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On rough differential equations

Antoine Lejay*
December 20, 2008

Abstract

We prove that the [t6 map, that is the map that gives the solution
of a differential equation controlled by a rough path of finite p-variation
with p € [2,3) is locally Lipschitz continuous in all its arguments and
we give some sufficient conditions for global existence for non-bounded
vector fields.

Keywords: Rough paths, It6 map, controlled differential equations.
AMS classification: 60H10 (34F05, 34GO05).

1 Introduction

The theory of rough paths allows one to properly define solutions of controlled
differential equations driven by irregular paths and to assert the continuity
— in the right topology — of the map that send the control to the solution
[11,12, 14,16, 17]. As this theory was initially designed to overcome the
problem of defining stochastic differential equations in a pathwise way, this
map is called the It6 map. As Brownian paths are a-Holder continuous
for any o < 1/2, the theory of rough paths asserts that one can define in
a pathwise way solution of stochastic differential equations as soon as one
shows that the iterated integrals ¢ — fot (Bs — By) ® odBg have the right
regularity property, and then, that the Brownian path can be embedded in
an enhanced Brownian path with values in a non-commutative Lie group
given by a truncated tensor algebra. The theory of rough path can indeed
be used for many stochastic processes (See for example the book [7]).
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The goal of this article is then to bring some precisions on the 1t6 map,
which is that map that transform a rough path z of finite p-variation with
p < 3 into the solution z of

t
zt:zo+/ f(zs) dag
0

for a vector field f which is smooth enough. In particular, we show that
the assumptions on the boundedness on the vector field can be dropped
to assume that f has a linear growth to get local existence up to a given
horizon, and sometimes global existence with some global control on the
growth of f for a function f with a bounded, v-Ho6lder continuous derivative
with 2 + v > p (indeed, we may even relax the conditions to consider the
case where f has only a locally 7-Hélder continuous derivative). Also, we
give a sufficient condition for global existence, but which is not a necessary
condition. In [5], A.M. Davie dealt with the rough differential equations
using an approach that relies on Euler scheme and also gave a sufficient
condition for non-explosion. He also showed that explosion may happens
by constructing a ad hoc counter-example. In [7], P. Friz and N. Victoir
assert that no explosion occurs for rough differential equations driven by
geometric rough paths (the ones that may be approximated by smooth rough
paths) under a linear growth condition when the underlying paths live in R
Constructing sub-Riemaniann geodesics play an important role there, so that
extension to more general setting as not an easy issue. Yet in most of the
case we do not know whether genuine explosion may happen, and stochastic
differential equations provides us an example where there is no explosion
even with conditions weaker than those in [7]. However, in this case, it is
possible to take profit from the fact that we have an extra-information on the
solution, which is the fact that it is a semi-martingale and then have finite
p-variation.

The special case of a linear vector field f can be studied independently
and global existence occurs. Note that linear rough differential equations
have already been studied in [1,7,8,15].

In addition, we show that the It6 map (zo, f, x) +— z is locally Lipschitz in
all its arguments (a slightly weaker statement on the continuity with respect
to the vector field was proved in [3,9] and [13], and on the Lipschitz continuity
with respect to x in [1,16]) under the more stringent assumption that f is
twice differentiable with ~-Holder continuous second-order derivative with
2 4+~ > p. The proof relies on some estimates on the distance between two
solutions of rough differential equations, which can be also used as a priori
estimates. From this, we deduce an alternative proof of the uniqueness of



the solution of a differential equation controlled by a rough paths of finite
p-variation with p < 3.

The Lipschitz continuity of the It6 map can be important for applica-
tions, since it allows one to deduce for example rates of convergence of ap-
proximate solutions of differential equations from the approximations of the
driving signal (see for example [18| for a practical application to functional
quantization).

In this article, our main tool is to use the approach that allows one to
pass from an almost rough path to a rough path. Another approach to deal
with rough differential equations consists in studying convergence of Euler
scheme in the way initiated by A.M. Davie [5] (see also |6,7]) where estimates
are obtained on smooth paths. However, our approach can be used in a very
general context, including infinite dimensional ones and we are not bound in
using geometric rough paths (although any rough path may be interpreted
as a geometric rough path, but at the price of a higher complexity [10]). Yet
we also believe that all the results of this article may be extended to deal
with (p, q)-rough paths [10], although it leads to much more complicated
computations.

2 Notations

Let U and V be some finite-dimensional Banach spaces (we have to note
however that the dimension does not play a role here when we consider
functions that are (2 + ~)-Lipschitz continuous, but not (1 + ~y)-Lipschitz
continuous, where the solutions of the rough differential equations are defined
using a non-contractive fixed point theorem, which is not always possible to
apply in an infinite dimensional setting). The tensor product between two
such spaces will be denoted by U ® V, and such a space is equipped with a
norm | - | such that |z ® ylugy < |z|u X |y|v. To simplify the notations, the
norm on a Banach space X is then denoted by | - | instead of | - |x, as there
is no ambiguity. For a Banach space X, we choose a norm on the tensor
space X ® X such that |a ® b| < |a| - |b] for a, b in X. For a Banach space
X =Y @ Z with a sub-space Y, we denote by my(z) the projection of x
onto the sub-space Y. In addition, we define on X @ (X ® X) a norm |- | by
laf = max{ mx (@) | Txex(a)]}.
A control is a R, -valued function w defined on

AP (s, t) e [0,TP|0<s<t<T)}

which is continuous near the diagonal with w(s,s) = 0 for s € [0,7] and



which is super-additive, that is
w(s,r) +w(rt) <w(st), 0<s<r<t<T.

For a Banach space U, let us define the space T?(U) = {1} @ U® (U U),
which is a subspace of the vector space R ® U @ (U ® U). Let us note that
(T*(U),®) is a Lie group.

For 2 < p < 3, a rough path x from [0,T] to T?(U) of finite p-variation
controlled by w is x is a function from [0, 7] to (T?(U), ®) such that

|Tu(@se)| [ Tugu(@sy)]
{ |

w(s, )P’ w(s, t)2/pr

2] pw = sup max
(s,t)EA?
s#t

is finite, where z,, def ;' @z for (s,t) € A? and z; ! is the inverse of z, in
the Lie group (T%(U), ®).

Let L(U,V) be the space of linear maps from U to V.

For ~ € (0, 1], we denote by Lippg(1+) the class of continuous functions
f 'V — L(U,V) for which there exists a bounded, continuous function
Vf:V— L(V®U,V) such that

1
fe)e = fwa = [ VG- 9)-g) 9adr
0
and, V f is v-Holder continuous: for some constant C' > 0,

IVf(z) =V f@)lleveuy) < Clz —y|7, Vz,y € V.

