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9 C = (C,⊗, I, α, λ, ρ, γ)
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(CT,⊗T, (I, < ), α, λ, ρ)

= sdw6t���PX`psdwBH f ∈ CT((TA, δA), (TB, δB))
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STw1@B?5u�KMSTPRw |�sdwYt sdwq?NUXWYS\¥�sdQT?�w-Kjt=?	#Yw=S\KMSTPRw1S\w´@B?5u�KMSTPRwq{6¡EC´?®`b?5u5sdQTQ�KM;Y?®tJ?@#Yw=S\KMSTPRw PR��IL?5>2S�]
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u�PXwYu�QTWYIMS\PXw1PR��IM?5u�KMSTPRw |F0�¡�l�w @B?5u�KMSTPRwJIJ�k�/?��R?5w=?�`vsdQTST��?®KM;=?�raSTQT?�wBO6?5`M�R]_CqP-PX`M?2u�PXwYILKM`bWYu¸KbS\PXw
��PR`��/?5s�% >2PRw6sRt=I2sdw6t IL;YP�� KM;YsdK5�aSTw Kb;=? IMsR>2?���s·H sXI�Kb;=?%IeKvsdwYt=sR`bt u�PRw6IeKb`MWYu�KMSTPRw �XS\¥X?5I
`bSTIM?�KMP´s `b?5IMPRQTWJKMSTPRw PR�gs >2PRwYsXtÂ��PRW=`�u�PRw6IeKb`MWYu�KMSTPRw �XS\¥X?5I�`bSVIL?�KbP sq`b?5IMPRQTWJKbS\PXw´PR�gsq�/?5sG%X]
>2PRwYsXtK:�Kb;=STI2u�PRwYILKM`bWYu¸KbS\PXw �/sXI�WYIM?5t ��PR`	�XS\¥BSTw=�qPXW=`®wY?��³s�ºJSTPR>�s�KbSTu5I�Pd�p>2PJtJ?5QTI®Pd�gikS\w=?Nsd`
i�PX�RSVup[=`b?5IM?�w-Kb?5t�STw�PXW=`�^a;Y�¹Kb;=?5IMSTI5¡�l�w%@J?5u¸KbS\PXw�zY�-�/?D�RST¥R?jIMPR>2?D?�º=sd>2[=QT?5I�Pd��u�PX>�PXwYsRtYIaPRw
KM;Y?2u5s�Kb?��RPX`MH
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O'?DIM?�?5w�sRI/s	tJ?Nu�PR>2['PXIMS�KbS\PXw�Pd�kikS\w=?Nsd`/i�PR�XSTuR�XSTw�Kb;=?DIbsd>2?j�/s·H�sRI/i�STw=?5sR`�i�PX�RSVupu�sRw�O'?jIM?�?�w
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D
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C → D
­Vª ��#=�d­7�

(T0, T1)

v���Yªv­VªP�+­°�M�1� !�� !'>J��
	�+­Û���

T0 :
��#

(C) →
��#

(D)
�d�'�q��!�� !'>J�?
@�+­Û���

T1
�1�=���E��� ¬v�G
'�

���P�M�dµ
A → B

� !$�7�Y¬ 
v����¬ �X����$
C
�·ªvª¸­ �R�=ª����1���P�M��µ

T0(A) → T0(B)
� !$�7�Y¬ 
v����¬ �X����$

D
ªP> 
'�

�7�Y���/µ�¬$�Y�%��¬
T1(g ◦ f) = T1(g) ◦ T1(f)

µ��=¬��'¬&�·¬@�
g ◦ f

­Vª	�R¬('a�'¬v�)!
*¸�����1�=¬@��µ����M��ª
+��oª�¬���­°¯ !'>J�?
@�_����­Vª
� !'>J�?
@�_���,+�¬.- 
v¬�#�� �1�=���Â­7�)�R�N¬¸ª��'�����'¬'
v¬¸ªvª����¸­ %/$0#��M¬�ª�¬@����¬

­Û�R¬�� �+­7�8­Û¬�ª&!
1 ! 
v��>��vª�¬"+kµ�¬$
v����ªP�+­ % % 
v���2#=��ª�¬
ª�¬��®­°¯ !'>J��
	�����vªg�·ª
µ�¬$
v���2#=��ª�¬�!'>J��
	�����vªp���±�)�1� >Bªg��#@�_�d­°�

� 
v����¬ �-����$oµ��Y�·ª�¬g��#43�¬'
@�Ûªp���M¬E
b���_¬ �-���¸­Û¬�ª
�d�'�oµ��Y�·ª�¬g���P�M��µ�ªp���b¬/ª�¬���­°¯ !'>J�?
@�_���vª&! ��¬��Y�%��¬g��%Îª��
�'��� >��M��% � �b���=ª !����¸�2���8­Û�d�=ª #v¬	�+µ�¬v¬�� ª�¬���­°¯ !'>J�?
@�_���vª����'� µ�¬

b�d�«�X¬5'��'¬��·¬@�P�+­�
b��% 
v���2#Y�·ª¸­7�8­Û�d�=ª
•
���±� �Y���¸­76N��� �_��% 
v���2#=��ª¸­7�8­Û�d�=ª

◦
� !��'��� >��M��%K� �M�d�=ª !����¸�����+­Û���Yª #v¬	�+µ�¬v¬�� ª�¬��®­°¯ !'>J��
	�����vª	��ªoµ�¬
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idA ⊗ idB = idA⊗B

!"���=¬@�M¬®­Vª��'���1�B­°� � ��� 
'�=�d�M�-¬ �_�
�1�=¬ >Bª'>Y��%k�R¬('a�6­7�8­Û�d�´� ! ILKM`bSTu�K
>�PXw=PRSVt=sRQ±��W=wYu¸KbPR`%!

C D
ETF HJILHLK�F�� � IeKb`MSVu¸Kj>�PXw=PRSVt=sRQ���W=wYu�KMPX`
(F, � , � )

!'�M�d�F��ªP� �¸­�
	�/ª�¬��®­°¯������±��­Û�R��% 
b���_¬ �-����$
(C, ⊗, I)

������ªP� �¸­�
	��ª�¬��®­°¯������±��­Û�X� %�
v����¬ �X����$
(C′,⊗′, I ′)

­Vª��"� �¸­ # %\¬
(F, � , � )


v�d�=ª¸­VªP�8­°� ��� !

8 � !'>J�?
@����� F : C → C
′ +

8 ���'���¸�2��%��'��� >��b� %K� �M���Yª !����¸�2���8­Û�d� � : ⊗′ ◦ (F × F ) ⇒ F ◦ ⊗
+

8 ���'����� ���P�M�dµ � : I ′ → F (I)
��!

C
′

ªP> 
&� �7�Y���(+�!����®�d�<$���#43�¬'
@�Ûª
A
+
B
���'�

C
� !)�1�=¬8
v����¬ �X����$

C
+ �1�=¬���­Û� ���b���

F (A) ⊗′ F (B) ⊗′ F (C)
� A,B ⊗′ idF (C)- F (A ⊗ B) ⊗′ F (C)

F (A) ⊗′ F (B ⊗ C)

idF (A) ⊗
′ � B,C

?

� A,B⊗C

- F (A ⊗ B ⊗ C)

� A⊗B,C

?
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b�d�®�8>���¬¸ªo­°�H�1�=¬8
v����¬ �-����$
C

′
���±�B+ !����®����$���#53�¬'
	�

A
��!)�7�Y¬ 
v���_¬ �-����$

C
+ �7�Y¬ �+µ����d­Û�@�G�M���®ª

F (A)
� ⊗′ idF (A)- F (I) ⊗′ F (A)

F (A)

� I,A

?

id
I ′ ⊗ ′

id
F (A)

-

F (A) ⊗′ F (I) �idF (A) ⊗
′ �

F (A)

F (A)

� A,I

?� idF
(A

)
⊗
′ idI

′


b�d�®�8>���¬�­°�H�1�=¬8
v����¬ �X����$
C′
!

C>D,EGF�HJIJHLK�F�� �k¬@�
(C,⊗, I)

+
(C′,⊗′, I ′)

���'�
(C′′,⊗′′, I ′′)

#v¬
�1� �M¬v¬�ªP� �¸­�
	�Dª�¬���­°¯������'�d­Û�R��%

b���_¬ �-���¸­Û¬�ª&! ��¬@�

(F, � , � )
#v¬��®ªP� �¸­�
	�������±��­Û�X� %�!'>J�?
@������!'�b���

(C,⊗, I)
�_�

(C′,⊗′, I ′)
�d�'� %\¬@�

(F ′, ���, ���)
#v¬	��ª'� �¸­�
@�������±��­Û�R��%�!'>J��
	�����"!'�M�d�

(C′,⊗′, I ′)
�_�

(C′′,⊗′′, I ′′)
!B��¬�ª�¬	�

(F ′, ���, ���) ◦ (F, � , � ) = (F ′ ◦ F, ��� , F ′( � ) ◦ ���) ,

µ��=¬@�M¬
��� = ( ��� A,B)

A,B∈ �
	 (C)

µ�­7�7�
��� A,B = F ′( � A,B) ◦ ���F (A),F (B)

!

*P��­Vª 
 %\¬v��� �1�=�����1�=¬ !�� % %\�dµ�­°�M� �X�������X¬5'��'¬�� 
v����¬ �X����$
1/2MonCat

O

8 �1�=¬���#53�¬'
	�8ª	���M¬�ªP� �¸­�
@��ª�¬��®­°¯������±��­Û�X� % 
v���_¬ �-���¸­Û¬�ªTS

8 �d�´���P�b��µ C → C′
­Vª	��ªP� �¸­�
	���2�d�'��­Û�X� % !'>J�?
@�_��� !'�M���

C
���

C′
S

8 �1�=¬	­Û�R¬�� �+­7�($��d�H�1�=¬���#53�¬'
	� (C,⊗, I)
­Vª

(idC, (idA,B)
A,B∈ �
	 (C), idI)

S

8 
v���2#Y�·ª¸­7�8­Û�d�1­Vª)�1�B­Vª	�R¬('a�±¬v��­°� ��¬('a�Y­7�+­Û����� !
� ����¬ �7�Y���A�1�=¬$��¬	�¸��­°�'��%'��#53�¬'
	����!E�1�=¬�!'>�% %6ªP>�#&
v���_¬ �-����$

MonCat
µ��Y�·ª�¬���#53�¬'
	�8ªD���b¬jª'� �¸­�
@�

�2�d�'��­Û�X� % 
v���_¬ �-���¸­Û¬�ª�­Vª�ªP�+­ %F�1�=¬ �_¬@�¸�®­°�±� %=��#53�¬'
	�)� ! �7�Y¬ 
b���_¬ �-����$
1/2MonCat

! ���=¬ !�� % %\�dµ�­°�M�
�R¬('a�Y­7�+­Û��� �-¬��±¬	�M��%Ü­76N¬¸ª)�1�=¬	�'���8­Û�d�´� !1>2PRw=PXSTt ­°� �2ªP� �¸­�
	�/�2�d�'�d­Û�R� %A
v����¬ �-����$ !
C>D,EGF�HJIJHLK�F�
 � �2�d�'�d­Û�%­°� �!ªP� �¸­�
@�
ª�¬��®­°¯������±��­Û�R��% 
v����¬ �X����$

C
­Vª��
� �¸­ # %\¬

(A, µ, η)
ªP> 
&�

�7�Y���5�7�Y¬	�b¬�¬.-X­VªP�Ûª	��ªP� �¸­�
@���2�d�'�d­Û�R� %�!'>J��
	�����
(F, � , � )

!'�M�d� �1�=¬8��¬@�¸�®­°�±� %)��#43�¬'
@�
(1,⊗, ∗)

��!
�7�Y¬ 
v����¬ �X����$

1/2MonCat
�_�

C
ªP> 
'� �1�=���

A = F (∗)
+
µ = � ∗,∗

���±�
η = �

!
�?�Y¬ !�� % %\�dµ�­°�M� #��M�
#Y�·ª¸­7�+­Û��� �R­ �·¬�ª!� 
'�=���b�G
@�_¬@�¸­76N���+­Û���¦� ! �7�Y¬��2�d�'��­Û��ª�­°�£� ªP� �¸­�
	�Dª�¬��®­°¯

�2�d�'��­Û�X� %�
v���M¬ �-����$ !
��� K�� K��%HJILHLK�F M ���Y¬ � �¸­ # %\¬

(A, µ, η)
­Vª/�j�2�d�'�d­Û�g­°���gªP� �¸­�
@�'ª�¬���­°¯��2�d�'��­Û�X� %�
v����¬ �X����$

(C,⊗, I)­ !
+a�d�'�2��� %P$	­ !
+
A
­VªD��� ��#53�¬'
	����!E�1�=¬ 
v����¬ �X����$

C
+
µ
­VªD���q���P�M��µ

A⊗A → A
��! �1�=¬)
v����¬ �X����$

C
���'�

η
­Vª	�d�´���P�b��µ

I → A
� ! �1�=¬8
v����¬ �-����$

C
ªP> 
'� �1�=��� �1�=¬®��­Û�@�G�M�d�	ª

A ⊗ A ⊗ A
µ ⊗ idA- A ⊗ A

A ⊗ A

idA ⊗ µ

?

µ
- A

µ

?

(1)
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª D

A
η ⊗ idA- A ⊗ A

A

µ

?

id
I ⊗

id
A -

(2)

A ⊗ A �idA ⊗ η
A

A

µ

?� idA
⊗

id I
(3)

A ⊗ A
idA ⊗ idA- A ⊗ A

A

µ

?

µ

-

(4)


v����� >���¬�­°� �7�Y¬ 
v���_¬ �-����$
C
!

