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L2 Orthogonal Space Time Code for Continuous
Phase Modulation

Matthias Hesse, Jerdome Lebrun and Luc Deneire

Abstract

To combine the high power efficiency of Continuous Phase Néditun (CPM) with either high spectral efficiency or enhahce
performance in low Signal to Noise conditions, some auth@ge proposed to introduce CPM in a MIMO frame, by using
Space Time Codes (STC). In this paper, we address the codmdasblem of Space Time Block Codes combined with CPM
and introduce a new design criterion basedIgnorthogonality. ThisL? orthogonality condition, with the help of simplifying
assumption, leads, in the 2x2 case, to a new family of codessd codes generalize the Wang and Xia code, which was based o
pointwise orthogonality. Simulations indicate that thevreodes achieve full diversity and a slightly better codimgng Moreover,
one of the codes can be interpreted as two antennas fed byotwertional CPMs using the same data but with differentaeh
sets. Inspection of these alphabet sets lead also to a serplanation of the (small) spectrum broadening of SpaceeTdnded
CPM.

I. INTRODUCTION

Since the pioneer work of Alamouti [1] and Tarokh [2], Spad@d Coding has been a fast growing field of research where
numerous coding schemes have been introduced. Several lpgar Zhang and Fitz [3], [4] were the first to apply the idea
of STC to continuous phase modulation (CPM) by constructietis codes. In [5] Zajic and Stuber derived conditidos
partial response STC-CPM to get full diversity and optimadiog gain. A STC for noncoherent detection based on didgona
blocks was introduced by Silvester et al. [6].

The first orthogonal STC for CPM for full and partial respongas developed by Wang and Xia [7], [8]. The scope of
this paper is also the design of an orthogonal STC for CPM. Bllike Wang-Xia aprroach [8] which starts from a QAM
orthogonal Space-Time Code (e.g. Alamouti’s scheme [1}) arodify it to achieve continuous phases for the transmitted
signals, we show here that a more gendialcondition is sufficient to ensure fast maximum likelihooccdding with full
diversity.

In the considered system model (Iﬁg.l), the data sequéncedefined over the signal constellation set

Q={-M+1,-M+3,....M—-3,M-1} @

for an alphabet withog, M bits. To obtain the structure for a Space Time Block Code (S)Tis sequence is mapped to data
matricesD(® with elementsi's)., wherem denotes the transmitting antenmathe time slot into a block an¢i) a parameter
for partial response CPM. The data matrices are then usedtlate the sending matrix

3 t
S(t) = s11(t)  s12(t) . o
s21(t)  s22(t)
Each element is defined fg@l +r — 1)T <t < (21 + )T as
E, .
Sm7(t) = 7‘5 632ﬂ'¢mr(t) (3)
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Fig. 1. Structure of a MIMO Tx/Rx system

where E; is the symbol energy an@ the symbol time. The phasg,,.(t) is defined in the conventional CPM manner [9]
with an additional correction factar,,..(¢) and is therewith given by
204r
Sur(t) = O (2L +7) +h Y At — (i = DT) + cnr(?) 4)
i=2l4+1+r—~
whereh = 2mg/p with my andp relative primes is called the modulation index. The phaseathing functiong(t) has to
be a continuous function with(¢) = 0 for t <0 andq(t) = 1/2 for ¢t > ~T.

The memory lengthy determines the length ef(¢) and affects the spectral compactness. For largee obtain a compact
spectrum but also a higher number of possible phase statie$ witreases the decoding effort. For full response CPM, we
have~ = 1 and for partial response systems> 1.

The choice of the correction factoy,,.(t) in Eq. @) is along with the mapping @f; to D), the key element in the design
of our coding scheme. It will be detailed in Sectipn I1. Werthgefined,,, (21 + r) in a most general way

0m (21 +3) = 0,,,(21 + 2) + £(21 + 2)
=0, (20 + 1)+ (2L + 1) + £(21 + 2). (5)

The function¢ (2! + r) will be fully defined from the contributiom,,,,-(t) to the phase memor,, (2! + r). For conventional
CPM systemg,,,.(t) = 0 and we have (20 + 1) = Lday11—,.

The channel coefficients,,,, are assumed to be Rayleigh distributed and independent. &zefficienta,,,, characterizes
the fading between tha*" transmit (Tx) antenna and thé" receive (Rx) antenna where= 1,2,..., L,.. Furthermore, the
received signals

Yn(t) = QmnSmer(t) +n(t) (6)

are corrupted by a complex additive white Gaussian noig¢ with variancel/2 per dimension.

