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}�¨�a3u`�¶prx�}T®o~qbs�!pyx�¸�b�}��oprx�a,x�¬s��pyx�}�tÁ��wrb�n«pyu��`x�b8�*³�]`bswyb�pr]`b�nqp���®`x���x�pql�¨©u`t1��pyx�}�t�x{n����{n«},�!}Tt�n«x{�obswyb8�*��n
��t}T®o~qbs�!pyx�¸�b'¨©u`t��!pyx�}�t�± ¦ b,¨©}T����}�³ ��t ���`�`wr}T�T��]L³�]`x{��] n«x�a-u�����pybsn��Ácg��ny]°�O��a,b,®1b
pq³�bsb
t°pq³2}
�����?lTb
w�nÃ��n2�`wr}��:}Tnybs�Ux�t"V 1�XQ±�\^]`b���}O���:x�n�pr},�`b!pybswya,x�t`b ��t����`�`wr}��`wrx{��pybgce��ny]*b8zOu`x���x�®`wyx�u`a¾�:}�x�tOps±
���
}�tOpyx�tmu`x�pqlU}�¨+ce��ny]�bszOu`x���x�®`wrx�u`aË�1}Tx�tOp�n�®1b
pq³�bsb
t�py]`b pq³2}��!wrx¶prb
wrx��'�
��t�����ny},®1b��
}�a,�`uoprbs�0±
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�2peµ�wrn«ps»:³2b�®`wrx�b
²�l*³^��tOp�pr}Ux�tOprwy}o�ou��
b�py]�b-n«b
p«prx�t`��}�¨¹}�u�w��`wr}�®`��b
a x�t§]mlo�owr}o�olmt���a,x{��nqp���®`x���x�pql
�
}�tOpywr}��CFányb
b����{n«}<VÑ��XHG�± �en'��t b!·`��a,�`��b*³2b�n«pyu��`lpr]`bÁn«x�pyu���pyx�}�t´}�¨e�§²�}�³ ��wy}Tu`t�� ��®:}o�ol x�t
���]���t�t`b
�Q»�³�]`bswyb�py]`b�®:}m�`l x�n,��nrnyu`a,bs� pr}®:bÁ��
lO��x�t��ob
w'x�t pr]`b�x�t`x�pyx{�����!}Ttoµ��Tu`wr��pyx�}�t�± \^]`b
®:b
t1��]`a���w)U*�!}Ttoµ���u�wr��pyx�}�tUx{n��obs�`x��!pyb8��x�t�^�x��1±0��±

^�x���u`wrb,��I [2b
t���]`a���w0U,²�}�³ ��wr}�u`t1�*®:}o�ol*x�t���]1��t`t`bs�J±

Tãtæ�°®1}Tu`t��ob8�æ�o}�a���x�t
Ωq ⊂ R2 ³2b§�!}Tt�n«x{�obsw,�°®��Tn«b�²�}�³ û := {v̂, p̂}

»��ob
pybswya,x�t`bs� ®ml py]�b
n«pr��pyx�}�t���wyl,ce�?¸mx�b
wy¼ãjmpy}�UTbsn¹b8zOu���prx�}Tt�n��`bsnr�!wrx�®`x�t`�3¸Ox{nr�!}�u1n
»mx�t��!}Ta'��wyb8nynyx�®���b�c�b
³^pr}�t`x{��tU²�u`x{�U²�}�³�»

−ν∆v̂ + v̂ · ∇v̂ + ∇p̂ = f in Ωq ,
∇ · v̂ = 0 in Ωq ,

Fq�JG
³�]�b
wrb

v̂
�`bsnr�!wrx�®:bsn�py]`b2¸�bs��}o�!x�pql�¸�bs�!py}Tw�µ�bs���0»

p̂
�ob
t`}�pyb8n�pr]`b���wyb8nynyu`wrb�»

ν
x{n�pr]`b Umx�t`b
a���prx��Ã¸mx�nr�!}On«x�pql

��t��
f
x{n�� �`wrbsnr�!wrx�®1b8�-¸T}���u`a,b^¨©}�w��!b�± ^`}Tw¹bs�Tn«b�}�¨:�`wrbsnyb
tOp���pyx�}�t'³2b���nrn«u`a,b^]`bswyb^pr]���p�pr]`b��obst�n«x�pql

ρ ≡ 1
±�\^]`b�nyu`®�nr�!wrx��op

q
x�t*pr]`b�t`}�p���prx�}Tt

Ωq
�obsnr�!wrx�®:bsn2pr]`b�����wr��a'b
pybswyx�¬s��pyx�}�tU}�¨�pr]`b�u`t��obswy��lmx�t��

�
}�a,�`uop���prx�}Tt������o}Ta���x�t�± ¦ b��Tnynyu`a,b
q
pr}'®:b��'µ�t`x�pyb
¼À�`x�a,b
t1n«x�}�t����0¸�b8��py}Tws± ^`u�w«pr]`b
wra,}�wrb�»o�`wr}�®o¼

��b
aKF«�JGÃx�n^��nrnyu`a,bs�'py}']��?¸Tbe��u`t�x�zOu`b n«}T��u`pyx�}�t*��t��,py]1��p2¨©}�w^�-ny}���uopyx�}�tU}T�1bswr��py}Tw
S
pr]`bgwrb
�{��prx�}Tt

û = S(q)
]`}T����n
±¹�2p�py]�b�®1}Tu`t��`��wyl

∂Ωq
»opy]`b�u1n«u����0t`}�t`¼Àny��x��*®:}�u�t��`��wrl*�
}�t��ox�pyx�}�t1n���wrbgx�a,�1}On«b8�

����}Tt`�'wyx���x{�*�1��wyprn2py}T��b
py]`bsw2³�x�py]�nyu`x�pr��®`��b x�to²�}�³ ��t��*¨©wybsb!¼ãnqprwyb8��a }Tuop«²�}�³ �!}Tt��ox�pyx�}�t�ns»

v̂|Γrigid
= 0, v̂|Γin

= v̂in, ν∂nv̂ − p̂n|Γout
= 0.