In other words, if U= R? and V = R™, this means that f = (f1,..., f4) has
bounded derivatives V f; which are y-Hé6lder continuous from R™ to R. Note
that here, f is not necessarily bounded, but it growths at most linearly.

We denote by Lip(1 + ) the class of functions in Lippg(1 + ) which are
bounded.

We also denote by Liprg(2+ ) the class of continuous functions f : V. —
L(U, V) with bounded, continuous functions Vf : V— L(V®U, V) that are
Lip(1 + 7).

We denote by Lip(2 + ) the class of functions in Liprg(2 + ) which are
bounded.

For a ~-Holder continuous function, we denote by H.,(f) its Hélder norm.

We also set N, (f) o H.(f)+]flloo, which is a norm on the space of y-Hélder

continuous functions.



3 The main results

3.1 The case of bounded vector fields

For z; € V, let z be a solution to the rough differential equation

b= 2 +/Otf(zs)dxs. (1)

By this, we mean a rough path in 7%(U & V) such that mr2)(z) = = and

which is such that z, = zy + fot D(f)(zs) dzs where D(f) is the differential

form on U @ V defined by ©(f)(x,z) = 1dz + f(z)dx, where 1 is the map

from U@ V to L(U, U) defined by 1(z, 2)a = a for all (z,z,a) € U x V x U.
Here, we consider that x is of finite p-variation controlled by w, and we

then consider only solutions that are of finite p-variation controlled by w.
We recall one of the main result in the theory of rough paths.

Theorem 1 ([10,16,17]). Let v € (0,1] and p € [2,3) such that 2+ v > p.
If f belongs to Lip(1 + vy) and x is of p-finite variation controlled by w with
p € [2,3) then there exists a solution to (1) (this solution is not necessarily
unique). If moreover, f belongs to Lip(2++y), then the solution is unique. In
this case, x — z is continuous from the space of p-rough paths from [0,T] to
T%(U) controlled by w to the space of p-rough paths from [0,T] to T*(U V)
controlled by w.

The map (29, x, f) — =z is called the It6 map.

This result can be shown using a contractive fixed point theorem if f
belongs to Lip(2 + 7) and by a Schauder fixed point theorem if f belongs to
Lip(1+ 7). It can also be deduced from the following result, the existence of
a unique solution if x is smooth and the continuity result, provided that one
has uniform estimates on the p-variation of the solution. Of course, it is a
consequence of Theorem 3 below, which is itself an adaptation of the proof
presented in [10].

3.2 The case of non-bounded vector fields

Our goal is to extend Theorem 1 to the case of functions with a linear growth,
as in the case of ordinary differential equations. Indeed, we were only able to
prove local existence in the general case. However, the linear case is a special
case where global existence holds.

Theorem 2. Let x be a rough path of finite p-variation controlled by w with
p €[1,3) on T and f be the vector field f(y) = Ay for some linear applica-
tion A from V to L(U,V). Then there ezists a unique solution to the rough
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differential equation z; = zy + fg f(zs)dzs. In addition, for some universal
constant K,

sup, v (2 — 20)| < [20| exp(Kow (0, T)[| AP max{1, [lz[}.})  (2)
telo,T

for some universal constant K.

Remark 1. For practical application, for example for dealing with derivatives

of rough differential equations with respect to some parameters, then one
needs to deal with equations of type

t
2 =29+ / A(xg)zs das. (3)
0

Indeed, if one consider the rough path X; = fot A(xg) dxs with values in
T?(L(U,V)), it is easily shown that the solution of (3) is also the solution to
Z = 29+ fot dX,z, for which the results of Theorem 2 may be applied.

To simplify we assume that w is continuous on A? and ¢t — w(0,t) is
increasing (this are very weak hypotheses, since using a time change it is
possible to consider that x is indeed Holder continuous and then to consider
that w(s,t) = t—s). For a Lip,g(1+4)-vector field f, provided that H,(f) >
0 (otherwise, V f is constant and then it corresponds to the linear case covered

by Theorem 2), set
R ( IV flloc )1/7.
H,(Vf)
Theorem 3. If x is a rough path of finite p-variation controlled by w, f is
a LipLg (1 + v)-vector field with 3 > 2+~ > p > 2, then for T such that

w(0,7)PG (z0) 2]l < Kop with G(z) = sup  |f(a)l,  (4)

a€W, |a—zo|<p

for some universal constant K3 (depending only on v and p), there exists
a solution z to (1) in the sense of rough paths which is such that for some
universal constant K4 (depending only on v and p),

v (25.0)] < 2l|]lpwGz0)w(s, 1)1,
[mveu (zs0)] < 2l|2llpwGlz0)w(s, 1),
[muev (25| < 20|20 Gz0)w(s, 1), (
[mvev (25| < Kallallpw (1 + |2]lpw + [V £lleo)G(20)%w(s, )77, (5d

and sup |my(z — 2)| < p (5e
t€[0,7]

forall0 < s<t< 7. If fisawector field in LipLg(2+7) with 3 > 2+~ > p,
then the solution is unique.

(
(



Remark 2. The idea of the proof is to show that if z satisfies (5a)—(5d),
then z, = zo + fo zs) dx,s also satisfies (ba)—(5d), and then to apply a
Schauder fixed point theorem. The results are proved under the assumption
that Vf is bounded and Hoélder continuous. However, we may assume that
V f is only locally Holder continuous. In which case, we may consider a
compact K as well as u(K) = (|Vf|loorc/H,(V f; K))Y7 where |V f|loo:x
(resp. H,(Vf; K)) are the uniform (resp. Holder norm) of V f. In this case,
SUPycpo. |70,s] < pw (0, )7 fw(0, 7)1/ for the choice of T given by (4) and one
has also to impose that 7 is also such that zp; belongs to K for ¢t € [0, 7].

To simplify the description, we assume that the control w is defined on
0 <s<tfors,t € R, and that the rough path x is defined as a rough path
on Ry with ||z, < +o0.

Once the local existence established, it is then possible to construct re-
cursively a sequence {7;} of times and a sequence {&;} of points of V such
that

(73, Ti1) VPG (€ |2 llpw = K,

where & = 2 and & = my(2,,) for a solution z; to z; = &1 + fo z) dzs on
[Ti—laTiL 7 Z 1.

