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yt�q��©�c.rtpu¹¢_onq�qyt���a¥}��v�cupu¹&p{_az£��pu¹�p¬wa��bd��y{z£vacEp���ytcT�¦c.vacuyt��¥«¥£n �6��!&�'�	(&)'����(��7�,! ³�^&_acup{cTª¦c._az}� ¥£cup���ytc
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�.��bdbd��va¥£n��.��vGr{yt��¥£¥£cu��ªGz}�´z½À��d�ayt���aw�¥£p{z«ª¦cµr{_aytw�p¬r�¤§��y�� c��az«ytcu� r{cu�¼��¥«�¦va�V�d�C�q�qnG¶4·a¸qcu�¼�aytz£ªGz£¥£c.��cE�
��¸qz£pu¹¦��v��Zz«z½ÀM�Art��y�|¦w�c�ª�cu� r{�¦yY¨�zºrt_V��vac¦¹�rs¨¢����yYrt_aytc.c�� �¦bd�a¥«cubdc.vGrt��y{n�z«v��ac.�Oc.v��qcuvGr¢� �¦bd�C�¦vac.vGrtp
z£v´��_���yt��c¢��¤Ìbd�q�qzº¤§noz£va��rt_ac��C�q�qn � pY��ytz£c.vGrt��r{z£��v�³�^&_acup{c�ª�cu_az£�.¥«cEpY��ytc&wav��qcuyt�¦�²r{wC��r{cE�Zz«vZr{_�c�p¬cuv�p¬c
rt_���rE¹�������y¬r�¤§y{�¦b2rt_ac&�qz«ytcu� r{z£��vK�¦p{p{�q� z}��rtcu�µ¨�z«r{_�rt_acMrt_aytw�psr�¤§��y�� c¦¹Er{_ac/��r{_�c.y��C�Gp{p{z«��¥«c¢�qz«ytcu� r{z£��v�»ÐptÀ
��¤��qz£p{�a¥}���.c.bdc.vGr)z}pg»Ð��ytcEÀ	va��r/�qz£y{cE�²rt¥«nd��� r{w���r{cu��³�ÂÃvGrtc.ytcup¬r{z£va��¥£n�¹�r{_acg���C��ª¦c ¶[bdc.vGr{z£��vacE�dpsrty{w�� r{way���¥
p{z£bZz£¥£zºrtw��qcµ_���p&p{c.¥}�q��b �Oc.cuv%p{nqpsrtc.b´��rtz£�u��¥£¥«ndc.¸o��¥«�¦zºrtcu��r{�d�qc.ª¦c.¥£��������cuvac.y���¥Ì� �¦vGr{yt��¥C¤§yt��bZcu¨/�¦y{©
¤§�¦y�rt_acup{c�ª¦c._az}� ¥£cupu³T¾M��ytz£��w�pKy{cE��p{��v�p��u��v��Oc���y{�¦�C�Gp¬cE��³T�a�¦yKz£v�psr���v��.c�¹	rt_ac.ytc�c.¸oz}p¬rKz«bd�O��y{rt��v¦r
�az �Ìc.ytc.v��.cupµ�Oc rs¨¢c.cuvÑ��v���z«yt�a¥}��vac´��v��;�¼p{_az£��³�^&_acZ·�y�psr�ª¦c._az}� ¥£cdc.ª¦��¥£ª�cupAz£v���z£y���v�� 3  g¶[p{���¦� c�¹
¨�_�c.ytcu��pgr{_�cZ��r{_acuyiz}p´»§�C��y{r{¥£nqÀgz£bZbdcuytp{cu�Æz«v�¨¢��r{cuyA��v��TcEp{p{c.vGr{z}��¥£¥£nHbZ��ª¦cupi��v��%�$ �¶[�a¥}��vac*8�r{_ac
��bK�az£c.vGrM¯Cwaz£�Vz£p/va��r/r{_acAp{��bdcg��v��Vzºr¢�ay{�q�qwC� cup)c.z«r{_acuy/��c.yt�o�anGvC��bdz£����y)_onq�qyt�q�qnov���bdz}�&y{cE���²rtz«�¦v
¤§�¦yt�.cupZ¨�z«r{_­�qz �Ìc.ytc.vGr´�ayt���Oc.y{r{z£cupd��vC�Äb´���¦vazºrtw��qc*8¢�¦yt��ªoz«rsnÑz£pdva��rV� ��bd�Oc.v�pt��rtcu�°�Gn°�awa��n¦��v�� n
z£vðrt_ac��.�¦p¬c;��¤���v2��z£yt�a¥£��vac�¹g�awqrH¥«z«¤½r¬¶4¤§��y�� c�c �Ìcu� rtp¼��ytcÆbd�¦y{cÑp¬nqp¬r{cubd��r{z}�Æ��v��ð�aytc.�O��vC�qc.y���vGr98
b´�¦p{p¬¶[�¦�a�qcE�;c �OcE�²r�p�bd�¦p¬r{¥£n��.��v��.c.ytv�p¬_az£��pu¹Yp¬wa��bd��y{z£vacEp.¹	��v��Ñ��¥«z£bd��p'8Yc.rt��³T��va��r{_acuyK�ayt�������a¥£c
ytcu�¦p¬�¦vÑz£pK_az£p¬r{�¦y{z}�.��¥�:Z��cuy{�Gp¬���¦� c´��vC��v���ª���¥Mcuva��z£vacuc.ytz«va�;� ��bdb�wavaz«r{z£cup�z£voª��¦¥«ª¦cu��z«vÑrt_ac��.��vGr{yt��¥
��¤	r{_acEp¬c�ª¦c._az}� ¥£cupg_���ª�c�v���ri�¦�a�qytcuptp¬cE�%�.��bdbd��vHz}p{p{wacEpK»½rt_ac��acup{z«�¦vH��¤M��wqrt���az£¥£��rtpu¹a¤§�¦ygz£v�p¬rt��vC� cEÀ
z£vÄ�T�.�G�¦yt�az«v���r{cE�;b´��vavac.yE¹�va��yK��r�r{_�c�pt��bdcdr{z£bdc�¹	va��y�¨�zºrt_Ñr{_ac%p{��bdcV� ��vCpsrtyt��z«vGrtp�»§�a_onqp¬z}�.��¥Ð¹
cE� �¦va��bdz}�.��¥4¹�c r���³ÁÀ²¹¦va��yYcuª�c.vZ¨�z«r{_Zr{_ac�pt��bdc������ay{�G����_acEp.³*^&_ac��aytcup{c.vGr��C���Oc.y)��z«b´pY��rM�qcuª�cu¥«�¦�az«v��
����¥£���C��¥Ì���a�ayt�¦�¦��_d¤§��y¢r{_�cµ�.��vGr{yt��¥O��¤�r{_az}p¢¤ ��bdz£¥«n´��¤�wav��qcuyt�¦�²rtw���rtcu�Vª¦c._az}� ¥£cupu¹o©ova��¨�z«v���r{_C��r&r{_ac
vowab��Ccuyg��¤Y�.z«ªoz£¥«z}��vT��v��¼bdz«¥£z«rt��ytn¼���a�a¥£z}�.��rtz«�¦v�p�z£voª���¥£ªoz«v��Zª���y{z£��w�pg��wqrt��va�¦bZ�¦w�p�yt���O��rtz£��ª¦c._az}� ¥£cup
z}p�� �¦vGr{z£vGw���w�p{¥«n���yt��¨�z«va�C³

�gva��rt_ac.ydz£bZ�O��y{rt��vGr�bd��rtz«ª���rtz«�¦v°��¤�r{_az}pZ¨/�¦y{©Ñz}pKytc.¥}��rtcu�Är{�Æyt����w�psrtvacuptp�z£ptp¬w�cupu¹M¨�_az}��_°�.��v
�OcÑ� ytzºrtz£�u��¥i¤§��y�r{_acEp¬cÑp¬nqp¬r{cubdp%�qwac;r{�­� � ��b��az£v���rtz«�¦v���¤�¤ �¦�²r{�¦ytpu³ ��z«y�psrE¹�rt_ac��.��bd�a¥£c ¸qz«rsn ��¤
��c.yt� ��_Gnq�qyt��¶Ã�qnov���bZz}�µc �Ìcu� rtpµz£bd�CcE�qcupµ�¦�qrt��z«vaz£va�H���ay{cE� z}p¬cd�qnov���bZz}�.��¥	bZ�q�qcu¥Ð¹*ª���¥£z£�;z«vÑ��¥£��y{�¦c
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¨�z«r{_�r{_�cµ��ª���z«¥}���a¥£ci�¦�²rtw���rtz«�¦v��O��¨/cuyu³Y��z«vC��¥£¥«n¦¹qbZcE��p{waytc.bdc.vGr���cup¬r{z£b´��r{z£��v´cuy{yt��y�p/��¤�rt_acµª�cu_az£�.¥«c � p
�O�¦p{c��.��vK�Oc�p¬z£��vaz«·C�u��vGru³Y�g¤O� �¦way�p¬c¦¹�r{_acEp¬c&z}p{p{wacup�_���ª¦c/¥£��v��A�Oc.cuv�z£voª�cEpsrtz«�G��r{cE��¤§�¦yYbd��vonµrsnG�Ocup	��¤
ª¦c._az}� ¥£cup�z«v�r{_ac&� �¦v¦rtc ¸or*��¤a¥«z£vacE��y*�.��vGr{yt��¥O» p{c.c/c�³ ��³<; =�¹�>o¹��a¹��&?A@q��vC�µr{_ac/y{c.¤§c.ytc.v��.cup�r{_acuy{cuz«vCÀ ³�hT��ytc
�¦c.vacuyt��¥«¥£n�¹E��¥£¥�©oz«vC�ap���¤G¥£z«v�cu��y*� ��vGrty{�¦¥�bdc r{_��o��pM»§�O��¥£cM�a¥}���.c.bdc.vGru¹

H2
��v��

H∞
�¦�qr{z£bdz«±E��r{z£��v�¹E¿CBA�

�¦�qr{z£b´��¥o� �¦v¦rty{�¦¥Ð¹�c.rt��³ÁÀ�_C��ª�cM�Oc.cuv������a¥«z£cu��r{�gr{_acEp¬c&p¬nqp¬r{cubdpu³*^&_�c.n�� �¦v�� cuy{v�lqz«va�¦¥«c.¶4ÂÃv��awqr¬¶sloz£va��¥£c ¶
�iwar{�awqr�»ÐlqÂ¬l��µÀ � �¦vGr{yt��¥o��wa�¦bZcuvGr{cu�Zlonqpsrtc.b´p&» � �AlaÀ���ptp¬�q� z}��rtcu�µ¨�z«r{_Kr{_ac&ytc.��w�¥£��r{z£��v���¤O�ip{z«v���¥£c
ª���y{z}���a¥£c´»§�az«rt��_�¹�n¦��¨�¹qyt��¥£¥���v���¥£c�¹���¥ºrtzºrtw��qc�¹�¥«�¦va��z«r{w��az«v���¥�ª�cu¥«�q�.zºrsn¦¹ac r���³ÁÀ´��p&¨¢c.¥£¥���p�hTwa¥ºrtzº¶[ÂÃva�awar¬¶
hTwa¥ºrtzº¶¬�iwqrt�awqr�» hHÂsh��µÀ�ª¦c.y�p¬z£��vCp���¤�r{_�cup{c¢p{nqpsrtc.b´p.³$D���¨¢c.ª¦c.yE¹urt_ac.nK��w���yt��v¦rtc.c¢�g¥£z«bdz«r{cE���q�¦b´��z£v
��¤apsr����az£¥«z«rsni��v�����ytcY��¤½rtc.v����¦p¬cE�A��v�ytcup¬r{ytz£� r{z£ª�cM��ptp{wabd�qr{z£��v�p)»§c�³ ��³�_a��ª�cuy{z£va�&y{cu��z£bdcY¨�zºrt_a��wqr�¨�z«vC�
�¦w�p¬rtpµ¤§�¦y�¾i^g�A¿­ª¦c._az}� ¥£cup�À²³%�a��y�r{_acEp¬cVytcu�¦p¬�¦v�pu¹�va��v�¥«z£vacu��y�� �¦v¦rty{�¦¥)�qcEp¬z£��vÑbdc rt_a�q�apV»½¤§cucu�q�C����©
¥£z£vacu��y{z£±u��r{z£��v�¹����¦��©qpsrtc.�a�az£va�C¹�p¬¥£z}�qz«v���bZ�q�qc¦¹¦c.rt��³ À�_���ª�c&�Oc.c.v´z£v��.y{cE��p{z«va�¦¥«n�z£voª�cEpsrtz«�G��r{cE�Kz£v´ytcu� cuvGr
p¬r{wC�qz«cEpE; 3 ¹F=��o¹�=.�a¹�=�>G¹a�6=�¹����a¹a��GH@[³Y�����awCpsrtvacuptp¢z£ptp¬w�cup¢��ytcg����y¬rtz£�.wa¥£��y{¥£n´� ytzºrtz£�u��¥C¤§��y&¥£z«�¦_¦r���vC� ���¦y
p{b´��¥£¥Cª¦c._az}� ¥£cupu¹G¥«z£©�ci�a¥«z£bd��p&��v��Vy{cE�qw�� cE�o¶Ãp{�u��¥£c�¾i^g�A¿Æª�c._�z£�.¥«cEp.¹Gª�cuy{n´p{c.v�p{zºrtz«ª¦c�r{�Z¨�z£v��o¶[z«v��aw�� cE�
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�Oc.y{r{w�y{����r{z£��v�pu³	^&_acg¥}��p¬r¢�qcE�.�¦�qcup)_���ª�c�¨�z«r{v�cuptp¬cE�V��vVz£v��.y{cE��p{z«va�Kz«vGr{cuy{cEpsr¢z«vVr{_acµ� �¦v�psrty{wC�²r{z£��v´��¤
rt_acup{c)ª¦c._az}� ¥£cup���vC�µr{_ac¢�qc.ª¦c.¥£���abdcuv¦r���¤�p{�CcE� z«·C�)�.��vGr{yt��¥G���a��y{�G����_acEpÌ¤§��y	��wqrt��va�¦bd��w�p�v���ªoz«�G��r{z£��v�³
¿�c rgwCpgbdc.vGrtz«�¦v¼r{_ac�c ¸a��bd�a¥£cupg��¤	r{_ac D���ª¦c.y��Mn�c ; ?o¹��q¹Ì� 3 ¹�����@[¹��i��¶4¯�n�cuy ; =&=�¹ 3 �H@[¹Ìz}lGr���y ;2=��H@4¹O��y
�*¾	�Y^*�i� ; � >9@i¾A^g�A¿�ª�cu_az£�.¥«cEp.¹���v��®r{_ac���fg���A��� ��z£y�p¬_az£� ; �a¹¢���H@4³�^&_az}pVz£vGr{c.ytcup¬r�z}p´bKwC��_
ytc.¥}��rtcu�­rt�°rt_acÑª�cuytpt��rtz«¥£zºrsn ��¤Kr{_acEp¬cÑp¬nqp¬r{cubdp�¤§�¦y¼p{waytª�cuz«¥£¥£��v�� c;��v�� z«v�p{�Ocu�²rtz«�¦v bdz}p{p{z«�¦v�pu¹i��vC�
rt��r{_�c��qcuª�cu¥«�¦�abdc.vGr���¤�¥£��¨&¶[�.�¦p¬r���vC�­¥«��¨&¶[¨/cuz«�¦_GrVc.bK�C��yt©�cu�­p{c.v�p{��y�pT» ÂÃvac.y{r{z}��¥µhHcu�¦p¬w�y{cubZcuvGr
fgvaz«rtpu¹��.��bdcuyt�¦p.¹Cc rt��³ À ³ D���¨¢c.ª�cuyu¹Ova�¦va¥«z£vacE��yi�.��vGr{yt��¥�psrtw��qz£cupi¤§�q� w�p{z£va���¦vTy{�¦�aw�p¬r{vacEp{piz}p{p{wacup�¤§��y
rt_acup{cdp¬nqp¬r{c.b´pu¹�¥£z«©¦c ;Á�q¹����a¹�����@Y¤§�¦yAz£v�p¬rt��v�� c¦¹���ytcKva��r�vGw�bZcuy{�¦w�pu³K^&_acd�aytcup{c.vGrA�C���Oc.yµz£p���¥£p{���
�.��vGr{ytz£�awqr{z£��v�r{�Zrt_ac��qcup{z£��v¼��v��¼��vC��¥£nop{z}p/��¤*yt���awCpsr�va�¦va¥«z£vacE��y�� �¦vGr{yt��¥Ì¥£��¨�pu³

