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Robust model identification of actuated vortex wakes

Abstract: We present a low-order modeling technique for actuated fleaggd on the
regularization of an inverse problem. The inverse problensat minimizing the error
between the model predictions and some reference simutatihe parameters to be
identified are a subset of the coefficients of a polynomiabesjon which models the
temporal dynamics of a small number of global modes. Thesigajmodes are found
by Proper Orthogonal Decomposition, which is a method tomaen the most repre-
sentative elements of an existing simulation databasernmstef energy. It is shown that
low-order control models based on a simple Galerkin praggacand usual calibration
techniques are not viable. They are either ill-posed or tiieg a poor approximation
of the solution as soon as they are used to predict cases looigireg to the original
solution database. In contrast, numerical evidence shioatgtie method we propose
is robust with respect to variations of the control laws &aplthus allowing the actual
use of such models for control.

Key-words: reduced order models, control, inverse problems
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1 Introduction

We consider the problem of describing the dynamics of an itefidimensional
system using a small number of degrees of freedom. In péatieve concentrate on
the problem of devising accurate and robust models of aaduftid flows past bluff
obstacles. These flows are dominated by the presence ofdegde vortices due to
massive separation, and are good candidates for a low-diovaal representation. The
point of view that we privilege is empiric : the functionalase in which we seek
the low-dimensional solution is derived using proper ogthiaal decomposition (POD)
[@]. POD makes use of simulation databases to determinmalpfunctional spaces
in terms of solution representation. A vast literature @nag this way of modeling
fluid flows existsﬁ&ﬁ(,ﬂ?}, and some results show the jptesgiterest of using POD
in applications such as flow control [2, 10, 11].

However, several problems related to the idea of modelingvalfly a small number of
variables are open. One of the issues is the asymptotidigtaifithe models obtained.
Often such models are capable of correctly reproducing yimeuahics over small time
intervals, whereas the asymptotic behavior convergesdoriiact limit cycles ﬁ?].
This issue is related to both numerical artifacts and to goraper representation of
the sqution\[lS, 20, 18]. As a results low-order models drélaicate use and not
robust to parameter variations.

The present study describes a method to obtain robust lderanodels. In previous
works we showed that it is possible to obtain accurate loseeomodels of relatively
complicated flows by minimizing the error between the modstits and the reference
solution [4]. Here we extend those works to cases where theglactuated by devices
that can affect locally or globally the velocity and presstields. The objective is
to derive a low-order model that provides accurate prealigtiand that is robust to
variations of the control law employed. The main idea is &niify the manifold over
which the non-linear dynamics of the POD modes lies, wherirthet to the system
is varied. In this spirit, several dynamics are includedhia tdentification procedure
coupled with a Tikhonov type regularization. The case of ecpmputed control as
well as the case of a feed-back control are studied.

The practical relevance of this work is that low-order madmlake possible to devise
or to optimize controls for large-scale problems that wawdtibe otherwise solvable in
terms of computational size. Applications of this methostiaight forward for models
other than the Navier-Stokes equations.

2 Reduced Order Modeling using POD

2.1 Flow setup

We consider a two-dimensional laminar flow past a confine@dsgjaylinder. This
setup presents a reasonable compromise between physicplecdaty and computatio-
nal cost. A sketch showing the geometry, the frame of refe¥emd the adopted nota-
tion is plotted in Fig.1. At the inlet, the incoming flow is assed to have a Poiseuille
profile with maximum center-line velocity/. With reference to Fig.1./H = 1/8,
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FIG. 2 — Placement of synthetic jet and sensors for control

L;,/L =12, L,,;/L = 20. No-slip conditions are enforced both on the cylinder and
onﬁhe parallel walls. Details concerning the grids and taerical set up are reported
in [4].

All the quantities mentioned in the following have been mada-dimensional by
and U. The two-dimensional unforced flow obtained is a classidevostreet with

a well defined shedding frequency. The interaction with thefioing walls leads to
some peculiar features, like the fact that the vertical fomsiof the span-wise vortices
is opposite to the one in the classic voarian streeﬂ_[b].

