Pierre Martinon 
email: pierre.martinon@inria.fr
  
Joseph Gergaud 
email: joseph.gergaud@enseeiht.frrtn°0354
  
  
  
Shoot-1.1 Package -User Guide

Keywords: Boundary value problem, discontinuous right hand side, optimal control, shooting method, singular arcs

This package implements a shooting method for solving boundary value problems, for instance resulting of the application of Pontryagin's Minimum Principle to an optimal control problem. The software is mostly Fortran90, with some third party Fortran77 codes for the numerical integration and nonlinear equations system. Its features include the handling of right hand side discontinuities (such as caused by a bang-bang control) for the integration of the trajectory and the computation of Jacobians for the shooting method. The particular case of singular arcs for optimal control problems is also addressed.

Package Shoot-1.1 -Guide Utilisateur Résumé : Ce paquetage implémente une méthode de tir pour la résolution de problèmes aux deux bouts, tels que ceux obtenus par application du Principe du Minimum de Pontryaguine à un problème de contrôle optimal. Le logiciel est principalement écrit en Fortran90, et utilise des codes externes en Fortran77 pour l'intégration numérique et la résolution de systèmes non linéaires.Il prend notamment en compte les discontinuités du second membre, du point de vue de l'intégration de la trajectoire ainsi que du calcul de Jacobien pour la méthode de tir. Le cas particulier des arcs singuliers pour les problèmes de contrôle optimal est également traité.

Mots-clés : Problème aux deux bouts, second membre discontinu, contrôle optimal , méthode de tir, arcs singuliers

Introduction

This package of Fortran 90 routines implements several variants of indirect shooting methods for optimal control problems, with an embedded homotopy approach (discrete continuation). Special care is given to the numerical integration of the shooting function and the precise computation of its Jacobian, especially in the discontinuous case. Originally designed for the resolution of bang-bang low thrust orbital transfers for the CNES3 , the software has been since then extended to handle problems with singular arcs. The integration of state constraints is currently under development.

Shooting method

We begin with a brief presentation of the single shooting method, which is part of the indirect methods, and is based on Pontryagin's Maximum Principle (we refer readers interested in these methods to [?, ?, ?, ?] for instance). We recall that direct methods, on the other hand, typically involve the partial (control) or total (control and state) discretization of the problem, and then use various approaches (SQP and interior point techniques for instance) to solve the resulting optimization problem. Direct methods are thus supposed to be robust, but the counterpart is a relatively low precision, and a huge problem size depending on the discretization stepsize used. This makes these methods ill-suited to some particular cases, such as problems with a bang-bang control structure and a huge number of commutations.

Back to the indirect methods, single shooting consists in finding a zero of the shooting function associated with the original problem. There is no discretization, even if the method still involves an integration of the system in some way. It is a fast and high precision method, but often requires a good initial guess: as they typically consist in applying a (quasi-)Newton solver to the shooting function, the convergence radius may be quite small, depending on the problem. This is particularly true for problems involving commutations, or worse, singular arcs, and often leads to the use of continuation (homotopy) techniques to obtain a suitable initial point.

We consider a general optimal control problem in the Bolza form (P )

           M in g(t 0 , x(t 0 ), t f , x(t f )) + t f t0 l(t, x, u) dt Objective ẋ = f (t, x, u) Dynamics u ∈ U Admissible Controls ψ 0 (t 0 , x(t 0 )) = 0 Initial Conditions ψ 1 (t f , x(t f )) = 0
T erminal Conditions Notation/Remark: for clarity, the time t will often be omitted in the formulas, except in ambiguous cases.

We use here and in all the following the notations: x ∈ R n for the state, u ∈ R m for the control, U the set of admissible controls, and f for the state dynamics. We assume that the initial and final times t 0 and t f are fixed. Free final time problems can always be reformulated as fixed time problems using the classical time transform t = s.t f with s ∈ [0, 1] the normalized time and t f an additional state variable. We introduce the costate p, of same dimension as the state x, and define the Hamiltonian by H(t, x, p, u) = l(t, x, u) + (p|f (t, x, u)).

Remark: we thus assume in all the following that we are in the normal case, meaning that the costate p 0 associated to the integral objective l is non zero, and can be made equal to 1, by dividing the whole costate p by p 0 ... Pontryagin's Maximum Principle then states that, under the assumptions:

∃ (x, u) feasible for (P ), with x absolutely continuous and u measurable. f and l are continuous with respect to u and C 1 with respect to t and x. g, ψ 0 , ψ 1 are C 1 with respect to x.