^&_ac�� ��vGrty{�¦¥)�qcup{z£��v�¤§yt��bdc.¨¢��yt©T_ac.ytc´�ayt���O�¦p{cu�Ñ�����a¥«z£cup�r{�Æ�¼¥}��yt��cV�.¥£�¦p{p���¤�wav��qcuyt�¦�²r{wC��r{cE�
ª¦c._az}� ¥£cup���v��Ñp¬cuª�cuyt��¥M� ��vGrty{�¦¥YbZ�q�qcEpµrsno�az}�.��¥£¥£n;��ptp{�o�.z£��r{cE�Æ¨�z«r{_��qz �Ocuy{cuvGrK¥«cuª�cu¥£pµ��¤&bd��r{z£��v���wq¶
rt��va�¦bKn¦³ ~Y��y¬rtz£�.wa¥£��y´��r¬rtc.vGr{z£��v z}p´����z}�°r{�Ñr{_�c¼r{_aytc.c%¤§��¥£¥£��¨�z«va���ayt���a¥£c.b´p9:¼z}Àdp¬rt���az«¥£z£±u��rtz«�¦v®��¤
»Ð�qcup{z£y{cE��ÀAy{c.¤§c.ytc.v��.cZr{_aytw�p¬r��qz£y{cE�²r{z£��vCp.¹*z«z½À�p¬rt����z«¥£z«±E��rtz«�¦v;��¤¢ytc ¤§cuy{cuv�� c´¥£z«v�cu��y�ª¦c.¥£�q� z«r{z£cupu¹*��vC�;z£z£z}À
p¬rt���az£¥«z£±u��r{z£��vÑ��¤�ytc ¤§c.ytc.vC� cV�O�¦p{zºrtz«�¦vq¶4r{y����scu� r{�¦y{z£cupu³�^&_acV·�ytp¬r���v���p¬cE� �¦v����ay{�¦�a¥£c.b´p�ytc.¥}��rtcdrsnG��zº¶
�u��¥£¥«n¼rt�¼bd��vow���¥O�s��nqpsrtz£��©G¶Ã��wa�¦bdc.vGr{cE�o¶[�.��vGr{yt��¥�p{z«r{w���r{z£��v�pu¹�¨�_acuy{cE��pgr{_acZr{_�z«y��Æ�¦vacdz£pµ�¦p{p{�q� z}��r{cE�
¨�z«r{_T¤§wa¥«¥£nH��wqrt��va�¦bd��w�p�bd��r{z£��vT�����a¥«z}�.��r{z£��v�pu³�ÂÃvHrt_az£pg�����Oc.yE¹O¨/cK�.��v�p{z}�qc.ygr{_acZ�.��p{c���¤Mª¦c._az}� ¥£cup
bd��ªoz£va��z«v 3  �¶Ãp{�����.c�¨�zºrt_´¤§��way/z«vC�qc.�Oc.v��ac.vGr¢�¦�²r{wC��r{�¦ytp�» ��vacg¤§��y�� c���v��Zr{_aytc.c�r{��y�|Gwacup�À²¹¦©ova��¨�z«v��
rt_���r�p{zº¸Æ�¦�²r{wC��r{�¦ytpi¨¢��wa¥}�T�Oc�v�cu� cEp{pt��ytn%¤§��yi¤§wa¥£¥M���²rtw���rtz«�¦v�³��¢rµr{_ac�·�y�psrµ��¥}��vC� c�¹Ort_acd�ay{�¦�C�Gp¬cE�
���a�ayt�¦�¦��_�z}p�y{cubdz«vaz}pt� c.vGr���¤	bdc rt_a�q�apg�qcEp{�.y{z£�Ocu��z«v ; Gq¹C���a¹O���H@�¤§��y&rt_acKp¬rt���az«¥£z£±u��rtz«�¦v���¤�_���ª�c.ytz£va�
¾A^g�A¿Ñª�cu_az£�.¥«cEp.¹�����p{cu�%��v%rt_ac�z}�qcu�d��¤	wCp¬z£va�dr{_�c�r{_aytw�p¬r�¤§��y�� c���v��%r{_acKª�c._�z£�.¥«c � p��¦y{z£c.vGr���r{z£��v¼��p
�.��vGr{yt��¥*ª���ytz£���a¥«cEp�rt�%p¬rt���az«¥£z£±.c�rt_acZª�c._�z£�.¥«c � pgª�c.¥£�q� z«rsnH��v�� ����yi�C�Gp¬z«r{z£��v 8���v��¼rt_ac.v;��¤)�����a¥«noz£va���
�.¥£�¦p{p{z}�.��¥Ì���¦��©qpsrtc.�a�az£va�Z�ayt�o�.cu�qw�y{cµ��y��d_az£��_a¶4�G��z£v�� �¦vGr{yt��¥£¥«cuy)rt�V�qc rtc.ytbZz£vacAr{�¦yt|Gwac.¶4z£va�awartp��.������¶
��¥«c���¤Op¬rt����z«¥£z«±uz«v��irt_ac��qcEp¬z£y{cE�K�¦y{z£c.vGr���r{z£��v�³�ÂÃvZr{_az}pY�����Ccuyu¹�z«v�p¬r{cE������¤Or{_ac��¦y{z£c.vGr���r{z£��v�¹�¨/c&w�p{c&r{_ac
ª¦c._az}� ¥£c$� pµ��va�¦wa¥}��yµª�cu¥«�q� z«rsnT��pAz£vGr{c.ytbdcu�qz}��ytnT� �¦vGr{yt��¥	z«v��awqru³´^&_az}p�p{c.cubZz£va�¦¥«n��{p¬b´��¥«¥ �Z�qz �Ocuy{cuv�� c
z}pu¹�z£v´¤ ��� ru¹o� ��vCp¬cE|¦w�c.vGr{z}��¥a�Ocu�u��w�p{c�z«r¢��¥£¥£c.ªoz£��r{cEpM��� cuy¬r���z£v´vGw�bK�Oc.yM��¤��azºÅV� w�¥ºrtz«cEp/�¦p{p{�q� z}��r{cE�K¨�z«r{_
�.��vGr{yt��¥)z«va��wqrtpZ¨�_az}��_��Ccu¥«�¦va�Trt�;�T�.��bd���¦�²rKb´��v�zº¤§�¦¥£�Ä��v���cuv¦rtc.yKr{_ac¼p¬nqp¬r{cub	� p�cE|Gw���rtz«�¦v�z«v°�
v���vq¶Ã��Å´vacK» va��v�¥«z£vacu��y�ÀYbd��vavacuyu³	Â[r¢��¥£p{�K��¥«¥£��¨�pM�¦vac�r{�Z�.�¦psr¢¥«z£vacu��y)ª¦c.¥£�o�.zºrsnd��vC�´�C�Gp¬z«r{z£��vV�.��vGr{yt��¥
��y{�¦�a¥«cub´pM��pYvC��r{w�yt��¥ac ¸or{cuv�p{z«�¦v�pM��¤Ort_ac����¦p¬z}�¢r{_�y{w�p¬r¢�az«ytcu� r{z£��v´� �¦v¦rty{�¦¥a��v�c�³	��va��r{_acuy)��ytz£��z£v���¥£zºrsn
��¤Mr{_�z£pA�����CcuyA¥£z£cupAz«v;r{_�cKrty{cE��r{bdcuv¦rµ��¤/wavabd�q�qc.¥£cu���qnov���bdz}�.pu³�Â[r�z£pA¨¢c.¥£¥º¶[©ova��¨�v¼¤§y{�¦b � ��vGr{yt��¥
^&_�c.��ytn´rt_���r�z£vGr{c.�¦yt��¥�� �¦y{ytcu� r{z£��v¼� ��vCpsrtzºrtwqr{cEp���v¼c �Ìcu� r{z£ª�c�bdcu��v�p&rt�V� ��bd�Oc.v�pt��rtcA¤§��y�bd�q�qc.¥£z£va��¹
bdcE��p{way{cubdc.vGru¹���v�� ����y�cEpsrtz«b´��rtz«�¦vTpsr���rtz£��cuy{yt��y�p�»§��z£�¦p¬cEptÀ ³�Dg��¨/cuª�cuyu¹qz«riz}pg��¥£p{�´¨/cu¥«¥«¶[©Gv���¨�v�rt_���r
rt_az}p&rsno�Ccµ��¤Y� �¦y{ytcu� r{z£��v�bd��n���c.v�c.y���r{cµp{��¶Ã�.��¥£¥£cu�V¨�z£v��qw��%��y{�¦�a¥«cub´p.³YhT��vGn�� ��vGrty{�¦¥Ì�acup{z«�¦v�rtcu��_q¶
v�z£|GwacEp��¦�a�qytcuptp¬z£va��rt_acup{c¢�ay{�¦�a¥£c.b´p�_���ª�c/�Ccuc.vK��y{�¦�C�Gp¬cE���qwaytz«v��grt_ac/¥}��p¬rY�qcu�u���qcEp.¹�¥£z«©¦cMrt_ac&vacup¬r{cE�
pt��rtway���r{z£��vCp����a��y{�G����_Ä» p{c.c�c�³ ��³ ;2=E�q¹ 3 =�@§À²³µ^&_acup{cKbdc rt_a�q�apinGz£c.¥}�¼rt���O��wav��Æz«vGrtc.��y���¥�� �¦y{ytcu� r{z£��v
rtc.ytb´p*z£v�rt_ac�� �¦v¦rty{�¦¥¦z£va�awartpu³*ÂÃvd�q��z£va�Ap¬�C¹�r{_ac&ytz£p{©���¤Cpt��rtway���r{z£va�gr{_ac&��� r{w���r{��y�p���v����sc.���C��y��qz«±uz«v��
rt_acKp¬rt���az«¥£z«rsn���¤�r{_�cK� �¦v¦rty{�¦¥«¥£cu�%p{nop¬r{cubÇz}p�ytcu�qwC� cu�%c �OcE�²r{z£ª�cu¥«n¦³ Dg��¨/cuª�c.yE¹or{_�z£p��a�GcEp�va��rg�aytc.ª�cuvGr
rt_ac´z£v¦rtc.�¦yt��¥	r{c.ytb´pAr{_acub´p¬cu¥«ª¦cupµrt�%�¦y{��¨ ��yt�az«r{y���ytz«¥£nH¥£��y{�¦c�¹�va�¦y�r{_�cV��ptp¬�q� z}��rtcu�Æ�ay{�¦�a¥£c.b"!o¥«z«r¬rt¥«c
�¦�a�qytcuptp¬cE�¼z«vTr{_ac�¥«z«r{cuyt��r{waytc#!���¤)p¬¥£��¨��qcupt��rtway���r{z£��vH¨�_�z£��_Tb´��n%z«vC� ytcu��p{c�rt_acZp{nqpsrtc.b � p�r{z£bdc�ytc ¶
p{�O��v�p{cKc.¸q�.cuptp¬z£ª�cu¥«n¦³i^&_acZva�¦va¥«z£vacE��ygz£vGr{cu��y���r{�¦yg�O��wavC�qz«v��Vr{cE��_avaz}|Gwac�_�c.ytcK�ayt���O�¦p{cu�H�qcE��¥}pg¨�z«r{_
rt_az}pg�ayt����¥«cub ��v��Hz}pg��v���r{_�c.yi�.��vGr{ytz£�awqr{z£��vH��¤Yr{_ac������Oc.yE³g��z£v���¥£¥«n¦¹�rt_acZ¨¢��n�c.vacuy{�¦n%�qz}ptp¬z£����rtz«�¦v
��y{�q�qw��.cu���onÆbd��rtz«�¦vÑy{cE���²rtz«�¦vÆ¤§�¦yt�.cupµz}p�c ¸q�a¥£��z«r{cE��¹*¤§��y��O��rt_Ñr{_acV�.��vGr{yt��¥M�qcEp¬z£��v���v��Ñpsr����az£¥«z«rsn
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��v���¥£nqp¬cEp.¹��.��v�p¬r{z«r{wqrtcup�rt�i�¦way	©Gv���¨�¥«cE�q��c¢�gva��ª¦c.¥Gz«vGrtc.yt�ay{c.rt��r{z£��vK¨�_�z£��_g�sw�psrtzº·Ccup�r{_�c¢wCp¬c¢��¤Ìp¬z£bd�a¥«c
bd�q�qcu¥£p���v��¼p¬wa���C�¦y¬r�p&����p{c.ytª���r{z£��vCp)b´���ac��Gn���r{_�c.y���war{_a�¦ytp¢z£v�rt_az}p�y{cEp¬�Ocu� r ; � ��@[³

^&_acÑ�����Ccuy¼z£p%��yt�¦��vaz£±.cu���¦p�¤§��¥£¥«��¨�pu³ ^&_ac�va��r���r{z£��vR��v��ðr{_ac��qnov���bdz£�;bd�o�ac.¥£z«va� ��¤�r{_ac
�.¥£�¦p{p���¤Ap¬nqp¬r{c.b´pZ� �¦v�p¬z}�qcuy{cE�Ä��ytc�ytcu�u��¥£¥«cE��z«v�locE�²r{z£��v­�o³®lo�¦bdc���ptp{wabd�qr{z£��v�pZ�¦v�r{_ac¼c.¸Grtc.ytv���¥
¤§�¦yt�.cup/���a�a¥£noz«v���r{�Kr{_acµp{nop¬r{cub »§��y���ªozºrsn¦¹G��c.yt� ��_Gnq�qyt��¶Ã�qnov���bZz}�)¤§��y�� cupu¹Gc rt��³ ÀZ��y{c�z£vGr{yt�q�qw�� cE�V��vC�
�az£pt� w�ptp{cu�µz£v�r{_az}p�p¬cE�²r{z£��v�³�ÂÃvaz«r{z}��¥G� ��vGrty{�¦¥�¥}��¨�p���ytc)�qcuy{z£ª�cE�µz«v�lqcu�²rtz«�¦v 3 wav��ac.y	��ptp¬wabd�qrtz«�¦v�p�w��C�¦v
rt_ac��.��vGr{ytz«��wqr{z£��v���¤¢rt_acVc.¸Grtc.ytv���¥M¤§��y�� cupK���²rtz«v��T��v�r{_�c�ª�cu_az}� ¥£c�³H^&_acVytcup{wa¥«r{z£va�Tp¬z£bd�a¥£zº·C�u��rtz«�¦v
¤ �¦� z£¥«z«rt��r{cEp�rt_ac�c.¸o�O�¦p{z«r{z£��vÄ��¤�r{_ac�bd��z«v°¥«z£vacup���¤gr{_ac%���a�ayt�¦�¦��_�³TÂÃv®lqcu�²rtz«�¦vÄ�a¹Yrt_ac��.��vGr{yt��¥£¥£c.y�p
��y{cZbd�q�qzº·Ccu�;z«v���y��qc.yArt�¼�.��bd�a¥£nH¨�zºrt_ÑbZ�¦y{cZytcu��¥£z}psrtz£�Z��ptp¬w�bZ�ar{z£��v�pu³Zloz£bKw�¥£��r{z£��v�y{cEp¬wa¥«rtpi¤§�¦yµ�
�C��y{r{z}� wa¥}��y�bd�q�qc.¥/��¤��H¾i^g�A¿­ª¦c._az}� ¥£cV��ytcV�qcEp{�.y{z£�CcE��z«v°locE�²rtz«�¦v ?¼r{�Hz£¥«¥£w�p¬r{y���r{cdrt_ac��.��v��.c.�qr�p.³
��z£v���¥£¥£n�¹�p¬�¦bdc%ytc.b´��y{©qpd��v rt_acH�ayt���O�¦p{cu� � ��vGrty{�¦¥�psrtyt��r{c.�¦n°��vC� ���az£pt� w�ptp{z«�¦v ���C�¦wqrV�C�Gp{p{z£�a¥«c
¤§war{waytc�¨/�¦y{©V�.��v��.¥«wC�qcAr{_ac������Ccuyu³