The presence of an actuator is modeled by imposing a new boyredndition on a
small surfacd’,. of 99 :

u(x,t) -n(x) =c(t), xzel.

For control purposes we place two actuators on the cyliidezy are driven in opposite
phase, as shown in Figl. 2 :

v(x,t) =c(t), x=eTl.

The control lawe(t) can be precomputed, or obtained using a proportional feddba
law. For example, using measurements of the vertical vigl@tipointsz; in the cy-
linder wake, we can define a proportional control law :

N.
c(t) = Kju(m;, t)
j=1
where N, denotes the number of sensors used.

INRIA



Robust model identification of actuated vortex wakes 5

2.2 Proper Orthogonal decomposition with the snapshot meibd

Seeking a reduced order solution that can be written

N,
up(x,t) = a,(t)®" (z)

where the spatial function®” are obtained by POD has become a popular approach
when dealing with large scale systems. A vast literatureeoring the POD procedure
exists ], we refer to these works for a more general rexaéthe method.

2.2.1 The POD basis

In our case, a numerical simulation of the Navier-Stokesa&quos is performed
over a time interval0, T'], and the velocity field is saved af time instantg; € [0,7].
This yields a data sefu’(z) = wu(zx,t")};=1.n,. The aim of the POD procedure
is to find a low dimensional subspace 6f = span{u?!,--- u’N}, that gives the
best approximation of. We therefore seek an orthonormal $@"},_; y,, where
N, << Ny, and a set of coefficienfz;’C such that the reconstruction error :

N, N, 2
w' =3 A e
r=1

>

i=1

(1)

L2(Q)

is minimal.

Following Sirovich's idea’ﬁl] the POD modes are expressdithaar combinations of
the snapshots :

Ny
ok (x) = beuT(w) fork =1..N,
i=1

The vectors{b;]izlme are found to be the eigenvectors of the x N, correlation
matrix R, R;; = (u',u’), corresponding to th&V, highest eigenvalues, while tti¢
are equal to the scalar produgts’, ®").
In the case of forced flow, the snapshots depend on the cdatval(¢) used. In this
work we consider POD basis derived from numerical simufetiobtained using seve-
ral different control laws. Indeed, there are a number oépflarameters that could be
varied, but since our aim is to study the effect of a contral lae set ourselves in the
following framework :

— Time instants, Reynolds number, domain geometry, planewfethe actuators

will be the same for all the snapshots in the database.

— The control lawe(t) will be varied

The data set used for the POD is therefore written :

{UM(CB) :}izl..Nt,K:L.NC

where N, denotes the number of control laws considered. ¥ {c;,co,--- ,cn. } iS
the set of control laws used to obtain the database, therep®WD basis is denoted
®(C). In the first part of this work( is reduced to a single element which we denote

c(t).

RR n° 0123456789



6 Weller & Lombardi & lollo

2.2.2 Dealing with the boundary conditions

In the non-controlled case, we lift the boundary conditionghe velocity fields by
defining a new set of snapshots :

w'(z) = u'(x) — a(x)

wherew is some reference velocity field that satisfies the same myrmbnditions as

the snapshots. In the present configuration, it can be thaestenstable solution, or a
time average of the snapshats.

When an extra boundary condition is imposed on the cylindecdatrol purposes, the
snapshots are chosen to be :

w'(z) = u'(z) - w(x) — c(t)uc(x)
whereu,.(x) satisfies the following criteria :
u.(z) = a(z) onT\I',, u.(z) = 1 onT,
In practice we use the velocity field proposed in [8] :

ue(@) = (& (2) — a(x))

C*

wherew’ is obtained in the same way asbut applying a constant control equaldb
onI'. . The low-dimensional solution is now written :

