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policies with different weight vectors. We show the monotonicity of the expected sojourn time of
the system depending on the weight vector under certain condition on the system. Namely, the
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Comparaison des politiques DPS

Résumé : L’ordre de service DPS (Discriminatory Processor Sharing) qui était introduit par
Kleinrock est un probléme trés intéressant et peut étre appliqué dans beaucoup de domaines comme
les téléecommunications, les applications web et la modélisation de flux TCP. Avec le DPS, les jobs
qui viennent dans le systéme sont controlés par un vecteur de poids. En modifiant le vecteur de
poids, il est possible de controler les taux de service des jobs, donner la priorité & certaines classes
de jobs et optimiser certaines caractéristiques du systéme. Le probléme du choix des poids est
donc trés important et trés difficile en raison de la complexité du systéme. Dans le présent papier,
nous comparons deux politiques DPS avec les vecteurs de poids différents et nous présentons des
résultats sur la monotonicité du temps moyen de service du systéme en fonction du vecteur de
poids, sous certaines conditions sur le systéme. Le systéme devrait consister en plusieurs classes
avec des moyennes trés différentes. En considérant que toutes les classes qui ont une moyenne trés
proche peuvent étre considérées comme une seule classe, cette restriction peut étre enlevée.

Mots-clés : Discriminatory Processor Sharing, le temp de service exponentielle, optimisation.
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1 Introduction

The Discriminatory processor Sharing (DPS) was first introduced by Kleinrock ([I1]). Under the
DPS policy jobs are organized in classes, which share a single server. The capacity which each
class obtains depends on the number of jobs currently presented in all classes. All jobs present
in the system are served simultaneously at rates controlled by the vector of weights {gx > 0, k =
1,..., M}, where M is the number of classes. If there are N; jobs in the class j, then the jobs of

this class are served with the rate g;/ Zkle g Ni. When all weights are equal, DPS system is
equivalent to the standard PS policy.

The DPS application is very wide. In the Internet many serviced provide the possibility of
payment for the quality of obtained service, so the priority of users depends on their payment or in
other words, weight vectors. DPS could be applied to model flow level sharing of TCP flows with
different flow characteristics such as different RTT. DPS could model the weighted round-robin
discipline, which is used in operating systems for task scheduling.

Varying DPS weights it is possible to give priority to different classes at the expense of others,
control their instantaneous service rates and optimize different system characteristics as mean
sojourn time and so on. So, the proper weight selection is an important task, which is not easy to
solve because of the model complexity.

The previously obtained results on DPS model are not very numerous. After the work of
Kleinrock [TT] the paper of Fayolle et al. [I] provided results for the DPS model. The authors
obtained the expression of the expected sojourn time as a solution of a system of linear equations.
Also they provide the analysis of the system in case of the exponentially distributed required
service times and give analytical solution for the case when there are two classes in the system.
The authors show that independent of the weights the slowdown for the expected conditional
response time under the DPS policy tends to the constant slowdown of the PS policy as the
service requirements increases to infinity.

For exponential service time distributions Rege and Sengupta [5] obtained higher moments
of the queue length distribution as the solutions of linear equations system and also provide the
theorem for the heavy-traffic regime. These results were extended by Van Kessel et al [9], [2]. For
general distributions of the required service times the approximation analysis was carried out by
Guo and Matta [[d. Altman et al [§] study the behavior of the DPS in overload. Most of the
results obtained for the DPS queue were collected together in the paper of Altman et al [3].

Kim and Kim in [2] compare the PS and DPS policies for the exponential required service
time distributions. They show that DPS policy decreases expected sojourn time of the system in
comparison with PS policy when the weights are selected in such a way that they decrease with
the means of the classes. Also they give the conjecture about the monotonicity of the expected
sojourn time of the DPS policies, but do not give mathematical proof for it.

In the present paper we prove the monotonicity of the DPS policy on the weight selection,
which was formulated by Kim and Kim in [2], under certain conditions on the system. Namely,
the system has to contain of classes with very different means.

The paper is organized as follows. In Section 2 we give general definitions of the DPS policy
and formulate the main theorem. In Section 3 we give the additional Lemmas which prove the
Theorem statement. In Section 4 we give the experimental results. The proofs could be found in
the appendix.

