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Antoine Lejay*
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Abstract

We prove that the [t6 map, that is the map that gives the solution
of a differential equation controlled by a rough path of finite p-variation
with p € [2,3) is locally Lipschitz continuous in all its arguments and
could be extended to vector fields that have only a linear growth.

Keywords: Rough paths, It6 map, controlled differential equations.
AMS classification: 60H10 (34F05, 34G05).

1 Introduction

The theory of rough paths allows one to properly defined solutions of con-
trolled differential equations driven by irregular paths and asserts the con-
tinuity — in the right topology — of the map the send the control to the
solution [7,8,10,12,13|. As this theory was initially designed to overcome
the problem of defining stochastic differential equations in a pathwise way,
this map is called the It6 map. As Brownian paths are a-Holder continuous
for any a@ < 1/2, the theory of rough paths asserts that one can define in
a pathwise way solution of stochastic differential equations as soon as one
shows that the iterated integrals t — fOt(BS — By) ® odB; have the right reg-
ularity property, and then, that the Brownian path can be embedded in an
enhanced Brownian path with values in a non-commutative Lie group given
by a tensor algebra. The theory of rough path can indeed be used for many
stochastic processes (See for example the book [5]).
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The goal of this article is then to bring some precisions on the 1t6 map,
which is that map that transform a rough path z of finite p-variation with
p < 3 into the solution z of

t
zt:zo+/ f(zs) dag
0

for a vector field f which is smooth enough. In particular, we show that the
assumptions on the boundedness on the vector field can be drop to assume
that f has a linear growth (note that however, existence of the differential of
the derivative with respect to the starting point, which gives rise to a linear
equation, has been studied in [1,11]). In addition, we show that the Itd
map (2o, f, ) — z is locally Lipschitz in all its arguments (a slightly weaker
statement on the continuity with respect to the vector field was proved in [2]
and [9], and on the Lipschitz continuity with respect to = in [1,12]) under
the more stringent assumption that f is twice differentiable with y-Holder
continuous second-order derivative with 24 v > p. The proof relies on some
estimates on the distance between two solutions of differential equations,
which can be also used as a prior: estimates. From this, we deduce an
alternative proof of the uniqueness of the solution of a differential equation
controlled by a rough paths of finite p-variation with p < 3.

The Lipschitz continuity of the It6 map can be important for applica-
tions, since it allows one to deduce for example rates of convergence of ap-
proximates solutions of differential equations from the approximation of the
driving signal (see for example [14] for a practical application to functional
quantization).

We have to note that we were not able to relax the assumption for unique-
ness that f shall have a v-Holder continuous second order derivative with
2 4+ v > p, to get results similar to the ones of E.M. Davies [3| (see also [4])
that deal with the case where 2 + v = p.

We also believe that all the results of this article may be extended to
deal with (p, ¢)-rough paths [6], although it leads to much more complicated
computations.

2 Notations

Let U and V be some finite-dimensional Banach spaces (we have to note
however that the dimension does not play a role here when we consider
functions that are (2 + )-Lipschitz continuous, but not (1 + -y)-Lipschitz
continuous, where the solutions of the rough differential equations are defined
using a non-contractive fixed point theorem). The tensor product between
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two such spaces will be denoted by U® V, and such a space is equipped with
a norm | - | such that |z ® y|lugv < |z|u X |y|v. To simplify the notations, the
norm on a Banach space X is then denote by | - | instead of | - |x, as there
is no ambiguity. For a Banach space X, we choose a norm on the tensor
space X ® X such that |a ® b| < |a| - |b] for a, b in X. For a Banach space
X =Y @ Z with a sub-space Y, we denote by my(z) the projection of x
onto the sub-space Y. In addition, we define on X @ (X ® X) a norm | - | by
la] = max{| mx(a)|, | Txzx(a)]}.