Ny
wn(e,1) = a(@) + c(t)uc(@) + 3 arn(t) @ () @
k=1

2.3 POD-Galerkin Reduced Order Model

Galerkin projection of the incompressible Navier-Stokgsiagions onto the first
N,. POD modes yields a system of ordinary differential equation

ar(t) = A7+ Clar(t) + Biax(t)as(t) + Pr

+ EZc(t)+ Fi2(t) + GEe(t) + Hiap(t)c(t)
a.(0) = a ©
1<r<N,

INRIA



Robust model identification of actuated vortex wakes 7

where :
1
AS = —((u-V)u,®") + —(Au, ®"
= (@ V)T, @) + (AT, $7)
?sr = 7((¢k : v)q)sv (I)T)
£ = (@ V), &) — (V)T @) + (A, @)
ES = (ue, ®")
1
G = (T V)ue,®") — ((ue - V)u, ®") + ﬁ(Auc, d")
FS = ((ue - V)ue, @)
= ((ue - V) @8, @) + (8" V)uc, @)
P, = (Vp,®")
We note that since the snapshots satisfy the continuitytegushe modes do also. This
implies that the pressure terR). is equal tof,,, p®" ds. If velocity field is constant at
the boundaries, the POD modes are zero there. The pressurthierefore disappears
completely.
Setting :
t
X? = ATG’ {BEST}I@s:l“-N,ﬁ’ {Cgr}kzl---NT7 ETG7 F7C“;7 GTG7 {ng}krzl---Nr}
and
fla(t),c(t),c(t)) = |1 {ar()as()}y o1y, > {ar®) iy,
é(t)» 02(t)7 C(t), {ak(t)c(t)}k:y..Nr]

the first equation in (3) can be written in the compact form :
ar(t) = f(a(t),c(t),c(t)) - X7

The initial value problem (3) is a reduced order model of tlavidr-Stokes equations,
called the POD-Galerkin model. Such a model might be inatetfor it may not take
into account enough of the dynamics. Indeed, although a rufip of modes can be
sufficient to capture most of the flow energy, the neglectedesa@ontinue to play an
important role in the flow dynamics through their interantisith the conserved ones.
The difference between the solutiangt) of (3), and the coefficieni. () obtained by
projecting the numerical data onto the POD modgs$t{) = a’), has been underlined
in several paper@[@ 2, 7]. 1t is therefore interesting tdcba model that exploits the
knowledge one has of the dynamics, that is the set of tempoogction coefficients
a'. This is the subject of the next section.

3 Robust low order models

3.1 Calibration method

The idea of calibration is to keep the structure of the aboedehwhile adjusting
the coefficients of the system so its solution is closer toddsired one. In previous

RR n° 0123456789



8 Weller & Lombardi & lollo

work @,@], it was shown that robust low order models couldob¢ained by solving
the minimization problem :

. T ~ 2
mip > [ (ortt) = ar(0))” "
subjectto  a,-(t) = f(a(t),c(t),c(t)) - X,

This state calibratiormethod, which involves solving a strongly non-linear syste
works well as long as the number of snapshots consideredmeraited. For a large
number of snapshots, the computational costs are excessive
Another method was suggested in [9], and has been expegheior a case with no
control, in Plf?f?] with good results. It consists in chowsiX as the solution of :

minz /0 ' (ér(t) — f(a(t),c(t),ét) .X,,)th (5)

This method can be interpreted as approximating the error

by a quadratic function of all the non-discarded temporafitcents,c(t) and ¢(t).
Other choices for the approximation @f lead to partial calibration problems.
For example, if we supposge ~ AF + C7.a; + GFcthen we will solve :

N. T )
win > [ (a0 - 120 X5, - 520 X5) ©
T ,.—170
where
TC’:1 = [A;?7 {Cg'f’}k‘:l---NT7 Gf}t )
X?:Q = {{Bgsr}k,szl---Nr7 Efa FS> {ng k:l-nN,J
and

fl(t) = [17 {ak@)}k:lmma C(t)]
{ar(Das(} ooy, 0), o), {ar (et} iy, ]

kﬁ
[ V)
—~
~
~—

Of course, other choices of which terms to calibrate or natlmamade. For a ge-
neral formulation we denot®.,; the number of terms of vectdX ,. that are calibrated,
and we haveV,,; < N2 + 2 x N, + 4. Whatever the choice faN.,;, this approach
is always much more efficient than (4) since it involves suvlV,. linear symmetric
systems of sizeV?2, :

T T )
| fonma xe- [ #0600 x5)a @

INRIA



Robust model identification of actuated vortex wakes 9

The more terms ofX,. are calibrated, the more the problem becomes ill-conditiion
For this reason we choose not to calibrate Mjeterms By,

Once the model has been calibrated to fit a particular cofamlc(t), it can of
course be integrated using another control law. Denotiegiriput control lawc' (¢),
the calibrated model is written :

a(t) = Fa().d0).é0) X,
RUH){ a,(0) = (®)

1<r<N,

where by denotindR ({c}) the model we put in evidence that it was calibrated using
the controle(t).

