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Solution analytique pour la propagation d’ondes en milieu
hétérogene acoustique/poroélastique. Partie I : en dimension
2

Résumé : Nous nous intéressons a la modélisation de la propagation d’ondes dans les milieux
infinis bicouche acoustique/poroélastique. Nous considérons le modele bi-phasique de Biot
dans la couche poroélastique. Cette premiere partie est consacrée au calcul de la solution
analytique en dimension deux a l'aide de la technique de Cagniard-De Hoop. Cette solution
a été validée a l'aide de comparaisons avec des solutions obtenues par un code numérique.
Dans la seconde partie de ce rapport nour traiterons le cas de la dimension trois.

Mots-clés :  Modele de Biot, ondes poroélastiques, ondes acoustiques, couplage acous-
tique/poroelastique, solution analytique, technique de Cagniard de Hoop.
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Introduction

The computation of analytical solution for wave propagation problems is of high importance
for the validation of numerical computational codes or for a better understanding of the
reflexion/transmission properties of the media. Cagniard-de Hoop method [4] [6] is a useful
tool to obtain such solutions and permits the independent computation of each type of waves
(P wave, S wave, head wave...), moreover it makes a link between transient and plane wave.
Although it was originally dedicated to the solution of elastodynamic wave propagation, it
can be applied to any transient wave propagation problem in stratified medium. However,
as far as we know, there are very few works dedicated to the application of this method
to poroelastic medium. In [9] the analytical solution of poroelastic wave propagation in an
homogeneous 2D medium is providds and in [10] the authors compute the analytical solution
of the reflected wave at the interface between an acoustic and a poroelastic layer in two
dimension but they do not explicit the solution of the transmitted waves.

In order to validate computational codes of wave propagation in poroelastic media, we
have implemented the codes Gar6more 2D [8] and Gar6more 3D which provide the complete
solution (reflected and transmitted waves) of the propagation of wave in stratified 2D or
3D media composed of acoustic/acoustic, acoustic/elastic, acoustic/poroelastic or poroelas-
tic/poroelastic layers. The 2D code is freely downloadable at

http://www.spice-rtn.org/library/software/Garcimore?2D.

We will focus here on the 2D acoustic/poroelastic case, the three dimensional and the
poroelastic case will be the object of forthcoming papers. The outline of the paper is as
follows: we first present the model problem we want to solve and derive the Green problem
from it (section 1). Then we present the analytical solution of wave propagation in a stratified
2D medium composed of an acoustic and a poroelastic layer (section 2). Finally we validate
our results through comparison with a numerical solution(section 3).

1 The model problem

We consider an infinite two dimensional medium (2 = R?) composed of an acoustic layer
QT = Rx] — 00,0] and a poroelastic layer Q= = R x [0, +oo] separated by an horizontal
interface I' (see Fig. [Il). We first describe the equations in the two layers (§LI]and §I.2] ) and
the transmission conditions on the interface I' (§1.3]), then we will present the Green problem
from which we will compute the analytical solution (§L.4]).

1.1 The equation of acoustics

In the acoustic layer we consider the second order formulation of the wave equation with a
point source and zero initial conditions:

P —VEAPY = 5,6, 0 f(t),  in QFx]0,T), (1a)
c 1 + . —+
U = —p—+VP , in Q7 x]0,T], (1b)
Pt (2,y,0) =0,P"(z,y,0) =0, in Q" (1c)
Ut (2,9,0)=0,U"(2,59,0) =0, inQ" (1d)

RR n°® 0123456789
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Acoustic Layer

Q+

Poroelastic Layer

Figure 1: Configuration of the study

where

e PT is the pressure;

e U™ is the displacement field;

e VT is the celerity of the wave;

e p' is the density of the fluid.

1.2 Biot’s Model

In the second layer we consider the second order formulation of the poroelastic equations [IJ,
2, 3]

p U, +p, W —V-3" =0, inQ x]0,7], (2a)

p; U +pu W + % W +VP™ =0, inQ x]0,T], (2b)
ST =AV.-U; I+ 2ue(U;)— 5~ P I, inQ x]0,T], (2¢)
%P‘Jrﬂ_V-U; LYW =0, in Q- x]0,T], (2d)
U;(z,0)=0, W (2,0) =0, inQ", (2e)

U, (2,0)=0,W (2,00=0, inQ, (2f)

with

1))y
Lj

2
(V.-27); = Z 3 Y i =1,2, I is the identity matrix of My(IR),
j=1

INRIA



Analytical solution 5

and (U7} ) is the solid strain tensor defined by:

1 /0U; aU;
€Z](U) o 5 (321?] + 8$Z> ’

In (), the unknowns are:

U, the displacement field of solid particle;

W= =¢ (U ;- U ), the relative displacement, WJT being the displacement fiel of
fluid particle and ¢~ the porosity;

P, the fluid pressure;

>.7, the solid stress tensor.
The parameters describing the physical properties of the medium are as follows:

e pT =¢ Py + (1 — ¢~ )p5 is the overall density of the saturated medium, with p; the
density of the solid and Py the density of the fluid;

pw =0 p; /¢, a” the toruosity of the solid matrix;

K~ =k~ /n~, k~ is the permeability of the solid matrix and 7 is the viscosity of the fluid;

m~ and (3~ are psotive physical coefficients: = =1— K, /K

-1
and m~ = [gb_/KJZ + (B~ —¢7)/K;| , where K is the bulk modulus of the solid,
K]? is the bulk modulus of the fluid and K is the frame bulk modulus;

p~ is the frame shear modulus, and A~ = K, — 2u~ /3 is the Lame constant.

1.3 Transmission conditions

Let n be the normal of I exterior of Q~. The transmission conditions on the interface between
the acoustic and porous medium are [5] :

W n=(U*—-U;)n,
P_ :P—"—’ (3)
Y~ n=-—-Phtn.

RR n® 0123456789
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1.4 The Green problem
We won’t compute directly the solution of (IH2H3) but the solution of the Green problem:

jj+ - V+2Ap+ = 0g0y—nOt, in Q+X]07T]v (4a)

. 1 .
ut = —p—+Vp+, in Q1 x]0, 77, (4b)
piiy +pp T — Voo =0,  inQ x]0,T], (5a)

— e — T 1 .. — - 3 -
Pf Ug —I—pww +Fw -I—Vp :07 in X]()’T]? (5b)
o" =XN"Veug In+2p7e(ug) — 7 p I, in Q7 x]0,T], (5¢)
1

$p—+@—v.us—+v.w—:0, in Q7 x]0,T], (5d)

w-n=(u"—u;)n, onl
p-=p", on T (6)
con=-pn. onT

The solution of (IH2H3) is then computed from the solution of the Green Problem thanks to
a convolution by the source function. For instance we have :

P (x,y,t) =p" (x,y,.) * f(.) = / p(x,y,7)f(t —7)dr
0

We also suppose that the poroelastic medium is non dissipative, i.e the viscosity n~ = 0.
Using the equations (GdBd]) we can eliminate o~ and p~ in (), we obtain the the equivalent
system:

p- g +p, T —a” V(Veoug)+p” VX (Vxug)—m p7V(V-w™) =0,

Py g +pp - —m~ BT V(V ug)—m” V(V-w™) =0, "
with o™ = A7 +2u~ + m’ﬁ’Q.
And using the equation (4h)) the transmission conditions (@) are rewritten as:

o 1, .
Ugy + W, :_p_+ D,

—m B~ V-u; —m V-w =pt,

Oy, + Qtus_y =0,

( (A" +m™B7)V e uy +2u" dyug, +m”V(V-w) = —p™.

INRIA
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We decompose the displacement fields u et uy on irrotationnal and isovolumic fields (P-wave
and S-wave):

u; =VO, +Vx U, ; w =VO, +Vx U, (9)
We can then rewrite the system (7)) in the following form:
A=O~ — B AO®™ =0,

Uy, — Vg A, =0, (10)

where ©~ is a two vector: © = (0,,0,)!, A~ and B~ are two 2 x 2 symetric matrices:

- <p‘ pf> - (A‘+2M‘+m‘(ﬁ‘)2 m‘ﬂ‘)
AT = ; BT = ,

Pt Pu m= [~ m

and

is the S-wave velocity.

We multiply the first equation of the system (I0) by the inverse of A. The matrix A~!'B
is diagonalisable: A~!B = PDP~!, where P is the change-of-coordinate matrix, D =
diag(VIJfQ, VIJSQ) is the diagonal matrix similar to A=!B, VIJf and Vp_ are respectively the
fast P-wave velocity and the slow P-wave velocity (Vps < Vpy).