¿�c r�w�p�bdc.vGr{z£��vµrt_���r*���ay{cu¥«z£bdz«vC��ytngª�cuytp{z£��v ;2= 3 @¦��¤Grt_az}p������Ccuy�_��¦p��Oc.c.v���y{cEp¬cuv¦rtcu�µ��r�r{_acM� ��rt_
Â � � � ! �  � ³C^&_�c��aytcup{c.vGr������Oc.yg�.��vGrt��z«vCp�p¬wa�Cpsr���vGr{z}��¥�c.¸or{c.vCp¬z£��v�p&��¤*rt_acK�.��vq¤§cuy{cuv�� cµ�����Ccuyu³/ÂÃv
�C��y{r{z}� wa¥}��yE¹ 0 � rt_ac���cuvac.y���¥q�.�¦p¬c&��¤Cª�cu_az}� ¥£cup	bd��ªoz«va�Az£v 3  �¶Ãp{�����.c¢z}p	_acuy{c�� �¦v�p{z£�qcuy{cE��¹�¨�_acuy{cE��p ; = 3 @
¨&��p&¥£z£bZz«r{cE�%r{�drt_ac��a¥}��v���y��.��p{c�¹ 0�0 � �d� �¦vGr{yt��¥�p{��¥£wqr{z£��v%rt��©oz«va�Zrt_acK� �¦v�p¬r{y���z£v¦r���¤�wav�z£�qz£ytcu�²rtz«�¦v���¥
rt_aytw�psr¢z«vGrt�����u� �¦wavGr)z£p¢�ayt���O�¦p{cu�H»4locu� r{z£��v 3 ³ ?�À²¹ 0�0�0 � p{��bdci�.��vGr{yt��¥abd�q�qz«·C�.��r{z£��v�p¢��ytc�z£vGr{yt�o�aw�� cE�
rt�;z£bd�ayt��ª�c�yt����w�psrtvacuptpZ�ayt���Oc.y{r{z£cup�¨�³ yE³ rE³®p{��bdc%bZcE��p{waytc.bdc.vGrd��yZcup¬r{z£bd��r{z£��v®c.yty{�¦ytp%»ÐlocE�²rtz«�¦v
�GÀ²¹ 0�� � p¬rt����z«¥£zºrsn®�ayt�G��¤ pZ¤§��y´rt_acH�ayt���O�¦p{cu� � �¦v¦rty{�¦¥«¥£c.y�pd��ytc¼�ay{��ªoz}�qcu��¹¢��v�� � � ���.��p{cHpsrtw��qn®z£p
��y{cEp¬cuv¦rtcu�ð��¥«�¦va�°¨�z«r{_�p{z«b�wa¥£��r{z£��v2y{cEp¬wa¥«rtp�¨�_az}��_2z£¥£¥«w�p¬r{y���rtcTrt_acÑy{�¦�aw�p¬r{vacEp{p���¤�rt_ac����a��y{�G����_
¨�³ yE³ rE³Ywavabd�q�qc.¥£cu�%�qnov���bdz}�.p���v����Ccuy¬rtway{�C��r{z£��vCp�»ÐlocE�²r{z£��v ?�À ³

� � ���*'µ�*- �K� '��%! � �´!%��
 - ���

�
	�� 
��������������
ÂÃvZrt_az£pM�����Oc.yE¹�¨¢c/¤§�q�.w�pY��vdª¦c._az}� ¥£cup	¨�_az}��_d�.��vd�Oc�bd�o�ac.¥£cu�d��p	ytz«�¦z£���O�o�az«cEpYz«bdbdc.y�p{cu��z«v´�i¯�waz}��³
^&_�ci¤§�¦¥«¥£��¨�z£va�dva��r���r{z£��v%z}p&w�p¬cE��³

� G
z}p&rt_ac�ª�cu_az£�.¥«c � p��.c.vGr{cuy&��¤	bd�¦p{pu¹

m
zºr�p�b´��ptp.¹a��v��

J
z«rtp�z£vac.y{r{z}�Zb´��r{ytz«¸Ì³

� I � {O;−→ı o,−→ o,
−→
k o}

z}p´�;·a¸qcu��»§z£vacuy¬rtz£��¥���y��µ��¥£z«¥£cu��vCÀK¤§yt��bdc%¨�³ yE³ rE³ »§¨�z«r{_­y{cEp¬�Ocu� rdr{�GÀ
¨�_az}��_Krt_ac&ª�c._�z£�.¥«c � pY����p¬�¦¥«war{c&p¬z«r{w���r{z£��v%»§�O�¦p{zºrtz«�¦v�����ytz«cuv¦r���rtz«�¦vCÀ�z}p	bdcu�¦p¬waytcu��³*^&_az}p*¤§yt��bZc
z£p���_��¦p{c.v;�¦pir{_ac´e �  ¤§y���bdc%»Ðe��¦y¬rt_q¶ �/��p¬r¬¶  g��¨�vCÀg¨�z«r{_;r{_ac´ª¦cu�²rt��y −→ı o

�O��z£vGr{z£va�%r{�%r{_ac
e��¦y¬rt_�¹art_ac�ª�cE�²rt��y −→ o �C�¦z«vGrtz«va�Vr{�dr{_�c��)��p¬ru¹O��v��%rt_ac�ª¦cu�²rt��y −→

k o
�O��z£v¦rtz«v��dr{�´rt_acK� cuvGr{c.y

��¤ir{_ac¼cu��y¬rt_�³ B � {G;−→ı ,−→ ,
−→
k } z}p´�Æ¤§yt��bZcH��r¬rt�¦��_acu�Är{�;r{_ac¼�O�q�qn�³­^&_ac¼ª�cE�²r{�¦y −→

k
z£p

����y���¥£¥£c.¥�rt��rt_ac�rt_aytw�psrA¤§��y�� cZ��¸qz}p.³A^&_az£pi¥£cu��ª�cEp�rs¨¢���O�¦ptp¬z£�a¥£c���v��H�����C�Gp¬z«r{cZ�qz«ytcu� r{z£��v�p�¤§��y
r{_az}p	ª�cE�²rt��yE³�ÂÃvK��yt�¦�²r{z}� c¦¹�p¬cu¥«cE�²rtz«va�A��v�c/��¤�r{_�c.b��u��vK�Oc&y{cu¥£��r{cE��r{�µ� �¦v�p{z£�qcuy{z£va�A� �¬va��bdz£v���¥ �
bd��r{z£��v¼��ptp{�o�.z£��r{cE�V¨�z«r{_�r{_ac�ª¦c._az}� ¥£cA��v��%��_a�o�¦p{z«va�Kr{_ac��az«ytcu� r{z£��v�¨�_�z£��_%b´��©�cEp/r{_ac�pt�.��¥£��y
�ayt�o�aw��²rA�Cc.rs¨/cuc.vTrt_ac�rt_aytw�psrA¤§��y�� cKª�cu� r{�¦yi��vC� −→

k
cuzºrt_ac.yA�O�¦p{zºrtz«ª¦cK��yivac.�G��rtz«ª¦c�³! �_�c.ytcu��p

r{_ac/�C�Gp¬z«r{z£ª�c/���qrtz«�¦v�¨/�¦wa¥}��� ��ytytcup{�C�¦v��ir{��rt_ac)_acE���qz£va�g�az«ytcu� r{z£��v���¤q�gp¬_az£��bd��ªoz«v���¤§��yt¨¢��yt��¹
¨/cµ_���ª¦ci�¦�qr{cE��_�c.ytcg¤§�¦y&r{_acµvacu�¦��rtz«ª¦ci�¦vacµz«v%��y��qcuy/rt�d�Cc�� �¦v�p{z£p¬r{cuv¦r�¨�z«r{_�r{_ac��.��voª�cuvGr{z£��v
w�p{cu��¤§��y�¾A^g�A¿;ª¦c._az}� ¥£cup�» ¨�zºrt_ −→

k
�C�¦z«vGrtz«va�´�q��¨�vo¨&��y��Vva�¦bdz«v���¥«¥£naÀ²³

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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��z£��waytc =&:YÂÃvacuy¬rtz£��¥���v����O�o�an¦¶4·a¸qcu��¤§y���bdcupu³

� ^&_ac�ª¦cu� r{��yK��¤�� �o��y��qz£v���rtcup���¤
G

z«vÑrt_ac��C��p{z£pK��¤&r{_ac�·a¸qcu�Ñ¤§y���bdc I z}pK�ac.va��r{cu���¦p
x =

(x1, x2, x3)
T ¨�zºrt_Ärt_ac%^¢¶Ãp{nGb��C�¦¥)w�p{cu�Ä¤§��yKr{_ac%���Oc.y���rtz«�¦v���¤�r{y���vCp¬�O�¦p{zºrtz«�¦v�³;^&_�c.ytc ¤§��ytc�¹

−−→
OG = x1

−→ı o + x2
−→ 0 + x3

−→
k o

¹a��y{cu¥£��r{z£��v�r{_���r&¨¢cA¨�z«¥£¥���¥}p¬�Z¨�ytzºrtciz£v%�Zbd��ytci�.��v��.z£p{cA¨¢��n
��p −−→

OG = (−→ı o,−→ o,
−→
k o)x

³
� ^&_ac´��ytz£c.vGrt��r{z£��vÆ��¤)rt_ac´�C�q�qnG¶4·a¸qcu�Æ¤§yt��bdc B ¨�³ yu³ ru³drt_acdz«v�c.y{r{z}��¥	¤§y���bdc I z}pµytc.�aytcup{c.vGr{cE�

�on°rt_acÆyt��r���r{z£��v­b´��rty{z«¸
R
³�^&_acÆ�.��¥£wabdv�ª�cE�²r{�¦ytpV��¤

R
�.��yty{cEp¬�O��v��°r{�Är{_ac;ª�cu� r{�¦ytpd��¤

� �o��y��qz£v���rtcup¢��¤ −→ı , −→ ,
−→
k

c.¸q�ay{cEp{p{cu��z«v%rt_ac�����p{z}p&��¤ I ³
� ^&_ac�ª¦cu�²rt��y���¤	�.�G�¦yt�az«v���r{cEp���ptp¬�q� z}��rtcu��¨�zºrt_¼r{_acK¥«z£vacu��y�ª�cu¥«�q� z«rsn���¤

G
¨�³ yu³ ru³ I z£p��ac.va��r{cu�

��p
ẋ = (ẋ1, ẋ2, ẋ3)

T ¨�_acuv;c.¸o��y{cEp{p{cu�Hz£v;r{_acd���¦p¬z}pµ��¤ I ¹*��vC�Æ��p
v = (v1, v2, v3)

T ¨�_acuv
c ¸q�aytcuptp¬cE��z£v%r{_acµ���¦p¬z}p&��¤ B ¹qzÐ³ c�³ −→v = d

dt

−−→
OG = (−→ı o,−→ o,

−→
k o)ẋ = (−→ı ,−→ ,

−→
k )v

³
� ^&_ac´��va�¦wa¥}��yAª�c.¥£�q� z«rsnHª�cE�²r{�¦yµ��¤)rt_acd�C�q�qnG¶4·a¸qcu�T¤§yt��bZc B ytc.¥}��r{z£ª�cKr{�%r{_�c�·�¸ocE�T¤§y���bdc I ¹

c ¸q�aytcuptp¬cE��z£v B ¹oz}p��qcuva��rtcu�%��p
ω = (ω1, ω2, ω3)

T ³

� ^&_ac)��bK�az£c.vGr�¯�w�z£��ª¦c.¥£�q� z«rsng¨�³ yu³ ru³�r{_acY·�¸ocE�µ¤§y���bdc I z}p��qcuva��rtcu����p −→v f = (−→ı o,−→ o,
−→
k o)ẋf

= (−→ı ,−→ ,
−→
k )vf

³
� ^&_ac �{���a����y{cuvGr�ª¦c.¥£�o�.zºrsn �/��¤Crt_ac&�C�q�qn −→v a

z}p�r{_ac��qz �Ìc.ytc.v��.c��Cc.rs¨/cuc.v�r{_ac�ª¦c.¥£�o�.zºrsnK��¤
G

��vC�
r{_acA��b��az«cuvGr)¯�waz}�´ª¦c.¥£�o�.zºrsn¦¹¦z4³ c�³ −→v a = −→v −−→v f

³	Â[r�pMª�cE�²rt��y)��¤�� �o��y��qz£v���rtcupYz}p
ẋa = ẋ− ẋfc ¸q�aytcuptp¬cE�%z«v%r{_�c�����p{z}p���¤	r{_�c�·a¸qcu��¤§y���bdc I ¹Ì��v��

va = v − vf
c.¸q�ay{cEp{p{cu��z£v¼r{_ac��C��p{z£p���¤

r{_ac��O�q�qnG¶Ð·�¸ocE��¤§yt��bZc B ¹qzÐ³ c�³ −→v a = (−→ı o,−→ o,
−→
k o)ẋa = (−→ı ,−→ ,

−→
k )va

³

é§ê�ë�é½ì
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� {e1, e2, e3}
�qc.va��r{cEp´r{_�c;�.��va��v�z£�u��¥����¦p¬z}p´��¤

R
3 ¹�z4³ c¦³

e1 = (1, 0, 0)T
¹

e2 = (0, 1, 0)T
¹

e3 = (0, 0, 1)T
³

� �a�¦yA��vGn%ª�cE�²rt��y
u ∈ R

3 ¹ S(u)
�ac.va��r{cupgr{_�c�p{©�c.¨&¶Ãp{nGbdbdc rty{z}��b´��rty{z«¸H��ptp¬�q� z}��rtcu�¼¨�z«r{_Ær{_ac

� yt�¦ptpY�ayt�q�qw��²r/�Gn
u
¹¦z4³ c¦³

S(u)v = u× v
¤§��y¢��vonZª�cu� r{�¦y

v ∈ R
3 ¹G¨�z«r{_ × rt_aci�.y{�Gp{p¬¶4��y{�q�qw�� r

���Oc.y���rtz«�¦v�³
� ^&_ac �Mw��.¥«z}�qcE��v¼va��ytb z£v

R
3 z}p��qcuva��rtcu�¼��p |.| ³

� � ¤§w�v��²rtz«�¦v
y : [to, +∞) −→ R

p z}pKw�³ ��³­»½¤§�¦y �6
 ��0 � (��+��
����,���6�%!*�,! ÀK�Gn��T�.��v�p¬rt��vGr
c
¹	z«¤

r{_acuy{c¼c.¸oz}p¬rtp´�;r{z£bdc
T

p{w���_Ärt_���r |y(t)| ≤ c, ∀t ≥ T
³­��v­��war{�awqr

y = h(x, t) ∈ R
pz£pµw�³ w�³ ��³%»½¤§��y �6�/0 
����#� 
�� �6
 ��0 � (��7�'
����,���6�%!*�,! Ài�onÆ���.��v�p¬rt��vGr

c
��¥£��va��r{_ac´p{��¥£wqr{z£��vCpgrt�%�

�qz �Ocuy{cuv¦rtz£��¥	cu|Gw���rtz«�¦v
ẋ = f(x, t)

zº¤s¹Ì¤§�¦yµ��von
(xo, to)

¹
y(.) = h(x(., xo, to))

z£pAw�³ ��³��on
c
¹

¨�_ac.ytc
x(τ, xo, to)

�qc.va��r{cEpgrt_ac´p¬�¦¥«war{z£��vÆ��rArtz«bdc
τ

��¤
ẋ = f(x, t)

¨�zºrt_;z£vaz«r{z}��¥Y� �¦v��qz«r{z£��v
xo

��r
t = to

³

�
	 � ���
	 ����
 
 ��������� �
�
 �c��.��v�p{z}�qc.yAbdcu��_���vaz£�u��¥�p¬nqp¬r{c.b´pi¨�zºrt_H¤§��w�yA�.��vGr{yt��¥*z«va��wqrtp9:���v�c�¤§��y�� cKz«va��wqr