3.2 Well-posedness and robustness
3.2.1 Calibration with feedback control laws

We suppose that the control is obtained using a proportieeaback law (S€c.2.1) :

N,
c(t) =Y Kju(x;,t)
j=1

We can now consider two different calibration problems. Tite is the problem (5),
the second is :

rgi(ni/; (&r(t) — f(a(t),e(t),é(t)) ~Xr)2dt 9)

where¢ is defined by :

N,
&(t) = Kjop(m;,t) = K; (’5(%) + é(t)ve(x;) + Z&,(t)@ﬁ(mﬁ) (10)
r=1
This last approach makes the reduced order model a feedbad&lnwhich is useful
if we want to use the model to determine an optimal feedbaek Tde problem is
however under-determined.
We reformulate/ (10) to clearly show the dependency of a :

NT‘
&(t) =Ko+ Y Krdp(t) (11)
r=1
where
K; ~ K;
— , L= O (x,
R0 1_ Kivc(wi) (mj) , K 1_ Ki'vc(wi) U(xj)

RR n° 0123456789



10 Weller & Lombardi & lollo

We now look at the partial-calibration problem describedwab The functionf! that
appears in systerh (7) can be reformulated :

fl(t) = []-7 {ak(t)}kzl...]\]r7 Ko + K@&g(t)}

System|(7) is therefore rank deficient. The problem remdimadre of the system
coefficients are calibrated, and according to the choiceentlael rank of the problem
matrix can even diminish with respect #q.,,;.

This difficulty can however be solved by using one of the twdhods proposed in the
section[(3.8). Finally, the proportional feedback reducster model is written :

ar(t) = fla(t), (1), (1) - X,
N, N,
) = D K (17(%') +(tvela;) + > ar(t)‘I’Z(wa‘)>
R7({¢}) =1 r=1 (12)
ar(0) = a?, c(0)=¢(0)
1<r<N,

3.2.2 Instability issues

The system solved for calibration can be ill-posed even sesalifferent to the one
just described. To understand why this is, it is sufficiengtoback to thestate cali-
bration methodmentioned at the beginning of the section. Solving the mization
problem|(4) involves solving a non-linear system for whibk tiniqueness of solution
is not guaranteed. The state calibration functional caretbee have several local op-
tima, and so there are several possible choiceXfahat will lead to a low value of the
error||a — a/|. Since these choices should also be good choices for thenmation
problem (6), the matri>5(‘0T flfidtin (7)is in general almost singular. A model obtai-
ned by inverting this matrix is most often very unstable. Vercome this problem we
propose a Tikhonov type regularization method which we diesén the next section.

3.2.3 Robustness

While a calibrated reduced order mode({c}) works well when integrated with
c'(t) = c(t), its behavior when integrated with a different control lawnpredictable.
As such, the reduced order model can difficultly be used fomegion and optimiza-
tion purposes.

In the literature several methods are proposed for adapsithgced order modeling for
control purposes, some successful examples can be fouﬂG,iEQF 1]. However for
those cases, no calibration seems necessary for the modetgk, but this is not the
case for general control problems as shown in the following.

The originality of the model we propose hereafter, is the loimration of multi control
data sets with the calibration procedure. Such a model ig¢dasuild and yet remains
accurate for different control inputs.

INRIA



Robust model identification of actuated vortex wakes 11

3.3 Building a robust low order model

In this section we describe a method to make the reduced orddel stable and
robust.