Let (x, u) be an optimal pair for (P ), then (i) ∃ p = 0 absolutely continuous such that we have the Hamiltonian system

   ẋ = ∂H ∂p (t, x, p, u) ṗ = -∂H ∂x (t, x, p, u) (ii) u is solution of M in w∈U H(t, x, p, w) ae in [t 0 , t f ].
(iii) "Transversality conditions": ∃ (µ 0 , µ 1 ) such that

(T C)            ψ 0 (x(t 0 )) = 0 p(t 0 ) = -∂Φ ∂x0 (t 0 , x(t 0 ), t f , x(t f ), µ 0 , µ 1 ) ψ 1 (x(t f )) = 0 p(t f ) = ∂Φ ∂x f (t 0 , x(t 0 ), t f , x(t f ), µ 0 , µ 1 ) with Φ : (t 0 , x 0 , t f , x f , µ 0 , µ 1 ) → g(t 0 , x 0 , t f , x f ) + (ψ 0 (t 0 , x 0 )|µ 0 ) + (ψ 1 (t f , x f )|µ 1 )
Remark: this is why indirect methods are sometimes referred to as necessary condition methods.

Now we denote y = (x, p) and ϕ the state-costate dynamics derived from the Hamiltonian system. We assume here that the expression of the optimal control given by the necessary conditions (Hamiltonian minimization) is actually a function, noted γ, ie u(t) = ArgM in w∈U H(t, x, p, w) = γ(t, y). Solving (P ) is equivalent to solving the following Boundary Value Problem

(BV P )    ẏ = ϕ(t, y, γ(t, y)) ae in [t 0 , t f ] c 0 (t 0 , y(t 0 )) = 0 Boundary Conditions at t 0 c 1 (t f , y(t f )) = 0
Boundary Conditions at t f Note: these Boundary Conditions c 0 and c 1 correspond to the Transversality Conditions mentioned above, that contain the Initial and Terminal conditions
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of (P ) in addition to the constraints on the costate p.

It is possible to integrate y = (x, p) if we set the value of y(t 0 ), and we then obtain the following Initial Value Problem

(IV P ) ẏ = ϕ(t, y, γ(t, y)) ae in [t 0 , t f ] y(t 0 ) = ζ Initial V alue.
We introduce now an application called the shooting function, which basically maps the initial value ζ to the value of the Boundary conditions at t f for the corresponding solution of (IV P ). In practice, the initial conditions ψ 0 of the problem (P ) already give a part of y(t 0 ), so the unknown of the shooting function is reduced to the "missing" part, that we note z. A frequent situation is when the initial conditions determine the initial state x(t 0 ), therefore z is actually the initial costate p(t 0 ). Then the value of the shooting function is given by the boundary conditions at t f for the solution y(•, z) of (IV P ) corresponding to the initial value y(t 0 , z) = (x 0 , z)

(Shooting f unction) S : z → c 1 (y(t f , z)).
Finding a zero of the shooting function S is then equivalent to the resolution of (BV P ), and therefore also gives a solution of (P ). The "shooting method" thus consists in solving the equation S(z) = 0, as summarized below:

Problem (P ) -→ Boundary Value Problem (BV P ) -→ Initial Value Problem (IV P )
and Shooting function S

An interesting particular case is when the optimal control is discontinuous and presents switchings (or commutations), for instance when the command law is bang-bang. More precisely, the Hamiltonian minimization gives

u = γ 1 (t, y) , if ψ(t, y) < 0 u = γ 2 (t, y) , if ψ(t, y) > 0 u = Γ(t, y)
, if ψ(t, y) = 0, with Γ(t, y) a subset of U , and ψ the switching function, whose zeros correspond to the commutations of the optimal control. We assume that the set of switching times t such that ψ(t, y) = 0 is finite. We then obtain y(•, z) as solution of the initial value problem with a discontinuous right hand side

(IV P ) disc    ẏ = ϕ 1 (t, y) , if ψ(t, y) < 0 ẏ = ϕ 2 (t, y) , if ψ(t, y) > 0, y(t 0 , z) = (x 0 , z)
As mentioned earlier, one of the main practical difficulties for the shooting method is to find a suitable initial point, due to the small convergence radius of the newton method applied to the shooting function. In our case, we use a continuation approach (homotopy), as described below.

Continuation

It is well known that shooting methods are quite sensible to the initial guess, and it is often quite hard to achieve convergence for non trivial problems because of this. An interesting way to obtain a suitable starting point is to use RT n°0354 continuation (or homotopy) approaches. The principle of continuation is to find a certain homotopy that connects the original problem to an easier one, and then to follow the zero path of this homotopy, from a solution of the easy problem to a solution of the original one.

