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❆❜str❛❝t✿ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡r❢✭①✮ ✐♥ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥ ✐s ❞❡t❛✐❧❡❞✳ ❆
❢❡❛t✉r❡ ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❝♦rr❡❝t r♦✉♥❞✐♥❣✿ t❤❡ r❡t✉r♥❡❞ r❡s✉❧t ✐s t❤❡ ❡①❛❝t r❡s✉❧t
✭❛s ✐❢ ✐t ✇❡r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ✐♥✜♥✐t❡ ♣r❡❝✐s✐♦♥✮ r♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❝✐✜❡❞ r♦✉♥❞✐♥❣
♠♦❞❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ ✈❛❧✉❡ ♦❢ ❡r❢✭①✮ ❢♦r ❛♥② ❛r❣✉♠❡♥t
① ✐s ❞❡t❛✐❧❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ t❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥ r❛♥❦ ❛♥❞ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞✳ ❲❤❡♥
t❤❡ ❝✉rr❡♥t tr✉♥❝❛t✐♦♥ r❛♥❦ ❛♥❞ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ❞♦ ♥♦t s✉✣❝❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦rr❡❝t❧②
r♦✉♥❞❡❞ ✈❛❧✉❡✱ t❤❡② ❛r❡ ✐♥❝r❡❛s❡❞ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ❞♦♥❡ ❛❣❛✐♥✳ ❚❤❡ ♦♣t✐♠❛❧ str❛t❡❣②
t♦ ❛❞❛♣t t❤❡♠ ✐s ❣✐✈❡♥ ✐♥ t❤✐s ♣❛♣❡r✳ ❋✐♥❛❧❧②✱ t✐♠✐♥❣s ♦♥ s♦♠❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❣✐✈❡♥✱ ❛♥❞
t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r ❢✉♥❝t✐♦♥ ❡r❢❝ ✐s t❤❡♥ s❦❡t❝❤❡❞✳
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➱✈❛❧✉❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ❞✬❡rr❡✉r ❡r❢ ❡t ❡r❢❝
❡♥ ♣ré❝✐s✐♦♥ ❛r❜✐tr❛✐r❡ ❛✈❡❝ ❛rr♦♥❞✐ ❝♦rr❡❝t

❘és✉♠é ✿ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❝♦♠♠❡♥t é✈❛❧✉❡r ❧❛ ❢♦♥❝t✐♦♥ ❡r❢ ❡♥ ❛r✐t❤♠ét✐q✉❡
✢♦tt❛♥t❡ à ♣ré❝✐s✐♦♥ ❛r❜✐tr❛✐r❡✳ ❯♥❡ s♣é❝✐✜❝✐té ❞❡ ♥♦tr❡ ✐♠♣❧❛♥t❛t✐♦♥ ❡st q✉✬❡❧❧❡ r❡t♦✉r♥❡ ❧❡
rés✉❧t❛t ❛✈❡❝ ❛rr♦♥❞✐ ❝♦rr❡❝t ✿ ❧❡ rés✉❧t❛t ❡st é❣❛❧ ❛✉ rés✉❧t❛t ❡①❛❝t ✭❧❡ rés✉❧t❛t q✉✐ s❡r❛✐t
♦❜t❡♥✉ s✐ ♦♥ ❞✐s♣♦s❛✐t ❞✬✉♥❡ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✮ ♣✉✐s ❛rr♦♥❞✐ s❡❧♦♥ ❧❡ ♠♦❞❡ ❞✬❛rr♦♥❞✐ ❞❡♠❛♥❞é✳
◆♦✉s ♣rés❡♥t♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐ é✈❛❧✉❡✱ ❛✈❡❝ ❛rr♦♥❞✐ ❝♦rr❡❝t✱ ❡r❢ ① ♣♦✉r t♦✉t ❛r❣✉♠❡♥t ①✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❧❡ ❝❤♦✐① ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉
r❛♥❣ ❞❡ tr♦♥❝❛t✉r❡ ❡t ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ✉t✐❧❡ ♣♦✉r ♠❡♥❡r ❧❡s ❝❛❧❝✉❧s✳ ❙✐ ❥❛♠❛✐s ❧❡ r❛♥❣ ❞❡ tr♦♥❝❛✲
t✉r❡ ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❝❛❧❝✉❧ s✬❛✈èr❡♥t ✐♥s✉✣s❛♥ts ♣♦✉r ♣❡r♠❡ttr❡ ❞✬❛rr♦♥❞✐r ❝♦rr❡❝t❡♠❡♥t ❧❡
rés✉❧t❛t ❝❛❧❝✉❧é✱ ❧❡✉rs ✈❛❧❡✉rs s♦♥t ❛❝❝r✉❡s ❡t ❧❡ ❝❛❧❝✉❧ ❡st ❡✛❡❝t✉é à ♥♦✉✈❡❛✉✳ ◆♦✉s ❞ét❛✐❧❧♦♥s
é❣❛❧❡♠❡♥t ❧❛ str❛té❣✐❡ ♦♣t✐♠❛❧❡ ♣♦✉r ❝❤♦✐s✐r ❧❡s ♥♦✉✈❡❧❧❡s ✈❛❧❡✉rs ❞❡ ❝❡s ♣❛r❛♠ètr❡s✳ ◆♦✉s
t❡r♠✐♥♦♥s ♣❛r ❞❡s ♠❡s✉r❡s ❞❡ t❡♠♣s ♣♦✉r q✉❡❧q✉❡s ❡①♣ér✐♠❡♥t❛t✐♦♥s✱ ♣✉✐s ♥♦✉s ❡sq✉✐ss♦♥s
❧✬❛❧❣♦r✐t❤♠❡ ❝❤♦✐s✐ ♣♦✉r é✈❛❧✉❡r ❧❛ ❢♦♥❝t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞✬❡rr❡✉r ❡r❢❝✳

▼♦ts✲❝❧és ✿ ❢♦♥❝t✐♦♥ ❞✬❡rr❡✉r✱ ❢♦♥❝t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❞✱ ❛r✐t❤♠ét✐q✉❡ à ✈✐r❣✉❧❡ ✢♦tt❛♥t❡✱
♣ré❝✐s✐♦♥ ❛r❜✐tr❛✐r❡✱ ❛rr♦♥❞✐ ❝♦rr❡❝t✱ ❛❞❛♣t❛t✐♦♥ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❝❛❧❝✉❧



❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s erf ❛♥❞ erfc ✉s✐♥❣ ❛r❜✐tr❛r② ♣r❡❝✐✲
s✐♦♥ ✢♦❛t✐♥❣✲♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❛♥❞ t♦ ❞❡❧✐✈❡r t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ r❡s✉❧t✳ ❈♦rr❡❝t r♦✉♥❞✐♥❣
♠❡❛♥s t❤❛t t❤❡ r❡t✉r♥❡❞ r❡s✉❧t ✐s t❤❡ ❡①❛❝t r❡s✉❧t ✭❛s ✐❢ ✐t ✇❡r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ✐♥✜♥✐t❡ ♣r❡✲
❝✐s✐♦♥✮ r♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❝✐✜❡❞ r♦✉♥❞✐♥❣ ♠♦❞❡✳

❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ st❛t✐st✐❝s✿ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠
✈❛r✐❛❜❧❡ X t❛❦❡s ✈❛❧✉❡s ❜❡t✇❡❡♥ −a ❛♥❞ a ✐s ❣✐✈❡♥ ❜② erf

(
(a − m)/(

√
2σ)
)
✱ ✇❤❡r❡ m ✐s t❤❡

♠❡❛♥ ❛♥❞ σ ✐s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢♦r X✳ ❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❛❧s♦
❛♣♣❡❛rs ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✐♥ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ✐♥ ♦t❤❡r ❤❡❛t
tr❛♥s❢❡r ♣r♦❜❧❡♠s✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r
❢✉♥❝t✐♦♥✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✸✱ ✶✽❪✳