2 Definitions and previous results

We consider the Discriminatory Processor Sharing (DPS) model. All jobs are organized in classes
and share the single server. There are M classes in the system and in every class there are Ny jobs.
Jobs of class k = 1,..., M arrive with a Poisson process with rate A\; and have required service-
time distribution Fy(x) = 1 — e #** with mean 1/ug. The load of the system is p = Z?il pi and
Pk = e/, k =1,..., M. We consider that the system is stable, p < 1. Let us denote A = > Ag.

RR n°® 6475



4 N. Osipova

The state of the system is controlled by the vector of weights (g1, ..., gar), which denote the
priority for the job classes. So, each job of class k is served with the rate equal to g;/ Zgil 9N,
which depends on the current system state, or on the number of jobs in each class.

Let TDPS be the expected sojourn time of the DPS system. Then, we have

DPS = A
_ =
T = —T
) ks
k=1
where T'j, are expected sojourn times for class k.
We can find T, using the fact that T) = fooo Ty (t) uge H+tdt, where Ty(t) are the expected

conditional response time of a class k£ and is equal to

M

t grcijo +d; —ait/an

Tk(t)::lTp+ E <%> (176 ]t/gk)v kila"'aMa
i=1

where the coefficients oy, ¢;, d; are some constant values which are quite complex. Also expressions
for them are not analytical and have to be found as a solution of a system of linear equations.

Also the expressions for the expected sojourn time 7', can be found as a solution of the system
of linear equations, see [T].

M M ol

_ \igj \igiT; 1
Tp1-> —2% | N AU oM (1)

el C1 R T B W O T T T

Let us notice that for the standard Processor Sharing system

=PS m
T

—=DPS
One of the problems when studying DPS is to minimize the expected sojourn time T°"% with
some weight selection. Or to find the optimal strategy to minimize expected sojourn time of the
system. Namely, find ¢g* such as
—=DPS , . =DPs
T (¢") =minT" "(g).

g

This is a general problem and to simplify it the following subcase is considered. Find such G that

(2)

For the case when job size distributions are exponential and the means of classes are decreasing
the solution of Alis given by Kim and Kim in [2]and is as follows. If the means of the classes are
such as 1 > pg > ... > uns, then G consists of all such vectors which satisfy

Yg* € G, TDPS(g*) <77

G=1{9l91>92> ... > gu}.

Using the approach of [2] we solve more general problem about DPS monotonicity which we
formulate in the following section as Theorem [

3 Expected sojourn time monotonicity

3.1 Problem formulation

Let us prove the following theorem.

INRIA
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Theorem 1. Let the job size distributions for every class are exponential with means p; and we
can remunerate them in the following way

W1 > e > > e (3)

Let us consider two different weight policies for the DPS system, which we denote as o and 3. Let
a,BeqG, or

a2 Qg 2 ... > ap,
B1>P2> ... > Bu

and let the following property is true for a and 3:

Bit1

Qit1

< p=1,....,M — 1. 4
oA T )
Then
—DPS ~DPS
T (o) <T " (0), (5)
when the following condition is true : for every j
Hjt+1
#<1*P7 Hj+1 7 g, OT  Hj1 = K. (6)
j

Condition (@) gives us the limit on the quantity of systems to which the result is applied. It
means that the result is true for the system with very different means of classes. On the other

hand, all the classes with means such as £ ff_l > 1 — p can be organized together, so we consider
J

that this restriction can be overcome.
To prove Theorem [, let us first give some notations and prove additional Lemmas.

3.2 Notations and Lemmas

Let us rewrite linear system () in the matrix form. Let T = [T1,...,Tr]" be the vector of Tk,
k =1,..,M. Here by [ ] we mean transpose sign, so [ |7 is a vector. By []? we note that this
vector depends on the weight selection g € G. Let define matrixes A and D in the following way.