���������

� ­°�2# %T¬8
'�=¬'
v¶ !
�	­Û�@�G�M���®ª ����� + ��� �����±� �
	�� �=��%\� !��������2�d�'��­Û��­°�1��ªP� �¸­�
	�a�����±��­Û�X� %�
v����¬ �X����$ ! ��­Û� ���M�d�

��
 � ��>��_�d�2���8­�
v� % %/$J�Y� %\��ª µ��=¬��'¬&�·¬@�H�1�=¬ ªP� �¸­�
	�®ª�¬���­°¯��2�d�'�d­Û�R� % 
v����¬ �X����$ ­Vªq­°�±�R¬v¬v�¤� ªP� �¸­�
@�
�����'�d­Û�R��%A
v����¬ �X����$ !

���=¬@�M¬	­Vªo�±���1�B­°� � ��� 
'�=�d�M�-¬ ��� �1�=¬ >BªP>Y� %��X¬5'��Y­7�+­Û���´��! >2PXw=PRSVt�>2PX`M[=;YSTIM> !

C D
ETF HJILHLK�F�� ��¬	�
(A, µ, η)

���±�
(A′, µ′, η′)

#v¬ �8µ�� �2�d�'�d­Û�·ª1­°� � ª'� �¸­�
@�®ª�¬��®­°¯������±��­Û�X� %

v����¬ �X����$

(C,⊗, I)
! � >2PXw=PRSVt�>2PR`b[=;=SVIL> !'�M���

(A, µ, η)
�_�

(A′, µ′, η′)
­VªD�d� ���P�M�dµ

λ : A →
A′
� ! �7�Y¬ 
v����¬ �X����$

C
ªP> 
&� �7�Y�����1�=¬ �+µ�����­Û� ���b���®ª

A ⊗ A
µ - A

A′ ⊗ A′

λ ⊗ λ

?

µ′
- A′

λ

?

I
η - A

A′

λ

?

η ′

-


v����� >���¬�­°� �7�Y¬ 
v���_¬ �-����$
C
!
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*P�	­Vª 
 %\¬v��� �1�=���5+ !����´���<$ ª�¬��®­°¯������±��­Û�X� %)
b���_¬ �-����$
C = (C,⊗, I)

+ �7�Y¬ !���% %\��µ�­°� �¨�R���_�
�R¬('a�'¬�� 
v���_¬ �-����$

Mon(C)
O

8 �1�=¬���#53�¬'
	�8ª	���M¬	�2�d�'�d­Û�·ªTS

8 �1�=¬����P�M�dµ�ª	���M¬	�2�d�'�d­Û�������U# �B­Vª¸�	ªTS

8 �1�=¬	­Û�R¬�� �+­7�($��d� (A, µ, η)
­Vª �7�Y¬�­Û�X¬�� �8­7�U$����

A
S

8 
v���2#Y�·ª¸­7�8­Û�d�1­Vª)�1�=¬�ª�����¬®��ª 
v�d��#Y�·ª¸­7�+­Û���´­°�H�1�=¬8
b���_¬ �-����$
C
!

C>D,EGF�HJIJHLK�F ���N�k¬@�
C
#v¬�� 
v����¬ �X����$ ! � ¬	�

WMon(C) = Mon(1/2End(C), ◦, idC)
!H���=¬

��#53�¬&
@�8ª�� ! �1�=¬

b���_¬ �-����$
WMon(C)

���b¬B
v� % %T¬b� ��?Ns�%q>2PRw6sRt=IoPXw1Kb;=?�u�sdKM?5�RPR`bH
C
���±� �1�=¬

���P�M�dµ�ª®� ! �1�=¬8
b���_¬ �-����$
WMon(C)

���b¬ 
v� % %T¬b�q>2PRwYsXt�>2PR`b[=;=SVIM>2IB!
�?�Y¬ !���% %\��µ�­°� � #?�M�,#=��ªv­7�+­Û��� �R­ �·¬�ª �4
&�Y���M�F
	��¬@�¸­765���8­Û�d�x� !
�7�Y¬qµ�¬v�N¶ �����'�X�·ª ���¹�H�R­ �·¬��


b���_¬ �-����$ !
��� K�� K��%HJILHLK�F � ��¬@�

C
#b¬®� 
v����¬ �X����$ ! � µ�¬v�N¶2�����'�X���d�1� 
v����¬ �X����$

C
­Vª�� � �¸­ # %\¬

(T, µ, η)
b�d�=ª¸­VªP�8­°� ����!

8 ��ª�¬���­°¯ !'>J�?
@�_��� T : C → C
+

8 ���'��� >��M��%K� �M�d�=ª !����¸�����+­Û��� η : idC ⇒ T
+

8 �d�'�����'��� >��M��%K� �b���=ª !����¸�2���8­Û�d� µ : T ◦ T ⇒ T
ª'> 
'� �1�=���5+�!����®����$���#53�¬'
	�

A
��!)�7�Y¬ 
v���_¬ �-����$

C
+ �7�Y¬®�d­Û�@�G�M���®ª

T ◦ T ◦ T (A)
µT (A)- T ◦ T (A)

T ◦ T (A)

T (µA)

?

µA

- T (A)

µA

?

(1)

T (A)
ηT (A)- T ◦ T (A)

T (A)

µA

?

id
T
(A

) -
(2)

T ◦ T (A) �T (ηA)
T (A)

T (A)

µA

?�
T (id

A
) (3)

T ◦ T (A)
T (idT (A))- T ◦ T (A)

T (A)

µA

?

µ
A

-

(4)
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v����� >���¬�­°� �7�Y¬ 
v���_¬ �-����$
C
!

���������

� ­°�2# %T¬8
'�=¬'
v¶ !
�	­Û�@�G�M��� �������2¬v���Yª �7�Y¬��·ªvª�� 
�­Û���+­ �N­7�($ � !

µ
O�µ�¬ '��'��­7�
­°� �1�=¬��X¬5'��Y­7�+­Û��� � !	�2�d�'�R� �d�'�

� !�ª�¬���­°¯��2�d�'�X� !G��­Û� ���b���®ª ��� �����±� ��	 ����¬b�d� �1�=¬®�±¬	>�� �M� %�­7�($���!
η
!����

µ
O�µ�¬R'a�±� �	­Û�@�G�M�d�

�
	��q­°� �7�Y¬%�R¬('a�Y­7�+­Û���£� !�ª�¬���­°¯��2�d�'�R�%+ #	>��D�'��� �	­Û�@�G�M��� ��� � ! ��­Û� ���M�d� ��
 � ��>����������+­�
v� % %P$
�=��%\�·ª�­°�1���2�d�'�X� O #v¬ 
v���M¬ !'>�% % +a­7��­VªD�±�����1�=¬®��­Û� ���M�d� �7�Y���aµ���>�%\����¬v���2�1�=¬��'���¸��� %�­7�($���!

µ
!

��� K�� K��%HJIJHLK�F � �k¬@�
(T, µ, η)

#v¬ � µ�¬v�5¶ �����±�R�«��� �6
b���_¬ �-����$
C
! ���=¬�� �7�Y¬�!�� % %\�dµ�­°�M�

�·ªvª�¬@�P�8­Û�d�=ª	���M¬�¬��	>J­ ��� %T¬�� ��O

8 �7�Y¬)� �¸­ # %\¬ (T, µ, η)
­Vª	��ª�¬���­°¯��2�d�'�R�!���H�7�Y¬ 
v����¬ �X����$

C
S

8 �7�Y¬��'��� >��b� % � �M���Yª !����¸�����+­Û��� µ : T ◦ T ⇒ T
­Vªo�±���¸��� % S

8 �7�Y¬oª�¬���­°¯ !'>J�?
@����� T : C → C
­Vª	� !'>J�?
@�����GS

8 �7�Y¬�µ�¬v�5¶������'�X� (T, µ, η)
���H�1�=¬8
v����¬ �X����$

C
­Vª	���2�d�'�R�)!

���������

� ­°�2# %T¬8
'�=¬'
v¶ !
�R��¬	��$�µ�¬v�N¶������±�R��­°�'��> 
v¬�ª	�2ª�¬���­°¯������'�X� !

C D
ETF HJILHLK�F � � ��¬	�
C
#v¬��H
b���_¬ �-����$ ! ��¬��X¬��±����¬
#&$

S0
�1�=¬ !'>J�?
@�8­Û�d�4�7�Y��� �_� ¬v�G
'� ��#43�¬'
@�

(T, µ, η)
��! �7�Y¬ 
v���_¬ �-����$

WMon(C)
�·ªvª¸­ �d�Yª)�7�Y¬ � �¸­ # %\¬

(T, (idT ◦ idC) • µ, η)
!

� D������ � �k¬@�
C
#v¬�� 
v����¬ �-����$ !��k��������$!��#43�¬'
@�

T
� ! �1�=¬"
v����¬ �X����$

WMon(C)
+
S0(T)

­Vª
��� ��#53�¬'
	�
� !)�1�=¬8
v����¬ �X����$

1/2Mon(C)
!

���������

� ­°�2# %T¬8
'�=¬'
v¶ !

C D
ETF HJILHLK�F � MN��¬	�
C
#v¬q�J
v����¬ �-����$ ! �2¬q�R¬��'���_¬ #&$

S1
�1�=¬ !'>J��
	�+­Û��� �1�=��� �_� ¬v�F
&�

λ ∈
WMon(C)((T, µ, η), (T ′, µ′, η′))

��ªbª¸­ �R�=ª
(idT ′ ◦ idC) • λ

!

� D������ M��k¬@�
C
#v¬ ��
b���_¬ �-����$ !	����� ���<$

λ ∈ WMon(C)(T, T′)
+!µ�¬ �Y�%��¬

S1(λ) ∈
1/2Mon(C)(S0(T), S0(T

′))
!

���������

� ¬@�
T = (T, µ, η)

���±�
T′ = (T ′, µ′, η′)

!B��¬ �Y�%��¬

S1(λ) • η = ((idT ′ ◦ idC) • λ) • η
� #&$��R¬('a�6­7�8­Û�d�´� !

S1
�

= (idT ′ ◦ idC) • (λ • η)

= (idT ′ ◦ idC) • η′

� #v¬'
v��>Bª�¬
λ ∈ WMon(C)(T, T′)

�

= η′ .
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S1(λ) • µ = ((idT ′ ◦ idC) • λ) • µ

= (idT ′ ◦ idC) • (λ • µ)

= (idT ′ ◦ idC) • (µ′ • (λ ◦ λ))
� #v¬'
b��>Bª�¬

λ ∈ WMon(C)(T, T′)
�

= ((idT ′ ◦ idC) • µ′) • (λ ◦ λ)

= (µ′ • (idT ′◦T ′ ◦ idC)) • (λ ◦ λ)

= (µ′ • (idT ′ ◦ idC ◦ idT′ ◦ idC)) • (λ ◦ λ)

= µ′ • ((idT ′ ◦ idC ◦ idT′ ◦ idC) • (λ ◦ λ))

= µ′ • (((idT ′ ◦ idC) • λ) ◦ ((idT ′ ◦ idC) • λ))

= µ′ • (S1(λ) ◦ S1(λ)) .

��D ��� � � ��¬	�
C
#v¬�� 
v����¬ �X����$ ! ����������$

λ ∈ WMon(C)((T, µ, η), (T ′, µ′, η′))
���'� �d�<$

λ′ ∈ WMon(C)((T ′, µ′, η′), (T ′′, µ′′, η′′))
+aµ�¬ �=�%��¬

S1(λ
′ • λ) = S1(λ

′) • S1(λ)
!

���������

S1(λ
′) • S1(λ) = ((idT ′′ ◦ idC) • λ′) • ((idT ′ ◦ idC) • λ)

� #&$��R¬('a�Y­7�+­Û��� � !
S1
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= (idT ′′ ◦ idC) • (λ′ • (idT ′ ◦ idC)) • λ

= (idT ′′ ◦ idC) • ((idT ′′ ◦ idC) • λ′) • λ

= ((idT ′′ ◦ idC) • (idT ′′ ◦ idC)) • (λ′ • λ)

= ((idT ′′ • idT ′′) ◦ (idC ◦ idC)) • (λ′ • λ)

= (idT ′′ • idT ′′) • (λ′ • λ)

= S1(λ
′ • λ) .
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C
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v��� �R¬('a�'¬1� !'>J��
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S =
(S0, S1) : WMon(C) → 1/2Mon(C)
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S0
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C
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v����¬ �-����$
C
­Vª
�)� �¸­ # %\¬

(T, η,−∗)
+kµ��Y¬	�b¬
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S
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A
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C
��ªvªv­ �R�=ª®�d�1���P�b��µ
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C
S
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f ∈ C(A, T (B))
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f∗
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C(T (A), T (B))
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f ∈ C(A, T (B))

+�µ�¬$�Y�%��¬
f∗ ◦ ηA = f

S
�_­°­ � !����	����$

f ∈ C(A, T (B))
�d�'� !����	�d�<$

g ∈ C(B, T (C))
+�µ�¬ �=�%��¬

g∗ ◦ f∗ = (g∗ ◦ f)∗
S

�_­°­°­ � !����	����$���#53�¬'
	�
A
��! �7�Y¬ 
v���_¬ �-����$

C
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ηA

∗ = idT (A)
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���=¬��d­°� � ! �7�J­Vªpª�¬'
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C D
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v����¬ �-����$
C
­Vªj� � �¸­ # %T¬

(T, η,−∗)
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8 T
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(C) →
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S
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­Vª®� !'>J�?
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C
�·ªvª¸­ �d�Yª	���´���P�M��µ

ηA : A → T (A)
­°�

C
S
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­Vª���!'>J��
	�+­Û���8�7�Y�������j¬v�G
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f ∈ C(A, T (B))
�·ªvª¸­ �d�Yª/����¬ %\¬���¬�� �

f∗
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C(T (A), T (B))
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f ∈ C(A, T (B))

+�µ�¬$�Y�%��¬
f∗ ◦ ηA = f

S
�_­°­ � !����	����$

f ∈ C(A, T (B))
�d�'� !����	�d�<$

g ∈ C(B, T (C))
+�µ�¬ �=�%��¬

g∗ ◦ f∗ = (g∗ ◦ f)∗
!

