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¿ÀFlÁ=ÎWò�FCHK\]FâHKJ�>AÌWQR<&LIMÒMOYCLUNCYZL9��D�JóHS@8LUFC<î@W>%LIHRÇ=<�JpÁ�@lLI>�l�MAÅ(Ð³>A@�Á
NCGIM%ÇO<hG]J?Îl<?H{LIFC<hG
>AYZLIMOÐ³>%LIHS\�MOG�HR@lLU<?GI>=\/LIHRÇ=<óMO@C<}JhÊZö6FC<�M%ÇO<?GI>OQRQf>AG]\]FCH{LI<?\#LUYCGI<óHKJ9NWGU<}Jp<?@=LI<?V³M=@ÉP�HRß=YCGI<�ìOÊ

P�HSßOYWGU<�m�JUFCM%òóJÉ>�JpFCM=GpL
<�lC>AÐ�NCQS<àMOÅî>A@W@CMAL]>%LU<}V D*\#MZVZ<=Ê�D9QS>OYWJp<}J �En�o&p����En7q
HR@lLUGIMZVZYW\h<?J�>ÒNCGI<?\hMO@WVCH{LIHRM=@«Î3n�r�q�pN�EnEq�>ÉNfM=JpLI\hMO@WVCH{LIHRM=@«Î�>A@WVcsEqtqN��u�rvq³JUNj<}\#HRÈW<?J�LUFW<
Jp<hL6MOÅ�Ð�MZVZHRÈW<?V
Ð�<hÐ�M=GUÁ³QSMZ\h>%LIHRM=@WJ?ÊZw�xEsN� ��yîHKJ�>�ÌCYCHSQ{LUBtHS@8NCGI<?VZHK\h>ALU<�ò�FCHK\]F
JUNj<}\#HRÈW<?J
LUFW>AL&LUFC<Òß=HRÇ=<h@ÙNjM=HR@lLI<hG�\?>A@ÙÌj<ÉJI>%ÅÆ<?QRÁÍVZ<hGI<#ÅÆ<?GU<?@W\#<}V�Î¯>A@jV:w�zN�&yâVZ<h@WMALU<}J�LUFW<³Ç�>OQRYW<
MAÅ¯LIFC<�ßOHSÇO<?@�<�l�NWGU<}JUJUHRM=@É>%L6LIFC<ÜÅÆYC@W\/LIHRM=@8<h@lLUGIÁOÊ7{�LUFW<hG�Ä�HR@jVÉMOÅ�>A@W@CMAL]>%LUHSMO@jJ9HS@W\hQRYWVC<
QRM�MON�HS@�Ç�>OGUHK>A@lL]J(>A@WV�Ç%>AGIHK>A@lLIJ?Ê#��D�J,>OGU<6ßO<?@C<hG]>%LI<?V�Ð�MZVZYCQK>AGIQRÁ��Aò�FC<?@³\h>AQSQSHR@Cß}|��En�y ��ú
ÅÆGUM=Ð úEn7q%úfÎWMO@CQSÁÉLIFC<îJUNf<?\#HRÈj\?>%LUHSMO@âMOÅf|#�En&y ��úÒHKJóYWJU<?V«Êfö�MÒÐ³>AÄ=<&LUFCHKJóNfM=JIJUHRÌCQS<OÎjLUFW<
sEqtqN��u�rvq�\hQS>OYWJp<�HKJ6<?JIJp<?@lLUHK>AQtÊ