At the receiver, the detection is done on each offtheeceived signals separately. Therefore, in general, eaad lolockS(¢)
has to be detected by block. E.g. for a 2x2 block, estimatmgsymbols:fj implies computational complexity proportional to
M?2. Now, this complexity can be reduced2d/ by introducing an orthogonality property as well as sinyitify assumptions
on the code.

Criteria for such STBC are given in Sectiph II. In Sectfoh tHe criteria are used to construct OSTBC for CPM. In Section
Mwe test the designed code and compare it with the STC fromgMand Xia [8]. Finally, some conclusions are drawn in

Section[V.

1. DESIGNCRITERIA
The purpose of the design is to achieve full diversity and & faaximum likelihood decoding while maintaining the
continuity of the signal phases. This section shows how &etirto perform fast ML decoding leads to thé orthogonality
condition as well as to simplifying assumptions, which candombined with the continuity conditions. For convenienee
only consider one Rx antenna and drop the inddr a,,,.
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A. Fast Maximum Likelihood Decoding

Commonly, due to the trellis structure of CPM, the Viterbga@ithm is used to perform the ML demodulation . On block
I each state in the trellis hag? incoming branches andl/? outgoing branches with a distance

(24+1)T (@142)T ,
2 2
D, = / ’y(t) -y amsml(t)‘ dt + / ’y(t) -y amsmg(t)’ dt. %
2T m= (21+1)T m=1

The number of branches results from the blockwise decoduagtlae correlation between the sent symhalgt) and sa,-(¢).
A way to reduce the number of branches is to structurally detate the signals sent by the two transmitting antennasta
put to zero the inter-antenna correlation

2l4+1)T Q4+1)T (2042)T (2042)T
agoff/sm(t)sfl(t)dt + alag/sn( )s5 (0)dt + agal/sm( )sTo(t)dt + a1a2/512(t)s§2(t)dt = 0. (8)
2T 2T (UF1)T (21+1)T

Pointwise orthogonality as defined in [8] is therefore a sidfit condition but not necessary. A less restricthfeorthogo-
nality is also sufficient. From Eq[](8), the distance giverEip (I) can then be simplified to

(2+1)T (21+2)T
/fu(t) + far(t) — ly(0)* dt + /fu(t) + fao(t) — ly(1)[* dt C)
20T (214+1)T

With fon-(t) = [y(t) — @msmr(t)|>. When eachs,,,-(t) depends only ory; 1 Or dy42 the branches can be split and calculated
separately fords; 11 and dg12. The complexity of the ML decision is reduced #d/. The complexity for detecting two
symbols is thus reduced frop/7*+! to pM~. The STC introduced by Wang and Xia [8] didn’t take full adtage of the
orthogonal design since,,.(t) was depending on bottl; 1 andds2. The gain they obtained in [8] was then relying on
other properties of CPM, e.g. some restrictions puy@n andp. These restrictions may also be applied to our design code,
which would lead to additional complexity reduction. Howewthis is not in the scope of this paper and is be the subfect o
another upcoming paper.

B. Orthogonality Condition

In this section we show houi* orthogonality for CPM, i.e||S(t)[|7, = 2(12Tz+2)T S(t)SH (t) dt = 2I, can be obtained. As

such, the correlation between the two transmitting anteqee coding block is cancelled if

(21+2)T (2+1)T (214+2)T
1 (8)s5 (1) dt = / s (£)sy (£) dE + / s12(t)s5a () dt = 0. (10)
2T 2AT (2141)T

Replacings,,.(t) by the corresponding CPM symbols from Eﬂ. (4), we get

(2l+1)T

2041 2042
/exp{jQﬂ' 0120+ 1) + th&l)lq G—1T)4+c1a(t)—02204+1)—h Z dgz)lq (i = 1)T) — c2,1(t)] } dt+
20T 1=214+2—~ 1=214+3—~
(21+2)T 214+2 2041
/exp{m (0120 +2) + 1> dq(t — (i = DT)+era(t) — 022 +2) —h Y ds'3 Vgl —c2,2(1)] dt} =0. (1)

(214 1)T 1=214+3—~y 1=214+2—7
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The phase memor#,, (2! + r) is independent of time and has not to be considered for iatiegr. Using Eq. |]5) to replace
phase memory,, (2! + 2) of the second time slot, we obtain

(21+1)T

2041 2041
/exp{]27r Zdl 19t — G —=1T)4+c11(t th2 1q(t Z*l)T)*CQ’l(t)]}dtﬁ’
20T 1=214+2—~ 1=2l+2—7
(2141)T 2141
exp {j27r[§1(2l +1) — &(20+ 1)] } . /exp {]271’ h Z d(ZH) gt — (@ —-DT)+cr2t+T)—
AT i=2l4+2—~
2041
RS 53Vt — (i - )T) - con(t +T)] } dt = 0. 12)
1=214+2—7