C D
ETF HJILHLK�F ��� ��¬	�
T = (T, η,−∗)

�d�'�
T′ = (T ′, η′,−∗′

)
#v¬8�8µ���µ�¬v�5¶������±�R��ª®­°� ¬.-F��¬��6¯

ª¸­Û��� !����¸�����J�1�=¬ 
v���_¬ �-����$
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T
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′
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A
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C
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λA ◦ ηA = η′
A

S
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f ∈ C(A, T (B))
+�µ�¬$�Y�%��¬

λB ◦ f∗ = (λB ◦ f)∗
′

◦ λA

!

C D
ETF HJILHLK�F � � ��¬	�
T = (T, η,−∗)

+
T′ = (T ′, η′,−∗′

)
�d�'�

T′′ = (T ′′, η′′,−∗′′

)
#v¬B�1� �M¬v¬

µ�¬v�5¶������'�X�·ª�­°�´¬
-F�_¬��=ª¸­Û�d� !����¸� �d�H�1�=¬8
b���_¬ �-����$
C
! ��¬	�

λ
#b¬��������±�R���2���U#��J­Vªv� !'�M�d�
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T′
���±� %T¬	�

λ′
#v¬2���2�d�'�R�������U# �B­Vª¸� !'�M���

T′
���

T′′
! �2¬®�X¬��±����¬ #&$

λ′ • λ
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A
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C
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(λ′ • λ)A = λ′
A ◦ λA

� !
C(T (A), T ′′(A))

!

� D������ � �k¬@�
T = (T, η,−∗)

+
T′ = (T ′, η′,−∗′

)
�d�'�

T′′ = (T ′′, η′′,−∗′′

)
#v¬ �1� �b¬b¬�µ�¬b�N¶

�����'�X�·ª�­°�´¬
-F�_¬��=ª¸­Û�d� !����¸� ��� �7�Y¬ 
v����¬ �X����$
C
! ��¬@�

λ
#b¬®�������±�R�������U# �B­Vª¸� !'�M���

T
�_�

T
′

���±��%\¬@�
λ′
#v¬	���2�d�'�R���2���U#��J­Vªv� !'�M�d�

T′
�_�

T′′
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λ′ • λ
­Vª��2�2�d�'�X�2�2���U#��J­Vªv� !'�M�d�

T
���

T′′
!

���������

8 �k���	���<$���#43�¬'
@� A
� !)�1�=¬ 
v����¬ �-����$

C
+aµ�¬ �=� �·¬

(λ′ • λ)A ◦ ηA = (λ′
A ◦ λA) ◦ ηA

= λ′
A ◦ (λA ◦ ηA)

= λ′
A ◦ η′

A� #v¬&
v��>Bª�¬
λ
­Vª®���2�d�'�X�������U#��J­Vª¸� !'�b���

T
�_�

T
′ �

= η′′
A� #v¬&
v��>Bª�¬
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T
′ ���

T
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8 �����	�d�<$ f ∈ C(A, T (B))
+�µ�¬$�Y�%��¬

(λ′ • λ)B ◦ f∗ = (λ′
B ◦ λB) ◦ f∗

= λ′
B ◦ (λB ◦ f∗)

= λ′
B ◦ ((λB ◦ f)∗

′

◦ λA)
� #v¬'
b��>Bª�¬

λ
­Vª	�������'�X�������U# �B­Vª¸� !'�M���

T
���

T
′ �

= (λ′
B ◦ (λB ◦ f)∗

′

) ◦ λA

= ((λ′
B ◦ (λB ◦ f))∗

′′

◦ λ′
A) ◦ λA

= ((λ′
B ◦ λB) ◦ f)∗

′′

◦ (λ′
A ◦ λA)

= ((λ′ • λ)B ◦ f)∗
′′

◦ (λ′ • λ)A .
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T = (T, η,−∗)
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A
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��ªvªv­ �R�=ª

idT (A) ∈
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T = (T, η,−∗)
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T = (T, η,−∗)

���±�
T′ = (T ′, η′,−∗′

)
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!����¸� ��� �7�Y¬ 
v����¬ �X����$
C
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λ
#v¬	���2�d�'�R�������U#��J­Vª¸� !'�b���

T
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�_­ �
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S
�_­°­ �
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v��� �R¬('a�±¬ �1�=¬ 
v����¬ �X����$

eWMon(C)
µ��Y�·ª�¬���#53�¬'
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­Vª
idT

!

C>D,EGF�HJIJHLK�F � 
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�7�Y¬ !'>J��
	�+­Û��� �7�Y��������¬v�F
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T1
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!

8 µ
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T = (T0, η,−∗)
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!
��¬$�=� �·¬
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= ((id∗T (B) ◦ ηT (B)) ◦ (ηB ◦ f)∗)∗
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∗

= (λA ◦ idT (A))
∗′

◦ λT (A)� #v¬'
b��>Bª�¬
λ
­Vª	�������'�X�������U# �B­Vª¸� !'�M���

T
���

T
′ �

= (idT ′(A)
∗′

◦ (η′
T ′(A) ◦ λA)∗

′

) ◦ λT (A)

= (idT ′(A)
∗′

◦ T ′(λA)) ◦ λT (A)

= idT ′(A)
∗′

◦ (T ′(λA) ◦ λT (A))

= µ′
A ◦ (λ ◦ λ)A

= (µ′ • (λ ◦ λ))A .
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª ,·�

8 �k���	���<$���#43�¬'
@� A
� !)�1�=¬ 
v����¬ �-����$

C
+aµ�¬ �=� �·¬

(λ • η)A = λA ◦ ηA

= η′
A� #v¬'
v��>Bª�¬

λ
­Vª	�������±�R�������U# �B­Vª¸� !'�M�d�

T
���

T
′ � .

��¬����2��ª �2�d�'����ª �=�dµ �7�Y����µ�¬8
b�d� �X¬5'��'¬�� !'>J��
	�����
M : eWMon(C) → WMon(C)µ�­7�1�

M = (M0, M1)
+�µ��=¬@�M¬

M0
­Vª��R¬('a�±¬v���·ª�­°� ��¬5'��Y­7�+­Û��� �������'�

M1
­Vª��R¬('a�±¬v���·ª !���% %\��µ�ª&O

­ !
λ ∈ eWMon(T, T′)

+ �1�=¬��
M1(λ) = λ ∈ WMon(M0(T), M0(T

′))
!

C D
ETF HJILHLK�F � � ��¬��X¬��±����¬
#&$
e0

�1�=¬ !'>J��
	�+­Û���J�1�=��� �_� ¬v�F
&� ��#43�¬'
@�
T = ((T0, T1), µ, η)

� !
�1�=¬8
b���_¬ �-����$

WMon(C)
�·ªvª¸­ �R�=ª)�7�Y¬ � �¸­ # %T¬

(T0, η,−∗)
+�µ��=¬@�M¬

8 −∗
­Vª	� !'>J��
	�+­Û��� �7�Y��� �_��¬v�F
&�

f ∈ C(A, T (B))
��ªvªv­ �R�=ª

µB ◦ T1(f)
!

� D������ � �k�����d�<$D��#43�¬'
@�
T
� ! �7�Y¬ 
v����¬ �-����$

WMon(C)
+
e0(T)

­Vª
������#53�¬'
	��� ! �7�Y¬ 
b���_¬ �-����$
eWMon(C)

!

���������

��¬	�
T = (T, µ, η)

#v¬®�d�´��#43�¬'
@����!)�7�Y¬ 
v���_¬ �-����$
WMon(C)

! �2¬�ª�¬@�
e0(T) = (T0, η,−∗)

!
����������$

f ∈ C(A, T (B))
+aµ�¬ �=� �·¬

f∗ ◦ ηA = (µB ◦ T (f)) ◦ ηA
� #&$��R¬('a�Y­7�+­Û��� � !

−∗ �

= µB ◦ (T (f) ◦ ηA)

= µB ◦ (ηB ◦ f)

= (µB ◦ ηB) ◦ f

= idT (B) ◦ f

= f .

����������$
f ∈ C(A, T (B))

�d�'� !����®�d�<$
g ∈ C(B, T (C))

+aµ�¬$�Y�%��¬

g∗ ◦ f∗ = (µC ◦ T (g)) ◦ (µB ◦ T (f))
� #&$��R¬('a�6­7�8­Û�d� ��!

−∗ �

= µC ◦ (T (g) ◦ µB) ◦ T (f)

= µC ◦ (µT (C) ◦ (T ◦ T )(g)) ◦ T (f)

= ((µC ◦ µT (C)) ◦ (T ◦ T )(g)) ◦ T (f)

= ((µC ◦ T (µC)) ◦ T (T (g))) ◦ T (f)

= µC ◦ ((T (µC) ◦ T (T (g))) ◦ T (f))

= µC ◦ T (µC ◦ T (g)) ◦ T (f)

= µC ◦ (T (g∗) ◦ T (f))

= µC ◦ T (g∗ ◦ f)

= (g∗ ◦ f)∗ .

� D������ � � ��¬@�
T
�d�'�

T′
#b¬ �+µ�����#43�¬'
@�Ûª®��! �1�=¬8
b���_¬ �-����$

WMon(C)
!2��¬@�

λ
#v¬®�������'�X�

�����U#��J­Vª¸� !'�b���
T
�_�

T′
! ���=¬��1µ�¬ �=� �·¬

λ ∈ eWMon(C)(e0(T), e0(T
′))
!
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,5� �����6­Û¬�%)�R¬��������·��% �=�

���������

� ¬@�
T = (T, µ, η)

+
T
′ = (T ′, µ′, η′)

+
e0(T) = (T0, η,−∗)

���±�
e0(T

′) = (T ′
0, η

′,−∗′

)
!

�k���	���<$���#43�¬'
@�
A
� !)�1�=¬8
v����¬ �X����$

C
+aµ�¬ �=� �·¬

λA ◦ ηA = (λ • η)A

= λ′
A� #v¬&
v��>Bª�¬

λ
­Vª����2�d�'�X�������U#��J­Vª¸� !'�b���

T
�_�

T
′ � .

�k���	���<$
f ∈ C(A, T (B))

+�µ�¬ �=� �·¬

λB ◦ f∗ = λB ◦ (µB ◦ T (f))

= (λB ◦ µB) ◦ T (f)

= (λ • µ)B ◦ T (f)

= (µ′ • (λ ◦ λ))B ◦ T (f)
� #v¬&
v��>Bª�¬

λ
­Vª����2�d�'�X�������U# �B­Vª¸� !'�M���

T
�_�

T
′ �

= (µ′
B ◦ (λ ◦ λ)B) ◦ T (f)

= µ′
B ◦ ((λ ◦ λ)B ◦ T (f))

= µ′
B ◦ ((T ′(λB) ◦ λT (B)) ◦ T (f))

= µ′
B ◦ (T ′(λB) ◦ (λT (B) ◦ T (f)))

= µ′
B ◦ (T ′(λB) ◦ (T ′(f) ◦ λA))

= µ′
B ◦ ((T ′(λB) ◦ T ′(f)) ◦ λA)

= µ′
B ◦ (T ′(λB ◦ f) ◦ λA)

= (µ′
B ◦ T ′(λB ◦ f)) ◦ λA

= (λB ◦ f)∗
′

◦ λA .

�k¬��®���·ª ? �d�'� ���1ª �Y��µ �7�Y����µ�¬ 
v���¨�R¬('a�±¬%��!'>J�?
@�_���
e = (e0, e1) : WMon(C) →

eWMon(C)
µ�­7�7�

e0
�R¬('a�±¬b� �·ª2­°� �®¬('a�6­7�8­Û�d� � ?´���'� µ�­7�7�

e1
�X¬5'��'¬v�q�·ª !�� % %T��µ�ª&O�­ !

λ ∈
WMon(T, T′)

+ �7�Y¬��
e1(λ) = λ ∈ eWMon(e0(T), e0(T

′))
!

��� K�� K��%HJILHLK�F � ���Y¬ !'>J��
	�����vª
M
���±�

e
���M¬ �8µ���­Vª��������U#��J­Vª¸�	ª���! 
v����¬ �-���¸­Û¬�ª&!

���������

�k¬@�
T = ((T0, T1), µ, η)

#v¬�������#53�¬'
	�k��!
WMon(C)

! � ¬@�
e(T) = (T0, η,−∗)

�d�'�
M0(e0(T)) =

((T ′
0, T

′
1), µ

′, η)
!

�k���	���<$
f ∈ C(A, B)

+�µ�¬ �=� �·¬

T ′
1(f) = (ηB ◦ f)∗

= µB ◦ T1(ηB ◦ f)

= µB ◦ (T1(ηB) ◦ T1(f))

= (µB ◦ T1(ηB)) ◦ T1(f)

= T1(idB) ◦ T1(f)
� #v¬'
v��>Bª�¬

((T0, T1), µ, η)
­Vª	�d�1��#53�¬'
	�p� !

WMon(C)
�

= T1(idB ◦ f)

= T1(f) .

Ã�Ä�ÅkÃ°Æ



��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª , D

����������$���#53�¬'
	�
A
��!)�7�Y¬ 
v����¬ �X����$

C
+aµ�¬$�Y�%��¬

µ′
A = id∗T (A)

= µA ◦ T1(idT (A))

= µA
� #b¬'
v��>Bª�¬

((T0, T1), µ, η)
­Vª��d�´��#43�¬'
@����!

WMon(C)
�

.

:	¬��?
v¬
M ◦ e = idWMon

!
��¬	�

T = (T0, η,−∗)
#v¬%���¨��#43�¬'
@�	� !

eWMon(C)
! � ¬	�

M0(T) = ((T0, T1), µ, η)
�d�'�

e0(M0(T)) = (T0, η,−∗′

)
!

����������$
f ∈ C(A, T (B))

+aµ�¬ �=� �·¬

f∗′

= µB ◦ T1(f)

= idT (B)
∗ ◦ (ηB ◦ f)∗

= (idT (B)
∗ ◦ (ηB ◦ f))∗

= ((idT (B)
∗ ◦ ηB) ◦ f)∗

= (idT (B) ◦ f)∗
� #v¬&
v��>Bª�¬

(T0, η,−∗)
­Vª	��� ��#53�¬&
@�p� !

eWMon(C)
�

= f∗ .