T
» ��¥}p{�Vy{c.¤§c.yty{cE�

rt�T��pµrt_ac �sr{_�y{w�p¬r �´z£va�awqr²À���¥£��va�¼rt_acV�O�q�qnG¶Ð·a¸qcE���az«ytcu� r{z£��v −→
k

rt�T� ytcu��r{c´¥£��va�¦zºrtw��qz£v���¥Mbd��r{z£��v�¹
��v��%r{_�y{cuc�z«vC�qc.�Oc.v��ac.vGrgrt��y�|¦w�c�z«va��wqrtpgr{���.y{cE��rtc�y{��rt��rtz«�¦v���¥�bZ��r{z£��vT��v��¼bd��vaz«r{�¦y�r{_ac�ª�cu_az£�.¥«c � p
��r¬rtzºrtw��qc�³i^&_az£pi� �¦y{ytcup{�C�¦v��ap¢rt���drsno�az}�.��¥���ytyt��va��cubdc.vGr&r{_���rA�.��vH�CcK¤§��wavC�H��vH¾A^g�A¿�ª�cu_az£�.¥«cEp.¹
��z«yt�a¥}��vacEp.¹��a¥«z£bd��pu¹�yt�o��©¦c r�p.¹�c.rt��³� ;c���ptp¬wabdcZr{_C��r�r{_�cdr{_aytw�p¬r −→

T = −T
−→
k

���a�a¥£z«cEp���rK�¼�O��z£v¦r
¥£z«r¬r{¥£c¼�qz£p¬rt��vGrK¤§yt��b r{_ac%��¸qz}p {G;

−→
k } p¬�Tr{_���rZz«rZ�q�ocEpKva��rd�.y{cE��rtc���vÄz£bd�C�¦y¬r���vGrKrt��y�|Gwac���r

G
³

^&_�c�r{�¦yt|GwacZ��� r{w���r{z£��vHz}p�rsno�az}�.��¥«¥£n¼���qr���z£vacu�Hªoz}��p{cu�.��v��a��y{n��ayt���Oc.¥£¥«cuytp�» �g��¶[��¥£n�cuy�À ¹Cytw��a�qcuytpi��y
¯O����p�»�D���ª¦c.y��Mn�c�À²¹¦�.��vGr{yt��¥�bZ�¦bdc.vGr)��noyt�¦p�»Ðp¬cuc ; 3 �A@§À²¹oc r���³ � ��bd�a¥£c rtc�r{�¦yt|Gwac��¦�²r{wC��r{z£��v´��¥«¥£��¨�p	r{�
bd�q�qz«¤§nZr{_aciª�c._�z£�.¥«c � p/��r¬rtzºrtw��qciz«vV�¦yt�ac.yYrt�K�qz£y{cE�²r)rt_ac�rt_aytw�psr¢��r/¨�z£¥£¥Ð³Y��¥£¥Cr{_aci��r{_�c.yM¤§�¦yt�.cup/���²rtz«v��
�¦vKrt_ac&ª�cu_az£�.¥«c�» ��y���ªGz«rsn���v����awa��nG��v��.nA¤§��y�� cupu¹������qcu�o¶[b´��ptp*¤§��y�� cupu¹���vC���qz}ptp¬z£����rtz«ª¦c���c.yt�q�qnov���bdz}�
�¦y)_onq�qyt�o�anGvC��bdz£��y{cE���²rtz«�¦vZ¤§��y�� cup�ÀM��y{cip¬wabdbdcu�Vwa�Vz£v���ª¦cu�²rt��y −→

F e
¹qp{��r{_���r/rt_ac�rt��r���¥Oy{cEp¬wa¥«rt��vGr

¤§�¦yt�.c����a�a¥£z£cu��r{�dr{_�cAª¦c._az}� ¥£c�z}p
−→
F = −T

−→
k +

−→
F e

ÂÃv;r{_�cd����p{c.v��.cK��¤¢bd��r{z£��v;y{cE��� r{z£��vT¤§�¦yt�.cupic ¸qc.y{r{cE�T�onHrt_ac´��bK��z«cuv¦rA¯�waz}�;��vTrt_acdª�cu_az£�.¥«c¦¹���va¥£n
�¦yt��ªoz«rsn�¹&c.ª¦c.vGr{wC��¥£¥«n � ��w�v¦rtc.y���� r{cu�­�on �awa��nG��v��.nÄ¤§��y�� cEpV��¤�y{�¦wa��_a¥£n®�.��v�p¬rt��vGr�b´����v�zºrtw��qc�¹i��ytc
��y{cEp¬cuv¦r&z£v −→

F e
³M^&_az}p¢¤§��y�� cµ�.��v�rt_ac.v¼�OcAbd�q�qcu¥«cE���¦p����.��v�p¬rt��v¦r�ª¦cu�²rt��y¢����y���¥£¥£c.¥Or{�Zr{_�c {0;

−→
k o}��¸qz£p´�¦p{p{�q� z}��r{cE�Ä¨�z«r{_ r{_�c¼·a¸qcu�°¤§yt��bZc I ³ D���¨¢c.ª�cuyu¹/�qwac¼r{����c.yt�o�anGvC��bdz£����y´_onq�qyt�q�qnov���bdz}�

ytcu�¦�²rtz«�¦v�¤§��y�� cEp.¹�rt_az}p	ª�cu� r{�¦y*�¦c.vacuyt��¥«¥£n��qc.�Oc.vC�ap	��v�r{_ac����a����ytc.vGr	�C�q�qnKª�c.¥£�q� z«rsn���v��Z���u� cu¥«cuyt��r{z£��v
» ªoz£�d�����qcu�o¶[b´��ptp¢c �Ìcu�²r�ptÀ ¹qzÐ³ c�³Y�¦v

(ẋa, ẍa, ω, ω̇)
��p&¨¢c.¥£¥���p&��v�r{_�cAª¦c._az}� ¥£c$� p���r{r{z«r{w��ac

R
³	Â[r�b´��n

��¥£p{���qcu�Ccuv��;��vHrt_ac�ª¦c._az}� ¥£c$� pi�C�Gp¬z«r{z£��v;¨�_ac.vÆr{_acd��_���y���� r{cuy{z}psrtz£�up���¤)r{_acd��b��az«cuvGrg¯�waz}�Æ��y{c�va��r
rt_ac´p{��bdc�cuª�c.ytno¨�_ac.ytc�³�����yµp¬z£bd�a¥£z£�.zºrsn¦¹�r{_az}pµ¥}��r¬rtc.y��qcu�Ccuv��qc.vC� cd¨�z«¥£¥Yva��rA�Oc´� ��vCp¬z}�qc.ytcu�Æz«v;r{_�z£p
�C���Oc.yE³*hH�¦y{cu��ª�c.yE¹E¨�_ac.ytcu�¦p�rt_ac��qc.�Oc.v��ac.v��.c/�¦vZ�¦�.� cu¥«cuyt��r{z£��v�p�z£p�yt��wa�¦_a¥£nA¥£z£vacu��yu¹�z«rYz£p�©ova��¨�v�rt_���r
rt_acgz£vGr{cuv�p¬z«r{z£cup/��¤�bd��rtz«�¦vVytcu��� r{z£��vZ¤§��y�� cEpMª���ytnZ¥«z£©�c�rt_acipt|Gw���ytc���¤ |ẋa| ³Y^&_acuy{c.¤§��ytc�¹�rt_acgz£vGr{cuv�p¬z«rsn
��v��V�qz£ytcu�²rtz«�¦vV��¤ −→

F e
�u��vVª���ytndz«v�¥£��y{�¦c��ayt���O��y{r{z£��v�p)��p¢p¬�o��v���pYrt_acAª�c._�z£�.¥«c � p¢�qcup{z£y{cE�´ª�cu¥«�q� z«rsnZz£p

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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bd�q�qz«·�cu��p¬z£��v�zº·C�u��vGr{¥£n�¹��¦y��awac¢r{�Az«bd�O��y{rt��vGr	bd�o�azº·C�u��rtz«�¦v�p���¤art_ac���bK��z«cuv¦r�c.voªoz«yt��v�bZcuvGr&» ¨¢��ª¦cupu¹
¨�z£v��®��w�p¬rtpu¹Mc.rt��³ÁÀ²³­hH�q�qcu¥«z£va�;r{_ac¼ª���ytz«�¦w�pZ� ��bd�O��vacuvGrtpZ��¤ir{_az}pZ¤§wav�� r{z£��v z£pu¹)z£v®�¦c.vacuyt��¥Ð¹	rtz«bdc
�.��v�p{wabdz£va�%��v��Æ�.�¦p¬r{¥£n�³K^&_�z£pAbd�q�qc.¥£z«v���c �O�¦y¬r�z}piv�cu� cEp{pt��ytn�¤§��y�p¬z£bKw�¥£��r{z£��vÆ��way{�O�¦p{cupu¹���vC�Æ��¥}p{�
¤§�¦y)rt_acA���qrtz«bdz£±u��rtz«�¦vV��¤�r{_acAª�cu_az£�.¥«cEp �G��cu��bdc rty{z}�.��¥���vC�Vbdcu��_���vaz}�.��¥O��_���y���� r{cuy{z}psrtz£�up.³�� bd�q�qcu¥O��¤
−→
F e

�u��v%��¥}p¬���Ccµ��¤*w�p¬cA¤§�¦y¢�.��vGr{yt��¥Ì�qcup{z£��v���way{�O�¦p{cupu³ D���¨¢c.ª¦c.yE¹�rt_aci©ova��¨�¥£cu�a��cg��¤����aytcu� z}p{ci��vC�
¨¢c.¥£¥«¶Ðrtwavacu�Zbd�q�qc.¥Cb´��nKva��rM�Ccg�¦pM� ytz«r{z}�.��¥£¥£nKz£bZ�O��y{rt��vGr)��p	¤§�¦y)p¬z£bKw�¥£��r{z£��v�³	^�¨¢��� ¥}��ptp{z£�u��¥qytcu��p{��vCp
��y{cArt_���r�z½À��d¨¢c.¥£¥º¶Ã�qcup{z£��vacE�´¤§c.cE�q���¦��©�� �¦vGr{yt��¥�z}p�c ¸q�Ocu�²rtcu��r{�´�¦yt��vGr&yt����w�psrtvacuptp¢¶[z«v%r{_�c�p¬cuv�p¬c���¤
�Oc.y{¤§��ytb´��v��.cgz£v�p{c.v�p{zºrtz«ªoz«rsnG¶�¨�³ yu³ ru³	bd�q�qc.¥Ìz£v����u� way����.z«cEp.¹o��vC�Vz£z}À)w�p{z«va�Z��va¶4¥£z«v�cgbdcu�¦p¬waytc.bdcuv¦r�p)�¦yu¹
bd�¦y{c/y{cE��¥£z£p¬r{z}�.��¥«¥£n�¹�cup¬r{z£b´��rtz«�¦v�p���¤ −→

F e
�C��p{cu���¦v��A� ytw��qc¢bZ�q�qcu¥Ð¹�z«v�r{_ac&� �¦vGr{yt��¥o�.��v��Cc&�aytc ¤§cuyt���a¥£c

rt�¼w�p¬z£va�T�¼p{���a_az}p¬r{z}�.��rtcu�;�awqrKv���vac.r{_acu¥«cEp{pµz£bd�Ccuy¬¤§cE�²r�¤§wav�� r{z£��v���¥Mbd�q�qc.¥M��¤/rt_az}pµ¤§��y�� c¦³´ÂÃv ; = 3 @4¹
��vÆcEpsrtz«b´��rtz«�¦vÆ��¤ −→

F e
���¦p¬cE�T��vÆr{_acdbdcu�¦p¬w�y{cubZcuvGrA��¤Mr{_acdª¦c._az}� ¥£c$� pAª�c.¥£�q� z«r{z£cupµ��vC�Æ��_az«�¦_;�G��z£v

�¦��p{c.ytª�c.yYz}pM��y{�¦�C�Gp¬cE��³�loz£v��.c�r{_acuy{cgc ¸qz£p¬rtp/��ª���ytz«c.rsnK��¤�p{��¥£wqrtz«�¦v�p	r{��r{_az}pM�ayt����¥«cub%¹G¨¢c�_ac.v��.c ¤§�¦y¬rt_
�¦p{p{wabdc&r{_C��r −→

F e
��vC�dzºr�pYr{z£bdc ¶Ã�qc.ytz£ª���r{z£ª�c���y{c�bdcE��p{way{cE�d��v�� ����yYcEpsrtz«b´��rtcu�d¨�z«r{_V�¦�o�o�´�¦�.�.wayt�¦� n¦³

�g¥ºrt_a��w���_Zr{_ac���y{cEp¬cuv¦rY�����Ccuy	¤§�q� w�p{cupY�¦vZ�.��vGr{yt��¥a�¦p¬�Ocu� rtpY��¥«bd�¦p¬rYc ¸a� ¥£w�p{z«ª¦c.¥£n�¹�¨¢c���ytc���¨¢��y{c/r{_���ru¹
¤§�¦y	bd��vonK���a��¥«z}�.��r{z£��v�pu¹�cup¬r{z£b´��r{z£��vZz}p{p{wacup�z£vdy{cu¥£��r{z£��v�rt�Ar{_ac��qcEp¬z£��vd��v��Kw�p{c¢��¤O�¦�qcu|Gw���r{c�p¬cuv�p{��y�p
��y{cµ� �¦bd�a¥«cubdc.vGrt��y{n���v��%� ytzºrtz£�u��¥£¥«nVz£bd�C�¦y¬r���vGru³

�g�a�a¥£nGz£va�%r{_�c�¤§w�v��a��bdcuv¦r���¥	rt_ac.�¦y{cub ��¤¢hTcu��_���vaz£�up�»Ðe�cu¨&r{��v � p�p{cu�.��v��Æ¥£��¨gÀgz«v;r{_�cd�.�o��y��qzº¶
vC��r{cEp

x
noz«cu¥£�ap

mẍ = −TRe3 + Fe(ẋ, ẍ, R, ω, ω̇, t)
»�=EÀ

¨�z«r{_
Fe

rt_ac��.��bd�C�¦vac.vGr�p���¤ −→
F e

z£vÑr{_ac�z«vacuy¬rtz£��¥M¤§y���bdc�³T�¢n�c ¸q�aytcuptp¬z£va�¼rt_ac��qnov���bdz£�up�z£v�r{_ac
�O�q�qnG¶Ð·�¸ocE�H¤§y���bdc B ¹���vC�T�onHw�p{z«va���Mwa¥£c.y � pArt_ac.�¦y{cub ��¤/��va��wa¥}��yAbd��bdc.vGrtwab¼¹���vacZ���qr���z£v�pir{_ac
¤§�¦¥«¥£��¨�z£va��cE|Gw���rtz«�¦v�p

(Σ) :















(Σ1) :





ẋ
mv̇

Ṙ



 =





Rv
−mS(ω)v − Te3 + RTFe(ẋ, ẍ, R, ω, ω̇, t)

RS(ω)





(Σ2) : Jω̇ = −S(ω)Jω + Γ + Γe(ẋ, ẍ, R, ω, ω̇, t)

»Ð��À

¨�_�c.ytc
Γ = (Γ1, Γ2, Γ3)

T z}pMrt_aciª¦cu� r{��y/��¤�rt��y�|¦w�cgz£va�awqr�p/��v��
Γe

y{cu�ay{cEp¬cuvGrtpYrt_acgc.¸or{c.ytv���¥�rt��y�|¦w�c
z£v��qwC� cu�;�on¼r{_acdc.¸Grtc.ytv���¥�¤§�¦yt�.cupu³

Γe
z£p�� �s�C��y���p{zºrtz£�#��r{��y�|GwacZz«v;r{_ac´p{c.v�p{c�r{_���rµz«r�z£pAva��r�cu��p{z£¥«n

�.��vGr{yt��¥£¥£cu��³��a��y�r{_�z£pZytcu��p{��v�¹�z«rtpd�.��bd�C�¦vac.vGr�pKp{_a��wa¥}�°��rZ��¥«¥/r{z£bdcupZ�Cc%©�cu�qrZp{b´��¥£¥«cuyKrt_���v°r{_ac
b´��¸oz£b´��¥Ì��bd�a¥£zºrtw��qcEp)��¤�r{_acµ� �¦y{ytcup{�O��v��qz£va���.��bd�C�¦vac.vGr�p)��¤�r{_acµ� �¦v¦rty{�¦¥art��y�|¦w�c