3.3.1 Tikhonov regularization

Correctly solving[(4) can be done by applying a quasi-Newtwethod, initiali-
zed witha and X {. It therefore seems reasonable to solve the following eetred
problem, instead of (6) :

N T )
mp > | Go-s@w)-xs - na@o) x5 e a3

N,
+adl, 0 IXT = X717

whereq is the regularization parameter.

The parameten can be chosen by a classical technique. We start by plofting, set
of values ofa in [1075,1072], the errory__|a, — &T||2 versus the coefficient varia-
tion | X{ — X‘f||2. This leads to a classical Tikhonov L-shaped curve of whigh t
corner point is optimal in the sense that it is a good compsentietween the error

on the dynamics and the distance from the original coefﬂsi@]. The value ofy
corresponding to this point can be chosen to perform thémdion procedure.

3.3.2 Calibrating over more than one control law

In this paragraph we look at the changes to be made to the eddarder model
when the data set includes simulations obtained usingrdiffecontrol laws. Letting :

&:;,Z _ (ui,é,i)r)

the calibration problem becomes :

(3t - @), 0. & 0) - X,) di (14)

We remark that although the size of the snapshots databpsapisrtional to the num-
ber of controls considered, the size of the calibration [gwbremains constant. Fur-
thermore, ifN. > 1 the rank deficiency discussed for proportional feedbaclongér
occurs.

The main idea is that as the number of cont]sis increased, although the model can
become a little less precise for the reference control,rtigh more accurate for other
control laws. In the next section we show some successfuhpbes of this method at
different Reynolds number, and for different kinds of cohtaws.

We refer to a model built usingy.. control laws as amV.-control model. Such a model
is denotedR ¢ whereC = {c1,- -+ ,cn, }-

RR n° 0123456789



12 Weller & Lombardi & lollo

4 Results and discussion

The described technique was applied in order to build a loseeomodel of the
actuated flow around the confined square cylinder in variondigurations. We tested
the prediction capabilities of the model for two differergyRolds numberRe = 60
and Re = 150, with precomputed and feedback control laws. In particutarbuilt
different models with one and more control laws and we aralytheir predictions
with different controls.

In all the examples presented in the following, actuatiostésted only once the flow
is fully developed. With the control turned on the simulatis performed for about
seven vortex shedding cycles, aig ~ 200 snapshots are savefl.~ 50 is the non-

dimensional duration of the time interval. The number of P@&des retained for the
reduced order model i87,, = 40 for the caseRe = 60 and N,. = 60 for the case

Re = 150.

We measure the accuracy of the mo®€L) in the following way :

— Time coefficients dynamics :

For a given value of, plota, (t), solution of R (C) with inputc' (¢), against,(t),
projection of the full order solution onto the POD badi§C). In the examples
r = 3 is usually chosen because it was the mode for which the diffass bet-
ween models were the most remarkable.

— Computation of the integration error :

£(C,d) = lla—all/]al

T
where|a|| = / S a2(t) dt
0 T

In the examples with feedback laws we use only one sensagghlathe cylinder wake.
Choosing the center of the cylinder as the origin of a co@tdirsystem, we denote
xs = (x5, ys) the position of the sensor. The integration e@d(C, K') is measured in
the same way as for the non-feedback case.

Our first goal is that the model should be able to reproduceDiN& data to which
is was fitted, we therefore expe€tC, ¢') to be small if¢' € C. Our second goal is
that the model be robust to parameter variation. As the idiffee betweer' (¢) and
the controls inC increases, the errd(C, ¢') grows. We seek a model for which this
growth rate is as low as possible.

4.1 Divergence of a classical Reduced Order Model

A simulation atRe = 60 was performed using feedback control with a sensor pla-
ced at(xs, ys) = (0.7,0.0) andK = 1. We denote:(t) the control law obtained at the
end of simulation.

We compare the results obtained with the POD Galerkin m@jediid with the cali-
brated modelR({c}) (see system (8) for model formulation). The model integrati
error £({c}, ¢) is equal t023% for the non-calibrated model, and @©136% for the
calibrated model.

