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Solution analytique pour la propagation d’ondes en milieu
poroélastique stratifié. Partie I : en dimension 2

Résumé : Nous nous intéressons a la modélisation de la propagation d’ondes dans les milieux
infinis bicouches poroélastiques. Nous considérons ici le modele bi-phasique de Biot. Cette
partie est consacrée au calcul de la solution analytique en dimension deux a l’aide de la
technique de Cagniard-De Hoop. Les solutions que nous présentons ici ont été utilisés pour
la validation de codes numériques.

Mots-clés : Modele de Biot, ondes poroélastiques, solution analytique, technique de
Cagniard de Hoop.
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Introduction

Many seismic materials cannot only be considered as solid materials. They are often porous
media, i.e. media made of a solid fully saturated with a fluid: there are solid media perforated
by a multitude of small holes (called pores) filled with a fluid. It is in particular often the
case of the oil reservoirs. It is clear that the analysis of results by seismic methods of the
exploration of such media must take to account the fact that a wave being propagated in such
a medium meets a succession of phases solid and fluid: we speak about poroelastic media,
and the more commonly used model is the Biot’s model [II, 2, 3.

When the wavelength is large in comparison with the size of the pores, rather than regarding
such a medium as an heterogeneous medium, it is legitimate to use, at least locally, the theory
of homogeneization [, [12]. This leads to the Biot’s model [} 2, B] which involves as unknown
not only the displacement field in the solid but also the displacement field in the fluid. The
principal characteristic of this model is that in addition to the classical P and S waves in a
solid one observes a P “slow” wave, which we could also call a “fluid” wave: the denomination
“slow wave” refers to the fact that in practical applications, it is slower (and probably much
slower) than the other two waves.

The computation of analytical solutions for wave propagation in poroelastic media is of high
importance for the validation of numerical computational codes or for a better understanding
of the reflexion/transmission properties of the media. Cagniard-de Hoop method [B, [ is a
useful tool to obtain such solutions and permits to compute each type of waves (P wave, S
wave, head wave...) independently. Although it was originally dedicated to the solution to
elastodynamic wave propagation, it can be applied to any transient wave propagation prob-
lem in stratified medium. However, as far as we know, few works have been dedicated to the
application of this method to poroelastic medium. In [I1] the analytical solution to poroelas-
tic wave propagation in an homogeneous 2D medium is provided.

In order to validate computational codes of wave propagation in poroelastic media, we have
implemented the codes Gar6more 2D [9] and Gar6more 3D [I0] which provide the complete
solution (reflected and transmitted waves) of the propagation of wave in stratified 2D or
3D media composed of acoustic/acoustic, acoustic/elastic, acoustic/poroelastic or poroelas-
tic/poroelastic layers. The codes are freely downloadable at
http://www.spice-rtn.org/library/software/Garémore2lD
and
http://www.spice-rtn.org/library/software/Gar6more3l.

We will focus in this paper on the 2D poroelastic case, the 2D acoustic/poroelastic case
is detailed in [8] and the three dimensional cases will be the object of forthcoming papers.
The outline of the paper is as follows: we first present the model problem we want to solve
and derive the Green problem from it (section 1). Then we present the analytical solution to
the wave propagation problem in a two-layered 2D poroelastic (section 2). Finally we show
how the analytical solution can be used to validate a numerical code (section 3).

RR n°® 6591
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1 The model problem

We consider an infinite two dimensional medium (2 = R?) composed of two homogeneous
poroelastic layers Q7 = Rx] — 00,0] and 2~ = R X [0, +oo| separated by an horizontal
interface I' (see Fig. [Ml). We first describe the equations in the two layers (§LI) and the
transmission conditions on the interface I' (§L2), then we present the Green problem from
which we compute the analytical solution (§L3)).

First Layer
Ot

Second Layer

Figure 1: Configuration of the study

1.1 Poroelastic equations

We consider the second-order formulation of the poroelastic equations [II 2, B:

([ pUs+p; W -V-2=F,, in Q2x]0, 7],
prs+pr+%W+VP:Fw, in 0x]0, 7],
=AMV -UsIy+2ue(Us) — P I, in Qx]0,T7,

1
—P+pV-U;+V-W=F, in Qx]0,77,
Us(z,0) =0, W(z,0) =0, in €,
Us,(z,0) =0, W(z,0) =0, in 0,

with

2
o).
(V.-%); = Z a—” Vi=1,2. Asusual I is the identity matrix of Mo (IR),
~
j=1 "

and e(U) is the solid strain tensor defined by:

1 /ou; | oU;
call) =5 (axj * axi> '

INRIA
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In (), the unknowns are:

U, the displacement field of solid particles;

W = ¢(U; — U,), the relative displacement, U ¢ being the displacement field of fluid
particles and ¢ the porosity;

P, the fluid pressure;

Y., the solid stress tensor.
The parameters describing the physical properties of the medium are given by:

o p=0¢ps+ (1 —¢)ps is the overall density of the saturated medium, with p, the density
of the solid and py the density of the fluid;

® py = aps/¢, where a is the tortuosity of the solid matrix;

e IC = k/n, where k is the permeability of the solid matrix and 7 is the viscosity of the
fluid;

e m and (3 are positive physical coefficients: § =1— K;/Kj
and m = [¢p/Ky + (8 — ¢)/K,]"", where K is the bulk modulus of the solid, Ky is the
bulk modulus of the fluid and K} is the frame bulk modulus;

e 4 is the frame shear modulus, and A = Kj — 2p/3 is the Lamé constant.

e F,, F, and F), are the force densities.

To simplify this study, we consider only the case of a compression source

Fu(x7y7t) = fuv(ém 5y7h) f(t) and Fw(x7y7t) = fwv((sm 5y7h) f(t)

and a pressure source F, = f,0, 6y—p, f(t), where f,, f,, and f, are constant and f is a regular
function source in time. We can generalize this approach for other types of punctual sources
such as for instance

Fu= £,V X (6,6,_) f(t) and Fyy = £V x (820,_1) £(2).

RR n°® 6591
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1.2 Transmission conditions

Let n be the unitary normal vector of I' outwardly directed to €2~. The transmission condi-
tions on the interface I" between the two poroelastic medium are [6]:

U;=Uy;,
WT.n=W.n,
Pt =p- @)

Stn=Y"n.

1.3 The Green problem

We won’t compute directly the solution to () but the solution to the following Green problem:

pit + pf vt - Voot = f,V(6,0,0)0,  in QFx]0, T, (3a)

1
p}t ’U;;t + pi ’l'l')i + H ’lbi + Vpi = fwv((sar 5y7h)5t7 in QiX]O,TL (3b)
ot = MV uf I + 2ute(ul) — g pT I,  in QFx]0,7T], (3c)

1

Hpi +EV uf +VowE = £,6,0,5 f(t),  in QFx]0,T], (3d)
u; =u",  onI'x]0,T] (3e)
w™-n=w'-n, onIx]0,T] (3f)
p~-=p",  onI'x]0,T] (3g)
c n=0"n, onIx]0,T]. (3h)

The solution to () is then computed from the solution to the Green Problem thanks to a
convolution by the source function. For instance we have:

P (x,y,t) =p"(x,y,.) x f(.) = / p(x,y,7)f(t —7)dr
0

(we have similar relations for the other unknowns). We also suppose that the poroelastic
medium is non dissipative, i.e the viscosity n* = 0. Using the equations (BdBd) we can
eliminate o* and p* in @) and we obtain the equivalent system:

prat + pjf Wt — ot V(V-ub) + pt V x (V x ul) = m*BEV(V - wt)
- (fu - B+m+fp)v(5x 5y7h) Ot (4)
pr AT+ pi o™ — mEBEV(V-uf) - mEV(V-wF) = (fu —m" )V (02 6y-1) 5,

with o™ = A7 +2u~ + m_B_Q.

INRIA
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And the transmission conditions on I' are rewritten as:

+ _ —
us:v_us:v’

+ _ —
Ugy = Ugy,

—

wy —U)y,

mtprvVouf +m*V.wt=m " V-u, +m V.-w", (5)

MJr(ayu:m + a:ru;ry) =u (ayu;x + amu;y),

A~ +mt BV ud + 2ut Opufy, +mT ATV wt =

[ (A + m=B )V ug + 2 Oyug, +m~ BV w.
We split the displacement fields usi and w* on irrotational and isovolumic fields (P-wave and

S-wave):
uf=ve; +Vx Ut wt=vel4+vxul (6)

We can then rewrite system (Hl) in the following form:

(

AtOT — BTAOT = 4,0, 16 F, in QT x]0,T]
A0~ —B~AO =0, in Q= x]0,T]
b - vEARE =0, in OFx]0, 7] (7)
ot
e in Q*x]0, 7]
Pw
where ©F = (0;,0,), F = (fu — Btm™* £, fu —m* f,)!, AT and B* are 2 x 2 symmetrical
matrices:
. < ,Oi p]jf ) . ( )\i+2,ui+mi(ﬁi)2 miﬂi )
A+ = ; BT = ,
i g -
and

is the S-wave velocity.

