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Solution analytique pour la propagation d’ondes en milieu
poroélastique stratifié. Partie II : en dimension 3

Résumé : Nous nous intéressons a la modélisation de la propagation d’ondes dans les milieux
infinis bicouches poroélastiques. Nous considérons ici le modele bi-phasique de Biot. Cette
seconde partie est consacrée au calcul de la solution analytique en dimension trois a l'aide de
la technique de Cagniard-De Hoop.

Mots-clés : Modele de Biot, ondes poroélastiques, solution analytique, technique de
Cagniard de Hoop.
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Introduction

Many seismic materials cannot only be considered as solid materials. They are often porous
media, i.e. media made of a solid fully saturated with a fluid: there are solid media perforated
by a multitude of small holes (called pores) filled with a fluid. It is in particular often the
case of the oil reservoirs. It is clear that the analysis of results by seismic methods of the
exploration of such media must take to account the fact that a wave being propagated in such
a medium meets a succession of phases solid and fluid: we speak about poroelastic media,
and the more commonly used model is the Biot’s model [T}, 2 [3].

When the wavelength is large in comparison with the size of the pores, rather than regarding
such a medium as an heterogeneous medium, it is legitimate to use, at least locally, the theory
of homogenization [, [[3]. This leads to the Biot’s model [T}, 2, B] which involves as unknown
not only the displacement field in the solid but also the displacement field in the fluid. The
principal characteristic of this model is that in addition to the classical P and S waves in a
solid one observes a P “slow” wave, which we could also call a “fluid” wave: the denomination
“slow wave” refers to the fact that in practical applications, it is slower (and probably much
slower) than the other two waves.

The computation of analytical solutions for wave propagation in poroelastic media is of high
importance for the validation of numerical computational codes or for a better understanding
of the reflexion/transmission properties of the media. Cagniard-de Hoop method [B [ is a
useful tool to obtain such solutions and permits to compute each type of waves (P wave, S
wave, head wave...) independently. Although it was originally dedicated to the solution to
elastodynamic wave propagation, it can be applied to any transient wave propagation prob-
lem in stratified medium. However, as far as we know, few works have been dedicated to the
application of this method to poroelastic medium, especially in three dimensions.

In order to validate computational codes of wave propagation in poroelastic media, we
have implemented the codes Gar6more 2D [I1] and Gar6more 3D [I2] which provide the com-
plete solution (reflected and transmitted waves) of the propagation of wave in stratified 2D
or 3D media composed of acoustic/acoustic, acoustic/elastic, acoustic/poroelastic or poroe-
lastic/poroelastic layers. The codes are freely downloadable at

http://www.spice-rtn.org/library/software/Garcimore2D
and
http://www.spice-rtn.org/library/software/Gar6more3D.

We will focus in this paper on the 3D poroelastic case, the two dimensional and the acous-
tic/poroelastic cases are detailed in [§, @, [[0]. The outline of the paper is as follows: we first
present the model problem we want to solve and derive the Green problem from it (section
1). Then we present the analytical solution to the wave propagation problem in a stratified
2D medium composed of an acoustic and a poroelastic layer (section 2). Finally we illustrate
our results through numerical applications (section 3).

RR n°® 6596
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1 The model problem

We consider an infinite two dimensional medium (2 = R?) composed of two homogeneous
poroelastic layers QF = R?x] — 00,0] and Q= = R? x [0, +oo[ separated by an horizontal
interface I' (see Fig. [M). We first describe the equations in the two layers (Y1) and the
transmission conditions on the interface I' (§L2), then we present the Green problem from
which we compute the analytical solution (§L3).

First Layer
Ot

Second Layer

Figure 1: Configuration of the study

1.1 Poroelastic equations

We consider the second-order formulation of the poroelastic equations [I 2, B]:
([ pUs+p; W —-V-2=F,, in Q2x]0, 7],
prs+pr+%W+VP:Fw, in 0x]0, 7],
Y=AV-U,I3+2ue(U,) — BPIs, in Qx]0, 77,

1
—P+pV-Us+V-W=F, in Qx]0,77,
Us(z,0) =0, W(z,0) =0, in €,
Us,(z,0) =0, W(z,0) =0, in

with

3
o5, .
(V.-3); = E a—” Vi=1,3. Asusual I3 is the identity matrix of Mo (IR),
o
j=1 "

and e(Uy) is the solid strain tensor defined by:

1o ou;
“alU) =5 (axj * axi> '

INRIA
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In (), the unknowns are:

U, the displacement field of solid particles;

W = ¢(Us — U,), the relative displacement, U ¢ being the displacement field of fluid
particles and ¢ the porosity;

P, the fluid pressure;

Y., the solid stress tensor.
The parameters describing the physical properties of the medium are given by:

o p=0¢ps+ (1 —¢)ps is the overall density of the saturated medium, with p, the density
of the solid and py the density of the fluid;

® py = aps/¢, where a is the tortuosity of the solid matrix;

e IC = k/n, where k is the permeability of the solid matrix and n is the viscosity of the
fluid;

e m and (3 are positive physical coefficients: § =1— K;/Kj
and m = [¢p/K+ (8 — ¢)/K,]™", where K is the bulk modulus of the solid, Ky is the
bulk modulus of the fluid and K} is the frame bulk modulus;

e 4 is the frame shear modulus, and A = K; — 2p/3 is the Lamé constant.

e F,, F, and F), are the force densities.
To simplify this study, we consider only the case of a compression source
F(z,y,t) = fuV (05 6y 0.—p) f(t) and F(x,y,t) = fuV (g 6y d.—p) f(2)

and a pressure source F, = f,0, 9,0,y f(t), where f,, f, and f, are constant and f is a
regular source function in time. We can generalize this approach for other types of punctual
sources such as for instance

F, = fuV X (030y0,_pv) f(t) and F, = [,V X (05 0y 0,—p,v) f(t)

where v is a vector in IR3.

RR n°® 6596



6 Diaz € Ezziani

1.2 Transmission conditions

Let n be the unitary normal vector of I' outwardly directed to {2~. The transmission condi-
tions on the interface I" between the two poroelastic medium are [6]:

U;=U;,
WT n=W.n,
Pt =p- @)

Stn=%"n.

1.3 The Green problem

We won’t compute directly the solution to () but the solution to the following Green problem:

prag +pp ot = Vot = £, V(0:0,6.00)0, i QFX]0,T],  (3a)

1
Py i W g B+ V= [y V(80,00 i QEXO,T], (3b)
of = NEV ul I3+ 2pFe(ud) — gEpt I3, in QFx]0,T], (3¢)

1

thrgiv-u;wv-wi = fp0:0,0. n f(t), in QFx]0,T], (3d)
u;, =u",  on I'x]0,T] (3e)
w -n=w"-n, onIx]0,T] (3f)
p-=p", onTx]0,T] (3g)
c-n=0"n, onIx]0,T]. (3h)

The solution to () is then computed from the solution to the Green Problem thanks to a
convolution by the source function. For instance we have:

P (x,y,t) =p"(x,y,.) = f(.) = / p(z,y,7)f(t —7)dr
0

(we have similar relations for the other unknowns). We also suppose that the poroelastic
medium is non dissipative, i.e the viscosity n* = 0. Using the equations (BdBd) we can
eliminate o* and p* in @) and we obtain the equivalent system:

prat + pjf Wr — ot V(V-ub) + pt V x (V x ul) - m*BEV (V- w?)
= (fu - ﬁerJrfp)v(éx 5y 5z7h) 5t7 (4)
pr AT+ pi ™ — mEHEV(V-uf) - mEV(V-wF) = (fu —mT )V (026, 6.1) 5,

with o= = A7 +2u~ + m_B_Q.