For a feedback model, the difference is even more import&atintegrated the feed-
back system (12) witkk = 1, once withX obtained by Galerkin projection, and once

INRIA



Robust model identification of actuated vortex wakes 13
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FIG. 3 — Projection of the DNS simulations onto POD modes vsgiation of the
dynamical system (12) witlk = X ¢

20 30 20 30
Non-dimensional time Non-dimensional time

FIG. 4 —¢; (continuous line) versug, when the model is calibrated (left) and when it
is not (right)

with X calibrated as described[in 3.2.1. We obtained an integratimrET({¢}, 1) of

117% in the first case, against an error& in the other. An example of the errors in
terms of time dynamics that the non-calibrated model cadyre are shown in Fig.3.
In Figl4 we plot the control law" () computed when integrating the feedback model,
and on the same figure, the original control lei). Results for the non-calibrated case
are plotted on the right : the distance betweg(t) andc(¢) increases with time, mea-
ning that at each time step, new errors are added to the modbration is therefore
all the more essential when considering feedback control.

In order to calibrate, regularization is needed to get wehditioned inverse problems
as shown in the following. However, the choice of the par@ametis not an easy one.
For example, we performed a simulationfa¢ = 150 using a feedback control with
a sensor placed dt:;,ys) = (0.7,0.0) andK = 0.8. The calibration described in
[3.3.1 was performed with ~ 0. This led to an ill-conditioned system to solve and to
a model that was not very accurate, and not robust at all tanpater variations. The
effect ofa on model results is shown in Fig.5. The two top figures showthird mo-
dal coefficient obtained by projection and by integrating thodel withK = 0.8. On
the left, we plot the results obtained when the model wag tith o = 1.6 + 1076 :
at the end of the time period the model diverges from the DN8Ite. With a higher
value,a = 1073, this problem no longer occurs, as shown on the right. Theesast
was then performed with a different value I6fin order to see the models capacity to

RR n° 0123456789



14 Weller & Lombardi & lollo
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FIG. 5—a3 DNS (continuous line) with< = 0.8 (top) andK = 1.3 (bottom) versus:s
obtained when the model is calibrated with= 1.6 * 10~° (left) and whem = 103

(right)

predict dynamics to which it was not fitted. The results a@nshin the same figure :

divergence was immediate for a low value@fwhereas for a higher value, the mo-
del, although not accurate, was at least stable. It appbatswhen using an higher
regularization parameter, the calibration system is wefiditioned, the model more

accurate and more stable when integrated with a differemrcblaw to those used for

calibration. In the following the parameteris determined using the L-method with
the restriction that any values afbelow a certain threshold are excluded.

4.2 Testing model robustness

In this section we present the improvements brought to madbelstness by intro-
ducing calibration over several control laws. For both Regta numbersRe = 60 and
Re = 150, the same experiment was performed :

Step 1 : Build 1-, 2- and 3-control models

We started by choosing three control laws which we denptg), co(t) andcs(t).
For each control we performed a simulation of the Naviek8sequations, savirz)0
snapshots for each simulation. We then defined seven caet®l

Three 1-control setsC! = {¢;},C% = {¢2},C® = {c3}

Three 2-control setsC* = {c¢;,c2},C° = {c1,¢3},C% = {ca, c3}

One 1-control setC” = {cy, ca, 3}

INRIA



Robust model identification of actuated vortex wakes 15

For each control set’, we computed a POD basis(C?) as described in section 2.2.1
and a calibrated reduced order mo@IC?) by solving problem! (14).
In the following we refer ta: (¢), c2(t) andes(¢) as themodel control laws

Step 2 : Run the model with different control laws

We next chose several other control laws which we deni§té(t). Each of these
test control lawsnas used as input for the Navier-Stokes equations, and éosetlien
reduced order modelR(C?) described above. The snapshots from the Navier-Stokes
simulations were projected onto the seven POD bds@¥). This procedure made it
possible to compute the model integration eréfs= £(C°, ciest), and compare the
efficiency of each model.