❱❛r✐♦✉s ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❬✶✺❪✱ ❜✉t ♥♦♥❡ r❡t✉r♥s t❤❡
❝♦rr❡❝t❧② r♦✉♥❞❡❞ r❡s✉❧t✳ ▼♦st ✉s❡ t❤❡ st❛♥❞❛r❞ ✢♦❛t✐♥❣✲♣♦✐♥t s✐♥❣❧❡ ❛♥❞ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥s
❞❡✜♥❡❞ ❜② t❤❡ ■❊❊❊✲✼✺✹ st❛♥❞❛r❞ ❢♦r ✢♦❛t✐♥❣✲♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❬✶✵❪✳ ❙♦♠❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s
❬✻✱ ✼❪ ✉s❡ ❛ ❜❡st ♠✐♥✐♠❛① ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ ❛s ❞❡t❡r♠✐♥❡❞ ✐♥
❬✺❪ ❢♦r ✐♥st❛♥❝❡✱ ♦t❤❡rs ✉s❡ ❛ tr✉♥❝❛t❡❞ ❡①♣❛♥s✐♦♥ ✇✐t❤ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ t❡r♠s✳ ❊✈❡♥ ✐❢
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ✭❜② ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r✮✱ ♥♦
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❡ ❝♦rr❡❝t r♦✉♥❞✐♥❣ ♦❢ t❤❡ r❡s✉❧t✳
▼✉❝❤ ❧❡ss ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥✳ ▼❛♣❧❡ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛
❡✈❛❧✉❛t❡ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ✐♥ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡② s✉✛❡r ❢r♦♠ t✇♦ ♣r♦❜❧❡♠s✳
❋✐rst❧②✱ t❤❡② ❞♦ ♥♦t ❣✉❛r❛♥t❡❡ t❤❡ ❝♦rr❡❝t r♦✉♥❞✐♥❣ ♦❢ t❤❡ r❡s✉❧t✳ ❙❡❝♦♥❞❧②✱ ✐t ✐s ♥♦t ❡✈❡♥
❝❧❡❛r ✇❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡t✉r♥❡❞ r❡s✉❧t ✐s✿ ✐♥ ▼❛♣❧❡ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♠♣✉t✐♥❣
♣r❡❝✐s✐♦♥ ✐s ✭❛♣♣❛r❡♥t❧② ❤❡✉r✐st✐❝❛❧❧②✮ ❝❤♦s❡♥ ❛♥❞ t❤❡ r❡❝✉rr❡♥❝❡ ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤✐s ♣r❡✲
❝✐s✐♦♥✱ ✉♥t✐❧ t❤❡ ✐t❡r❛t❡s st❛❣♥❛t❡✳ ❚❤❡ ▼P❋❯◆ ♣❛❝❦❛❣❡ ❬✷❪ ✐s ❜❡tt❡r s♣❡❝✐✜❡❞ ❬✸❪✿ ✐❢ 2−n ✐s
t❤❡ r❡q✉✐r❡❞ ❛❝❝✉r❛❝②✱ t❤❡ ✭r❡❧❛t✐✈❡ ♦r ❛❜s♦❧✉t❡✮ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ❛♥❞ t❤❡
❡①❛❝t ✈❛❧✉❡ ✐s O(2−n)✳
❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ❉▲▼❋ ♣r♦❥❡❝t ✭❉✐❣✐t❛❧ ▲✐❜r❛r② ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❋✉♥❝t✐♦♥s✱ ❝❢✳ ❤tt♣✿

✴✴❞❧♠❢✳♥✐st✳❣♦✈✴✮ ✐s t♦ ❞❡✈❡❧♦♣ ❛ r❡♣❧❛❝❡♠❡♥t ♦❢ ❆❜r❛♠♦✇✐t③ ❛♥❞ ❙t❡❣✉♥✬s ❍❛♥❞❜♦♦❦
♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❋✉♥❝t✐♦♥s ❬✶❪✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✇✐❧❧ ♥♦t ♣r♦✈✐❞❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡ s♦❢t✇❛r❡ ❛❝❝♦♠♣❛♥②✐♥❣ t❤❡ ❜♦♦❦ ❬✽❪ ✐s ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡✳
❚❤❡ ▼P❋❘ ❧✐❜r❛r② ✭▼✉❧t✐♣❧❡ Pr❡❝✐s✐♦♥ ❋❧♦❛t✐♥❣✲♣♦✐♥t ❘❡❧✐❛❜❧❡ ❧✐❜r❛r②✱ ❬✶✼❪✮ ✐s ❛ ❧✐❜r❛r② ❢♦r
❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣✲♣♦✐♥t ❛r✐t❤♠❡t✐❝ ✇✐t❤ ❝♦rr❡❝t r♦✉♥❞✐♥❣✳ ■t ✐♥❝❧✉❞❡s s❡✈❡r❛❧ s♣❡✲
❝✐❛❧ ❢✉♥❝t✐♦♥s ✭●❛♠♠❛✱ ❩❡t❛✮✳ ❙✐♠✉❧t❛♥❡♦✉s ✇✐t❤ ♦✉r ✇♦r❦✱ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❤❛s ❜❡❡♥
✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼P❋❘ ❛s ♠♣❢r❴❡r❢✳ ❲❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ ✐♥✐t✐❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t❤❡
✐♠♣r♦✈❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▼P❋❘ ✇✐t❤ ♦✉rs ✐♥ ❙❡❝t✐♦♥ ✹✳

❲❡ ✉s❡ t❤❡ ▼P❋❘ ❧✐❜r❛r② ❢♦r ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✿ ✇❡ ✉s❡ t❤❡ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥ ❛r✐t❤✲
♠❡t✐❝ ❛♥❞ ❛❧❣❡❜r❛✐❝ ♦♣❡r❛t✐♦♥s ❛♥❞ t❤❡ π ❝♦♥st❛♥t✳ ❲❡ ❛❧s♦ ✉s❡ ✐♥t❡♥s✐✈❡❧② ❛ ♣❡❝✉❧✐❛r
❢✉♥❝t✐♦♥ ✐♥ ▼P❋❘✿ ♠♣❢r❴❝❛♥❴r♦✉♥❞✳ ❚❤✐s ❢✉♥❝t✐♦♥ t❛❦❡s ❛s ❛r❣✉♠❡♥ts ❛ ✢♦❛t✐♥❣✲♣♦✐♥t
❛♣♣r♦①✐♠❛t✐♦♥ b ♦❢ ❛♥ ✉♥❦♥♦✇♥ ✈❛❧✉❡ x✱ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r |b − x| ❛♥❞ ❛ ❞❡st✐♥❛t✐♦♥

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾

http://dlmf.nist.gov/
http://dlmf.nist.gov/


✹ ❈❤❡✈✐❧❧❛r❞ ✫ ❘❡✈♦❧

♣r❡❝✐s✐♦♥ p❀ ✐t ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r r♦✉♥❞✐♥❣ b ✐♥ ♣r❡❝✐s✐♦♥ p ②✐❡❧❞s t❤❡ s❛♠❡ r❡s✉❧t ❛s r♦✉♥❞✐♥❣
t❤❡ ❡①❛❝t ✈❛❧✉❡ x✳ ❋✐❣✳ ✶ ✐❧❧✉str❛t❡s t❤✐s✿ r♦✉♥❞✐♥❣ t♦✇❛r❞s −∞ ✐s ❛ss✉♠❡❞✱ t❛❧❧ ✈❡rt✐❝❛❧
❜❛rs ❝♦rr❡s♣♦♥❞ t♦ ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠❜❡rs r❡♣r❡s❡♥t❡❞ ✇✐t❤ ♣r❡❝✐s✐♦♥ p✱ s♠❛❧❧ ✈❡rt✐❝❛❧ ❜❛rs
❝♦rr❡s♣♦♥❞ t♦ ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠❜❡rs r❡♣r❡s❡♥t❡❞ ✇✐t❤ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ b✳ ❖♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✳
✶✱ r♦✉♥❞✐♥❣ b ♦r x ❜♦t❤ ❣✐✈❡ y❀ ♦♥ t❤❡ r✐❣❤t✱ r♦✉♥❞✐♥❣ b ②✐❡❧❞s z1 ✇❤❡r❡❛s ✐t ✐s ♥♦t ❦♥♦✇♥
✇❤❡t❤❡r x s❤♦✉❧❞ ❜❡ r♦✉♥❞❡❞ t♦ z1 ♦r z2✳

b
b+e

b

b+e

y z
21z

x x

❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ ♠♣❢r❴❝❛♥❴r♦✉♥❞✳ ❚❤❡ ✉♥❦♥♦✇♥ x ❜❡❧♦♥❣s t♦ [b, b + e]✳

❚❤❡ s❝❤❡♠❡ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t r❡t✉r♥s t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥
f ♦♥ x ✇✐t❤ ♣r❡❝✐s✐♦♥ p ✐s t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ ❛♣♣r♦①✐♠❛t❡ f(x) ✇✐t❤ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ q ✭✇✐t❤ q ❧❛r❣❡r t❤❛♥ p✮ ❛♥❞ ✇✐t❤ ❡rr♦r
≤ ε❀

✷✳ ✐❢ ♠♣❢r❴❝❛♥❴r♦✉♥❞(f(x), ε, p) t❤❡♥ r❡t✉r♥ t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ ✈❛❧✉❡ ♦❢ f(x) ✐♥ ♣r❡✲
❝✐s✐♦♥ p❀

✸✳ ♦t❤❡r✇✐s❡ ✐♥❝r❡❛s❡ q✱ ❞❡❝r❡❛s❡ ε ❛♥❞ tr② ❛❣❛✐♥✳

❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ erf ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r ❢✉♥❝t✐♦♥ erfc ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡
♥❡①t ❙❡❝t✐♦♥✳ ❙♦♠❡ ❢♦r♠✉❧❛❡ ❛♥❞ ♣r♦♣❡rt✐❡s ❛r❡ ❣✐✈❡♥❀ t❤❡② ❛r❡ ✉s❡❞ ❡✐t❤❡r t♦ ❞❡r✐✈❡ ❛♥
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ erf ❛♥❞ erfc ♦r t♦ s✐♠♣❧✐❢② s♦♠❡ ❝❛s❡s✳ ❚❤❡♥ ♦✉r ❛❧❣♦r✐t❤♠
t♦ ❡✈❛❧✉❛t❡ erf ❛♥❞ t♦ r❡t✉r♥ t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ r❡s✉❧t ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡
❝❤♦✐❝❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r♠✉❧❛ ✐s ❞✐s❝✉ss❡❞✱ t❤❡♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥
r❛♥❦ ❛♥❞ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ❛r❡ ❡①♣❧❛✐♥❡❞✳ ❲❤❡♥ t❤❡② ❛r❡ ♥♦t s✉✣❝✐❡♥t t♦ ❡♥❛❜❧❡
t♦ r♦✉♥❞ ❝♦rr❡❝t❧② t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t✱ t❤❡② ❛r❡ ✐♥❝r❡❛s❡❞✳ ❚❤❡ str❛t❡❣② ✇❤✐❝❤ ✐s ♦♣t✐♠❛❧
✐♥ t❡r♠ ♦❢ t❤❡ t✐♠❡ ♦✈❡r❤❡❛❞ ✐s ❞❡✈✐s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✼✳ ❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❝♦♠♣❛r❡❞ t♦
▼❛♣❧❡ ❛♥❞ t♦ t❤❡ ♠♣❢r❴❡r❢ ❢✉♥❝t✐♦♥ ♦❢ ▼P❋❘ ♦♥ s♦♠❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡s✱ ✐♥ ❙❡❝t✐♦♥ ✹✿ ♦✉r
♣r❡✲❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❝♦st❧② ❢♦r s♠❛❧❧ ♣r❡❝✐s✐♦♥s✱ ❜✉t ②✐❡❧❞ ❛ s✐❣♥✐✜❝❛♥t ❣❛✐♥ ✐♥ ❝♦♠♣✉t✐♥❣
t✐♠❡ ❢♦r ❧❛r❣❡r ♦♥❡s✳ ■♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r ❢✉♥❝t✐♦♥ erfc
✐s s❦❡t❝❤❡❞✳ ❋✐♥❛❧❧②✱ ❛ ❧✐st ♦❢ ❞❡s✐r❛❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ✐s ❣✐✈❡♥ ✐♥ ❈♦♥❝❧✉s✐♦♥✳
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❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✺