Γ
³Y���u� ��y��qz£va��¥£n�¹

bd�Gpsr)ª¦c._az}� ¥£cup)��ytc�p¬_����CcE�´p¬�µrt_���r)r{_aciy{cEp¬wa¥«rt��vGrYr{��y�|Gwac���¤�c.¸Grtc.ytv���¥a¤§��y�� cup)���²rtz«v�����vdr{_�c�ª�cu_az£�.¥«c
z}pµp¬b´��¥«¥�» ��r�¥«cE��p¬rµ��y{�¦wav��Hva�¦bdz«v���¥Y� ��vC�qzºrtz«�¦v�pA��¤)�¦�Ccuyt��r{z£��vCÀ ³Ke���r{cZ_a��¨¢c.ª�cuy�rt_���rµr{_�z£pArt��y�|¦w�c
�u��v°��¥£p{�Æ�Oc%w�p¬cE�Ñr{���ayt��ªoz£�qcVr{_ac¼ª�cu_az}� ¥£c�¨�z«r{_®�acup{z«ytcu����y{�¦�Ccuy¬rtz«cEpKz£vÄrt_ac%����p{c.v��.c���¤g�.��vGr{yt��¥
�¦�²rtz«�¦v;»§¨�_�c.v

Γ = 0
À ³M�a��y&z£v�p¬rt��vC� c�¹Grt_acµ¨/cE��r{_�c.y&_ac.¥£b rtwavaz£va����¤��Zp{��z«¥£�O�¦��r&z}p¢�az«ytcu� r{¥£nVy{cu¥£��r{cE�

rt�Krt_az}p�z£ptp{wac�³Y��vC��p{��z}p���¥}p{�Krt_acµ�ay{�¦�Ccuv�p{zºrsn´��¤����a¥£��vacAr{�´��¥£z£��v�z«rtp&¥£��v���z«r{w��qz£v���¥Ì��¸qz£p¢¨�z«r{_%r{_ac
���a����y{cuv¦r�¨�z£v����qz£ytcu�²rtz«�¦vð» p¬rt���a¥«c�psr���r{c�¥«�¦va��z«r{w��az«v���¥Mbd�q�qcEÀ ¹��¦y�rt�Ty{cE�qw��.cdr{_ac�y{�¦¥«¥)��va��¥£cV��vC�
b´��z«vGrt��z«v¼�Z_a��ytz£±.��vGr���¥�psrtyt��z«�¦_Gr/¯�z£��_GrK»Ð�Zpt��¤§c.rsn´¤§cu��r{waytcA¤§��y��dvowab��Ccuy���¤��.y{w�z£p{cµ�a¥£��vacup�À²³

��y�����z£�%z£v�p¬�Ocu� r{z£��vH��¤*rt_acKp{nop¬r{cub »4��À&p{_a��¨�p&r{_C��r�r{_�cK�qnov���bdz}�.��¥�p¬w���p¬nqp¬r{cub
(Σ2)

z}p�¤§wa¥£¥«nG¶
�¦�²rtw���rtcu��³ �Y¸q�C�¦vac.vGr{z}��¥*� ��voª¦c.yt��c.vC� cA��¤	r{_ac���va�¦wa¥£��y�ª�cu¥«�q� z«rsn

ω
r{����vonV�C�¦wav��qcE�H�qcup{z£y{cE��ytc ¤§cuy¬¶

cuv�� c�ª���¥«wac�z}p&rt_ac.v%r{_�c.��ytc rtz£�u��¥£¥«n��C�Gp{p{z«��¥«c�cEp¬�Ocu�.z£��¥«¥£nV¨�_acuv¼r{_ac�c.¸Grtc.ytv���¥Ì¤§�¦yt�.cup����a�a¥£n���r��O��z£vGrtp

é§ê�ë�é½ì
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�.¥«�Gp¬c�r{��rt_acH� c.vGrtc.yd��¤Abd�¦p{p
G

��v�� |Γe|
z}p´p¬b´��¥£¥���vC�®�u��v°�OcHvacu��¥£cu�²rtcu��³®ÂÃv r{_az}p´�.�¦p¬c¦¹M��vac

b´��n�ªGz£c.¨
ω

��p���vHz«vGrtc.ytbZcE�qz}��ytn�� �¦v¦rty{�¦¥�z£va�awqrE³¢ÂÃvH��yt�¦�²r{z}� c¦¹art_az£pi� �¦y{ytcup{�C�¦v��ap¢rt�dr{_acK�.¥£�¦p{p{z}�.��¥
�acu� �¦wa�a¥£cu�H�.��vGr{yt��¥���y���_azºrtcu� r{waytc��Cc.rs¨/cuc.vTz£vavacuyi��v��H��war{c.yi¥«�o�¦��p.³i^&_acKz£vavacuyi� �¦vGr{yt��¥�¥£�o���H�ayt��¶
ªoz}�qcupi_az£��_T�G��z£vTpsr����az£¥£z«±E��r{z£��vH��¤Yr{_acZª�cu_az}� ¥£c$� pg��v���wa¥}��yiª�c.¥£�q� z«rsn��C��p{cu�¼��v;�qz«ytcu� ribdcu�¦p¬w�y{cubZcuvGr
��¤&r{_ac���va��w�¥£��y�ª�cu¥«�q� z«rsnT¤§yt��bkr{_ac�ÂÃvac.y{r{z}��¥/hHcu�¦p¬waytc.bdcuv¦rKfgvaz«ru³Æ^&_ac���wqrtc.yK�.��vGr{yt��¥M¥£�o���Ñw�p{cup
�O�¦p{c�bdcE��p{way{cubdc.vGr���¥£��v��T¨�zºrt_Äcup¬r{z£b´��rtz«�¦vÄ��y�bZcE��p{waytc.bdc.vGr���¤�r{_ac�¥«z£vacE��yZª�c.¥£�q� z«rsn��¦pKp{c.v�p{��y
z£va�awartpu¹O��v��%r{_acZ��va�¦wa¥}��y�ª¦c.¥£�o�.zºrsn¼p{c rg�O��z£vGrA��vC�%r{_aytw�p¬rgz«vGrtc.v�p{zºrsnH�¦p�� �¦v¦rty{�¦¥�z£va�awqr�p.³g����yibZ�Gpsr
���a�a¥£z£�u��rtz«�¦v�p.¹�r{_acir{z£bdc ¶Ãp{�u��¥£cgp{c.����yt��r{z£��vd�Cc.rs¨/cuc.v´rt_acirs¨/��¥£�o����p)z£p¢p{wqÅV� z£c.vGr)rt�Kc.vCp¬waytc�rt_���r¢r{_ac
z£vGr{cuyt�¦�²r{z£��vVr{c.ytb´p��.��v��OcAz£��v���ytcu�Vz£vVrt_ac�� �¦vGr{yt��¥Ì�qcup{z«�¦v�³Y^&_ac.ytc ¤§�¦y{c¦¹oz«v�r{_ac�p{cu|Gwac.¥�¨¢cµ� ��vCp¬z}�qc.y
T

��v��
ω

��p¢r{_�c�� ��vGrty{�¦¥Oz£va�awartpu¹���v��%¨¢cA¤§�o�.w�p��¦v�rt_ac�� �¦v¦rty{�¦¥Ì��¤�r{_ac�p{wa��p{nop¬r{cub
(Σ1)

³

�
	�� � 	 	���
��!��������	
^*�Kp{z«bd�a¥£z«¤§nZ�O��rt_dr{_acA� �¦v¦rty{�¦¥��qcEp¬z£��vV��v��Zr{_acA��ptp¬�q�.z£��r{cu�d��v���¥£nqp¬cEp.¹�¨¢c�b´��©¦cgp{��bdcg��ptp{wabd�qr{z£��v�p
�az£pt� w�ptp{cu��_ac.ytcu��¤½r{c.yE³

���u� 
����*�
	 Î���

Fe

!*�7������!H� ����
�� ��� � � � �����601)�
 ��� � 
 0��%�,(�� ����
 �9)'0�� �
ẋ

(���! � � �E0���!&�+� �'�%!*���/����0 � �
��(���01( ��
 �

t �
� ������� �H�'�	� 0��F0 � )�������0����������,
�� !�0 � �'�	�'����01( �'
2���

�
�
�
�
�

� � ���'� ��(���01( �'
2���	�$(���!E������
,�6�%)'��01��� �

t 7−→ Fe(ẋ, t)
�
t 7−→ ∂Fe

∂ẋ (ẋ, t)
��(��%!

t 7−→ ∂Fe

∂t (ẋ, t)
(��	���,���6�%!&�,! �6�/0 
����#� 
����

�
�
�
�
� ẋ

0�� ),� � ��(&)'�
�'�'�1�

�
^&_�cgva�¦vq¶[�ac.�Oc.v��qcuv�� ci��¤ −→

F e
��vdrt_acAª�c._�z£�.¥«c � p/��r¬rtzºrtw��qcAz£p/�a_onqp¬z}�.��¥«¥£ni�sw�psrtzº·Ccu�V¨�_�c.v´rt_acA��c.yt�q�qnG¶

vC��bdz£��» ��v�� ���¦y/_onq�qyt�q�qnov���bdz}�uÀ	¤§�¦yt�.cup¢�q�Kv���r��qc.�Oc.v�����vVr{_acµª�cu_az}� ¥£c$� p)�¦y{z£c.vGrt��r{z£��v�¹o����y{�¦�Ccuy¬rsn
¨�_�z£��_¼�qc.�Oc.vC�ap&cuptp¬cuvGr{z}��¥£¥«n´�¦v�rt_ac�ª�cu_az£�.¥«c � p&p{_����Oc�³Y^&_az}p���ptp{wabd�qr{z£��v%z£p��.¥«cE��yt¥«n´ªoz£��¥}��rtcu�Vz£v%r{_ac
�u��p{cV��¤g��z«yt�a¥}��vacEp�¨�_az}��_®��y{c�p¬wa�a�scu�²rtcu�Ñrt�;¥£z«¤½r�¤§�¦yt�.cup�¨�_��¦p{c�z£v¦rtc.v�p{z«r{z£cupZ��ytcVª�cuy{nÑp¬cuv�p{zºrtz«ª¦cVr{�
��zºr���_T��va�¦¥«cEp.¹a��wqrgz«rg�Cc.r¬rtc.yA_a��¥}�ap�z£v¼r{_ac��.��p{c���¤Y¾A^g�A¿Ñª�c._�z£�.¥«cEp.¹O��p�c.¸q��bd�a¥«z«·�cE�¼�Gn�r{_ac���Dg��ª¦¶
cuy �)n�c#�g��¤*�¢c.y{r{z£v�^*cu��_ava�¦¥«�¦��z£cup �Ay{�¦wa��³Y�gp/¤§��y¢rt_aciv���vq¶Ã�qc.�Oc.vC�qc.v��.ciw��C�¦vVr{_�cµ��va��w�¥£��y)ª�cu¥«�q�.zºrsn
ω
¹	rt_ac¼��ptp¬wabd�qrtz«�¦v°z}pK�Oc r{r{cuyi�swCpsrtzº·�cE�°¨�_�c.v°z½À�r{_ac%c ¸or{cuy{vC��¥/¤§��y�� cupZ�����a¥«n���rZ�O��z£vGrtpZ� ¥£�¦p{cVr{�

rt_acKª¦c._az}� ¥£c$� pg�.c.vGr{cuyg��¤Mbd�¦p{pu¹�z£z½À�bd��rtz«�¦vHy{cE��� r{z£��v¼¤§��y�� cEp�ytcup{wa¥ºrtz«v��V¤§yt��b r{_ac�ª�c._�z£�.¥«c � pgy{��rt��rtz«�¦v
�u��v��Cc´v�c.��¥£cu� r{cE�;¨�_�c.v�� �¦bZ�C��ytcu�Hrt�¼r{_a�Gp¬cd�ayt�q�qw��.cu���onHr{y���v�p{¥}��r{z£��vC��¥	bd��r{z£��v�³V�*z£v���¥«¥£n�¹*r{_ac
v���vq¶Ã�qc.�Oc.vC�qc.v��.cK�¦vHr{_acd���u� cu¥«cuyt��r{z£��v¼ª���ytz£���a¥«cEp

ẍ
��v��

ω̇
z£p)�sw�p¬r{z«·�cu�Æ¨�_ac.v����a�qcE�o¶[bd�¦p{pgc �Ìcu� rtp

�u��vH�Oc�vacu��¥£cu�²rtcu��³�^&_�cup{c�c �Ìcu� rtpu¹�¨�_az}��_Æ�qcu�Ccuv��¼cuptp¬cuvGr{z}��¥£¥«n%��v¼rt_acK��b��az£c.vGr�¯�waz}�T��_���yt�¦�²rtc.ytz£p¬¶
rtz£�up.¹a�u��v%�Ccµz£��va�¦y{cE�V¨�_acuv�rt_ac��qc.vCp¬z«rsnV��¤*r{_acµ�O�q�qnVz}p&bKw���_%bd��ytciz£bd�C�¦y¬r���vGr/rt_���v�r{_C��r���¤*r{_ac
cuvoªGz£yt��vabdc.vGrE³�^&_acµc.¸q��bd�a¥«cA��¤	���ac.v�p{cAp{�a_acuy{z}�.��¥Ì�C�q�qnV¨�_��¦p{cA�.c.vGr{cuy&�.��z£v�� z}�qcEp/¨�z«r{_%z«rtp�� cuvGr{c.y
��¤*b´��ptp&�.��v��Oc�w�p¬cE�Vrt�Z�.��v��.y{c.r{z£±.cµ�Z�a_onop{z}�.��¥�p{zºrtw���rtz«�¦v�¤§�¦y&¨�_az£��_¼�gptp{wabd�qr{z£��v =i_���¥}�ap&¨�zºrt_%�
�¦�o�o�%�����ay{��¸qz£b´��r{z£��v�³

^&_ac)¤§��¥£¥«��¨�z£va�&rs¨¢�g� �¦bd�a¥«cubdc.vGrt��y{nA��ptp¬wabd�qrtz«�¦v�p���y{cYb�w���_�¥£cuptp�ytcup¬r{ytz£� r{z£ª�cYrt_���vµrt_ac)�aytc.ªoz£��w�p
�¦vac�³ Dg��¨/cuª�cuyu¹	rt_ac.n°��y{c�ª�cuy{nÑz£bZ�O��y{rt��vGr�¤§�¦y�rt_ac¼� ��vGrty{�¦¥¢�qcEp¬z£��v ��v��®��v���¥«nqp{cup��aytcup{c.vGr{cE�Äz£v
lqcu�²rtz«�¦v��C³

���u� 
����*�
	 Î���� ��� �'�	� ���*0 ���<���<� ����(�
 ����� �,���,�
c1 ≥ 0, c2 > 0

����),� � � (��

|Fe(ẋ, t)| ≤ c1 + c2|ẋ|2 , ∀(ẋ, t) ∈ R
2 × R

» 3 À

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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 ��������� �<(���! �C
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���u� 
����*�
	 Î���� ��� �'�	� ���*0 ���<���<� ����(�
 ����� �,���,�
c3 ≥ 0, c4 > 0

����),� � � (��

ẋTFe(ẋ, t) ≤ c3|ẋ| − c4|ẋ|3 , ∀(ẋ, t) ∈ R
2 × R

» �GÀ
�ip{p{wabd�qrtz«�¦vÆ�Zz«v��az£�u��r{cEp�rt_���r�rt_ac�z£vGr{c.vCp¬z«rsn���¤ −→