FQ��G
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Tãt�}�u`w2¨©w���a,b
³2}�w)U'³�b �!}Tt�n«x{�obsw�pr]`b�]Olo�owr}o�olmt���a,x{�gn«pr��®`x���x�pql�®ml�a'b8��t�n2}�¨4��x�t`b8��w�nqp���®`x���x¶pqlT±+\^]�x�n
a,b
py]`}o�°wybs��x�bsn�}TtLpr]`bUn«}T��u`pyx�}�tL}�¨�pr]`b,b
x���bstO¸�����u`b,�`wr}�®���bsa wybs����pybs�Lpy}�pr]`b���x�t`b8��wrx�¬8��pyx�}�t}�¨ Fq�JG
��®1}Tuop

û
±

A(û)(u) = −ν∆v + v̂ · ∇v + v · ∇v̂ + ∇p = λv in Ωq ,
∇ · v = 0 in Ωq ,

F
1AG

¨©}Tw^t`}�t`¬sb
wr}
u := {v, p} ∈ U

��t1�
λ ∈ C

»ou`t��`b
w�]`}Ta'}T��bst`b
}Tu�nÃ®:}�u�t��`��wrl*�
}�t��ox�pyx�}�t1nCFQ��G!± a�b
wrb�»
U ⊂ H1(Ωq)

d × L2(Ωq)
x{n��§nyu`x¶p���®`��bUnyu`®�ny�����
b,�T�
�
}�w��ox�t���pr}Ápy]`b���wyb8ny�
wyx�®1b8�L®:}�u�t��`��wrl�
}�to¼

�`x¶prx�}Tt�n FJ�AG�±��g®O¸mx�}�u�ny��l�»mpy]�x�n�bsx��Tb
tm¸�����u`b �`wr}�®`��b
aËx�n�t�}�to¼ãn«lma,a,b!prwyx{� ��t���a��?lU�:}Tnrn«b8nyn��
}�a,�`��b!·
bsx��Tb
tm¸�����u`bsns± TÀ¨Ã��tÁb
x���bstO¸�����u`b-}�¨�F
1 G^]���n

Reλ < 0
»�py]`bst§py]`b-®���nyb-ny}���uopyx�}�t

û
x{n�u�t�nqp���®`��b�»1}�pr]o¼

bswy³�x{nyb�x¶p�x�n�ny��x���pr}U®:b-��x�t`b8��wr��lÁn«pr��®���b FJn«bsb�b�± ��±fV ?�XNG!±e\^]`b'�owr���,¨©}�w��!b-�T��prx�t`��}Tt§py]�b-®:}m�`l
B
x�n

�Tx�¸Tb
t�®Ol

FD =

∫

B

(

ρν
∂ut

∂n
ny − pnx

)

dS,

³�]�b
wrb
∂S

x{n-pr]`b§n«u�w«¨á�T�!b*}�¨epr]`b�}T®o~qbs�!ps»
n
x�n3pr]`b�t�}�wra,����¸Tbs�!py}�w'}�t

S
³�x�py] x¶p�n��!}Ta'�:}�t�b
tOprn

nx, ny
±e\^]`b�pr��t���b
tOprx����4¸�bs��}o�
x¶pql�}�t

S
x{ne�obst`}�prbs�Á®ml

ut
��t1��py]`b-pr��t���b
tOpe¸Tbs�!py}�wex�ng�ob!µ�t�bs�§®ml

(ny,−nx)
±

!#"�! & 0�> 0;357 @�7 >�, � 0 @ ,%4 : 4�� + '<0�� 7
\^]�bUn«]����1b,}�¨�pr]`bU®:}m�`lLx{n��obsnr�!wrx�®:bs�°®mlny�`��x�t�b,¨©u`t���prx�}Tt�n��
}�t�nyx�n«pyx�t`�Á}�¨��Á�!}Ta'�:}Tnyx�pyx�}�t°}�¨��!uo¼
®�x�� [2vs¬
x�b
w-�
u`wy¸Tbsn FJn«bsb V @YXNG!± ¦ bU¨©}o�
u�n�}�tªpr]`b*�ob8ny�
wyx��oprx�}Tt°x�t }�t�b*zOu����ow���tOp�u�nyx�t���n«lma,a,b!pywrl
��wy}T�1bsw«prx�b8nÃ¨©}Tw^py]`b�}�py]`bsw�����wyprns±¹� [2v
¬
x�b
w��
u`wr¸�b x�n��`b!µ�t`b8��®Ol

b(t) =
3

∑

j=0

bjB
(3)
j (t)

³�x�py]§�
}�tOpywr}��I�:}�x�tTp�n
b0, . . . , b3 ∈ R2 ��t�� [2bswyt�n«pybsx�tÁ�:}���lmt`}�a,x{���{n

B
(2)
j (t) =

(

2
j

)

tj(1 − t)2−j , t ∈ [0, 1].