This way, it is possible to paste the solutions on the time intervals [7;, 7;11].
Given a time T' > 0, our question is to know whether or not there exists a
solution up to the time 7', which means that lim; ... 7; > T'.

Of course, it is possible to relate the explosion time, if any, to the explosion
of the p-variation of z or of the uniform norm of z.

Lemma 1. It holds that S = lim; .o 7; < +00 if and only if limy g || 2|/pw: =
+o00 and limy g ||2]|eo = +00, where ||2||pws (Tesp. ||2]|oo,t) is the p-variation
(resp. uniform) norm of z (resp. wy(2)) on [0,1].

Proof. Let us assume that for all S > 0, sup,¢g ||2||pw, < 400 (which implies
also that sup,cg||2|lc,r, < +00) or sup;sq ||z]|oe,r; < +00. Then G(&) is
bounded and then

n n

K2y
Z 7-7,77-1+1 ZG 3/|Lprw oo +00.

1=0

As S0 w(mi, Tir1) < w(0,7,), the time 7, converges to 400 as n — 0.
Conversely, if lim; ., 7; = +00, then there exists n such that 7,, > S for
any S > 0 and then, since the p-variation of a path on [0,S] may deduced
from the p-variation of the path restricted to [7;, 711, ||2|lpw.s < 400 and
|2|lco.s < +o00. O



In practical, the following criterion is useful to determine whether or not
a rough differential equation has a global solution or a solution up to time 7.
It has to be compared with the one given by A.M. Davie in [5].

Lemma 2. It is possible to solve z; = zy + f(f f(zs)dxg up to time T if and

only if
“+o0o

> w(m, i) > w(0,T). (6)

=0

Proof. Assume (6). As 3.7 w(7i, Tis1) < w(0,7,) and t — w(0, 1) is increas-
ing then for n large enough w(0,7,) > w(0,7) and 7, > T, which means
that at most n intervals are sufficient to solve (1) on [0,7]. Conversely, if

+ 5 w(Ti, Tiy1) <w(0,T), then S = lim; ., 7; < T and the solution explodes
at tlme S. ]
As

n p

w(Ty, Tizr1) Z K
G(&)P[llpe

i=0
it is then possible to consider several situations. First, let us note that for
all integer i,

G(&) < h((i+ 1)) with h(r) = sup  [f(a)].

a€W, |a—zo|<r

Thus (assuming for simplicity that h(0) > 0),

S KiuP def <% 1
Y w(riTis) > 2O with® = Y —————
i=0 ' 2|5 ; R((i+ 1)p)P

The next lemma is a direct consequence of Lemma 2. Let us note that ©
depends only on the vector field f.

Lemma 3. If © = +oo, then there exists a solution to (1) with a vector
field f in LipLa(1+7), 2+ > p, up to any time T > 0.

We should now detail some cases.

Influence of .  Of course, the favourable cases are those for which w(7;, 7;41)
is big, but this does not mean that p itself shall be big, as G(&;) also may
depend on V f. For example, consider the linear growth case, in which case
G(&) is of order |f(&)| + pl|V flloo and w(7i, 7i41) is of order p/G (&) ]|pw-
In this case, if p is big, then w(7;, 7i11) is of order 1/||V f||%,. Thus, if u is
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big because H,(V f) is small, then the value of w(r;, 7,41) will be insensitive
to the position & and a solution may exists at least for for a large time, if
not for any time. For v = 1 and in the case of the linear growth, one obtains
easily that

n n

1 p
2 wlmmn) >3 (1 17 @IV oo/ TV Fllo + G + 1>||v2f||oo> |

i=0 =0

The linear case may be deduced as a limit of this case by considering sequence
of functions f such that [|[V?f|l« decreases to 0. On the other hand, if p
is big because |V f||o is big, then w(7;, 7i41)"/? will be small. On the other
hand, if g is small, then u/G(&;) will be equivalent to p/|f(&)| and then
w(7i, Tig1) VP will be small.

The case p = 1. If p = 1, which means that = is a path of bounded
variation, then h(in) < |f(z0)| +ip||V flle and © is a divergent series. Here,
we recover the usual result that Lipschitz continuity is sufficient to solve a
controlled differential equation. In addition

n—1

w(0,7,) 2 Zw(ﬂ', Tit1)

=0

< zn: PG/ ||| . S /n+1 PG/ ||| do
T o)+ il Ve TS 1 (20)] +oullV e
=1

and the last term in the inequality is equal to

Ks/||z]|1.
1V flls

Then, the number of steps n required to get 7, > T is such that

(log(].f (20)[ + (n + DullV flloc) = log(|f (z0)] + IV fllec)) -

log([f (z0)] + ][V floc)
S w(0, D21V fllee/ Ks +log(|f (20)] + ullV f o)
< log(|f(20)[ + (n + DullV i)

and it follows that

2 —+ \V4 o
sup |my(z—2)| < np < | f(z0)| + 1|V ]
el IV fll

Note that this expression is similar to (2). However, one cannot compare the
two expressions, because formally, ;1 = +00 in the linear case.

exp (w(0. D)l VS oo/ Ks ).

9



Conditions on the growth of f. If f is bounded, then A is bounded
and © is also a divergent series. Of course, there are other cases where ©
is divergent, for example if h(a) ~q oo a® With 0 < § < 1/p or h(a) ~¢—oo
log(a). The boundedness of f is not a necessary condition to ensure global
existence.

The condition © < +00 does not mean explosion. Yet it is not suffi-
cient to deduce from the fact that © < 400 that there is no global existence.
Indeed, we have constructed © from a rough estimate. The real estimate
depends on where the path z has passed through. The linear case illustrates
this point, but here is another counter-example.

Set U =R™, V = RY consider a Lippq(2 + 7)-vector field f for some
~v > 0 and solve the stochastic differential equation

t
Z, = 2 +/ £(2,) 0 dB,
0

for a Brownian motion B in R™. This equation has a unique solution on any
time interval [0, 7. This solution is a semi-martingale, which has then a finite
p-variation for any p > 2 (see [4] for example). Then, it is possible to replace
f by a bounded vector field g and then to solve z; = 25+ fot g(zs) dBy, where
B is the rough path associated to B by B; = 1+Bt—Bo+f0t(Bs—Bo) ®odB;.
One knows that my(z) = Z so that z has a finite p-variation on [0,7]. With
Lemma 1 and Lemma 8 below, this shows that y; = 2o + fot f(ys) dzg has a
solution on [0, 7], which is z. On the other hand, our criteria just give the
existence of a solution up to a finite time.