In the following, we will often parametrize the original problem (P ) by a certain λ ∈ [0, 1], and obtain a problem family (P λ ) such that (P 1 ) = (P ). Moreover, we expect that we are able to find a solution of (P 0 ). If we note S λ the shooting function associated to (P λ ), we can define the homotopy

H : (z, λ) → S λ (z).
Assuming we know a zero z 0 of H(•, 0) = S 0 , all we have to do is to follow the zero path of H from λ = 0 to λ = 1, at which point we have obtained a zero of H(•, 1) = S 1 = S, and therefore a solution of (P ).

There are several ways to perform this path following, such as Predictor-Corrector methods (or differential homotopy) that treat the zero path as a differentiable curve, Piecewise Linear (or simplicial) methods that build a PL approximation of the path over a triangulation of the space. We refer the interested readers to [?] for a general overview of continuation methods, and [?] in the context of Newton methods for nonlinear problems.

A more basic approach is just to try to solve a sequence of problems (P λ k ), k = 1, . . . , N such that λ 0 = 0 and λ N = 1, by using the solution found for (P λ k ) as initial guess for (P λ k+1 ), or with a basic linear prediction step. The stepsize h k for the homotopic parameter (such that λ k+1 = λ k + h k ) can be set to a certain fixed value, or something a little more refined. For instance we can introduce a tolerance tol on the norm of the shooting function that indicates a successful convergence of the shooting method. Then we can start with a stepsize h 0 = 1 and try to solve (P 1 ) directly; if the attempt fails, we divide the stepsize h k by 2, and try again, until we reach λ = 1. It is then safer to also stop the continuation if a certain maximal number of iterations has been reached, or if the stepsize h k goes below some minimal value. This method is implemented in the Shoot package, and can be quite effective for well chosen homotopies.

2 Using the Shoot package 

Compilation notes

Requirements: Fortran 95 compiler. On Unix/Linux platforms, just use the make command to build the executables.

Note: the package has been tested with the following fortran compilers: -ifort (Intel Fortran compiler) -gfortran (gcc.gnu.org/fortran/) -g95 (www.g95.org)

User supplied subroutines and input files

In order to solve an optimal control problem with the Shoot package, the user has to complete the following subroutines, located in ProblemFuns.f90, and described below:

InitPar: performs specific problem initializations, if any.

Control: optimal control and switching function evaluation.

Dynamics: state, costate and objective dynamics.

Switch, SwitchDot: optional, compute the switching function and its time derivative (needed for switching detection or singular arcs).

Then for each problem, two input files are used as well:

Problem initialization file .in: problem data and shooting method settings.

Continuation file .cont: discrete continuation settings.

After execution, the code will produce the output file: Solution file .sol: state, costate, control (and switching function) from the initial time to the final time, for the solution of the shooting method (can be visualized with the provided scripts).

Continuation Path file .contpath: the sequence of solutions generated during the discrete continuation (can be visualized with the provided scripts).

Note: for each problem, a single prefix name is associated to all input and output files. Thus if the input file are named Demo1.in and Demo1.cont for instance, the corresponding output files will be Demo1.sol and Demo1.contpath. This makes it easier to keep track of which problem the files correspond to.

INRIA

Once user-supplied subroutines and input files are completed, just run the executable. The program will ask the name (without the extension) of the input files, for instance "Problem1" for Problem1.cont and Problem1.in. Keep in mind that all input and output files associated to a given problem have the same name, only with different extensions. Thus it is quite easy to keep track of several problems at the same time, each one having its set of files with the same prefix.

At the end of the execution, a solution file .sol is generated, that contains the solution at the end of the continuation. The script sol.m traces the state, costate and control with respect to time, as well as the switching function optionally. A second output file .contpath contains the continuation path, that can be traced with the contpath.m script.

InitPar

This subroutine performs the various initializations required by the problem, and can be left empty. It is called at the beginning of the program, and then each time the shooting function is computed.

The input variables are -mode: 0 for first call, 1 for subsequent calls -z: shooting function unknown -lambda: homotopic parameter used for continuation

Subroutine interface

Subroutine InitPar(mode, z, lambda) implicit none integer, intent(in) :: mode real(kind=8), intent(in) :: lambda real(kind=8), dimension(n), intent(in) :: z

Control

This subroutine provides the value of the optimal control, according to necessary conditions (Hamiltonian minimization)

The input variables are -lambda: homotopic parameter used for continuation -t: time -x: state (dimension ns) -p: costate (dimension nc)

And the output variables -u: optimal control (dimension m)

The external parameter controlmode indicates what the subroutine should compute at each call: -0: compute standard control -1: compute bang-bang control according to external parameter switchf lag = sign(ψ).
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This mode is used only when switching detection is enabled. Typical values for switchflag are -1 and 1, and the control should be set accordingly. An incoming value of 0 indicates that switchflag must be initialized to match the sign of the switching function, in addition to computing the control.