Using the change of variables ® = (®ps, ® ps)! = P10, we obtain the decoupled system
on fast P-wave, slow P-wave and S-wave:

b — DAD =0,

.. 72
¥, — V5 AD, =0, )

Finally, we obtain the Green problem equivalent to (56):

Pt — VAPt = 6,0, n:, y >0
b7~V PA®; =0, ie{PS,PfS} y<0 (12)
B(p+7(I)]_3f7(I)]_357(I)§) :07 y:O

RR n°® 0123456789
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where we have set &g = W¥,, in order to have similar notations for the Pf, Ps and S waves.
The operator B represents the transmission conditions on I':

1 Pr _ _
p_+ay (P11 + Pa1) 33@& (P12 + Paz) 33@& (p_g —1) 9%, p*
ot
- m~ (6~ P11 + Pa1) m~ (8~ P2 + Pa2) g
gl ®rr |21 = a2 = 22 0, rf
O, Pf Ps
(. B
S 0 2P0, 2P1205, o2, — 02, Fs
o
L1 Bz Bus o2, RS-
with
A +m B )Py +m P _
842:( m”~ 3 )_121 m~ 3 202 4o Pudl,.
Vi
A +m B )P +m P _
By = Lm0 ‘1_122 MO g oy P2,
Ps

To obtain this operator we have used the transmisson conditions (8)), the change of variables
@) and the decoupled system (ITI).

Moreover, we can determine the solid displacement w_ by using the change of variables
@) and the fluid displacement u* by using (4h).

2 Computation of the analytical solution

In this section we present the expression of the analytical solution of the Green problem
(§2.2]), the proof of the result is detailed at §2.31 To simplify the presentation of the theorem
we have used some notations that we present at §2.1]

2.1 Notations

To state our results, we need the following notation and definitions:

1. Definition of the complex square root. For ¢ € C\IR™, we use the following
definition of the square root g(q) = q%:

g(@)*> =q and Re[g(q)] > 0.

The branch cut of g(g) in the complex plane will thus be the half-line defined by {q €
IR™} (see Fig.[2)). In the following, we’ll use the notation abuse g(¢q) =i,/q for g € R™.

2. Definition of the function x* and «; . For i € {Pf,Ps,S} and ¢q € C, we define

the functions )
1 2
oy 2
K (q) = (—V+2+q> )

INRIA
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N

Figure 2: Definition of the function z — (z)

1
Ky (@) = <F + 6]2>

For a sake of simplicity, we’ll omit sometimes the dependance in ¢ and only write £
and k; .
7

and

=

Remark 2.1. The branch cuts of k™ are the two half lines

1
{a € CRe(q) = 0 and [Sm(q)] = 75

and the branch cuts of k; are the two half lines
1
{g € C[Re(q) =0 and [Sm(q)| 2 7=}

3. Definition of the reflection and transmission coefficients. For a given ¢ € C, we
denote by R(q), Tpr(q), Tps(q) and Ts(q) the solution of the linear system

— - 4]
R(q) F
p+
A | . (13
N | 2V |
| Ts(q) | 1
where the matrix A(q) is defined by:
o ) ) o -
_p_"' /@'Pf(Pn-l-Pm) Kpg (P12 + Pa2) iq <p_]:_1>
m- o, m- .,
Alg) = 1 —5 (7P +Pa) — (8 P2+ Pao) 0
Pf Ps ’
0 Qiqm}f 7711 216]/{;35 Plg (F&;Q + q2>
L1 Asz2 Ay 2iqu” kg

RR n°® 0123456789
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with
()\_ + m_ﬂ_2> Pi1i+m= B P o,
Ago = —5 +2p Kpg P,
()\* + ’rffﬁj) Pi2 +m™ 3 Pa o
Ayz = — + 24" Kkpg Pro.
VPs

Property 2.1. We easily check that R(—a + ib) = R(a+1ib) and T;(—a + ib) =
Ti(a +1b).

4. Definition of the arrival time of the volume waves.

(a) For a given point (z,y), we define the arrival time of the incident wave by

0+ Va2 4+ (y —h)?

inc V+ ’

(b) for a given point (z,y), we define tggf the arrival time of the reflected wave by

O+ _ Va2 + (y+h)?

ref V+ ’

(c) for the definition of the arrival time of the transmitted ¢ wave (¢ € {Pf, Ps,S})
t?*, we first have to determine the fastest path from the source to the point (z,y):
we search a point &y on the interface between the two media which minimizes the

function
t(f) — \/52 + h? + \/(x — 5)2 + 3/2
v Vo
(see Fig. B]). This leads us to find &y such that

€o n §o—
VIVEFR V&P
From a numerical point of view, the solution of this equation is done by computing
the roots of the following fourth degree polynomial