This case is covered by Exercise 10.61 in [7]. However, it is still valid
in our context if one replace B by the non-geometric rough path 1 + B, —
By + fOt(BS — By) ® dBy in which case Z is the solution to the It6 stochastic
differential equation 7, = Z — 0 + fot f(Zs)dBs. In addition if f is only
a Liprg(1 + ~)-vector field, then this still holds thanks to a result in [2]
which asserts that the solution of the stochastic differential equation may be
interpreted as a solution of a rough differential equation.

3.3 A continuity result

We now state a continuity result, which improves the results on [10,16,17|
for the continuity with respect to the signal, and the results from [3,13] on

the continuity with respect to the vector fields.

For two elements z and Z in V, we set d(z, 2) o |z — z|. For two p-rough

10



paths z and Z of finite p-variation controlled by w, we set

’ Ty (:Ijsyt B /x\syt” ’ 7TU®U(xs,t - Tfs,t)’ }

o(z, ) ' sup max
| 5 (s s

(s,t)eA?

Finally, for f and f in Lip; (2 + k) and p fixed, we set

-~

S,(f 1) E sup |£(2) — F()lrww,

2€Bv (p)

and 3,(Vf, V)€ sup |[Vf(2) = V()|oveuv,

z2EBy (p)

where Bw(p) = {z € W||z| < p} for a Banach space W.

Theorem 4. Let f and f be two Lip; (2 + k)-vector fields and x, T be two
paths of finite p-variation controlled by w, with 2 < p <2+ r < 3. Denote
by z and Z the solutions to z = zy + fo f(zs)dxs and z = zg + fo f(Zs) das.
Assume that both z and Z belong to Brzwev(p) and max{||z||pw, [|Z]lpw} < p.
Then

8(2,2) < C(8,(f, F) + 8,(V £,V ) + 8(20, %) + 6(x, 7)), (7)
where C depends only on p, T, w, p, &, |V f]lss Ne(V2f), |V floo and
N.(V2f).

Remark 3. Let us note that this theorem implies also the uniqueness of the
solution to (1) for a vector field in Liprg(2 + 7).

Remark 4. Of course, (7) allows one to control ||z — Z]|«, since ||z — Z]|c <
(2, 2)w(0, T)P + 6(20, 20).

In the previous theorem, we are not forced to assume that z and z belong
to Br2(ugv)(p) but one may assume that, by properly changing the definition
of 4,(f, f), they belong to the shifted ball a + Br2gv)(p) for any a € V
without changing the constants. This is a consequence of the next lemma.

Lemma 4. For f in Lip(2+7) and for a € U, let z be the rough solution to
Z = a+ fo zs)dzs and y be the rough solution to y; = fo g(ys) dxs where
9(y) = fla+y). Thenz=a+y

Proof. Let us set u; = a + yo, for t € [0,7] and then wu,; def uyl @ up = Yo
Thus, the almost rough path associated to fo (us) dzy is

hs,t =1+ Tst+ f(us)mi,t + vf(us)ﬂ-W@V(uS,t)
+ flus) @1 xi,t +1® f(us) -373,,: + f(us) ® f(us) - x?,t

11



and is then equal to the almost rough path associated to f(f g(ys) dxs. Hence,

t t
/ F(us) de, = / o) s = o = a1 & .
0 0

Then, u is solution to u; = a ® fg f(us) dzs and by uniqueness, the result is
proved. O

Remark 5. One may be willing to solve z" = a®f0t g(2%) dz, for a € T*(UgpV)
with 772(yy(a) = 1, which is a more natural statement when one deals with
tensor spaces. However we note that a ! ®2% = a7 '®2% if 1y (a) = 7y (@) and
then 2¢ is easily deduced from z™(®). This is why, for the sake of simplicity,
we only deal with starting points in V.

4 Preliminary computations

We fix T' > 0, p € (2,3] and we define A3 def {(s,r,t) €0, TP |s <r <t}
For (Yst)(speaz with ys in T%(U @ V) define

|y;t| |y§,t
w(s, t)1/P’ w(s,t)/»

[9llpw = sup max
(s,t)EA?
sF#t
when this quantity is finite. We have already seen that a rough path of finite
p-variation controlled by w is by definition a function (x;).car with values in
the Lie group (T*(U& V), ®) to which one can associate a family ()5 eaz
by x5, = x;' @ x; such that ||z, is finite.
We set ys ¢ o Yst — Ysr @ Yrt. By definition, a rough path is a path y
such that y,,, = 0. An almost rough path is a family (y,)(sea2 such that
ly|lp is finite and for some 6 > 1 and some C' > 0

Yorie| < Cw(s, t)?. (8)

Let us recall the following results on the construction of a rough path
from an almost rough path (see for example [11,12,16,17]).

Lemma 5. If y is an almost rough path of finite p-variation and satisfy-
ing (8), then there exists a rough path x of finite p-variation such that for

K5 = Zn}l 1/”97

‘y;,t - ‘r}st‘ < CK5W(57t)9>
ly2, — a2, < CK5(1 4 2K5(|[yllpw + K5Cw(0,T)")w (0, T)P)w(s, 1)’

12



The rough path is unique in the sense that if z is another rough path of p-
variation controlled by w and such that |ys; — 24| < C'w(s,t)? for some
C'">0and 0 > 1, then z = x.

Lemma 6. Let y and iy be two almost rough paths such that for some 6 > 1
and some constant C,

[9llpew < C, [¥llpew <O, [ysiel < OW<S7t)97 Vs rt| < C’w(s,t)0
and for some € > 0,
|y = Gllpw <& and [ysrs — Gore| < cw(s,t)”.
Then the rough paths x and T associated respectively to y and y satisfy
Tos — Tos] < eKw(s, t)?
for some constant K that depends only on w(0,T), 0, p and C.

Given a solution z of (1) for a vector field f which is Lip(1 + 7) with
2+~ > 2 (we know that (1) may have a solution, but which is not necessarily
unique), set

Ysp = 1+ 250 + f(zs)x;t + Vf(zs)zs + flzs) @ 1 wit
+1® f(z) - I?,t + f(2s) @ f(zs) - Iz,ta 9)

where 2% = Tygu(z), ' = my(z) and 22 = Tygu(z). In (9), if a (resp. b) is
a linear forms from a Banach space X to a Banach space X’ (resp. from Y to
Y’), and z belongs to X (resp. Y), then we denote by a ® b the bilinear form
from X®Y to X'®Y’ defined by a®b-x @y = a(z) ® b(y). In the previous
expression, f(z)z}, +V f(z)z); projects onto V, f(z,) ® f(zs) - 22, projects
onto V@V, 1® f(z) - 22, projects onto U ® V while f(z,) ® 1- 7, projects
onto V® U.