We multiply the first (resp. the second) equation of system () by the inverse of AT (resp.
A7). The matrix AT 'BT (resp. A~ 'B7) is diagonalizable: AT 'B* = pEpEpEl
where P* is the change-of-coordinates matrix, D = diag(V]fo, VIfSQ) is the diagonal matrix
similar to Ai_lBi, V;Ef and V;ES are respectively the fast P-wave velocity and the slow P-
wave velocity (Va, < Vl;j.[f).

Using the change of variables

-1
OF = (05, p,) =P OF, (8)

RR n°® 6591
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we obtain the uncoupled system on fast P-waves, slow P-waves and S-waves:

with F* = (AYPH)~LF = (Ff ., F7 ).

P Ps

Finally, we obtain the Green problem equivalent to ([B):

(

5+ +2APpt —
QL -V AP =0

b~V PA®; =0, ic{Pf, Ps, S}

B(05,. 0, 0%, 05 05, 85) =0,

Ot — DTA®T = §,6,_,0; FT, in QT x]0,T]

d~ —D-ADP™ =0, in Q= x]0, 7]

b —vEauE — o, in Q% x]0,7
o

e in Q*x]0, 7]
Pw

bt —VIPADF = 6,6, 40, F;, i€ {Pf,Ps} y>0

y>0
y <0

y=0

where we have set <I>25 = W in order to have similar notations for the Pf, Ps and S waves.

The operator B represents the transmission conditions on I':

[ 77{"1 Oy 77{"2 Oy Oy —P11 O
PO, Piho, -0y —P11 Oy
+
+ + Py -
P31 0y Pay Oy p—+<9:r — P31 0y
B B 0 Bay
Bs1 Bsy pt(95,—02,)  Bs
L Be1  Be2 —2ut 03, Be

—P12 0
~P12 9y

—Pa3 Oy
Bas

Bss
Bes

—p (agy - a%a:)

2,u_(9§y

INRIA
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where PU, i,j = 1,2 are the components of the change-of-coordinates matrix P+ and

mt (6P, +Py))

— 2 . _ 22 2,
841 = Vlj_fg 8tt 3 ‘842 - V;_SQ atta
B44 - _m (ﬂ P7112+ PQI) 815215 ) 845 = = (ﬂ Pi22+ P22) 815225’

VPf VPS
851 - 2M+P1+1 a:z:y ) 852 - 21UJ+’]31+2 a:z:y ) ‘854 - —2,[1, Pll amy ) 855 - —2,& P12 amya
(AT + m+5+2)p+ mTETPS )
861 = V+ 2 218 2 +Pfr18yy;
+ +3+2 + + 3+
662 _ ()\ +m /8 )PQ +m /8 P22 82 +2M+P+8§y’
Ve,
864 _ ()\ +m /8 )P121 +m /8 le at2t + 2‘“7731_185?4’
ng
Bes = (A~ +m” B~ ‘17_)122 +m Py O + 2 P2,
Ps

To obtain this operator we have used the transmission conditions (), the change of variables

@)-@®) and the uncoupled system (@).

+

ps and <I>i we can determine the solid displacement

Moreover, from the unknowns ®% P S
u¥ and the relative displacement w® by using the change of variables presented below.
2 Expression of the analytical solution

To state our results, we need the following notations and definitions:

1. Definition of the complex square root. For ¢ € C\IR™, we use the following
definition of the square root g(q) = ¢*/%:

g(@)?=q and Re[g(q)] > 0.

The branch cut of g(¢) in the complex plane will thus be the half-line defined by {q €
IR™} (see Fig. B). In the following, we use the abuse of notation g(q) = i,/—¢q for
geR™.

2. Definition of the functions Iiii. For i € {Pf,Ps,S} and q € C, we define the

functions 12
W= ntg) = [+ a?)
vE

RR n°® 6591
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Figure 2: Definition of the function z — (z)/?

3. Definition of the reflection and transmission coefficients. For a given ¢ € C, we
denote by Rpspyr(q), Rrrps(q), Rrss(q), Trrpy(q), Tpyps(q), and Tpys(q) the solution

to the linear system

iqu‘l
Rprrs(q) ,in( )PH
R S
PfP (9) _Kpf(q)P;E
Al Rpyrs(a) 1 S
' T2k (Vi (BT P} +P3)
Tprpf(q) 2m$f(q)V;f ;fQ 11 21
Tpsps(q) 2 qut i (a) P
A+ mt AP £ m TP
| Tpys(q) ( )+121 5 om0
i Vs

and by Rpspf(q); Rrsps(q), Rrss(q), Trsps(q), Trsps(q) and Tpss(q) the solution to

the linear system

] _ [ PPy}
Rpspr(q) ik ()P
Rpsps(q) kb ()P

Ala) st = % —m—+(ﬁ+73+ +P)