Let = be a U-valued rough path on [0, 7] with p-variation controlled by
w with p < 3, that is z is a function from [0, 7] to the Lie group (7%(U), ®)
defined by the tensor space T?(U) = {1} ® U @ (U ® U) such that

[Tu(@se)| [ Tugu(@sy)]
{ f

w(s, )P’ w(s,t)/?

|||y = sup max
(s,t)EAi_
where A2 = {(s,¢) € [0,T?|0<s<t<T}, x5 = 2, @y and w is a
function from A% to R which is continuous near its diagonal with w(s, s) =0
and which is such that

w(s,r)+w(rt) <w(s,t).
Let L(U,V) be the space of linear maps from U to V.
For ~ € (0, 1], we denote by Lippg(1+) the class of continuous functions

f V. — L(U,V) for which there exists a bounded, continuous function
Vf:V— L(V®U,V) such that

1
fe)e = W= [ Vi) -y @i
0
and, V f is v-Holder continuous: for some constant C' > 0,

IVf(z) = VfW)llewevy) < Clz —y|7, Vz,y € V.

In other words, if U= R? and V = R™, this means that f = (f1,..., f4) has
bounded derivatives V f; which are y-Hé6lder continuous from R™ to R. Note
that here, f is not necessarily bounded, but it growths at most linearly.

We denote by Lip(1 + ) the class of functions in Lippg(1 + ) which are
bounded.

We also denote by Liprg(2+ ) the class of continuous functions f : V —
L(U, V) with bounded, continuous functions Vf : V — L(U,V ® U) that are
Lip(1 + 7).

We denote by Lip(2 + ) the class of functions in Liprg(2 + ) which are
bounded.

For a ~-Holder continuous function, we denote by H.,(f) its Hélder norm.
We also set N(f) = H,(f)+ | f||, which is a norm on the space of y-Hélder
continuous function.



3 The main results

Let z be a solution to the rough differential equation

2= 2o + /Otf(zs) dz,. (1)

By this, we mean a rough path in T(U x V) such that 7pw)(2) = « and
which is such that z, = 2z + f(f D(f)(zs) dzs where D(f) is the differential
form on U x V defined by ©(z, z) = 1dx + f(z) dz, where 1 is the map from
U x V to L(U, U) defined by 1(z, z)a = a for all (x,z,a) € U x V x U.

We recall one of the main result in the theory of rough paths.

Theorem 1 ([6,12,13]). Let v € (0,1] and p € [2,3) such that 2 + v > p.
If f belongs to Lip(1 + v) and x is of p-finite variation controlled by w with
p € [2,3) then there exists a solution to (1) (this solution is not necessarily
unique). If moreover, f belongs to Lip(2++y), then the solution is unique. In
this case, x — z is continuous from the space of p-rough paths from [0,T] to
T5(U) controlled by w to the space of p-rough paths from [0,T] to To(U x V)
controlled by w.

This result can be shown using a contractive fixed point theorem if f
belongs to Lip(2 + 7) and by a Schauder fixed point theorem if f belongs to
Lip(1++). It can also be deduced from the following result, the existence of a
unique solution if x is smooth and the continuity result. The next Proposition
is deduced from the proof of Theorem 1.

Proposition 1. If x is a rough path of p-variation controlled by w and f
belongs to Lip(1 + ) with 3 > 2+~ > p > 2, then there is a p > 0
depending only on w, N(f), T, p and 7 such that any solution z to (1)
satisfies ||z||pw < p-

Remark 1. Of course, from this, we deduce that t — z; remains bounded in
T%(U x V).

Remark 2. We can use this estimate as some a prior: estimate, and use the
fact that for a geometric rough path x, there exists a sequence of smooth
rough paths 2" such that 2" converges to x. Thus, the solutions z" of the
corresponding equations driven by 2™ are uniformly bounded with respect to
| |lpw, and if V is a finite-dimensional space, it follows from the Ascoli-Arzela
theorem that (2™),en has a convergent subsequence both for the uniform
norm and for the norm || - ||, for any ¢ > p. From the continuity of z €
T(Ux V) — [ g(zs)dzs, one gets that any limit of (2"),ey is solution to (1)
and is of finite p-variation controlled by w.
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We will then extend Theorem 1 to the case of functions with a linear
growth, as in the case of ordinary differential equations.