The result in the next lemma is a direct consequence of the definition
of the iterated integrals. However, we gives its proof, since some of the
computations will be used later, and y is the main object we will work with.

Lemma 7. For a rough path x of finite p-variation controlled by w and f
in Lip(1 4+ v) with 2 + v > p, the family (ys:)speaz defined by (9) for a
solution z to (1) is an almost rough path whose associated rough path is z.

13



Proof. For a function g, we set ||g o 2[lc = Supsepo 1y [9(2t)|. Since zy; =
Ls,r ® Lty

def

Ysrt =Ysit — Ysr @ Yrt

=(Vf(zs) = Vf(z))z (10a)

+ (f(zs) = f(z))tre + V(2 (205 — 255 — 27%) (10b)
+(f(z) = flz) @1 a7, + 1@ (f(z) = f(2) -2, (10c)

+ (f(2) ® f(25) — f(z) ® f(zr)) Sy (10d)

+ (f(z5) @ (f(zr) — f(z s))) Ty @ Ty (10e)

+1® (f(zs) = flar)) 25, ® Ty (10f)

+ Vst (10g)

with
Ysrt = vf('ZS)st,r ® (xi,t + f(zr)xi,t + Vf(zr)zit
+ (2, + fz)ag, + VI (2)25) @ V(z)27. (11)

We denote by L; the quantity of Line (i).
Since zgp = Zs, @ 2y, We get that 2 = 2. + 27, + z,, ® x;, and then
that Line (10b) is equal to

Laony = (f(2s) — f(zr))x}",t + Vf(ZS)Z;,r ® x}",t'

Since f is in Lip(1 + 7),

1
Fzr) = f(zs) = / Vi el )el dr
0
and then

gl < Crw(s, )P

1
| Laony| < /0 Vf(ZS+TZ )zl dT—Vf(ZS)

with C1 < H,(Vf)| 2|25 (note that since z is a part of 2, ||zpw < [|2]lpw)-

Similarly, since |z}, @ z},| < w(s, t)??,

’L 10a)| CQUJ(S t)(2+’y /p ’L 10c) ‘ CgW(S t)3/p ’L 10d)| C4(A)(S t)g/p
|L(109)’ NS 05(,()(8, t)3/p and ‘L(lof)| NS CGW(S,t)g/p,

with Cy < H,(Vf), C3 < ||V fozllo, Cs < 2||f 0 2]|o||Vf 0 2], C5 <
1] 0 2llocl[Vf 0 2]loc and G < |V f 0 2]

14



Finally,
|Ts,r,t| < 07(")(57 t)?;/p

where C7 depends only on || f o 2|/, [|[Vf 0 2] and ||2||pw-
To summarize all the inequalities, for (s,r,t) € As,

|ys rt| CSW(S t)(2+7)/

for some constant Cy that depends only on N.(Vf), ||f o 2|l w, T, 7, p and
||z||pw- In addition, on gets easily that

yllpw < max{[|f o 2o + [V f 0 2o (0, T) V7, || f 0 2|13}

and then that y is an almost rough path. Of course, the rough path associated
to y is z from the very definition of the integral of a differential form along
the rough path z. O

The proof of the following lemma is immediate and will be used to localize.

Lemma 8. Let us assume that z is a rough path of finite p-variations in
T?(U & V) such for some p > 0, |z| < p fort € [0,T] and let us consider
two wvector fields f and g in Lip(1 + ) with f = g for |x| < p. Then

fg@( )(zs) dzg = fo )(zs) dzs for all t € [0,T].

5 Proof of Theorems 2 and 3 on existence of
solutions

We prove first Theorem 3 and then Theorem 2 whose proof is much more
simpler.

5.1 The non-linear case: proof of Theorem 3

Let f be a function in Lip(1++) with v € [0, 1], 2+~ > p. Let us consider a

rough path z in T2(UV) whose projection on T2(U) is 2. We set ¢ % |||,
Let us set 2! = my(2), 2% = myeu(2), 2! = my(2), 22 = Tugu(x). We assume
that for some R > 1

|22, < Rw(s, )7 and |2 il < Rw(s, t)2/r

for all (s,t) € A% Let us also set || f 0 z[lcs = Supyepo g [f(mv(25))]-
Let Z be rough path defined by

t
2,5:20+/ f(zs) das.
0

15



Indeed, to define Z, we only need to know z, 2! and z*. This is why we
only get some control over the terms z! = my(2) and 2% = mygu(z). Let us
consider first

yi,t = f(ZS)x;,t + vf(ZS)ZsX,t?
so that

1
def
e k= s = vhe = [ (VS el = V)t dr
0

+(Vf(2) = V()25

and then
|ysl,r,t‘ < (1+ C)Hw(f)R1+7w(S, t)(2+7)/p'

It follows that for some universal constant K,
250 = ysdl < (L4 QK HL(N)Rw(s, )00, (12)
On the other hand
[Ysal < IF 0 2lloosw(s, )/7C + RIV f[loctw (s, )7 (13)
Let us consider also
ylo=as, + i+ fly)@l-a?, e THU)a Ve (Ve U).

: : def i
This way, if 42, = mnueveveu(y2; — Y2, ® y2,), then for a partition

{t}im1. nof [0,T] and 0 < k < n — 2,

7TTI(U)EBVEBV‘@U<y152()7151 Q- ® yt2k¢k+1 ® yt2k+17tk+l Q- Q ytzn—latn>
_ 2 .. 2 . 2 — 2 14
7TT1(U)@VEBV®U(ytO,t1 ® ® Ytr trso ® ® ytn_l,tn) = Yti tur1 tioro (14)
Since for all (s,r,t) € A3,
y?,r,t = (f(y8>‘ri,r - 2;,7") ® Ii,t - (f(ZT) - f(zs)) ®1- .%it
and
(o), = Zopl < (L4 QRS HL ()R w(s, )50 4+ ||V floo Ruo(s, )7,
it follows that

1mveu (Y )] < 2CV fllooBw(s, £)¥P + (1 + Q)CKGH, (f) R w(s, t)ET/P,
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From (14), since z7'; is the limit of mygu(Q); ! thn o ) over a family of par-

titions {¢'},—1,., whose meshes decrease to 0 as n goes to infinity, it follows
from standard argument that for the universal constant Kj,