^�}�w^pr]`b��!}Ta'�:}Tnyx�pyx�}�t�³�b ]��?¸Tbe¨©}Tw
i = 0, 1

b(t) =

3
∑

j=0

b3i+jB
3
j

(

t − ti
ti+1 − ti

) }Tt
t ∈ [ti, ti+1].

�gn��!}TtOpywr}��¹�:}�x�tTp�n ¨©}�w�py]`b*�
}�a,�:}Tnyx¶prx�}Tt}�¨2pq³2}§�!u`®�x�� [2vs¬
x�b
w��!u�wy¸Tbsn x�tªpy]`b,µ�w�n«p-zTu1���ow���tOp�³�b
p���UTb�x�t�py]`x{n��
�Tn«b

b0 = (0, h), b3 = (x1, y1), b6 = (l, 0)
��t��*¨©u`w«pr]`b
w

b1 = (l/6, h), b5 = (l, h/6)

efe Ö�g/h,h,i,j



� � (0��!������ (0�������
	&����!��� !/�-	���!K�����,+,�
'���(,����������� +�� ��������!������ ��!K'��f��!�����!/����������������!��

pr}�Tu���w���tOprb
b��`x��Ib
wrb
tOpyx{��®�x���x¶pql´��p
b0
��t��

b6
± \^]`b��:}�x�tTp�n

b2
��t��

b4
��wybÁ��]`}On«bst py}ªb
t1n«u`wrb��

nya,}m}�py]��!}�t�t`bs�!pyx�}�tU³�x�py]���x�¸�b
t�n«��}��:b
(1 · l, m ·h)

��p
b3
»O³�]�b
wrb

m ∈ [0,−1]
±=Tãt�py]`x{n^�!}TtTprb!·mp�³2b

nyb!p
t0 = 0, t1 = 1/2

��t��
t2 = 1

±�\^]`b��Twyx{���1}Tx�tOp
b3
x{n�t`}�p�µ`·obs�Á��t����obs�1bst��`n�}Tt�pr]`b���]`}Tx��
b�}�¨

�
}mb��U�!x�b
tOprn
cl
��t��

ch
»

b3 = (x1, y1) = (cl · l, ch · h).
\^]�b�¸�}���u`a,b

V
x�ne���`�`wr}?·ox�a���pybs�*®mlUpy]�b���wrbs�3u`t��obsw�py]`b��
}�tOpywr}��0�:}���lm��}Tt�}Tt*pr]`b�x�tTprb
wr¸����

[0, l]
±

TÀp�lmx�b
�{�`n^x�t��T}m}m�������`wy}?·ox�a���pyx�}�tUpy]`b�¸T}���u`a,b�}�¨�pr]`b��ob8ny�
wyx�®1b8�*}T®o~qbs�!ps±

V =

6
∑

i=1

(bi,x − bi−1,x)(bi−1,y + bi,y)/2

=

((

5

12
−

m

6

)

cl +

(

5

72
+

7m

72

)

+
7

12
ch

)

lh.

\^]�b'�
}�t�n«pywru���prx�}Tt�x�t}Tt`b'zOu��T�ow���tOp���t��Lnyb
¸Tb
w������`bsnyx��Tt�ng¨©}�w��!}Tt�nqp���tOpg¸T}���u`a,b'��wyb'�ob
��x��!pybs�x�t
^�x���±��`±
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^�x���u`wrb���I # }�t�n«pywru��!pyx�}�t*x�t�py]`b��s��nybg}�¨��!u�®`x�� ny�`��x�t`b����`�`wr}?·mx�a���prx�}Tt F©��b!¨×p G^��t����ox��Ib
wrb
tOp�ny]����:bsn
³�x�py]§�
}�t�n«pr��tTp�¸T}���u`a,b Fáwyx���]Op G�±

¦ x�py]�x�t-py]`x{n+�!}�tOprb!·mp�pr]`b^n«]����1b�}��oprx�a,x�¬s��pyx�}�t��`wr}�®���bsa ³2b2³2��tTp�py}�n«}T��¸TbÃx{n�¨©}Twya3u`����pyb8����n4¨©}�����}�³�n

minq J(q) = FD(q)n
± ps±
Re(λmin(A(S(q)))) ≥ 0,
V (q) = V ∗,
q ≤ q ≤ q̄.

FM? G

³�]�b
wrb
q
x{n����ob8n«x���t�¸���wrx���®`��b ¸Tbs��pr}�w��
}�t�nyx�n«pyx�t`��}�¨�����wr��a,b!pybswrn�¨©}Tw�py]`b��`bsnr�!wrx��oprx�}TtÁ}�¨�py]`b�®:}o�ol

