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Solution analytique pour la propagation d’ondes en milieu
stratifié hétérogeéne acoustique/poroélastique. Partie I : en
dimension 2

Résumé : Nous nous intéressons a la modélisation de la propagation d’ondes dans les milieux
infinis bicouche acoustique/poroélastique. Nous considérons le modele bi-phasique de Biot
dans la couche poroélastique. Cette premiere partie est consacrée au calcul de la solution
analytique en dimension deux & ’aide de la technique de Cagniard-De Hoop. Nous mettons
en évidence l'intérét de la solution analytique en 'utilisant pour valider un code de calcul.

Mots-clés : Modele de Biot, ondes poroélastiques, ondes acoustiques, couplage acoustique/poroelastique,
solution analytique, technique de Cagniard de Hoop.
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Introduction

The computation of analytical solutions for wave propagation problems is of high importance
for the validation of numerical computational codes or for a better understanding of the
reflexion /transmission properties of the media. Cagniard-de Hoop method [ [6] is a useful
tool to obtain such solutions and permits to compute each type of waves (P wave, S wave, head
wave...) independently. Although it was originally dedicated to the solution to elastodynamic
wave propagation, it can be applied to any transient wave propagation problem in stratified
medium. However, as far as we know, few works have been dedicated to the application of this
method to poroelastic medium. In [I0] the analytical solution to poroelastic wave propagation
in an homogeneous 2D medium is providds and in [I1] the authors compute the analytical
expression of the reflected wave at the interface between an acoustic and a poroelastic layer
in two dimension but they do not explicit the expression of the transmitted waves.

In order to validate computational codes of wave propagation in poroelastic media, we
have implemented the codes Gar6more 2D [8] and Gar6more 3D [9] which provide the com-
plete solution (reflected and transmitted waves) of the propagation of wave in stratified 2D
or 3D media composed of acoustic/acoustic, acoustic/elastic, acoustic/poroelastic or poroe-
lastic/poroelastic layers. The codes are freely downloadable at

http://www.spice-rtn.org/library/software/Garbmore2D
and

http://www.spice-rtn.org/library/software/Gar6more3D.
We will focus here on the 2D acoustic/poroelastic case, the three dimensional and the poroe-
lastic/poroelastic cases will be the object of forthcoming papers. The outline of the paper is
as follows: we first present the model problem we want to solve and derive the Green problem
from it (section 1). Then we present the analytical solution to the wave propagation problem
in a stratified 2D medium composed of an acoustic and a poroelastic layer (section 2) and
we detail the computation of the solution (section 3). Finally we show how the analytical
solution can be used to validate a numerical code (section 4).

1 The model problem

We consider an infinite two dimensional medium (Q = R?) composed of an homogeneous
acoustic layer QT = Rx] — 00,0] and an homogeneous poroelastic layer Q= = R x [0, +o00[
separated by an horizontal interface I' (see Fig. [l). We first describe the equations in the
two layers (§L11 and §L2) and the transmission conditions on the interface I' (§L3]), then we
present the Green problem from which we compute the analytical solution (§LI).

RR n® 6509
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Acoustic Layer

Q+

Poroelastic Layer

Figure 1: Configuration of the study

1.1 The equation of acoustics

In the acoustic layer we consider the second-order formulation of the wave equation with a
point source in space, a regular source function f in time and zero initial conditions:

(

Pt —VTPAPY = 6,6, ,f(t), in QTx]0,T],
. 1
U =-—vp in Q*x]0,T],
P _ (1)
P*(z,y,0) =0, P*(z,y,0) =0, inQF

Ut (z,y,0) =0,Ut(z,y,0) =0, inQt
where

e PT is the pressure;
e U™ is the displacement field;
e VT is the celerity of the wave;

e pt is the density of the fluid.

INRIA
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1.2 Biot’s Model

In the second layer we consider the second order formulation of the poroelastic equations [T,

2 3

p U +p; W —V.37 =0, in Q~x]0, 77,
. . 1 . -
p;U8+p;W +FW + VP =0, inQ*x]O,T],

ST =AV-U, Li+2ueU;)—p P I,, inQ x]0,T]

1

FP_—Fﬂ_VUS_—FVW_:O, inQ_X]O,T],
U, (2,0) =0, W~ (z,0) =0, in Q°,
U, (2,0)=0, W (z,0) =0, in Q-

with

2
)3y
(V.-X7); = Z Ww Vi=1,2. As usual I is the identity matrix of Mo(IR)
j=1 =

and (U} ) is the solid strain tensor defined by:

1o ou;
“all) =5 <axj * axi> '

In @), the unknowns are:

U, the displacement field of solid particles;

W~ = qS‘(U]T — U3 ), the relative displacement, U 7 being the displacement field of
fluid particle and ¢~ the porosity;

e P~ the fluid pressure;

3.7, the solid stress tensor.
The parameters describing the physical properties of the medium are given by:

o p =9 py + (1 — ¢ )p; is the overall density of the saturated medium, with p; the
density of the solid and Py the density of the fluid;

® Py =0a py /&~ , where a~ is the tortuosity of the solid matrix;

RR n® 6509



6 Diaz € Ezziani

e = =k~ /n~, where k™ is the permeability of the solid matrix and 7 is the viscosity of
the fluid;

e m~ and 3~ are positive physical coefficients: 5~ =1 — K, /K
-1
and m~ = [gb_/K; + (8~ —¢7)/K;| , where K is the bulk modulus of the solid,
K]T is the bulk modulus of the fluid and K is the frame bulk modulus;

e 1~ is the frame shear modulus, and A~ = K" — 2u7 /3 is the Lamé constant.

1.3 Transmission conditions

Let m be the unitary normal vector of I' outwardly directed to 2~. The transmission condi-
tions on the interface between the acoustic and porous medium are [5:

W n=U"-U;)n,
P~ = P+, (3)

>~ n=—Phtn.

1.4 The Green problem

We won’t compute directly the solution to ([IH2HB) but the solution to the following Green
problem:

Pt = VAPt = 6,0, 0, in QFx]0,T], (42)
. 1 .
wt = _p_+vp+a mn Q+X]07T]’ (4b)
p*ﬁ;—i—p;ﬂf—v-a* =0, in Q7 x]0,T], (5a)
1
Py ity +py o+ =W +VpT =0, inQ7x]0, 7], (5b)
o =AVeu, In+2p e(uy)— 5 p I, inQ x]0,T], (5¢)
1
——p + A Voug +Veows =0, inQ7x]0.7], (5d)
w -n=(u"—u;) n, on I'x]0, 7] (6a)
p-=pt, on I'x]0, 7] (6b)
o n= —pJr n. on FX]O,T] (6C)

The solution to ([[H2F) is then computed from the solution to the Green Problem thanks to
a convolution by the source function. For instance we have:

PHa,yt) = pt (@9, * () = / P () f(t - 7) dr
0

INRIA
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(we have similar relations for the other unknowns). We also suppose that the poroelastic
medium is non dissipative, i.e the viscosity n~ = 0. Using the equations (bd Bd) we can
eliminate o~ and p~ in (B) and we obtain the equivalent system:

p g +p, —a V(Veug)+p” VX (Vxug)—m 7V(V-w™) =0,

Py iy +pyw —m B V(Veoug)—m” V(V-w™) =0, v
with o™ = A7 +2u~ + m’ﬁ’2.
And using the equation L) the transmission conditions (@) are rewritten as:

L 1, .
Ugy + W, :—p—Jr D,

-m B3 V-u;, —m V-w =pt,

Oyug, + @Cus_y =0,

A+ m_ﬂ_Q)V Uy + 20 Oyug, +mT STV w = —pt.

We split the displacement fields u; and w; into irrotational and isovolumic fields (P-wave

and S-wave):
u, =VO,+VxV¥, ; w =VO,+VxVU, 9)

We can then rewrite system () in the following form:
A6~ —B A® =0, y<0

U, — Vg AT, =0, y<0

h (10)
.. Ps -
b, =Ly, y <0
Pw
where ©~ = (0,,0,)!, A~ and B~ are 2 x 2 symmetric matrices:
pm Py AT 20 +m(B7) mT BT
Am=1| ; BT = ;
o P m g m-

and

is the S-wave velocity.

We multiply the first equation of system () by the inverse of A. The matrix A~!B
is diagonalizable: A™'B = PDP~! where P is the change-of-coordinates matrix, D =
diag(Vp. f2, VP_SQ) is the diagonal matrix similar to A~'B, Vp. 7 and Vp_ are respectively the
fast P-wave velocity and the slow P-wave velocity (Vps < Vpy).