-2: compute the exact expression of the control over a singular arc. This mode is used only when one or more singular arcs are specified in the control structure (see 14) and the singular control mode is set to use the exact expression (see 15). For problems with singular arcs, the first time derivative of the switching function is also required. The subroutine SwitchDot must then be completed as well (same interface as Switch).

Subroutine interface

Continuation file .cont

Problem dimension

Integer: same as the Unknown dimension in the intialization file Initial and final value for homotopic parameter Real -Real: Initial value should be the same as λ 0 in the intialization file; the discrete continuation will try to reach the final value set here for λ.

Tolerance, max iterations and iterations output frequency Real -Integer -Integer: tolerance indicates the norm threshold on the shooting function for a continuation step to be accepted. The two integers set the maximum number of iterations for the continuation, and the output frequency (a value of n means displaying info every n iteration.

Debug and verbose flags

Integer -Integer [0..2]: debug should be set to 0 for normal use; the verbose flag can be set to 1 or 2 to display some additional output.

Initialization file .in

This file contains problem initializations, such as dimensions, initial and terminal conditions, initial guess, and integrator choices. Here is a brief summary of the parameters set in this file.

Homotopy choice and problem class

Integer [1+]: tells which homotopy is to be used by the program. Set to 1 by default, this permits to use several different homotopies for a given problem with the same ProblemFuns.f90 file. Integer [1+]: sets the kind of shooting method used. 1: Single shooting 2+: Multiple shooting (under development)
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Unknown, State, Costate and Control dimensions Integer -Integer -Integer -Integer: here are specified the dimensions of the shooting function unknown, and of the state, costate and control of the problem (the state and costate dimensions are usually the same, but can differ if some components are known to be constant, and therefore do not need to be integrated).

Objective and Switch dimension

Integer [1+]: usually set to 1, as the objective is scalar, but additional objectives can also be computed, if the corresponding derivatives are included in subroutine Dynamics. Integer [0+]: like the objective, the switching function ψ has scalar values, but its derivatives can also be computed, if set in subroutine Control (observing the switching function is especially useful when suspecting the presence of singular arcs). For instance, a value of 2 indicates that both ψ and ψ are available.

Number of IVP unknown values

Integer: dimension of IVP unknown.

IVP unknown indices

Integer(): indices of IVP unknown values in (x, p) vector.

Number of initial values

Integer: number of values known at t 0 (given by initial and transversality conditions).

Initial values indices

Integer(): indices of these values in (x(t 0 ), p(t 0 )).

Initial values

Real(): initial values.

Number of terminal values

Integer: number of values known at t f (given by terminal and transversality conditions). The first integer selects the method for the numerical integration of the initial value problem (IV P ) 0: Fixed step -Euler 1: Fixed step -Midpoint 2: Fixed step -Runge Kutta 2nd order 3: Fixed step -Runge Kutta 3rd order 4: Fixed step -Runge Kutta 4th order 5: Variable step -Runge Kutta Fehlberg 4-5th order (rkf45) 6: Variable step -Dormand Prince 8-5-3 (dop853) 7: Variable step -Gragg Bulirsch Stoer extrapolation method (odex) 8: Variable step -Dormand Prince 5-4 (dopri5) 9: Variable step -Radau 5 (stiff) (radau5)

Terminal values indices

The second integer indicates the number of steps for fixed step integrators (ignored for variable step integrators). The two remaining reals set the absolute and relative error tolerances for variable step integrators (ignored for fixed step integrators).

Switching detection Integer

This setting enables or disables the switching detection (cf page 16). Setting this parameter to 0 will disable switching detection (recommended if the right hand side of the IVP is continuous). A value of 1 will test for switchings at the end of each integration steps, higher values mean additionnal tests within each step.

Jacobian mode

Integer [0..1]
This sets the method used to compute the Jacobian of the shooting function (cf page 17). 0: classical finite differences on the shooting function 1: variational equations (with finite differences for the right hand side)

Singular conditions and control

Integer [1..2] -Integer [0..2]
The first integer gives the type of entry/exit conditions for singular arcs: 1: requires ψ = 0 at entry and exit times (ψ is the switching function) 2: requires ψ = ψ = 0 at entry time ( ψ must then be provided)
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The second integer sets the way to compute the singular control: 0: exact singular control is provided 1: uses alternate singular control minimizing ψ 2 2: uses alternate singular control minimizing ψ 2 + ψ2 3 Discontinuities handling

Number of parameters

Switchings detection

Switching detection can be enabled if commutations (control discontinuities, typically for a bang-bang problem) are expected, in order to improve the integration precision and speed. Experiments on an orbital transfer problem (briefly presented below, see [?] for a more detailed study) show that this can significantly improve the convergence and speed of the shooting method.