:	¬��?
v¬
e ◦ M = ideWMon

!
:	� $R�·ª �B­k­°� � �M�5��> 
v¬b��­°� = �
A5�7�Y¬p�±���+­Û���!��!�IM?�>2S\]_sXt·ceW=wYu�KMSTPRw�!"�"�Y���)­Vª5�1�=¬E�M¬ %\���+­Û��� #v¬	�+µ�¬v¬��

�1�=¬jª�¬���­°¯������'�X�·ª����'� �1�=¬oµ�¬v�N¶®�2�d�'�R��ªo�d�
�1�=¬��d�'¬ �Y���'���d�'�8�1�=¬jª�¬��®­°¯L�X�@3P>J�?
@�+­Û���=ª���� �1�=¬
���1�=¬@� �=�d�'� �

����� ���	� ��
 �
����� ���?���+�����
C D
ETF HJILHLK�FNM � = �
A ��¬	�

C
�d�'�

D
#v¬ �8µ�� 
v����¬ �-���¸­Û¬�ª&! � ª�¬��®­°¯L�X�@3P>J��
	�+­Û���

C → D
­Vª´�

�@>Y�R���P> # %\¬
(F, G, α, β)

+aµ��=¬@�M¬
F
­Vªo��ª�¬��®­°¯ !'>J��
	�����

C → D
+
G
­Vªo�®ª�¬��®­°¯ !'>J��
	�����

D → C
+
α���±�

β
���M¬ �+µ�� !'>J�?
@�+­Û���=ª5�1�=�����_�	¬b�F
&�

(A, B) ∈
��#

(C)×
��#

(D)
�·ªvª¸­ �d�B�M¬¸ªU#Y¬'
	�+­ �·¬ %P$	� !'>J��
	�+­Û���

αA,B : D(F (A), B) → C(A, G(B))
���±�®� !'>J�?
@�8­Û�d�

βA,B : C(A, G(B)) → D(F (A), B)
ªP> 
&�

�1�=���(+�!��������<$
f ∈ D(B, B′)

�d�'� !����	����$
g ∈ C(A′, A)

+��1�=¬���­Û� ���b���®ª

D(F (A), B)
αA,B- C(A, G(B))

D(F (A′), B′)

f ◦ − ◦ F (g)

?

αA′,B′

- C(A′, G(B′))

G(f) ◦ − ◦ g

?

(1)

D(F (A), B) �βA,B
C(A, G(B))

D(F (A′), B′)

f ◦ − ◦ F (g)

?

αA′,B′

- C(A′, G(B′))

G(f) ◦ − ◦ g

?

(2)
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D(F (A), B)
αA,B- C(A, G(B))

D(F (A′), B′)

f ◦ − ◦ F (g)

?
�
βA′,B′

C(A′, G(B′))

G(f) ◦ − ◦ g

?

(3)

D(F (A), B) �βA,B
C(A, G(B))

D(F (A′), B′)

f ◦ − ◦ F (g)

?
�
βA′,B′

C(A′, G(B′))

G(f) ◦ − ◦ g

?

(4)


b�d�®�8>���¬ !

C>D,EGF�HJIJHLK�F�M � � ª�¬��®­°¯L�X�@3P>J��
	�+­Û���
(F, G, α, β) : C → D

­Vªgª���­Û�8����#v¬ow=PR`b>�sdQ�­ !
+����±������%/$
­ !
+
�_­ � !����	���<$

f ∈ D(F (A), B)
+�µ�¬ �=� �·¬

αA,B(f ◦ F (idA)) = αA,B(f)
S

�_­°­ �¤�d�'� !����®����$
g ∈ C(A, G(B))

+�µ�¬ �=� �·¬
βA,B(G(idB) ◦ g) = βA,B(g)

!

� D � ������� ��¬@�
(F, G, α, β)

#v¬ �´ª�¬��®­°¯L�X�@3P>J�?
@�+­Û���
C → D

! �����q����$
f ∈ D(F (A), B)

+
µ�¬ �=�%��¬

αA,B(f ◦ F (idA)) = G(idB) ◦ αA,B(f)
�d�'� !����%���<$

g ∈ C(A, G(B))
+�µ�¬"�Y�%��¬

βA,B(G(idB) ◦ g) = βA,B(g) ◦ F (idA)
! :®¬���
b¬�­ !

F
���

G
­Vª��q� !'>J�?
@�_���,+ �7�Y¬�� �7�Y¬2ª�¬���­°¯

�R�@3P>J��
	�+­Û���
(F, G, α, β) : C → D

­Vª��'���¸�2��%7!

��D ��� � � � ��¬	�
(F, G, α, β)

#b¬����±���¸��� %kª�¬���­°¯L�R�@3P>J��
	�+­Û���
C → D

!
�_­ � �����	�d�<$

f ∈ D(F (A), B)
+�µ�¬$�Y�%��¬

βA,B ◦ αA,B(f) = f ◦ F (idA)
!

�_­°­ � �����	�d�<$
g ∈ C(A, G(B))

+�µ�¬ �=� �·¬
αA,B ◦ βA,B(g) = G(idB) ◦ g

!

���������

�_­ � ��¬	�
f ∈ D(F (A), B)

!
�2¬$�Y�%��¬

βA,B ◦ αA,B(f) = βA,B(αA,B(f ◦ F (idA)))
� #v¬'
b��>Bª�¬)�1�=¬�ª�¬���­°¯L�R�@3P>J��
	�+­Û���´­Vª��'���¸�2��% �

= βA,B(G(idB) ◦ αA,B(f) ◦ idA)
� #&$ ��­Û� ���M�d� ��������!2��¬5'��Y­7�+­Û��� � ���

= idB ◦ f ◦ F (idA)
� #&$ ��­Û� ���M�d� �
	 ����!2��¬5'��Y­7�+­Û��� � ���

= f ◦ F (idA) .

�_­°­ � ��¬	�
g ∈ C(A, G(B))

! ��¬$�=� �·¬

αA,B ◦ βA,B(g) = αA,B(βA,B(G(idB) ◦ g))
� #v¬'
v��>Bª�¬ �1�=¬�ª�¬���­°¯L�R�J3P>J�?
@�8­Û�d�1­Vª��'���¸�2��% �
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª }�,

= αA,B(idB ◦ βA,B(g) ◦ F (idA))
� #"$ �	­Û�@�G�M��� ��
 ��� ! �®¬('a�6­7�8­Û�d� � ���

= G(idB) ◦ g ◦ idA
� #"$ �	­Û�@�G�M��� ��� ��� ! �®¬('a�6­7�8­Û�d� � ���

= G(idB) ◦ g .

� D������ � MN��¬@�
(F, G, α, β)

#v¬®���'���¸�2��%Âª�¬���­°¯L�R�J3P>J�?
@�8­Û�d�
C → D

!
�+­ ���k��������$

f ∈ D(F (A), B)
�d�'� !����%���<$

h ∈ C(A′, A)
+�µ�¬"�=� �·¬

αA′,B(f ◦ F (h)) =
αA,B(f) ◦ h

!
�_­°­ � �k���´����$

f ∈ D(F (A), B)
���'� !���� �d�<$

k ∈ D(B, B′)
+�µ�¬2�=� �·¬

αA,B′(k ◦ f) =
G(k) ◦ αA,B(f)

!
�_­°­°­ � �k���
�d�<$

g ∈ C(A, G(B))
���±�"!����g���<$

h ∈ C(A′, A)
+kµ�¬ �=� �·¬

βA′,B(g◦h) = βA,B(g)◦
F (h)

!
�_­ � ���k���!����$

g ∈ C(A, G(B))
���±� !����!�d�<$

k ∈ D(B, B′)
+oµ�¬ �Y�%��¬

βA,B′(G(k) ◦ g) =
k ◦ βA,B(g)

!

���������

�+­ � �k¬@�
f ∈ D(F (A), B)

���±�
h ∈ C(A′, A)

!B��¬ �=� �·¬

αA′,B(f ◦ F (h)) = αA′,B(idB ◦ f ◦ F (h))

= G(idB) ◦ αA,B(f) ◦ h
� #"$ �	­Û�@�G�M�d� ��������!2�®¬('a�6­7�8­Û�d� � ���

= G(idB) ◦ αA,B(f) ◦ idA ◦ h

= αA,B(idB ◦ f ◦ F (idA)) ◦ h
� #"$ �	­Û�@�G�M�d� ��������!2�®¬('a�6­7�8­Û�d� � ���

= αA,B(f) ◦ h .

�_­°­ � �k¬@�
f ∈ D(F (A), B)

���±�
k ∈ D(B, B′)

!B��¬ �Y�%��¬

αA,B′(k ◦ f) = αA,B′(k ◦ f ◦ F (idA))
� #v¬&
v��>Bª�¬ �7�Y¬�ª�¬��®­°¯L�X�@3P>J��
	�+­Û���´­Vª��'���¸��� % �

= G(k) ◦ αA,B(f) ◦ idA
� #"$ �	­Û�@�G�M�d� ��������!2�®¬('a�6­7�8­Û�d� � ���

= G(k) ◦ αA,B(f) .

�_­°­°­ � �k¬@�
g ∈ C(A, G(B))

�d�'�
h ∈ C(A′, A)

!B��¬ �Y�%��¬

βA′,B(g ◦ h) = βA′,B(G(idB) ◦ g ◦ h)
� #b¬'
v��>Bª�¬ �7�Y¬�ª�¬��®­°¯L�X�@3P>J�?
@�+­Û���´­Vªo�±���¸��� % �

= idB ◦ βA,B(g) ◦ F (h)
� #"$ �	­Û�@�G�M��� ��
 ����!��®¬('a�6­7�8­Û�d� � ���

= βA,B(g) ◦ F (h) .
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�+­ � � ��¬	�
g ∈ C(A, G(B))

�d�'�
k ∈ D(B, B′)

!B��¬$�=� �·¬

βA,B′(G(k) ◦ g) = βA,B′(G(k) ◦ g ◦ idA)

= k ◦ βA,B(g) ◦ F (idA)
� #"$ �	­Û�@�G�M�d� ��
 ����!��®¬('a�6­7�8­Û�d� � ���

= k ◦ idB ◦ βA,B(g) ◦ F (idA)

= k ◦ βA,B(G(idB) ◦ g ◦ idA)
� #"$ �	­Û�@�G�M�d� ��
 ����!��®¬('a�6­7�8­Û�d� � ���

= k ◦ βA,B(g) .

��� K�� K��%HJILHLK�F � ��¬@�
(F, G, α, β)

#v¬´� ª�¬��®­°¯L�X�@3P>J�?
@�+­Û���
C → D

ªP> 
&�6�1�=���
F
­Vª � !'>J�?
�¯

�_���
C → D

! ��¬%ª�¬@�
T = G ◦ F

! �����q�d�<$ ��#53�¬'
	�
A
� ! �1�=¬ 
v����¬ �-����$

C
+®µ�¬ ª�¬	�

ηA =
αA,F (A)(idF (A))

���'�
µA = G(βT (A),F (A)(idT (A)))

! ���=¬��6�7�Y¬
� �¸­ # %\¬
(T, µ, η)

­Vª!� ª�¬���­°¯
�2�d�'�R�!��� �7�Y¬ 
v����¬ �X����$

C
!

���������

�k���	���<$
f ∈ C(A, A′)

+�µ�¬$�Y�%��¬

T (f) ◦ ηA = G(F (f)) ◦ αA,F (A)(idF (A))� #&$ �k¬��®��� � � �_­°­ ���

= αA,F (A′)(F (f) ◦ idF (A))

= αA,F (A′)(idF (A′) ◦ F (f))
� #&$ �k¬��®��� � � �_­ ���

= αA′,F (A′)(idF (A′)) ◦ f

= ηA′ ◦ f .

�k���	���<$
f ∈ C(A, A′)

+�µ�¬$�Y�%��¬

T (f) ◦ µA = G(F (f)) ◦ G(βT (A),F (A)(idT (A)))

= G(F (f) ◦ βT (A),F (A)(idT (A)))� #"$ ��¬������ � � �_­ � ���

= G(βT (A),F (A′)(G(F (f)) ◦ idT (A)))

= G(βT (A),F (A′)(idT (A′) ◦ T (f)))
� #"$ ��¬������ � � �_­°­°­ ���

= G(βT (A′),F (A′)(idT (A′)) ◦ F (T (f)))

= G(βT (A′),F (A′)(idT (A′))) ◦ G(F (T (f)))

= µA′ ◦ (T ◦ T (f)) .

�k���	���<$���#43�¬'
@�
A
� ! �1�=¬8
v����¬ �X����$

C
+aµ�¬$�Y�%��¬

T (idA) ◦ µA = G ◦ F (idA) ◦ G(βT (A),F (A)(idT (A)))

= G(F (idA) ◦ βT (A),F (A)(idT (A)))

= G(idF (A) ◦ βT (A),F (A)(idT (A)))� #v¬'
v��>Bª�¬
F
­Vª	� !'>J�?
@�_��� �

= G(βT (A),F (A)(idT (A)))

= µA .
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª }d|

�����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

C
+aµ�¬)�=�%��¬

βT (A),F (A)(idT (A)) ◦ (F ◦ G)(βT (A),F (A)(idT (A)))

= βT (T (A)),F (A)(idT (A) ◦ G(βT (A),F (A)(idT (A))))� #&$ �k¬����2� � � �_­°­°­ ���

= βT (T (A)),F (A)(G(βT (A),F (A)(idT (A))) ◦ idT (T (A)))

= βT (A),F (A)(idT (A)) ◦ βT (T (A)),F (T (A))(idT (T (A)))� #&$ �k¬����2� � � �_­ � ���

�=¬��?
v¬
µA ◦ T (µA) = µA ◦ µT (A) .

�����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

C
+aµ�¬)�=�%��¬

µA ◦ T (ηA) = G(βT (A),F (A)(idT (A))) ◦ (G ◦ F )(αA,F (A)(idF (A)))

= G(βT (A),F (A)(idT (A)) ◦ F (αA,F (A)(idF (A))))� #"$ ��¬������ � � �_­°­°­ � �

= G(βA,F (A)(idT (A) ◦ αA,F (A)(idF (A))))

= G(βA,F (A) ◦ αA,F (A)(idF (A)))� #"$ ��¬������ � � �_­ � �

= G(idF (A) ◦ F (idA))

= T (idA) .

�����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

C
+aµ�¬)�=�%��¬

µA ◦ ηT (A) = G(βT (A),F (A)(idT (A))) ◦ αT (A),F (T (A))(idF (T (A)))� #"$ ��¬��®��� � � �_­°­ ���

= αT (A),F (A)(βT (A),F (A)(idT (A)) ◦ idF (T (A)))

= αT (A),F (A)(βT (A),F (A)(idT (A)))

= G(idF (A)) ◦ idT (A)� #"$ ��¬��®��� ��� �_­°­ ���

= G(idF (A))

= G ◦ F (idA)
� #v¬&
v��>Bª�¬

F
­Vª	� !'>J�?
@����� �

= T (idA) .

:	¬��?
v¬"+�µ��Y¬�� µ�¬E�Y�%��¬��®ª�¬���­°¯L�R�J3P>J�?
@�8­Û�d� #v¬	�+µ�¬v¬�� �+µ��®ª�¬���­°¯ !'>J�?
@�_���vªD���±�8�7�Y¬ %\¬$!'�aª�¬���­°¯
�R�J3���­°� �/­Vª	� !'>J�?
@�_���,+ �7�Y¬��1µ�¬$�Y�%��¬��d�1STwYtJW6u�?5t%IM?�>2S\]+>2PRw6sRt�OBH�KM;=?�IM?�>2S\]_sXt·ceW=wYu�KMSTPRw�!

��� K�� K��%HJIJHLK�F � �k¬@�
(F, G, α, β)

#b¬´� ª�¬��®­°¯L�X�@3P>J��
	�+­Û���
C → D

ªP> 
&� �7�Y���
G
­Vª �
!'>J��
�¯

�����
D → C

! �2¬%ª�¬	�
T = G ◦ F

! �k���q���<$ ��#43�¬'
@�
A
��!
�7�Y¬ 
v����¬ �X����$

C
+�µ�¬%ª�¬@�

ηA =
αA,F (A)(idF (A))

�d�'�
µA = G(βT (A),F (A)(idT (A)))

! �?�Y¬����7�Y¬ � �¸­ # %\¬
(T, µ, η)

­Vª%� µ�¬v�5¶
�����'�X���d�2�1�=¬8
b���_¬ �-����$

C
!
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}�{ �����6­Û¬�%)�R¬��������·��% �=�

���������

�k���	���<$
f ∈ C(A, A′)

+�µ�¬$�Y�%��¬

T (f) ◦ ηA = G(F (f)) ◦ αA,F (A)(idF (A))

= αA,F (A′)(F (f) ◦ idF (A))� #&$ �k¬��®��� � � �_­°­ ���

= αA,F (A′)(idF (A′) ◦ F (f))

= αA′,F (A′)(idF (A′)) ◦ f
� #&$ �k¬��®��� � � �_­ ���

= ηA′ ◦ f .

�k���	���<$
f ∈ C(A, A′)

+�µ�¬$�Y�%��¬

T (f) ◦ µA = G(F (f)) ◦ G(βT (A),F (A)(idT (A)))

= G(F (f) ◦ βT (A),F (A)(idT (A)))

= G(βT (A),F (A′)(G(F (f)) ◦ idT (A)))� #"$ ��¬������ � � �_­ � ���

= G(βT (A),F (A′)(idT (A′) ◦ T (f)))

= G(βT (A′),F (A′)(idT (A′)) ◦ F (T (f)))
� #"$ ��¬������ � � �_­°­°­ ���

= G(βT (A′),F (A′)(idT (A′))) ◦ G(F (T (f)))

= µA′ ◦ (T ◦ T (f)) .

�k���	���<$���#43�¬'
@�
A
� ! �1�=¬8
v����¬ �X����$

C
+aµ�¬$�Y�%��¬

βT (A),F (A)(idT (A)) ◦ (F ◦ G)(βT (A),F (A)(idT (A)))

= βT (T (A)),F (A)(idT (A) ◦ G(βT (A),F (A)(idT (A))))� #"$ ��¬��®��� � � �_­°­°­ ���

= βT (T (A)),F (A)(G(βT (A),F (A)(idT (A))) ◦ idT (T (A)))

= βT (A),F (A)(idT (A)) ◦ βT (T (A)),F (T (A))(idT (T (A)))� #"$ ��¬��®��� � � �_­ � � �

�=¬��?
v¬
µA ◦ T (µA) = µA ◦ µT (A) .

�k���	���<$���#43�¬'
@�
A
� ! �1�=¬8
v����¬ �X����$

C
+aµ�¬$�Y�%��¬

µA ◦ T (ηA) = G(βT (A),F (A)(idT (A))) ◦ (G ◦ F )(αA,F (A)(idF (A)))

= G(βT (A),F (A)(idT (A)) ◦ F (αA,F (A)(idF (A))))

= G(βA,F (A)(idT (A) ◦ αA,F (A)(idF (A))))� #&$ �k¬����2� � � �_­°­°­ ���

= G(βA,F (A) ◦ αA,F (A)(idF (A)))� #&$ �k¬����2� � � �_­ ���

= G(idF (A) ◦ F (idA))

= T (idA) .
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª }GI

�����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

C
+aµ�¬)�=�%��¬

µA ◦ ηT (A) = G(βT (A),F (A)(idT (A))) ◦ αT (A),F (T (A))(idF (T (A)))

= αT (A),F (A)(βT (A),F (A)(idT (A)) ◦ idF (T (A)))� #"$ ��¬��®��� � � �_­°­ ���

= αT (A),F (A)(βT (A),F (A)(idT (A)))� #"$ ��¬��®��� ��� �_­°­ ���

= G(idF (A)) ◦ idT (A)

= G(idF (A))� #v¬&
v��>Bª�¬
G
­Vª	� !'>J��
	����� �

= idT (A) .
�����	����$���#53�¬'
	�

A
��!)�7�Y¬ 
v���_¬ �-����$

C
+aµ�¬)�=�%��¬

µA ◦ T (idT (A)) = G(βT (A),F (A)(idT (A))) ◦ (G ◦ F )(idT (A))

= G(βT (A),F (A)(idT (A)) ◦ F (idT (A)))� #&$ ��¬����2� � � �+­°­°­ ���

= G(βT (A),F (A)(idT (A)))

= µA .

:	¬��?
v¬�µ��=¬��J�Y�%��¬%� ª�¬��®­°¯L�X�@3P>J�?
@�+­Û��� #v¬	�+µ�¬v¬��L�8µ��qª�¬���­°¯ !'>J�?
@�_���vª����'�H�1�=¬B�¸­ � ���Dª�¬���­°¯
�R�J3���­°� �/­Vª	� !'>J�?
@�_���,+aµ�¬$�Y�%��¬��d�1STwYtJW6u�?5t!�/?5sG%�>2PRwYsXt�OBH�Kb;=?�IL?5>2S�]�sRt·ceWYwYu¸KbS\PXw�!
�a�����·¬@�vª�¬�%P$B+)µ�¬
���%$	��ªL¶�µ��=¬@�1�=¬@�g¬b�F
&��µ�¬v�5¶��2�d�'�R�®���¸­ �R­°�'���_¬�ªp­°� �1�B­Vª�µ��%$ !'�M�d� ��ª�¬���­°¯

�R�J3P>J�?
@�8­Û�d� ­°� µ��J­�
&�J�7�Y¬ �¸­ � ���pª�¬��®­°¯ !'>J��
	�����2­Vª�� !'>J�?
@�_���&!��q���M¬ !����¸�2��% %P$B+jµ�¬��·ªM¶%­ !�¬v�G
'�
µ�¬v�5¶��2�d�'�X�8�Y�·ª	� �b¬¸ª�� % >��8­Û�d�q­°�H�1�=¬ !�� % %\�dµ�­°�M��ª�¬��=ª�¬ !
C D
ETF HJILHLK�FNM M � ­ �·¬�� ��µ�¬v�N¶��2�d�'�R�

T = (T, µ, η)
��� � 
b���_¬ �-����$

C
+��!`b?5IMPRQTWJKMSTPRw%Pd��Kb;=?

�/?5s�%�>�PXwYsRt
T
­Vª	�2ª�¬��®­°¯L�X�@3P>J�?
@�+­Û���

(F, G, α, β) : C → D
ª'> 
'� �1�=���

8 G
­Vª�� !'>J�?
@�_���

D → C
S

8 T = G ◦ F
S

8 !����	����$ A ∈
��#

(C)
+aµ�¬ �=� �·¬

ηA = αA,F (A)(idF (A))
S

8 !����	����$ A ∈
��#

(C)
+aµ�¬ �=� �·¬

µA = G(βT (A),F (A)(idT (A))
!

���B­Vª®�X¬5'��Y­7�+­Û���2�X¬��'¬@�M��%Ü­76N¬¸ª �1�=¬2�R¬('a�6­7�8­Û�d� � !´`M?NILPXQ\W=KMSTPRw!Pd�as2>2PRwYsXtJ�7�Y��� 
v��� #v¬ !���>J�'�
­°� =����LA"O
� ­ �·¬��¢� �2�d�'�R�

T = (T, µ, η)
���¢� 
b���_¬ �-����$

C
+�� `b?5IMPRQTWJKMSTPRwx��! �7�Y¬ �����'�X�

T
­Vª �

�@>Y�R���P> # %\¬
(D, G, F, ε)

ªP> 
'� �1�=���
8

D
­Vª	�B
b���_¬ �-����$BS

8 T = G ◦ F
S

8 �7�Y¬ �@>Y�R���P> # %\¬ (F, G, η, ε)
­Vª	��� �R�J3P>J�?
@�8­Û�d�

C → D
S

8 ���'� µ = idU ◦ ε ◦ idF

!
*¸�±�R¬v¬v�B+�­ !�µ�¬ �=� �·¬q� �b¬¸ª�� % >��8­Û�d�

(F, G, α, β) : C → D
� !%�´�2�d�'�X�

T = (T, µ, η)
���

� 
b���_¬ �-����$
C
­°�L�1�=¬�ª�¬��=ª�¬%� ! ��¬('a�Y­7�+­Û��� � � +$�1�=¬��

(D, G, F, ε)
µ�­7�1�

ε = (εB)B∈ �
	 (D)
�d�'�

εB = βG(B),B(idG(B))
­Vª	�"�M¬�ª�� % >��+­Û��� � ! �1�=¬	�2�d�'�R�

T
­°�H�1�=¬�ª�¬��Yª�¬	� !2=�� �.A"!

���=¬p�'¬
-G�±ª�¬'
@�8­Û�d��ª �=��µ�ª5�1�=����� �X¬��'¬@�M��%Ü­76N���+­Û���!��!5�7�Y¬ �/­ %\¬�� #v¬@� �R¯��q�N���b¬ 
v���YªP� �P> 
@�8­Û�d� �d­ ��¬�ª
�¸­Vª�¬ ���"�b¬¸ª�� % >��8­Û�d�=ª	� !oµ�¬v�5¶������±�R�·ª&!
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� � �������!����" 	�������� �
��� � �	��� !

��¬$�X¬��'¬@�M� %�­765¬ �1�=¬ �/­ %\¬�� #v¬	� �d¯�� �N���M¬"
v���YªP� �P> 
@�8­Û�d��! �k¬@�
C
#v¬®�B
v����¬ �X����$ !

C>D,EGF�HJIJHLK�F�M � �k¬@�
T = (T, µ, η)

#v¬ ���£��#53�¬'
	�	��! �1�=¬ 
v����¬ �X����$
WMon

!����=¬ !���% %\��µ�­°� �
�R�����!�R¬('a�'¬�� 
v���_¬ �-����$

CT
O

8 �1�=¬1��#53�¬&
@�8ªq���M¬´� ! �1�=¬%ª �Y�
#Y¬ (A, h)
+2µ��=¬@�M¬

A
­Vª ���¢��#43�¬'
@�2��! �7�Y¬ 
v���_¬ �-����$

C
���'�

h ∈ C(T (A), A)
ª'> 
'� �1�=��� �1�=¬���­Û� ���b���®ª

T ◦ T (A)
T (h)- T (A)

T (A)

µA

?

h
- A

h

?

A
ηA- T (A)

A

h

?

id
A

-

T (A)
T (idA)- T (A)

A

h

?

h
-


v�����8>��_¬�­°�H�1�=¬8
b���_¬ �-����$
C
S

8 �d�´���P�b��µ (A, h) → (A′, h′)
­Vª®�d�´���P�b��µ

f : A → A′
­°�H�1�=¬8
v����¬ �X����$

C
ªP> 
&� �7�Y��� �7�Y¬

�d­Û�@�G�M���

A � h
T (A)

A′

f

?
�

h′
T (A′)

T (f)

?


v�����8>��_¬�­°�H�1�=¬8
b���_¬ �-����$
C
S

8 !����	���<$!��#53�¬&
@� (A, h)
+��7�Y¬�­Û�X¬�� �8­7�U$����

(A, h)
­Vª)�7�Y¬�­Û�X¬�� �8­7�U$����

A
S

8 
v���2#Y�·ª¸­7�8­Û�d�1­Vª)�1�=¬�ª�����¬®��ª 
v�d��#Y�·ª¸­7�+­Û���´­°�H�1�=¬8
b���_¬ �-����$
C
!