INRIA
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And the transmission conditions on I' are rewritten as:

u:x = Ugg, (5&)
u;ry = Ugy, (5b)
u;rz = U, (5¢)
wr =t (54)
mTBEV-ul +mtVowt =mTpTVeug +mmVow, (5e)
MJr(azujm + azvujz) =0 (azu;:r + axu;z)’ (Sf)
P (0zudy + Oyul) = u” (Dsugy, + dyug,), (5¢)
A+ m+ﬁ+2)v cul +2utoul +mtptVowt = (5h)

A" +m BV ug + 25 dug, +m BV w.

We split the displacement fields uF and w™® into irrotational and isovolumic fields (P-wave

and S-wave):
uf=ve, +Vx Ut . wt=vel+vxul (6)

The vectors ¥ and ¥ are not uniquely defined since:
Vx (TF+VC)=V x ¥F, Ve {uw}
for all scalar field C. To define a unique \Ilét we impose the gauge condition:
V¥ =0.

The vectorial space of \Ilzt verifying this last condition is written as:

ay 8%2
+ + 2 +
Uy=| =0 |V + 0, Wi,
0 -92, -0y,

where \Ifztl and \Ilth are two scalar fields. The displacement fields uF and w* are written in
the form:

a:%z ay
uf =Vver+ 02, U — | =0, | AV,
-0, — 0y, 0
(7)
aﬂ%z ay
wt =vel + 02, Ui — | -0 | AT,
-2, — 03, 0

RR n°® 6596
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We can then rewrite system (#) in the following form:

([ ATOT — BTAOY =6,6,0._4 6, F, in QT x]0,T]
A=©~ — B AO =0, in Q™ x]0, 7]
B - VEAUE, =0, 1€{1,2}, inOQFx]0,T] (8)
-+ pi -+
b, = L, in Q% x]0, 7]
Pw

where ©F = (0,,,0,)!, F = (fu — 8tm™* fp, fu — m* f,)t, AT and B* are 2 x 2 symmetric
matrices:

+ + + + +/0Et)\2 + o+
Ai:<p pf> ;Bi:<)\ 2t b mE(pE)? mEp )

+
Py P A m*

m

and

is the S-wave velocity.

We multiply the first (resp. the second) equation of system (B) by the inverse of AT (resp.
A7). The matrix AtTipt (resp. A__lB_) is diagonalizable: AT~ 'BE = pEprp!
where P* is the change-of-coordinates matrix, D* = diag(VPifz, V;j) is the diagonal matrix
similar to Ai_lBi, Vﬁf and V]i are respectively the fast P-wave velocity and the slow P-
wave velocity (Va, < Vﬁf).

Using the change of variables:
S A ®

we obtain the uncoupled system on fast P-waves, slow P-waves and S-waves:

;e

T — DTAPT =6,6,6,_ b6 FT, in QTx]0,T]
d~ — D AP =0, in O x]0,7]
) ) . 1
B, - VEATE, =0, £e {12}, in QEx]0,T] (10)
o
vl = Lot in Q£ x]0, 7]
Pw

with F* = (ATPT)"'F = (F§,, Fp)".

Using the transmission conditions (Bal)-(EL), El)-Eg) and the change of variables (@), we

INRIA
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obtain:

ar@;r + a:%zw;_,l - ay(A¢z—£2) = am@; + a§z¢;1 - ay(szzQ)’ on I, (11&)
0y + 0o bt + 0. (AYS,) = 0,0, + 02 4by | + 0u(AY,,),  onT, (11b)

wt (282 OF +0,(02 — A )V, — OLAT, )
on I, (11c)

i (202,07 + 0,(0%, — AU, — LAV,

ut (232 OF + 0,02 — AV, + O2AT 72)
on T, (11d)

~ (20207 + 0,02 — Ay, + LAV,

with A = 02, + 8§y. Applying the derivative 9, to the equation ([Ial) (resp. ([Id)), 0. to
the equation ([IL) (resp. ([Idl)) and subtracting the first (resp. the third) obtained equation
from the second (resp. the fourth) one, we get:

AL (AYr,) = AL (AY,,),  onT, (12a)

MJr(azAL)A\IJ:Q =p (0:AL1)AV,

u,2?

on T, (12b)

moreover, using the third equation of (), we have \Ilff2 satisfies the wave equation:

U, —VEIATE, =0, in 0 x]0,T]

+

and, since u T +

and wt satisfy, at t = 0, uf = uf = wt = w* = 0, we obtain:

Uy, =0, in QFx]0,7], (13)
and from ([Ta)-([[IL)) we deduce the transmission condition equivalent to (Bal) and (BH):
0,07 + 02,0} = 0,0, + 034, onT. (14)

In the same way, using the equality (3]), we can show that the two transmission conditions
([[Id) and ([{Id) are equivalent, which gives us:
+ (23;93 4 9,(02, — AQ\I}L) = (23332@; 4 9,(02, — AU ) ,onl.  (15)

u,1

We can then reduce the transmission conditions (H) to 6 equations: ([ bEd, BEJBATHFN).

Finally, we obtain the Green problem equivalent to ([B):

—szM’T = 06,046, n 0t F7, i€ {Pf,Ps} z>0
&% — Vi AeE =0 2> 0 )
b7~V PA®; =0, ic{Pf, Ps,S} 2<0
RR n° 6596 -
" | B(®%, @h, @5, @pp, @p,, @) = 0, z=0
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where we have set CI%E = \I/fl in order to have similar notations for the Pf, Ps and S waves.
The operator B represents the transmission conditions on I:

. [ PO, PlLo. 92, ~P; 0 —Ppy 0k —d5. |1 e .
@Z: P 0. P0. —+Al ~Pn 0. —P0. Af o7
5| % | _| Pho Pho. %Al —Pj . Py 0. —i—iAl o5
zi ! By Bao 0 Buy Bas 0 Cpy
q); Bs1 Bss Bss Bs4 Bss Bse Cp,
| Be1 Bey —2ut0.(AL) B Bes  2u"0.(AL) | L ®s

where 73% , 1,7 =1,2 are the components of the change-of-coordinates matrix P* and

m* (3P + Py1) m* (B8Pl + Pah) oo

By = : 05 3 B = 5 it
Vpy V.
m~ (B Py; + Poy m~ (87 Py + Pos
Bu = — (B i 51) 02 Bus — — (B 12 ) 2.
VPf VPs

851 = Q/J,erf_l 82 ) 652 = 2M+'Pf—2 32 3 853 = /ﬁ@x(agz — AJ_);

Bsy = —2u~ P 02, 5 Bss = =2~ P 02, 5 Bsg = —p 02(07, — AL);

AT+ mt AP + mt Py
Vi,

AT +mtBHHPE + mT APy,
vi®

(A" +m )Py A m B Py o

Vl;fg tt

(A" +m = B°)Pp +m B Py 3

_2
VPS

By = | OB - 20 PR

zz)

Be> = oF + 2utPLo2;

zz)

Bes = + 2 P02

Begs = + 20" P2,

To obtain this operator we have used the reduced transmission conditions ([, bd, BJARaMTHRT),
the change of variables (@) and the uncoupled system (I0).

Moreover, from the unknowns q)ljif, <1>]i_-, . and ‘I>§ we can determine the solid displacement
uf and the relative displacement w™ by using the change of variables presented below.

2 Expression of the analytical solution

Since the problem is invariant by a rotation around the z-axis, we will only consider the case
y =0 and z > 0, so that the y-component of all the displacements are zero. The solution for

INRIA
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y # 0 or x < 0 is deduced from the solution for y = 0 by the relations

+ _ € + 2 2
ug,(z,y,2,t) = \/27%1( x? 4+ 92,0, 2,1) (17)
x +y2
+ Y +
Uy (@9, 201) = ey yQusx( 2% + 92,0, 2,t) (18)
usiz(:v,y, z,t) = u;tz( 2?2 +1y2,0,2,t) (19)

To state our results, we need the following notations and definitions:

1. Definition of the complex square root. For ¢ € C\IR™, we use the following

definition of the square root g(q) = ¢*/%:

g(q)*> =q and Re[g(q)] > 0.