✷ ❚❤❡ ❡r❢ ❛♥❞ ❡r❢❝ ❢✉♥❝t✐♦♥s

✷✳✶ ❉❡✜♥✐t✐♦♥s

❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿

erf : x 7→ 2√
π

∫ x

0

e−t2dt =
1√
π

∫ x

−x

e−t2dt,

❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②

erfcx = 1 − erf x =
2√
π

∫ +∞

x

e−t2dt.

❚❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❢❛❝t♦r 2/
√

π ❡♥s✉r❡s t❤❛t erf ❞❡✜♥❡s ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳

–1

–0.5

0.5

1

–3 –2 –1 1 2 3

x

0

0.5

1

1.5

2

–3 –2 –1 1 2 3

x

❋✐❣✉r❡ ✷✿ ●r❛♣❤ ♦❢ t❤❡ erf ❛♥❞ erfc ❢✉♥❝t✐♦♥s✳

✷✳✷ Pr♦♣❡rt✐❡s

❚❤❡ erf ❢✉♥❝t✐♦♥ ✐s ♦❞❞✿ t❤✐s ❡♥❛❜❧❡s ✉s t♦ ❝♦♥s✐❞❡r ♦♥❧② ♥♦♥♥❡❣❛t✐✈❡ ❛r❣✉♠❡♥ts✳

❚❤❡ ✈❛❧✉❡ ♦❢ erf ✐♥ ✵ ✐s erf(0) = 0✳ ■ts ❧✐♠✐t ✇❤❡♥ x t❡♥❞s t♦ +∞ ✐s 1✳

❯♥❢♦rt✉♥❛t❡❧②✱ ♥♦ ♣r♦♣❡rt✐❡s s✐♠✐❧❛r t♦ sin(x + 2π) = sinx ♦r log(x2) = 2 log x ❤♦❧❞ ❢♦r
t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s✳ ❙✉❝❤ ♣r♦♣❡rt✐❡s ♣r♦✈❡ ❡①tr❡♠❡❧② ✉s❡❢✉❧ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r②
❢✉♥❝t✐♦♥s✳ ❚❤❡② ❛❧❧♦✇ t♦ r❡❞✉❝❡ t❤❡ ❞♦♠❛✐♥ t♦ ❛ s♠❛❧❧ ✐♥t❡r✈❛❧✳ ❙✉❝❤ r❛♥❣❡ r❡❞✉❝t✐♦♥ ✐s ♥♦t
♣♦ss✐❜❧❡ ❢♦r t❤❡ erf ❛♥❞ erfc ❢✉♥❝t✐♦♥s✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✻ ❈❤❡✈✐❧❧❛r❞ ✫ ❘❡✈♦❧

✷✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛s

❆♠♦♥❣ t❤❡ ♣♦ss✐❜❧❡ ❢♦r♠✉❧❛s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ erf ❛♥❞ erfc ❢✉♥❝t✐♦♥s✱
t❤❡ ❜♦♦❦ ❬✶✱ ♣♣✳ ✷✾✼✲✷✾✽❪ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

❼ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥

erf x = 2√
π

∫ x

0
e−t2dt erfcx = 2√

π

∫ +∞
x

e−t2dt. ✭✶✮

❼ s❡r✐❡s ❡①♣❛♥s✐♦♥ ❢♦r erf✿

erf x =
2√
π

+∞∑

n=0

(−1)nx2n+1

n!(2n + 1)
✭✷✮

=
2√
π

e−x2

+∞∑

n=0

2nx2n+1

1 × 3 × · · · × (2n + 1)
✭✸✮

❼ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r erfc✿

erfcx =
e−x2

x
√

π

(
1 +

+∞∑

n=1

(−1)n 1 × 3 × · · · × (2n − 1)

(2x2)n

)
✭✹✮

❼ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❢♦r erfc✿

erfcx =
e−x2

√
π

(
1

x+

1/2

x+

2/2

x+

3/2

x+
. . .

)
✭✺✮

❼ ❡♥❝❧♦s✉r❡ ❢♦r erfc✿

2e−x2

√
π(x +

√
x2 + 2)

≤ erfcx ≤ 2e−x2

√
π
(
x +

√
x2 + 4

π

) ✭✻✮

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✇✐❧❧ r❡✈❡❛❧ ✉s❡❢✉❧ t♦ ❤❛♥❞❧❡ s❡♣❛r❛t❡❧② ❛♥❞ r❛♣✐❞❧② t❤❡ ❝❛s❡ ♦❢ ❧❛r❣❡
✈❛❧✉❡s ♦❢ x✱ ❝❢✳ ❙❡❝t✐♦♥ ✸✳✻✳

✸ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ❡r❢ ❢✉♥❝t✐♦♥

❙❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❡✈❛❧✉❛t❡ erf x ✇❤❡r❡ x ✐s ❛ ❣✐✈❡♥ ✢♦❛t✐♥❣✲♣♦✐♥t
♥✉♠❜❡r ✐♥ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ♥✉♠❡r✐❝❛❧ q✉❛❞r❛t✉r❡ ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞
❬✾❪✱ ✉s✐♥❣ t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✭✶✮✳ ❚❤✐s ✐♠♣❧✐❡s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦st❧②✿ ❡❛❝❤ ❡✈❛❧✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ s✉♠ ♦❢ t❤❡
❦✐♥❞ ❣✐✈❡♥ ✐♥ t❤❡ ♣♦✇❡r s❡r✐❡s ✭✷✮✳ ❊✐t❤❡r t❤✐s s✉♠ ✐s ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❝♦rr❡❝t r♦✉♥❞✐♥❣ ✭❛s ✐♥
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❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✼

♠♣❢r❴❡①♣✮ ❛♥❞ s✉❝❤ ❛♥ ❛❝❝✉r❛t❡ ❡✈❛❧✉❛t✐♦♥ ✐s ❝♦st❧②✱ ♦r ✐t ✐s ❛♣♣r♦①✐♠❛t❡❞ ❧❡ss ❛❝❝✉r❛t❡❧②
❜✉t t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ♠✉st ❜❡ ❝❛r❡❢✉❧❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ t♦t❛❧ ❡rr♦r
❜♦✉♥❞✳

❉❡t❡r♠✐♥✐♥❣ t❤❡ ❜❡st ♠✐♥✐♠❛① ♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ t❤❡
♣r❡❝✐s✐♦♥ ✐s ✈❛r✐❛❜❧❡✳ ❲❤❡♥ t❤❡ ♣r❡❝✐s✐♦♥ ✐s ✜①❡❞ ✭s✐♥❣❧❡ ♦r ❞♦✉❜❧❡ ■❊❊❊✲✼✺✹ ♣r❡❝✐s✐♦♥✮✱
t❤❡♥ t❤✐s ♣♦❧②♥♦♠✐❛❧ ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ♦♥❧② ♦♥❝❡✱ ❜✉t ✇❤❡♥ t❤❡ ♣r❡❝✐s✐♦♥ ✈❛r✐❡s t❤✐s
♣♦❧②♥♦♠✐❛❧ ❤❛s t♦ ❜❡ r❡❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ❝♦st❧②✳ ❋✉r✲
t❤❡r♠♦r❡✱ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧ ✐♥✈♦❧✈❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
❛♣♣r♦①✐♠❛t❡❞ ❢✉♥❝t✐♦♥✳