C>D,EGF�HJIJHLK�F�M � �k���/����$D��#43�¬'
@�
T
��! �1�=¬ 
v����¬ �X����$

WMon(C)
+±µ�¬
�X¬��±����¬ #"$

GT
�1�=¬ !'>J��
	�����

CT → C
�1�=�����_�2¬v�G
'� ��#43�¬'
@�

(A, h)
��!E�1�=¬ 
b���_¬ �-����$

CT
��ªbª¸­ �R�=ª$�7�Y¬���#53�¬'
	�

A
��!E�1�=¬ 
b���_¬ �-����$

C
���'� �7�Y��� �_��¬v�G
'�q���P�b��µ

f
� !)�1�=¬ 
v����¬ �-����$

CT
��ªbª¸­ �R�=ª �1�=¬����P�M�dµ

f
� !)�1�=¬8
v����¬ �-����$

C
!
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C D
ETF HJILHLK�FNM � ��¬��R¬��'����¬ #&$
Con(C)

�7�Y¬ !'>�% %)ªP>�#&
v���_¬ �-����$q� ! �7�Y¬2ª %Ü­�
v¬ 
v����¬ �X����$
Cat/Cµ��=��ª�¬���#53�¬'
	�8ª����M¬ !���­7�1� !'>�%�!'>J�?
@�����vª

D → C
!������d�<$ ��#53�¬'
	�

D
��! �1�=¬B
v����¬ �-����$

Cat
+
µ��Y¬	�M¬

Cat
�X¬��±����¬¸ª)�1�=¬8
v����¬ �-����$!� ! 
v����¬ �X���¸­Û¬¸ª&!

C D
ETF HJILHLK�FNM � ��¬%�X¬��±����¬�#&$
EM0

�1�=¬ !'>J�?
@�+­Û��� �7�Y��� �_�´¬v�G
'�¤��#53�¬&
@�
T
��! �1�=¬ 
v����¬ �-����$

WMon(C)
�·ªvª¸­ �d�Yª �7�Y¬"!'>J�?
@�����

GT : CT → C
!

� D������ ��� �������d�<$ ��#53�¬'
	�
T
� !8�1�=¬ 
v���_¬ �-����$

WMon(C)
+

EM0(T)
­Vª���� ��#43�¬'
@�o��! �7�Y¬


v����¬ �X����$
Con(C)

!

���������

���¸­ �5­Û��%7!
� D������ ��� �����!���<$

λ ∈ WMon(C)(T′, T)
+�­ !

(A, h)
­Vª!�d�¤��#53�¬'
	�	��!"�1�=¬ 
v����¬ �-����$

C
T
+

�1�=¬��
(A, h ◦ λA)

­Vª	�d�´��#53�¬'
	�
� ! �7�Y¬ 
v����¬ �X����$
CT

′ !

���������

� ¬@�
T = (T, µ, η)

���±�
T′ = (T ′, µ′, η′)

!B��¬ �Y�%��¬

(h ◦ λA) ◦ µ′
A = h ◦ (λA ◦ µ′

A)

= h ◦ (λ • µ′)A

= h ◦ (µ • (λ ◦ λ))A
� #v¬'
v��>Bª�¬

λ ∈ WMon(C)(T′, T)
�

= h ◦ (µA ◦ (λ ◦ λ)A)

= (h ◦ T (h)) ◦ (λT (A) ◦ T ′(λA))

= h ◦ (T (h) ◦ λT (A)) ◦ T ′(λA)

= h ◦ (λA ◦ T ′(h)) ◦ T ′(λA)

= (h ◦ λA) ◦ (T ′(h) ◦ T ′(λA))

= (h ◦ λA) ◦ T ′(h ◦ λA) .

��¬$�=� �·¬

(h ◦ λA) ◦ η′
A = h ◦ (λA ◦ η′

A)

= h ◦ (λ • η′)A

= h ◦ ηA
� #v¬'
v��>Bª�¬

λ ∈ WMon(C)(T′, T)
�

= idA .

��¬$�=� �·¬

(h ◦ λA) ◦ T ′(idA) = h ◦ (λA ◦ T ′(idA))

= h ◦ (T (idA) ◦ λA)

= (h ◦ T (idA)) ◦ λA

= h ◦ λA .

� D������ ��� ����������$
λ ∈ WMon(C)(T′, T)

+Â­ !
f ∈ CT((A, h), (A′, h′))

+K�7�Y¬��
f ∈ CT

′

((A, h◦
λA), (A′, h′ ◦ λA′))

!
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���������

��¬ �=�%��¬

f ◦ (h ◦ λA) = (f ◦ h) ◦ λA

= (h′ ◦ T (f)) ◦ λA

= h′ ◦ (T (f) ◦ λA)

= h′ ◦ (λA′ ◦ T ′(f))
� #b¬'
v��>Bª�¬

λ ∈ WMon(C)(T′, T)
�

= (h′ ◦ λA′) ◦ T ′(f) .

Q $ �k¬����2��ª � 
x�d�'� � �%+ ���¤¬v�F
&�
λ ∈ WMon(C)(T′, T)

+�µ�¬ 
b�d�x�R¬('a�'¬ � !'>J��
	�����
EM1(λ) = (Q0, Q1) : CT → CT

′ �·ª"!�� % %\�dµ�ª&O

8 Q0
­Vª �1�=¬ !'>J��
	�+­Û���6�1�=���$��� ¬v�G
'�«��#53�¬&
@�

(A, h)
� !B�7�Y¬ 
b���_¬ �-����$

CT
�·ªvª¸­ �d�Yª �1�=¬ #Y��­7�

(A, h ◦ λA)
S

8 Q1
­Vª �1�=¬�!'>J��
	�+­Û�����7�Y��� ��� ¬v�G
'�

f ∈ CT((A, h), (A′, h′))
��ªvªv­ �R�=ª

f ∈ CT
′

((A, h ◦
λA), (A′, h′ ◦ λA′))

!
� �'�	­7��­Vªj��#&�5­Û��>Bª �1�=����µ�¬ �Y�%��¬

GT
′

◦EM1(λ) = GT
!;���·ªP� %/$B+)­ !

λ ∈ WMon(C)(T′, T)
���±�

λ′ ∈ WMon(C)(T′′, T′)
+ �7�Y¬�� !����	�d�<$���#53�¬'
	�

(A, h)
��!)�7�Y¬ 
v���_¬ �-����$

CT
+aµ�¬$�Y�%��¬

EM1(λ
′)(EM1(λ)(A, h)) = EM1(λ

′)(A, h ◦ λA)

= (A, h ◦ λA ◦ λ′
A)

= (A, h ◦ (λ • λ′)A)
� #&$��R¬('a�6­7�8­Û�d�´� !

•
�

= EM1(λ • λ′)(A, h) .

:	¬��?
v¬
EM = (EM0, EM1)

­Vª	� !'>J��
	�����
WMon(C)

��� → Con(C)
!

C>D,EGF�HJIJHLK�F�M � �k���/����$D��#43�¬'
@�
T
��!��1�=¬5
v����¬ �X����$

WMon(C)
+±µ�¬g�R¬��'����¬ #&$

F T
�1�=¬ !'>J��
	�����

C → CT
�1�=��� ���´¬v�F
&�£��#43�¬'
@�

A
� !
�1�=¬2
v���_¬ �-����$

C
�·ªvª¸­ �R�=ªB�1�=¬ ��#53�¬&
@�

(T (A), µA)
� !B�7�Y¬


b���_¬ �-����$
CT
���±� �1�=���$��� ¬v�G
'� ���P�M��µ

f
��!"�7�Y¬ 
v����¬ �X����$

C
�·ªvª¸­ �d�Yª �7�Y¬����P�b��µ

T (f)
� ! �1�=¬


b���_¬ �-����$
CT
!

�k¬@�
T
#v¬����´��#43�¬'
@����!)�1�=¬8
b���_¬ �-����$

WMon(C)
!

�k���	���<$
f ∈ CT((T (A), µA), (B, h))

+�µ�¬�ª�¬@�

αT
A,(B,h)(f) = f ◦ ηA .

�k���	���<$
g ∈ C(A, B)

���±� !����	���<$���#43�¬'
@�
(B, h)

� !
CT
+aµ�¬	ª�¬	�

βT

A,(B,h)(g) = h ◦ T (g) .

��� K�� K��%HJILHLK�F 
 ���Y¬��@>Y�R���P> # %\¬
(F T, GT, αT, βT)

­Vª	��ª�¬���­°¯L�R�@3P>J��
	�+­Û���
C → CT

!
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª }�D

���������

��­7�vªP� %P$B+�µ�¬2�±����¬ �1�=��� !���������$
g ∈ C(A, B)

�d�'� !���������$%��#43�¬'
@�
(B, h)

��! �1�=¬"
v����¬ �X����$
C

T
+

�1�=¬���­Û�@�G�M�d�

T (A) �µA
T ◦ T (A)

B

h ◦ T (g)

?
�

h
T (B)

T (h ◦ T (g))

?


v����� >���¬�ªD­°� �7�Y¬ 
v����¬ �X����$
C
! :	¬��?
v¬�µ�¬ �=� �·¬

βT
A,(B,h)(g) ∈ C

T((T (A), µA), (B, h))
!

��¬	�
j ∈ C(A′, A)

�d�'���
k ∈ CT((B, h), (B′, h′))

!
����������$

f ∈ CT((T (A), µA), (B, h))
+�µ�¬ �Y�%��¬

k ◦ f ◦ T (j) ◦ ηA′ = k ◦ f ◦ ηA ◦ j
+ �=¬��?
v¬

�1�=¬���­Û�@�G�M�d�

C
T((T (A), µA), (B, h))

αT
A,(B,h) - C(A, B)

C
T((T (A′), µA′), (B′, h′))

k ◦ − ◦ F T(j)

?

αT
A′,(B′,h′)

- C(A′, B′)

GT(k) ◦ − ◦ j

?
.


v����� >���¬�ª"!
����������$

g ∈ C(A, B)
+
k ◦ g ◦ j = k ◦ h ◦ T (g) ◦ T (j) ◦ ηA′

+ �=¬��?
v¬ �7�Y¬	�d­Û�@�G�M���

C
T((T (A), µA), (B, h)) �

βT
A,(B,h)

C(A, B)

C
T((T (A′), µA′), (B′, h′))

k ◦ − ◦ F T(j)

?

αT
A′,(B′,h′)

- C(A′, B′)

GT(k) ◦ − ◦ j

?
.


v����� >���¬�ª"!
�����j�d�<$

f ∈ CT((T (A), µA), (B, h))
+�µ�¬ �=�%��¬

h′ ◦T (k ◦f ◦ηA ◦ j) = k ◦f ◦T (j)
+K�=¬��?
v¬

�1�=¬���­Û�@�G�M�d�

C
T((T (A), µA), (B, h))

αT
A,(B,h) - C(A, B)

C
T((T (A′), µA′), (B′, h′))

k ◦ − ◦ F T(j)

?
�
βT

A′,(B′,h′)

C(A′, B′)

GT(k) ◦ − ◦ j

?
.


v����� >���¬�ª"!
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�k���	���<$
g ∈ C(A, B)

+
k ◦ h ◦ T (g) ◦ T (j) = h′ ◦ T (k ◦ g ◦ j)

+��=¬��?
v¬ �1�=¬���­Û� ���b���

C
T((T (A), µA), (B, h)) �

βT
A,(B,h)

C(A, B)

C
T((T (A′), µA′), (B′, h′))

k ◦ − ◦ F T(j)

?
�
βT

A′,(B′,h′)

C(A′, B′)

GT(k) ◦ − ◦ j

?
.


b�d�®�8>���¬¸ª&!
��¬o�±����¬ �7�Y��� �7�Y¬o­°�'��> 
b¬v�2µ�¬v�N¶2�����'�X� #&$8�1�=¬�ª�¬���­°¯L�R�J3P>J�?
@�8­Û�d�1� ! �1�=¬;#��M¬'
v¬b�X¬�� � #?�b�
#Y��¯

ªv­7�+­Û���´­Vª
T
! �q���M¬ #?�M¬'
�­Vª�¬ %P$B+ �7�Y¬ �@>Y�R���P> # %\¬

(F T, GT, αT, βT)
­Vª	�"�b¬¸ª�� % >��8­Û�d�´� !

T
!

� � � � �F����� ���%���
"

��¬E�R­ ��¬�ª�����¬	¬
-B���2# %\¬�ª�� !oµ�¬v�5¶ 
b�d�2�d�'�X�·ª)�7�Y��� #?�M� �5­Û�X¬ �_µ�­7�1��ª�����¬	�X�R�R¬v��ª'� �P> 
@� >��M¬��	�±¬�µ
�R¬��'�������+­Û���±� %kª�¬������ �+­�
�ª���! ��­°�±¬v��� ��� �R­�
 !

� ��� ������� �
	 � ���+���E� 	�� � ��
 ��� � ���E�
� �����$� � � � � �
� � � ��� � �
�?�J­Vª®¬.-B�d��# %\¬®­Vªo­°�YªU#'­7�M¬v��#"$"�1�=¬ �_¬��=ª���� #�­Û� % �X¬ #	�b� !
�k���D����$	ª�¬@�

A
+�µ�¬jª�¬	�

T 1(A) = A<ω
+ �1�=¬jª�¬@��� ! '��Y­7��¬jª�¬ �@>Y¬��?
v¬¸ªj��!D¬ %\¬��2¬�� �8ªD��!

A
! �����

���<$
f ⊆ A×B

+
T 1(f)

­Vª �1�=¬	���P�M��µ¦��!$�7�Y¬ 
v����¬ �X����$
Rel

!'�b���
T 1(A)

���
T 1(B)

�R¬('a�'¬v� #&$
ª�¬@� �8­°� �

T 1(f) =







(〈α1, . . . , αn〉, 〈βσ(1), . . . , βσ(n)〉) ; n ∈ N,
∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)�d�'�

σ ∈ Sn







.

�k��������$�ª�¬@�
A
+
µ�¬��X¬5'��'¬8�1�=¬����P�M��µ

δ1
A : T 1(A) → (T 1 ◦ T 1)(A)

��! �1�=¬"
v���_¬ �-����$
Rel#"$2ª�¬@� �+­°�M�

δ1
A = {(a, 〈a1, . . . , ak〉) ; k ∈ N, a1, . . . , ak ∈ A<ω �d�'� a ∈ S(a1, . . . , ak)},

µ��=¬@�M¬
S(a1, . . . , ak)

­Vª)�1�=¬�ª�¬@�/��!oª � >��£¬�ª���!
a1, . . . , ak

+a­5!o¬ !