A1g1 A2g2 AMgm
H191+H191 H191+H292 U o mgituemMgm
A1g1 A2g2 AMgm
Ale) — H2g2+p1g1 H2g2+p2ge T pegetpmgm (7)
A1g1 A292 AMgm
pwnMgnmt+pa gl pyvgmtp2ge T pmMgMtRM M
Aigi
Zi H1g1+Higi 0 N - 0
igi
D(Q) — 0 Zz p2g2tpigi T 0 (8)
Aigi
0 0 Zl MM gM+HiGi
Then () becomes
1 1"
79
(E—D@—A@ﬂ"zrfm—ﬁ . (9)
M1 B

—=DPS
We need to find the expected sojourn time of the DPS system """, According to the definition
—DPS .
of T and equation (@) we have

[Al,...,AM](E—D(g)—A(g))1[1 L]T. (10)

DPS_l 1
p T

A

1

T Ay, AT 3

RR n°® 6475



6 N. Osipova

Let us consider the case when \; = 1 for i = 1, ..., M. This results can be extended for the
case when \; are different, we prove it following the approach of [2] in Subsection .
Then ([[@) becomes

T (g) = 1(E—-DY — AD) o, .. pn) A7V (11)

Let us give the following notations.

(9) 9j
O'ZH S — g S G (]‘2)
J wigi + 1595

Then ofjg) have the following properties.

Proposition 2. For Vg € G

o§§’)gi _ (9

jz g])
(9) (9)
o o 1
LY I L . (13)
Hi Hj i g
Proof. Follows from the definition of of?j). O
Then matrixes A and D) given by (@) and () can be rewritten in the terms of agj-’).
A9 =@ =1, M,
DY =30, i=1,.,M,
J
9 _ . .,
D7 =0, 4,j=1.,M, i#}j.
Let us prove the following property of the weights o and 3
Lemma 3. If o and § are such that () is true then
G By Mo, vis (14)

a; — B’ T

Proof. Let us notice that if a < b and ¢ < d, then ac < bd when a, b, ¢, d are positive. Also if j > i
then there exist such [ > 0 that j =4+ [. Then

Qi1 Sﬁi-{-l, Q2 <ﬁz‘+2 Qitl Biti i1

< < M — 2.
o Bi Qit1 ~ Big1’ Qiti—1 ~ Bivi—1’

Multiplying left and right parts of the previous inequalities we get the following:

ﬁﬁ%, i=1.... M—2

@ Bi Y

which proves Lemma. O

)

Lemma 4. If o and § are such that (IJ) is true, then

U%Y)Sogm 1< ]

ij =

o) 2o, i, (16)

INRIA
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Proof. As (@) then

G By
6.
ajpifi < Bipscy, 1 <7,
aj(pifi + piB5) < Bi(pic + pjag), i <j,

G B g
i + picy — piBi + i
o) <ol i<

Property () is not evident as o} ; # 07;, g € G. So, as ([4) then

G Biys g,
Qj B;
R
(67 51

Ufja) > O'gjﬁ), 1>

The the statement of the Lemma is true.

Lemma 5. If o, § are such as {f) then

DPS —=DPS

T () <T " 7(B)
with the same conditions as the elements of vector y = 1'(E — B(*)~1M decrease on index.

Proof. Let us denote B9 = AW 4+ D@ g = q, 3. Then as ()
T(g) :Aill/(EiB(g))il[pla"'apM]Tv g:avﬂ'

Following the method described in [2] we get the following.

TDPS(OOiTDPS(ﬂ) — Al
= AU(E - B (B - BO) Y oy, pur]” =
A1

= A((E - B@) (B — BDYE - BD) ) [pr, ., o]

Let us denote M as a diagonal matrix M = diag(u1, ..., pas) and
=1(FE - B\,

Then
TDPS(a) _ TDPS(B) - '(1- B(O‘))‘lMM‘l(B(”‘) _ B(ﬁ))T(ﬁ) _
-y (&UJ(?) 1 Yo < O (B))) T#)
— \ 1
]
(@) (8)
9ji_ 9y () _ (8 (8)
= Yyi\ —————— | + g g ;™.
;]-(](Nj 1 Mz(] 7)) T
As [@3):
0 R ©)

RR n°® 6475
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8 N. Osipova

then

—DPS —=DPS 0’%” o-z(jﬂ) (a) (B) B _
T () -T 7)) = > (- o +u )| T;