~ �c�����������T�¯¹W¾���½���¸C¾pº,·��Íº9·�»�¾E¸C¾Eº,·��K��·��«¹E��¸Zºª¹

ö6FC<,HS@CNCYZL(JUÁl@lL]>�l�MAÅC¿ÀF�Á�HSJ�>�JUNj<}\#HRÈj\ªQK>A@WßOYW>OßO<ªVZ<}VZHS\?>%LI<?V&LIMóNCGIMOß=GI>OÐ ÇO<?GUHRÈj\?>%LUHSMO@¯Ê
� J�>óNCGIMOß=GI>OÐ�Ð�HS@Cß6QS>O@CßOYj>AßO<=ÎhHRL�HKJ�>�� ¿_��ËEõ3����QK>A@Cß=YW>Aß=<(ò�FCHS\]F�ÝEì}Þ«FW>OJ�QSHRÐ�HRLU<?V�JpHKVZ<#B
<��¢<?\/L]JîÝ×MO@CQSÁc�îêZÕ�Ñ��hçRæîã�ÑAð/Ö×Ñ��hçRæ#Ø�LUFj>%LÜ\?>A@C@WMAL�Ìf<�>AQSHK>OJU<?VWÞ#Î�Ý�m=Þ�NCGIM%Ç�HSVC<?J6@CMÒÌWYCHRQRLpB�HS@
VC>%L]>âLEÁ�Nj<=Î�Ýd�=Þ�NCGIMONfM=JU<?J�ÌW>OJUHS\�\#M=@=LIGUM=Q9JpLI>ALU<hÐ�<?@=L]J8Ý×>OJIJUHRß=@CÐ�<h@lL?Î��#	jÎ�þ�ù �U��n�ÞÜÌCYZL
>AQKJpMÒ<�lC\#<hNCLUHSMO@WJ�Ý�LIFCGUM%ò�HS@CßÉ>O@WVX\?>%LI\]FWHR@Cß�Þ/Ê � ¿ÀF�Á8NCGIMOßOG]>AÐ HSJ�>ÒJU<#L�MAÅ(ÅÆYW@W\/LIHRM=@WJhÎ
>A@C@CMOLI>ALU<?VÒò�H{LIF�NCGI<#B(>A@jVÒNfM=JpLI\#M=@WVZHRLUHSMO@WJ?ÊZö6FCM=JU<�>OGU<�ò�GUHRLpLI<h@�HR@
>�ß=<h@C<?GI>OQjNCYWGUNfM=JU<
JpNf<?\hH{Èj\?>%LIHRM=@ÛQS>O@CßOYj>AßO<��«NfMOQSÁlÐ�M=GUNCFWHS\³ÐîYCQRLUHRB�JUMOGULU<}V´ÈWG]JELUBtM=GIVZ<?G�QSMOßOHK\³ò�HRLUFÛÌWYCHRQRLpB�HS@
<?ÏlYW>AQSHRLEÁ�>A@WV�>OGUHRLUFCÐ�<hLUHK\AÊOö6FCHKJ(QSMOß=HS\6\h>O@îÌf<óYWJU<?V�LUM&HS@lLUGIMZVZYW\#<ó>OÌWJpLUG]>O\/LªVC>ALI>�LEÁ�Nj<}JhÎ
ÌlÁ�VZ<?\hQS>OGUHS@Cß�@C<hò5JpM=GpL]JhÎ�ÅÆYW@W\/LIHRM=@8JUÁ�Ð�ÌfMOQKJhÎZNWGU<}VZHS\?>%LI<?J6>A@WV8>�l�HSMOÐ³J?Ê

ö6FC<%��D�J�ßO<h@W<hG]>%LUHSMO@ÍHSJ�Ìj>OJU<?VÍMO@ >
¿Í<}>AÄO<}JEL��ªGI<?\hMO@WVZHRLUHSMO@´\h>OQS\hYCQSYWJhÎ�HS@W\hMOGINjMOB
GI>ALUHS@Cßî<�lC\#<hNCLUHSMO@W>OQfNfM=JpLI\hMO@WVCH{LIHRM=@WJ�>A@WV
\#M=Ð�NCYZLI>ALUHSMO@�MAÅ�<��f<}\/L]J�M%ÇO<?G9ÐîYZLI>OÌCQR<�Ç%>AGIHRB
>AÌCQS<?J�ë5m�í�Êfõ�>OJpLÜÌCYCL�@WMAL�QR<}>OJpL?Î¢¿ÀF�ÁâNCGUM%Ç�HKVZ<?J�>ÉÐîYCQRLUHRBtNCGIM%ÇO<?G�M=YZLUNCYCL&>=J�JUFCM%ò�@XM=@
P�HSßOYWGU<
ìOÊ � \/LIYW>AQSQSÁX¿ÀF�ÁX\h>A@Ù<hÇ=<h@ÍÌlÁâYjJp<}VàM=@CQRÁX>=J�>ÒLIGI>O@WJpQK>%LIMOG�ÅÆGUM=Ð ÈWG]JELUBtM=GIVZ<?G
ÅÆMOGIÐ�YCQK>OJ�LUMàLUFC<8JpÁ�@lLI>�l MAÅóLIFCM=JU<ÉÌW>=\]ÄlBt<?@WV NCGIM%ÇO<?GIJ?Ê¯ö6FCHKJîLUG]>A@WJUQS>ALUHSMO@ÛHS@W\hQRYWVC<?J�>
@CMO@ZBtLUGIHSÇlHK>AQjGU<?Ð�M%Ç�>OQjMOÅ«NjM=QRÁ�Ð�MOGINCFCHK\�JUMOGULIJ,ò�FC<h@ÉLUFC<�LI>OGUß=<#L�QRM=ßOHK\óVZM�<?J�@CMOL�JUYCNCNfMOGUL
NjM=QRÁ�Ð�MOGINCFCHKJpÐ ë �AítÊ
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ö6FC<�\#M=Ð�Ð�M=@Ò>ANCNWGUMl>O\]FîLUM�;l>�Ç%>Ü>O@WVÉD�JpM=YCG]\#<ó\#MZVZ<�HSJªLUM&LIGI>O@WJpQK>%LI<6LUFC<?Ð HS@lLUM�¿ÀF�Á
NCGUM=ßOG]>AÐ³J?Ê�ö6FC<8¿ÀF�ÁÛJpNf<?\hH{Èf\h>%LIHRM=@�QK>A@Cß=YW>Aß=<ÉHKJîLUFC<?@�YWJU<?V�ÌfMALUF�ÅÆMOG�LIFC<
LUG]>A@WJUQS>AB
LUHSMO@àMOÅ9HS@CNCYZL�>O@C@CMAL]>%LIHRM=@WJ�>O@WVâÅÆM=GÜLUFC<�Ð�MZVZ<hQSHR@Wß�MOÅ�;l>�Ç�>ÉMOÌ��E<}\/L]J�Ý×GU<}JpN¯Ê«D1NjM=HR@lLpB
<hG]J]ÂAJELIGUYW\#LUYCGI<?J]Þ/Ê�ö6FCHKJ&Ð�MZVZ<hQ,MAÅ�LUFC<³Ð�<hÐ�M=GUÁXFW<?>AN´HKJ�VZ<hÈW@C<?VÙÌ�ÁXHS@lLUGIM�VCYW\#HS@CßX>AÌCB
JELIGI>=\/L,VC>ALI>�LEÁ�Nj<}J(LUM=ßO<hLUFC<?G(ò�H{LIF³MONf<hG]>%LUHSMO@jJ(>A@WV�>A@³>ONCNCGIMONCGIHS>ALU<9ÈWG]JELUBtM=GIVZ<?G(>�lZHRM=Ð�B
>%LUH	�?>ALUHSMO@«Ê {�YCG�FW<?>AN Ð�<?Ð�M=GUÁÙÐ�MZVZ<hQKJ�ÅÆM=G�D >A@jVÛ;=>�Ç%>8ÌfMALIF ÅÆMOQSQRM%ò LIFC<ÉNCGIHS@W\#HSNCQS<
MAÅóLIFC<�
�YCG]JEL]>AQSQ{B�
�MOGI@W>%Lb� \hMOÐ�NjM=@C<h@lLUB�>=JEB�>AGIGI>�Á��¢Ð�MZVZ<hQ�ë 
Aí�Ê �,>=\]F�;l>�Ç�>XMOÌ��E<}\/L�ÈW<hQKV
ÝÆGI<?JUN«Ê2D JpLUGIYW\/LIYCGI<�ÈW<hQKVWÞ&Ìf<?\hMOÐ�<?J�>������$��êZÕ�Ñ��hçRæ�ã�ÑAð/Ö×Ñ��hçRæâ\#M=@lLI>AHS@CHS@CßX>âNCYWGU<?QRÁ
>ANCNCQSHK\h>%LIHRÇ=<³Ð³>AN«Ê�ö6FCHSJ�Ð³>AN HKJ�<?ÏlYCHSNCNf<?V´ò�HRLUF�>O@ >O\h\h<?JIJ�ÅÆYC@W\#LUHSMO@