The branch cut of g(¢) in the complex plane will thus be the half-line defined by {q €
IR™} (see Fig. ). In the following, we use the abuse of notation g(q) = iy/—¢q for
geR™.

Figure 2: Definition of the function z — (z)/?

. Definition of the fictitious velocities For a given ¢ € IR, we define the fictitious
velocities Vii(q) fori e {Pf,Ps,S} by

1
Vi =V =V
1+ Vg2

These fictitious velocities will be helpful to turn the 3D-problem into the sum of 2D-
problems indexed by the variable q. Note that VZ-i (0) correspond to the real velocities
V.

. Definition of the functions KZ?:. For i € {Pf,Ps,S} and (¢z,¢qy) € C x IR, we define
the functions

) 1/2 ) 1/2
+ + 2 2 2
K =6 (G Qy) = | — 3 i+ 4 Nz t%x] -
’ (Viz y) (ViQ(Qy) )

7 %

RR n°® 6596
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4. Definition of the reflection and transmission coefficients.
(¢z,qy) € C xR, we denote by Rprpr(q), Rpsrs(@), Rrrs(a), Trrps(a), Tpsps(

For a given q

2

and Tprs(q) the solution to the linear system

Rpipr(q)
Rpsps(q)
Rpyrs(q)
Tpypr(q)
Tpyrs(q)
Trrs(q)

= 2
zﬂ;f(Q)Vij

(A +mt P +mt Py

iq$771+1
_"i;f(Q)Pf_l

_"i;f(Q)Pg_l

m' o +
- +2(ﬁ Py +Pay)
Pf
2 gt Kp (@) P

2
— 20" PR}, (@)

+ 2
VPf

and by Rpspf(q), Rrsps(@), Rpss(@), Tpsps(a), Tpsps(q) and Tpys(q) the solution to

the linear system

Rpspf(q)
Rpsps(q)
Rpss(q)

Tpspr(q)
Trsrs(q)

TPSS(q)

—iqufrl
_“Pf( a)Pi

—tp (@) P
An(q)
As1(q)
As1(q)

2
- (At 4+ mtpt ;}7;;2 +mtBtPY, 21t Pkt X(a) _
where the matrix A(q) is defined for ¢ = (¢z,¢gy) € C x IR by:

—i¢, P ig:+§(q) 1¢: Py i1¢.Py ig.rg(q)
—rp(@Ph  @Gta,  —kp@Pn —Rp@Pn  —a —q
b P @+ DS i @Pn ki @Ph ()L
As2(q) 0 Asa(q) Ass(q) 0
As2(q) As3(q) As4(q) Ass(q) Ase(q)
As2(q) As3(q) Asa(q) Aes(q) Aes(q)

2
26}, (@) VA,

quCPfQ
“Ps( )7)12
_“Ps( )7)22

2 gt K5, (@) P

INRIA
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with

Au(q) =

Ap(q) =

As1(q) =
As2(q) =
Asz(q) =

m™T

m o~ _
¥ 2 [BTPh+Pa]s Aul@) = ——— [B7Pn + Pyl
Pf Pf
mT m- e _
) [BTPhL+Ph]; Ais(e) = ——= [P+ Pyl;
Ps Ps
2igup K (@) P Asi(q) = 2iqep kipp(@) Py
2i qu i K p (@) Pi; Ass(q) = 2iqup kipy(q)Pry;

. 2
—ipt (ki (@) + @+ a)); Asslg) =

(AT +mtBT2YPH 4+ mtpt P,

. _2
10 qu(kg (@) + @2 + 4p);

As1(q) =

As2(q) =

At +mTBHHPE + mt st Py,

2
T +2utwp (@) Py
Vi

2
+ 2ut k(@) Pra;

+2
VPs

Ass(q) = —2(q; + )" k& (q);

Asa(q) = —

Ass(q) = —

(A + Trfﬁj)Pl—1 +m~ [ Py,

(A + Trfﬁj)Pl—2 +m~ [ Py,

—2
Vi,

_2
VPs

Ass(q) = —2(q2 + @)1 rg(q).

We also denote by Viyax the greatest velocity in the medium:

Vinax = maX(V;f, Vljs, VSJF, VP}, Vi Vo).

We can now present the expression of the solution to the Green Problem:

Theorem 2.1. The solid displacement in the top medium is given by

uf (2,0, 2,t)

uac(x,z,t) + uJISfPf(x,z,t) + uJISfPS(x,z,t) + uacs(m,z,t)

+ up(z,2,t) + uJISst(x,z,t) + up p(z,2,t) + ubo(z,210)

and the solid displacement in the bottom medium is given by

us_(x?oazat) = uJ]ngf(vaat) + uJ]—E’fPS(vaat) + uJ]ng(vaat)

where

RR n°® 6596
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o uac is the solid displacement of the incident Pf wave and satisfies:

Pi1Fps atH(t — to)
V;fz 473

u$f7m(x,z,t) =

)

- PhFL; (2 = WtH(t — to)
V;fz 43

u$f7z(x,z,t) =

where H denotes the usual Heaviside function. Moreover we set r = (22 + (2 — h)?)'/?
and tg = T/V]j—f denotes the time arrival of the incident Pf wave at point (x,0, z).

o ua is the solid displacement of the incident Ps wave and satisfies:

 PhFR, wtH(t — to)

S

+

up, (x,z,t) =

Ps,x\"" 2 3
V}js 4y

_ PhFR, (2 — WtH(t — to)
V2 473 '
Ps

uIJS&Z(x,z,t) =

We set here r = (22 + (2 — h)})Y2 and ty = r/V4, denotes the time arrival of the
incident Ps wave at point (x,0, z).

o uacpf is the solid displacement of the reflected PfPf wave (the Pf reflected wave
generated by the Pf incident wave) and satisfies:

w Smiv(t @)hy (0t ) Rpsps(v(t )|
Uprpra(T:2t) = Pf_lFljf/ dg,
’ 0 m2r\/q? + q5(t)
00 Smwh (0t @) Resps(v(t, )
Upsps.(T,2,) = PfrlFfDLf/ dg,
( ’ 0 Ty g® + g5 ()
. z_ Vpy
zfthl <t <ty and " > T
( w) Sm|(v(t q)wf (0t Q) Rp s (0(t,0))]
qungf,x(x’Z’t) = 7JIJFIFIJ’rf/ 2 2 _ 2 dq
g0 (t) Tr\/¢* — q5(t)
- /qo(t) fe [iV(t,Q)“;f(V(t,Q))RPfPf(W(taQ))} p
11° Pf WQT\/W q,

() Sm[rh (0t ) R ey (v(t, )]

+ _ + ot
Uprps.(T,2,t) = PllFPf/qO(t) e = 20 dgq

P /qo(t) Re [/-@Jlgfz(w(t, 9)Rprps((t, q))]

dq,
w2 @) — ¢ INRIA
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z _ Vpy
ifto<t<ty and — > 5
f 0 = he r Vinax

(

dq,

q(®) Re|iv(t, q)rp (vt a))Rpsrr(v(t,q))
Upfpfa(T25t) —PhFg / [ }

2ry/q3(t) — ¢?
q(t) Re [Hlth(’Y(t7Q))RPfPf(’Y(t7Q))]

+ _ + ot
quPﬁZ(x,z,t) = _PIIFPf/O RN TR dg,

\

V+
Py and

V+
x x
ifth2<tand;> Py orifty <t and — <

max r max

upspf(z,2,t) =0 else .