RR n°® 6509
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Using the change of variables ® = (®py, @ ps)t = P10, we obtain the uncoupled system

on fast P-waves, slow P-waves and S-waves:

d— DAD =0, y<0

¥, —Vi?AW, =0, y<0
o

v, =L, y <0
Pw

Finally, we obtain the Green problem equivalent to (EIHH):

pt— VP Apt = 6,6, 16, y>0
b~V PAd; =0, i€ {Pf Ps S} y<0

B(p*, @pp, p, Bg) = 0, y=0

(12)

where we have set &g = ¥, in order to have similar notations for the Pf, Ps and S waves.

The operator B represents the transmission conditions on I:

1
p—+6y (P11 + P21) 8§’tt (P12 + Pa2) 3Z’tt
er
. ‘1>]:3f - ) m~ (B ‘7/351 + le)aft m” (B ‘7;;2 + P22)6152t
(I)Ps Py P
‘1)5 0 2P118§y 2731289%3;
L 1 842 843

(

Py

—= 1) agtt [ p*
w
0 Ppy
o
Oy — 02y e
O
_2:“_8%3; B S

where P; 5, i, j = 1,2 are the components of the change-of-coordinates matrix P, B41 and By

are given by:
A +m B )P +m B Py

By = — o+ Q,U_Pua;y,
fo
A +m B )P+ m 5P _
843 = ( m /8 ‘2_122 m /8 22 atZt + 2M P126§y.
Ps

To obtain this operator we have used the transmission conditions (), the change of variables

@) and the uncoupled system ([[I).

Moreover, we can determine the solid displacement w_ by using the change of variables

@) and the fluid displacement u* by using {@L).

2 Expression of the analytical solution

To state our results, we need the following notations and definitions:

INRIA




Analytical solution 9

1. Definition of the complex square root. For ¢ € C\IR™, we use the following
definition of the square root g(q) = ¢*/%:

g(@*=q and Re[g(q)] > 0.

The branch cut of g(¢) in the complex plane will thus be the half-line defined by {q €
IR™} (see Fig. B). In the following, we use the abuse of notation g(q) = iy/—¢q for
geR™.

Figure 2: Definition of the function z — (z)/?
2. Definition of the functions ' and k; . For i € {Pf, Ps,S} and ¢ € C, we define
the functions

1 s . 1/2
kT i=rT(q) = (W + q2> and #; = £ (g) = <V2 i q2> .

3. Definition of the reflection and transmission coefficients. For a given ¢ € C, we
denote by R(q), Tps(q), Tps(q) and Ts(q) the solution to the linear system

[ Rig) ] w(q)
pt
g | ] (13
! Tps(q) 2wV 0 ,
| Ts(q) 1

where the matrix A(q) is defined for ¢ € C by:

_ ) I
_HpELQ) m;f(Q)(Pu + Pa1) Kps(@) (P2 +Pa2)  igq ( — p_li>
Alq) = 1 m_ 2 (ﬁ_Pll + 7321) m_ 5 (ﬁ_Plz + 7722) 0
(Q) a Pf Ps )
. R T )
RR n° 6509 0 —2iqrp(a) Pu 214 Kpy(g) Pr2 <’QS (@) +q )
L 1 A 2(q) Ay 3(q) 2iqu— Iig(q)
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with
(A‘ + m_ﬁ_2> P +m B Pa

Ay2(q) = -
pPf

_ 2
+2p “pf(Q) Pr1,

(A_ + m_ﬁ_2> P12 +m~ 3 Pa

_2
VPs

Ay3(q) = + QM_RES(Q)ZPm

We also denote by Viax the greatest velocity in the two media: Vipax = max(V ™", Vp 7> VPs, Vs).

We can now present the expression of the solution to the Green Problem:

Theorem 2.1. The pressure and the displacement in the top medium are given by

t t
p+($,y,t) = p;rnc(x,y,t)—kp;ref(ﬂ:,y,t) (md u+(x,y,t) = /0 V;'rnc(xayaT) d7—+/0 V;«ref(x>y>7—) dT’

and the displacement in the bottom medium is given by
t
u;, = / v (@, y,T)dT with v™ = vp, +vp, +vg,
0
where

o p'{nc and v . are respectively the pressure and the velocity of the incident wave and

inc
satisfy:
1
Jr
p; (.%', Yy, t) = 2 )
ine RN
( ) tx "
V@'nc,x z,Y, = 2 5 if t > 1
2V eptry/t? —
tly —h)
’/inc,y(x>y’t) = 2 27
2V eptry/t? —
Pinc(®.y,t) =0 and v, (z,y,t) =0, else.

We set here r = (22 +(y—h)?)Y? and to = r/V+ denotes the arrival time of the incident
wave.

