V)(EM(O\)(A ) = EM;(X)(A ko)
= (A holgoNy)
= (A ho(NeX)a)
(by definition of e)
EMi(Ae)X)(Ah) .

Hence EM = (EM, EM) is a functor WMon(C)°” — Con(C).

Definition 27 For any object T of the category WMon(C), we denote by F'™ the functor
C — CT that to each object A of the category C assigns the object (T'(A), ) of the
category CT and that to each arrow f of the category C assigns the arrow T(f) of the
category CT.

Let T be an object of the category WMon(C).
For any f € C*((T(A), pa), (B, h)), we set

o' amm(f)=Ffona .
For any g € C(A, B) and for any object (B, h) of CT, we set
8" aBm(9) =hoT(g) .

Proposition 8 The quadruple (F*,GT,a", 3%) is a semi-adjunction C — CT.
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PROOF

Firstly, we note that for any g € C(A, B) and for any object (B, h) of the category CT,
the diagram

T(A) A 7oA

hoT(g) T(hoT(g))

B

T(B
—— 7(B)
commutes in the category C. Hence we have 3" 4 (p )(9) € CT((T(A), na), (B, h)).
Let j € C(A', A) andt k € C*((B,h), (B, 1)).
For any f € CT((T(A), ua),(B,h)), we have ko foT(j)ona = ko fonaoj, hence
the diagram

T

CT(T(A), pa), (B, b)) —2ER ¢4, B)
ko —o FT(j) G (K)o —oj
CT((T(A), jar), (B, ) — C(A, B
Q™ A7 (B,h!)

commutes.
For any g€ C(A,B), kogoj=kohoT(g)oT(j)onas, hence the diagram

T
CT(T(A), ), (B.1) ~2 2B (4, )
ko—oF(j) GT(k)o—oj
(CT((T(AI)vﬂA/)v(Blth)) T (C(A/vB/)
Q" A7 (B,h')

commutes.
For any f € CT((T(A), ), (B, 1)), we have h' oT (ko fonaoj) = ko foT(j), hence
the diagram

CT((TA) ). (Boh) 2D (4, )
ko —oF(j) GT(k)o—oj
CT((T(A/)MMA/)v (B/a h/)) T (C(A/aB/)
B A’ (B’,n')

commutes.
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For any g€ C(A,B), kohoT(g)oT(j)=h'oT(kogoj), hence the diagram

T
Co (DAY, pa). (B.K)) — 2D (4, p)
ko—oF"(j) GT(k)o—oj
CT((T(A), par), (B 1)) - C(4', B
B A’ (B’,n')

commutes.
We note that the induced weak monad by the semi-adjunction of the precedent propo-
sition is T. More precisely, the quadruple (FT,GT,a", 87) is a resolution of T.

6 Some examples

We give some examples of weak comonads that provide (with some added structure) new
denotational semantics of Linear Logic.

6.1 The relational weak comonad of finite sequences

This example is inspired by the tensor bialgebra.

For any set A, we set T*(A) = A<Y, the set of finite sequences of elements of A. For
any f C A x B, TY(f) is the arrow of the category Rel from T'(A) to T'(B) defined by
setting

(<0415 B -7a7L>a <ﬂo(1)a cee aﬂo’(n)» ; neN,
TYf) = Vi(l<i<n= (a;,) € f)
and o € 6,

For any set A, we define the arrow &Yy : T*(A) — (T o T)(A) of the category Rel
by setting

oy ={(a,(a1,...,ax)); k€N, ai,...,ap € A~ and a € S(ay,...,a)},
where S(aq,...,ax) is the set of shuffles of a1, ..., ag, i. e.

6(0'17 . .,ak)

- (a1,...,an); Fo€6Gp .. 1
B VieN(lgigk:Nzi:<ag(zz;ipj+l),...,ag(z;g:lpj)» ’

p. the set of permutations o € GZ§:1PJ' such that, for 1 < i < k, o is

increasing on the interval [(Z;;i pj) + 1, 23:1 p;l.
For any set A, we define the arrow dY : T*(A) — A of the category Rel by setting

dy = {((a),0); a € A} .