We set here r = (2% + (2 + h)?)Y/? and ty = T/Vlj_f denotes the arrival time of the
reflected P fPf volume wave at point (z,0, z),

1 1 ||
th, = (24h) - (20)
' V;fQ Vn21ax Vmax
denotes the arrival time of the reflected PfP f head-wave at point (x,0,z) and
T 1 1
thy = (21)

Zz+h V]jfz B V2 .

denotes the time after which there is no longer head wave at point (x,0, z), (contrary to
the 2D case, this time does not coincide with the arrival time of the volume wave). We
also define the functions v, v, qo and q1 by

xt  z+h |12 1
’YI{tGIR‘t>t0}Xﬂ%b—>(C::’y(t7q):i—_|_ -
’ r? " r? V;}%(Qy)

1 1 1 1
w:B—R=al)= a? t-leth) VFJ’er _Vnzlax _Vn21ax

o u$fps is the solid displacement of the reflected PfPs wave and satisfies:

PLEY . ra(t) 9
12 QPf / Re [iU(t,Q)RPfPS(U(taQ))a_;)(t7q):| dg,
0

ol ) = 2

PLFL, ra® v
_ 2Pf/0 Re [%JISS(U(t,Q))RPfPs(U(t’Q))E

uJFr’fPS,z(x’Z’t) = (taQ):| dq,

s



16 Diaz € Ezziani

1
if th, <t <t and |Sm[y(to,0)]| < T
PLES, (o T oy
Upppso(T:5t) = — = f/o Re l'y(t7q)72pfps(7(t,q))a(t,q)] dq
PEF;JC q1(t) [ v
_ — /qo(t) Re _w(t,q)Rpfps(v(t,q))E(t, q)} dq,
PLEL qo(t) r P
ultfPs,z(w’Z’t) - _ 1;213]‘/0 Re /{j;s(’y(t,q))RPfPs(V(t,q))a—Z(t,q)] dq
7)+ t q1(t) r v
- 122Pf/ Re “Jlgs(v(taq))RPfPs(U(EQ))_(taQ)} dq,
T ao(t) L ot

if to <t <tp, and [Sm[y(ty,0)]| < ,
Vmax

P qo(t) P
= M e it 0 Rere ) g )| da
0

ultfPs,x(x’Z’t) = T

PEF; qo(t) o

Upgpa, (i 2,1) = = =3 /0 Re [RFS(V(M))RPJCPS(V(L Q))g(t,q)] dg,
. 1 . 1
if thy, < t and |Sm[y(t,0)]| < v orif to <t and |Sm[y(tp,0)]] > %

and ultfps(x, z,t) =0 else.

to denotes here the arrival time of the reflected PfPs volume wave at point (x,0,z)
(its calculation is similar to the calculation of the arrival time of the transmitted wave,

see the appendiz of [9]),

]

- - (22)
Vi Videx VA Vi Viax
denotes the arrival time of the reflected P fPs head wave at point (z,0, z),
2, .2 2
t h? + z +hz(§—j+§—;)+m 23)
ho h
ot

denotes the time after which there is no longer head wave at point (x,0, z), where

B IR | e R v I
Pf max Ps max

The function qo : [to; +o0] — IR" is the reciprocal function of to : IRT w: [tg, +00],
where to(q) is the arrival time at point (x,0, z) of the fictitious transmitted P fPs volume

INRIA
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RR n°®

wave, propagating at a velocity V;f(q) from the source to the interface and at velocity

V;S(q) from the interface to point (x,0,z) (we refer again to [9] for details on its cal-
culation,).

The function q1 : [t1; to] — IRT is defined by

() = 1 1
q1 -
V;; 2 max V; f 2 Vrr21ax

The function v : {(t,q) € IRT x IR" |t > to(q)} — C is implicitly defined as the only
root of the function

) 1/2 . 1/2
f(’y,q,t):z< > +72> +h< - +ny> +iye —t
Vi, (a) Vi (a)

whose real part is positive.
The function v : E1 U Ey +— C is tmplicitly defined as the only root of the function

. 1/2 . 1/2
f(v,q,t)zz( 5 —|—v2> —i—h( 5 +v2> +ive —t
Vs (9) Vi, (a)

such that Im [0yv(t, q)] < 0, with

Elz{(t,q)EIRerlRﬂthl <t <ty and0<q<q0(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

u;fs is the solid displacement of the reflected P fS wave and satisfies:

i F;.rf a1 () ] N v
quS@(x’ 2, t) = ? 0 Re |:1U(t’ q)KS (U(t? q))RPfS(U(t’ q))a (t, q):| dq,
F; @ (t) ov
by on) = 5 [17Re (0200 + P Regs(0(t.0) G (10| da
1
if th, <t <t and |SIm[y(to,0)]| < T
.7:+ qo(t) B a
Fh a(t) r 9
+ 22 " el q)nd ot ) Regs (0(t ) 2 qﬂ g
™ Jqo(t) L ot
Fr qo(1) a
Upgs (@2 t) = ﬂizf o e (V*(t:0) + &) Rpps(v(t 0)) 57 L ¢, q)] dg
596 Fr. ra®) r o
w TR (0 ¢ Repslot0) 5 )| o
n qo(t) L
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if to <t <tp, and |Sm[y(ty,0)]| < Vniax’
hpsate o) =t [ e [t o) Resstote. ) 200
Upjs,. (T, 2,t) = Fﬂ—;;c OqO(t) Re [(’YZ(WJ) + QQ)RPfS(’Y(EQ))%(t, Q)} dq,

if th, <t and [Sm[y(tp,0)]| < -~ or if to <t and |Sm[y(tp,0)] > anlax

and ultfs(x, z,t) =0 else.

to denotes here the arrival time of the reflected PfS wvolume wave at point (z,0,z)
(its calculation is similar to the calculation of the arrival time of the transmitted wave,

see the appendiz of [9]),

1 1 1 1 ||
thy = h |—5———+=2 (24)
' Vir? Vit VE? Vi Vinax
denotes the arrival time of the reflected PfS head wave at point (z,0, z),
2, .2 2
h*+ 2%+ hz (§—j+§—;) +x
thy (25)

b =z
cl+cg

denotes the time after which there is no longer head wave at point (x,0, z), where

——— and ¢y = / V2
maX max

The function qo : [to; +oo] — IR" is the reciprocal function of to : IRT w: [tg, +0o0],
where to(q) is the arrival time at point (z,0, z) of the fictitious transmitted PfS volume
wave, propagating at a velocity V;;f(q) from the source to the interface and at velocity

V;(q) from the interface to point (x,0,z) (we refer again to [4] for details on its calcu-
lation).

The function qi : [t1; to] — IRT is defined by

w- |2, 1 1
= —_— _— Z _— J—
o x? Vit Vi

The function v : {(t,q) € IRT x IR" |t > to(q)} — C is implicitly defined as the only
root of the function

) 1/2 ) 1/2
f(’y,q,t):z< > +72> +h< 5 +ny> +iye —t
Vs©(q) Vi (g)

INRIA
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whose real part is positive.
The function v : E1 U Ey +— C is tmplicitly defined as the only root of the function

. 1/2 . 1/2
f(v,q,t)zz( 5 —|—v2> —i—h( 5 +v2> +ive —t
Vs (q) Vi (9)

such that Im [Oyv(t, q)] < 0, with

Elz{(t,q)EIRerlRﬂthl <t <ty and0<q<q0(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

o ugpf 1s the solid displacement of the reflected PsP f wave and satisfies:

7)+F+ () . ov
Whapgale2i0) = =205 [T e o Ry 000, 0) G (00| da
0
73+F+ q1(t) v
hapgat) = =258 U e b (0t )Ry (000,00 57 (1.0 o
) 1
if th, <t <ty and |Sm[y(ty,0)]| < T
( ~
7)+F+ qo(t) ) 8
whppalent) = = PP TR i Res i) g (0| d
7)+F+ /ql(t) r ov
— Re |[iv(t,q)Rpspr(v(t,q —t,q]dq,
2 Jow € (t; )Rpsps(v(t,a)) 5 (tq)
Pttt qo(t) r 8'7
whppent) = = PP (MR i () Rens (1t 0) G )] dy
PLFS,

O ov
_ . s/ Re ,‘ipf(U(t,q))RPst(’U(t,Q))E(t,Q)} dq,
q L

\ T 0 (t)

if to <t <tp, and [Sm[y(ty,0)]| <

Vinax
Upsp (T 2,t) = —% /OqO(t) Re [iW(taQ)RPst(W(taQ))%(t,Q)] dg,
hapgles i) = =T [ e L 00 Rttt ) P00
if thy, < t and |Sm[y(tg,0)]| < — orif to <t and |Sm[y(tp,0)]] > anlax

and ultspf(x, z,t) =0 else.