> (_z_a (o) = o2) + MZ( 5 )T]w)
Y
o 1
C () - )0
i, ‘

1 _

Using LemmaH] we get (O’ (2)) (ys—y;) is negative for ¢, j = 1, ..., M with the same conditions

as the elements of the vector y decrease on index. This proves the statement of Lemma. O
Lemma 6. FElements of vector y decrease on i or
Y12Y2 2 2 YM,

when for every j

Hj+1
=<1 —p, e F 0T i1 = pe
2%}
Proof. The proof could be found in the appendix. O

Combining the results of Lemmas Bl H Bl and [ we prove the statement of the Theorem [l

3.3 Extension on the case unequal )\,.

Let us show that the proved Theorem(ll is extended on the case when \; # 1.

If \; are rational, then they could be written in \; = %, where p; and ¢ are positive integers.
So each class can be presented as p classes with equal means 1/p; and intensity 1/¢. So, the DPS
system can be considered as a DPS system with p; + ... + px classes with the same arrival rates
1/q. The result of Theorem 1 is extended on this case: as ¢ is the same for all jobs, and as the
results of the Theorem 1 and particulary Lemma 6 are correct when there are several classes of
the same mean and weight in the system.

If \; are positive and real we apply the previous case and use continuity.

4 Experimental results for different weight vectors

Let us consider the case of three classes, each exponential and let us consider three vectors of
weights.

a _ x4+ C a _ T+ Cc2 a _ x
! T3z 4e 4oy 2 T34+ 3 T3+t
@2 __Tta (2 _ __ Tta 2) _ z
N T e tarta 2 T 3rtata P T 3atata
@ __ rt+bh @ _ _ rtb 3) _ x

N T 3 tbi+b 2 T3xtbi+b B T 3rrbtby

01:150, 02:25,(11:25, a2:6, b1:4, b2:2
For this vector selection the following is true:
(1) (2) 3)

9iv1 < Jiv1 < gz+1’ i = 1, 2’ Ve
(1) (2) (3)
9; 9; 9;

INRIA
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L
[N

] 0.216 ]
1.05 ] .
] 0.212
1 4
0.95 7 0.208 -
0.9 1
] 0.204
0.85 A ]
0.8 0.2 4
T T T T T T T T T T T T T T T T T T T T T T T T 1 T T T T T T T T T T T T T T T T T T T T T T T T 1
40 80 120 160 200 40 80 120 160 200
X X
Figure 1: Figure 2:

Then we plot T(g(*?3)) as a function of x, see Figure [l Also on Figure [l we plot T =
= S . . . . .

" (1/3,1/3,1/3), which has the largest value and which is depicted by the dash line . Also
we plot T'( 104110140””233 = 1021-1F0140I21 —» T o773 ), Which is depicted by the straight dot line and
approximates the strict priority policy. From the plot one can see that when

—DPS —DPS —DPS
T2 (gM) <T 7 (g®P) <T "7 (g™).

On the Figure [l we plot the result when the means p; satisfy the restriction % <1—p. We
take 1 = 100, po = 20, us =3, Ay =1, Ao = 1, A3 = 1. Here p = 59/140. For the Figure &
we plot the case when the means do not satisfy this condition. We take p1 = 10, po = 6, us =
2, =1, \a=1, A3 =1.

Acknowledgment
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5 Appendix

In the following proof we do not use in the notation the dependency of the parameters on g to
simplify the notations.

Lemma 7. Elements of vector y = 1(E — B)~'M decrease on i or
Y12 Y2 2 2 YM,

when for every j

Hj+1 = My,

Hi+1

Lo <l —p, i # e
Hj

RR n°® 6475



10 N. Osipova
Proof. Using the results of the following Lemmas we prove the statement of the Lemma. O
Let us give the following notations
fi= T (E - D)~! (17)
A=M"'AM(E - D)™} (18)
Let us notice the following
1 1
(E-D);' = P — >0, j=1,...M,
DY R Y D DR e
Higj K595
A = i (igi+i;95) _ pi (Higiti595) >0, i,j=1 M
1] - - ) v T Ly ey

_ M gk _ %
1 Zk:l e TETY 1 P+Zk 1 pr (1 95 +1egr)

Let us give the following notation

— k(@ + fikgr)

Then

E-D)! = —— j=1,..M
( )i L—p+ f(r;95)

~ igj
Aij JI]

g ey 5

= ij=1,..

pi(pigi 4+ 1595)(1 = p+ f(pig5))’

Lemma 8. Matriz
A=M"TTAM(E - D)™*

18 a positive contraction.