C. Smplifying assumptions

To simplify this expression, we factor EaE[lZ) into a timgl@épendent and a time dependent part. For merging the two
integrals to one time dependent part, we have to mﬁ#p to df,?l and c,,,-(t) to a differentc,, - (t). Consequently, for the
data symbolsl(i) there exist three possible ways of mapping:

. crosswise mapping with d\’ L= =d 12 and d(z2 = dg)l,

« repetitive mapping with d'’) 11 = =d\") 1> and d2 1= déZ)Q,

« parallel mapping with d(’1 = dé’)l and d(z2 = d(Z
The same approach can be applied:4o (¢):

o Crosswise mapping with c11(t) = —coa(t — T') andecia(t) = —cor(t — T);

o repetitive mapping with c¢11(t) = c12(t — T') and ez (t) = coa(t — T);

o parallel mapping with ¢11(t) = c21(t) andeia(t) = caa(t).

For each combination of mappings, EE(lZ) is now the prodbfitivo factors, one containing the integral and the other a
time independent part. To fulfill Eq[ (12) it is sufficient ihe factor is zero, namely + e7271&1 2+ =&QHD] — ¢, je. if

k+%:§1(21+1)f§2(21+1) (13)

with k& € N. We thus get a very simple condition which only dependg 2! + 1).

D. Continuity of Phase

In this section we determine the functiofig (2! + 1) to ensure the phase continuity.
Precisely, the phase of the CPM symbols has to be equal attaikections of symbols. For an arbitrary bld¢ht means
that ¢,,1 (21 + 1)T) = dma((21 + 1)T). Using Eq. [}), it results in

20+1 2142
m(20+ 1) = By dw 1q((21 +2 = )T) + cma (2L + 1)T) = b diphq((20+2 = )T) = cna((2L+ 1T, (14)
i=214+2—~ 1=2l4+3—~

For the second intersection @il + 2)T', sinced,,2((21 + 2)T) = ¢m1 ((20 + 2)T'), we get

2042 2(14+1)+1
En(20+2) = h > dihg((21+3 = )T) + (2 +2)T) — b Y d1q((21+3 = )T) = cma(2L+2)T)].  (15)
i=2l+3—7 i=2(1+1)+2—~

Now, by choosing one of the mappings detailed in Sedtignthiése equations can be greatly simplified. Hence, we have
all the tools to construct our code.

IIl. ORTHOGONAL SPACE TIME CODES

In this section we will have a closer look at two codes comséad under the afore-mentioned conditions.
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A. Existing Code

As a first example, we will give an alternative constructidrth® code given by Wang and Xia in [8]. Indeed, the pointwise
orthogonality condition used by Wang and Xia is a speciakaafsthe L? orthogonality condition, hence, their ST-code can
be obtained within our framework.

For the first antenna Wang and Xia use a conventional CPM d\}’[jh: difori =2l+r+1—~,2l4+r+2—~,...,2l+7r
andci..(t) = 0. The symbols of the second antenna are mappexswise to the firstdgl) = —diy1 fori=21+2—~,20 +
3—7v,...,2l+1 anddgi;l) = —d;_y fori=21+3—~,2l+4—~,...,2l+2. Using this cross mapping makes it difficult to
computes,,, (21 + 1) since the CPM typical order of the data symbols is mixed. Wamd) Xia circumvent this by introducing
another correction factor for the second antenna

y—1
Cg,.(t) :Z(h(d21+1—i + d21+2_i) + 1)(]0(f — (2l +r—1-— Z)T) (16)
=0

By first computing¢,,, (2! + 1) with Eq. (L}) and then Eq[(113), we get tiié orthogonality of the Wang-Xia-STC.

B. Parallel Code

To get a simpler correction factor as in [8], we designed a wede based on thparallel structure which permits to
maintain the conventional CPM mapping for both antennasicllave choose the following mappin@&,ﬁf}1 = dff;) = d; for
i=2l+r+1—72+r+2—~,...,2l+r. Then, Eq. [a4) and (15) can be simplified into

Em(2l+1) = gd2l+2_7 +cm1 (2L + 1)T) — cma((21 +1)T) (17)
Em(2l+2) = gd21+3_7 + cma((21 +2)T) — cma ((21 + 2)T). (18)

With this simplified functions, the orthogonality conditi@nly depends on the start and end values,of(¢), i.e.
K+ % — e (2L + 1)T) = e1a (2L + DT — 01 (2L + 1)T) + ean((2L + 1)T). (19)