Tpspr(q) 265, (Q)Vp, 13;2 e
Tpsrs(q) 2qu* "ips( )P12

| Tas(a) (* + m+g+2v>7§2 PR st Pt (a)

- Ps

INRIA
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11

where the matrix A(q) is defined for ¢ € C by:

[ —igPy; —iqPr, —kg(q) iqPr iqPp
—kp (P, —rp Q)P iq —kp (P —Kpy(0) Py
+
Alg) = ~ip@Ps —Rp@Ph Sk —hp(@OPy —Rp(0)Pr
Ax1(q) As2(q) 0 Aua(q) Auss(q)
As1(q) As2(q) As3(q) Asa(q) Ass(q)
Ag1(q) Ag2(q) —2igutrl(q) Ae4(q) Aes(q)
with
m iy + m ot +
Aulg) = 12 (BTPL+PH] Aw(e) = 2 (3P, + P 5
Pf Ps
Aulg) = -8 Ph+Pal; Awsl@) = ——— [P+ Pl
Pf Ps
As1(q) = 2iqn+ff}tf(Q)771+1; Asa(q) = 2iqutrb(@)Plh; Ass(q) =
Asa(q) = 2dqu rpp(Q)Pr; Ass(q) = 2iqu rkp(q)Pr; Ass(q) =
AT +mt TP + mT Py
A () = S LA PP oyt )P
Pf
A+ mtstHPE + mt st P,
Asalg) = 2P V)+ NP | oyt it (@) P
Ps
A +m B )P +m B Py o _
A64(Q) — _( m B ‘/)7_121 m 6 21 —2,U, H:PfQ(q)/Pll;
Pf
A +m B P, —m B Py, o ~
Aes(q) —_( m_p ;122 m_p” by +2u RPSQ(Q)PQ.
Ps

We also denote by Vj,.x the greatest velocity in the medium:

Vinax = max(Vi, Vi Vi, Vi Vi, Vi)

We can now present the expression of the solution to the Green Problem:

Theorem 2.1. The solid displacement in the top medium is given by

with

RR n°® 6591
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vt
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2
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and the solid displacement in the bottom medium is given by

t
u, (x,y,t) =/ v (x,y,7)dr
0

with
-+ + + + + +
V =Vppy tVpsps tVpyrs+Vpepyr+ Vpeps + Vpyg:

where
o VIJSf is the velocity of the incident Pf wave and satisfies:
PfrlF};Lf tx
V;fQ QWT\/tQ—tg’
PR t(y—h)

2 I
Vi, 2/t — 1

VJISf(x,y,t) =0. else

V]J;f7$($,y,t) ==

ift > tg

V;f7y(x7 Y, t) =

We set here v = (2% + (y — h)?)Y/2 and ty = T/Vlj_f denotes the arrival time of the
incident Pf wave.

o I/IJSS is the velocity of the incident Ps wave and satisfies:

PEF;S tx
V;;Q 27?7“\/t2—t37

2 /79 12

vi,(z,y,t) = 0. else

Vi o(®y,t) =

V;57y(x7 y? t) =
We set here r = (2% + (y — h)*)Y/2 and ty = r/Vg, denotes the arrival time of the

ncident Ps wave.

o VIJSfPf is the velocity of the reflected PfPf wave (the Pf reflected wave generated by
the Pf incident wave) and satisfies:

S [10()r (V) Rpspr(v(1))]
V;fPfx(x7y7t) = \/W ,Pf_lFI—D’—f? vt
b ﬂ- —
; 0 z’fth<t§t0andf>vﬁ
Sm [“T:f (U(t))RPfPf(U(t))] " Vmax
v (x,y,t) = PHLES
PrPfy\T Y N r— ntpy:

INRIA
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We set here v = (2% + (y + h)?)Y/2 and ty = T/V;f denotes the arrival time of the

V;fpf@(xa Y, t) = -

V]J—"rfPf7y(x>y>t) =

ngf(:v,y,t) =0.

Re [i’y(t)lijgf(W(t))RPfPf(’V(t))]

NG

Re [ﬂ;fQ(’Y(t))RPfPf('Y(t))}

reflected PfP f volume wave,

denotes the arrival time of the reflected PfPf head wave and the complex functions

th:(y—i-h)

T\ /t2 — 13

PhFsp

1 1 ||
+2 2 T V.
VPf max max

v:=v(t) and v := 7(t) are defined by

and

o VJlngs is the velocity of the reflected PfPs wave and satisfies:

t)}

VJISfPs(x,y,t) =0.