22 — vev (e, < 20K R|V fllocw(s, 75)3/”
+ (L QRZH, ()R (s, )57, (15)
On the other hand for all (s,t) € A?,
Imvau (el < CIf o zllwuw(s, ). (16)
For 7 € (0,T], consider a positive quantity s.(f) such that
st(f) Z |f o 2llcr, T €[0,T].

and we choose A such that R = As.(f). From (12) and (13), for 0 < s <t <

T,

[Zhel < so(F)(s )7 (C+ MV ot 0, 7)
+(1+¢)Ks y(f)ST(f)7A1+7w(0,7)(1+v)/p)‘ (17)

and from (15) and (16),

‘zst < s (fw(s, t)z/p(C-F A2C K5V flsow (0, )1/10
+(1+¢)K? V(f)sT(f)W)\lew(()jT)(1+7)/p)' (18)

If

El def sup  max ‘Zslt’ ’st,t‘
PET pgetr w(s, t)1/P" w(s,t)1/»

and
Co 2 max{ 1,205}V floe and Cro & (1+ Q) K2H, (f)

one deduce from (17) and (18) that
2l < 57(F)(C A+ ACow(0,7) Y% + N4 Crgs, (f)w(0, 7)),
Let us assume that 7 is such that Cow(0,7)/? < 1/4 and set

de ¢

A
1 — 2Cow(0, 7)1/P

< 2.

Now, we assume that 7 is such that

¢+ /\C'gw(()7 T)l/p + )\H”ClosT(f)Vw(O, T)(1+v)/p <+ 2)\ng(077)1/p -\

17



which means that
Aw(0, T)(lﬂ)/pST(f)VOlo < ACyw(0, T)l/p

and then that
N w(0,7)Ps.(f)Cho < Cy. (19)

If Cyp > 0 (the case Cyp = 0 corresponds to H,(Vf) = 0 and then to the
linear case), (19) is true if

aors-(f) < p (20)
with ( )1/
def Cw(s, )P 1
ot = < 2Cw(s, )7
Gt =77 2Cqw(s, t)1/r Cwis, )
and

qg(C@)v Cy {;LHVﬂkjj{HVﬂ@

— with — ¢ , .
Cho Cw | KZH,(Vf) Ks H(Vf)

Such a choice is possible, as w(0,t) decreases to 0 when ¢ decreases to 0.
This choice implies that

H/Z\prff < /\ST(f) =R

and owing to (19),
20| < H/Z\Hp,wﬁw(oﬂ—)l/p < P

for t € [0, 7]. The constant p depends only on ¢, H,(Vf) and ||V f|s-
To summarize, if for 7 small enough (with 7 such that Cew(0, 7)Y/? < 1/4),

1 0 2llcr < 5:(F) and ||zl < Aso ()

and (20) holds then Zz satisfies

[Zllpw.r < Asz(f), sup 20| < pand || f o 2o, < G(20)
te|0,7

with
Glz)®  sup  |f(a)l.

a€V s.t. la—zo|<p
Consequently, if 7 is such that
a7 G(20) < p

and z is such that

204l < py t €10, 7] and [|2]p0.r < AG(20), (21)
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then, since || f o z||oo,r < G(20), the path Z also satisfies (21).

Let us consider the set of paths with values in V& (V ® U) starting from
2o and such that z,; = 25, + 2,4 + 25, ® 2, for all (s,r,t) € A? and that
satisfies ||z|pw.r < AG(20) and |z < p for all t € [0,7]. Clearly, this is a
closed, convex ball. By the Ascoli-Arzela theorem, it is easily checked that
this set relatively compact in the topology generated by the norm || - ||, for
any ¢ > p. And any function in this set is such that sup,¢o 4 [f(2:)] < G(20).

By the Schauder fixed point theorem, there exists a solution to

Zy = 20+ /t f(zs) das (22)
0

living in T2(U) &V & (V®U). This solution may be lifted as a genuine rough
path Z with values in 7%(U & V) associated to the almost rough path

ﬂs,t = Zss + 1® f(Zs) : xi,t + f(Zs) ® f(Zs) ’ xit'

The arguments are similar to those in [10]. The uniqueness for a Lip(2 + 7)-
vector field f follows from the uniqueness of the solution of a rough differential
equation in the case of a bounded vector field, as thanks to Lemma &, one
may assume that f is bounded. We may also use Theorem 4.

Remark 6. If f is a Lip(2++y), then from the computations used in the proof
of Theorem 4, one may proved that the Picard scheme will converge (see
Remark 7 below). This can be used in the infinite dimensional setting where
a ball is not compact and then the Schauder theorem cannot be used because
the set of paths with a p-variation smaller than a given value is no longer
relatively compact.

We have solved (22) on the time interval [0, 7] in order to have ||z||,. » <
2¢G (20) (if Cow(0,7)YP < 1/4) and |z,| < p for t € [0, 7].

It remains to estimate the p-variation norm of Zz in order to complete
the proof. In this case, the computations are similar for mygv(Zs:) as for

Tveu(Zst) = Tveu(2st) since
ITuev(Zst)| < AG(2) < 2CG(20)w(s,t)2/p.
Since max{1, 2CK5}|V flloow(0, 7)Y/P < 1/4, A < 2¢ and using (19),
f(z)al, — 20, | <NV fllsoll2llpww(s, 1)
1,2(K
%MHVfHOOG(ZO)w(O,7)1/%(5,15)2/”
5

< 20G(20)w(5, 1) (| V f oo + max {5, 2¢}0 (0, 7) 7|V £|<)
< 20G(z0)w (s, )7 (IV fllc + Ks)

+ A
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for some universal constant Kg. On the other hand
£ (z5) = f(2)] SNV fllaoAG (z0)w(s, )P < 20w (s,1) PG (20).
Hence
[mvey G| < 4C%w(s, )P G (20)* + 4¢G (20)*w(s, )P (|[V f oo + K)
and then
[mvev(Zor) = [(2) @ f(2)23,] < 4K5CG(20)%w(s,8)*P(C + [V f oo + K).
It follows that
Imvev (Za)] < K2(Gl20)"w(s, )7 (14 |V floo + €)

for some universal constant K.

5.2 The linear case: proof of Theorem 2

The linear case is simpler. Let us write f(z;) = Az and let us set
y;t = Az, - a:;t + Az:t.