1 1 1 1 2 2 2 h2 h2 2h2
| XM — - 5 | X+ E +2y - +2 XL X+
/A Vo2V v+ Vo vV

K3 K3

t'(&o) = (14)

&o is thus the only real root of this polynomial located between 0 and x which is
also solution of (I4)). Once &; is computed, we can define

o VEAR @

)

5. Definition of the paths in the complex plane for the computation of the
volume waves. For computing the solution we’ll use the following paths in the complex
plane :

INRIA
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Source )
(0, h) Medium 1

V+

Medium 2

Figure 3: Path of the transmitted ¢ wave

(a) For the reflected wave we define

ty = Byt e 1 T
Y(t) = 17“2t+ . oA v fort>V+.

(b) For the transmitted waves, we first need to define the functions

1 1
_ 1 9\ 2 1 2\2 .
]i(q,t):—y<vf+q> +h(W+q> +iqr —t

)

for i € {Pf,Ps,S}. Before defining the paths in complex plane, let us recall some
of the properties of the functions F; (see [4, 14} [7])

Property 2.2. For each t € IR", F. (q,to) admits at most two roots.

Property 2.3. There is one and only one to € IRY such that F; (q,to) admits a
double root qo. This root is purely imaginary and ty corresponds to the arrival time
of the wave: to = t9~. Moreover Sm(qo) <0 if x >0 and Sm(qo) >0 if z < 0

Property 2.4. For t > t?Jr,]:[(q,t), admits exactly two roots, which have the
same imaginary part and an opposite non-zero real part.

We are now able to define the path ~; (t) for t > t?_ as the only root of F; (g,1t)
whose real part is positive. From a numerical point of view, we won’t directly
compute the roots of F; (¢,t) but we will derive a polynomial F' of fourth degree
from it such that the roots of F; (g,t) are also roots of F'. ~,; (t) will be the only
common root of F' and F; (¢,t) with a positive real part.

RR n°® 0123456789
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Remark 2.2. The derivative of v; (t) can be easily computed thanks to the implicit
function theorem :

d'g t(t) — Ly i (t) h i (1)

(V:g +’yi2(t)>é (Viz +%2(t));

Since F; (q,t) admits a double root at t = t?_, the functions d«gt(t) are singular at

this point, however this singularity behaves as [7]

+ix

(67

$2 — $0-2

and can therefore be integrated.

Remark 2.3. For the reflected wave, the path v+ (t) is actually the root of the function
1
+ 1 >
F (g, t)=(y+h) <V+ +q ) +igqr —t

6. Definition of the arrival time of the head waves.

e For the reflected wave (y > 0). There are two conditions for the arrival of a
reflected head wave at point (z,y)

(a) The velocity VT must not be greater than all the velocities in the bottom
medium: VT < Vipax with

Vinax = max(V;" )ictps ps,s)-
(b) The point (z,y) must satisfy the relation
2] VT

>
\/ 2 + (y + h)2 Vmax

If these two conditions are realized, ", the arrival time of the reflected head wave
is such that Iyt (th )| = L It is easily obtained by choosing ¢ = —— (if x > 0)

or q = y— (if 2 <0) in the expression of F1(q,t

val
Vr%ax Vr%ax Vinax

e For a transmitted wave (y < 0). There are two conditions for the arrival of a
transmitted head wave i at point (:c, Y):

(a) The velocity V;~ must not be greater than all the other velocities in the bottom
medium: V,” < Vjpax with

Vmax = max(V- )]E{Pf Ps,S},5#1

INRIA
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(b) The double root of F; (¢,t)~) must be lying on the branch cut of one function

Iij.

“(E0) > .
Iy ()l v

If these two conditions are realized t the arrlval tlme of the transmltted head
wave i is such that |y, (t87)] =

Vmax (if

i

x>0)orqg= - (if z < 0) in the expression of F, (

- = le
Vn21ax V1121a_)( max

7. Definition of the paths in the complex plane for the computation of the head
waves. For computing the solution we’ll use the following paths in the complex plane :

(a) For the reflected wave we define

ho[1 e
v (t) = —i <y+ W?"‘%t) iftht <t <t andz <0
T T T
1 2
v*(t)_i<yJr \/W——Q—%t> ittt <t <% and 2 >0
T T T

(b) For the transmitted waves, we’ll use once again the functions 7, (q,t) after having
recalled the following properties:

Property 2.5. For t?_ <t <197, the function F; (q,t) admits evactly two imag-
inary roots q1(t) and qa(t) such that