RR n°® 6596
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to denotes here the arrival time of the reflected PsP f volume wave at point (z,0, z),

2 2 2 2 = (26)
V;:S Vmax V; f Vmax Vmax
denotes the arrival time of the reflected PsPf head wave at point (x,0, z),
h? + 2% + hz (C—2+C—1) + 2?
ths — (27)

h z
at &

denotes the time after which there is no longer head wave at point (x,0, z), where

g2 e and e =, e g
Ps max Pf max

The function qo : [to; +o0] — IR" is the reciprocal function of to : IRT +: [tg, +0o0],
where to(q) is the arrival time at point (x,0, z) of the fictitious transmitted PsP f volume

wave, propagating at a velocily V;Fs(q) from the source to the interface and at velocity
V;ff(q) from the interface to point (x,0, z).

The function q : [t1; to] — IRT is defined by

(0 1 . 1 1 , \/ 1 1 1
a1 = ) -z + 2 2 - + 2 2 - 2
x VP f Vmax VP s Vmax Vmax

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

. 1/2 . 1/2
f(%%t):z< - +72> +h< X +72> +ivz —t
Vi (q) VT (9)

whose real part is positive.
The function v : By U Ey — C is implicitly defined as the only root of the function

. 1/2 1 1/2
J—“(U,q,t):z< . +v2> +h< . +v2> +ivx — ¢
Vi (q) 12 0)

such that Im [0yv(t, q)] < 0, with

Ey={(t,q) € R" x IR" [t, <t <to and 0 < q < qo(t)}

and
Ey={(t,q) € R" x IR" [ty <t <tp, and qo(t) < q < qi(t)}.

INRIA
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o u;SPS is the solid displacement of the reflected PsPs wave and satisfies:

(

w0 Sm 10t )k, (0t ) Rpaps (v(t, )]

Up py (T, 2,1) = PEF;S/ dq,

’ T2/ % + g3 (t)

00 Sm w5, (0t ) Resrs(0(t,0))|

uJIgsPs z(x’ %5 t) = ’PIJF2FI§’FS / an

| : 0 w2r\/q® + g3 (t)
V+
if t), <t<tyand % >
( 00 Sm| (10(t, q)w, (v(t, @) Rpeps(v(t, )

+ _ + ot
Uhopsalt: 2 t) = PHFPS/qou) w2/ — (1) 4

L [0 Re [iv(t, kb, (v(t, q))Rpsps(V(t, Q))]
- P /a0~ ¢

00 Sm|ih, (vt ) Rpspa(v(t,0))|

dq,

u+s s (T2 t) = 73+F+8/ dg
Peboy P oo w2/ — g3(t)
2
L o0 Re|wh 206 ) Resps (1t )]
0 T QQ(t) —q
V+
ifto<t<ty and > > o
r max

w(®) Re[i7(t )b, (1t ) Rsrs(1(1,0))|
u$sPs m(x’ s t) = _PEFFJ’;S /
w(®) Re 15,2 (1t 0)) Ropors (4(t, )]

- _ + ot
Upspsy(T:2t) = —PiFp S/o T2/ q5(t) — ¢? o
2(1)

dq,

r Vg x Vg
if ty, <tand = > L5 orifty <t and = < L% and
2 r max r Vmax

upsps(z,z,t) =0 else .

We set here v = (22 + (2 + h)%)Y? and ty = r/Vg, denotes the arrival time of the
reflected PsPs volume wave at point (z,0, z),

1 1 ||
t = h — 28
w BN T L Y 2%)

denotes the arrival time of the reflected PsPs head-wave at point (x,0,z) and

r 1 1
t = — 29
2 z+h\[vi? Vi (29)
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denotes the time after which there is no longer head wave at point (x,0, z), (contrary to
the 2D case, this time does not coincide with the arrival time of the volume wave). We
also define the functions v, v, qo and q1 by

xt  z+h |[t? 1
-t t>t =(tqy) =i5+— |3 -5 —
vi{tER[t> b} x R C:=9(tqy) =15+ —— /3 V(0

z+h 1 2
vi{te Rty <t<tp,}xIRw+— C:=uv(t, =—i — - =+ =t],
{ |h1 h2} ( Qy) < r V;g(q;;) r2 ’1“2)

and

2
1 1 1 1
qlzﬂ%ﬂﬂf:m(t)dxz(t('z*‘h) V+2_V2 ) 2
Ps

max max

o ugs is the solid displacement of the reflected PsS wave and satisfies:

N Ffoora® ) N v
hasolonnt) = Tt [ e [jolt g 006 ) Rpus 000, ) G (00| da

+ F;s al) 2 2 v
uPsS,z(x7 Z7t) = ? / Re (U (t,Q) +4q )RPSS(U(ta q))a(ta q) dq,
0
. 1
if th, <t <ty and |Sm[y(ty,0)]] < T
(
Ft o raolt) ) p)
whislent) = e [T e oo ResO )5 00| da
Froora(t) B v
T [ e () 0t )R (00) 5 )|
T Jgo(t) L ot
Ft qo(t) r o
Upss,(T,2,8) = =4 /0 Re (72(1?,(1)+q2)Rpss(v(t,Q))a—Z(t,Q)} dg
Fhoo[a [ ov
Lo [ e [0 + O Reustott) 00| da
( ™ Jow L ot
. 1
if to <t <tp, and |Sm[y(to,0)]| < T

+ P 90(t) . + 0y
Upsso(@,2:8) = 5 /0 Re [w(t,qms (V(f,Q))RPss(V(f,Q))E(t,Q)] dg,

+ FJJDrs o) 2 2 v
Upgys (T, 2,1) = —2/0 Re |(v*(t,q) +4q )RPsS(’V(taQ))E(taQ) dq,
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1
i thy < ¢ and [3m [ (t0,0)]) <

orif to <t and |Sm[y(to,0)]| >

max Vmax

and uh o(z,2,t) =0 else.

to denotes here the arrival time of the reflected PsS wvolume wave at point (x,0,2)
(its calculation is similar to the calculation of the arrival time of the transmitted wave,

see the appendiz of [9]),

/ le
t = h 30
hl VPEFSQ max Vn21ax max ( )

denotes the arrival time of the reflected PsS head wave at point (z,0, z),

2 2 2
. h? + z +hz(§—j+§—;)+m 61
ho — h
ot

denotes the time after which there is no longer head wave at point (x,0, z), where

¢l = and ¢y =
t2 \l v [ +2 V2 _
V;:S Vmax Vmax

The function qo : [to; +oo] — IR" is the reciprocal function of to : IRT w: [tg, +0o0],
where to(q) is the arrival time at point (x,0,z) of the fictitious transmitted PsS volume
wave, propagating at a velocily ngs(q) from the source to the interface and at velocity
V;_(q) from the interface to point (x,0,z) (we refer again to [4] for details on its calcu-
lation).