Here ty denotes the arrival time of the reflected P fPs wave (its calculation is similar
to the calculation of the arrival time of the transmitted wave, see the appendiz of [8])

RR n°® 6591

V;fps7x(x7 Y, t) =
V;fp&y(x’y’t) = -

V;fP57x(x7 y? t) =

V;fps,y(x7 y7 t) =

PhF

s

PlsFp;

PLEY,

PLE

Re

Re

Re |i

Re

t2

2 42
T fo

iv(t)Rpsps(v(t))

fort, <t <ty and x <0,

fort, <t <ty and x >0,

dv
!

)

+ ot
Pl Fpy,
ift > tg

else

for t > tg.

ifty, <t<to

and |SIm (v(tg))]| >

if t > tg

else

1

max
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and ty, denotes the arrival time of the PfPs head wave:

1 ||
VP+3 2 Vn21ax Vlj— f 2 V1121ax Vmax ‘

For ty, <t < tg, the function v(t) is implicitly defined as the only root of

) 1/2 ) 1/2
qG(Cn—>.7-"(q,t):y< — 2) +h< — 2) + iqx —t,
VPS VPf

du(t)

such that Sm <x ) <0.

Fort > tg, the functzon ~(t) is defined as the only root of ¢ € C — F(q,t) whose real
part is positive.

VJIng is the velocity of the reflected PfS wave and satisfies:

Fy d
pslont) = = =ERe [RECOResOV G O] i, <i <4,

1

max

Ft v and |Sm (v(tg))] >
sy 000) = ~EERe |10l Rers(0(0) 5 1) 0

\

sl t) = ~—EERe [ O)R a0 0) 1 0]
if t >t
Fi d
. 2
vpsylont) = LR [i9O0Rags00) 0]
VJIQfS(:c,y,t) = 0. else

Here to denotes the arrival time of the reflected PfS wave and tj, denotes the arrival
time of the reflected PfS head wave:

1 1 1 1 ||
Vit Vi Ve Ve Vi

th:y

For tj, <t <tg, the function v(t) is implicitly defined as the only root of

. 1/2 ) 1/2
qe(Cn—>.7-"(q,t):y<j+q2> +h< +2+q2> +iqx — t,
Vs Vps
such that Sm <xdv(t)) <0.

For t > tg, the function ~(t) is defined as the only root of ¢ € C +— F(q,t) whose real
part 1s positive.

INRIA
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o VIJSst is the velocity of the reflected PsP f wave and satisfies:

( PhLFS [ dv
+ _ 11+ Ps :
Vpspfa(® Y1) = ———=He i U(t)RPst(U(t))E(t)] , ifty <t<tg
1
PHES, [ duv and |Sm (v(tg))| >
| Vepaf00) = = PR [ (00 R (0(0) 7 1) Vines
( 7)+ Ft ‘. d")/
V}—L_st,x(x7y7t) = _%%e IV(t)RPst(V(t))E(t)] )
) if t > tg
+ Pf—lFl—:”—s + d,y
\ Vpspyy(T:Yt) = —Tifﬁe fipf(’Y(t))RPst(’Y(t))E(t) )
VJISst(x,y,t) =0. else
Here to denotes the arrival time of the reflected PsPf wave and t;, denotes the arrival
time of the reflected PsPf head wave:
th =Y - - |$| .
V;r f2 Vr121ax V;,;Q Vr121ax Vmax
For ty, <t <tg, the function v(t) is implicitly defined as the only root of
. 1/2 ) 1/2
g€ C Flq,t) :y< — +q2> +h< 3 +q2> +iqx — t,
VPf VPs
such that Sm <xd2—y)) <0.
For t > tg, the function (t) is defined as the only root of ¢ € C +— F(q,t) whose real
part 1s positive.
o VJISSPS 1s the velocity of the reflected PsPs wave and satisfies:
Sm [iv(t)/fjg (U(t))RPSPS(U(t))]
VI—L_sPs,:v(x’ Y t) = ﬂ_i/m ,PIFQF;S’ VJF
) 0 z‘fth<t§toandf>vﬁ
. Sm |1h, W) Rpaps(0®)] o Vmax
| VPsPs,y(x7 Y t) = T t% — 2 P12FPS’
ot (z,y,t) = _%e [i V(t)’%jgs('Y(t))RP8PS(7(t))] ptpt
PsPs,x\*"» > W\/W 12+ Ps»
9 if t > tg
. Re |15, (VO Rpars )]
Vpsps (.%', Y t) == PlQFPs’
VJ]SS(x,y,t) =0. else
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We set here r = (2% + (y + h)*)Y? and ty = r/Vg, denotes the arrival time of the
reflected PsPs volume wave,