F e
�.��vava��rg��yt��¨ð¤ �¦psrtc.y�rt_���v¼rt_acKpt|¦wC��ytc���¤	r{_ac

z£vGr{cuv�p¬z«rsn ��¤µr{_acÆª�c._�z£�.¥«c � p�ª�c.¥£�q� z«rsn°ª¦cu�²rt��yE³R^&_�z£p�z£p�� ��vCp¬z}psrtc.vGrV¨�z«r{_ ��¥«¥A� ��bdbd��v­bd�q�qc.¥}pV��¤
��c.yt�q�qnov���bdz}����v��T_Gnq�qyt�q�qnov���bdz}���qy����Æ»Ð��v��T¥«z«¤½r�À�¤§��y�� cEp.³A^&_acZ�.��v�p¬rt��vGr

c1
��¥£¥«��¨�pg��vacKr{�Vr���©¦c

rt_acV¤§�¦yt�.c���¤���y���ªGz«rsnÆz£vGr{�����.�.��wavGrE¹�¨�_�c.vÄz«rZz}pZ���²rtz«ª¦c�¹Y��p�¨¢c.¥£¥¢�¦p�r{_�c%�¦�²r{z£��v���¤g�Oc.y{r{wayt����rtz«�¦v
¤§�¦yt�.cupK�ay{�q�qwC� cu�Ñ�onÑ¨�z£v�����yZp¬cE��¶Ã� waytytc.vGru³H�gpK¤§��yd�gptp{wabd�qr{z£��v 3 ¹YzºrZcuptp¬cuv¦rtz£��¥«¥£nÑ���.�.��wavGr�pµ¤§��y
rt_ac �{�qz}p{p{z£����rtz«ªoz«rsn �²¹��¦y �¬����ptp{z«ªoz«rsn �²¹���y{�¦�Ccuy¬rsnd��ptp¬�q�.z£��r{cu�d¨�z«r{_��qyt����¤§��y�� cEp.³�ÂÃvV����y¬rtz£�.wa¥}��yE¹�z«r¢pt��nop
rt_���r	¤§�¦y�¥}��yt��c¢ª�cu¥«�q�.zºrtz«cEp.¹�rt_ac�vac.�G��rtz«ª¦c/¨¢��yt©µ��¤O�ayt���g¤§�¦yt�.cup�z«vC� ytcu��p{cup*¥£z«©¦c/rt_ac�� wa�Oc���¤Cr{_ac&�O�q�qn � p
���a����y{cuv¦r&ª�cu¥«�q�.zºrsn���v����CcE� ��bdcEp&�ay{cE�q��bdz£v���vGrE³

��z£v���¥£¥«n¦¹qr{�´��ª¦��z}�´va��va¶4cEp{p{c.vGr{z}��¥��.��bd�a¥£z£�u��r{z£��vCp/z£v�r{_ac���v���¥£nqp¬cEp.¹q�Z¥£�¦psr���ptp{wabd�qr{z£��v%z£p&b´�¦�qc&8
z«r�z}p�� ¥£cu��yt¥£nV¥«z«r¬rt¥«c�ytcup¬r{ytz}�²r{z£ª�ci¤§yt��bÇ��v¼���a�a¥£z£�u��rtz«�¦v�ªoz«cu¨��C�¦z«vGrE³
���u� 
����*�
	 Î���� ��� � ���1
��'�	�'�%),���H�'
2�A)�0�� � −→v r

0 � �,���6��!&�,! 0�� �%���#� � � (.),�������7(����
v̄r

� (���! 0����
�<�,��� (���! �'�,),���%! ���	!*��� ��0 � ����!*����0���(���0��H��� d

dt
−→v r

(���! d2

dt2
−→v r

(��	� �<��
�
 ��!&�����%�,! (��%! �,���6�%!*�,!
�

� � 'K��- (¢�Ç���°�*�%�ù(/�������	��
Ä!%����- ���

fip¬z£va�´�gptp{wabd�qr{z£��v.=�¹qrt_ac�p{wa��p{nop¬r{cub
(Σ1)

��¤Ylonqpsrtc.b »Ð��À&�u��v%�Cc�ytc.¨�ytz«r¬r{cuv%�¦p






ẋ = Rv
v̇ = −S(ω)v − ue3 + RT γe(ẋ, t)

Ṙ = RS(ω)

»�?�À

¨�z«r{_
γe(ẋ, t) := Fe(ẋ, t)/m

�.��¥«¥£cu�;rt_ac �{���a�C��ytc.vGr����.�.c.¥£c.y���rtz«�¦v ��¹*��v��
u := T/m

��v��
ω

w�p{cu�
_�c.ytcu��¤½rtc.y���p¢rt_ac�� �¦vGr{yt��¥Ìz«v��awqrtpu³

^&_az}p�p{cu� r{z£��v%z£p��qcuª���r{cu��r{�Zrt_ac�psr����az£¥£z«±E��r{z£��v%��¤	c.z«r{_�c.y&r{_�c�ª�c._�z£�.¥«c � p/r{_�y{w�p¬rg�qz£y{cE�²rtz«�¦v�¹q��y�z«rtp
¥£z£vacu��y)ª�cu¥«�q�.zºrsn¦¹¦�¦y)z«rtp¢�C�Gp¬z«r{z£��v�³	^&_�ci��v���wa¥}��yMª¦c.¥£�q� z«rsn

ω3
���C�¦wqr)rt_ac�rt_ay{wCpsr���¸qz}pMz}p)va��r/z£voª���¥£ª�cE�

z£vÄrt_ac%y{cE��¥£z«±E��r{z£��v°��¤�r{_�cup{c%�.��vGr{yt��¥¢���q�scE�²rtz«ª¦cupu¹Mp¬�Ær{_���r�rt_az£pd�qcu��ytc.c���¤�¤§ytc.cE�q��b �.��v°�Oc�wCp¬cE�
¤§�¦y�� ��bd�a¥£c.bdcuv¦r���ytnd���q�scE�²r{z£ª�cEp&��v��%�qc ·Cvacu�%�.�¦p¬c.¶4�onG¶[�u��p{c��qc.�Oc.vC�qz«v��Z�¦v�rt_ac�� �¦v�p¬z}�qcuy{cE�´ª�cu_az£�.¥«c
��v��¼���a��¥«z}�.��r{z£��v�³ � ����01����0 ¹Or{_�c.ytc���ytc�z«vq·Cvazºrtc.¥£n�b´��vGn%�O�¦ptp¬z£�az£¥«z«r{z£cup���r�r{_�z£pg¥«cuª�c.¥4¹Cp¬rt��y¬rtz«v��Z¨�z«r{_
rt_ac�p{z£bZ��¥«cEpsrµ��_a��z}� c

ω3 = 0
³gÂÃv#; �¦�A@�»§������cup =u� ?�!%=E���GÀMrt_az}pgª���ytz}���a¥£c�z}pg�qc.r{c.ytbdz«v�cu�Hz£vÆ�¦yt�qcuy�r{�

r���©¦cZ�¦�qª���vGrt����cZ��¤/¥£z«¤½r�¤§��y�� cup��¦p{p{�q� z}��rtcu�T¨�z«r{_Ñ��vÑ��p{nobdbZc.r{ytz£�Z¾A^g�A¿®ª¦c._az}� ¥£c�³ZÂÃv�r{_ac´p{cu|Gwacu¥Ð¹
rt�Äp¬z£bd�a¥£zº¤§n°r{_acT�.��vGr{yt��¥��qcEp¬z£��v­��vC�°rt_acT��ptp{�o�.z£��r{cE�°��vC��¥£nop{cupu¹)¨¢cd�sw�p¬r���ptp¬w�bZc%rt_���r

ω3(t)
z}p

¨¢c.¥£¥«¶[�qc.·�vacE����r���von´r{z£bdc���v��%�O��wav��acu��³

�
	�� �
	�� ��	 � �!�
� ��� ����� ��� ��� ����� �
¿�c r

γ ∈ R
3 �qcuva��rtc��Hwavaz«r�ª¦cu� r{��y�» |γ| = 1

À���ptp¬�q�.z£��r{cu��¨�z«r{_�rt_ac��qcEp¬z£ytcu��»§�O�¦ptp{z«�a¥£n�ª���y{noz£va�GÀ
rt_aytw�psrM�qz£ytcu�²rtz«�¦v���v��Kc.¸q�ay{cEp{p{cu��z«v�r{_ac�z£vacuy¬rtz£��¥¦¤§y���bdc I ³	ÂÃv���yt�¦�²r{z}� c¦¹�r{_az}pY�qcEp¬z£y{cE�K�qz£ytcu�²rtz«�¦v�b´��n
�.��yty{cEp¬�O��vC�%r{��r{_acZ��vacdp{�CcE� z«·�cu�Æ�GnH��b´��vow���¥C�s��nqpsrtz£��©Ì³�^&_acZ���q�scE�²rtz«ª¦cKz}pgrt_acdpsr����az£¥«z£±u��r{z£��vT��¤

é§ê�ë�é½ì



���������	��
���
������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� =*=

rt_ac�ª�cu_az}� ¥£c$� p)rt_aytw�psrg�az«ytcu� r{z£��v¼���O��wqr&r{_�c�y{c.¤§c.ytc.v��.cAª¦cu� r{��y
γ

�¦yu¹qcE|¦waz£ª���¥£c.vGr{¥£n�¹ort_ac�p¬rt����z«¥£z«±E��rtz«�¦v
��¤

RT γ
���O��wqr

e3
³

 ic ·�v�c
γ̄ := RT γ

»��¦À
��v���¥«c.r

θ̃ ∈ (−π; π]
�qc.v���r{cArt_ac���va�¦¥«cA�Oc rs¨¢c.c.v�r{_�cµrs¨/�Zwavaz«r�ª�cE�²r{�¦ytp

e3
��vC�

γ̄
¹Cp¬��r{_���r

cos θ̃ =
γ̄3

¹�rt_acVrt_az«y���� �¦bd�C�¦vac.vGrK��¤
γ̄
³T^&_ac��.��vGr{yt��¥M�¦�q�scu� r{z£ª�cVz}pK��¥£p{�Hcu|Gwaz£ª���¥£c.vGr�rt�Hr{_ac%��p{nobZ�ar{��rtz£�

p¬rt���az£¥«z£±u��r{z£��v¼��¤
θ̃ = 0

³&�&��p{cu�%��v¼rt_acK���C��ª¦cAv���rt��r{z£��v�¹�r{_ac�·�ytp¬ri�.��vGr{yt��¥�ytcup{wa¥«rg��¤	r{_�z£pg�����Oc.y�z}p
p¬rt��r{cE��vac.¸oru³

� � Î � Î � 	 � 	 Î�� 
�� �'� � !&�'�%���+� ( ������01)'��
��E� ����0���0���� )���� ���+(���� � (���!�(,�&�%
���� � � ),�������	��
 
 ( �















ω1 = − kγ̄2

(1 + γ̄3)2
− γTS(Re1)γ̇

ω2 =
kγ̄1

(1 + γ̄3)2
− γTS(Re2)γ̇

»�>�À

�+� ����� � �H���+� �
Ṙ = RS(ω) �

������� � � � �����60�
 0 ����0���� ����0��/�
θ̃ = 0

� 
 ����� �	���,�6
 ��0���� )'
2�����,!��+
2�9�,�
� �H���+� � 0 � � ��� ���%�'����01(�
�
�� �,�+( �'
2� � 0���� !&� � (�0��.��
 (�������(&)'��01��� ������(�
 �+�

(−π, π) �
^&_�c��ayt�G��¤���¤*rt_az}p��ayt���O�¦p{zºrtz«�¦v¼z£p��¦z«ª¦c.v¼z£vT���a�Oc.v��azº¸T��³ =�³¢ÂÃvH¨�_���r�¤§��¥£¥«��¨�pu¹q¨¢cKp¬_���¨2_a��¨2r{_�z£p
�.��vGr{yt��¥£¥£c.y&�.��v¼�Oc�c ¸or{cuv��qcE�Vrt�dr{_ac�¥£z«v�cu��y�ª¦c.¥£�q� z«rsnV��v��%�O�¦p{zºrtz«�¦v%�.��vGr{yt��¥Ì�ayt���a¥£c.b´pu³

�
	 � ������� � � � � � � ������� �
¿�c r

ẋr
�qcuva��rtc�r{_acgy{c.¤§c.ytc.v��.c�ª�c.¥£�q� z«rsn�c.¸q�ay{cEp{p{cu��z£v´r{_acgz«vacuy¬rtz£��¥q¤§y���bdc I ¹

ẍr
rt_ac�rtz«bdc.¶[�qcuy{z£ª���rtz«ª¦c

��¤
ẋr

¹	��vC�
ṽ := RT (ẋ − ẋr)

rt_acVª�cu¥«�q�.zºrsn;c.yty{�¦yµr{c.ytbkc.¸q�ay{cEp{p{cu��z£vÑr{_ac��C�q�qnG¶4·a¸qcu�;¤§yt��bdc B ³
ÂÃvCpsrtcu���d��¤��qc ·Cvaz«v��

γ
�¦p/��y{c.¤§c.ytc.v��.c�wavaz«r/ª¦cu�²rt��y¢��pMz£v´r{_�ci�aytc.ªoz£��w�p)p¬wa�Cp¬cE�²r{z£��v�¹¦¨¢cgva��¨��qc.·�vac

γ(ẋ, t) := γe(ẋ, t) − ẍr(t)
»Ð�¦À

�iv�cirt_ac.v¼�¦�qrt��z«v�p¢rt_acµ¤§��¥£¥£��¨�z«va�Zc.ytyt��y&bd�o�ac.¥

˙̃x = Rṽ
»�G��¦À

˙̃v = −S(ω)ṽ − ue3 + RT γ(ẋ, t)
»�G��CÀ

Ṙ = RS(ω)
»�G��uÀ

¨�z«r{_;c.z«r{_acuy
x̃ :=

∫ t

0
(ẋ(s) − ẋr(s)) ds

¹�rt_acZz«vGr{cu��y���¥*��¤Mrt_ac�ª¦c.¥£�q� z«rsn%cuy{yt��yE¹O��y
x̃ := x − xr

¹Ìr{_ac
�O�¦p{z«r{z£��v�r{y�����©oz«v���cuy{yt��y&¨�_acuv%�dytc ¤§cuy{cuv�� cir{y����scE�²r{�¦y{n

xr
z£p�p{�Ocu� z«·�cE��³

^&_ac¼�ayt����¥«cub ��¤A�¦p¬nobd�qr{��r{z}��p¬rt���az«¥£z£±u��rtz«�¦v°��¤�r{_ac¼¥£z«v�cu��yZª�cu¥«�q�.zºrsnÑc.ytyt��y
ẋ − ẋr

r{��±.cuy{�;z£p
�.¥«cE��yt¥«n´cE|Gwaz«ª���¥«cuv¦r¢r{�Zrt_ac���p{nobZ�ar{��rtz£�Ap¬rt����z«¥£z«±E��rtz«�¦v���¤

ṽ
r{�d±.cuy{�C³ �)|Gw���rtz«�¦v�»�G���À¢z£v��qz}�.��r{cup¢rt_���r

ṽ ≡ 0
z«bd�a¥£z«cEp&r{_C��r

−ue3 + RT γ(ẋ, t) = 0
» =E�¦À

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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 ��������� �<(���! �C
2(���!&�
��� � � ���

�ip�¥£��va���¦p
γ(ẋ, t)

z£p*�qz �Ocuy{cuv¦r�¤§y{�¦b ±.cuy{�C¹uz«r�z}p��O�¦ptp¬z£�a¥£c	r{�g�ac ·�vac/�&¥«�q�.��¥«¥£nAwavaz}|¦w�cYr{_aytw�p¬r��qz£y{cE�²r{z£��v
p{��¥£wqrtz«�¦v¼r{�Vrt_ac����C��ª¦c�cu|Gw���r{z£��v�³ Dg��¨/cuª�cuyu¹qrt_az}pip{��¥£wqr{z£��v;�.��vHv���ri�OcK��y{�¦¥«�¦va��cE���onH� �¦vGr{z£vGw�zºrsn
��r

γ = 0
³��gpµ�Vb´��r¬r{cuyi��¤M¤ ��� ru¹Ì��v�c��.��vTª�cuy{z«¤§n%r{_���rirt_az}pAp{z£va��wa¥}��ytz«rsn%�.��yty{cEp¬�O��v���p&r{��r{_acd�.�¦p¬c

¨�_�c.v%r{_acK¥«z£vacu��y{z£±u��r{z£��v%��¤)lonqp¬r{c.b »1G��CÀ !�»1G¦�.À���rg��von�cu|Gwaz£¥£z«�aytz£wabÇ�O��z£vGr
(ṽ, R) = (0, R∗)

z}p�va��r
�.��vGr{yt��¥£¥}���a¥£c�³�¾Ycuy{nHp{�CcE� z«·C��»Ð��v��Tp¬r{z£¥£¥*�ayt�¦p{�Ocu�²rtz«ª¦cEÀ�va��va¥£z£vacu��yi� �¦vGr{yt��¥�rtcu��_avaz}|GwacupA��ytc�ytcu|Gwaz£y{cE�
rt�����a�qytcuptpdpsr����az£¥£z«±E��r{z£��v®z£ptp{wacupdz£v r{_az}p´�.�¦p¬c�» p{c.c¼c¦³ �C³ ; =9G�@½À ³­^&_�cup{c�rtcu��_av�z£|GwacEp´��ytc�va��r´r{_ac
p{wa�q�scE�²r���¤¢rt_acV�aytcup{c.vGr������Ccuy��Ocu�.��w�p{cdr{_acVª���vaz£p{_az£va�H��¤