For measuring model robustness, it is useful to have somsedtiaow much the dy-
namics we are trying to predict, differ from those includadhe model. We therefore
need to find a way, for each model, to measure the distanceebatthelV;, x N, snap-
shots that were used to build it, and tNe snapshots obtained usingestcontrol law.
To do this we proceed in the following way : if the control gétis composed ofV,
control laws, then thelistancebetween the simulations associated’tpand the one
obtained using’**'(t), is defined as

1 Qe

v 2 (la = a’ll/la'l)

® =1

A =

where the term&™ (n = j orn = 1---[) result from projecting the snapshots onto the
POD basigp(C?).

The results are plotted for in Fig! 8 and Fig. 12. For eachevalumodeli, the model
integration erro€; is plotted versus thelistanceA;. We note that the three controls
used to build the models were in fact included in the testvgieich explains why there
are 3 points an\? = 0.

4.3 Results forRe = 60

In Figl6 we plot the control laws used to build the models. &ach control law
we plot the third modal coefficierits (¢) to give an idea of the dynamics induced. The
figure also shows the prediction for this coefficient giveritey3-control modeR (C7).
The model results are accurate : the reduced order modelweagssfully calibrated
to fit several dynamics.

Eleven extra control laws were used for testing. A few exasalre plotted in Fig.
[7. For these examples we also plot the third modal coefficbrained by projection
and by model integration. Some discrepancies in coeffi@emplitude are observed,
but overall the model predicts the right time dynamics.

In Fig./8 we look at the results obtained with the differentdels, using the distances
and errors described above. The first point to be made istieanbdel error is almost
zero when the distance from the model is zero. This confirras thcontrol models
work well when integrated with the control law to which thegn fitted. The errors
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FIG. 6 — Control laws used to build the models (toj); DNS (continuous line) vs
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FiG. 7 — Control laws and time coefficients used for testing thelaho
then increase with the distance from the model, as was esghect
The graph highlights the disadvantage of 1-control modal¢he best case the diffe-

rence between projection and prediction coefficients besdnigher than 20% as soon
as the distance from the model exceeds 40%. In contrashd@-tontrol and 3-control
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FIG. 8 — Prediction errors obtained using 1-control, 2-cordmod 3-control models

FIG. 9 — Model predicted vorticity field (top) and Navier-Stokesticity field att = T'.
Positive (continuous lines) and negative (dashed linegicity isolines

models, the error stays under 20%, even when the distansaises. In Fig.|9 we plot

isolines of the vorticity at timeé = 7" for one of the test control laws (the third control

law in Figl7). Time coefficients were obtained by solviR4C) with C = {c1,c2}.
The velocity field was then reconstructed using the first tethese coefficients and

the first ten POD modes i#®(C). The reconstructed vorticity is presented along with

the vorticity obtained by running the Navier-Stokes equagiwith the test control law.
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FIG. 10 — Control laws used to build the models (top};DNS (continuous line) vs
prediction by 3-control model (symbols)

The controls used to build the model caused a slight decieas@tex size (see Fig.

[6, bottom left) whereas actuation used in the test causegdtd sicrease in vortex size
(see Figl 7, bottom right) . We note that the model was able¢dipt such features,
and that at the end of the simulation time, the structure @fmstructed flow is almost
identical to that of the real flow. In contrast, the 1-corgnaleren’t able to identify this.

If the same reconstruction is performed usihg {c; } for example, the flow appears
almost stable at = 7', meaning the model predicted the opposite behavior to what
actually happened.

4.4 Results forRe = 150

For Re = 150 only feedback control laws are used both to build the modedsta
perform the tests. In Fig.10 the three feedback control lasesl to calibrate the model
are shown. The laws are obtained with sensors placéd;ays) = (0.7,0.0) and by
using gainK = 0.6, K = 0.8 andK = 1. The figure also shows the third modal coeffi-
cients given by integrating the 3-control feedback mod¢hwach gain. Although the
control laws induce different dynamics, the model is ablgit@ an accurate predic-
tion in all three cases. Six extra control laws were useddstig, each corresponding
to a different choice oK. A few examples, with corresponding coefficiedtgt) are
plotted in Fig.11. It appears that the dynamics are quiteeint when the distance,
between the gain value and gains included in the model, geldafor example, when
using a gaink = 0.1 the average value afs3(t) is low compared to that obtained
with K = 1. However, the 3-control model again gives an overall goadljation of
the time dynamics. Fig.12 is built the same way as Fig. 8. Iiqdar the graph
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FiG. 11 — Control laws used to test the models (top) ;DNS (continuous line) vs
prediction by 3-control model (symbols)
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FIG. 12 — Prediction errors obtained using 1-control, 2-cdrdaral 3-control models