®ml*ny�`��x�t�b ¨©u`t���prx�}Tt�ns±�denyu�������lT»o³�b��
}�t�nyx��`b
w^py]�b µ�¸�b
¼À�ox�a,b
t�nyx�}�t����:¸Tbs�!py}�w

q = (l, h, m, cl, ch)
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x�t��
��u��`x�t`��py]�b'��b
t���py]
l
��t���]`bsx��T]Op

h
}�¨Ãpy]`b,®:}m�`l���n�³�bs���¹�Tngny��}T�1b

m
��t��L�1}On«x�pyx�}�t

(cl, ch)
}�¨

pr]`b��!}TtTprwy}T���:}�x�tOp
b3
±3\^]�b'¸Tbs�!py}�w�n

q
��t��

q̄
��wrb'��}�³2b
w���t��u`�`�:b
w ®:}�u`t���n�¨©}�w�py]`b,����wr��a,b!pybswrn

�`u`b�pr}Uwyb8nqprwyx{��prx�}Tt�n�}TtÁpy]`b3��b
}Ta,b!pywrl*}�¨¹py]`b3®1}o�olT±e\^]`b�¸T}���u`a,b
V
}�¨+py]`b3®1}o�olÁx{ne��nrnyu`a,bs��py}

®:b��!}Tt�n«pr��tOp���p�¸�����u`b
V ∗
±

� ���2���-��	�(����L�,&�)+��(��
��� �Á��.4�!. ����"������!	�"�.

Tãt$V �*X1� tmu`a,b
wrx{�
���`nr��]`bsa'b^®��Tn«b8�-}Tt'py]`b^µ�t�x¶prb�b
��b
a,b
tOp�a,b!pr]`}o�,x�n+�`wr}��:}Tnybs�-py}�ny}���¸�b�py]�b�]Olo�owr}�¼
�`lOt1��a,x���»:py]`b'b
x���bstO¸�����u`b'��t��§py]`b'}��oprx�a,x�¬s��pyx�}�tL��wy}T®`��bsaÁ±�\^]`x{n�x�tm¸T}���¸�bsne]`bs�?¸ml§�!}Ta,�`uopr��pyx�}�t�n
��t��Ux�¨�pr]`b }��oprx�a,x�¬s��prx�}TtU�`wr}�®`��b
a x{n^n«}T��¸Tbs��u1n«x�t`�-bs¸�����u���prx�}Tt�nÃ}�¨�py]�x�n^|Ãºg� a'}o�obs�:py]`b x�pyb
w���prx�}Tt
��wy}o�!b8nyn�x�ne¸�b
wrl�prx�a,b3�
}�t�nyu`a,x�t`��±^\^]`b
wrb!¨©}TwybT»�³2b���wrb�x�tOprb
wrbsn«pybs�Áx�tÁµ�t��`x�t`������}m}o�Á���`�`wr}?·ox�a���¼
prx�}Tt ¨©}�w3py]�b�}Twyx���x�t����Ã|Ãºe� a,}o�ob
��py}ªn«�:b
b8� u`� py]`b��
���{�!u�����pyx�}�t�ns± ¦ b�x�tOpybst��ªpy}ª�!}Tt�n«pywru���p3�
a,b
pr��a,}o�obs�Ipy}U�����`wy}?·ox�a���pybepy]`b ¨©u�t���prx�}Tt�n�}�¨+�ow�������t��*py]�b�n«a�������bsn«p^bsx��Tb
tm¸�����u`b�±¹\^]`bst�³2b��
��t
bsx¶pr]`b
w-wyu`t°pr]`b�³�]`}���b�}��`pyx�a'x�¬s��pyx�}�tª�`wr}o�!bsnrng¨©}�w�pr]`bUa,b!p���a,}o�ob
�Ã}�w�ny³�x¶p���]pr}§x¶p�¨©}Tw-�§�!bsw«p���x�t
tmu`a3®1bsw�}�¨�¨©u`t��!pyx�}�tÁb
¸�����u���pyx�}�t�ns±
\^]�b
wrb���wrb*nyb
¸Tb
w����Ã³^�?lon�¨©}Tw'nyu���] ��t ���`��wy}?·ox�a,��pyx�}�t´�Tn-bT± �1±��:}���lmt`}�a,x{����µ�p«pyx�t`�1»�wr�T�ox{���2®���nyx�n
¨©u�t���prx�}Tt�n
»It`bsu`w�����t`b!pq³2}�w)Uon���t�� UOwrx���x�t`��± Tãt�}�u`w �
�Tn«bT»1w����`x����4®��Tn«x{n�¨©u�t���prx�}Tt�n
»I³�]`x{��]L��wyb�t�}�to¼
�:}���lmt`}�a,x{���Ix�tTprb
wr�1}T����pyx�}�tUa,b
py]`}o�`ns»`��wrbgu1n«b8�*nyx�t��
b�py]`bsl�]��?¸�b�®1bsb
t�¨©}�u`t1�Upr}3®:b ¸�b
wrl����s�!u`w���prb
¨©}Tw�x�tOprb
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U ⊂ Rn py}3}��oprx�a,x�¬
b JA
��t��Upy]`bg}�py]�b
w2}�t`bgx¶p�n2�
}�a,�`��b
a,b
tOp

W
py}3}��oprx�a,x�¬
b

JB
± TÀp^x�n

pr]`b���}O���Ipr}�}�®op���x�tÁ�,cg��ny]�b8zOu`x���x�®`wyx�u`aË�1}Tx�tOp
q = (ū, w̄)

¨©}�w�³�]`x{��]�py]`b�n«pyw���prb
�TlU}�¨+}�t`b������?lTb
w
x{ng®1b8nqp ��x�¸�bst§py]`b,n«pyw���pybs��lÁ}�¨¹pr]`b'}�py]�b
w��`���?lTb
w�V ��XQ±�\^]`b'}��oprx�a�����n«pyw���prb
��x�bsn���wrb-�obst`}�prbs�L®Ol