γ
�a�GcEp�va��rZ� ��ytytcup{�C�¦v��Hrt�Æ�¼��cuvac.ytz£�

p{z«r{w���r{z£��vV¤§�¦y��K¥}��yt��cA� ¥}��ptp)��¤*wav��ac.y����²rtw���rtcu�´bdcE��_���vaz}�.��¥�p¬nqp¬r{c.b´pµ»½rt_a�¦p{ci¤§��y&¨�_az}��_
γe(ẋr(t), t)z}p/va��bdz£v���¥£¥«nV�az �Ìc.ytc.vGr)¤§yt��b ±uc.yt�GÀ ³  �cicEp{p{c.vGrtz£��¥«¥£n´�qz£pt�.��yt�´r{_az}p&�qzºÅV�.wa¥ºr��.�¦p¬ci_ac.ytcg�onV�¦p{p{wabdz«v��

rt_���r

���u� 
����*�
	 Î���� ��� �'�	� ���*0 �����
δ > 0

����),� � � (�����
���� (�
�

(ẋ, t)

� |γ(ẋ, t)| ≥ δ �
�g¥ºrt_a��w���_�r{_az}p��¦p{p{wabd�qr{z£��vÑz}p�ytcup¬r{ytz£� r{z£ª�c�¹�zºr�p{z£bZ��¥«z«·�cup�r{_acVc.¸q�C�Gp¬z«r{z£��v���¤��%����p{z}�´��v�����cuvac.ytz}�
�.��vGr{yt��¥��qcup{z£��v�³AÂÃv;locE�²r{z£��vÆ��¹Ì_a��¨¢c.ª�cuyu¹C¨/c�¨�z«¥£¥	¨/cE��©¦c.v¼r{_�z£pA��ptp¬w�bZ�ar{z£��vÆ��v��H�ayt���O�¦p{cK��v����o¶
_��o�g���a���qrt��r{z£��v´��¤Ìrt_aci�.��vGr{yt��¥��acup{z«�¦v´z«vV�¦yt�ac.yYrt�Kc.vCp¬waytc�rt_acg¨¢c.¥£¥º¶[�O�¦p{cu�qvacEp{pM��¤Ìr{_acA� �¦v¦rty{�¦¥«¥£c.y � p
c.¸q�ay{cEp{p{z£��v���v��Vb´��z£vGrt��z«v%�Kbdz£vaz«b´��¥�� ��vGrty{�¦¥C��¤�r{_�cAª¦c._az}� ¥£cA¨�_ac.v |γ| ��c r�p&� ¥£�¦p{cgrt��±uc.yt��³� �_ac.v
�O��rt_H�gptp¬wabd�qrtz«�¦v ?d��v���y{cu¥£��r{z£��vÑ» =u�¦À¢_a��¥}��¹qw�p{z«v��Æ»���À¢�¦vac��qcE�qw�� cEp¢r{_���r

γ̄ = ±|γ|e3.

¿�c r
θ̃ ∈ (−π; π]

�qc.va��r{c&rt_acg��v���¥£c¢�Oc rs¨¢c.cuvZr{_ac&rs¨¢�µwavaz«r)ª�cE�²r{�¦ytp
e3

��v�� γ̄
|γ|

¹Gp¬�µrt_���r
cos θ̃ = γ̄3

|γ|
³

^&_�cZ�.��vGr{yt��¥*���q�scE�²r{z£ª�c�z«bd�a¥£z£cupir{_���rAcuzºrt_ac.y
θ̃ = 0

»§z4³ c¦³
γ̄ = |γ|e3

À��¦y
θ̃ = π

»§z4³ c¦³
γ̄ = −|γ|e3

À
b�w�p¬rµ�OcV��p{nobd�qr{��r{z}�.��¥£¥£nTpsr����az£¥«z£±.cE��³´^&_acV��_a�¦z£�.c��Oc rs¨¢c.cuv;rt_acup{cZrs¨/�¼cE|¦w�z«¥£z«��y{z}��z}p���¤½r{c.v�b´���qc
ªoz}�Hp¬z£bd�a¥£c´�a_onop{z}�.��¥/� ��vCp¬z}�qc.y���rtz«�¦v�pµp¬wC��_Ñ�¦p�bdz«v�z«bdz£±.z£va�¼r{_ac�c.vacuy{�¦nÆ� �¦v�p¬w�bZ�ar{z£��vÑz«v�ytc.¥}��rtz«�¦v
rt�Æ��� r{w���r{�¦y�� pµc ÅV� z£c.vC� nÑ��v��Ñª¦c._az}� ¥£c$� p�p{_����Oc�¹	��yK�Gn;rt��©oz«va�Hz£vGr{�Æ�¦�.�.��wavGr�r{_�c�wavaz£¥}��r{cuyt��¥«z«rsnÆ��¤
rt_acZr{_aytw�p¬rµ�az«ytcu� r{z£��vÑ��pAz«vÆr{_ac´�u��p{c���¤/bd�¦p¬rA¾A^g�A¿°ª¦c._az}� ¥£cupu³  �z«r{_���wqr�¥£�¦ptpi��¤)��cuvac.y���¥£z«rsn�¹Ì¨/c
_�c.v��.c ¤§��y{r{_¼��ptp{wabdcirt_���r�rt_ac���_a�¦z£�.ci_��¦p&�Ccuc.v¼b´���qcµrt�´psr����az£¥«z£±.c

θ̃ = 0
³

�&��p{cu�d�¦vdr{_aci���O��ª�c�va��rt��rtz«�¦v�¹¦r{_acgp{cu�.��v��´�.��vGr{yt��¥�y{cEp¬wa¥«r)��¤Ort_az}pM�����Ccuy)z}p)p¬rt��rtcu�´z£vdr{_�cgvac.¸Gr
��y{�¦�C�Gp¬z«r{z£��v�³

� � Î � Î � 	 � 	 Î�� � � �'�
k1

�
k2

�
k3

!*�������+� ������01)���
��E���H��0���0��H� ),�����,�+(��/�1�	�<(���!�(,�&�%
���� � � )��������	��
F
 ( �



























u = γ̄3 + |γ|k1ṽ3

ω1 = −|γ|k2ṽ2 −
k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2ṽ1 +
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

»�=&=EÀ

�+� � �H���+� � »1GGÀ
�

�/�A�&���H�'� ����(�� � ������� �%��01������� ��� �<(��%!���(��	� ��(���0 � � ��!
�

������� ��
���� �����E��� ��� �H���+� �
»�G��CÀ	�¦»�G��uÀ � ����� �����60�
 0 �'��0���� ����0��/�

(ṽ, θ̃) = (0, 0)
� 
 � � � )'
2�H�'�,!��+
2�A��� � �H���+� � 0 � (H� ��� �%�+����01)�(�
�
��

���+( �'
2� � 0���� !&��� (�0�� � 
 (������	(*)���01���.������(�
 �7�
R

3 × (−π, π) �
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 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� = 3

^&_�c)�ayt�o��¤q��¤qrt_az£p*�ayt���O�¦p{zºrtz«�¦v�z£p*��z£ª�cuv�z«vZ���a�Oc.vC�qzº¸��K³ �a³*Â[r�z£p*����p{cu�µ�¦v�r{_�c)w�p{c)��¤qr{_ac¢�.��vC�qz£����r{c
¿�n¦���awava��ªd¤§wavC�²r{z£��v

V =
1

2
ṽT ṽ +

1

k2

(

1 − γ̄3

|γ|

)

=
1

2
ṽT ṽ +

1

k2
(1 − cos θ̃)

» =���À

¨�_��¦p{c&r{z£bZc.¶[�ac.ytz«ª���rtz«ª¦c�z}p)p{_a��¨�vZr{���Ocgvacu�¦��r{z£ª�c�p{c.bdzº¶Ã�qc.·�vaz«r{cg��¥«�¦va����vondp¬�¦¥«wqrtz«�¦vd��¤Ìr{_acA� ¥£�¦p{cu�o¶
¥£�o���¼p¬nqp¬r{cub%³

�
	�� ������� � � � � � � ������� ��� ����	 � ����� � ��� � ��� � 

����y�rt_ac�p¬rt���az£¥«z«rsn���v��H� �¦vGª¦c.yt��cuv�� c���vC��¥£nop{z}p���¤	r{_�cK� �¦v¦rty{�¦¥)» =*=uÀ²¹Oz«riz}p�z£bZ��¥«z}� z«r{¥£n%�¦p{p{wabdcu�%rt_���r
γ(ẋ, t) = γe(ẋ, t) − ẍr(t)

z}pµ�Ccuy¬¤§cE�²r{¥£nH©ova��¨�v�³�ÂÃv��ay���� r{z}� cK_���¨/cuª�c.yE¹��qwacZz«v�����y¬rtz£�.wa¥£��ygrt�%r{_ac
�azºÅV� w�¥ºrsn���¤����qr���z£vaz£va�g�aytcu�.z£p{c¢bZcE��p{waytcup��¦y	cup¬r{z£bd��r{cEp���¤

Fe
¹�r{_ac&��������ytc.vGr��¦�.�.c.¥£c.y���r{z£��v

γe
z}p�va��r

©ova��¨�vZc ¸a�¦�²r{¥£n�³	e��¦yMz}p
γ

r{_�c.ytc ¤§��ytc�³*Â[rMz£p)¨/cu¥«¥«¶[©Gv���¨�v�¤§y{�¦b rt_acg� �¦vGr{yt��¥or{_�c.��ytn���¤O¥£z«v�cu��yMp{nqpsrtc.b´p
rt_���r¢r{_�ciz£v�� �¦y{�O��y���rtz«�¦v´��¤�z£vGr{cu��y���¥Ì� ��ytytcu�²rtz«�¦vdr{cuy{b´p¢z«v�r{_acµ� �¦vGr{yt��¥Ì�qcup{z«�¦v��.��v��.��bd�Ccuv�pt��r{cg¤§��y
�¦�a�qz«r{z£ª�c��Ccuy¬rtway{�C��r{z£��vCp�¨�_az}��_�¹Ìz«vÆr{_acZ�aytcup{c.vGri�u��p{c�¹Ìb´��n�r���©�cKr{_ac�¤§��ytb ��¤)��� ��vCpsr���vGri�az}��piz£v
rt_acµbdcu��p{waytc.bdc.vGrµ»§��y&cEpsrtz«b´��rtz«�¦vCÀ/��¤

γe
³Y^&_acµ���a�scu�²rtz«ª¦ci��¤�r{_�z£p�p{wa��p{cu� r{z£��v�z}p¢r{�dp{_a��¨�r{_C��r&r{_ac

�.��vGr{yt��¥	» =*=EÀ¢�.��v��Ocµbd�o�azº·�cE�%z«v%��y��qc.y/r{�´p¬r{z£¥«¥�c.v�p{waytcgrt_ac�� ��voª¦c.yt��c.vC� cg��¤
ẋ − ẋr

r{�d±.cuy{�Z¨�_acuv
p{w���_¼�Z�az£�¦p&z£p��ay{cEp¬cuvGru³Y^��Zrt_az£p��awayt�C�Gp¬c¦¹q¥«c.r�w�p&z«vGrty{�q�qw��.cAr{_acµ¤§�¦¥«¥£��¨�z«v��Zz£vGr{cu��y���¥Or{cuy{b

Iv(t) :=

∫ t

0

(ẋ(s) − ẋr(s)) ds + I0
»�= 3 À

¨�_�c.ytc
I0

z}pK��vÄ��yt�az«r{y���ytnÆ� �¦v�psr���vGru³H�g¥£p{��¹�¥«c.r
h

�qc.va��r{c��Æp¬bd�o��rt_��C�¦wav��qcE��psrty{z}�²rt¥«n��C�Gp¬z«r{z£ª�c
¤§w�v��²rtz«�¦v¼�ac ·�vacE�%��v

[0, +∞)
p{w���_�rt_���rE¹q¤§��y�p{��bdcµ�O�¦p{zºrtz«ª¦cµ�.��v�p¬rt��vGrtp

η, β
¹

∀s > 0, h(s2)s < η
» =u�GÀ

∀s ∈ R, 0 <
∂

∂s
(h(s2)s) < β

» =H?�À
�gv;c.¸a��bd�a¥£cK��¤&p¬wC��_Æ�V¤§w�v��²rtz«�¦v;z}p

h : s 7−→ h(s) = η√
1+s

¹�¨�zºrt_
η

���C�Gp¬z«r{z£ª�cd� �¦v�p¬rt��vGrE³�¿�c r
γ̂e

�qc.va��r{cdrt_ac´bdcu��p{waytcH»§��y�cEpsrtz«b´��r{cEÀA��¤
γe

��v��Ñ�qc.·�vac´va��¨
γ

��pA¤§�¦¥«¥£��¨�p´»§z£vÑy{cu�a¥£�¦� cubZcuvGrµ��¤
ytc.¥}��rtz«�¦v;»Ð�¦À¬À

γ := γ̂e − ẍr + h(|Iv |2)Iv
»�= �¦À

� � Î � Î � 	 � 	 Î�� � � �&��
�� ����� )��������	��
$
2( � » =*=EÀ �+� � �H���7� � »�G¦À � 0����
γ

!*� �<�%�,! � � » = �GÀ
�

�/�A�&���H�'�
� � (��

0 � � ������� �%��01����� � � ��� (��%! ��(���� �'(���0 � � �,! �

0�0 � � � �
� �,(��,�6��� � ���/��� ��� ������0 � (���01��� � �����	���
c := γe − γ̂e

0 � ),�������7(���� �

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô



=u� � 0����6��� ��)�� "���� ��(��	�	�
� (�� ��

� � (H�'),(�
 ��������� �<(���! �C
2(���!&�
��� � � ���

0�0�0 �
lim

s→+∞
h(s2)s > |c| �

������� �*
���� � �H�,�+� � »�G��CÀ	�¦»�G��uÀ )�� � ��
2� � �'���+�,!�� 0�� � � � �E� �'��(���01���
İv = Rṽ

� � � �'�	� � �*0 ���1� ( ),�������7(����
���,)��+���

I∗v ∈ R
3

�,��),� � � (��<����� �����60�
 0 �'��0���� ����0��/�
(Iv , ṽ, θ̃) = (I∗v , 0, 0)

� 
E� � � )'
2�����,!��+
2�9�,� � �H���7� �
0 � (�� ��� �%�+����01),(�
�
������7( ��
2� � � 0�� � !*��� (�0�� � 
 (������	(&)'��01��� ���'��(�
 �+�

R
3 × R

3 × (−π, π) �
^&_�c¢��y{�o��¤C��¤�rt_az}pY�ayt���O�¦p{zºrtz«�¦vKz}pYp¬z£bdz«¥}��y�r{�Art_ac&�ay{�o��¤C��¤O~Myt���O�¦p{zºrtz«�¦vZ�o³ � ��bd�a¥£c.bdc.vGr���ytn��qc r���z£¥£p
��y{cA��z£ª�cuv�z£vH���a�Oc.vC�qzº¸¼��³ 3 ³

¿�c r	w�p��ay{z£c ¯Cn�� ��bdbdc.vGr���v�rt_ac¢y{�¦¥«c/��¤art_ac)¤§w�v��²rtz«�¦v
h

��v��Kzºr�p��ay{�¦�Ccuy¬rtz«cEp.³�^&_ac)��y{�¦�Ccuy¬rsnV»�=.�GÀ
��¤

h
z}p�z£vGr{yt�q�qw�� cE�Hz£vT��y��qc.ygr{��¥«z£bdzºrE¹Oªoz}�T» =��¦À ¹�rt_ac�z£vq¯�w�c.v��.cK��¤Yrt_acKz£vGr{cu��y���¥