Sm(qu(t)) € [Sm(37 (7)), 1/ Vinas] and Sm(@ras(1)) < 0
Sm(qa(t)) € [—1/Vmax, %m(’y{(tg_))] and Sm(0yqa(t)) >0

If 2 >0, Sm(y; (t)7)) < 0 (property Z3), so that 4; (£)7) lies on the branch cut

{q€C|§Re(q) =0 and Qm(q) < —Vl }

Therefore we need the path ¢o(t) to bypass the branch cut and we define

dv; (t (T (T
%m(ivz()>—%m -y v () - +h v () - +iz | <O.
dt 1 20\ ? (L +072(t)>§

Vi_2 +U’i (t) vV+2 1

If x < 0, we need the path ¢;(¢) to bypass the branch cut and we define

o (B0 (D)) v; (1) v; (t) :
Sm (d dtt ) —am | —y (V12 +Uj2(t)>é +h<# +U;(t))% +iz | > 0.

RR n°® 0123456789
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2.2 Main result

Theorem 2.1. The pressure and the displacement in the top medium are given by

t t
p+($7y7t) = p;rnc(x7y7t)+p;:ef(x7y7t) CL’Ild u+(x,y,t) = /O V;'rnc(xayaT) d7'+/0 V;:@f(x7y77—) dT’

the displacement in the bottom medium is given by

t
u, = / v (x,y,7)dr with v~ = vpr+Vps Vg,
0

where
° p;!—nc(‘ruyat) and ng(ﬂc,y,t) correspond to the incident wave and satisfy :
s @) = e ift>
pinc Y t) = 9 2 2 ine’
T/ T4 — T ,
p;rnc(x, Y, t) = 07 else.
tx ) 0+
Vineo (T y;t) = ; ift >t
7 2rptry /12 — r? tne
v+2
Vinc,x(f’:v y,t) =0, else.
and
t(y —h) .
Vmc,y(xa Y, t) = 5 = th > t(’Z’I’tC’
2ptry/t? — T
Vinc,y(xa Y, t) = 07 else

with r = \/x? + (y — h)2.

o p;fef(x,y,t) and V:ef(x’y’t) correspond to the reflected wave and satisfy :

3 Yot (OYR(vT(+ v+
o (o ynt) = _Sm (kT (0T () R0 ( )))’ i <t <9 and & >
ref W\/T_ﬁ e r Vinax
v+2
Re (k7 (v (¢)) R(YT (1)) ,
+ B 0+
pref(xvyvt) - — 5 , ’Lft > tref
T V+2 - t
p—;ef(xayvt) = 07 6156,
ot (@, y,t) = Sm (vt ()T (0T () R(vT (1)) iftth <t <% and x S VT
p V+2
o - RGOS RO @) s
refx Y t) = 7T,O+ 2 2 ) ref
v+ o
l/:eﬁx(x,y,t) =0, else

\

INRIA
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and
( Sm (kT2 (0T ()R (1)) +
Vg, (@0 t) = = ( : ) C o iftht <t < (055 and v,V
Y 7'1',0Jr t2 - VT+2 r Vmax
2
Re (2 (O)RG (1)) .
T@f (‘T Y, ) > ) 'Lft > t,r;rfa
mpty/t? — T

L ref (z,y,t) =0, else

with 7 = \/22 + (y + h)? and Vipax = max(Vpy, Vps, Vs).

e v, f(:):,y,t) corresponds to the the transmitted Pf wave and satisfies:

(
_ 1 A _ dvp

Vpo(®y,t) = T%e IUPf(t)TPf(UPf(t))W(t) ,

- Pu - _ o\ Dp
Vpro(T:y,t) = 7%6 (IVPf(t)TPf(VPf(t))Tf(t)> , ift> tPfa
V]vax(:c,y,t) =0, else
and
_ e he o
Pu - ~ o Wpy iftpy <t<tp;
t)=—N T; —(t

Vg 0.t) = Db <pr<vpf< e ) N i

\ u;fvy(x,y,t) =0, else
with Vipax = max(Vps, Vg).
e vy (x,y,t) corresponds to the transmitted Ps wave and satisfies:

([ P - )
Vps.o(T,Y:1) = %5}36 (1 UPs(t)TPS(UPs(t))W

_ P . _ dvp
onlesnt) = 22 (10, (0Tl ) 2E20)) it > o,

Vps (@, y,t) =0, else

RR n°® 0123456789

I/];f,y($,yyt) = %?Re (ﬁpf(’YPf(t))TPf(’YPf(t))T(t)) . ift> tva

o= if s <t <%
Ps() ,

and ‘%m (U;S(t%;))‘ >

ifth <t <%
and ‘\sm (vpf(tp_f))‘ >

1

max

1
Vmax ’

9
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and

and |Sm (vp,(5,)| > .

max

o h— 0—
- P - _dup ity <t <%,
Vp57y($7 yt) = ;2 e (HPS(UPs(t))ITPs(UPs(t)) de ( )>

_ P _ _ owadp . .
Vagl:1:8) = 2R (1 (0 () Ton O ) E20) )i > o

V;sg(x,y,t) =0, else
with Vinax = max(Vpy, Vs).

e vy (x,y,t) corresponds to the transmitted S wave and satisfies:

e h— 0—
Vsl yt) = e (HS(US (O)Tslvs ()5, (t)> and |3m (vg (t57))| > vl ,
_ 1 - N : _

Vulent) = 2R (K505 OV TOR ) T2 ) . 0>
\ V;x(%yﬁ) =0, else
and
(. s dvg ifth= <t <0

et = =2 (R OT s GE0) . oS B

Vmax’

Vg, (@,y,t) = —%%e (i@(t)%(ﬁ(t))ﬁ—f(t)) ,ift >ty

L l/gy(x,y,t) =0, else
with Vinax = max(Vpy, Vpg).

Remark 2.4. For the practical computations, we won’t have to explicitely compute the prim-
itive of the functions v, which would be rather tedious, since

(/Oty(T)dT> ff—vs </0tf(7)d7>.

Therefore, we’ll only have to compute the primitive of the source function f.

2.3 Proof of the theorem

Let us first apply a Laplace transform in time
—+o00
u(z,y,s) :/ u(zx,y,t) e st dt,
0
and a Fourier transform in the x variable

+oo .
W(ky,y,s) = / u(z,y,s) e ke o,

— 00

INRIA
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to (I2]) we obtain

2 25+
S 2 A+_8p 75(y_h)
(V+2+kx)p oy v+ v>0,
2 25—
s o) - 020 , (15)
(ﬁw) B g =0 i€ (PLPsS) g <o
| B+, O, By, @5) =0 y=0.

Where B is the Laplace-Fourier transform of the operator 5.

From the two first equations of (IH), we deduce that the solution (pT, (&’;)z‘e{ Pf,Ps,Sy) 18
such that

(ot _ ot At
P = Pipe T Prepr
1 k k
5+ —sly=hlt (%) ~+ _ —syrt ("2
piHC — ot (k_m)e ( )7pref— R(kxas)e ( )7 (16)
S
b7 = Ti(ky, s)e (5 (%)), i e {Pf, Ps, S},
\
and, using the last equation of (Il), we obtain
B(ﬁ;—efv (I)]_va (I)]_Dsa @5) = _B(ﬁﬁflcv 07 07 0)
for y = 0, or, from( [I6]):
~ ~ efSh'{Jr(k?m)
B(R(kx,S),Tpf(kx,S),Tps(kx,S),TS(kx78)) = —B W,0,0,0 .

After some calculations that we don’t detail here, we obtain that (R(ks, s), Tps(kz, s), Tps(kz,s), Ts(ky,s))
is solution of

_ - - k) T
R(ky, s) KT (%)
p+
k SQTPf(k‘x, 8) efshn'*'(l%“)
A(i) 2 e (17)
§ s*Tps(ky, s) Sk (?) 0
i 52T (ky, s) | ] 1 |

From the definition of the reflection and transmission coefficient given at § 1], we deduce
that

R(ky, s) ] [ R(%)

kg
82TPf(kx,8) 1 TPf ?) —sh/§+(k—1)
e s /.

( (18)
§2Tps(ky, s) 5| Tps (E2)
k

PTolbns) | | 7)) |

RR n® 0123456789
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Finally:
+_ st +
P = Pipe T Prep
1 +(kz 1 k +( kx
N S P £ N <_:v> —s(yrhwt (k)
p: = e s/,P - € )
nc g+ (k?z) ref 5 s (19)
o 1 k - €T xZ
b =17, <_) e=s(oi (%5) = (5)) ¢ (P, Ps, Y,
s s
and o .,
U= Uy F g
k KT (k—)
R S St _ s ) ot
nc,z pts27inc’ uinc,y_81gn(h y) pts Pines
k ()
At s R g A+ s ) ot
ul"ef,:r - 1p+82 pl"ef’ uref,y - p+8 pl"ef’ (20)