The function q1 : [t1; to] — IRT is defined by

2
1 1 1 1 1 1
all) =\ 2 (t - Z\/ v Vi h\/ I vn%ax> Vi

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

. 1/2 . 1/2
]:(r}/,q,t)zz< +7> +h< P) _{_,)/2> +iyxr —1
Vi) Vi, (a)

whose real part is positive.
The function v : By U Ey — C is implicitly defined as the only root of the function

. 1/2 ) 1/2
J—“(U,q,t):z< > +v2> +h< . +v2> + vz —t
Vi (q) Vi (q)

such that Im [0yv(t, q)] < 0, with

Ey={(t,q) € R" x IR" [t, <t <to and 0 < q < qo(t)}

and
Ey={(t,q) € R" x IR" [ty <t <tp, and qo(t) < q < qi(t)}.
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® Uprpy IS the solid displacement of the transmitted PfPf wave (the Pf transmitted
wave generated by the Pf incident wave) and satisfies:

_PﬂF;f

T2

/M% 0Tt 0) 10| d
o € 1vlt,q)lprpr UL, q ot ,q q,

Upipy (T, 2,1) =

B PnFpp (o) B A
Uppppa(Eat) = — 5 /0 Re [“Pf(v(taq))TPfPf(U(taQ))E(t,Q)] dg,
. 1
if th, <t <t and |SIm[y(to,0)]| < T
B PﬁFj; qo(t) B &y
quPf,x(x7Z7t) - _ — f/o Re 1'y(t,q)’]'pfpf(’y(t,q))a(t,q)] dg

PFi a7 ov
™ qo(t) - "

- PuFg, [o® 1 oy
Upspra(,2,t) = 3 /o Re pr('Y(tyQ))TPfPf(’Y(t,q))E(t’q):| dq
PuFy [n0 1 . w1
+ 2 /qo(t) e _HPf(U(t7Q)) PfPf(’U(t,q))E(t’q)} q,
) 1
if to <t <tp, and |SIm[y(to,0)]| < T

PoFL. o) 5
- HQPf/ Re [i')’(tvQ)TPfPf('Y(t7Q))a_Z(t7Q)] dq,
0

Uppra(@,2,t) = .

B pﬁF;:f qo(t) B ot
quPﬁZ(x,Z,t) - — ; Re Iin(’)’(t,q))Tpfpf(’y(t,q))E(t,q) dg,
. 1 _ 1
if th, <t and [Sm[y(to,0)]| < v or if to <t and |Sm[y(to,0)]| > %

and wp,p (2, 2,t) =0 else.

to denotes here the arrival time of the transmitted P fP f volume wave at point (x,0, z),

1 1 1 1 |z|
th, = h |— = — 2z | - + (32)
' Vlj' f2 V1121ax Vo f2 V1121ax Vinax

denotes the arrival time of the transmitted PfPf head wave at point (z,0, z),

2 2 2
h? + =z —hz(g—j+§—;)+m
tha = h oz

c1 co

(33)
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denotes the time after which there is no longer head wave at point (x,0, z), where

—5 — 55— and ca =
V+
Pf maX maX

The function qo : [to; +o0] — IR" is the reciprocal function of to : IRT w: [tg, +0o0],
where to(q) is the arrival time at point (z,0, z) of the fictitious transmitted P f P f volume
wave, propagating at a velocity V;ff(q) in the top layer and at velocity V;f(q) in the
bottom layer.

The function q : [t1; to] — IRT is defined by

®) 1 - \/ 1 1 h \/ 1 1 1
N\ =1 2 A2 T2 T T2 Y2 2 -
x VP f Vmax VP f Vmax Vmax

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

1 1/2 ) 1/2
f(%q,t)z—Z< — +w2> +h< 5 +72> + vz —t
fo (2) V;f (q)

whose real part is positive.
The function v : E1 U Ey +— C is tmplicitly defined as the only root of the function

) 1/2 . 1/2
f(v,q,t):—z( — +v2> +h< 3 +v2> + vz —t
VPf (9) fo (9)

such that Im [Oyv(t,q)] < 0, with

Elz{(t,q)EIRerlRJr\thl <t <ty and0<q<q0(t)}

and
By ={(t,q) € R" x IR" [ty <t <tp, and qo(t) < q < qi(t)}.

® Up pg iS the solid displacement of the transmitted PfPs wave and satisfies:

PLFL, o) v
pgona(2it) = =25 [T e [0t ) Togn(ott.0) G 1.0) |

™

PLFL, o O
uI;fPs,z(x’ z’t) — 12 2Pf /0 §Re |:/{PS(U(75,q))TPfPS(U(t,Q))a—(t, q>:| dq,

s t
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1

Zf thl <t <ty and |%’I’I’L [W(to,o)” < )
Vinax

— P12F qo(t) —. a,y
Upgpralozit) = = = [T [T 5 0| d

7)— ql(t) I aU
B 125°Pf / §Re 1U(t7q)TPfP3(rU(t7q))E(t7q):| d(b
q L

™ Jgow

P qo(t) 9
Upppas(®2,1) = 5 /0 Re n;sw,q))tfpfpswu,q))a—j(t,q)} g

™

7)— ql(t) I _ aU
o Pf/ Re ffpg(v(tvq))TPfPS(U(uq))E(t’q)} i
\ _

™ Jgow

if to <t <tp, and [Sm[y(ty,0)]| < ,
Vmax

,P— F+ qo(t) a
= / Re [iw, O Tpsps(1(t @) 51 Q)] .
0

u]_-"’fPsw(x’Z’t) == T

PLF qo(t) )
Upfps (T, 2,1) = 122Pf/0 Re [KPS(V(tvq))TPfPs(’Y(EQ))a_Z(taQ)} dq,

™

1
if th, <t and [Sm[y(to,0)]| <

or if to <t and |Sm[y(tp,0)] >

max Vmax

and wp,p (2, 2,t) =0 else.

to denotes here the arrival time of the transmitted P fPs volume wave at point (x,0, z),

— = = — (34)
Vit Vi
denotes the arrival time of the transmitted P fPs head wave at point (z,0, z),
2, .2 2
h? + =z —hz(i—j+§—;)+m
th, = — (35)

c1 [

denotes the time after which there is no longer head wave at point (x,0, z), where

—— and ¢y =
maX

The function qo : [to; +o0] — IR is the reciprocal function of to : IRT w: [tg, +0o0],
where to(q) is the arrival time at point (x,0, z) of the fictitious transmitted P f Ps volume
wave, propagating at a velocity V;;f(q) in the top layer and at velocity Vi (q) in the
bottom layer.
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The function q1 : [t1; to] — IRT is defined by

® L, [ 1, [ 1 1
ql g —_— ya — — - .
x? V5. Vidax Vil Vaw) Vi

The function v : {(t,q) € IRT x IR" |t > to(q)} — C is implicitly defined as the only

root of the function

) 1/2 . 1/2
f(’y,q,t)z—z( — +72> +h< 5 +ny> +iye —t
Ve (a) Vi (q)

whose real part is positive.
The function v : By U Ey — C is implicitly defined as the only root of the function

1 1/2 1 1/2
f(v,q,t)=—2< — +v2> +h< — +v2> + vz —t
VPS (Q) VPf (Q)

such that Im [0pv(t, q)] < 0, with

Ey={(t,q) € R" x IR" [t, <t <to and 0 < q < qo(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

® Upig is the solid displacement of the transmitted PfS wave and satisfies:

_ FJJﬂrf @) . _ Ov
Upsa(t:2:t) = ——5 ; Re [lv(f,Q)f@s (U(taQ))TPfS(U(t,Q))E(t,Q)} dq,
Ft, ra®) o

u];f&z(xazat) - ﬂ_igf 0 e |:(U2(t7q) + q2)TPfS(U(t7Q))E(t7Q):| dQ7
if th, <t <ty and |Sm[y(ty,0)]] < T
- FI‘D"f qo(t) ] 3 oy
Upg.(T:21) = — = Re [I’Y(taQ)’fs (’Y(t7Q))TPfS(’Y(taQ))E(EQ)] dq
F}JDr a(®) Ov
- / Re [0t )5 (0000 Togs 0(0.0) 57 00| o
d qo(t t
B qo(t ot
Upps (@ 2t) = 7T2 ; [ (t0) +¢*)Tprs(v(t: ) 5 (¢ q)} dg
}—;’rf ql(t Ov
+ t ,q) +q )T —(t,q ] dq,
7 S pys(v(t, @) 5. (t,9)
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1
Zf tO <t< thg and |%’I’I’I, [W(to,o)” < V. )
_ FJJDFf q0(t) ) _ oy
pgsalat) == [77Re fintans 600 Toss G0 g (.0)| o
Ft o raolt) Oy

u]_—"fS,Z(x7Z7t) = ﬂ_igf 0 Re |:(72(t7q) + q2)TPfS(fY(t7q))§(t7Q):| dq,
. 1 , 1
if thy <t and [Sm [y(to, 0)]] < 57— or if to <t and [Smy(to,0)]| > ;

and wp,q(x, 2,t) =0 else.

to denotes here the arrival time of the transmitted PfS volume wave at point (z,0, z),

]

- (36)
V];rfz n%ax IS max Vmax
denotes the arrival time of the transmitted PfS head wave at point (x,0, z),
2, .2 2
h* + =z —hz(g—j+§—;)+m
thy, = 2 (37)
o

denotes the time after which there is no longer head wave at point (x,0, z), where

1 Lo 1 1
=, |—5—>—andca=,|—5 — —5—.
Vi Vitax Vel Vi

The function qq : [to; +oc] — IR" is the reciprocal function of to : IRT +s: [tg, +00],
where to(q) is the arrival time at point (x,0, 2) of the fictitious transmitted P f.S volume
wave, propagating at a velocity V;f(q) in the top layer and at velocity Vg (q) in the
bottom layer.

The function q1 : [t1; to] — IRT is defined by

o L, 1 L, [ 1 1
alt)= |= z - - - - :
x 2 VS_ 2 VI?laX V;— f 2 V1121ax Vn21 ax

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

. 1/2 ) 1/2
f(’y,q,t)z—z( — +ny> +h< 5 +72> + iz —t
Vs (q) Vs (q)

whose real part is positive.
The function v : E1 U Ey +— C is tmplicitly defined as the only root of the function

1 1/2 . 1/2
J—“(v,q,t):—z< +v2> +h< +v2> + vz — ¢

Vs“() Vi)
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such that Im [Oyu(t, q)] < 0, with
B = {(t,q) EIRT x IRT |ty, <t <typand0 < q< qo(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

® Up ps 18 the solid displacement of the transmitted PsP f wave and satisfies:

-+
_PllFPs
7T2

a1 (t) v
[ e ot Transtotta) G 00| da

Upsp (T, 2, 1) =

_ PLFg, (2O _ A
uPst,z(x’Z’t) = %/0 §R6 |:I€Pf(v(t?q))TPSPf(U(t’q))E(t’Q):| dga
. 1
if th, <t <ty and |Sm[y(ty,0)]| < v
B P-Ft o) ) B
Upgpra(®2t) = — = /0 Re w(t,q)TPst(v(t,q))a—Z(M)] dg
PuFp / wh T v
- —4s Re |iv(t,q)Tpspr(v(t,q))—(t,q)| dq,
s [ e |10 0 Trar (0t 0) 5 1.0
_ PLEg, [©® T _ B
wppnnt) = P (TR i 0 00) Ty ) 5 00|

PLFS, (10 T s
o / Re npf<v<t,q))tfpspfw(t,q))g(t,q)] dg.
q L

T o(t)

1
Vmax '

\

if to <t <tp, and |Sm[y(ty,0)]| <

_ PLFE,

- o) T Ay
papgale2i0) = =205 [ e a0, Trarns 0 0) 51 0000

PLF,

uPst,z(x7Z7t) = 2 /0 Re |:"€Pf(7(t7Q))TPst(’Y(uQ))E(ta(J)} dq,

1

1
if th, <t and [Sm[y(to,0)]| < or if to <t and |Sm[y(tp,0)] >
Vinax Vinax
and up p,(z,2,t) =0 else.

to denotes here the arrival time of the transmitted PsP f volume wave at point (x,0, z),

¢ hy | — ! ! L | (38)
h _ —_— Z —
! V]_f,rs 2 Vn21ax VI; f 2 V1121ax Vmax
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denotes the arrival time of the transmitted PsP f head wave at point (z,0, z),

h? + 22 — hz (i—i—ki—;) + 22
thy = 3 - (39)

c1 [

denotes the time after which there is no longer head wave at point (x,0, z), where

3 el e = vz
VPS max VPf max

The function qo : [to; +oo] — IR" is the reciprocal function of to : IRT w: [tg, +00],
where to(q) is the arrival time at point (x,0, z) of the fictitious transmitted PsP f volume

wave, propagating at a velocity V;s(q) in the top layer and at velocity V;f(q) in the
bottom layer.

The function q : [t1; to] — IRT is defined by

" L, [T | 1 1
at)=|=|t+=2 — - — -
x? Vo' Vidax V2 Vidax Viax

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

. 1/2 . 1/2
f(%q,t)z—z< — +w2> +h< > +72> +iyx —t
Vps (9) Vi, (q)

whose real part is positive.
The function v : By U Ey — C is implicitly defined as the only root of the function

) 1/2 ) 1/2
J—“(v,q,t):—z< — +v2> +h< — +v2> + vz —t
VPf (q) Vps (q)

such that Im [0yv(t, q)] < 0, with

Ey={(t,q) € R" x IR" [t, <t <to and 0 < q < qo(t)}

and
Ey={(t,q) € R" x R" |to <t <tp, and qo(t) <q<q(t)}.

e U, p, 15 the solid displacement of the transmitted PsPs wave and satisfies:

_ PRFs, [a® ) ov
uPsPs,a:(x7 Zy t) = _% /0 Re |:1 U(t7 q)TPSPS (U(t7 Q))E (ta Q):| dQ7

PLFY,

_ a(®) _ ov
uPsPs,z(x7 Z7t) = . /0 §R€ [ﬂps(v(t7q))TP8P8(U(tv q))a(ta q):| dq7

T2
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if th, <t <ty and |Sm[y(ty,0)]| < Vriax,
e = = P2 [ [t 0Tt ) 200 d
- P%Tilfs /q :(lt(:) Re :iv(t, Q)Tpsps(v(tﬂ))%(tm] dg,
ezt = P " 0 T ) 500 g

PLFL [a® 1 v
w PP [ e [ (olt. ) Toers(o0,0) 5 (0.0
q L

\ ™ Joo)

if to <t <tp, and [Sm[y(ty,0)]| <

7
Vmax

B PLFL [0 ) B
uPsPs,x(x’Z’t) = _M/O Re |:17(t’Q)TPSPS(V(t’Q))a_’Z(taQ):| dq,

T2

PREg, [0 _ B
uPsPs,z(x’ s t) - % /0 e |:'L€Ps (W(t’ q))TPSPS (W(ta Q))a_z (t, Q):| dq,
. 1 . 1
if thy, < t and |Sm[y(t,0)]| < v orif to <t and |Sm[y(tp,0)]] > %

and wp p(z,2,t) = 0 else.

to denotes here the arrival time of the transmitted PsPs volume wave at point (x,0, z),

|l“|
hy| =2 (40)
V]_f,rs 2 max V ~2 max Vmax

denotes the arrival time of the transmitted PsPs head wave at point (x,0, z),

2, .2 2

h* + z —hz(i—f—l—i—;)—l—x
th? - h z
e

(41)

denotes the time after which there is no longer head wave at point (x,0, z), where

and ¢y =
— V2 \l v —) V2
[/Ijs max max

The function qo : [to; +oo] — IR" is the reciprocal function of to : IRT +: [tg, +0o0],
where to(q) is the arrival time at point (x,0,z) of the fictitious transmitted PsPs volume
wave, propagating at a velocity V;Fs(q) in the top layer and at velocity Vi (q) in the
bottom layer.