S(a1, . . . , ak)

=

{

〈a1, . . . , an〉 ; ∃σ ∈ Sp1,...,pk

∀i ∈ N (1 ≤ i ≤ k ⇒ ai = 〈ασ(
Pi−1

j=1
pj+1), . . . , ασ(

P

i
j=1

pj )〉)

}

,

µ�­7�7�
Sp1,...,pk

�7�Y¬ ª�¬@��� ! #Y¬	�¸�8>������+­Û���=ª
σ ∈ SP

k
j=1

pj

ªP> 
&� �7�Y���(+ !����
1 ≤ i ≤ k

+
σ
­Vª

­°�?
@�M¬v�·ª¸­°�M�%���H�7�Y¬�­°� �_¬@���·��%
[(
∑i−1

j=1 pj) + 1,
∑i

j=1 pj ]
!

�k���	���<$2ª�¬@�
A
+�µ�¬®�X¬5'��'¬ �7�Y¬	���P�M��µ

d1
A : T 1(A) → A

��! �7�Y¬ 
v���_¬ �-����$
Rel

#&$2ª�¬	� �+­°�M�

d1
A = {(〈α〉, α) ; α ∈ A} .

��¬ �Y�%��¬ O$�1�=¬ � �¸­ # %\¬
(T 1, δ1, d1)

­Vª���µ�¬v�5¶B
b�d�2�d�'�X��­°� �7�Y¬ 
v����¬ �X����$
Rel
!
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª |�,

� ��� � ��� � �
	 ��������� � 	 � � ��
 ��� � � � �
� � � 	 ��� � 	 � � � � � � �
���B­Vª�¬
-B���2# %\¬�­Vª�­°�=ªU#'­7�M¬v� #"$ �1�=¬ :	�,# !�� % �X¬ #	�b�1��ªbª�� 
�­Û���_¬v� µ�­7�7�J�7�Y¬ !��d�®­ %P$ � !�%\��#v¬�%\¬v�H� �b¬b¬�ª
� = �UA � ! ��¬	�

e
#v¬��2ª�¬	� �1�=����­Vª��'���/� #Y��­7�&!

����������$�ª�¬@�
A
+ !���������$%­°� ��¬ �-¬@�

n
+pµ�¬!�R¬('a�±¬
#&$!­°�±��> 
@�8­Û�d� ���

n
�1�=¬�ª�¬	�

CLT n(A)
��ª

!�� % %T��µ�ª&O

8 CLT 0(A) = {(e, α) ; α ∈ A}
S

8 CLT n+1(A) = CLT n(A) ∪ {((e, α), U) ; α ∈ A
�d�'�

U ∈ Mf (CLT n(A))}
!

���=¬	ª�¬	�
CLT (A)

��!1u�PR>2[=QT?�KM?5Q\H�QTsRO6?5Q\?Nt�Kb`M?5?5I�STw
A
­Vª	�R¬('a�±¬b� #"$2ª�¬@� �+­°�M�

CLT (A) =
⋃

n∈N

CLT n(A) .

���=¬	ª�¬	�
LT (A)

� !1QTsRO6?5Q\QT?5t�KM`b?�?NI�S\w
A
­Vª	�X¬5'��'¬v����ª !���% %\��µ�ª&O

LT (A) = {(e, U) ; U ∈ Mf (CLT (A))} .

����������$�ª�¬	�
A
+aµ�¬��R¬('a�'¬ �1�=¬ !'>J�?
@�8­Û�d�����	��
 !'�b���

CLT (A)
���

Mf (A)
�·ª"!���% %\��µ�ª&O

8 ���	�

 (e, α) = [α]
S

8 ���	�

 ((e, α), [t1, . . . , tn]) = [α] +
∑n

i=1

���	�


(ti)
!

����������$
a ∈ Mf (A)

+�µ�¬�ª�¬@�

LT (a) = {(e, [t1, . . . , tn]) ∈ LT (A) ;

n
∑

i=1

�����


(ti) = a} .

����� ���<$1ª�¬	�
A
+	µ�¬ ª�¬@�

T (A) = LT (A)
! �����q����$

f ⊆ A × B
+

T 2(f)
­Vª �1�=¬q���P�M��µ

T 2(A) → T 2(B)
��!)�7�Y¬ 
v����¬ �X����$

Rel
#&$�ª�¬	� �8­°� �

T 2(f) = { ((e, [(e, α1), . . . , (e, αn)]), t) ; ∃β1, . . . , βn

(∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)
���±�

t ∈ LT ([β1, . . . , βn]))} .

�������d�<$�ª�¬	�
A
+�µ�¬��X¬5'��'¬ �1�=¬����P�M�dµ

δ2
A : T 2(A) → (T 2 ◦ T 2)(A)

� ! �7�Y¬ 
v����¬ �-����$
Rel#&$2ª�¬@� �8­°� �

δ2
A = { ((e,

∑k
j=1 Uj), T ) ; k ∈ N, U1, . . . , Uk ∈ Mf (CLT (A))
���±�

T ∈ LT ([(e, U1), . . . , (e, Uk)])} .

����������$�ª�¬	�
A
+aµ�¬��R¬('a�'¬ �1�=¬����P�M�dµ

d2
A : T 2(A) → A

� !)�1�=¬8
v����¬ �-����$
Rel

#"$2ª�¬@� �+­°�M�

d2
A = {((e, [(e, α)]), α) ; α ∈ A} .

��¬$�=� �·¬ O$�7�Y¬ � �¸­ # %T¬
(T 2, δ2, d2)

­Vª	��µ�¬v�5¶B
v�������±�R��­°�H�1�=¬ 
v���_¬ �-����$
Rel
!

� ���
���=¬8�M¬ %\���8­Û�d�'� %�
v�������±�R�%� !;'a�Y­7��¬®� >�% �8­Vª�¬@�Ûª�­Vª�µ�¬ % %Â¶d�'�dµ���!H��¬��R¬��'����¬ #&$

(T 0, δ0, d0)
�7�J­Vª


v�������±�R��­°�H�1�=¬8
b���_¬ �-����$
Rel
O

8 !����	����$���#53�¬'
	� A
+
T 0(A) = Mf (A)

���±�B+ !����	����$
f ∈ Rel(A, B)

+

T 0(f) = {([α1, . . . , αn], [β1, . . . , βn]) ; ∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)} ;
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8 !����	���<$!��#53�¬&
@� A
+
δA ∈ Rel(T (A), T ◦ T (A))

�R¬('a�±¬b� #"$2ª�¬@� �+­°�M�

δ0
A = {(

n
∑

i=1

ai, [a1, . . . , an]) ; a1, . . . , an ∈ T (A)} ;

8 !����	���<$!��#53�¬&
@� A
+
dA ∈ Rel(T (A), A)

�R¬('a�'¬v� #"$�ª�¬@� �+­°�M�

d0
A = {([α], α) ; α ∈ A} .

� ��µ�+Dµ�¬B
v�d� #@>J­ %\� �±¬�µ µ�¬v�5¶ 
v�������±�R��ª >Bª¸­°� �2�1�B­Vª 
v�������±�R�´���'�2�7�Y¬�µ�¬v�N¶ 
v�d�2�d�'�R��ª�� !
�7�Y¬R#?�b¬&
v¬v�R¬�� ��ª�¬&
@�+­Û����! ��¬	�

z
#v¬	� !'>J��
	�+­Û���2�1�=��������¬v�G
'� ��#53�¬'
	�
� ! �1�=¬ 
v����¬ �-����$

Rel
��ªbª¸­ �R�=ª

��� ¬�%\¬���¬�� �
��!
{0, 1, 2}

! �����®�d�<$���#43�¬'
@�
A
� ! �7�Y¬ 
b���_¬ �-����$

Rel
+�µ�¬	ª�¬	�

T (A) = T z(A)(A)
+

δA = δz(A)
A

���±�
dA = dz(A)

A

! �k���	����$����P�M�dµ
f : A → B

+aµ�¬®�X¬5'��'¬
T (f)

#&$2ª�¬	� �+­°�M��O

8 ­ ! z(A) = z(B)
+ �1�=¬��

T (f) = T z(A)(f)
S

8 ­ ! z(A) = 0
���±�

z(B) = 1
+ �1�=¬��

T (f)

= {([α1, . . . , αn], 〈β1, . . . , βn〉) ; ∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)} ;

8 ­ ! z(A) = 0
���±�

z(B) = 2
+ �1�=¬��

T (f)

= {([α1, . . . , αn], t) ; ∃β1, . . . , βn

(∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)
�d�'�

t ∈ LT ([β1, . . . , βn]))} ;

8 ­ ! z(A) = 1
���±�

z(B) = 0
+ �1�=¬��

T (f)

= {(〈α1, . . . , αn〉, [β1, . . . , βn]) ; ∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)} ;

8 ­ ! z(A) = 1
���±�

z(B) = 2
+ �1�=¬��

T (f)

= {(〈α1, . . . , αn〉, t) ; ∃β1, . . . , βn

(∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)
�d�'�

t ∈ LT ([β1, . . . , βn]))} ;

8 ­ ! z(A) = 2
���±�

z(B) = 0
+ �1�=¬��

T (f)

= {((e, [(e, α1), . . . , (e, αn)]), [β1, . . . , βn]) ; ∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)} ;

8 ­ ! z(A) = 2
���±�

z(B) = 1
+ �1�=¬��

T (f)

=
{

((e, [(e, α1), . . . , (e, αn)]), 〈β1, . . . , βn〉) ; ∀i (1 ≤ i ≤ n ⇒ (αi, βi) ∈ f)
}

.

��¬ �=�%��¬ O$�7�Y¬)� �¸­ # %\¬
(T, δ, d)

­Vª	��µ�¬v�N¶B
v�d�2�d�'�R��­°�2�1�=¬8
v����¬ �-����$
Rel
!

�?�J­Vª !��F
	� !�� % %\�dµ�ª"!'�M��� �?�Y¬v���M¬�� �%+ �7�Y��� �M¬�ªP>�% �8ª�!'�M�d� �7�Y¬oªP� >Y�%$�� !��R¬��'���_���8­Û�d�'� %�ª�¬������Y¯
�8­�
�ª!� !%��­ �j¬	�M¬�� �+­Û� %��±¬	�8ª!���±� � ! ��­°�'¬v��� ��� �R­�
 ! ��­ �j¬	�M¬�� �+­Û� %/�'¬@�8ª �=� �·¬ #v¬v¬�� ­°� � �M�N��> 
v¬v�1­°�
=��LA"!

Ã�Ä�ÅkÃ°Æ



��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª |R|

� � �����������e"������ � �����

��¬��X¬��±����¬�#&$
(Rel,⊗, I, α, λ, ρ)

�7�Y¬ !�� % %\�dµ�­°�M���2�d�'��­Û�X� % 
v����¬ �X����$ !"�?�Y¬ !'>J�?
@�����
⊗ : Rel×

Rel → Rel
­Vª2�X¬5'��'¬v� �·ª !�� % %\�dµ�ª"O���� ��#53�¬'
	�8ª,+
­7�p­Vª �1�=¬ 
v���P�_¬�ª¸­Û��� #?�b�5��> 
	�(+g��� ���P�M�dµ�ª,+pµ�¬

�=� �·¬
((α, β), (γ, δ)) ∈ f ⊗ g

­ !
+
�d�'�%��� %P$�­ !
+
(α, γ) ∈ f

�d�'�
(β, δ) ∈ g

!
���Y¬8�_¬��=ª���� >J�Y­7�
I­Vª)�7�Y¬�ª¸­°� ��%\¬@������!

�������d�<$´��#43�¬'
@�Ûª
A
�d�'�

B
� !B�7�Y¬

v���_¬ �-����$

Rel
+

0B
A

­Vª �1�=¬%���P�b��µ
A → B

�X¬5'��'¬v� #"$
ª�¬	� �+­°�M�

0B
A = ∅

!;*$!
f, g ∈ Rel(A, B)

+
f + g ∈ Rel(A, B)

�R¬('a�'¬v� #"$
f + g = f ∪ g

!

C D
ETF HJILHLK�FNM 
 � �M¬�%T���+­Û���'��%j���N�R¬ %o��!1��­ �j¬	�M¬�� �+­Û� %o�±¬	�8ª ­Vª´��!�����­ %P$
(TA)A∈ �	� (Rel)

µ�­7�1�
TA = (T (A), µA, ηA, ∆A, εA,


b�N�
A, dA)

+�µ��=¬@�M¬
(T (A), µA, ηA, ∆A, εA)

­Vªo��#�­Û��% �-¬�#@�M�2­°� �1�=¬

v����¬ �X����$

Rel
+ 
v�5�

A ∈ Rel(A, T (A))
+
dA ∈ Rel(T (A), A)

ªP> 
'� �1�=��� �1�=¬���­Û�@�G�M�d�	ª

A
codA - T (A)

I

εA

?

0 I
A

-

T (A)
dA - A

I

ηA

6

0
A
I

-

A
codA - T (A)

T (A) ⊗ T (A)

∆A

?

((η
A ⊗

cod
A ) ◦

λ
A −

1
)

+

((cod
A ⊗

η
A ) ◦

ρ
A −

1
)

-

T (A)
dA - A

T (A) ⊗ T (A)

µA

6

(λ
A
◦ (

εA
⊗

dA
))

+

(ρ
A
◦ (

dA
⊗

εA
))

-

���±�

A
codA - T (A)

A

dA

?

id
A

-


v����� >���¬�­°� �7�Y¬ 
v���_¬ �-����$
Rel
!