ū��t��
w̄
»owyb8n«�:bs�!pyx�¸�b
��l�±¹\^]`b��
}�wrwyb8n«�:}�t��`x�t`�'�!}Tt��!u`wrwrb
tOp�}T�opyx�a,x�¬8��pyx�}�t��`wr}�®`��b
a x{n2py]�b
tÁ³�wyx�p«prb
tÁ��n

¨©}T����}�³�n
minu∈U JA(u, w̄)

s.t. c(u, w̄) = 0
minw∈W JB(ū, w)

s.t. no constraint

F @�G

³�]�b
wrb
c
x{n��'¸�bs�!py}Tw2}�¨���b
t���py]

nc
±

�gn4��n«pr��w«prx�t����1}Tx�tOp�py}eny}���¸�b�F�@�G0³2bÃ�
}�t�nyx��`b
w0pr]`bÃ}T�opyx�a-u`a
q∗A
}�¨mpy]`bÃpr��wr��b
p0¨©u`t��!pyx�}�t����

JA
±=^`wr}�a

pr]`x{n��ob8n«x���t-�1}Tx�tOp+³�b2�!}�t1n«x{�ob
w�¸���wrx���pyx�}�t�n4³�x¶pr]-wrbsny�1b8��p4pr}e}Tw«pr]`}��T}�t������ox�wyb8��pyx�}�t1n
ωi
»�nyu`a,a,��wyx�¬
b8�

x�t�py]`b�ny�`��x¶pypyx�t`�,a���pywrx�·
S = (ω1, . . . , ωn).

����wyx{��prx�}Tt�n�wybs����pybs��py}'py]`b nyu`®�ny�����
b
U
��wrbg�obst`}�prbs��®Ol,pr]`b��!}mb��U�
x�bstTp�n

u1, . . . , up
��t��Upy]`}On«bgpy}

nyu`®�ny���T�!b
W
®ml

w1, . . . , wn−p
±�\^]`b�¸�b8��py}Tw

q
x{n2py]`bstÁ³�wyx�p«prb
t§��n

q = q∗A + S

(

u
w

)
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��t��
q = q∗A + u1ω1 + . . . + upωp + w1ωp+1 + . . . + wn−pωn

wrbsny�:bs��prx�¸Tb
��l�± \^]�b��ob8n«x���t ¸���wrx���®`��b8n-wrb
�{��prbs�´py}
JA

��wrb�t`}�³
u1, . . . , up

��t��´¨©}Tw
JB

pr]`b
l ��wrb
w1, . . . wn−p

±�\^]�b��!wru��!x{���0�:}�x�tOp^x{n�t`}�³Xpy]`b���]�}�x{�!b }�¨�py]`b�ny�`��x¶pypyx�t`��a���pywrx�·
S
��t��*py]`b3�obs�
x�nyx�}Tt

x�tÁ³�]`x{��]�³^�?l,py}Uny�`��x¶p�x�tOpy}
u
��t��

w
±

�gne��wy}T�1}On«b8�Áx�t V 1YX+³2b-³^��tOpepr}���]`}m}Tnyb�pr]`b3ny�`��x¶pypyx�t`��a���pywrx¶·§���s�!}�w��ox�t`��pr}Upy]�b-b
x���bstm¸�bs�!py}Twrn�}�¨
pr]`b$a�bsnrnyx���t´a���pywrx�· ��p3pr]`b�}��oprx�a3u`a

q∗A
}�¨�py]`bÁ}T®o~qbs�!pyx�¸�bU¨©u�t���prx�}Tt����

JA
± \^]`x{n'���`�`wr}T�T��] x�n

®1��nybs�U}TtUpr]`be¨©}T����}�³�x�t`�3x{�ob8�`± ¦ b��
}�t�nyx��`b
w�py]`b b!·o����t�nyx�}TtU}�¨�pr]`b �`wrx�a���wrl'¨©u`t��!pyx�}�t����
JA

��®:}�uop
x�prn�}��oprx�a,x�¬
bs��¸�����u`b

q∗A
x�t�py]�b��ox�wrbs�!pyx�}�t�}�¨¹�'u`t`x�p�¸�bs�!py}Tw

ω ∈ Rn ±

JA(q∗A + εω) = JA(q∗A) + ε(∇J∗

A)T ω +
ε2

2
ωT H∗

Aω + O(ε3),

³�]�b
wrb
H∗

A = HA(q∗A)
±�\^]�be}�®`~qbs��prx�¸Tbex{n�pr}-�`wr}��:}Tnybg�3n«����x�p«prx�t`�'��nrn«}o�
x���pybs�U³�x¶pr]�py]`b ��]`}Tx��
be}�¨4�

®1��nyx�ne}�¨¹¸�b8��py}Twrn
ωj nyu���]Ápr]���pgpy]`b-pr��x�� n − p

¸Tbs�!py}�w�n���wyb��Tnyny}o�!x{��pyb8��³�x¶pr]�¸���wrx���pyx�}�t�n^pr]���p ��wrb�»
¨©}Tw^µ`·obs��n«a�������¼Qbst`}�u���]