❆♥♦t❤❡r s♦❧✉t✐♦♥ ✐s t♦ ✉s❡ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ s✉❝❤ ❛s t❤♦s❡ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥s ✭✷✮ ♦r ✭✸✮✳
❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮ ✐s t❤❛t ✐t ✐♥✈♦❧✈❡s ♦♥❧② r❛t✐♦♥❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❤❡r❡❛s
❡q✉❛t✐♦♥ ✭✸✮ r❡q✉✐r❡s ♦♥❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦st❧②✳ ❆ s❡❝♦♥❞
❛❞✈❛♥t❛❣❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✮ ✐s t❤❛t ✐t ✐s ❛♥ ❛❧t❡r♥❛t❡ s❡r✐❡s ❛♥❞ t❤❛t t❤❡ r❡♠❛✐♥❞❡r ♦❢ ❛ tr✉♥✲
❝❛t❡❞ ❛❧t❡r♥❛t❡ s❡r✐❡s ✐s ❡①tr❡♠❡❧② ❡❛s② t♦ ❜♦✉♥❞✿ t❤❡ ✜rst ♥❡❣❧❡❝t❡❞ t❡r♠ ❞✐r❡❝t❧② ♣r♦✈✐❞❡s
❛ ❜♦✉♥❞✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ✐s ♥♦t ♦❜✈✐♦✉s t♦ ❞❡r✐✈❡ ❢♦r ❡q✉❛t✐♦♥ ✭✸✮✳
❋✉rt❤❡r♠♦r❡✱ t❤✐s ✜rst ♥❡❣❧❡❝t❡❞ t❡r♠ t❡♥❞s r❛♣✐❞❧② t♦ ✵ ❛s n t❡♥❞s t♦ ∞✱ ❛t ❧❡❛st ❢♦r s♠❛❧❧
✈❛❧✉❡s ♦❢ x✳ ❍♦✇❡✈❡r✱ t❤✐s t❡r♠ ♦❢ ♦r❞❡r n ❝❛♥ ❜❡ ❧❛r❣❡ ✇❤❡♥ x ✐s ❧❛r❣❡✱ ❛t ❧❡❛st ❢♦r r❡❧❛t✐✈❡❧②
s♠❛❧❧ ✈❛❧✉❡s ♦❢ n✳ ❚❤✐s ♠❡❛♥s t❤❛t t♦ ❣❡t ❛ s♠❛❧❧ ❡♥♦✉❣❤ ❞❡♥♦♠✐♥❛t♦r t❤❛t ❝♦♠♣❡♥s❛t❡s ❢♦r
t❤❡ ❧❛r❣❡ ♥✉♠❡r❛t♦r✱ ✐t ♠❛② t❤✉s ❜❡ ♥❡❝❡ss❛r② t♦ tr✉♥❝❛t❡ ❛❢t❡r ❛ ❧❛r❣❡ ♥✉♠❜❡r N ♦❢ t❡r♠s✳
❆♥♦t❤❡r ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮ ✐s t❤❛t s✉♠♠✐♥❣ ❛♥ ❛❧t❡r♥❛t❡ s❡r✐❡s ✉s✉❛❧❧②
✐♠♣❧✐❡s ❤❛✈✐♥❣ ❝❛♥❝❡❧❧❛t✐♦♥✳ ❖♥ t❤❡ ♦♣♣♦s✐t❡✱ t❤❡ ♦t❤❡r ♣♦✇❡r s❡r✐❡s ✭✸✮ s❤♦✉❧❞ ❡①❤✐❜✐t ♥♦
♣r♦❜❧❡♠ ♦❢ ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t②✱ s✐♥❝❡ ♦♥❧② ♣♦s✐t✐✈❡ t❡r♠s ❛r❡ ❛❞❞❡❞✳ ❲❡ ♥❡✈❡rt❤❡❧❡ss ❞❡❝✐❞❡❞
✉♣♦♥ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮ ❛♥❞ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇ t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ❞✐✣❝✉❧t② ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

❋♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞✐r❡❝t ❡✈❛❧✉❛t✐♦♥ ♦❢ erf ❛♥❞ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ✉s❡
♦❢ erfc ❛♥❞ ♦❢ ❢♦r♠✉❧❛❡ ✭✹✮ ❛♥❞ ✭✺✮ ✐♥ ❙❡❝t✐♦♥ ✺✳

❙❡✈❡r❛❧ ♣r♦❜❧❡♠s ♠✉st t❤❡♥ ❜❡ s♦❧✈❡❞✱ ✐♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ♦✉r ❛❧❣♦r✐t❤♠✿

❼ ❛t ✇❤✐❝❤ ♥✉♠❜❡r N ♦❢ t❡r♠s s❤♦✉❧❞ ✇❡ tr✉♥❝❛t❡❄

❼ ✇❤❛t ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ r❡♠❛✐♥❞❡r✱ ✐✳❡✳ ♦♥ t❤❡ ❡rr♦r ❞✉❡ t♦ t❤❡ tr✉♥❝❛t✐♦♥❄

❼ ✐♥ ✇❤✐❝❤ ♦r❞❡r s❤♦✉❧❞ t❤❡ s✉♠ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐s❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡
r♦✉♥❞♦✛ ❡rr♦rs❄

❼ ✇❤❛t ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡s❡ r♦✉♥❞♦✛ ❡rr♦rs❄

❼ ✇❤❛t ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❼ ❤♦✇ ❝❛♥ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ❜❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞❄

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡s❡ q✉❡st✐♦♥s ✇✐❧❧ r❡❝❡✐✈❡ ❛♥ ❛♥s✇❡r✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✽ ❈❤❡✈✐❧❧❛r❞ ✫ ❘❡✈♦❧

✸✳✶ ❚r✉♥❝❛t✐♦♥ ♦r❞❡r ❛♥❞ tr✉♥❝❛t✐♦♥ ❡rr♦r

▲❡t ✉s ❞❡♥♦t❡ ❜② an(x) =
(
(−1)nx2n+1

)
/ (n!(2n + 1)) ❛♥❞ ❜② SN (x) t❤❡ tr✉♥❝❛t❡❞ s✉♠∑N

n=0 an(x)✳ ❚❤❡ t❡r♠ |an(x)| ✐s ❡✐t❤❡r ❞❡❝r❡❛s✐♥❣ ✇✐t❤ n ✐❢ x ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ♦r ✐t ❜❡❣✐♥s
❜② ✐♥❝r❡❛s✐♥❣✱ st❛rt✐♥❣ ❢r♦♠ ❛ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ ✶ ❛♥❞ t❤❡♥ ✐t ❞❡❝r❡❛s❡s✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s
r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹❪✳ ❙✐♥❝❡ t❤❡ s❡r✐❡s ✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ s❡r✐❡s ✇✐t❤ t❡r♠s ❞❡❝r❡❛s✐♥❣ t♦
✵ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ✐❢ N ✐s s✉❝❤ t❤❛t |aN+1(x)| < 1✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ tr✉♥❝❛t✐♦♥
❡rr♦r s❛t✐s✜❡s ∣∣∣∣erf x − 2√

π
SN (x)

∣∣∣∣ ≤
2√
π
|aN+1(x)|.

■t ✐s ❛❧s♦ ❦♥♦✇♥ t❤❛t t❤❡ s✐❣♥ ♦❢ erf x− 2/
√

πSN (x) ❛❧t❡r♥❛t❡s✿ 2/
√

πSN (x) ≥ erf x ❢♦r ❡✈❡♥
N ❛♥❞ 2/

√
πSN (x) ≤ erf x ❢♦r ♦❞❞ N ✳

❋✐rst❧②✱ ✇❡ ❝♦♠♣✉t❡ 2/
√

π(x−x3/3) ✇❤✐❝❤ ✐s ❛ r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥ ❢r♦♠ ❜❡❧♦✇ ♦❢ erf x✿
✇❡ ✉s❡ t❤✐s ✈❛❧✉❡ t♦ ❣❡t ❛♥ ❡st✐♠❛t✐♦♥ e ✭❢r♦♠ ❜❡❧♦✇✮ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ✢♦❛t✐♥❣✲♣♦✐♥t
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ erf x✳

■❢ t❤❡ t❛r❣❡t ♣r❡❝✐s✐♦♥ ❢♦r t❤❡ ✢♦❛t✐♥❣✲♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ erf x ✐s p ❜✐ts✱ ✇❡ tr✉♥✲
❝❛t❡ t❤❡ ❡①♣❛♥s✐♦♥ s❡r✐❡s ❢♦r erf x ❛t ❛♥ ♦r❞❡r N t❤❛t s❛t✐s✜❡s ❜♦t❤ |aN+1(x)| < 1 ❛♥❞
2/
√

π|aN+1(x)| ≤ 2e−p−8✿ ✇❤❡♥ |aN+1(x)| < 1✱ t❤❡♥ t❤❡ s❡r✐❡s ❜❡❝♦♠❡s ❛♥ ❛❧t❡r♥❛t❡ s❡r✐❡s
✇✐t❤ ❞❡❝r❡❛s✐♥❣ t❡r♠s ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳ ❚❤❡ ✽ ❡①tr❛ ❜✐ts ❛r❡ ❢♦r s❛❢❡t②✱ t❤❡② ❛r❡ ❡①♣❡❝t❡❞ t♦
❛❜s♦r❜ t❤❡ r♦✉♥❞♦✛ ❡rr♦rs ✐♠♣❧✐❡❞ ❜② t❤❡ ✢♦❛t✐♥❣✲♣♦✐♥t s✉♠♠❛t✐♦♥ ❛♥❞ t♦ ❡♥❛❜❧❡ t♦ r♦✉♥❞
❝♦rr❡❝t❧② t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t✳

❚♦ ❞❡t❡r♠✐♥❡ s✉❝❤ ❛♥ ♦r❞❡r N ✱ ✇❡ s✐♠♣❧② ❝♦♠♣✉t❡ t❤❡ ❝♦♥s❡❝✉t✐✈❡ |ak(x)|✱ k = 0, 1, · · ·
✉♥t✐❧ |ak(x)| < min(1,

√
π/2·2e−p−8)✱ ✉s✐♥❣ ❛ s♠❛❧❧ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥✳ ❚❤✐s s♠❛❧❧ ♣r❡❝✐s✐♦♥