C D
ETF HJILHLK�FNM � � �M¬ %\���+­Û���±� %����5�X¬�%
(TA)A∈ �	� (Rel)

� !���­ �g¬@�M¬�� �+­Û� %��±¬	�8ª	­Vª	ª��d­Û� �_� #v¬�u�PR>�]
>	W=Kbs�KbS\¥X? � �M¬�ª(# !!u�PJu�PX>�>®WJKbsdKMST¥R?
��­ ! !����!���<$ ��#43�¬'
@�

A
� ! �1�=¬

v����¬ �-����$

Rel
+E�7�Y¬ #�­Û� % �X¬ #	�b�

(T (A), µA, ηA, ∆A, εA)
­Vª 
b�d�®�8>������+­ �·¬ � �M¬¸ªU# !$
v� 
v����� >������+­ �·¬�� !


�� � � ��
4D � �����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

Rel
+aµ�¬�ª�¬	�

8 T 0(A) = Mf (A)
S

ÅkÅ�Í�N�OPO'Q	R



|d{ �����6­Û¬�%)�R¬��������·��% �=�

8 µ0
A = {((a, b), a + b); a, b ∈ Mf (A)}

S

8 η0
A = {(∗, [])}

S

8 ∆0
A = {(a + b, (a, b)); a, b ∈ Mf (A)}

S

8 ε0A = {([], ∗)}
S

8 
v�N� 0
A = {(α, [α]); α ∈ A}

S

8 d0
A = {([α], α); α ∈ A}

!
�?�Y¬ !�����­ %P$

(T 0(A), µ0
A, η0

A, ∆0
A, ε0A,


v�5� 0
A, d0

A)A∈ �	� (Rel)
­Vªj� �M¬ %\���8­Û�d�'� %'���5�X¬�%±� !j�d­ �g¬@�M¬�� �8­Û��%

�'¬@�Ûª,+ �1�=���/­Vª 
v� 
v�����8>��_���8­ ��¬	�d�'�

b�d�®�8>������+­ �·¬ !


�� � � ��
4D M �k���	���<$���#43�¬'
@�
A
� !)�1�=¬8
v����¬ �X����$

Rel
+aµ�¬�ª�¬@�

8 T 1(A) = A<ω
S

8 µ1
A =

{

((〈α1, . . . , αm〉, 〈αm+1, . . . , αm+n〉), 〈α1, . . . , αm+n〉); m, n ∈ N
���±�

α1, . . . , αm+n ∈ A

} S

8 η1
A = {(∗, 〈〉)}

S

8 ∆1
A = {(a, (a1, a2)); a ∈ S(a1, a2)}

S

8 ε1A = {(〈〉, ∗)}
S

8 
v�N� 1
A = {(α, 〈α〉); α ∈ A}

S

8 d1
A = {(〈α〉, α); α ∈ A}

!
�?�Y¬ !�����­ %P$

(T 1(A), µ1
A, η1

A, ∆1
A, ε1A,


v�5� 1
A, d1

A)A∈ �	� (Rel)
­Vªj� �M¬ %\���8­Û�d�'� %'���5�X¬�%±� !j�d­ �g¬@�M¬�� �8­Û��%

�'¬@�Ûª,+ �1�=���/­Vª 
v� 
v�����8>��_���8­ ��¬ #@>����±��� 
v�d�®�8>��_���8­ ��¬ !


�� � � ��
4D � �k���	���<$
t ∈ CLT (A)

+�µ�¬�ª�¬	���R¬@#?�1�
(t) =

� ­°�
{n ∈ N; t ∈ CLT n(A)}

!
�k���D����$

t ∈ CLT (A)
+ !����o�d�<$

U1, . . . , Un ∈ Mf (CLT (A))
+�µ�¬��R¬('a�±¬�+"#"$®­°�'��> 
	�+­Û���q���

�R¬@#?�1�
(t)
+
[U1, . . . , Un] · t ⊆ CLT (A)

O

8 [U1, . . . , Un] · (e, α) =

{

∅
­ !

n 6= 1
S

((e, α), U1)
¬ %Îª�¬"S

8

[U1, . . . , Un] · ((e, α), [t1, . . . , tk])

=















((e, α), Ui0 + [t′1, . . . , t
′
k]); i0 ∈ {1, . . . , n}

���±�
∃U1, . . . ,Uk ∈ Mf (Mf (CLT (A)))

([Ui0 ] +
∑k

j=1 Uj = [U1, . . . , Un]
�d�'�

∀j ∈ {1, . . . , k} t′j ∈ Uj · tj)















.

� ��µ�+ !����	����$���#53�¬'
	�
A
��! �7�Y¬ 
v���_¬ �-����$

Rel
+aµ�¬�ª�¬	�

8 T 2(A) = LT (A)
S

8 µ2
A =















(((e, U1 + U2), (e, [t1, . . . , tk])), (e, U1 + [t′1, . . . , t
′
k]));

U1, U2 ∈ Mf (CLT (A)), t1, . . . , tk ∈ CLT (A)
���±�

∃U1, . . . ,Uk ∈ Mf (Mf (CLT (A)))

(
∑k

j=1 Uj = U2
���±�

∀j ∈ {1, . . . , k} t′j ∈ Uj · tj)















S
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��� ����¬®�d����¬v�N¶ � % �-¬ #	�M�d­�

���Y¬b���¸­Û¬¸ª |FI

8 η2
A = {(∗, (e, []))}

S

8 ∆2
A = {((e, U + V ), ((e, U), (e, V ))); U, V ∈ Mf (CLT (A))}

S

8 ε2A = {((e, []), ∗)}
S

8 
b�N� 2
A = {(α, (e, [(e, α)])); α ∈ A}

S

8 d2
A = {((e, [(e, α)]), α); α ∈ A}

!
���=¬ !��d�®­ %P$

(T 2(A), µ2
A, η2

A, ∆2
A, ε2A,


v�N� 2
A, d2

A)A∈ �	� (Rel)

­Vªj� �b¬�%\���8­Û�d�'��%6���5�X¬�%Â� !D��­ �g¬@�M¬�� �+­Û� %
�'¬@�8ª
+ �1�=����­Vª 
v� 
v�d�®�8>��_���8­ ��¬ #	>����'��� 
v����� >������+­ �·¬ !


�� � � ��
4D � �����	����$���#53�¬'
	�
A
��!)�7�Y¬ 
v���_¬ �-����$

Rel
+aµ�¬�ª�¬	�

8 T 3(A) = A<ω
S

8 µ3
A = {((a1, a2), a); a ∈ S(a1, a2)}

S

8 η3
A = {(∗, 〈〉)}

S

8 ∆3
A =

{

(〈α1, . . . , αm+n〉, (〈α1, . . . , αm〉, 〈αm+1, . . . , αm+n〉)); m, n ∈ N
���±�

α1, . . . , αm+n ∈ A

} S

8 ε3A = {(〈〉, ∗)}
S

8 
b�N� 3
A = {(α, 〈α〉); α ∈ A}

S

8 d3
A = {(〈α〉, α); α ∈ A}

!
���=¬ !��d�®­ %P$

(T 3(A), µ3
A, η3

A, ∆3
A, ε3A,


v�N� 3
A, d3

A)A∈ �	� (Rel)
­Vªj� �b¬�%\���8­Û�d�'��%6���5�X¬�%Â� !D��­ �g¬@�M¬�� �+­Û� %

�'¬@�8ª
+ �1�=����­Vª 
v����� >������+­ ��¬ #@>����±��� 
v� 
b�d�®�8>������+­ �·¬ !


�� � � ��
4D � ��¬	�
z
#v¬p��!'>J�?
@�8­Û�d�"�7�Y���K���o¬b�F
&����#53�¬&
@����!��1�=¬ 
v���_¬ �-����$

Rel
��ªbª¸­ �R�=ª
����¬�%T¬���¬�� �

� !
{0, 1, 2, 3}

! �k���/����$D��#43�¬'
@�
A
� ! �7�Y¬ 
b���_¬ �-����$

Rel
+Âµ�¬/ª�¬	�

T (A) = T z(A)(A)
+
µA = µ

z(A)
A

+
ηA = η

z(A)
A

+
∆A = ∆

z(A)
A

+
εA = ε

z(A)
A

+ 
v�N�
A =


v�N� z(A)
A

���±�
dA = d

z(A)
A

!
��¬5�=� �·¬ O �1�=¬�!��d�®­ %P$

(T (A), µA, ηA, ∆A, εA,

b�N�

A, dA)A∈ �	� (Rel)

­Vªj� �M¬�%T���+­Û���'��%6���N�R¬ %'� !
��­ �j¬	�M¬�� �+­Û� %��'¬@�Ûª&! � ���M¬v�%��¬@�,+�­ !2*¸�

(z) ⊆ {0, 1, 2}
+A�1�=¬��2�7�Y¬����N�R¬ %k­Vª 
v� 
v�����8>��_���8­ ��¬ !

C D
ETF HJILHLK�F�� � � ­ �·¬���� �b¬�%\���8­Û�d�'��%-���N�R¬ %
(T (A), µA, ηA, ∆A, εA,


v�5�
A, dA)A∈ �	� (Rel)

� !/��­ !v¯
!�¬@�M¬�� �8­Û��%k�±¬	�8ª,+�!����®����$

f ∈ Rel(T (A), B)
+aµ�¬®�X¬5'��'¬

f † ∈ Rel(T (A), T (B))
#&$2ª�¬	� �+­°�M�

f † =
⋃

n∈N

(cocn
B ◦

n
⊗

i=1

(codB ◦ f) ◦ cn
A) ,

µ��=¬@�M¬
cocn

B ∈ Rel(
⊗n

i=1 T (B), T (B))
�d�'�

cn
A ∈ Rel(T (A),

⊗n

i=1 T (A))
���M¬ �X¬5'��'¬v� #"$

­°�'��> 
	�+­Û��� ���
n
O

8 ­ ! n = 0
+��7�Y¬��

cocn
B = ηB

���'�
cn
A = εA

S

8 ­ ! n = 1
+��7�Y¬��

cocn
B = idT (B)

���±�
cn
A = idT (A)

S

8 ­ ! n ≥ 1
+��7�Y¬��

cocn+1
B = µB ◦ (cocn

B ⊗ idT (B))
�d�'�

cn+1
A = (cn

A ⊗ idT (A)) ◦ ∆A

!

��� DBK�� D � � �k¬@�
M = (T (A), µA, ηA, ∆A, εA,


v�5�
A, dA)A∈ �	� (Rel)

#v¬�� 
v� 
v�����8>��_���8­ ��¬8�M¬�¯
%\���8­Û�d�'� %��2�N�R¬ %)��!���­ �g¬@�M¬�� �+­Û� %��'¬@�Ûª&!
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|Rz �����6­Û¬�%)�R¬��������·��% �=�

8 �����q����$ f ∈ Rel(A, B)
+2µ�¬ �X¬5'��'¬

T (f) ∈ Rel(T (A), T (B))
#&$ ª�¬	� �+­°�M�

T (f) =
(f ◦ dA)†

!

8 �����
����$���#43�¬'
@� A ��! �1�=¬ 
v����¬ �-����$ Rel
+Âµ�¬j�R¬('a�'¬

δA ∈ Rel(T (A), T ◦T (A))
#"$Dª�¬	� �+­°�M�

δA = idT (A)
† !

�?�Y¬��L�7�Y¬ � �¸­ # %T¬
T = (T, δ, d)

­Vª��qµ�¬b�N¶H
v�d�2�d�'�R�q­°� �1�=¬B
b���_¬ �-����$
Rel
! � ���M¬v�%��¬@�,+j­ ! �1�=¬

�2�N�R¬ %
M
­Vªo�±���5
b�d�®�8>������+­ �·¬"+

T
­Vªo�±���
� 
v�������±�R�)!

�?�Y¬�#?�b�5��!���!��1�B­Vª �7�Y¬v���M¬��x­VªA�R­ ��¬���­°� =�
 A"! *¸� !��F
	�(+ �7�Y¬	�b¬�µ�¬�#?�b�%��¬b�)�7�Y���K�1�B­Vª5
v�d�=ªP� �P> 
@�+­Û���
#?�M� �5­Û�X¬¸ªo�2���M¬$�1�=���q��µ�¬v�5¶ 
v�d�2�d�'�R�)Oj­7��#?�M� �5­Û�X¬¸ª����2�N�R¬ %�� ! ��­°�'¬v��� ��� �R­�
�+�­5!°¬ !j­7��#?�M� �5­Û�X¬¸ª
� 
v����¬ �X���¸­�
b��%kªP� �P> 
	� >��M¬ �1�=���aª����+­Vª4'�¬�ª	��>����'¬�µ¨�&-X­Û�������+­�
�ª"!
* !jµ�¬��
#)# %P$"�1�=¬ �1�=¬v���M¬�� �_� � -B�d��# %\¬ � � �M¬�ªU# ! � -B���2# %\¬ � +��M¬�ª(# ! � -B���2# %\¬ 	 �B+�µ�¬®��#@�_�d­°�

�7�Y¬
�M¬�%T���+­Û���'��%������±�R� � ! 'a�6­7�_¬��8>�% �8­Vª�¬@�Ûª � �M¬�ªU# ! �7�Y¬!µ�¬b�N¶1�2�d�'�X�´��! � ! �B+)�M¬�ª(# !4�1�=¬!µ�¬v�N¶
�2�d�'�R� � ! � ! � � ! * !®µ�¬��
#)# %P$ �1�=¬ �1�=¬v���M¬�� �_� � -B���2# %T¬ �!µ�­7�7� �1�=¬"�M¬¸ªP� �¸­�
	�+­Û���J�1�=���
µ�¬ �=� �·¬
*¸�

(z) ⊆ {0, 1, 2}
+)µ�¬®��#	����­°� �7�Y¬�µ�¬v�N¶������±�R����! � ! 	�µ�­7�1� �1�=¬ �7�Y¬�ª�����¬ !'>J�?
@�8­Û�d�

z
!

� ����¬)�1�=�����1�=¬��·ªvªP>J��#��8­Û�d�1� ! �1�=¬8
v� 
v�d�®�8>��_���8­ �N­7�U$�­°�H�7�Y¬ �1�=¬v���b¬�� ­Vªo�±¬'
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(〈α1, α2, α3〉, 〈〈α1, α3〉, 〈α2〉〉) ∈ (T ◦ T (idA)) ◦ δA .
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