Letting the integrator deal with the discontinuities of the right hand side on its own is often out of the question with a fixed step integrator, and even with a good variable step method, the cost can be heavy in terms of cpu time and accuracy. Therefore, we try to detect the switchings during the integration of (IV P ). The principle of the detection is described below, and assumes that the integration method used is able to provide a "dense output", ie a cheap approximation of y on each integration interval. This is typically done by some polynomial interpolation, see [?] for a thorough description of dense outputs available for many integration methods.

At integration time t, compute the switching function ψ(t, y).

If the sign of ψ has changed since the previous step, a commutation has occurred (actually, an odd number of commutations, but most often one in practice).

Then we locate the commutation by dichotomy, by using the dense output of the integrator to provide y and ψ. Then we perform the control switch, store the sign of ψ, and restart the integration back from the commutation time.

Else the integration goes on normally. This algorithm is quite simple, but effective. The main issue is the risk of skipping one or several commutations during an integration step. An easy improvement of the detection method is to perform additional sign checks at a fixed number of intermediate points, and not only at the end of the step. If INRIA these additional checks bring some new commutations, then the number of intermediate checkpoints should be increased until no new commutations appear. Besides, with a variable step integrator, we can also expect the stepsize control mechanism to reject a step that would have missed commutations.

Notes:

-switching detection is activated by setting a value greater than 0 for the first parameter of the block Switching detection and variational system in the initialization file (this parameter is actually the number of sign checks for the switching function over each integration interval).

-the switching function ψ MUST be provided by the subroutine Control.

-requires an integrator with dense output (currently rk3, rk4, dopri5 and radau5).

Variational System

The first way to compute the Jacobian of the shooting function is simply to use finite differences. We use for the shooting method the nonlinear solver hybrd, which performs finite differences with a step of

h j = √ |x j |,
where is the error on the shooting function evaluation (for the numerical experiments, we set to the relative error of the integrator). This method is sometimes referred to as "external differentiation" (END). Its drawback is that when used with a variable step integrator, the integration steps can vary at the points where S is evaluated for the finite differences, which can impair the approximation of the Jacobian (see [?], [?] p.200).

Then, another possibility is to use the variational equations to compute the Jacobian of the shooting function. We first recall the smooth case, when we consider the derivative with respect to the initial condition of the system

(IV P )    ẏ(t) = ϕ(t, y(t)) y i (t 0 ) = y 0 i for i = 1, . . . , n y i+n = z i for i = 1, . . . , n.
If we note y(•, z) the solution of (IV P ), we know that ∂y ∂zi (t f , z) is solution of the variational system

(V AR) j Ẏj (t) = ∂ϕ ∂y (t, y(t))Y j (t) Y j (t 0 ) = 0 • • • 1 • • • 0 T
It is then possible to compute the Jacobian of the shooting function by integrating (V AR) along with (IV P ). An interesting possibility is to approximate the right hand side by finite differences (cf [?] p.201):

Ẏ (:, j) ≈ 1 h (ϕ(y + hY (:, j)) -ϕ(y))
The use of the variational equations can be adapted to the discontinuous case, see [?].
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Notes:

-the use of variational equations instead of external differentiation is activated by setting the Jacobian mode parameter in the initialization file to 1.

-if switchings are expected, switching detection MUST be enabled ! -this option uses the hybrj solver instead of hybrd.

Sample problem: Orbital transfer

Problem statement

We study here an orbital transfer problem, originally submitted by CNES4 . We consider a satellite with a mass of 1500 kg and low thrust electro-ionic propulsion (with thrusts ranging from 10 Newtons to 0.1 Newton). We want to transfer it from a strongly elliptic, slightly inclined orbit, to a circular, equatorial, geostationary orbit. The objective is to maximize the payload, i.e., to minimize the fuel consumption during the transfer (this is not a minimum-time problem). This kind of problems was studied for instance in [?, ?], and this specific family of problems in [?, ?, ?].

Model

We consider that the forces applied to the satellite are the Earth attraction (central force) and the engine thrust: r = -µ r r 3 + T m with r the position vector in R 3 , T the thrust also in R 3 (ie the control), m the mass of the satellite, µ the gravitational constant of the Earth.