1 1 T
th = (y + h) V2 + V” ‘
Pf max max

denotes the arrival time of the reflected PsPs head wave and the complex functions
v:=v(t) and v := 7(t) are defined by

h 12 t
o) = —i [ LE — -+ = fort, <t <ty and x < 0,
r Vljs T r
h 1 t2 t
U(t):i<y+ 2__2_”6—2> fort, <t <ty and = >0,
T Ve T T
Ps
and
L +h |t? 1
W(t):—1—2t—i—y — — —— Jfort>to.
r T T V]js

o VJISSS is the velocity of the reflected PsS wave and satisfies:

+ g, + dv
Vp857$(x7y7t) = —T%e Kgs (U(t))RPsS(U(t))E(t) ) if t, <t<to
1

max

+ v and |Sm (v(tg))| >
| Ve 08) = 2R [F0(OR s (0(8) 1 1) °

.
hasalnt) = ~TERe [ GOR s () 0]
Pt g if t >t
s o) = LR [19(0R s () 0]
I/J]SSS(x,y,t) =0. else

Here to denotes the arrival time of the reflected PsS wave and tj, denotes the arrival
time of the reflected PsS head wave:

. 1 Lo, Lo, ||
= y — —_ .
P VEE VEe  \viE Vi Vi

For tj, <t <tg, the function v(t) is implicitly defined as the only root of

. 1/2 ) 1/2
qeC—F(gt)=y|—+d]| +h s+¢° | +igr—t,
Vs Ve,

such that Sm <xdv(t)) <0.

For t > tg, the function ~(t) is defined as the only root of ¢ € C +— F(q,t) whose real
part is positive.

INRIA



Analytical solution 17

® Vpipy is the velocity of the transmitted P fP f wave (the Pf transmitted wave generated
by the Pf incident wave) and satisfies:
( — t
_ PuFpy
fopf,x(xyyyt) = -

Re [iv(t)Tprf(U(t))%(t)] 5 ifty, <t <ty
1

PrFg;

™

max

- do and |Sm (v(tg))] >
Vprppy(@:y,t) = ,

Re i (00 Togs 010) 5 )

PuFp; . d
Va0 0) = =R 90Ty (0 (0) 0]
ift >t

PrFg;

Vg 1300:0) = R o (0 (0) T 00) 1 0]

V]Sfpf(x,y,t) =0. else

Here to denotes the arrival time of the transmitted PfPf wave and t, denotes the
arrival time of the transmitted PfPf head wave:

. 1 Lo, [t L, ||
h=7"Y —2 2 2 V2 :
VP f Vmax Vlj’_ f Vmax Vmax

For ty, <t < tg, the function v(t) is implicitly defined as the only root of

) 1/2 ) 1/2
quHf(q,t):—y< 2+q2> +h< +2+r12> +igqr —t,
Pf VPf

such that Sm <xd1:l—gf)) <0.

For t > tg, the function (t) is defined as the only root of ¢ € C +— F(q,t) whose real
part is positive.

® Vpips iS the velocity of the transmitted PfPs wave and satisfies:

_ 731_2F13Lf . dv
VPfPSJ(x,y,t) = —T%e I’U(t)Tpfps(’U(t))E(t) , ifty <t<t
1
- PrFg; - dv and |Sm (v(to))| >
VPfPs,y(m’y’t) = Re 'KLPS(U(t))TPfPS(U(t))E(t) ) max
( -t
_ P Fp . dry
Vgl t) = =R (0T (1(0) 0]
ift > tg
_ 7)1_2F]j; _ dry
Vi gpagl@1:6) = 2R [, (0T 0 0) 1 0)].
Vpips(T,y,t) = 0. else
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Here tg denotes the arrival time of the transmitted P f Ps wave and ty, denotes the arrival
time of the transmitted P fPs head wave:

. \/ 1 Lo, [t L, ||
h="Y 2 T 12 2 T 12 :
VP s Vmax Vlj_ f Vmax Vmax

For ty, <t < tg, the function v(t) is implicitly defined as the only root of

) 1/2 . 1/2
(JGCH}"(qJ):—y( _2+q2> +h< +2+<12> +iqw — t,
VPs VPf

such that Sm <xd2—y)) <0.
For t > ty, the function (t) is defined as the only root of ¢ € C — F(q,t) whose real
part 1s positive.