INRIA
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o p';e i and V::e f are respectively the pressure and the wvelocity of the reflected wave and

satisfy:

Jr

oL Y5 1)

p

V;’reﬁm(m’ Y, t)
Vief,y(w’ Y, t)

I CRTNY

VTJ’ref,m(x’ Y, t)

V:’_eﬁy(x’ Y, t)

Pref(®,y,t) =0 and v, dz,y,t) =0,

Smlrt )R]
_Smfiv(t)s" (v(t))R(v(t))]
Tt/ — 12 ’
Sm [m+2(v(t))R(U(t))}
- mpt\/tE — 12 7
Re [ (v()) R(Y(2))]

Re [iy(t)st (7)) R(y(1))]

V+
Vmax ’

if ty, <t<tyand = >
T

- 7T,0+ /t% — 2 ’ ift > 1o,
Re |12 (1(O)R((1))]
B 7Tp+\/m ’
else.

We set here r = (2% + (y + h)?)Y/2, tg = 7/V+ denotes the arrival time of the reflected

volume wave,

denotes the arrival

1 1
V+2 T2

max

, o
VmaX’

th:(y—i—h)

time of the reflected head wave and the complex functions v := v(t)

and vy := (t) are defined by

and

RR n® 6509

h | 1 t2 t
v viZo2 :U—Q Jorty <t <ty and x <0,
r re oor
h | 1 t2 t
. V+2__2_ac_2 Jorty <t <ty and x>0,
r r2 r
r, y+h [t? 1
V(t) - _Qt‘l—T ﬁ— V+2 fort > to.
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® Upy is the velocity of the transmitted Pf wave and satisfies:

ppaleant) = TR [ OTo 0G0 iy <oz,
1
U and |Sm (v(t
iptet) = e[0Ty TN T
ppaleant) =~ 10Ty () 0]
P d if t >ty
Vopf00) = e [ (0 (0)Tes 0 0) 110
U;,f(x,y,t) =0, else.

Here to denotes the arrival time of the P f wave (its calculation is detailed in appendiz)
and ty, is the arrival time of the Pf head wave:

1 1 h 1 1 n ||
Vo f ? VnZlax V+2 V1121ax Vinax

For tj, <t <tg, the function v := v(t) is defined as the only root of

L 1/2 1 1/2
q€Cr— Flg,t) =y s+ ¢ +h<—2+q2> +iqr — 1,
Vig v+

such that Sm <x dl;lgt)) < 0. For t > tg, the function v := v(t) is defined as the only root

of ¢ € C F(q,t) whose real part is positive.

e v, is the velocity of the transmitted Ps wave and satisfies:

[t = DT F0) 4 i,
1
v and |Sm (v(t ,

1/1387y(:6,y,t) = %?Re [KPS(U(t))TPS(U(t))%(t)} , | (vlto))l > Vinax

(o) = P2 )T 605 0)].
D i ift > 1,

eyl t) = TR | (O T () 0]

vpo(z,y,t) =0, else.

Here to denotes the arrival time of the Ps wave and ty, is the arrival time of the Ps

head wave:
1 1 h 1 1 n ||
VPTSQ VanaX V+2 VHQlaX Vmax .

INRIA
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For ty, <t < tg, the function v := v(t) is defined as the only root of

1 1/2 1 1/2
_ 2 - 2 . _
q€Cw Flg,t) = y<VP_82 ) +h<v+2+q> +igr —t,

d()

) < 0. Fort > tg, the function vy := ~y(t) is defined as the only root
of g € C— F(q, ) whose real part is positive.

e vg is the velocity of the transmitted S wave and satisfies:

alent) = e[ OOTEOG O] iy <izi,
1

v and |Sm (v(t ,
v (et = e [iv(t)’]’s(v(t))z—t(t)} , [Sm (wlto)) > 5=
Vulet) = TRe w5 OIT )G 0]

ift > 1,
vy ent) = 2 [ OTs () 0]
l/gy’x(az,y,t) =0, else.

Here to denotes the arrival time of the S wave and ty, is the arrival time of the S head

wave:
. L Pl
=Y
h VS_ 2 max Vn21ax max

For ty, <t < tg, the function v := v(t) is defined as the only root of

1/2 12
qG(C»—>.7-"(q,t)——y<?+q> + <V+2+q> +qxr — 1,

such that Sm <x dult )) < 0. Fort > tg, the function vy := ~y(t) is defined as the only root
of ¢ € C F(q,t) whose real part is positive.