We have: the triple (T, 6%, d') is a weak comonad in the category Rel.
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6.2 The relational weak comonad of labeled trees

This example is inspired by the Hopf algebra associated with the family of labeled trees
([7]). Let e be a set that is not a pair.

For any set A, for any integer n, we define by induction on n the set CLT ,(A) as
follows:

e CLTy(A) ={(e,a); a € A};
o CLT 11(A) =CLT ,(A) U{((e,0),U); a€ Aand U € M;(CLT ,(A))}.
The set CLT (A) of completely labeled trees in A is defined by setting

CLT(A) = | CLT(4) .

neN

The set LT (A) of labelled trees in A is defined as follows:
LT(A)={(e,U); Ue Ms(CLT(A))} .
For any set A, we define the function Node from CLT (A) to M¢(A) as follows:
e Node(e, o) = [a];
o Node((e, ), [t1, ..., tn]) = [a] + X1, Node(t;).
For any a € Ms(A), we set

LT (a) ={(e,[t1,...,tn)) € LT(A); Z Node(t;) = a} .
i=1
For any set A, we set T(A) = LT(A). For any f C A x B, T*(f) is the arrow
T?(A) — T?(B) of the category Rel by setting

T*(f) =A{ ((es[(e;an), s (e an))st) 5 361, Bn
Vi(l<i<n= (o, 0)€f) andt e LT([B1,....0.))} -

For any set A, we define the arrow 6% : T?(A) — (T? o T?)(A) of the category Rel
by setting

2 =1{ (X5 U).T); ke N,Ui,...,.Us € Mf(CLT(A))
and T € LT ([(e,U1),...,(e,U)])} -

For any set A, we define the arrow d% : T?(A) — A of the category Rel by setting
&% = {((e, [(e;)]), @) ; a € A} .

We have: the triple (T?,6%,d?) is a weak comonad in the category Rel.

6.3

The relational comonad of finite multisets is well known. We denote by (T°,5°,d°) this
comonad in the category Rel:

e for any object A, T°(A) = M(A) and, for any f € Rel(4, B),
To(f) = {([al, .. .,an], [ﬂl, R ,ﬂn]) ; Vi (]. <i1<n= (ai,ﬁi) € f)} )
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e for any object A, 4 € Rel(T'(A), T oT(A)) defined by setting
4 ={Q ailar,...,an)); a1,...,an € T(A)} ;
i=1

e for any object A, da € Rel(T(A), A) defined by setting
A4 ={([o],0); a € A} .
Now, we can build new weak comonads using this comonad and the weak comonads of
the precedent section. Let z be a function that to each object of the category Rel assigns

an element of {0,1,2}. For any object A of the category Rel, we set T(A) = T*(A)(A),
64 =06"Y 4 and dy = d*Y 4. For any arrow f : A — B, we define T(f) by setting:

e if 2(A) = 2(B), then T(f) = T*V)(f);
e if 2(A) =0 and z(B) =1, then

T(f)
- {([011,---,Oén];<ﬂly---76n>);Vi(l SZS’I’L# (ai;ﬂi) € f)} )

e if 2(A) =0 and z(B) = 2, then

T(f)
= {([al,...,an],t);351,...,ﬁn
Vil<i<n=(a;,p8)€f)andte LT(B,....,0])} ;

e if 2(A) =1 and z(B) =0, then

7(f)
= {{a1,--,an) [B1,- -, 00]); Vi(1<i<n= (a;, ) € f)} ;

e if z(A) =1 and z(B) = 2, then

T(f)
= {(<a17"'7a71>vt); Elﬂl;---vﬁn
(Vi (1< i <n= (fs) € f) andt € LT(Br,- ., )}

o if 2(A) =2 and z(B) =0, then

T(f)
= {((67 [(6, 041), R (67 an)])v [ﬂla s 7671]) ) Vi (1 <i<n= (O‘ivﬁi) € .f)} >

e if 2(A) =2 and z2(B) = 1, then

T(f)
= { ((6,[(6,041),---,(e,an)]),<ﬂ1,...,6n>); Vi(l<i<n= (a,B3)€f) } :