Vpg 1S the velocity of the transmitted P fS wave and satisfies:

Fg [ dv
Vprse( @y t) = %We %s(v(t))TPfs(v(f))E(t)} v ifty <t <ty
1
F g dv and |Sm (v(ty))| >
Vi syl nt) = ~ERe [0 Trs(o0) 0] Vi
+
dy
Vppsa(®.y.t) = I Re | w5 (VD) Tpps (V1) 7 (1)
" d if t > tg
P
Vi gy 0t) = —ERe [19(0Thys0(0) 1 0)].
Vprs(z,y,t) = 0. else

Here to denotes the arrival time of the transmitted P fS wave and ty, denotes the arrival
time of the transmitted PfS head wave:

. \/ 1 1 +h\/ 1 Lo, ||
h="Y 2 72 2 72 :
VS Vmax VPE‘F f Vmax Vmax

For tj, <t <tg, the function v(t) is implicitly defined as the only root of

) 1/2 ) 1/2
quHf(q,t):—y<—2+q2> +h< +2+<12> +igqr —t,

du(t
such that Sm <x#) <0.

For t > tg, the function ~(t) is defined as the only root of ¢ € C +— F(q,t) whose real
part is positive.

INRIA
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® Vpypy is the velocity of the transmitted PsP f wave and satisfies:

([ _ PLFZ, , dv
Vapi i) = PR [0 Tour OV O] i <i <y
1
PLF, dv and |Sm (v(to))| >
| Vnp a0 = TR (0(0) Ty (00) 51 0] i
(- PiuFpsg, [, dy
Vpspfa(T,Y,t) = —Tiﬁe 1v(t)Tpspr(v(t)) dt( )|
+ if t >ty
P Fp, dy
| a0 = P [ O ) S0
V;spf(x,y,t) =0. else
Here tg denotes the arrival time of the transmitted PsP f wave and ty, denotes the arrival
time of the transmitted PsP f head wave:
\/ Vr%ax
For ty, <t <tg, the function v(t) is implicitly defined as the only root of
1/2 1/2
g€ Cw— Flg,t)=—y — t+ ¢ +h +2—|—q +iqr —t,
Pf VPs
such that Sm <xdv(t)) <0.
For t > tg, the function (t) is defined as the only root of ¢ € C +— F(q,t) whose real
part 1s positive.
e Uy, p, s the velocity of the transmitted PsPs wave and satisfies:
_ PLFR, ) dv
Vpspsa(T:Y,t) = —Tifﬁe IU(t)TPsPs(U(t))E(t) ) ifty, <t<to
1
P F 0 and [Sm (v(ty))] >
| Viepagl900) = PR (0(0) a0 51 0] o=
_ Pifpog |, dy
VPsPs,x(mvyat) - _T%e IV(t)TPSPS( ( )) dt (t)
n ift >ty
PFp, dry
Vapay o 900) = DR, (0 (0) T () 0]
Vp.ps(T,y,t) =0. else
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Here ty denotes the arrival time of the transmitted PsPs wave and ty, denotes the arrival
time of the transmitted PsPs head wave:

. 1 Lo, Lo, 2]
= —y — — .
h VPT s 2 Vr121 ax Vlj_s 2 Vr121 ax VmaX

For ty, <t < tg, the function v(t) is implicitly defined as the only root of

) 1/2 ) 1/2
qgeCr— Flg,t)=—y 2+q2 +h 2+q2 +iqr —t,
Vps Vs

such that Sm <xd1:l—gf)) <0.
For t > ty, the function ~(t) is defined as the only root of ¢ € C — F(q,t) whose real
part 1s positive.

Vp,g 18 the velocity of the transmitted PsS wave and satisfies:

(- Frop [ - dv
VPsS,m(x7y’t) = T Re Kg (U(t))TPsS(U(t))E(t) ) if by, <t <t
1
_ Fgoo T dv and |Sm (v(to))| >
VPsS,y(x’y’t) = %%6 1v(t)TpsS(v(t))E(t)} , max
( _ F+3 B _ d’y
Va0 118) = 2R 5 () Tres (1) 0]
i ift >t
- Fho . dry
| Vpssy(@: Y, t) = T%G 17(75)TP35(7(75))E@) )
Vpes(,y,t) =0. else

Here tg denotes the arrival time of the transmitted PsS wave and t;, denotes the arrival
time of the transmitted PsS head wave:

. 1 1 ‘B 1 1 N ||
h Vsi 2 Vn21ax Vljs 2 Vn21ax Vmax

For tj, <t <tg, the function v(t) is implicitly defined as the only root of

. 1/2 . 1/2
geEC—Flgt)=-y|—5+¢| +h s+q¢° | +igr —t,
Vg Vi,

such that Sm <xd2—y)) <0.
For t > tg, the function (t) is defined as the only root of ¢ € C +— F(q,t) whose real
part is positive.
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Remark 2.1. For the practical computations of the displacement, we won’t have to explicitly
compute the primitive of the velocities v, which would be rather tedious, since

</Otu(7')d7-> ff=vs (/Otf(T)dT)

Therefore, we’ll only have to compute the primitive of the source function f.