Proof. Matrix A is a positive operator as elements of matrices M and A are positive and elements
of matrix (E — D)~! are positive. Let Q = {X|z; >0, i = 1,..., M}. If X € Q, then AX € Q.
Also i € Q. Then as y(© € Q, then y™ € Q, Vn. Then to prove that matrix A is a contraction it

is enough to show that
3¢, 0<qg<l1, [[AX||<q||X], VX eQ.
As X € Q, then we can take || X|| =1'X =Y, z;. Then
135

- - ( )
' A _ 1 1 bi(pigi+pigi)
AX = E Z; g ij E T =

(1—=p+9(p95)

[=

7j=1 =1 Jj=1
F(ns95) ( 1- )
I N (1 x;
; TT=p+ fmig;) ; ! 1—p+fuggg Z T
Let us find the value of ¢, which satisfies condition ([IJ).

Dz (=p 1= _qzwa

p+f /’L]gj

xT
Ej 1*P+fj(#j 9;)

qzl—(l—/)) Z"Tj

>

(19)

Ly

1—p+ f(uig)

INRIA
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As f(ujg;) > 0 then

2 T e X, 1
1,(1fp>w>1f(1,p)ﬂzl,(1,p)_:07
Zj Ly Zj T; 1—p
Zi 1*P+fj(#j9j)

Zj Lj

Let us define ¢ in the following way:

1—(1-p) < 1.

.
Zi 1*P+f](#jgj) > 1
DFES 1 — p+ max; f(u;95)

= 6,
o
Zi 1—p+f](ng)

<1—(1-p)d,

Let us notice that max; f(u;g;) always exists as the values of u;g;, 7 = 1,..., M are finite. Then
we can select

g=1—(1-p)s, 0<g<l.

Which completes the proof. O
Lemma 9. If
3" =10,...,0], (20)
y(n) = ﬂ—"_y(n_l)A’ n= 1)2""’ (21)

then y™ — y, when n — oco.

Proof. Let us present y in the following way. As B=FE — A — D, then

y=1(E-B)"'M,

yM Y E-D-A)=1,

yM~Y(E - D)= —yM *A+1,

y(E—D)"'M = —yM~*A(F — D)"'M +1(E — D)"'M.

As matrixes D and M are diagonal, the M D = DM and then
y=p"(E—-D)"'+yM "AM(E — D)™,
where p = [p1, ..., uar]. According to () and ([I¥) we have the following
y=fi+yA
Let us denote y(™ = [y§”>, ...,y§”>], n = 0,1,2,... and let define the y§0) = [0,...,0] and y, and
y™ = +y" DA n=1,2 . as @0)(El). According to Lemma B reflection A is a positive

reflection and is a contraction. Also ji; are positive. Then y(™) — y, when n — co and we prove
the statement of Lemma. O

Lemma 10. Let y™ is defined by (1) with y©) given by (Z0), then

Myl s sy =12 (22)

RR n°® 6475



12 N. Osipova

Proof. We prove the statement [@2) by induction. For 3 the statement (22) is true. Let us
assume that (22)) is true for the (n—1) step, y (" D > yén_l) > .. > yj((;_l). To prove the induction
statement we have o show that y(") > yé") > > yg\?, which is equal to that y§") > yl(,"), if j <p.
As

then
M M
n n ~ n—1) ~ n—1)
g =y = uj+2y§ )Aij<Up+Zyz( )Aip>

1) _
= — fip + Zyzn Aij — Aip).