Since 24 = 2, + 2+ 21, ®x, ,, one gets that y! ., = 0 for any (s,7,t) € A%
Again, let us set ¢ ¥ 2] p -
This way, 2z = 2o + fg Az, dx, satisfies

/Z\;,t - y;,tu (87 t) S A2'

Also, for
2 ~2 2
Ysg = Tst T 25 + Az;®1- Tt

one obtains that
y?,r,t =Alzs —2z)®1- l“?,t - AZSX,’V‘ ® x’rl‘,t‘
Hence forall 0 < s <t <7 foragiven 7 < T
25 = mveu(y2)] < 2K ]| All||2llpw.rCw (s, )7
and thus

225 < Allw(s, )P (Cls] + KsCll2lpwrw(s, 1) 7). (23)
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On the other hand,
el < Al (s, )P (Clas] + [|2lpwrw(s, 1) /7). (24)
As |z,| < 20| + Cw(0, 8)YP||2Y | w.r, it follows from (24) and (23) that
2w < 1A max{L, C}(|z0] + Ksll2llpwrw (0, 7)"7)

for some universal constant Ky.
Set § = ||A|| max{1,(}. Assume that ||z||,., < L|zo| for some L > 0.
Then
2l < B(L+ LEgw(0,7)1/7)|z].

Fix 0 < n < 1 and choose 7 such that
BK8W(O7T>1/p < 77

then set
def ﬁ ﬁ

L& <
1—BKsw(0,7)1/P = 1—n

so that
B(1 + LKsw(0,7)/7) < L

is satisfied and then
H”z\||p7w; < L|zg| and |Zp,] < L|zo|w(0,7')1/p. (25)

By the Schauder fixed point theorem, there exists a solution in the space of
paths z with values in V& (V ® U) starting from z and satisfying (25) as well
as Zst = Zsy + 2rt + Zsr @ x},’t. We do not prove uniqueness of the solution,
which follows from the computations of Section 6.

This way, it is possible to solve globally z; = z5 + fot Az, dx, by solving
this equation on time intervals [7;, ;1] with w(7;, Ti41) = (/8 Ks)P, assuming
that w is continuous. The number N of such intervals is the smallest integer
for which N(n/BKs)? > w(0,T). Thus, since |z, .,| < L|zy |w(7, Tig1) V7,
we get that for i =0,1,..., N — 1,

N-1
sup |zl < I (1+—" i)<|zo|(1+—’7 i)
p Ti b X Ti AN
SG[Ti,T¢+1] 1 - an 1 - UKS

1 )w(OyT)(n/ﬂKs)”

< 2o (1 + ﬁf
- 8

which leads to (2).

21



6 Proof of Theorem 4 on the Lipschitz conti-
nuity of the It6 map

In order to understand how we get the Lipschitz continuity under the as-
sumption that f and f belongs to Lippg(2 + ) with 2 + v > p, we evalu-
ate first the distance between to almost rough paths associated to the solu-
tions of controlled differential equations when the vector fields only belong
to Liprg(1 + ). Without loss of generality, we assume that indeed f and f
are bounded and belong to Lip(1 + 7).

6.1 On the distance between the almost rough paths
associated to controlled differential equations

For a rough path 7 of finite p-variation, and let 2" be the solution to z; =
Zo + fot f(Zs) dxs. Define y with the same formula as in (9) by replacing z
(resp. f, z) by Z (resp. f, T).

We set z' = my(z) and 2! = 7y (2), and we set ||z oo 5.4 o SUD,.e[s 4 | 2]
In addition, we assume that z and z are such that max{||2| ., ||Z|lpw} < p
and max{||Z]|so, 2]y} < p-

In the following, the constants C; depend on || f|le, Ny(Vf), w, T, p, K,

Hx”p,w and p.
Let us note that

[yee = Tael <1 (z0) = FED bl + 1 (E) = FEDwhl + [ FE) @, — 7))

~

+1(Vf(25) = VFE)) 20l +1(VF(Z) = VIF(Z))z5

~

+VFE) (25— 25+ g, — Ty
It follows that
ey = Uoal S Culllz! = oo s + 0,(f, f) + 6(2,2))w(s, )7

+ Hy (V) (12 = 2% g + 0oV F VO lzllpoll@llpwe (s, 1)
IV Fllocd (2, ) 2 lpwto(s, )7

with ~
Cii < max{||z[|pw, [|1Z]pw} max{L, [| flloc; |V flloo }-

With similar computations,

[Yoe = Toal < Cra(0,(f, ) +0(2,2) + |21 = 2 [loo o) (s, 1) /7.
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We are now willing to estimate |ys .+ — ¥s+|. By watching at the expressions
(10a)—(10d), we get

Wsrt — T <Cu3(8,(f, F) + <Vf,vf>+6<x ) £ (26a)
H(f(z) = flz))aly + Vf(z)2), @ 2l (26b)

(B~ fGE), — VG, @ )
H(fz) — fz) @ 1 xrt+1®<f< O = f(z) - 22, )

—(fE) - fE)) @12, +1@ (f(3)—f(3)) 22| (26e)
H(f(zs) ® flzs) = f2) @ fl20)) - 22, (26f)
)

)

)

)

)

—(fE)® [(Z) - f(Z) @ [(Z)) - 27l (26g
Hf(z) © (fl26) = flz0) -2y, @ 2y (26h
—f(Z) @ (f(Z) = [(Z) 2y, ® 2] (261
HI® (f(2) = fzr) = F(Z) + F(3)) - 25, @ 2y (26]
ot — ?s,r,t|7 (26k

where TS,M is similar to T, defined by (11) with f, x and 2 replaced by f,
7 and 2. First we consider Lines (26d)-(26j). For this, let us note that

() = 1) = G E) = 1ED = | [ ViG+r(E = 2)E = 2 s
= /0 Vit (5 = 2))(5 - 2) dr|

< /0 (Vf(zs+7(Zs — 25) = Vf(zr + 72 — 2))) (2 — 2.)dT

1
TR CEECEPNCRERE
0

1
<=t = gllloo,[s,tlﬂw(vf)/ I7(zs = 2,) + (L= 7)(Z — Z)]"dr
0

+ IV f (2, Z)w(s, )17
< Cuaw(s, )7)|2" = 2o sa (12115 0 + I1Z115.0)
+ C50(2, Dw(s, )P, (27)

With this, we get a control over Lines (26d)-(26e), (26f)-(26g), (26h)-(26i)
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and (26j) of type
| L(264)—(26) + L(260)—(268) T L(26n)—(261) + L(265)|
< Crgw (s, ) *F P21 = 2| o e (12150 + 1217.)
+ 0176(2, 2w(s, t)*?.

Similarly, we have

|L(26k | < 018(||Z - Zl||7 s8] + ||21 - 31||oois¢]
+6(2,2) 4+ 8(x,7) + 0,(f, F) + 0,(V £,V ])).