✐s s✐♠♣❧② t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ t♦ s♣❛r❡ ❝♦♠♣✉t✐♥❣ t✐♠❡✳

✸✳✷ ❯♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ r♦✉♥❞♦✛ ❡rr♦r ♦❢ t❤❡ s✉♠♠❛♥❞s

❯s✐♥❣ ❍✐❣❤❛♠✬s ♥♦t❛t✐♦♥ ❬✶✶✱ ❈❤❛♣t❡r ✸❪ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❧❡♠♠❛s ❬✹❪✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞✳
❚❤❡♦r❡♠

■❢ 5⌊N/2⌋u < 1✱ ✇✐t❤ u = ulp(1) = 1+ − 1 ✇❤❡r❡ 1+ ✐s t❤❡ s♠❛❧❧❡st ✢♦❛t✐♥❣✲♣♦✐♥t ♥✉♠✲
❜❡r str✐❝t❧② ❧❛r❣❡r t❤❛♥ ✶ ✭✉s✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥✮✱ t❤❡♥ t❤❡ ❛❜s♦❧✉t❡ ❡rr♦r

❜❡t✇❡❡♥ 2/
√

πSN (x) ❛♥❞ ✐ts ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ̂2/
√

πSN (x) s❛t✐s✜❡s

∣∣∣∣∣
2√
π

SN (x) −
̂2√

π
SN (x)

∣∣∣∣∣ ≤
2√
π

ex2 − 1

x
γ5 N

2

✭✼✮

✇❤❡r❡ γk = (ku)/(1 − ku)✳

■◆❘■❆



❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✾

✸✳✸ ❙✉♠♠❛t✐♦♥ ♦r❞❡r

■♥ ❬✶✶✱ ❈❤❛♣t❡r ✹❪✱ ◆✳ ❍✐❣❤❛♠ ❞❡✈♦t❡s ❛ ❝♦♠♣❧❡t❡ ❝❤❛♣t❡r t♦ t❤❡ s✉♠♠❛t✐♦♥ ♣r♦❜❧❡♠✳
❚❤❡ q✉❡st✐♦♥ ✐s✿ ✐♥ ✇❤✐❝❤ ♦r❞❡r s❤♦✉❧❞ k s✉♠♠❛♥❞s s1, . . . , sk ❜❡ ❛❞❞❡❞ ✐♥ ✢♦❛t✐♥❣✲♣♦✐♥t
❛r✐t❤♠❡t✐❝ t♦ ♠✐♥✐♠✐s❡ t❤❡ r♦✉♥❞♦✛ ❡rr♦r❄ ❲❤❡♥ ❛❧❧ s✉♠♠❛♥❞s ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ t❤❡ r❡❝✲
♦♠♠❡♥❞❡❞ ♦r❞❡r ✐s t❤❡ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✳ ■♥ ♦✉r ❝❛s❡✱ s✉♠♠❛♥❞s ❛r❡ ♦❢ ❛❧t❡r♥❛t✐♥❣ s✐❣♥s✳ ❚♦
r❡❞✉❝❡ ♦✉r ♣r♦❜❧❡♠ t♦ t❤❡ s✉♠ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ t❡r♠s✱ ✇❡ ❣r♦✉♣ ♦✉r s✉♠♠❛♥❞s ❜② ♣❛✐rs ♦❢
t✇♦ ❝♦♥s❡❝✉t✐✈❡ t❡r♠s✿ ✐❢ N ✐s ♦❞❞✱

SN (x) =
∑N

n=0 an(x) =
∑⌊N/2⌋−1

k=0 (a2k(x) + a2k+1(x))

= x
∑⌊N/2⌋−1

k=0
x4k

(2k)!

(
1

4k+1 − x2

(2k+1)×(4k+1)

)
.

✭✽✮

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ x✱ t❤❡ ✜rst t❡r♠s ♠❛② ♥♦t ❜❡ ♥♦♥♥❡❣❛t✐✈❡✱ ❜✉t t❤❡ ❧❛st t❡r♠s ❛r❡
♣♦s✐t✐✈❡ ❛♥❞ ❛r❡ ❞❡❝r❡❛s✐♥❣✳

❖✉r s✉♠♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r♦❝❡❡❞s ✇✐t❤ k ❞❡❝r❡❛s✐♥❣ ❢r♦♠ ⌊N/2⌋−1 ❞♦✇♥ t♦ ✵✳ ■t ✉s❡s
❍♦r♥❡r✬s s❝❤❡♠❡✳

✸✳✹ ❈❤♦✐❝❡ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥

■♥ ♦r❞❡r t♦ ❣❡t ❛ r❡s✉❧t ✇✐t❤ p ❝♦rr❡❝t ❜✐ts✱ ♦♥❡ ❤❛s t♦ ♣❡r❢♦r♠ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥s
✇✐t❤ p′ ≥ p ❜✐ts ♦❢ ♣r❡❝✐s✐♦♥✳

❲❡ ❝❤♦♦s❡ t♦ ❤❛✈❡ ❛ r♦✉♥❞♦✛ ❡rr♦r ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ε ❛s t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r✱ ✐✳❡✳
ε = 2e−p−8 ✇❤❡r❡ p ✐s t❤❡ t❛r❣❡t ♣r❡❝✐s✐♦♥✳ ❘❡♣❧❛❝✐♥❣ ε ❜② t❤✐s ✈❛❧✉❡ ❛♥❞ u ❜② 21−p′

✐♥ ✭✼✮
❡♥❛❜❧❡s ✉s t♦ ❞❡❞✉❝❡ t❤❡ r❡q✉✐r❡❞ ♣r❡❝✐s✐♦♥ p′ ❢♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥s✳

✸✳✺ ❘♦✉♥❞✐♥❣ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t

❲❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ŷ ❛♥❞ t❤❡ ❡①❛❝t
✈❛❧✉❡ y = erf x✿ t❤✐s ❜♦✉♥❞ ✐s 2ε✳

■t ✐s ♣♦ss✐❜❧❡ t♦ r❡✜♥❡ t❤✐s ❛ ♣r✐♦r✐ ❜♦✉♥❞ ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❡rr♦r✱ ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥s✳ ❚❤❡ r♦✉♥❞♦✛ ❡rr♦r ❣✐✈❡♥ ✐♥ ✭✼✮ ✐s ♦✈❡r❡st✐♠❛t❡❞✿ ✐♥ ♣❛rt✐❝✉❧❛r ✭✼✮ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ♦r❞❡r ♦❢ t❤❡ s✉♠♠❛t✐♦♥✳ ❲❡ ❛❞❛♣t❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ r✉♥♥✐♥❣ ❡rr♦r ❜♦✉♥❞
❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✶✱ ❈❤❛♣t❡r ✺❪ ❢♦r ❍♦r♥❡r✬s s❝❤❡♠❡ t♦ ♦✉r ♣r♦❜❧❡♠✱ ❝❢✳ ❬✹❪✳

❲❡ ❝❛♥ t❤❡♥ ✐♥✈♦❦❡ t❤❡ ♠♣❢r❴❝❛♥❴r♦✉♥❞ ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ŷ t❤❛t ❛♣✲
♣r♦①✐♠❛t❡s y = erf x✱ t❤✐s ♥❡✇ ❡rr♦r ❜♦✉♥❞ ❛♥❞ t❤❡ t❛r❣❡t ♣r❡❝✐s✐♦♥ p t♦ ❞❡t❡r♠✐♥❡ ✐❢
r♦✉♥❞✐♥❣ ŷ ✐♥ t❤❡ r❡q✉✐r❡❞ ❞✐r❡❝t✐♦♥ ❛♥❞ ✐♥ ♣r❡❝✐s✐♦♥ p ✐s ❡q✉✐✈❛❧❡♥t t♦ r♦✉♥❞✐♥❣ y = erf x✳
■❢ t❤❡ ❛♥s✇❡r ✐s ♥❡❣❛t✐✈❡✱ ✇❡ r❡st❛rt t❤✐s ♣r♦❝❡ss ✇✐t❤ ❛ ❧❛r❣❡r tr✉♥❝❛t✐♦♥ ♦r❞❡r N ′ > N ❛♥❞
❛ ❧❛r❣❡r ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ p′′ > p′✳ ❚❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ N ′ ❛♥❞ p′′ ✐s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✵ ❈❤❡✈✐❧❧❛r❞ ✫ ❘❡✈♦❧

✸✳✼✳

❖♥❡ r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤✐s ♣r♦❝❡ss ✇✐❧❧ ❛❧✇❛②s t❡r♠✐♥❛t❡✳ ■t ✐s ♠♦r❡ ❣❡♥❡r❛❧❧②
❦♥♦✇♥ ❛s t❤❡ ❚❛❜❧❡ ▼❛❦❡r✬s ❉✐❧❡♠♠❛ ❬✶✹❪✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ❡①✐sts ♥♦ t❤❡♦r❡♠ st❛t✐♥❣
t❤❛t ♦✉r ♣r♦❝❡ss ✇✐❧❧ ❡✈❡♥t✉❛❧❧② st♦♣✱ ✐✳❡✳ st❛t✐♥❣ t❤❛t t❤❡r❡ ✐s ♥♦ ✢♦❛t✐♥❣✲♣♦✐♥t ✈❛❧✉❡ x ❛♥❞
♥♦ ♣r❡❝✐s✐♦♥ t s✉❝❤ t❤❛t erf x ✐s ❡①❛❝t❧② ❛ ✢♦❛t✐♥❣✲♣♦✐♥t ✈❛❧✉❡ ✉s✐♥❣ t❤✐s ♣r❡❝✐s✐♦♥ t✳