The proof of this theorem is similar to the one detailed in [§] for the computation of the
analytical solution to the acoustic/poroelastic problem, therefore we won’t detail it here.

3 Numerical illustration

To illustrate the use our results, we have compared our analytical solution to a numerical one
obtained by C. Morency and J. Tromp [I3]. We consider an two-layered poroelastic medium
whose characteristic coefficients are

e the solid density: pi = 2200 kg/m? and p; = 2650 kg/m?;

e the fluid density: p}L = 950 kg/m? and p; = T50 kg/m3 ;

e the porosity: ¢7 = 0.4 and ¢~ = 0.2 ;

e the tortuosity: a™ =2 and a= = 2;

e the solid bulk modulus: K = 6.9 GPa and K, = 37 GPa;

e the fluid bulk modulus: K;{ = 2 GPa and KJ? = 1.7 GPa;

e the frame bulk modulus: Kgr = 6.7 GPa and K, = 2.2 GPa;

e the frame shear modulus ™ = 3 GPa and u~ = 4.4 GPa;
so that the celerity of the waves in the poroelastic medium are:

e for the fast P wave, Vljf = 2692 m/s and Vp, = 2535 m/s;

e for the slow P wave, V3, = 1186 m/s and Vj, = 744 m/s;

e for the ¢ wave, V' = 1409 m/s and Vg = 1415 m/s.

The source is located in the acoustic layer, at 500 m from the interface. We used two types
of sources in space: the first one is a bulk source such that f, = f, = —10'° and f, = 0; the
second one is a pressure source such that f, = f, = 0 and f, = 1. In each case we used a
fifth derivative of a Gaussian of dominant frequency fy = 15 Hz:

2 1 2 1\3 4 1\% 7% C1)?
ro=so(1- 1) iz (- 5) o (=) M

for the source in time. We compute the solution at two receivers, the first one is in the upper
layer, at 533 m from the interface; the second one is in the bottom layer, at 533 m from the
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interface; both are located on a vertical line at 400 m from the source (see Fig. Bl). We repre-
sent the y component of the displacement from ¢ = 0 to ¢ = 1 s in Fig. B for the bulk source
and in Fig. B for the pressure source. The left pictures represents the solution at receiver
1 while the right pictures represents the solution at receiver 2. On all the pictures the blue
solid curve is the analytical solution and the red dashed curve is the numerical solution.

All the pictures show a good agreement between the two solutions, which validates the nu-
merical code.

Receiver 1
Source 1
400 m
Q+
500 m 533 m
Q- 533 m
[ ]
Receiver 2

Figure 3: Configuration of the experiment

0.05 T T T T 0.15
0.04/L"" " Numerical B - - - Numerical
0.1r
PfPf PfPs
0.05 \

0.03f
P

0.02 / f PSPf

-0.01r /

-0.021 P P P

e, L8 PP pig

: PsPs

-0.051

-0.1f PSPf—> PsPs—

-0.04 . . . . . 1 1
0 0.2 0.4 0.6 0.8 1 0 0.5 1 15
t t

Figure 4: The y component of the displacement at receiver 1 (left picture) and 2 (right
picture) in the case of a bulk source. The blue solid curve is the analytical solution computed
by the Cagniard-de Hoop method, the red dashed curve is the numerical solution.

4 Conclusion

We provided the complete solution (reflected and transmitted wave) of the propagation of
wave in a two-layered 2D poroelastic medium and we used it to validate a numerical code.
In a forthcoming paper we will use this solution as a basis to derive the solution in a three
dimensional medium.
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\ /SPS 002 ~,
0—/\/‘—’\/\/\'_"/‘ -0.02F
-0.005 / / | 004l
waf Pg PfPf PfPs ] ool PsPf—! PsPs—

-0.015- 1 -0.081

0.03 T T T T 0.1
—— Cagpniard de Hoop f —— Cagpniard de Hoop
0.025 /PSP 1 0.08{{ = = = Numerical

0.02}- 1 0.06]
o015l PfS PsS | ool .y PfPs
001t Pf |

0.0051 \

-0.02 L L L L L L 01 L L L L L L
0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1 12

t t

Figure 5: The y component of the displacement at receiver 1 (left picture) and 2 (right picture)
in the case of a pressure source. The blue solid curve is the analytical solution computed by

the

Cagniard-de Hoop method, the red dashed curve is the numerical solution.
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