We have: the triple (T, 9,d) is a weak comonad in the category Rel.
This fact follows from Theorem 1, that results from the study of denotational seman-
tics of differential nets and of Linear Logic. Differential nets have been introduced in

[5]
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7 Taylor’s Formula

We denote by (Rel,®, I, a, A, p) the following monoidal category. The functor ® : Rel x
Rel — Rel is defined as follows: on objects, it is the cartesian product, on arrows, we

have ((a, 8), (7,9)) € f ® g if, and only if, (a,7) € f and (5,6) € g. The tensor unit I
is the singleton.

For any objects A and B of the category Rel, 05 is the arrow A — B defined by
setting 05 = 0. If f,g € Rel(A, B), f +g € Rel(A, B) defined by f +g= fUg.

Definition 28 A relational model of differential nets is a family (Ta)acob(rer) With
Ta=(T(A),pa,na,Aa,ca,coda,da), where (T'(A), na,na, Aa,€ea) is a bialgebra in the
category Rel, coda € Rel(A,T(A)), da € Rel(T(A), A) such that the diagrams

ol Ly 14y — M

A A

Ag A

and

commute in the category Rel.

Definition 29 A relational model (T'a) scobrery Of differential nets is said to be com-
mutative (resp. cocommutative) if for any object A of the category Rel, the bialgebra
(T(A), na,ma,Aa,€eq) is commutative (Tesp. cocommutative).

Ezxzample 1 For any object A of the category Rel, we set
o T°(A) = My (A);
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1% = {((a,b),a+b); a,b e Ms(A)};
o 0% ={(x};

o A% = {(a+Db,(a,b)); a,b € My(A)};
ea={{.}

cody = {(o, [a]); @ € A};

e d) ={([a], @); o € A}.

The family (T°(A), u%,n%, AY, €4, cod%, d%)Aeob(Rel) is a relational model of differential
nets, that is cocommutative and commutative.

Example 2 For any object A of the category Rel, we set
e TH(A) = A<¥;

1 _ ((<011,---,a7n>,<Oém+1,-.-,Oém+n>)7<011,.-.,0ém+n>); m7n€N and .
g O[]_,...,aernEA ’

ey ={(x ()}

e cody = {(a, (0)); o € A};
e dy = {((a),0); a € 4.

The family (T*(A), ply, 04, AYy, €y, cody, dY) acop(rer) i a relational model of differential
nets, that is cocommutative but non commutative.

Example 3 For any t € CLT (A), we set depth(t) = Min{n e N; t € CLT ,(A)}.
For anyt € CLT (A), for any Uy, ..., U, € My(CLT(A)), we define, by induction on
depth(t), [U1,...,Uy] -t CCLT(A) :

(0 ifn#1;
o [Uy,...,U,] (e,a) = { ((e,a),Uy) else;

SUR] - (e, @), [ty - -, tk])

((e,@),Usy + [ty -, th]); 0 €{Ll,...,n} and

A, ..., Uy € Mi(Ms(CLT (A)))
([Uso) + 5oy Uy = [Us,.... Un] and
VjE{l,...,k‘}t;EUj't]‘)

Now, for any object A of the category Rel, we set
e T2(A) = LT(A);
(((67 U1 +U2)a (67 [tla"'atk]))7 (6, U+ [t/lvat;c]))v
9 _ Ui, Uz € My(CLT(A)), t1,...,tx €CLT(A) and |
® Ha= s, ..., Uy € Mp(M;(CLT(A))) ;
(Ch_ Uy =Us andVj € {1,... k}t; €U - t;)
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AL ={(e.U+V), (e, V), (e,V))); U,V € My (CLT(A))};
ez ={((e; )0}

cody = {(, (e, [(e, a)])); & € A};

a4 = {((e.[(e;)]), @); o € A}

The family (T?(A), p%, 13, A%, €4, cod, d%) Acob(Rel) i a relational model of differential
nets, that is cocommutative but non commutative.