To merge the two integrals in Ed:[12) not only the mappinggéﬁ‘. is necessary but also an equality between diffecgn{t).
From the three possible mappings, we chooserdpeat mapping because of the possibility to sef,.(t) to zero for one
antenna. Hence we are able to send a conventional CPM sigmah® antenna and a modified one on the second. Using Eq.
(@) and the equalities for the mapping, we can formulatefdewing condition

k+ % = 012(21T) — 012((2l + 1)T) — CQQ(QZT) + 022((21 + 1)T) (20)

With ¢11(t) = c12(t) = 0, we can take forg; () = c22(¢) any continuous function which is zeroat 0 and1/2 att =T
Another possibility is to choose the correction factor a¢ gecond antenna with a structure similar to CPM modulatien,

20+1

car(t)= Y qlt—(i-1T) (1)
i=2l+1—~
for (21 +r —1)T <t < (21 + r)T. With this approach, the correction factors can be includea classical CPM modulation
with constant offset ofl /h. This offset may also be expressed as a modified alphabetdosegcond antenna

1 1 1
Quy = {=M+ 142 ~M+3+ . M=3+ - M—1+5} (22)

1
h’ h h
Consequently, thi€2-orthogonal design may be seen as two conventional CPM miesigth different alphabet sef3; and
Q42 for each antenna. However, in this method, the constan¢tofifsthe phase may cause a shift in frequency. But as shown

by our simulations in the next section, this shift is quitedarate.

IV. SIMULATIONS

In this section we verify the proposed algorithm by simulasi. Therefore a STC-2REC-CPM-sender with two transngittin
antennas has been implemented in MATLAB. For the signal effitst antenna we use conventional Gray-coded CPM with
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Fig. 2. Simulated BER for different numbers of Tx and Rx antennasheffiroposed STC and of the Wang-Xia-STC
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Fig. 3. Simulated psd for each Tx antenna of the proposed STC (ecantiline) and the Wang-Xia-STC (dashed line)

a modulation indext = 1/2, the length of the phase response functioa 2 and an alphabet size @ff = 8. The signal of
the second antenna is modulated by a CPM with the same paaniett a different alphabél,,, corresponding to Eq[ (22).

The channel used is a frequency flat Rayleigh fading modél adiditive white Gaussian noise. The fading coefficients,
are constant for the duration of a code block (block fading) Enown at receiver (coherent detection). The receivedasig
yn(t) is demodulated by two filterbanks witin/? filters, which are used to calculate the correlation betwiben received
and candidate signals. Due to the orthogonality of the anaereach filterbank is independently applied to the corredipg
time slotk of the block code. The correlation is used as metric for thterki algorithm (VA) which hapM states and/
paths leaving each state. In our simulation, the VA is trteddo a path memory of 10 code blocks, which means that we get
a decoding delay o? - 107

From the simulation results given in Figufe 2, we can redsiynassume that the proposed code achieves full diversity.
Indeed, the curves for the 2x1 and 2x2 systems respectitely & slope of 2 and 4. Moreover, the curve of the 2x1 systems
follows the same slope as the ST code proposed by Wang andBKialiich was proved to have full diversity. Note also that
the new code provides a slightly better performance.

A main reason of using CPM for STC is the spectral efficienci:guFeB show the simulated power spectral density (psd)
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for both Tx antennas of the proposed ST code (continuou$ &nd the ST code proposed by Wang and Xia [8]. The first
antenna of our approach uses a conventional CPM signal amzktehows an equal psd. The spectrum of the second antenna
is shifted due to adding an offset,.(¢) with a non zero mean. Minimizing the difference between the spectra by shifting

one, result in a phase difference®875 measured in normalized frequengyT,, whereT,; = T/ log, (M) is the bit symbol
length. The first antenna of the Wang-Xia-algorithm has almbe same psd while the spectrum of the second antenna is
shifted by approximately).56f - T,. This means that the OSTC by Wang and Xia requires a slightlyel bandwidth than

our OSTC.

V. CONCLUSION

In applications where the power efficiency is crucial, camalion of Continuous Phase Modulation and Space Time Coding
has the potential to provide high spectral efficiency, tisaiokspatial diversity. To address this power efficiency, 8decdesign
for CPM has to ensure both low complexity decoding and fuledsity. To fulfill these requirements, we have proposed a
new L? orthogonality condition. We have shown that this conditigsufficient to achieve low complexity ML decoding and
leads, with the help of simplifying assumption to a simplel@oMoreover, simulations indicate that the code most frlyba
achieves full diversity. Further work will be concentrated the design of other codes based Ibhorthogonality as in the
meanwhile, we have been able to obtain the design of fullrditye full rate L? orthogonal codes for 3 antennas [10].
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