Theorem 2. If x is a p-rough path with p-variation controlled by w, f is
a Lip a(1 + v)-vector field with 3 > 2+ > p > 2, then there exists a
solution z to (1) in the sense of rough path. In addition, the p-variation of z
is controlled by Cw for some C' that depends only on T, w, N(Vf), p and k.
If f is a vector field in Lip; (2 + ), then the solution is unique.

From now, we denote by J the map (zo,z, f) — z, which we call the [to
map.

For two elements z and Z in V, we set (z,2) = |z — z|. For two p-rough
paths x and Z of finite p-variation controlled by w, we set

A~ ‘TU(xst_/x\st)’ |7TU®U(xst_/x\st)‘
5(x, 3) = £ = Fo LS
(7,%) = oup mex { DO w(s )

Finally, for f and f in Lip; (2 + k) and p fixed, then we define J,(f, f) by

~ ~

S,(f.f)= sup [f(z) = f(2)|+ sup |[Vf(z) = VF()|rww,

2€Bvy(p) 2€By(p)

where By (p) = {z € W||z| < p} for a Banach space W.

We now prove the continuity result, which improves the results on (6,12,
13| for the continuity with respect to the signal, and the results from |2, 9]
on the continuity with respect to the vector fields.

Theorem 3. Let f and f be two Lipy (2 + k)-vector fields and z, T be two
paths of finite p-variation controlled by w, with 2 < p < 2+ Kk < 3. Denote
by z and Z the solutions to z = zo + [, f(2zs)dzs and Z = Zy + [, f(Zs) ds.
Assume that z and Z belongs both to Brawxvy(p) and ||z]/pw + ||Z]lpw < p-
Then R

0(2,2) S C0,(f, f) + 0(20, 20) + 0(x,)).

o~

where C' depends only on p, T, w, p, k, N(Vf) and N(V[).

Remark 3. Let us note that this theorem implies also the uniqueness of the
solution to (1) for a vector field in Lipra(2 + 7).

4 Preliminary computations

We fix T > 0 and we define A% = {(s,t) € [0,7*|s <t} and A3 =
{(s,r,t) € [0, TP|s<r <t} Fixpe (2,3
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Let W be a Banach space. For (ys¢)(sneaz with s, in T’(W)=10oWo
(W ® W), define

1 2
||y||p,w = sSup max{ |y57t|1 ’ |ys,t|2 }
(s;t)EA? w(s, )P w(s,t)2/p

when this quantity is finite. We have already seen that a rough path of finite
p-variation controlled by w is by definition a function (), AL with values
in the Lie group (T%(W), ®) to which one can associate a family (xS,t)(sJ)eAi
by x5, = x;' @ x; such that ||z, is finite.

We set ysrt = Yst—YsrQYre. An almost rough path is a family (ys,t)(snf)eAi
such that ||y||,. is finite and for some § > 1 and some C' > 0

|ys,r,t| < CW(S, t)e. (2)

Let us recall the following results on the construction of a rough path
from an almost rough path (see for example [7,8,12,13]).

Lemma 1. If y is an almost rough path satisfying (2), then there exists a
rough path x of finite p-variation such that for some universal constants K,
K, K3 and K, (depending only on w(0,T), 6 and p),

[Ysr — T4l < KiCw(s,t)’, (3)
20 — 22, < C(Kz + (K + Killyllpw)w (0, T)P)w(s, 1)’ (4)
and x is of p-variation controlled by w with
O(s,1) = [[yllpwC max{ Ky, (K1 + (K + Killyllpw)w (0, T) %) }w(0,T)"~1/7.

The rough path is unique in the sense that if z is another rough path of p-
variation controlled by w and such that |ys; — zs;| < C'w(s,t)? for some
C'">0and 0 > 1, then z = x.