R R k
’LALS_:E = ikx'PH(I)Pf + ik;E'PlQ‘I’];S + Slﬂlg <f) (I)g

~— — kx x— — kx x . —

Uy, = skp; (?) Pu®p, + skp, (;) P12®p, — ik, Py

The rest of the proof is a direct application of the Cagniard-de Hoop method (see [4} (6, [14] 13,
111 [7,19]) and we only detail the computation of i_, p, =ik, P12 @, since the other ones are
very similar. We define Vi,ax = max(Vpy, Vi), since Vps < Vpy it is clear that Vp, < Vijax.
We apply an inverse Fourier transform in the x variable to @ and we set k, = ¢s to obtain

sz,Ps

—+00

[1]

+o0 3
ug, :/ 1P TPS(Q)e_S(—yn;S(thHJ’—(q))+iq:v) dg = @/ (¢) dg. (21a)

sz, Ps oo 28T 28T J_ oo

We now have to define a path in the complex plane, so that (—y/ﬂ;s(q) + het(q) + iq:):) =
¢t € R™, this can be easily done thanks to the function vp(t). Therefore we define

I = {150 |15, <t <R} MMIE::{—W%@)H%;<t<:R}.

We represent the path I'p = I‘E U Ty in Figs. Bl and @ for « < 0 (for 2 > 0 the path
would be similar but in the half plane Im(g) < 0.). We denote by Dp the real segment
—1vps (R)]; |vp s+(R)H. As shown in the two figures, we have to consider two possibilities:

1
o if |yp,(t5,)] > v (FigHl), then I'r does not intersect the branch cuts of the functions
max

k; or k1 and we close the path by the two arcs of circle C'; and CE represented on
Figldl By Cauchy’s theorem :

/)ﬂ@®+/‘ﬂ@®+/‘ﬂ®@+/ E(q)dq = 0.
Dpg ch I'r Cx

Moreover, by using Jordan’s lemma, we have:

li Z(q)dg = 0
R%o%(wq ,

INRIA



Analytical solution 19

ps (R Dn Vps (R)| Re(q)

Figure 4: Integration path if [y, (t%.)] < 1/Vinax-

Figure 5: Integration path if |7]§S(t9;s)| > 1/Vinax-
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then
+oo
/ E(q)dg = —/ E(q)dg = —/ E(q) dg — / E(q) dg.
—o0 | TS ri{, oo
Let us now use the change of variable ¢ = —vy,(t) on I',  and ¢ = v, (t) on I‘ioo:

dt dt

0

0,
tPs

—00 lps

From the property 2.1 we deduce Tp,(vp,(t)) = Tps(vps(t)) and

— — dryp,(t L o dyp(t
Ao Tos 1, 0) T2 = 57 (17,7, (0
Then
__ <P . _ondys () g
Uy, ps(T,y,8) = /t_ S—:?Re <1'yPS(t)Tps('yPS(t)) th( )> e tdt

Ps
00 t

= / [/ st((lf,y,’i')dT] e Stdt.
9% LJo 7

We conclude by using the injectivity of the Laplace transform that

t
us_x,Ps(xv y,t) = /O V;x(xv y,7)dr, fort > top_s

1
if |5, (t%e)] < v (Fig[Hl), then I's intersects the branch cuts of (at least) one function
max

(k; )iegrp,s and we have to bypass it thanks to the paths
. _ 1, _
Tr="THUY, with Y5 = {’UPS(t) + I [t <t < tOPS}

(see Figl) and we close the path by the three arcs of circle Cp, C’E and cp represented
on Figll By Cauchy’s theorem :

/DRE(Q)quF/(ﬁE(Q)quF/F

R

E(Q)dq+/ E(q)dq+/ E(q)dq+/ E(q)dq = 0.

R Tr R CR

Using once again Jordan’s Lemma, we prove that the integrals over Cp, CE and cg
vanish when R tends to infinity and that

/_:O =(g)dg = — /:oo =(q) dq - /Tm =(q)da.