Remark 2.1. For the practical computations of the displacement, we won’t have to explicitly
compute the primitive of the velocities v, which would be rather tedious, since

(/Otu(f)d7> «f=vx </Otf(7)d7>.

Therefore, we’ll only have to compute the primitive of the source function f.

RR n® 6509
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3 Proof of the theorem

To prove the theorem, we use the Cagniard-de Hoop method (see [, 6], 15 M4, 2]), which

consists of two steps:

1. We apply a Laplace transform in time,

—+o0
u(z,y,s) = / u(z,y,t) e st dt,
0

and a Fourier transform in the x variable,
+o00 .
u(ky,y,s) = / a(z,y,s) e F® d
—00

to () in order to obtain an ordinary differential system whose solution G(k,,y, s) can
be explicitly computed (§ Bl);

. we apply an inverse Fourier transform in the x variable to G:
—+00

. 1 R .
G(z,y,s) = —/ Glky,y,s) e K dk,.

27 J_ o

and, using tools of complex analysis, we turn this inverse Fourier transform into the

Laplace transform of some function H(§, t,L)):

- 1 [to°

g(.%', Y, 3)

H(z,y,t) e * dt.

Then, using the injectivity of the Laplace transform, we identify G(x,y,t) to H(x,y,t)

(§B2).

3.1 The solution in the Laplace-Fourier plane

Let us first apply a Laplace transform in time and a Fourier transform in the x variable to ()

to obtain

( 82 + k2 ﬁ+ _ 32]5+ — 5(2/ B h)
v+:oo dy? v+

oy
(3

B(ﬁ+7 &)};ﬁ &)Pﬁ Q)g) =0

where B is the Laplace-Fourier transform of the operator B.

2 N 62(f'—
<%+k§> o — —L =0, i€ {Pf Ps,S}

y >0,

(14)

From the two first equations of ([[d), we deduce that the solution (p*, ((i);)iE{Pf7Ps7s}) is

INRIA
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such that o -
P" = Pine T Prep
2 1/2
X efslyfh\(viﬁ’:—@
plnc(kl‘7y7 8) — 1/27
sV+2 ( L ﬁ)
vz s (15)
1

~+
Pref

)

where the coefficients R and T; are computed by using the last equation of (I4):

~

B ¢ @5y Ppy, Pg) = =B ., 0,0,0).

Using the expressions of pmc’ pref

Ts(k,, s) are solution to

_ - r kg
sR(ky, s) R (
ot
k., S3Tpf(/€$, 8) e—s/m*(—z) 1
A (—) 5 T et (B)
s°Tps(ky, s) (%) 0
i $3Ts(ky, s) | I 1

From the definition of the functions R(q), 7p¢(q), Tpf(q) and Tps(q) we deduce that

[ R (E=) ] [ sR(ky,s) |
TPf (%) Sngf(k‘x, S) sh/ﬂL(—z)
TPS %) 53TP3(1€$’8) .
ns) || en

Finally, we rewrite p.- rof and <I> under the form

mnc’ p

(At

RR n°® 6509

sy( 12+k”2‘>1/2
O (ky,y,s) = Ti(kg,s)e \Vi ° , ie{Pf Ps,S}.

p 1nc +pref’

el ) = ——— e )

Drog(hey.5) = SR (%) et (),

D (kyyy,8) = S%’]; (%) g5y (F2)- h’ﬁ(f)), i€ {Pf,Ps,S}.

and <1> , we obtain that R(k;,s), Tpf(ks,s), Tps(ks,s),

(18)
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From (L) and (@), we deduce the expression of the displacement field:

( ~+ + ~+

U = u. U o
inc ref

; o ()
st s e gy S _ s ) ot
Yinee ~ ! p+52pinc’ Yiney ~ sign(h —y) pts Pines

; o ()
L P At s ) ot
Yrefy ~ 1 p+s2pref’ Urefy = pts Pref (19)

R R k
ﬁ;v = _ik$7)11(bpf — i/{?QC'PlQ‘I);S + SHZE (f) (135

- ~ [k - _ (K S
Qi = Skpg <f) P1i®p; + skp, <f> P1o®p, + ik, Py

In the following we only detail the computation of i_, p, =

tation of the other terms is very similar.

—1k:Pio @; <> since the compu-

3.2 The Laplace transform of the solution

Let us now apply an inverse Fourier transform in the z variable to o and set k, = ¢s to

sx,Ps
obtain
Uy ps = = / TP o esCrp st @) ) g - P2 / Tz
sx,Ps o 28T ps\4q q 28T J_ oo =\ €L

with 2(q) = 1 q Tps(q)e*(T¥rps(@+hat (@) +igz)

The key point of the Cagniard-de Hoop method is to turn this Fourier integral into a Laplace
integral by finding a path I' in the complex plane such that

—ykpy(q) +het(q) +igz =t € R*, Vg eT.