Lemma 2. Let y and y be two almost rough paths such that for some 6 > 1
and some constant C,

[Yllp < C; Tllpw < Oy [Yorel < Cwls, 1), [Gsrel < Cuo(s, 1)’
and for some € > 0,
ly = Fllpw < & and |yspe = Goral < cw(s, 1),
Then the rough paths x and T associated respectively to y and iy are such that
|25t — Tst| < ng(s,t)e

for some constant K that depends only on w(0,T), 6, p and C.
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Given a solution z of (1) for a vector field f which is Lip(1 + 7) with
24~ > 2 (we know that (1) may has a solution, but which is not necessarily
unique), set

Ysp = 1+ g0 + f(zs)x;t + Vf(zs)zs + flzs) @1 wit
+1® f(z) - I?,t + f(2s) ® f(zs) - xi,m (5)

where 2% = Tygu(z), ' = my(z) and 22 = Tygu(z). In (5), if a (resp. b) is
a linear forms from a Banach space X to a Banach space X’ (resp. from Y to
Y’), and z belongs to X (resp. Y), then we denote by a ® b the bilinear form
from X®Y to X'®Y’ defined by a®b-x @y = a(z) ® b(y). In the previous
expression, f(z,)x}, + V f(z)z); projects on V, f(z) ® f(z) - 22, projects
on VeV, 1® f(z) -3, projects on U® V while f(z,) ® 123, projects on
V& U.

The result in the next Lemma is a direct consequence of the definition of
the iterated integral. However, we gives its proof, since some of the compu-
tations will be used later, and y is the main object we will work with.

Lemma 3. For a rough path x of finite p-variation controlled by w and f
in Lip(1 + ) with 2 + v > p, the family (y&t)(s,t)eAi defined by (5) for a
solution z to (1) is an almost rough path whose associated rough path is z.

Proof. In the proof, we assume that z is controlled by w. Since z,; = x5, ®
Zrt, Note that

Ysrt =Yst — Ysr @ Yrt (6a)
=(Vf(zs) = V()25 (6b)

+ (f(zs) = f(z))zp, + V() (2 — 205 — 27) (6¢)
+(f(z) = flz) @1 a7, + 1@ (f(2) = f(2) - 7 (6d)
+(f(2) @ fz5) = f(20) ® f(20)) - a7y (6e)
+(f(2) @ (f(zr) = f(2))) - 25, @ 2, (61)

+ (1@ (f(z5) = f(2)) - 25, @ 0y (6g)

We denote by L(; the quantity of Line (i).
Since zgy = Zs, ® Zpy, We get that 2 = 27, + 274 + 21, ® z}, and then
that Line (6¢) is equal to

L(Gc) = (f(zs) - f(zr))xvl",t + vf(zs)zi,r ® xvl",t



Since f is in Lip(1 +7),

| 66)| -

/ Vf(z b r2d )l dr — V()2 |-l
< Clw(s,t)@ﬂ)/p with C; < H,(Vf).

Similarly, since |2}, ® 27| < w(s, 1)%/?,

|L(6b)| < CQW(S t)(2+w/p | 6d)‘ CgW(S t)3/p ’L | C4Cd(8,t)3/p
| Lsp| < Csw(s, t)?’/p and |Lgg) | < Cow(s, t)3/p

with Cy < Hy(V[), C5 < ||V [flloo;s Ca < 2/[fllclIV fllos, C5 < ([ fllocllV flloo
and Cg < ||Vf||Oo
Thus, |ys,.| < Crw(s,t)*™(s,t). In addition, on gets easily that

yllpo < max{[|f oo + IV fllocw (0, T)1/7, || £1I2:}-

This implies that y is an almost rough path. Of course, the rough path
associated to y is z from the very definition of the integral of a one-form
along the rough path z. O

The proof of the following Lemma is immediate and will be used to lo-
calize.

Lemma 4. Let us assume that z is a rough path of finite p-variations in
T(U x V) such for some p > 0, |z| < p fort € [0,T] and let us con-
sider two vector fields f and g in Lip(1 + ) with f(myv(z)) = g(ﬂ'v( )) and
Vf(my(z)) = Vy(ry(z)) for|z| < p. Then fot@( )(zs) dzs = fo )(zs) dzs
for all t €10, 7).