shows the disadvantage of using a 1-control model, withiptied errors of oveB4%
when the distance from the calibration dynamics increases the30%. As in the
caseRe = 60, the 2-control models give more accurate predictions thariltcontrol
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P =S = T

FiG. 13 — Model predicted vorticity field (top) and Navier-Stekeorticity field at
t = T obtained withK = 0.1. Positive (continuous lines) and negative (dashed lines)
vorticity isolines

models. The lowest errors are obtained with the 2-contraleh(K = 0.6, K = 0.1).
This observation suggests that, in model construction pdimized a priori choice of
the sampling points could be useful to obtain a more robustahdVe note that in this
case it was the model built to fit the highest and lowest vatids that gave the best
result, and that adding a third intermediate control to tleeleh (K = 0.8) did not bring
any improvement : the 3-control model gives more or less #meesresults.

In Fig.[13 we plot isolines of the vorticity at time= T for the flow obtained using
K = 0.1 as feedback gain (the first one in Fig.11). Time coefficierasambtained by
integrating the 3-control model. The velocity field was theconstructed using all the
60 coefficients and POD modes. The reconstructed vorticityrésgnted along with
the vorticity obtained by running the Navier-Stokes equagiwith the test control law.
The controls used to build the model were similar in the sehaethey had a much
stronger effect on the flow compared to the control obtainétl W = 0.1. We note
that the model is able to accurately predict a flow snapshdtlaat the reconstructed
flow is almost identical to that of the real flow.

5 Conclusions

The overall picture of reduced-order modeling that resfodtsh our study is the fol-
lowing. Given a control law, one can deduce a low-order mofi¢he actuated flow by
simply projecting the Navier-Stokes equations on POD motles coefficients of the
quadratic model thus obtained are found by projection. Hewne model constructed
this way will show large time-integration errors even foe ttame control law used to
generate the POD modes. Calibration can take care of th#tigisense that the mo-
del coefficients can be determined in order to match as gl@epossible at least the
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solution from which the POD modes are obtained. This migadl l® a numerically
stable model. However, this model is generally not at alustpin the sense that the
predictions for a slightly different configuration from thiawas generated from, fails.
A symptom of such lack of robustness is observed in the igoimess of the inverse
problem : the matrices to be inverted are almost singular.

In order to get around this deficiency, we regularize thetsmitby adding a constraint
to the minimization method used to solve the inverse problia ask that the coef-
ficients of the polynomial expansion be close enough to tlobsained by projection.
This method allows to synthesize models that adequatelylatmthe flow in a small
vicinity of the control law used to generate the solutiorattaise. However, the actual
real improvement in robustness is obtained by spanningah#ien manifold, i.e., by
including several control laws in the inverse problem dé&bni. By doing this, the re-
sults presented show that the models are able to predichugahbehaviors that are
far, in terms of an energy norm, from the cases included inl&tabase. A consequence
of such an additional regularization is that the matriceslived in the inverse problem
solution become well conditioned.

Another important aspect of the method proposed, is thabgsis that of a matrix in-
version, and that it does not scale with the number or theddidata sets used to build
the model. Therefore it seems reasonable to envisage amatitostrategy to enrich
the model by spanning the control space. In this respectettimique proposed iE[S]
to distribute in an optimal way the points where to test thetid space can help mi-
nimize the number of a priori simulations needed to buildrttealel. For example, our
results show that a model based on two controls might préldéceffect of actuation
laws not present in the data base, as precisely as a model baseree controls, if the
two controls are appropriately placed.

In conclusion, the modeling we propose appears to be a végigeoach to determine
control strategies for those problems that because of theiputational size cannot be
treated in the framework of classical control theory.
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