✸✳✻ ❍♦✇ t♦ ❛✈♦✐❞ ❝♦st❧② ❝♦♠♣✉t❛t✐♦♥s ✇❤❡♥ x ✐s ❧❛r❣❡

❲❤❡♥ x ✐s ❧❛r❣❡✱ erf x ✐s ✈❡r② ❝❧♦s❡ t♦ ✶✳ ❚❤❡ ❡♥❝❧♦s✉r❡ ✭✻✮ ❢♦r erfcx ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦
♣r♦❞✉❝❡ ❛♥ ❡♥❝❧♦s✉r❡ ❢♦r erf x = 1 − erfcx✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❛♥❞ t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡ ♦❢ ✭✻✮✿ ✐❢ t❤✐s ❡♥❝❧♦s✉r❡ ✐s t✐❣❤t ❡♥♦✉❣❤✱ ♦♥❡ ♦❢ t❤❡s❡ t✇♦ ✈❛❧✉❡s ♠❛② ❜❡ ✉s❡❞ ❛s ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ erf x✳ ■❢ t❤❡ ❡♥❝❧♦s✉r❡ ✐s ♥♦t t✐❣❤t ❡♥♦✉❣❤ ♦r ✐❢ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❣❡t t❤❡
❝♦rr❡❝t r♦✉♥❞✐♥❣ ♦❢ erf x ❢r♦♠ t❤❡s❡ ✈❛❧✉❡s✱ t❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❛♥s✐♦♥ ✐s
❧❛✉♥❝❤❡❞✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❡♥❝❧♦s✉r❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ✏t✐❣❤t ❡♥♦✉❣❤✑ ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❜♦✉♥❞s ✐s ❧❡ss ♦r ❡q✉❛❧ t♦ u✳

✸✳✼ ❖♣t✐♠❛❧ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥

❑r❡✐♥♦✈✐❝❤ ❛♥❞ ❘✉♠♣ ❬✶✷❪ ❡st❛❜❧✐s❤❡❞ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❛❞❛♣t t❤❡ ❝♦♠✲
♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♥❡❡❞s✳ ❖♥❡ ♦❢ t❤❡✐r ❛ss✉♠♣t✐♦♥s ✐s t❤❛t t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥ ❝❛♥ ❞❡t❡❝t t❤❛t t❤❡ ❝✉rr❡♥t ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ❞♦❡s ♥♦t s✉✣❝❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ♦❢
♦✉r ♣r♦❝❡❞✉r❡✱ s✐♥❝❡ ♠♣❢r❴❝❛♥❴r♦✉♥❞ r❡♣♦rts ❛ ❢❛✐❧✉r❡ ♣r❡❝✐s❡❧② ✇❤❡♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
❝♦♠♣✉t❡❞ r❡s✉❧t ❞♦❡s ♥♦t s✉✣❝❡ t♦ ♣❡r♠✐t t♦ r♦✉♥❞ ✐t ❝♦rr❡❝t❧②✳ ❚❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ✐♥
❬✶✷❪ ✐s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s r❡st❛rt❡❞ ❢r♦♠ s❝r❛t❝❤ ✇❤❡♥ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ✐s ✐♥✲
❝r❡❛s❡❞✳ ❚❤✐s ❛❧s♦ ❛♣♣❧✐❡s t♦ ♦✉r ❝♦♠♣✉t❛t✐♦♥✱ s✐♥❝❡ ✇❡ ❞✐❞ ♥♦t tr② t♦ ❞❡✈❡❧♦♣ s♦♣❤✐st✐❝❛t❡❞
♣r♦❝❡❞✉r❡s t♦ ❝♦rr❡❝t t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳ ■♥❞❡❡❞✱ ✇❡ ❝❧❡❛r ❛❧❧ ♦✉r ♣r❡✈✐♦✉s ✐♥t❡r♠❡❞✐❛t❡ r❡✲
s✉❧ts ❛♥❞ r❡st❛rt t❤❡ s✉♠♠❛t✐♦♥✿ ❡❛❝❤ t❡r♠ ♦❢ t❤❡ s✉♠ ✐s r❡✲❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ♥❡✇✱ ❤✐❣❤❡r
♣r❡❝✐s✐♦♥✱ st❛rt✐♥❣ ❢r♦♠ ❛ ❧❛r❣❡r ✐♥❞❡① ❛♥❞ s✉♠♠✐♥❣ ❞♦✇♥ t❤❡ ✐♥❞✐❝❡s✳

❚❤❡ str❛t❡❣② t♦ ❛❞❛♣t t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ t❤✉s ❝♦♥s✐sts ✐♥ ❝❤♦♦s✐♥❣ ❛ ♥❡✇ ♣r❡❝✐s✐♦♥
✭❛♥❞✱ ✐♥ ♦✉r ❝❛s❡✱ ❛ ♥❡✇ tr✉♥❝❛t✐♦♥ ✐♥❞❡①✮ s✉❝❤ t❤❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡
♥❡✇ ♣r❡❝✐s✐♦♥ ✐s t✇✐❝❡ t❤❡ t✐♠❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥✳ ■♥ ❬✶✷❪✱ ✐t ✐s ♣r♦✈❡♥ t❤❛t t❤✐s
str❛t❡❣② ②✐❡❧❞s t❤❡ s♠❛❧❧❡st ♦✈❡r❤❡❛❞ ❢❛❝t♦r✱ ✇❤✐❝❤ ✐s ✹✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡
✇❤❡♥ t❤❡ ❜❡st ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ✇❡r❡ ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡ ❛♥❞ ✉s❡❞✳

■♥ ♦✉r ❝❛s❡✱ ✇❡ ❤❛✈❡ t♦ ❞❡❝✐❞❡ ❤♦✇ t♦ ♠♦❞✐❢② t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡r ❛♥❞ t❤❡ ❝♦♠♣✉t✐♥❣
♣r❡❝✐s✐♦♥✱ ✐♥ ♦r❞❡r t♦ ♠✉❧t✐♣❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❜② ✷✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ t❤❡
❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢ ♦✉r ♠❡t❤♦❞✿ ✐t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ N ✱ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ♦❢ t❤❡ s❡r✐❡s
✭s✐♥❝❡ ❛ ❍♦r♥❡r s❝❤❡♠❡ ✐s ✉s❡❞✱ ❝❢✳ ❢♦r♠✉❧❛ ✭✽✮✱ ❛ ❝♦♥st❛♥t ♥✉♠❜❡r ♦❢ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s
✐s ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ❡❛❝❤ t❡r♠✮✱ ❛♥❞ t♦ M(t) t❤❡ t✐♠❡ ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦r
❞✐✈✐s✐♦♥ ♦❢ t✇♦ ♥✉♠❜❡rs ♦❢ t ❜✐ts✳ ■♥ ▼P❋❘✱ t❤✐s t✐♠❡ ✐s q✉❛❞r❛t✐❝✱ ✐♥ t❤❡♦r② t❤❡ ❜❡st ❦♥♦✇♥

■◆❘■❆



❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✶✶

❚❛❜❧❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ▼❛♣❧❡✱ ▼P❋❘ ❛♥❞ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r s♦♠❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡s
❛♥❞ ✈❛r✐♦✉s ♣r❡❝✐s✐♦♥s✳

x p ▼❛♣❧❡ ✻ ▼❛♣❧❡ ✶✵ ♠♣❢r❴❡r❢ ✷✳✶✳✶ ♠♣❢r❴❡r❢ ✷✳✸✳✵ ♦✉r erf

0.25 100 ✲ ✲ 0.02 ♠s 0.03 ♠s 0.06 ♠s
0.25 1 000 20 ♠s ✲ 0.75 ♠s 0.85 ♠s 0.43 ♠s
0.25 10 000 580 ♠s ✲ 102 ♠s 72 ♠s 50 ♠s
0.25 100 000 ✶✳✶♠s 44 600 ♠s 11 480 ♠s

π 100 ✲ 0.013 ♠s 0.73 ♠s 0.010 ♠s 0.015 ♠s
π 1 000 60 ♠s 0.017 ♠s 1.9 ♠s 2.3 ♠s 1.1 ♠s
π 10 000 7 320 ♠s 0.228 ♠s 204 ♠s 270 ♠s 104 ♠s
π 100 000 1 692 000 ♠s 270 ♠s 340 700 ♠s 45 800 ♠s 19 900 ♠s

100 1 000 ✲ 0.01 ♠s 0.002 ♠s ✲ ✲
100 10 000 ✲ 0.01 ♠s 0.007 ♠s ✲ ✲
100 100 000 1 110 000 ♠s 38 300 ♠s 158 000 ♠s
100 14 427 20 ♠s ✲ 191 200 ♠s 4 200 ♠s ✲
100 14 449 20 ♠s ✲ 191 200 ♠s 4 200 ♠s 10 300♠ s