5 Proof of Theorem 2 on the linear growth
For a vector field f € Lip(1++), a rough path x in T'(U) of finite p-variation

controlled by w and an initial point zy in T(U x V), let us consider the
sequence of rough paths with values in T'(U x V) defined by 2? = (2, z;) and

¢
A=t [ gl
0
where g = D(f). In order to simplify the notations, we extend g to T'(U x V)
by setting ¢g(z) = g(muxv(z)) and g will be confounded as a function on

T(U x V). For b € T(U x V), we denote by |g(b)| the operator norm of
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g(b) which satisfies |g(b)aluxv < |g(20)| - |a| for all @ € U x V. Thus, we
this convention, m7w)(2") = @, and this procedure corresponds in defining a
Picard sequence.

Set 2" = Truevewev)(2").

We denote by B(zg, p) the ball of radius p in T(U)® V& (U® V) centered
on zg. Our aim is to show that for a given p that can be chosen independently
from || f ||, if 2" belongs to B(Zg, p) for ¢t € [0, T], then 2" stays in B(Zy, p).

If fis a (2 4 ~y)-Lipschitz vector field, then it is now a classical result
that (2"),en converges to the solution z to z = z + fo f(zs) dzxg, thanks to a
contractive fixed point theorem. If f is only a (1 + ~)-Lipschitz vector field,
then, for T small enough, then there exists some R that depends on w, p,
| flloos |V flloo and Hy(V f) such that ||2"]|ec + ||2"||pw < R for any n € N.
The projection z on T(U) & V@ (U® V) of a solution z to (1) is then a limit
of a subsequence of (2"),en.

Let us set

Yt =14 ag + g(2l)as, + V(22" + gzl @ 1- a2,

As in the proof of Lemma 3, for n = 0,1,2,..., ™" is an almost rough path
for n > 1. Let us note that knowing 2" is sufficient to compute y"*!, and
to indeed reconstruct "' with the full expression (5). As in the proof of
Lemma 3, but keeping only the relevant terms,

it =yt @yt < Csw(s, t)@T0/P

where Cs depends on [|Vg||« and H,(Vg) (this is why we have considered
to work with 2" instead to 2", in order to get rid of the terms in V® V).

Let us assume that for some 7 € [0,7] and some p > 1, z}* belongs to
B(Zzy, p) for any ¢ € [0, 7]. Then

‘ 1,n+1|
s,t

| 2,n+1|
st

< (l9(z0) + [V gllsopw(0, T)P)ar(s, )7 + ([ Vgl oo (s, £)7,
< (l9(20)| + [V glloopw (0, T) ) (s, )7

As p > 1, this implies that
™ llpw < (19(20)] + pCo) with Gy = 2[|Vgl|oew (0, T)"/7. (7)

We have seen that there exist some universal constants K;, Ky, K3 and K,
such that

zsl’,gz—kl o y17”+1| < Kngw(s,t)@”)/p,

s,t

2020 < Oy (K + (0, YKy + g™ ) (s, )7,



With (7),
127" lpw < T(p) := Cro(1 + |g(20)| + pCy).

*1 is of finite p-variation,

Since 2"
1Zrt — %] < D(p)aw, with ag, = max{w(0, )7, w(0,)¥?}.
It is then possible to choose 7 small enough so that

ao-L'(p) < p
to get that 2"*! remains in B(Zp, p) for t € [0, 7].
Now, if 2% = 2, then

WT(U)(zl) =X,

mv(%) = mv(z0) + 9(z0) 70,

Tveu(Z) = Tveu(zo) + VQ(ZO)fBg,t-

Setting
p =max{L, |g(z0)[, [[Vg(2)lloc} |2llpweror
we get that 2} belongs to B(Zp, p) for t < T.