To show that y(") 4" we need to show that fi; — fi, > 0 and M y\ "V (A, — A3p) > 0, when

j < p. To show that SV, yz )(A —A;p) > 0,7 < pit is enough to show that S°7_ (A;; — A;p) >
0,7<p,r=1,....,M. Let us show this. If we regroup this sum we can get the following

Zy(n 1) w - A;p) =

M

n—1 n—1 n—1 n—1 n—1 -
S = w4y =
=1

M-1
=3 Y =yl |(Ayy — Aiy) + (A — Agy) + .+ (Aij — Aip)} +

i=1

i (A = Arp) + oo+ (Anr—ryy — A nyp) + (Any — Angy)) =

M-1 M
= Z (yz(n Y 91(11 1)) Z(Ak] — Ajp) + y(" b (Arj — Akp).
i=1 k=1 k=1

Asy"D > yle Y i=1,..., M, according to the induction step, then to show that 32, "~ (4;;—

Aip) >0, <pitis enough to show that >0 (A;; — A;p) >0, j <p,r =1,..., M. We show this
in Lemma [[A In Lemma [T we show that fi; > fip, j < p when condition (...) is true. Then we
prove the induction statement and so prove the statement of Lemma. O

Lemma 11. If for every j
Hi+1 = My
Hjt+1
e <=, i # e
Ky
then
f1 2> flo... > [l
Proof. Let us notice that pi; = i, if p; = pp, and g; = g,. Let us denote

M

9k
fala) =Y —=—,
2(7) ;ZC-Fngk

INRIA
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which has the following properties

0 < fa(x) < p,
14+ = 1 z
HUNIN 191
From (...)
i = Hi . Wi
v i = )
V=2 matmay, L fo(wigi)
We need to prove that fi; > fip, j < p. Let us find
fij — [ 1 B Hp _ 1 — i — (1 o pp) — 1ip f2(1595))
s L= Fa(pigs) 1= Falipgp) (1= fa(p9)) (1 = falipgp))
As [23) then

s f2(tpgp) — ppf2(1595) < pip-
then

_ (15 — pp) B 1 _ (15 — pp) 3 1\
W 0 Rl (0 Foipg,) <1 g (uj - up>) (1= falpigi) (X = fo(ppgp))) (1 g (1 - Z—J>/
Then

— (Hj = 1j+1) Y
Hj — Hj+1 > (1= folpigy) (1 — falpjzrgi+1))) <1 g (1 o M)) ="

K
when

Hi+1 = Hy,

Hj+1

—— <1l=p, piq 7wy,
Hj

which proves Lemma.

Lemma 12.

iﬁilzi[lﬂ_---ZiAiNh 7’:1,...,M.
i=1 i=1 =1

Proof. Let us remember A = M~YAM(E — D)~!. Then as p=SM . L then

k=1

r r 1595 T 1;9;
Z i i wilpigitpigi) Yi=1 i(pigitrigi)

YUMo e Mo g
i=1 1=2 k=1 W3 95 +1tk i 1=p+2hm prs (15 95+ 1k gr)

Let us define
T x
Zi:l . g hl X

fB(Z') lM(z"‘Hzgw) _ ( )

g M . — . )
L= p+ 30t gy 1P h(@) +ha(2)

where

M
X
ha(z) = >0
20 j:;_lﬂj(erﬂjgj)
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14 N. Osipova

Let us show that fs(x) is increasing on x. For that it enough to show that dffl—f) > 0. Let us
consider

dfs(x) _ M(@)(1 = p) + M (@)ha(x) — ha(2)h5 ()
da (1= p+hi(z) + ha(x))?
Since hij(x) >0 and 1 —p > 0O:
P 0 it hy@ha(e) ~ (i) = 0.
Let us consider
T M r M

ME@hale) ~ @@ = iy 3 ey Y w2,

T+ pigi) pr(x + prgr)

B Z Z <$+ugz T T G 2>

Pl )2(@ + pegr)ik pi(@ + pigi) (@ + prgr)
M

_ r 9i Ik _
a Z 2 (x + pigi)(x + prgr) <uk(w + wigi) i($+ﬂkgk)> B

=1 k=r+1

_ Z Z <mgz-(z + grur) = pegr( + mgz-)) _
=5 (@ ) $+Mk9k) pittn (2 + pegn) (@ + pigi)

_ Z Z Mzgz ngk)2 >0,
-T + Mzgz i

=1 ket (@ + poegr)? o i

Then d@—gf) > 0 and f3(x) is an increasing function of x. As pjg; > ppgp, j < p, then we prove
the statement of Lemma. O
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