❝♦♠♣❧❡①✐t② ✐s O(t log t log log t)✳ ❙❡❝♦♥❞✱ ❧❡t ✉s r❡❝❛❧❧ t❤❛t ♦✉r ♠❡t❤♦❞ s❤❛r❡s t❤❡ t♦t❛❧ ❡rr♦r
✐♥t♦ t✇♦ ❡q✉❛❧ ♣❛rts✱ ♦♥❡ ❤❛❧❢ ❢♦r t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ❛♥❞ ♦♥❡ ❤❛❧❢ ❢♦r t❤❡ r♦✉♥❞♦✛ ❡rr♦r✳
❚❤✐s ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ❡♥❛❜❧❡s ✉s t♦ ❞❡❝✐❞❡ ❤♦✇ t♦ ✐♥❝r❡❛s❡ N ❛♥❞ t✳ ❲✐t❤ ❛ q✉❛❞r❛t✐❝
♠✉❧t✐♣❧✐❝❛t✐♦♥✴❞✐✈✐s✐♦♥ t✐♠❡✱ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ t ❤❛s t♦ ❜❡ ❝❤❛♥❣❡❞ t♦ t′ = 22/3t ❛♥❞
t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡r ❜❡❝♦♠❡s N ′ = 21/3N ✳ ❚❤✐s ✐s ✇❤❛t ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts
♣r❡s❡♥t❡❞ ❜❡❧♦✇✳ ❲✐t❤ ❛ s✉♣❡r❧✐♥❡❛r ❝♦♠♣❧❡①✐t② ❢♦r M(t)✱ ♦♥❡ ✇♦✉❧❞ ❣❡t t′ =

√
2t ❛♥❞

N ′ =
√

2N ✳

✹ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

❲❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡s ♦❢ ▼❛♣❧❡✱ ▼P❋❘ ♠♣❢r❴❡r❢ ❛♥❞ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
erf ♦♥ s♦♠❡ t②♣✐❝❛❧ ✈❛❧✉❡s ♦❢ x ✭s♠❛❧❧✱ ♠❡❞✐✉♠ ❛♥❞ ❧❛r❣❡✮ ❛♥❞ ✈❛r✐♦✉s ♣r❡❝✐s✐♦♥s✳ ❘❡s✉❧ts
❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳ ■♥ ❚❛❜❧❡ ✶✱ t❤❡ s②♠❜♦❧ − ♠❡❛♥s t❤❛t t❤❡ ❞✐s♣❧❛②❡❞ ❝♦♠♣✉t✐♥❣ t✐♠❡
✇❛s 0✱ ✐❡✳ ♠❡❛♥✐♥❣❧❡ss✳ ❖✉r ❡①♣❡r✐♠❡♥ts ✇❡r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ■♥t❡❧ ❳❡♦♥✱ ✷✳✻✻●❍③✱ ✺✶✷❑❇
❝❛❝❤❡✱ ✇✐t❤ ▼❛♣❧❡ ✻✱ ▼❛♣❧❡ ✶✵✱ ❣❝❝ ✹✳✶✳✷✱ ●▼P ✹✳✷✳✶✱ ▼P❋❘ ✷✳✶✳✶ ❛♥❞ ▼P❋❘ ✷✳✸✳✵✳ ❚❤❡
✐♠♣r♦✈❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❡rs✐♦♥s ♦❢ ▼P❋❘ r❡s✐❞❡s ✐♥ t❤❡ ✐♥s❡rt✐♦♥ ♦❢ ♣r❡❧✐♠✐♥❛r② t❡sts✳
❚❤❡s❡ t❡sts ❝❤❡❝❦ ✇❤❡t❤❡r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ ✈❡r② ❢❡✇ t❡r♠s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥✱ s✉❝❤
❛s t❤r❡❡✱ s✉✣❝❡s t♦ ❣❡t t❤❡ ❝♦rr❡❝t❧② r♦✉♥❞❡❞ r❡s✉❧t✳ ❚❤❡② ❛❧s♦ ❤❡❧♣ ✐♥ ❝❤♦♦s✐♥❣ ❜❡t✇❡❡♥
t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ❢♦r ❛♥ ❛r❣✉♠❡♥t x ❝❧♦s❡ t♦ 0✱ ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ❧❛r❣❡
❛r❣✉♠❡♥ts x✳

❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾



✶✷ ❈❤❡✈✐❧❧❛r❞ ✫ ❘❡✈♦❧

❋♦r s♠❛❧❧ ♣r❡❝✐s✐♦♥s✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t❤❡ ❝♦st❧✐❡st ♦♥❡✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡
r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t✐♠❡ s♣❡♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡r N ✳ ❚❤❡ ❞✐✛❡r❡♥❝❡
✐♥ t✐♠❡s ❜❡t✇❡❡♥ t❤❡ ❡❛r❧✐❡r ✈❡rs✐♦♥ ♦❢ ▼P❋❘ ❛♥❞ t❤❡ ♠♦r❡ r❡❝❡♥t ♦♥❡ ❛❧s♦ ❧✐❡s ✐♥ t❤❡ t✐♠❡
t♦ ♣❡r❢♦r♠ t❤❡ ✈❛r✐♦✉s t❡sts ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❋♦r ❧❛r❣❡r ♣r❡❝✐s✐♦♥s✱ ❛s ❧♦♥❣ ❛s x r❡♠❛✐♥s s♠❛❧❧✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t❤❡ ♠♦st ❡✣❝✐❡♥t
♦♥❡✿ ✐♥❞❡❡❞✱ ❞❡t❡r♠✐♥✐♥❣ ❛ s♠❛❧❧ ✈❛❧✉❡ ❢♦r N ②✐❡❧❞s ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❞✉r✐♥❣
t❤❡ s✉♠♠❛t✐♦♥ ♣❤❛s❡✳ ❙✐♥❝❡ t❤❡ ♣r❡❝✐s✐♦♥ ✐s ❧❛r❣❡✱ ❝♦♠♣✉t✐♥❣ ❛♥❞ s✉♠♠✐♥❣ ❡①tr❛ t❡r♠s ✐s
❝♦st❧②✳

❋♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ x ❛♥❞ r❡❧❛t✐✈❡❧② s♠❛❧❧ ♣r❡❝✐s✐♦♥s✱ erf x ✐s s♦ ❝❧♦s❡ t♦ ✶ t❤❛t t❤❡ ❛♥s✇❡r
❝❛♥ ❜❡ ❣✐✈❡♥ ❛❧♠♦st ✐♥st❛♥t❛♥❡♦✉s❧②✳ ❖✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s s❧♦✇❡r t❤❛♥ t❤❡ ♦t❤❡r ♦♥❡s
❜❡❝❛✉s❡ ✐ts ❝♦♠♣✉t❛t✐♦♥s ♠❛② ❜❡ s♦♠❡✇❤❛t t♦♦ ✐♥✈♦❧✈❡❞✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ❢♦r
x = 100 ❛♥❞ ❢♦r ♣r❡❝✐s✐♦♥s ❜❡t✇❡❡♥ 14 427 ❛♥❞ 14 448✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ st✐❧❧ ❝♦♥❝❧✉❞❡s
t❤❛t ❝♦♠♣✉t✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ s❡r✐❡s ✐s ✉s❡❧❡ss✱ ✇❤❡r❡❛s ▼P❋❘ ✷✳✶✳✶ ♦r ✷✳✸✳✵ ❧❛✉♥❝❤❡s t❤✐s
❝♦st❧② ❝♦♠♣✉t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ▼P❋❘ ✷✳✸✳✵ ✐s ❢❛st❡r t❤❛♥ ▼P❋❘ ✷✳✶✳✶ ❛♥❞ ♦✉r ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥✿ ✐t ✉s❡s ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ r❡q✉✐r❡s ❧❡ss ❝♦♠♣✉t❛t✐♦♥✳ ▼❛♣❧❡ ✐s ❛❧✇❛②s
❢❛st❡r✿ ✐t ❝♦♠♣✉t❡s erfcx ✈❡r② q✉✐❝❦❧② t♦ ❝♦♥❝❧✉❞❡✳

✺ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ❡r❢❝ ❢✉♥❝t✐♦♥

❙✐♥❝❡ erfcx = 1 − erf x✱ ♦♥❡ ❝♦✉❧❞ ❝♦♠♣✉t❡ erfc ❢r♦♠ erf✳ ❍♦✇❡✈❡r✱ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ x✱
erf x ≃ 1✿ ✐ts ❜✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥ ✐s 0.1 · · · 1α1α2α3 · · · ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r β ♦❢ ❧❡❛❞✐♥❣
1s✳ ❚❤❡ ❜✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ erfcx ✐s 0.α̃1α̃2α̃3 · · · × 2−β ✱ ✇❤❡r❡ t❤❡ α̃is ❞❡♣❡♥❞ ❞✐r❡❝t❧②
❢r♦♠ t❤❡ αjs✿ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡❧❡✈❛♥t ❢♦r erfcx ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ erf x
♦♥❧② ✐❢ erf x ✐s ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ ♣r❡❝✐s✐♦♥ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❧❡❛❞✐♥❣ 1s ❛♥❞ t❤❡♥
t❤❡ ♦t❤❡r ❜✐ts α1α2α3 · · ·✳ ■t ✐s t❤✉s ❝❤❡❛♣❡r t♦ ❝♦♠♣✉t❡ erfcx ❞✐r❡❝t❧②✳ ❆s t❤✐s ✐s s❤♦✇♥
❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡s ♦❢ ▼❛♣❧❡ ♦r ▼P❋❘ ✷✳✸✳✵✱ ✐t ✐s ❛❧s♦ ❧❡ss ❝♦st❧② t♦ ❝♦♠♣✉t❡ ✜rst
erfcx ❢♦r ❧❛r❣❡ x ❛♥❞ t♦ ❞❡❞✉❝❡ erf x ❢r♦♠ ✐t✳