Then z; = Tygveveu(2:) also belongs to B(Z, p) for t € [0, 7], since Z*
belongs to B(Zo, p) for t € [0, 7] with 7 such that

Cio'p
1+ 1g(z0)| + pCy

Qo - <

From now, we set 79 = 0 and py = 1. We set recursively
pi 1= max {pi1, max{1, [g(z:), | Vgllac} & llpwaror}
and find 7,41 € [7;,T] such that

Cf()lﬂi
1 + ’g(zn) + poQ

a7i77'i+1 = < aTi,Ti+1+

unless o1

aTi,T > 1o P )
in which case we set 7,47 = 7. On [1;,7;41], Z belongs to B(z,,, p;). The
question is now whether or not 7;, = 7" for some integer 7. If it is the case,
then one can find a finite p such that z; belongs to B(Z, p) for t € [0, T.
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Of course, if o, .., > ¢ > 0 for some constant ¢, then number of intervals
[7i, Ti+1] to cover [0, 7] is finite.

If the sequence (-, )ien is not bounded from below, then 7,1, — 7
decreases to 0 and since w is continuous near its diagonal, we may assume
that o, ».., = ar, -, + after a given rank ;.

Since |g<ZT¢) - g(z‘nﬂ)‘ < PFlHVSJ(z)Hoo CQr and Qr_y o S Q0T

pirt < o+ PV |cllellpwaior < Loy with L= 1+ Vgl - |e].03.

On the other hand, if , <T', o, , -, > 0 and for i > 1,

L+ |g(z)] + piCo < 1+ |g(2r,_ )| + (pic1 + pi)Cy
I pia Li_1pi—
< Cl.
= Qr, 11 Cho * Cho ’
Thus, since p; = p;_1,
1 1
< + Lplcg.
Qr; T Or,_q,1
and then )
Qr; 7y Z =7 8
isTi+1 aol ‘I" ZOQL ( )
sT1

Let us remark that

Zw(TmTiH)l/p <w(0, 7)Y, ¥n e N,

1=0

and then, since a,; < w(s, )P max{1,w(0,T)?},

Zan,n“ < max{1,w(0,T)Y?}w(0,7)?, ¥n e N.
i=0

Thus, if a;,,,, > 0 for all i > 0, the series ;% ar, -, is finite. Because
of (8), this cannot happens. In particular, there exists a rank i such that
Tig = T.

Then there exists a finite value p such that z; belongs to B(Zy, p) for all
te[0,7].

We now define y with the help of (5). Thus, for (s,r,t) € A3,

[Yse = Yl < Cromax{L, [|g(2)lloc, 1 V9(2)lloc, H(9)Y2(s, 1) H77,
and [|ys. ]l < max{]lg(2) s, [l9(2)I5}-
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We then deduce that there exists a p/ > 0 such that z; belongs to B(z, o)
for all t € [0,T].

Now, let us note that the choice of the p;’s depends only on |g(z)],
IVglleo, and .

Given f in Lip; (1 4 7), one can choose a p large enough in function
of 20, f(20), IVf]leo and select a vector field h in Lip(1 + ) such that
VAo < ||V flloo, the solution to 2z = zo + fo zs) dxs belongs to B(z, p)
and f = h on B(zg,p). With Lemma 4, this proves the result.

6 Proof of Theorem 3 on the Lipschitz conti-
nuity of the Ité6 map

In order to understand how we get the Lipschitz continuity under the assump-
tion that f and f belongs to Lippg(2++) with 24+ > p, we evaluate first the
distance between to almost rough paths associated to solution of controlled
differential equations when the vector field only belongs to Liprg(l + 7).
Without loss of generality, with Proposition 1 and Lemma 4, we assume that
indeed f and f are bounded and belongs to Lip(1 + 7).

6.1 On the distance between the almost rough paths
associated to controlled differential equations

For a rough path T of finite p-variation, and let Z be the solution to z; =
Zo + fo Zs)dTs. Define y with the same formula as in (5) by replacing z

(resp. f, x) by Z (resp. f, 7).
We set 2! = 7y (2 ) and z! = 7'('\/(2) and we set ||2s]|oo,(s,4 1= SUD,c(sq [20]-

We set also 0(f, ) = ||f — flls for two functions f and f.
Let us note that
yte = Tal S I(f(2) = FENasl +1(FE) = FEDay ] + 1 E) ey, — 7))
+(VF(2) = VG2 + [(VF(E) = VF(E)2
+ V@5 = B+ Jady — 2Ll
It follows that