This amounts to compute the roots g of the function

. 1/2 . 1/2
f(q,t)z—y( 2+q2> +h<m+q2> +iqr —t,

Ps

for t € IRT. We recall in appendix [Al some properties of the function F; from properties A1
and we can define the function (¢) € C for t > ¢y as the only root of F(.,t)
whose real part is positive, where t( is the arrival time of the Ps volume wave (we recall in
appendix [B the practical computation of ty). Moreover, for a given R € IR", we define

Th={p=790)|to<t <R}, Tp={p=—(t)|to <t<R}and I' :I%eréorﬁ.
We represent the paths I’ﬁ in Fig. Bl in the case © < 0 (for z > 0 the path would be similar
but in the half plane Sm(q) < 0). The shape of I'* is given by the following property:
Property 3.1. When R tends to infinity, I’ﬁ admits an asymptote of equation

_:I:(y—h)—ix
C(y—h)?+a?’

INRIA
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Figure 3: Integration path if |y(to)| < 1/Vipax.

We now have to decide whether this path intersects the branch cuts of the functions ™ and

k; . From the definition of the complex square root, we deduce that the branch cuts of kT

are the two half lines

1
{q € C|Re(q) =0 and |Sm(q)| > T

and the branch cuts of x; are the two half lines

{q € C|Re(q) =0 and |Sm(q)| > VL}

7

and, since only 7(tp) is purely imaginary, the path cross the branch cuts if and only if

to)| > .
(to)] = 57—

We have then have to consider two possibilities:

o if |y(to)| < 1/Vmax: then I'r does not intersect the branch cuts of the functions x;
or k7. We define the segment Dp = {p € R, | |p| < |7(R)|} and we close the path by
the two arcs of circle Cp, and C}; of radius v(R) linking I’ﬁ and Dpg (see FigH). By
Cauchy’s theorem we have

/ZDRE(Q)dq+/C‘§E(Q)dq+/1“

and, using Jordan’s lemma, we obtain:

E(Q)dq—/ E(Q)dq+/ E(q)dg =0,
rt C

R R R

lim =(¢g)dg = 0.

R—oo C}:%

[ == [ 2wa- [ 0w

so that

RR n® 6509
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Next, using the change of variable ¢ = v(t) on I'* and ¢ = —v(t) on I'", we end up
with

400 400 Yoo o
/ E(q)dg = / iv(t)TPs(v(t))d%?eStdt— / i’y(t)Tps(—’y(t))dzl(tt)estdt.

—00 to to

From the definition of 7ps, we check, after some calculation, that Tps(—7(t)) = —7Zps(y(t))
and

IWTPS(_W)%—?) = —iV(t)TPs(W(t)dzl—(tt),
so that
+o00
Umpo®3:9) = - %%( (0%47(0)%) e~ dt

400 t
— / [/ ysm(x,y,T)dT] e Stdt,
to 0 ’

We conclude by using the injectivity of the Laplace transform that
t
u;x,Ps(x’ Y, t) = / V;m(xa Y, T)dT,
0

Remark 3.1. The computation of dzl—gt) 1s easily achieved by using the implicit function

theorem:
dy(t) 1

dt —y y®) — y(#) iz
( i2+72(t)>
VPS

Since F(.,t) admits a double oot at t = tg, the function dzlgt) 1s singular at this point,
however this singularity behaves as [7]

«

2 — to?
and can therefore be integrated.
if |v(to)| < 1/Vmax; in this case, the path does intersect the branch cut and we have
to consider an additional path Y to bypass the half-lines defined by

1
Vm ax

{q € C|Re(q) =0 and |Im(q)| > I3
This path must obviously satisfy the condition
—ykp,(q) +het(q) +igz =t e R, Vg e T.