ε
»��Tn�n«a��������Tn^�1}Onynyx�®���bT±¹jox�t��
b

(∇J∗

A)T ωi = 0
F×¨©}�w

i > nc
G2³2b ]��?¸�b

JA(q∗A + εω) − JA(q∗A) =
ε2

2
ωT H∗

Aω + O(ε3)
Fá�AG

��t���³2bg��wy}T�1}On«bepy}3�
}�t�nyx{�ob
w�py]`b bsx��Tb
tm¸�b8��py}TwrnÃ��nrn«}o�!x{��prbs�,pr}�pr]`b�n«a�������bsn«p�b
x���bstm¸?����u�bsn�}�¨
H∗

A

��n
�`bsnyx��Tt�ny�����
b�¨©}�w

JB
±

TÀ¨¹�!}Tt�n«pyw���x�tTp�n^���`�:bs��w2³2b���nrnyu`a,bg��x�t�bs��w�x�t��obs�1bst��`��t��!b���t��.Umt`}�³���bs�`��b }�¨�py]`b��Twr�T�ox�bstOp2x�t
q∗A

∇c∗i = ∇ci(q
∗

A), i = 1, . . . , nc.

^�u`wypy]`bswya,}�wrb�»¹®ml´� ��wr��a'¼ãjo��]�a'x{�mp,}�wypy]`}T��}Tt�����x�¬8��prx�}Tt �`wy}o�
bsnrn-³2b�³^��tOp'py}ª�!}Tt�nqprwyu1��p���t }Tw«¼
pr]`}�t�}�wra,���`®��Tn«x{n

{ω1, . . . , ωnc
}
}�¨0py]`b�n«u`®1n«���T�!b��Tb
t`bswr��pyb8�,®Ol3py]�b
aÁ»mxJ± b�±�py]�bgnyu`®�ny�����
b�pr��t`��bstTp

pr}'py]`b��
}�t�n«pyw���x�tOp^]mlm�:b
wy¼Ànyu`wy¨á���!b8n
ci = 0, i = 1, . . . , nc

»

ω1 =
∇c∗1

‖∇c∗1‖
,

ω̃2 = ∇c∗2 − (∇c∗2, ω1)ω1, ω2 =
ω̃2

‖ω̃2‖
,

ω̃i = ∇c∗i −

i−1
∑

j=1

kjωj , kj s.t. ω̃i ⊥ ωj ω̃i =
ω̃i

‖ω̃i‖
, i = 3, . . . , nc.

\^]�b§}�wypy]`}T��}�t1���2�`wy}�~qbs�!pyx�}�t }�tOpy}°py]�b�n«u`®1n«���T�!b�pr��t`��bstOp'pr}ªpy]`b��
}�t�n«pyw���x�tOp']mlm�:b
wy¼Ànyu`wy¨á���!b8n'x�n
�Tx�¸Tb
t�®Ol*py]`b�a���pywrx¶·

P
»`�`bsnr�!wrx�®:bs�Á��n�¨©}T����}�³�n
»

P = I −

nc
∑

i=0

ωiω
T
i .

efe Ö�g/h,h,i,j
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¦ b py]�b
t§�ob!µ1t`b py]`b�a���pywrx¶·
H ′

A

»o³�]`x{��]Áx�n^wrbs������t���n«lma,a,b!prwyx{��»

H ′

A = PH∗

AP

��t��U�obst`}�prbgx�prn�b
x���bstm¸?����u�bsn�®ml
µ′

j , j = 1, . . . , n
±¹\^]`bsnyb�x�t��
��u1�ob�pr]`bg¸Tbs�!py}�w�n¹pr]���p^®:b
��}�t`�-py}3py]`b

tmu`����ny�����
b�}�¨
P
��t���pr]`}Tnyb }�¨

H ′

A

±+�ÃzOu���pyx�}�t Fá� G^��]���t`�Tbsn�py}

JA(q∗A + εωj) − JA(q∗A) =
ε2µ′

j

2
+ O(ε3).

\^]�b3�U��wyx�}�wrx4®:bsn«p �`b!µ�t`x�pyx�}�tL}�¨��
n − p

¼À�`x�a,b
t1n«x�}�t�����nyu`®�ny�����
b-��n��*n«pyw���prb
�Tl*pr}*a,x�t�x�a,x�¬
b3py]`b
nybs�
}�t�����wrl�¨©u`t��!pyx�}�t�����x{n�pr]`b
t,pr]`bgnyu`®�ny�����
b�n«�1��t`t`b8�,®ml-pr]`b

n−p
b
x���bstO¸Tbs�!py}�w�n¹��nrny}m�
x���pyb8�-³�x�py]