W8 = Toel < Crallz = oo o + 6(f, ) + 6(, B))w(s, )7
+ H,(V) (12 = 2L o + VL VD) 1zl (s, )77
+ 1V flloe8 (2, D)@ i (s, 17 (9)
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with ~
Crz < max{||z(|pw, [|1Z][pw} max{L, [| flloo; |V flloo }-

With similar computations,

(W20 = Tool < Cus(8(f, 1) + (2, B) + [|2" = 2 [loojou)(s, 07, (10)

We are now willing to estimate |ys,+ — Us+|. By watching at the expressions
(6b)—(6¢), we get

Yot = Tourtl SCa(8(f, )+ 8(V £,V ) + 6(2,7))w(s, ) &/7 (11a)
H(f(2) = F2)ahy + V(2)2l, @ 2l (11b)
—(f(Z) = fE))al, — VFE)E, @ o)) (11c)

H(f(z) — f(2 »®1xﬂ+1®u<> f(z) 22, (11d)
—(fZ) — fE) @122, +1@ (f(Z) - f(2)) 22| (1le)

H(f(2) ® F(25) = f(z) ® f(z)) - 22, (11f)

—(fE)® &)~ f(3)® f(3)) 22| (11g)

+f(20) @ (f(25) — f(z)) - 2y, @ 2y, (11h)

—fE) @ (fE) - fE)) ol @] (11i)

HL® (f(zs) = fz0) = fB) + F(3)) - xb, @l . (11j)

First we consider Lines (11d)-(11j). For this, let us note that

() = ) = GG = G = | [ Vi +r(E = 2)E = 20 s
_ /O Vi + 75— 2)(E — ) dr|
< /0 (Vf(zs+7(Zs —25) = Vf(zr + 72 — 2))) (2 — 2.)dT

+7( = 2)) (5, — 2,) dr

1
< 12" = oo st / 7z — )+ (L=7)(E - Z)[dr
0

+0165(Z /Z\) (S t)l/p
< Cisw(s,1)[|2" = 2o s (12150 + 12170
+0165( ) ) (Svt)l/p' (12)
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With this, we get a control over the lines (11d)-(11e), (11f)-(11g), (11h)-
(11i) and (11j) of type

|Li1a)-a1e) + Lain—aieg) + Lamy—an) + Laiy)|
< Crrw(s, )21 = 2| (1207 + 1215.0)
+ Chs6(z, Dw(s, 1)*P. (13)

For (11b)-(11c), we use the same kind of computation as we did for L. and
then,

|L(11p)-(110)|

<w(s,t)'/P

1
| Vst el - Ve, ar
0
1
- [5G+ TR - ViGN, ar
0

< w(s, )7

| (12 =) = (VG2 = G, o

+ w(s, t)YP

1
| (VG2 - VIENE, - 2, dr].
0

The last term in the previous inequality is bounded by w(s, t) @ /?(|Z]|7 6(z, 2).
On the other hand, for 7 € [0, 1], if
A= [((V(z +72,) = VI(z) = (VG +77,) — VIE))
then
12l
2H,(V )([[2llpe + [[Zllpw)w (s, )77,

Thus, we may combine choose 7 € (0,1) and combine the two terms in (14)
to obtain

A < Croa(5, )7 (2] + [1Zp) 12 — 20

J[sit]
It follows that
|Laib)—aie)| < w(s, t)CTIIP§ (2, 2)
+ Conll2ll + 1Bl 1 = I, 0. (15)

00,[s,t]

If f belongs to Lip(2 4+ k) with 2 4+ k > p, then one can set v = 1 in the
previous equations. In this case, one can give a better estimate on L111)—(11¢),
which we use below to prove the Lipschitz continuity of the It6 map. In this
case, we use the same computation as in (12) by replacing f by V f to get

|L11b)—(110)| < w(s,t)?’/pé(z,g) + Cglcu(s,t)(sz“)/f"Hz1 — /z\l||oo7[s7t}. (16)
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On the difference between the two cases. In order to prove the Lip-
schitz continuity of the It6 map, which implies uniqueness using a reg-
ularization procedure, we will see that we will get an inequality of type
d(2,2) < A(1+Cro(z,2)) with Cr converges to 0, and then one can compare
d(z,z) with A. This is possible thanks to (16). With (15), we get an inequal-
ity of type 6(2,2) < A(1+Crd(z,2)*) with A < 1 and then it is impossible to
deduce an inequality on §(z,2) in function of A when 6(z,2) < 1. Anyway,
in [3], A.M. Davies showed that there could exist several solutions to a rough
differential equation for f in Lip(1 + ) but not in Lip(2 + 7).