❆❣❛✐♥✱ ♥♦ r❛♥❣❡ r❡❞✉❝t✐♦♥ ❛♣♣❧✐❡s t♦ r❡❞✉❝❡ t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ erfc✳ ❆s ❢♦r
erf✱ ✈❛r✐♦✉s ❢♦r♠✉❧❛❡ ❛t ❤❛♥❞ ✇❡r❡ ❡①♣❛♥s✐♦♥s✱ ❡✐t❤❡r ❚❛②❧♦r ♦r ❛s②♠♣t♦t✐❝✱ ❛♥❞ ❝♦♥t✐♥✉❡❞
❢r❛❝t✐♦♥✳ ❇❡❝❛✉s❡ t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ❢♦r t❤❡ ❡①♣❛♥s✐♦♥ s❡r✐❡s ✇❛s ♠♦r❡ ❞✐✣❝✉❧t t♦ ❜♦✉♥❞
❢r♦♠ ❛❜♦✈❡ t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ erf✱ ✇❡ ❝❤♦s❡ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r erfc✳ ❖✉r
❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ erf ❢✉♥❝t✐♦♥✱ ❝❢✳ ❬✹❪✿

❼ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥ ♦r❞❡r ❛♥❞ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r✿ t❤✐s r❡q✉✐r❡❞ ❛♥
❛❞❛♣t❛t✐♦♥ ♦❢ r❡s✉❧ts ❦♥♦✇♥ ❢♦r ❣❡♥❡r❛❧ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s t♦ ♦✉r ❝❛s❡✳

❼ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ r♦✉♥❞♦✛ ❡rr♦r✳

■◆❘■❆



❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ❡r❢ ✫ ❡r❢❝ ✶✸

❼ ❝❤♦✐❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥ts ♦❢ t❤❡ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥✳ ❆ ✜rst
♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ s❡♣❛r❛t❡❧② ✭✉s✐♥❣ t✇♦ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛s✮ t❤❡ ♥✉♠❡r✲
❛t♦rs ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥ts✳ ❆ s❡❝♦♥❞ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ✇♦r❦✐♥❣
✇✐t❤ t❤❡ s✐♠♣❧✐✜❡❞ r❛t✐♦♥❛❧ ❢r❛❝t✐♦♥✳ ❲✐t❤ t❤❡ ✜rst ♠❡t❤♦❞✱ ❞✐✈✐s✐♦♥s ❛r❡ ❛✈♦✐❞❡❞ ❜✉t
t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❡r❛t♦rs ❛♥❞ ❞❡♥♦♠✐♥❛t♦rs ❝❛♥ ❜❡❝♦♠❡ ❧❛r❣❡✳

❼ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥✿ ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ❢♦r erf✳

❼ ❝♦rr❡❝t r♦✉♥❞✐♥❣ ♦❢ t❤❡ r❡s✉❧t✿ ❛❣❛✐♥✱ ✇❡ ✉s❡❞ ♠♣❢r❴❝❛♥❴r♦✉♥❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r
t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ❝❛♥ ❜❡ r♦✉♥❞❡❞✱ ❛♥❞ ✇❡ r❡st❛rt t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡❞
❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ✐❢ ♥❡❡❞❡❞✳

✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ✐♠♣r♦✈❡♠❡♥ts

❚❤✐s ✇♦r❦ ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ✐♥ ❛r❜✐tr❛r② ♣r❡❝✐s✐♦♥s
✇✐t❤ ❝♦rr❡❝t r♦✉♥❞✐♥❣✳ ❙♦♠❡ ✐♠♣r♦✈❡♠❡♥ts ❝♦✉❧❞ ②✐❡❧❞ ❛ ❜❡tt❡r ❡✣❝✐❡♥❝②✳

❆ ✜rst ✐♠♣r♦✈❡♠❡♥t ❧✐❡s ✐♥ ❛ ❥♦✐♥t ✉s❡ ♦❢ erf ❛♥❞ erfc✱ ❞❡♣❡♥❞✐♥❣ ♦♥ s♠❛❧❧ ♦r ❧❛r❣❡ ❛r❣✉✲
♠❡♥ts✳ ■t ✐s ♣r❡❢❡r❛❜❧❡ t♦ ❡✈❛❧✉❛t❡ erf x ✇❤❡♥ x ✐s s♠❛❧❧ ❛♥❞ ♣♦ss✐❜❧② t♦ ❝♦♠♣✉t❡ erfcx ❛s
1 − erf x✱ s✐♥❝❡ t❤❡ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❧✐❡s ✐♥ erf x✳ ❈♦♥✈❡rs❡❧②✱ ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ ❡✈❛❧✉❛t❡
erfcx ✇❤❡♥ x ✐s ❧❛r❣❡✳ ❚❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡✱
✇♦✉❧❞ ❜❡ r❡❞✉❝❡❞✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥✜♥✐t❡ ❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❤❛♥❞❧❡❞✳ ❆♥② t❤❡♦r❡t✐❝❛❧
r❡s✉❧t ♦♥ t❤❡ ❚❛❜❧❡ ▼❛❦❡r✬s ❉✐❧❡♠♠❛ ❢♦r t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥s ✐s ✇❡❧❝♦♠❡✳ ■❢ ✐t ✇❡r❡ ❦♥♦✇♥
t❤❛t t❤✐s ♣r♦❝❡ss ❤❛❧ts✱ ❡✈❡♥ ✇✐t❤ ❛ ❤✉❣❡ ✭t❤❡♦r❡t✐❝❛❧✮ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥✱ t❤❡♥ t❤✐s ♣r♦❜✲
❧❡♠ ✇♦✉❧❞ ✈❛♥✐s❤✳

❋✐♥❛❧❧②✱ ♦✈❡r✢♦✇s ❛♥❞ ✉♥❞❡r✢♦✇s ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥s ♠❛② ❤❛♣✲
♣❡♥✿ t❤❡② s❤♦✉❧❞ ❜❡ ❤❛♥❞❧❡❞ ✇✐t❤ ♠♦r❡ ❝❛r❡ t❤❛♥ ✐♥ ♦✉r ❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❙♦❧✈✐♥❣ t❤❡s❡ ♣r♦❜❧❡♠s ✐♥✈♦❧✈❡s ❛ t❤❡♦r❡t✐❝❛❧ ❜✉t ❛❧s♦ ❡①♣❡r✐♠❡♥t❛❧ st✉❞②✿ t❤r❡s❤♦❧❞s
❜❡t✇❡❡♥ ✏s♠❛❧❧✑ ❛♥❞ ✏❧❛r❣❡✑ ♣r❡❝✐s✐♦♥s ♠✉st ❜❡ ❞❡t❡r♠✐♥❡❞✱ ❛s ✇❡❧❧ ❛s t❤r❡s❤♦❧❞s ❜❡t✇❡❡♥
✏s♠❛❧❧✑ ❛♥❞ ✏✬❧❛r❣❡✑ ❛r❣✉♠❡♥ts✳

❘❡❢❡r❡♥❝❡s
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❬✷❪ ❘✳P✳ ❇r❡♥t✱ ❆ ❋♦rtr❛♥ ▼✉❧t✐♣❧❡✲Pr❡❝✐s✐♦♥ ❆r✐t❤♠❡t✐❝ P❛❝❦❛❣❡✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❢t✇❛r❡✱ ✈♦❧ ✹✱ ✶✾✼✽✱ ♣♣ ✺✼✲✼✵✳
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❬✸❪ ❘✳P✳ ❇r❡♥t✱ ❯♥r❡str✐❝t❡❞ ❛❧❣♦r✐t❤♠s ❢♦r ❡❧❡♠❡♥t❛r② ❛♥❞ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s✱ ■❋■P ✭■♥❢♦r✲
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❬✹❪ ❙✳ ❈❤❡✈✐❧❧❛r❞✱ ❈❛❧❝✉❧ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❡r❢ ❡♥ ♣ré❝✐s✐♦♥ ❛r❜✐tr❛✐r❡✱ ▼❛st❡r✬s t❤❡s✐s✱ ❊◆❙
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❬✺❪ ❲✳❏✳ ❈♦❞②✱ ❘❛t✐♦♥❛❧ ❈❤❡❜②s❤❡✈ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❊rr♦r ❋✉♥❝t✐♦♥✱ ▼❛t❤❡♠❛t✐❝s
♦❢ ❈♦♠♣✉t❛t✐♦♥✱ ✈♦❧ ✷✸✱ ✶✾✻✾✱ ♣♣ ✻✸✶✕✻✸✼✳

❬✻❪ ❲✳❏✳ ❈♦❞②✱ P❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♣r♦❣r❛♠s ❢♦r t❤❡ ❡rr♦r ❛♥❞ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r
❢✉♥❝t✐♦♥s✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❢t✇❛r❡✱ ✈♦❧ ✶✻✱ ✶✾✾✵✱ ♣♣ ✷✾✕✸✼✳
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❋✉♥❝t✐♦♥ ❘♦✉t✐♥❡s ❛♥❞ ❚❡st ❉r✐✈❡rs✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❢t✇❛r❡✱ ✈♦❧
✶✾✱ ♥♦ ✶✱ ✶✾✾✸✱ ♣♣ ✷✷✕✸✷✳

❬✽❪ ❆✳ ❈✉②t✱ ❱✳ P❡t❡rs❡♥✱ ❇✳ ❱❡r❞♦♥❦✱ ❍✳ ❲❛❛❞❡❧❛♥❞✱ ❲✳❇✳ ❏♦♥❡s ❛♥❞ ❈✳ ❇♦♥❛♥✲❍❛♠❛❞❛✱
❍❛♥❞❜♦♦❦ ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ❢♦r s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s✱ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ❉♦r✲
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