Cl =
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The function q1 : [t1; to] — IRT is defined by

2
1 1 1 1 1 1
alt) = J 22 (H Z\/v;j VR h\/v;j N vn%ax> V2

The function v : {(t,q) € IRT x IR |t > to(q)} — C is implicitly defined as the only
root of the function

) 1/2 ) 1/2
f(%q,t)z—z< — +w2> +h< . +72> +iyr —t
VPS (q) V]—-i’_s (q)

whose real part is positive.
The function v : By U Ey — C is implicitly defined as the only root of the function

) 1/2 ) 1/2
J—“(v,q,t):—z< — +v2> +h< — +v2> +ivr —t

such that Im [Oyv(t,q)] < 0, with

Elz{(t,q)EIRerlRﬂthl <t <ty and0<q<q0(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

Up.g @5 the solid displacement of the transmitted PsS wave and satisfies:

B F;_ ql(t) . - av
Upyg (T, 2,1) = — 7728/0 Re [lv(t,Q)%s (v(t,Q))Tpss(v(t,Q))a(t,Q)} dq,
_ Ff oa® O
uPsS,z(x’Z’t) = 758 A Re |:(U2(t’Q) + QQ)TPSS(U(t’Q))E(taQ)] dq,
1
ifthl <t S 750 and |%’I’I’L [W(to,o)” < V. )
Fp, [0 T, _ 9
tpasilent) = = [T e s () Tous () G 0| d
rgoroe® ) _ ov
— s [ e [iwtt ) (00t @) Toss (0l 0) 22 qﬂ dg,
m qo(t) L ot
_ Fhoofo® 1 )
Upgs,o(T,2,1) = =4 /O Re (’YQ(t#ﬁ+q2)TPsS(’Y(t7Q))3—Z(taQ)} dq
Ft q1(t) r v
+ %/ Re (UQ(t7Q)+q2)TPsS(U(t7Q))_(t7Q)] dg,
T Jao(t) L ot
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1
if to <t <tp, and |Sm[y(tg,0)]] < T
B Ft  ral) ) B bl
paslnt) = =2 [ Re it 05 (00 Trustr 6. ) 5 00| da
- Ft qo(t) 0
paso(0.200) = Tt [ e [07(0.0) 4 ) Trasla0) 5 0.0) o
. 1 . 1
if thy <t and [Sm [y(to, 0)]] < 57— or if to <t and [Smy(to,0)]| >

and up o(z,2,t) = 0 else.

to denotes here the arrival time of the transmitted PsS volume wave at point (z,0, z),

—5 - (42)
Vi? Vi
denotes the arrival time of the transmitted PsS head wave at point (x,0, z),
2 2 2
h* + z —hz(i—f—ki—;)—kx
thy = 2 (43)

c1 co

denotes the time after which there is no longer head wave at point (x,0, z), where

. d
=\ g and e = Ve
VPE":S Vmax Vmax

The function qq : [to; +oc] — IR" is the reciprocal function of ty : IRT +s: [tg, +00],
where to(q) is the arrival time at point (,0,2) of the fictitious transmitted PsS volume
wave, propagating at a velocity Vi (q) in the top layer and at velocity Vg (q) in the
bottom layer.

The function q1 : [t1; to] — IRT is defined by

2
1 1 1 1 1 1
alt) = P(HZ\/ Ve vn%ax‘h\/ Vi vn%ax> V2.

The function v : {(t,q) € IRT x IR" |t > to(q)} — C is implicitly defined as the only
root of the function

) 1/2 . 1/2
f(’y,q,t)z—z( — +72> +h< > +72> + iz —t
Vs~ (q) Vi, (q)

whose real part is positive.
The function v : E1 U Ey +— C is tmplicitly defined as the only root of the function

) 1/2 ) 1/2
f(%q,t):—z( — +v2> +h< — +v2> + vz —t
Vs () Ve, ()
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such that Im [Oyu(t, q)] < 0, with
B = {(t,q) EIRT x IRT |ty, <t <typand0 < q< qo(t)}

and
By ={(t,q) € R" x IR" [tg <t <tp, and qo(t) < q < qi(t)}.

Remark 2.1. For the practical computations of the velocities, we won’t have to explicitly
compute the derivatives of the displacement u, which would be rather tedious, since

d
d—zz*f:u*f’.

Therefore, we’ll only have to compute the derivative of the source function f.

3 Numerical illustration

To illustrate our results, we have computed the green function and the analytical solution to
the following problem: we consider an two-layered poroelastic medium whose characteristic
coefficients are

e the solid density: pi = 2200 kg/m? and p; = 2650 kg/m?;
e the fluid density: p}T = 950 kg/m? and p; = T50 kg/m3 ;

e the porosity: ¢7 = 0.4 and ¢~ = 0.2 ;

e the tortuosity: a™ =2 and a= = 2;

e the solid bulk modulus: K} = 6.9 GPa and K, = 37 GPa;

e the fluid bulk modulus: K;{ = 2 GPa and K]? = 1.7 GPa;

e the frame bulk modulus: Kgr = 6.7 GPa and K, = 2.2 GPa;
e the frame shear modulus p™ = 3 GPa and u~ = 4.4 GPa;
so that the celerity of the waves in the poroelastic medium are:

e for the fast P wave, V;f = 2692 m/s and Vp, = 2535 m/s;

e for the slow P wave, V3, = 1186 m/s and Vj, = 744 m/s;
e for the ¢ wave, V' = 1409 m/s and Vg = 1415 m/s.

The source is located in the top layer, at 500 m from the interface. We used two types of
sources in space: the first one is a bulk source such that f, = f, = —10'° and fp = 0; the
second one is a pressure source such that f, = f,, = 0 and f, = 1. In each case we used a
fourth derivative of a Gaussian of dominant frequency fy = 15 Hz:

2 1\?2 7t 1\*
v (1o ) g (- 7)

71.2

f(t):2f_02
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for the source in time. We compute the solution at two receivers, the first one is in the upper
layer, at 533 m from the interface; the second one is in the bottom layer, at 533 m from
the interface; both are located on a vertical line at 400 m from the source (see Fig. B). We
represent the z component of the green function associated to the solid displacement from
t=0tot=1.4sin Fig. B for the bulk source and in Fig. @ for the pressure source. In Figs.
and [d we plot the solid displacement. The left pictures represents the solution at receiver 1
while the right pictures represents the solution at receiver 2. As all the types of waves are
computed independently, it is easy to distinguish all of them, as it is indicated in the figures.
solution.

Receiver 1
Source 1
400 m
Q—f—
500 m 533 m
O 533 m
[ ]
Receiver 2

Figure 3: Configuration of the experiment

[
S)

o kB N W A O O N ® ©

L L L L
0 0.2 0.4 0.6 0.8 1 12

o

Figure 4: The z component of the green function associated to the displacement at receiver
1 (left picture) and 2 (right picture), in the case of a bulk source
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x10° x10°

* "~ PsPf )
8 Pf & —_— 4 4+
6 \ PfPs : t PfPf PsS PfPs
i LS | PR | j

1 /plp \ 1 PfS/T 7
fPf PsPs PsPf PsPs

0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1 12 1.4
t t

Figure 5: The z component of the displacement at receiver 1 (left picture) and 2 (right picture)
in the case of a bulk source.

x10°

PfPf _PfS  ,
MU

PsPs|

- L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 12 14
t t

Figure 6: The z component of the green function associated to the displacement at receiver
1 (left picture) and 2 (right picture) in the case of a pressure source.

i Pskff—> , ) P;Pf
Pf PfPs PsS
. W n— - I =
\
/ ] \ ' / PfPs|
-« ps DIPf Psbs 2 Pfs PsPs—

t t

Figure 7: The z component of the displacement at receiver 1 (left picture) and 2 (right picture)
in the case of a pressure source.
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