6.2 Proof of Theorem 3

Since the solutions of rough differential equations remains bounded, we may
assume that f belongs to Lip(2 + k) instead of Lippg(2+ ). To simplify the

notations, we set || f||e = SUD,e By (p) | f(@)|L,v)-
We now assume that f is a (2 + k)-Lipschitz vector field with 2 < p <

24+ k<3
Let us note that

12 = Zlloo < 0(20,20) + Cord(z,2) with Cy; = max{w(s, t)/?, w(s, t)*?}.
(17)
Note that Cy 1 decreases to 0 as 1" converges to 0.
Since y = 1, we have obtained from (16) and (17) that for all (s,r,t) € A3,
|ys,r,t_@\s,r,t|
<Cn(0,(f, f) + 0(x,Z) + 0(20, %) (18a)
+ w(s, )28 (2, 2) + Cord(z,2))w(s, t)EHH/P,
(98 — Tl < Cos(Cord(2,2) + 8(20, 20) + 0,(f, ) + 6(, B)w(s, )77
+C((1+ Cor)d(2,2) + 820, %0) + 8,(f, D)ew(s, )77
|y§,t - Z/y\it < 025(5p(f7 f) + (5(5(], /ZE\) + OO,T(S(Za /Z\) + 6(207 ,/Z\O))CU(S, t)2/p7
(18c)
[Ys.rt] < CQGCU(S,t)3/p and |Ys,¢| < 027w(3,t)3/p. (18d)

(18b)

For convenience, we assume that x < 1.
Since z (resp. z) is the rough path associated to y (resp. z), it follows
from (18a)-(18d) and Lemma 1 that

‘ys,t - zs,t‘ < CZSW(S7 t)g/p, ‘@\s,t - /z\s,t‘ < Czsw(& t)g/p-
and from Lemma 2 that

200 = Zadl S BD)w(s, )7 and |22, — 22, < B(T)w(s, 17 (19)
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with

-~

B(T) < Cyy max{Co10(2,2) + (20, 20) + ,(f, f) + (2, %),
(1+ Cox)d(2,2) + 6(20,%0) + 6,(V f, V. )w(0, T)"?,
(5P<f7 f/\) + 5(1’, f) + 6(207 20)
+ w(0, 7)1 =/P5(2,2) 4+ Cord(2,2))}.
In particular, (19) means that 6(z,z) < 8(T), but 5(T") also depends on 6(z, 2).
More precisely, the constant 3(7T) satisfies

B(T) < Ca98(2,2)(Cor + (14 Cor)w(0, T)P 4 w(0,T)1-9)/P)

+ Coo(0p(f, f) +0(x, %) + 6(20, 20))-

Now, choose 7 small enough so that for all s € [0, — 7],

029(08,8+T + (1 + Cs,s-i—v’)w(s, s+ T)l/p + w(s’ s+ 7—)(1_5)/1?) <

N | —

This is possible since by definition, (s,t) € A% +— w(s,t) is continuous close
to its diagonal.
Hence, one may choose 7 small enough in order to get

~

0(2,2) <2059 (0,(f, f) + 0(z, ) + (20, 20))- (20)

for T'< 7. By a standard stacking argument where 2y (resp. Zp) is replaced
recursively by zp, (resp. Zy,) for k = 1,2,..., we can then obtain that

~

5(2,2) < Caol6,(f, ) + (2, %) + 320, ). (21)

since the choice of 7 does not depend on z.
In other words, the It6 map J is Lipschitz continuous in all its arguments.
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