If x <0, Sm(y(ty)) > 0 (property [A), so that (o) lies on the branch cut

{qG(C|§Re ) =0 and Sm(q) > ! }

max

INRIA



Analytical solution 19

Therefore, using properties [A4 and [AZ1] we define v(t), for ¢, < t < tg, as the only root
of F(.,t) such that

Sm (dv(t)> —Sm | —y v(t) +h v(t) iz | >o0,

(v— <>>1/2 (e +20)

\w!
Vr121ax Vn%ax max

If 2 > 0, we define v(t), for t;, <t < tg, as the only root of F(.,t) such that

where

o do(t)\ B v(t) v(t) .
\sm< p > =Q3m y( 12+U2(t)>1/2+h<v1+2+vz(t))1/2+ < 0.
Vps

We are now able to define the paths Tﬁ and YT by:

1
Tf,/ = {U(t) + = [ty <t < to} and T+ = REIJ{IooTﬁ

We represent the paths Fﬁ and Tﬁ in Fig. @lin the case x < 0 (for > 0 the path would
be similar but in the half plane Sm(q) < 0.). We define the segment

Dr={p e, |[p| <[y(R)|}

and we close the path by the two arcs of circle Cp and C’E of radius v(R) linking I‘;
and Dp and the half circle cg linking TE to T (see FigHl). By Cauchy’s theorem:

/DR (q)dq+/c+ (Q)dq—/F;

- /T+ (Q)dQ+/IjE(C])dQ+/_

Using once again Jordan’s Lemma, we prove that the integrals over Cp, CE and cg
vanish when R tends to infinity and that

/:OE(Q)dq=/NE(Q)dQ—/_E(Q)dq—i-/TJrE(q)dq—/_E(q)dq_

The calculation of the integral over I't is done as in the first case and we only focus on
the calculation over T*. Let us now use the change of variable ¢ = v (t) —1/R on Y5
and ¢ = vp (t) +1/R on Y} to obtain:

/ Z(q)dg /t :Oi <v(t) - %) Tp. <v(t) - %) dl:l(tt) et t

R

fo 1 1\ do(t
| zdn = [Ti (o0 ) T (00 ) e
RR n° 6509 Th iy R R) dt

[1]
[1]
[1]

(¢) dg + / E(q) dq
(¢) dg + / E(q)dg = 0.

[1]
[1]
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Figure 4: Integration path if |y(t9)| > 1/Vinax-

Because of the branch cut, it is clear that

Gim Tps(u(t) +1/R) # lim Tps(v(t) —1/R),

however, as v(t) is imaginary,

v(t) —1/R = —v(t) + 1/R and Tps(v(t) — 1/R) = Tps(v(t) + 1/R),

so that

du(t)

| 2@~ | =@~ / h° 20(t)3m (Tp(v(1)) e e, (21)

Remark 3.2. Following the definition of the square root of a negative number, we made
the abuse of notation

Jim Te,(0(t) +1/R) = Tes(u(0).

®)

Since v (t) and dyé—; are purely imaginary, (1) can be rewritten under the form

/T+ =la)dq - / Ela)da = / "o (iv@vps(v(t))dz—i’”) et

th

Finally we have

_ o Py : do(t)\
g, ps(T,y,8) = _/th gifﬁe <1U(t)’]'ps(v(t)) K dt
TP () st
“ . e <17(t)7-P8(7(t))T> e Tt

+o00 t
= / [/ ypsx(x,y,T)dT] e Stdt
ty 0 ’

INRIA
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and we conclude by using the injectivity of the Laplace transform that
t
u;x7P5(x> y? t) — /0 V;S7$(l‘,y,7—)d7_.

4 Numerical illustration

To illustrate the use our results, we have compared our analytical solution to a numerical one
obtained by C. Morency and J. Tromp [I3]. We consider an acoustic layer with a density p™ =
1020 kg/m? and a celerity V* = 1500 m/s on top of a poroelastic layer whose characteristic
coefficients are:

e the solid density p; = 2500 kg/m3;

o the fluid density p, = 1020 kg/m3;

the porosity ¢~ = 0.4;

the tortuosity a= = 2;

the solid bulk modulus K; = 16.0554 GPa;

the fluid bulk modulus Kf_ = 2.295 GPa;

e the frame bulk modulus K,” = 10 GPa;
e the frame shear modulus u~ = 9.63342 GPa;
so that the celerity of the waves in the poroelastic medium are:

o for the fast P wave, Vi, = 3677 m/s

e for the slow P wave, Vj, = 1060 m/s
e for the ¢ wave, Vg = 2378 m/s.