The calculation of the integral over '} is done as in the first case and we only focus
on the calculation over T ..:

/Tm =(q) dg = /_ =(q) dq-|—/T+OO () dg

+oo +

INRIA
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Let us now use the change of variable ¢ = vp (t) —1/R on Y5 and ¢ = vp (t) + 1/R
on TE:

/T @y = /t L <U;s(t) - %) T, (vf:s(t) B %) dv,:}i;(t) i

Ps

tps 1 1\ dv,(t)
— il vpg(t)+ —) Tps <’U_S(t + —> —Ps2 2 emsta,
L7 (om0 + ) 7o (0 + ) 22

Because of the branch cut, it is clear that

limTpy(vp, (1) + 1/R) # i Tpu(vp(t) = 1/R),

R—+o00

however, from the property 2.1l we deduce Tps(vp,(t) — 1/R) = Tps(vp,(t) + 1/R) and
following the definition of the square root of a negative number given at sec. 2.1], we’ll
make the notation abuse

R Teo(vp, () +1/R) = Tey(vp,(t))
to obtain
0

/T+°° =l / :S 20p ()3 (Tpa(Up, (1)) Cwéii(t)e‘stdt,

tPs

. — dvp (t) . . .
or, since vp () and —L=== are purely imaginary:

%

[ =@aa=— [ e (1,070 70 ) ot

Ps

Finally we have

the P dvp
~_ s 12 A — Up (t) p
= — t)Tps t))——=2—= dt
styps(l"ayas) /t?j; o Re <1UPS( )Tps(vp,(t)) it e

+ /too P2ge (i Vﬁs(t)TPs(%;s(t))dvéi(t)> e *tdt

- ST
Ps

[e8) t
= / [/ ypsx(x,y,T)dT} e *tdt
o LJo '

P

and we conclude by using the injectivity of the Laplace transform that

t
u;ac,Ps(x7y7t) = /0 Vlgs,x(xvyuT)dT’ for ¢ > t}]é;
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3 Comparison with a numerical solution

In order to validate our analytical solution, we have compared it to a numerical one obtained
by C. Morency and J. Tromp [12]. We consider an acoustic layer with a density pt =
1020 kg/m? and a celerity V* = 1500 m/s on top of a poroelastic layer whose characteristic
coefficients are:

e the solid density p; = 2500 kg/m?;
o the fluid density p, = 1020 kg/m3;

the porosity ¢~ = 0.4;

the tortuosity a= = 2;
the solid bulk modulus K; = 16.0554 GPa;

the fluid bulk modulus Kf_ = 2.295 GPa;

the frame bulk modulus K, = 10 GPa;
e the frame shear modulus = = 9.63342 GPa;

so that the celerity of the waves in the poroelastic medium are:

o for the fast P wave, Vpy = 3677 m/s

e for the slow P wave, Vps = 1060 m/s
e for the 1) wave, Vg = 2378 m/s.

The source is located in the acoustic layer, at 500 m from the interface. It is a point source
in space and a fifth derivative of a Gaussian of dominant frequency fo = 15 Hz:

I e (_i> ﬁ(_if_w_‘*(_;f (%)
f(t) =4.10 I [9t i 4f3t i 4f61 t i :

We compute the solution at two receivers, the first one is in the acoustic layer, at 533 m from
the interface; the first one is in the poroelastic layer, at 533 m from the interface; both are
located on a vertical line at 400 m from the source (see Fig.[6]). We represent the y component
of the displacement from ¢ = 0 to t = 1 s. on Fig[ll The left picture represents the solution at
receiver 1 while the right picture represents the solution at receiver 2. On both pictures the
blue solid curve is the analytical solution and the red dashed curve is the numerical solution.

Both pictures show a good agreement between the two solutions.

4 Conclusion

In this paper we have provided the complete solution (reflected and transmitted wave) of the
propagation of wave in a stratified 2D medium composed of an acoustic and a poroelastic
layer and we have validated the solution through comparison with a numerical solution. In a
forthcoming paper we will use this solution as a basis to derive the solution in a three dimen-
sional medium. We will also extend the method to the propagation of waves in heterogeneous
poroelastic medium in two and three dimensions (the two-dimensional case has already been
implemented in the code Gar6more 2d).

INRIA
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Receiver 1
Source !
400
OF m 533 m
500 m
Q- 533 m
Recei.ver 2

x10°

Figure 6: Configuration of the experiment

—— Cagniard de Hoop
4[| = = = Numerical

L
0.4

t

L
0.6

L
0.8

x 10

—— Cagniard de Hoop
- = =Numerical

L L
0.2 0.4

t

L L
0.6 0.8 1

Figure 7: The y component of the displacement at receiver 1 (left picture) and 2 (right
picture). The blue solid curve is the analytical solution computed by the Cagniard-de Hoop
method, the red dashed curve is the numerical solution.
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