State

In order to avoid the strong oscillations that would result from the high number of revolutions, we use orbital parameters instead of Cartesian coordinates to define the state variables:

Orbit parameter P Eccentricity vector (e x , e y ), in the orbit plane, oriented towards perigee Rotation vector (h x , h y ), in the equatorial plane, collinear to the intersection of orbit and equatorial planes True longitude L = Ω n + ω + w Mass m

Control

The normalized three-dimensional control u such that T = T max u is expressed in the moving reference frame attached to the satellite, as radial thrust q, transverse thrust s and normal thrust w.

Optimal Control Problem

If we note x = (P, e x , e y , h x , h y , L), with T max the maximal thrust we have the following formulation of the problem:

(P )                    M in t f t0 u(t) dt ẋ = f 0 (x) + Tmax m B(x)u ṁ = -βT max u u ≤ 1 x(t 0 ) = (11625, 0.75, 0, 0.0612, 0, π) m(t 0 ) = 1500 x(t f ) = (42165, 0, 0, 0, 0, f ree) m(t f ) is f ree t 0 = 0 t f is f ixed
with f 0 and B depending on x, and β = 0.05112km -1 s.

Switching function and Control

We note p the costate associated to x, and p m the costate associated to m, and define the switching function ψ:

ψ(x, m, p, p m ) = 1 -βT max p m - T max m B(x) t p .
The application of Pontryagin's Maximum Principle then leads to the following expression of the optimal control

u = -B(x) t p B(x) t p if ψ(x, m, p, p m ) < 0 u = 0 if ψ(x, m, p, p m ) > 0
We can see that this control has a bang-bang structure, as its norm switches between 0 and 1 at zeros of the switching function ψ. The two cases define the two dynamics ϕ 1 and ϕ 2 .

Continuation

We choose here for the "easy" problem the same transfer with minimization of an "energy" criterion, namely t f t0 u(t) 2 dt. For our homotopy, we take the shooting function corresponding to the orbital transfer with the following objective, parametrized by λ ∈ [0, 1]:

J λ = t f t0 λ u(t) + (1 -λ) u(t) 2 dt.
The resulting perturbed problem (P λ ) has a strictly convex Hamiltonian (with respect to u), with a continuous optimal control, and is much easier to solve than (P ) = (P 1 ). As we shall see below, the shooting method indeed converges for (P 0 ) from a simple initial guess. Moreover, with the switching detection enabled, the solution for (P 0 ) is a sufficient starting point for (P ), so the continuation is here reduced to its simplest form. Orbital transfer (10N) -State, costate and control

RT n°0354

We study now the same problem, but with a maximal thrust of only 0.1N . Notice that the transfer time, number of revolutions (i.e. final longitude) and number of switchings are inversely proportional to the thrust, therefore we find values a hundred times greater than for the 10N transfer. Also, the value of the criterion (minimal fuel consumption) remains the same as for the 10N transfer.

We draw once again the solution and trajectory, which have the same structure than for the 10N transfer, but with 1800 switchings, 750 revolutions around the earth, and a final time of 640 days (!). Orbital transfer (0.1N) -State, costate and control, and trajectory

Here is the execution log for the 0.1N transfer (input files are also given in appendix). We notice that the cpu time is also roughly a hundred times higher than for the 10N transfer, which is mainly due to the fact that the integration of (IV P ) to compute the value of the shooting fonction is a hundred times longer. For this family of orbital transfer problems, experiments with maximal thrust ranging from 10N to 0.1N show that the number of Jacobian evaluations needed for the shooting method (both at λ = 0 and λ = 1) is roughly the same for all thrusts, between 3 and 6. Moreover, the discrete continuation always converges directly after 1 iteration. Among optimal control problems, singular arcs problems are interesting and difficult to solve with indirect methods, as they involve a multi-valued control and differential inclusions. In short, singular arcs occur in indirect methods when the necessary conditions from the Hamiltonian minimization fails to determine uniquely the optimal control over a non-trivial interval. In this case, applying the Pontryagin's Maximum Principle leads to a Boundary Value Problem with a differential inclusion.

Fortunately, there exist some well-known additional conditions that allow us to determine the value of the singular control, see [?, ?, ?]. In particular, exploiting the fact that the successive time derivatives of ∂H ∂u must vanish over a singular arc usually give the expression of the singular control (this is in practice often done by derivating the switching function).

The shooting method can be adapted to solve this kind of problems, but this typically requires some a priori assumptions on the control structure (number and approximate location of singular arcs in particular), and a good starting point. So we look for a method able to provide a reliable singular structure detection and initialization.