pr]`b�nya,������bsn«p�t`}�t�¬
b
wr},��®�ny}���uopyb ¸�����u`b8n
|µ′

j |
±

�#"�! � � ��2/,%.10�@ ,D4 : @-4 '*)�6�> 4#6#)�:<0�3 ,/. �<>�4
B�2%783
Tãt�pr]`b��`wrb
¸mx�}�u�n�wrbsnybs��wr��] VÑ�YXQ»1}�t`��lUpr]`b��ow�����]��Tn�®:b
b
t��
}�t�nyx{�ob
wrbs����n�}T®o~qbs�!pyx�¸�b�¨©u`t��!pyx�}�t�»:³�]`x���b
pr]`b*n«pr��®`x���x�pql�»+wybs�`wrbsnyb
tOpyb8�L®mlpy]`b*nya�������b8nqp3b
x���b
tm¸�����u`bT»4³^��n prwyb8��pyb8� ��n��
}�t�n«pyw���x�tOps±$a�}�³2b
¸Tb
w8»
pr]`b§nqp���®`x���x¶pql´�Tn«�:bs�!p'x{n,}�¨e�Twyb8��p'x�a,�:}�wypr��t1�!bÁ��t�� ³�bÁ³2}�u`�{�´®:bÁx�tOpybswyb8nqprbs� x�t py]`bÁ®:bsn«p,¸�����u`b
³�]�x���]*�
}�u`�{��®:b��T��]`x�b
¸�b8�0±+\^]`x�n�x{nÃbT± �1±Tt`b8�!b8nynr��wrl-pr}3�ob8�!x{�obe³�]�b!py]�b
w2¨©}�w^����x�¸�bstUx�to²�}�³ ¸�bs��}o�
x¶pql
]mlo�owr}o�olmt���a,x{�gn«pr��®`x���x�pql*�!}Tu`����®:b���u���wr��tOpyb
b8�0±
Tãt,�eµ�wrn«p¹nqprb
�'³�b��!}Tt�nyx��obsw4pq³2}�}��oprx�a,x�¬s��prx�}Tt3��wy}T®`��bsa�n
»�}Tt`b�³�x�py]3py]�b^�`wr�����Tn�}T®o~qbs�!pyx�¸�b^��t��-}�t`b
³�x�py]Upy]`bgb
x���b
tm¸�����u`b^¨©u`t1��pyx�}�t���n�}T®o~qbs�!pyx�¸�bT±fTãt*��t`b!·mp2n«pybs�U³2b�³2��tOp�py}-�
}�t�nyx{�ob
w�®1}�py]U�`wr}�®���bsa,n
nyx�a-u`��pr��t`b
}Tu�n«��l���t1�n«pr��w«p����T��a,b'®1b
pq³�bsb
tpy]`b'pq³2}Á}�¨Ãpr]`b
a¯py}§�ob!prb
wra,x�t`b�cg��ny]b8zTu�x���x�®�wyx�u`a
�:}�x�tOprns±��e���:�
�����
u`����pyx�}�t�n¹��wyb��:b
wy¨©}�wra,bs�3wyu�t`t`x�t`��� |�j�� ������}Twyx�py]�a ³�x¶pr]§�8���g�1��wypyx{�!��bsn���t����s���T�
x�pybswr��pyx�}�t�nÃ¨©}�w2pr]`b a'b
pr��a'}o�obs�J±¹\^]`b wrbsnyu`��prn2��wrbg�{��prb
w^�!}�a,����wyb8�U³�x�py]*py]`b }�wrx���x�t����:|Ãºg� a,}o�obs�J±
\^]�b��ow����-a'x�t`x�a,x�¬8��pyx�}�t��`wr}�®`��b
a=F
? GÃx�n2t`}�³æ¨©}Twya3u`����pyb8��³�x¶pr]`}�u`p�pr]`b�nqp���®`��x¶pql��
}�t�n«pyw���x�tOp�³�]`x���b
UTb
bs�`x�t��3pr]`b ¸�}T��u`a,b���t1�*pr]`b�®:}?·��!}Tt�nqprwr��x�tOp8±

minq FD(q)
s.t. V (q) = V ∗

q ≤ q ≤ q̄

\^]�b���}�³2b
w���t���u`���1bsw�®1}?·Á�!}�t1nqprwr��x�tOprn^��wyb�x�tÁ}Tu`w����`����x{�
��pyx�}�t���x�¸�b
t�®ml

q = (0.03, 0.03,−1.0, 0.5, 0.5), q̄ = (0.08, 0.08,−0.5, 0.8, 0.8).

jox�t��
b�py]�b3n«pr��®�x���x¶pqlÁ�!}Tt�n«pyw���x�tTpgx�net`}�pg�T��prx�¸Tb-��p�pr]`b-}T�opyx�a-u�a ³2b�¨©}Tu`t��§x�t§py]�b��`wrb
¸mx�}Tu�ne�s���{�!uo¼
�{��prx�}Tt�n^³2b�b
·o�1b8��p�py}'µ�t1���,nyx�a,x�����w�wyb8n«u��¶p8± Tãt��ob
b8�*³2b�]��?¸Tb

q∗ = (0.08, 0.030277,−1, 0.8, 0.64325)

³�]�x���]�lmx�bs���`n

FD = 5.35967, Re(λmin) = 0.0778279, V = 0.00197193.
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���
}�a,����wyx{n«}TtU³�x�py]Ápy]�b�}Twyx���x�t����:a,}o�obs�4n«]�}�³�n��3�T}m}m�����Twybsb
a,b
tOp^}�¨�py]`b�wrbsnyu`��prn

FD = 5.36048, Re(λmin) = 0.0777728, V = 0.00197193.

\^]�b�µ1wrn«p��!}�a,�:}�t`bstOp+}�¨�pr]`b�b
x���bsto¨©u`t��!pyx�}�t3¨©}�w+py]�b^²�}�³ ��wr}�u�t���pr]`b�}��oprx�a����`�obsnyx��Tt
q∗
x{n¹�`��}�pypyb8�

x�t�^�x��1±�?�±

^�x���u`wrbd?�I+��x���bsto¨©u`t��!pyx�}�t§��nrn«}o�
x���pybs�Upy},pr]`b�n«a�������bsn«p�b
x���b
tm¸�����u`b�¨©}�w��`bsnyx��Tt
q∗

\^]�b'��wy}T®`��bsa }�¨�py]`b�a���·ox�a,x�¬8��pyx�}�t}�¨�py]`bUnya�������b8nqp b
x���bstO¸�����u`b'x{n ³�wyx�p«prb
tª��n a,x�t�x�a,x�¬s��prx�}Tt}�¨
pr]`b�t`bs�T��prx�¸Tb�nya�������b8nqp�bsx��Tb
tm¸�����u`b�±

minq −Re(λmin(q))
s.t. V (q) = V ∗

q ≤ q ≤ q̄.