Ezxzample 4 For any object A of the category Rel, we set
o T3(A) = A<v;
o 1 ={((a1,a2),a); a € 6(a1,a2)};
o my={(x ()}

o A3 ({1, oy @man), ({1, ooy @m) s {Qmt1s - ooy Qntn))); myn €N and )
A a1,y Opan €A |7

o i = {0 %)}
o cody = {(a. ()); a € A};
o &3 ={((a),a); a € A}.
The family (T3(A), 13, 1%, A3, €3, cod?y, d3) Acob(Rel) i a relational model of differential

nets, that is commutative but non cocommutative.

Example 5 Let z be a function that to each object of the category Rel assigns an element
0f {0,1,2,3}. For any object A of the category Rel, we set T(A) = T*4)(A), ua = uz(A),
Na = nz(A) Ag=ANY cr =D cody = cod® and dy = &7,
A A A A A
We have: the family (T'(A), 1a,na, Da, €a, coda,da) scobrer) i85 a relational model of
differential nets. Moreover, if Im(z) C {0,1,2}, then the model is cocommutative.

Definition 30 Given a relational model (T'(A), j1a,na, D4, €a, coda, da) acobrer) Of dif-
ferential nets, for any f € Rel(T(A), B), we define f € Rel(T(A), T(B)) by setting

n

f1= (coch o Q(codp o f)och)

neN i=1

where cocly, € Rel(Q)_, T(B),T(B)) and % € Rel(T(A), ., T(A)) are defined by
induction on n:

e if n =0, then cocl, =np and '}y = €a;
e if n =1, then cocly = idpp) and ¢y = idp a);
o if n > 1, then cocly™ = pp o (cocy @ idp(p)) and it = () ® idp(a)) 0 Aa.

Theorem 1 Let MM = (T'(A), pa,n4, DA, €, coda, da) acon(Rel) be a cocommutative re-
lational model of differential nets.
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e For any f € Rel(A, B), we define T(f) € Rel(T(A),T(B)) by setting T(f) =
(fo dA)T.

e For any object A of the category Rel, we define 4 € Rel(T'(A), ToT(A)) by setting
64 = idp(a)'.

Then the triple T = (T,6,d) is a weak comonad in the category Rel. Moreover, if the
model 9 is not commutative, T is not a comonad.

The proof of this theorem is given in [4]. In fact, there we proved that this construction
provides more than o weak comonad: it provides a model of Linear Logic, i.e. it provides
a categorical structure that satisfies our new axiomatics.

If we apply the theorem to Example 1 (resp. Example 2, resp. Example 8), we obtain
the relational monad of finite multisets (resp. the weak monad of 6.1, resp. the weak
monad of 6.2). If we apply the theorem to Example 5 with the restriction that we have
Im(z) C {0,1,2}, we obtain the weak monad of 6.3 with the the same function z.

Note that the assumption of the cocommutativity in the theorem is necessary, even if
we would assume that the relational model of differential nets is commutative; a counter-
example is given by the family (T3(A), 15, n%, A%, €, codil, di)Aeob(Rel). Indeed, in this
case, if A is any set that contains at least three elements a1, as and asz, we have

({1, a2, a3), ({a1, a3), (a2))) € 64 0 T'(ida)

and we have not

({1, a2, a3), ((a1, a3), (a2))) € (T o T'(ida))0da .
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