We resort once again to a continuation approach, and regularize the problem by adding a quadratic (u 2 ) perturbation to the criterion. We limit here ourselves to the case where the Hamiltonian is affine with respect to the control (which is quite common when singular arcs are involved), so that the regularized Hamiltonian is strongly convex with respect to the control. This ensures that the optimal control u * is continuous, without any commutations or singular arcs, which makes the regularized problem much easier to solve.

The aim here is not to perform the continuation until the regularization vanishes, which would be impossible anyway due to the presence of singular arcs in the original problem. We just want to obtain sufficient information concerning the control structure, and an acceptable starting point for the shooting method.

This approach is illustrated below on a 3D version of the famous Goddard problem.

Shooting problem formulation

The shooting problem formulation has to be adapted to take singular arcs into account. The structure of the control must be prescribed by assigning a fixed number of interior junction times between nonsingular and singular arcs. These times (t i ) i=1..n switch are part of the unknowns and must satisfy some junction conditions. Optionaly, the value of the state and costate at the start of each interior arc may also be added to the shooting unknowns. In this case matching conditions must be verified at the junction times (typically state and costate RT n°0354 continuity).

A junction condition indicates a change of structure, which corresponds here to an extremity of a singular arc. Along a singular arc, it is required that the switching function ψ and its time derivatives vanish. In practice, the singular control is often computed using the relation ψ = 0, therefore switching conditions may consist for instance in requiring either ψ = 0 at both extremities of the singular arc, or ψ = ψ = 0 at the beginning of the arc (tangential entry). In our simulations, we choose the latter solution which happens to provide better and more stable results.

Additional unknowns:

interior junction times (t i ) i=1,nswitch optiona state and costate values at interior times Additional equations: switching conditions at junction times optional matching conditions at interior times Summary: shooting function unknown and value layout (here with the starting points for each interior arc) Unknown z IVP unknown at t 0 (x 1 , p 1 ) (x 2 , p 2 ) ... ∆ 1 ∆ 2 ...

-usual IVP unknown at t 0 -values of (x i , p i ) at interior junction times t i -interior junction times (t i ) i=1,nswitch

Value S Struct (z) Junction cond (t 1 ) M atch cond (t 1 ) ... Conditions at t f -junction and matching conditions at interior times -usual terminal and transversality conditions at t f 4.3 Sample problem: Goddard (3D)

Problem statement

Note: the full study of the following problem is described in [?].

For the third example, we consider an extension of the classical Goddard's problem (maximizing the final altitude of a rocket with vertical trajectory, the controls being the norm and direction of the thrust force, see [?, ?]) for nonvertical trajectories. We want here to maximize the final mass (i.e., minimizing the fuel consumption) while steering the system from a given initial point to a fixed final position, the final velocity vector and final time being free.
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M in

t f 0 u(t) dt ṙ = v, v = -D(r,v) m v v -g(r) + C u m , ṁ = -b u u(t) ≤ 1 r(0) = r 0 , v(0) = v 0 , m(0) = m 0 r(t f ) = r f , v(t f ) f ree, m(t f ) f ree t f f ree
where the state variables are r(t) ∈ R 3 (position of the spacecraft), v(t) ∈ R 3 (velocity vector) and m(t) (mass of the engine). Also, D(r, v) > 0 is the drag component, g(r) ∈ R 3 is the usual gravity force, and b > 0 is a positive real number depending on the engine. The thrust force is Cu(t), where C > 0 is the maximal thrust, and the control is the normalized thrust in R 3 .

Depending on the features of the problem (initial and final conditions, mass / thrust ratio, etc), it is known that control strategies that consist in choosing the control so that u(t) is piecewise constant all along the flight, either equal to 0 or to the maximal authorized value 1, may not be optimal, as a consequence of the high values of the drag for high speed. Optimal trajectories may indeed involve singular arcs, on which the thrust is neither null nor maximal.

The Hamiltonian of the optimal control problem is

H = p r , v + p v , - D(r, v) m v v -g(r) + C u m -(1 + bp m ) u ,
which leads to the switching function

ψ(t) = C m(t) p v (t) -(1 + bp m (t)), if ψ(t) < 0 then u(t) = 0; if ψ(t) > 0 then u(t) = pv(t) pv(t) ; if ψ(t) = 0 on I ⊂ [0, t f ],
then the control u is singular, and

u(t) = α(t) p v (t) p v (t)
a.e. on I Furthermore, on a singular subarc, derivating the switching function twice yields the expression of α via a relation of the form A(x, p)α = B(x, p). The computations are actually quite tedious to do by hand, and we used the symbolic calculus tool Maple. The expressions of A and B are quite complicated and are not reported here.