select
JUMâLIFW>%L

select(f, p)
VZ<h@CMOLU<}J�LIFC<
ÈW<hQKVÛMOÅóLUFW<8JpLUGIYW\#LUYCGI<�NfMOHS@lLU<}V�B�LIMàÌ�Á

p � >O@WV�>O@�YCN¢VC>ALU<ÅÆYC@W\/LIHRM=@
store

JUM�LUFj>%L
store(f, p, v)

VZ<?@CMALI<?J�>�@C<?ò Ð³>ON
f ′
HSVZ<?@lLUHK\h>AQ«LUM

f
<�lC\#<hNCL

>%L�NfM=JUHRLUHSMO@
p
ò�FC<hGI<,HRL�Fj>OJ�Ç�>OQRYW<

v
Ê%ö6FC<}Jp<,LEò9M�ÅÆYC@W\#LUHSMO@WJ2JI>%LUHKJpÅÆÁ�LIFC<9JUMAB�\h>OQRQS<?V�Õ��Cæ]ÔAð��

Ô���ÑAð/ðUÑ���Ø��

select(store(f, p, v), p) = p

p 6= p′ → select(store(f, p, v), p′) = select(f, p′)

Ë�@ MOYCG <�lC>OÐ�NWQR<=Î LUFW< LIGI>O@WJpQK>%LIHRM=@ MAÅ LIFC< JpLI>ALU<hÐ�<?@=L û������7sN��s�r�|�n
�! q#" ÅÆGUM=Ð P�HSßOYCGI< m HR@lLUM LIFC< ¿ÀF�Á QK>A@WßOYW>OßO< HSJ

(1) balance :=
store(balance, p, select(balance, p) + s)

Ê�ö6FC< LIGI>O@WJUQS>ALUHSMO@5MAÅ�LUFC<�NjMlJEL]\#MO@jVZH{LIHRM=@
�EsN��s�r�|�n  � w�zN�&y%$��7sN��s�rv|�n'& � qÉHSJ

select(balance, p) = select(balance@, p) + sÝÆò�FC<?GU<
x@

VZ<h@WMALU<}J LUFC<1M=QSV*Ç%>AQSYC<1MAÅ
x
HR@ ¿ÀF�ÁCÞ >A@WV H{L]J ò9<}>AÄ=<?JpL NCGI<?\hMO@ZB

VZH{LIHRM=@ LUFWGUM=YCßOF Ýpì}Þ HSJ
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