For (26b)-(26c), we use the same kind of computations as we did for Lgp)
and then,

| L(260)—(260)| < w(s,t)P||z |y

1
/ (Vf (ot 72),) = V()2 dr

0

_ / (VIGE+73L,) = VF(E))E, dr

<w(s,)"7|z]lpe

RGN FON EZIER e R ZCIER Y

1
| @G+ 72) - VGG, - 2, e,
0
The last term in the previous inequality is bounded by the quantity
HL(V )|2]lpww(s, ) E2|Z)7 6(2,2). (28)
On the other hand, for 7 € [0, 1], if

A def (Vf (2 + TZ;,T) —Vf(z)) = (VF(ZE + T/Z\ir) = V£(z))l
then

+w(s, )P pe

. {2H SVHIE = 2L g (29)

2V H (V) (12llpw + Zllpw) w(s, 1),

Thus, we may choose 1 € (0, 1) and combine the two terms in (29) to obtain
A < Crow(s, )P (|2 lpw + [1Zlp) 712" = 2152

It follows that with (28),

| L(26b)—(26¢)| < Caow(s, t)(2+7)/p(5<27 Z)
+ Ot ([12llpeo + I2lpw) ™ 12" = 211 - t] w(s, 1) (30)
where Cy and Cy; depend on H,(V f).
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The case of a Lip(2 + k)-vector field. If f belongs to Lip(2 + ) with
2 + Kk > p, then one can set v = 1 in the previous equations. In this
case, one can give a better estimate on La6p)—(26c), Which we use below to
prove the Lipschitz continuity of the It6 map. In this case, we use the same
computation as in (27) by replacing f by V f to get

| L(26b)—(260)] < Caow(s, £)%/75(2, 2) + Cogw(s, 1) T™/P|| 21 — 2| o514
+ Cub (2, 2)w(s, t)F/P - (31)
where Cay and Ca3 depend on H,(V?f) and || V? f|| o and Coy depends on ||V f]| .

On the difference between the two cases. In order to prove the Lip-
schitz continuity of the It6 map, which implies uniqueness using a reg-
ularization procedure, we will see that we will get an inequality of type
d(2,2) < A(1+Crd(z,2)) with Cr converges to 0, and then one can compare
d(z,z) with A. This is possible thanks to (31). With (30), we get an inequal-
ity of type 6(z,2) < A(1+Crd(z,2)*) with A < 1 and then it is impossible to
deduce an inequality on §(z,2) in function of A when 6(z,2) < 1. Anyway,
in [5], A.M. Davie showed that there could exist several solutions to a rough
differential equation for f in Lip(1 + ) but not in Lip(2 + 7).

6.2 Proof of Theorem 4

Since the solutions of rough differential equations remains bounded, we may
assume that f belongs to Lip(2 + k) instead of Liprg(2 + k) with 2 < p <
24K < 3.

Let us note that

|2 = Zlloo < (20, 20) + 0,70(2, 2) (32)

with ag, defined by ay, def max{w(s, )/, w(s,t)?P}. Note that agr de-
creases to 0 as 1" converges to 0.

Since v = 1, we have obtained from (31) and (32) that for all (s,r,t) € A3,
we get that

FF) +6(2,8) + 6(20, %)
( (1— “)/p(S(Z, Z) + 060,T5(Z’ 2))(,0(8, 75)(2—|—I-£)/I’7 (33&)

|ys,rt ysrt| C25

&F
\_/\_/

(6, (
—+ w
that
L, — U8l < Cos(aod(2,2) + 0(20, 20) + 0, (f, ) + 6(, B))w(s, 1) /7
+ Cor((1 + ao,1)d(2,2) + (20, 20) + 0,(V f, Vf))w(s, t)*'7, (33b)
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that
‘yz,t - /y\s,t < 028(5P(f7 J?) + (S(Z‘, f) + aO,Td('% 2) + 5(207 /2\0))(4)(8, t>2/p7 (33C>

and that
[Ysrt| < Cogw(s, t)3/p and |Us,+| < Cyow(s, t)>? 3/p (33d)

For convenience, we assume that x < 1.
Since z (resp. 2) is the rough path associated to y (resp. z), it follows
from (33a)-(33d) and Lemma 5 that

st — 2st| < Ca10(5, )3, |Fuy — Zus| < Caw(s, t)>/?

and from Lemma 6 that
20, — 2o < B(Mw(s, )P and |22, — 22,| < B(T)w(s, )*?  (34)
with
B(T) < Csy max{ag76(2,2) + (20, %0) + 0,(f, f) + 6(, T) o,
(1 + co1)d(2, %) + 6(20, 20) + 6,(V f, V f))w (0, T) 7,
(0, F) + 0(x, D)o + 0(20, %)
+w(0, 7)1 /P5(2,2) 4+ aprd(z,2))}.

In particular, (34) means that §(z,2) < B(T), but B(T) also depends on §(z, 2).
More precisely, the constant 3(T') satisfies

B(T) < C320(2,2) (07 + (1 + agr)w(0, T)YP 4 w(0, T)1-R/P)
+ Co(6,(f, )+ 6,(V £,V f) + 6(z,2) + 0(20, %))

Remark 7. The same computations can be used in order to prove the con-
vergence of the Picard scheme 2" = 2+ fot f(22) dzxs of the Picard scheme,
in which case

§(z", 2" < Cyymax{agr, o 7, w(0, 7)1 =H/PL5 (2", 271

and it is then possible to choose T  small enough to get (2", 2™) < kd(2", 2"71)
with k£ < 1.

Now, choose 7 small enough so that for all s € [0,T — 7],

1
C’32 (as,s+7 + (1 + OZS,S_H—) (8 S+ T)l/p + CU(S S+ 7—)(1 "‘f)/p) _

l\D
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This is possible since by definition, (s,t) € A? — w(s,t) is continuous close
to its diagonal.
Hence, one may choose 7 small enough in order to get

~ -~

0(2,2) <205 (0,(f, f) + 6,(V [, V.f) + 6(z,Z) + 6(20, 20))

for T'< 7. By a standard stacking argument where 2y (resp. Zp) is replaced
recursively by zx, (resp. Zj,) for K =1,2,..., we can then obtain that

~ o~

5(27 '/Z\) < C34(6P(f7 f) + 5P<vf7 Vf) + 5(1;7 /x\) + 6('207 /Z\O))a

since the choice of 7 does not depend on z.
In other words, the It6 map is locally Lipschitz continuous in all its ar-
guments.
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