The free final time problem is formulated as a fixed final time one via the usual time transformation t = t f s, with s ∈ [0, 1] and t f an additional component of the state vector, such that ṫ f = 0 and t f (0), t f (1) are free, with the associated costate satisfying ṗt f = -H. All the graphs in the following will use this normalized time interval [0, 1]. We can now perform the main continuation on the quadratic regularization, using the solution obtained after the atmosphere homotopy as initial guess. We choose to stop the continuation after 250 iterations, which corresponds here roughly to λ ≈ 0.8. Here is the solution at the end of the continuation. The control and switching function graphs strongly suggest the presence of a singular subarc around the time interval [0.1, 0.4]. We show the state, costate, control and switching function for the solution with a singular arc. For the 0.1N transfer, the continuation file is the same as for the 10N transfer. The only differences for the initialization file are the final "time" (actually longitude), the initial guess for t f (first component of z 0 ), the number of integration steps for the RK4 method, and of course the maximal thrust (first of the parameters at the end of the file).

Energy to mass homotopy -transfer-01N.in 

  Integer(): indices of these values in (x(t f ), p(t f )). Terminal values Real(): terminal values. Fixed times Integer: number of fixed times (often 2: initial and final time) Real -Real: values of fixed times. Times structure Integer [2+]: number of switching times (see below). Integer() List giving the type of switching times (see sample problems for examples of structures): 0: initial of final time 2: singular arc entry (-2 for light formulation) 3: singular arc exit (-3 for light formulation) Full formulations use interior nodes and matching conditions; light formulations use only the switching times. INRIA Starting point (z0,lambda0) for zeropath Real(n+1): initial guess z 0 for shooting function unknown, and initial value λ 0 for the homotopic parameter λ. Scaling mode Integer [0..1]: selects the scaling mode. 0: no scaling 1: initial point scaling (to [0.1, 1])Integrator choice (type, steps, abstol, reltol) Integer [0..9] -Integer -Real -Real

  Integer [0+]: number of problem specific parameters. Parameters Real(): problem specific parameters, if any.

  end of the continuation for λ ≈ 0.8 Using the information from the previous solution at λ = 0.8, we assume a control structure of the form bang-singular-bang and try the singular shooting, that converges to a solution with the expected singular arc. Sgod Continuation file Problem.cont not found, enter problem files prefix: g3d-shoot Testing Initial Shooting point 3.8612091309731476 Initial Shoot... HYBRD solver returns: 5 NFEV: 499 (NJAC: 8 ) Solution: // (solution removed for more clarity ...) // 1. Shooting function norm at the solution: 0.0002645393058478628 Iterations: 0 Execution time: 3.0875310000000002 Generating solution... switchtime*tf 0. 0.022774715513691285 0.07977732948936873 0.2191378890189921 Switching condition at switch 1 at 0.10392869811626898 is -0.0000019081405440157795 -0.00002932641104428758 Homotopy norm at lambda= 1. : 0.0002645393058478628 Singular shooting objective... Criterion value: 0.4002680426684089

  ) -State, costate, control and switching function The altitude, speed and mass during the flight are represented below.

  Solution with singular arc: altitude, speed and mass RT n°0354
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Numerical results

We present here briefly the numerical results for the orbital problem, for a maximal thrust of 10N and 0.1N . For both problems we see that the shooting method converges for λ = 0 from the given starting point, as indicated in the "Initial Shoot" output block. Then the algorithm proceeds to the discrete continuation, and in this case directly converges for λ = 1 with the solution from λ = 0, therefore only 1 iteration is needed.

Note: the executable for the orbital transfer problem is named "Orb", and the input files for these two problems are given in Appendix, see page 30 We show the solution (state, costate and control) obtained for λ = 1, where the control switchings (18) are clearly visible on the control and switching function graphs. We also draw the trajectory of the satellite around the earth (about 7 revolutions)
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Transversality conditions on the adjoint vector yield p v (1) = (0 0 0), p m (1) = 0, and p t f (0) = p t f (1) = 0. The unknown of the shooting function S is therefore

As usual, we regularize the cost function by considering an homotopic connection with an energy,

where the parameter of the homotopy is λ ∈ [0, 1]. The resulting perturbed problem (P λ ) has a strongly convex Hamiltonian (with respect to u) for λ < 1, with a continuous optimal control.

Numerical results

In this case, even solving the regularized problem (P 0 ) is not obvious, due to the aerodynamic forces (drag). For this reason, we introduce a preliminary continuation on the atmosphere density, starting from a problem without atmosphere. This first homotopy can be initialized with a very simple intial guess (see Appendix for the input files) and converges without any difficulties to a solution of the regularized problem.