The source is located in the acoustic layer, at 500 m from the interface. It is a point source
in space and a fifth derivative of a Gaussian of dominant frequency fo = 15 Hz:

3 5 2 1\2
f(t) = 4.10107;—2 [9 (t— fi> +47;—z (t— fi> _47;_1 <t_ fi) ] e‘%(t‘%) .
0 0 0 0 0 0

We compute the solution at two receivers, the first one is in the acoustic layer, at 533 m from
the interface; the second one is in the poroelastic layer, at 533 m from the interface; both are
located on a vertical line at 400 m from the source (see Fig. H). We represent the y component
of the displacement from ¢t =0 to ¢t = 1s. on Figlll The left picture represents the solution at
receiver 1 while the right picture represents the solution at receiver 2. On both pictures the
blue solid curve is the analytical solution and the red dashed curve is the numerical solution.

Both pictures show a good agreement between the two solutions, which validates the numerical
code.

RR n°® 6509
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Receiver 1
Source 1
400
ot m 533 m
500 m
Q- 533 m
[ ]
Receiver 2

Figure 5: Configuration of the experiment

T T T T T T T
0.2+ = Cagniard de Hoop 4 01l = Cagniard de Hoop
= = =Numerical ’ = = = Numerical
0.15f 1
01t 1 / /
0.05r
0.05 Reflected ] Pf
0
. y .
-0.05 1 0 = ‘/V\__
-0.1f 1
-0.15¢ / 1 /
-0.05r

-2t Incident

L L L L L 01 L L L L L
0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1
t t

Figure 6: The y component of the displacement at receiver 1 (left picture) and 2 (right
picture). The blue solid curve is the analytical solution computed by the Cagniard-de Hoop
method, the red dashed curve is the numerical solution.
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5 Conclusion

We provided the complete solution (reflected and transmitted wave) of the propagation of
wave in a stratified 2D medium composed of an acoustic and a poroelastic layer and we used
it to validate a numerical code. In a forthcoming paper we will use this solution as a basis
to derive the solution in a three dimensional medium. We will also extend the method to the
propagation of waves in heterogeneous poroelastic medium in two and three dimensions.
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A Properties of the function F(q,1t)

We recall in this section some properties of the function (see [ 15 [7]):

1 1/2 1 1/2
}"::}'(q,t)z—y< _2—|-C]2> +h<W+Q2> +iqr — t,
Ps

Property A.1. For eacht € IR", F(.,t) admits at most two roots.

Property A.2. There is one and only one ty € IR" such that F(.,ty) admits a double root
qo. This root is purely imaginary and ty corresponds to the physical arrival time of the wave.
Moreover Sm(qp) <0 if z > 0 and Im(qy) > 0 if x < 0.

Property A.3. Fort > ty, F(.,t) admits exactly two roots, which have the same imaginary
part, positive if x < 0 and negative else, and an opposite non-zero real part.

Property A.4. If |[v(tg)| < 1/Viax, there exists a time ty, < to, such that for t, <t <tg, the
function F(.,t) admits exactly two imaginary roots qi(t) and q2(t). The time ty, is such that

i

Y
Vmax

if x <0

i

)
Vm ax

ifx >0

and corresponds to the physical arrival time of the head wave. It can be computed by using
the relation F(i /Viax,tn) =0 (if x <0) or F(—i/Vimax,tn) =0 (if x > 0):

. 1 Lot . 2]
h="Y T T o - :
V}; s 2 Vn21ax V + 2 Vn21ax Vmax

Property A.5. The roots qi(t) and g2(t) satisfy
Sm(q1(t)) € [1/Viax, Sm(y(to))] and Im(0pq1(t)) > 0

Sm(ga(t)) € [Sm(v(to)), —1/Vinax] and Sm(0pqa(t)) <0

RR n°® 6509
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B Definition of the arrival time of the transmitted waves.

We detail in this section the computation of the arrival time of the transmitted Ps wave at
point (z,y). We first have to determine the fastest path from the source to the point (x,y):
we search a point £ on the interface between the two media which minimizes the function

VE+R (=6 + 2
t(&) = -
(g) V+ V];s

(see Fig. [M). This leads us to find &y such that

/ 50 50 -
= + = 0. 22
He VIVE +h? Vp /(2 — &)+ 2

From a numerical point of view, the solution to this equation is done by computing the roots
of the following fourth degree polynomial

1 1 1 1 2 2 2 h2 h2 2h2
(W‘ 2>X4+2x< 2‘W>X3+<xv++§’ -5 >X2+ X+
| | Vo, | Vo,

Ps Ps Ps Ps

&o is thus the only real root of this polynomial located between 0 and x which is also solution
to [22). Once & is computed, we can define

[e2 1 12 )2 112
to = g?/i— + (z — &) Y

Vps

Source ]
(0, h) Medium 1

V+

Medium 2

Figure 7: Path of the transmitted i wave
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