�gn^}��oprx�a3u`a¿³2b }�®op���x�t

q∗∗ = (0.08, 0.03,−0.660609, 0.8, 0.677202)

³�]�x���]�lmx�bs���`n
FD = 5.41806 Re(λmin) = 0.0783713, V = 0.001972.

ce}�pÃnyu`wr�`wyx{nyx�t`�T��lT»?¨©}�w¹pr]`x{n¹�1}Tx�tOp�³2b^]��?¸�b�������wy�Tb
w+b
x���bstm¸?����u�b2x�t��!}Ta-®`x�t���prx�}Tt3³�x�py]U���{��wr��bsw+�`wr���
x�t��ox{�
��pyx�t`��� prwr�T�ob!¼À}E�*®:b!pq³2b
bst,py]`b�pq³�}��T}T���{ns±fa�}�³2b
¸Tb
w8»�py]�be�ox��:bswybst��!b8nÃ��wrb�zOu`x�pybenya������J»On«]`}�³^¼
x�t`�*py]���pepy]�b-pq³2}*�T}T���{n���wyb�t�}�p�py}�p�������l§��tTp����T}�t`x{nqprx���±��e¨Ã�!}Tu`w�n«bT»1x�p�³2}�u����Át`}�³�®:b'x�tOpybswyb8nqprx�t��
pr}*nyb
b py}*³�]���peb
·mpyb
tOpex�pgx{n��:}Tnrnyx�®`��b py}.U�b
bs�Ápy]`b-¸?����u�b�}�¨¹}�t�b�}�®o~qb8��prx�¸Tb�³�x¶pr]`}�uopg��}On«x�t`��x�t§py]`b
}�py]`bsw�}�®o~qb8��prx�¸Tb3pr}m}�a3u���]�±*\^]�x�n x{n��o}Tt`b�x�t°pr]`b,¨©wr��a,b
³2}�w)U§}�¨2cg��ny]ª�T��a,b�nyx�a3u`����pyx�}�t°³�]`x{��]
³^��n^�ob8ny�
wyx�®:bs��x�t§jmb8��pyx�}�t @`±��T±
Tãt'}�u�w��
��nyb2³�b��!}Tt�nyx��obsw�py]`b��ow���� ��n��`wrx�a,��wyl ¨©u�t���prx�}Tt����Q»

JA = FD
��t��3py]`b�nya�������b8nqp¹b
x���bstm¸?����u�b

�Tn�nybs�!}Tt��`��wyl�¨©u�t���prx�}Tt����Q±�jmx�t1�!b�³2b�³2��tOp�py]`b�¨©u`t���prx�}Tt����{n�pr}�]��?¸�b��:}Tnyx�pyx�¸�b�¸�����u`bsne³�b ¨©}o�
u�n�}Tt
pr]`b�a,}o�ox¶µ1bs��¨©u`t��!pyx�}�t����J»

JB = eβ(−Re(λmin)+Re(λ∗min)) »
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minu∈U JA(u) = FD(u)
s.t. V (u) = V ∗

q ≤ q ≤ q̄

minw∈W JB(w) = eβ(−Re(λmin(w))+Re(λ∗min))

s.t. q ≤ q ≤ q̄

FQ�EG

ae}�³�bs¸�bsws»0��p
q∗
³2b']1�?¸�b

4
�T��pyx�¸�b,�!}Tt�n«pyw���x�tTp�n
»It���a,b
��lÁpy]`b�¸T}���u`a,b'�
}�t�n«pyw���x�tOp���t1��pr]`wybsb3®:}?·
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q∗∗∗ = (0.08, 0.0319559,−0.842778, 0.7, 0.675183)
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FD = 5.39037 Re(λmin) = 0.073795, V = 0.00197192.
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q = (0.08, 0.0317536,−0.74314, 0.7, 0.686912).
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FD = 5.39474, Re(λmin) = 0.0742049, V = 0.00197192.
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q
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a,}�¸TbÃ¨©wr}�a }Tt`b2}�®o~qb8��pyx�¸�b2pr} ��t`}�pr]`b
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pybsw
ε
��t��Á�!}Tt�nyx��obsw2py]`b ¨©}T����}�³�x�t��'�
}�t��
u`wywrb
tOp�}��`pyx�a'x�¬s��pyx�}�t��`wr}�®`��b
aÁ±

minu∈U JA(u) = FD(u)
s.t. V (u) = V ∗

q ≤ q ≤ q̄

��t��
minw∈W JAB(w) := JA(w)

J∗
A

+ ε(θ JB(w)
J∗

B

− JA(w)
J∗

A

)

s.t. q ≤ q ≤ q̄

³�]�b
wrb
JB(w) = eβ(−Re(λmin(w))+Re(λ∗min)) ��t�� 0 < θ ≤ 1
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