Iv
z«vHrt_ac��.��vGr{yt��¥

�¦�²rtz«�¦v�³ D���¨¢c.ª¦c.yE¹C�ip{p{wabd�qr{z£��v 0�0�0 � ��¤M~Myt���O�¦p{zºrtz«�¦v 3 ��¥£p{�´�C�¦z«vGr�pg�¦wqrgrt_���rir{_acZwa�a�Oc.y{¶4�O��w�v��
η�¦p{p{�q� z}��rtcu�%¨�zºrt_Hr{_�cK��_a��z}� cK��¤	r{_az}pg¤§wav��²rtz«�¦vÆp{_a��wa¥}�¼va��ri�Oc�r{�o��p{b´��¥£¥�z£vT��y��qc.y�r{���.��bd�Ccuv�pt��r{c

¤§�¦yg�´¥}��yt��c�cEpsrtz«b´��rtz«�¦vHc.yty{�¦y
c
³g�iv¼r{_ac���rt_ac.y�_C��v���¹Oz£vHªGz£c.¨���¤�» =���À²¹Ì�Vp{bd��¥«¥*ª���¥£wac�¤§��y

η
b´��n

ytcu�aw�� cir{_ac�ytz}p¬©´��¤*_���ªoz£va� |γ| �¦c r{r{z£va�´� ¥£�¦p{cgrt�Z±uc.yt��³Y^&_az}p&�C�¦¥«z}� n�¥«cE���apu¹o¤§��y&z£v�psr���v��.c�¹ort�d��_��G�Gp¬c
η < g

z«v´rt_aci�u��p{c�¨�_ac.v
γe

z}p/cuptp¬cuv¦rtz£��¥«¥£nKcE|Gw���¥�r{��rt_acg�¦yt��ªoz«rsn����u� cu¥«cuyt��r{z£��v�¹���v��Zr{_�cgcup¬r{z£b´��rtz«�¦v
cuy{yt��y

c
��v��

ẍr
��y{cµp¬b´��¥«¥��.��bd����ytcu�Vr{�Zr{_�z£p��¦�.�.c.¥£c.y���r{z£��v�³�^&_acEp¬c��.��v�p{z£�ac.y���r{z£��vCp)z£¥«¥£w�p¬r{y���rtcirt_���r

�d�.��bd�ayt��bdz£p{cA_���p¢rt�´�Ccµ¤§�¦wav���¹��ac.�Oc.v��qz£va�d��v%rt_ac�� �¦v�p¬z}�qcuy{cE�Vª�cu_az}� ¥£cµ��v��¼���a��¥«z}�.��r{z£��v�³

�
	�� � � 	 ��������� � � ������� �
^&_�cµr{_az£yt�¼�.��vGr{yt��¥��¦�q�scu� r{z£ª�c�z}p&r{_ac�� ��b��az£vacu�%psr����az£¥£z«±E��r{z£��v¼��¤*rt_ac�ª�cu¥«�q�.zºrsnVcuy{yt��y

ṽ
» ��y

ẋ − ẋr
À

��v��Zr{_�cg�O�¦p{zºrtz«�¦v´c.yty{�¦y
x̃ = x−xr

rt��±.cuy{�C³��ð·�ytp¬r/p{��¥£wqr{z£��vZrt��r{_�z£p)�ay{�¦�a¥£c.b z£p)�ay{��ªoz}�qcu�d�on�r{_ac
�.��vGr{yt��¥���y{�¦�C�Gp¬cE��z£v%r{_ac���y{cuªGz£��wCp�p¬wa�Cp¬cE�²r{z£��vHp{z«vC� c�¹��Gn%p¬c.r¬rtz«va�

I0 = x(0) − xr(0)
z£v�» = 3 À ¹a��vac

_C��p
Iv = x̃

³Me���¨�¹a��¥£z£©�cir{_ac�ª¦c.¥£�o�.zºrsn�psr����az£¥«z£±u��r{z£��v¼�.�¦p¬c¦¹Gz«rg�.��v��Oc�w�p{c ¤§wa¥/» ��vC��cuª�cuv�vacE� cEp{pt��ytnaÀ
z£v%�ayt�¦�²rtz£�.cirt�´� ��bd�a¥£c.bdcuv¦r�rt_ac�� �¦vGr{yt��¥���� r{z£��v%¨�zºrt_%�Z�O�¦p{zºrtz«�¦v%cuy{yt��y¢z£v¦rtc.�¦yt��¥Ì�.��yty{cE�²rtz«�¦vVr{cuy{b¼³
�ð�C�Gp{p{z«��z«¥£zºrsnZ� �¦v�p¬z}p¬rtp	z£v´w�p¬z£va���µrtc.ytb��ayt���O��y{r{z£��vC��¥or{�µrt_ac��¦wqr{�awar

z
��¤���� ¥}��ptp{z£�u��¥az£vGr{c.�¦yt��r{�¦y���¤

x̃
» zÐ³ c�³

ż = x̃
À�z«v¼rt_acK� �¦vGr{yt��¥�c ¸q�aytcuptp{z«�¦v�³<D���¨¢c.ª¦c.yE¹Gr{_az}pgp{��¥£wqr{z£��v¼�aytcup{c.vGr�p�p¬cuª�cuyt��¥Ì�ayt��¨����¦��©qp.³

����yic ¸a��bd�a¥£c�¹Cr{_ac�z«vGrtc.��y���¥*� ��ytytcu�²rtz«�¦v%r{c.ytb b´��n��¦y{��¨Rª�cuy{n%¥£��y{�¦c���v��Hr{_az}pgb´��n%z«vTr{waytvÆ�.��w�p{c
¥}��yt��cK��ª�c.y�p{_a�o��rtpg��¤Yrt_acd�C�Gp¬z«r{z£��vHrtyt�¦��©oz«va��c.yty{�¦yu³µ^*����ª��¦z£�Hr{_az}pA�ay{�¦�a¥£c.b¼¹���v��;��¥}p¬�%� ���OcK¨�z«r{_
�¦�²rtw���rt��yM¥£z«bdz«rt��r{z£��v�pu¹o��vac�_C��p)r{��pt��rtway���r{c&rt_acAz«vGr{cu��y���¥qrtc.ytb¼³	^&_�z£p¢�.��vV�CcA�q��v�cgz£vVb´��von�¨&��nqp.¹
p{��bdc��Oc r{r{cuy�r{_C��vT��r{_acuytpu³��a��yiz«vCpsr���v��.c�¹�z«rib´��r¬r{cuytp�r{�V��y{cuª�c.vGr�rt_ac�p{��¶Ã�.��¥«¥£cu�¼�qcEp{��r{way���rtz«�¦v�»§��y
¨�z£v��qw��CÀM��y{�¦�a¥«cub ¤§y{�¦b �o�u� waytytz«va��z«v���y��qc.y)r{�Zva��r&��ª�cuy{¥£nZz«v��.y{cE��p{c�r{_�cAp{nqpsrtc.b � p/rtz«bdcAy{cEp¬�O��v�p{c�³
^&_�cdp{��¥£wqrtz«�¦v;�ayt���O�¦p{cu�;z£vÆrt_az£p������Oc.y�z}p����¦p¬cE�Æ�¦v��%va�¦va¥«z£vacE��y��qnov���bdz}�.��¥Yc ¸or{cuv�p¬z£��v�noz«cu¥£�az«va�
�Trsno�Cc%��¤g�O��w�v��qcu�°va��v�¥«z£vacu��yKz£vGr{c.�¦yt��r{�¦yu³�hH��ytc��aytcu�.z£p{c.¥£n�¹Y¨¢c��ac.va��r{c

z
rt_ac%p{��¥£wqrtz«�¦v�r{�;r{_ac

¤§�¦¥«¥£��¨�z£va�Z�az �Ìc.ytc.vGr{z}��¥�cE|Gw���rtz«�¦v%�qytz£ª�c.v%�on
x̃

z̈ = −2kz ż − k2
z(z − p{��r

∆z) + kzhz(|x̃|2)x̃ (kz > 0, z(0) = 0)
» =H>�À

¨�_�c.ytc
hz

�qc.v���r{cEp���p{bd�o��r{_%�O��wav��acu�%psrty{z}�²rt¥«nV�O�¦p{z«r{z£ª�cA¤§wav�� r{z£��v¼p{��r{z}ps¤§noz£va�H» =.�oÀ !�» =A?�ÀM¤§�¦y�p¬�¦bdc
�O�¦p{z«r{z£ª�c��.��v�p¬rt��v¦r�p

ηz, βz
¹M��v���pt��r

∆
z}p��T�.��vGr{z£vowa��wCp �{p{��r{way���rtz«�¦v;¤§w�v��²rtz«�¦v ����_���y���� r{cuy{z£±.cE�Æ�on

rt_acµ¤§��¥£¥£��¨�z«va�Z�ayt���Oc.y{r{z£cupu¹q¨�zºrt_
∆

�Z�C�Gp¬z«r{z£ª�cµvowab��Ccuy���ptp¬�q� z}��rtcu��¨�zºrt_�rt_az}p&¤§wav�� r{z£��v�¹
� �
�
pt��r

∆
z}p�y{z£��_Gr{¶[�qz �Ìc.ytc.vGr{z}���a¥£cµ��¥£��va�d��von�p{bd�G��r{_¼� waytª�c¦¹a��v���z«rtp��qcuy{z£ª���rtz«ª¦cAz}p&�O��wav��acu��³

é§ê�ë�é½ì
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2��� =H?

���
� ∀x ∈ R

3 ¹qz«¤ |x| ≤ ∆
¹�pt��r

∆(x) = x
³

���
� ∃ ∆̄ > 0

p{w���_%r{_���r ∀x ∈ R
3 ¹ | pt��r ∆(x)| ≤ ∆̄

³
� �
� ∀(c, x) ∈ R

3 × R
3 p¬w���_%rt_���r |c| < ∆

¹ | pt��r ∆(x + c) − c| ≤ |x| ³
���O�¦ptp{z«�a¥£c���_a��z}� cµz}p¢r{_ac��.¥£�¦p{p{z}�.��¥�pt��rtwayt��r{z£��v�¤§wav��²rtz«�¦vH�qc ·�v�cu�¼��p

p{��r
∆(x) := x min

(

1,
∆

|x|

)

(∆ > 0)
» =E�¦À

¤§�¦y�¨�_az}��_
∆ = ∆̄

³
�ivacdª¦c.ytzº·�cEpi¤§y{�¦b » =�>�Àgr{_���r�wa¥ºrtz«b´��r{cdwavaz«¤§��ytb$wa�a�Oc.y{¶[�C�¦wav��apµ��¤ |z| ¹ |ż| ¹*��v�� |z̈| ��ytc

∆̄ +
ηz/kz

¹
2(kz∆̄ + ηz)

¹C��v��
6kz(kz∆̄ + ηz)

ytcup{�Ocu�²rtz«ª¦c.¥£n�³
 ic ·�v�c

y := x̃ + z
» =AG¦À

v̄ := ṽ + RT ż
»4���¦À

γ := γ̂e − ẍr + h(|y|2)y + z̈
»Ð� =EÀ

¨�_�c.ytc
γ̂e

�qcuva��rtcup	rt_ac�bdcu��p{waytc.bdc.vGrg» ��yYcup¬r{z£b´��rtz«�¦vCÀ	��¤
γe

¹¦��v��
h

z£p/��p¬bd�o��rt_d�C�¦wav��qcE�Zp¬r{ytz}�²r{¥£n
�O�¦p{z«r{z£ª�cA¤§wav�� r{z£��vHp{��r{z}ps¤§noz£va�T» =u�¦À !Ì» =H?�À���¤§�¦ygp¬�¦bdcA�.��v�p¬rt��v¦r�p

η, β > 0
³

� � Î � Î � 	 � 	 Î�� � � �'�
k1

�
k2

�
k3

!&�'�%���+� ������01)'��
�� ���H��0���0���� ),�����,�+(��/�1�
�

� �&��
�� � � �C
���
�
2� � 0���� ),�������	��


 ( �



























u = γ̄3 + |γ|k1v̄3

ω1 = −|γ|k2v̄2 −
k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2v̄1 +
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

»4����À

�+��� �H�,�+� � »�G¦À � 0����
v̄, γ,

(��%!
y
� ����01),� 0��/�7�'� ��������� 0���� � �E!&�����/0���01��� ��


γ
� !&�������,! � � »4����À � »4�6=uÀ �

(��%! »�=9G�À �	�������,)���0�����
��
�

�%�A�&���H�'� ����(��

0 � � ������� �%��01����� � � ��� (��%! ��(���� �'(���0 � � �,! �

0�0 � � � �
� �,(��,�6��� � ���/��� ��� ������0 � (���01��� � �����	���
c := γe − γ̂e

0 � ),�������7(���� �

0�0�0 �
lim

s→+∞
h(s2)s > |c| �

0�� �
∆ > |z∗| � ��� �'�	�

z∗
!*�������+� ����� �6��0 �'��� ����
 �6��01��� �+� � � � ������(���01���

h(|z∗|2)z∗ = c �
� ê�ß�è4ä	èÐÕ�Útè h Ø¬Ú�Ô���äYá�Ó 	�ä¬à äsÔ.è�
«àÐß²æ hz

÷

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô



=�� � 0����6��� ��)�� "���� ��(��	�	�
� (�� ��

� � (H�'),(�
 ��������� �<(���! �C
2(���!&�
��� � � ���

������� ��
������ �H�,�+� � »1G¦À ),��� �%
2� � ���/�7�,! � 0���� »�=H>�À ������� � �'�60�
 0 �'��0���� � ��0����
(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)��
 ����� )�
 �H�'�,!��+
2�A��� � �H�,�+� � 0 � (�� ��� �%�+����01),(�
�
�� �,�+( �'
2� � � 0���� !&��� (�0�� � 
 (������	(&)'��01���#������(�
 �7�

R
3 ×

R
3 × R

3 × R
3 × (−π, π) �

^&_�cA��y{�o��¤���¤�r{_az}p��ayt���O�¦p{z«r{z£��v�z}p��¦z«ª¦c.v�z£vH���a�Oc.vC�qzº¸H��³ �a³
^&_ac�y{�¦¥«cd��¤¢r{_�c´¤§wav�� r{z£��v

h
_��¦p��Oc.c.vÄ�.��bdbdc.vGr{cE��wa�C�¦vÑz«vÑrt_acV�aytc.ªoz£��w�p�p{wa��p{cu� r{z£��v�³%�a��y

�O�¦p{z«r{z£��v�p¬rt���az£¥«z£±u��r{z£��v�¹�¨¢c/¤§way¬rt_ac.yYytc.b´��y{©Ar{_C��r	r{_ac&�ayt���Oc.y{rsn�»�=.�¦À*��¤
h

�C�¦wav��ap*rt_ac�� �¦v¦rty{z£�awqrtz«�¦v
��¤Yr{_ac��C�Gp¬z«r{z£��vÆc.yty{�¦y

x̃
z£v

γ
�qc ·�v�cu�H�onÄ»4�6=uÀ ¹Ì��v��¼rt_GwCpi��¥£p{�Vz£vHr{_acd� �¦vGr{yt��¥�z£va�awqr�pµ�qc ·�v�cu�H�on

»4����À ³M^&_az}p/¥£z£bZz«rtp/rt_acµz«vq¯Cwac.v��.ci��¤�¥}��yt��cgz£vaz«r{z}��¥Ì�O�¦p{zºrtz«�¦v�c.ytyt��y�pM��v�r{_ac��.��vGr{yt��¥Cz«va��wqrtp&z£vGr{c.vCp¬z«rsn�¹
��v��%y{cE�qw��.cup&rt_ac�y{z}p{©���¤Ypt��r{w�yt��r{z£va�dr{_ac��¦�²rtw���rt��y�p.³)eg��rtc�r{_���r�r{_ac���_a��z}� c���¤

h
z}pgp¬r{z£¥£¥��db´��r¬rtc.y

��¤	�.��bd�ayt��bdz}p¬c¦³/¿�c.rgw�pi� ��bdbdc.vGr��¦v¼r{_ac�yt��¥£cµ��¤	r{_�cK� �oc ÅV�.z«cuv¦r
kz

³ �/|¦wC��r{z£��vÄ»�=H>�À��C�¦z«vGrtpg��wqr
rt_���r

kz
z«vq¯Cwac.v��.cupir{_�cZy���rtcK��¤¢�qcEp{��r{way���rtz«�¦vH��¤

z
¨�_az}��_;�u��vÆ�Ocd����p{c.ytª�cE��¹C¤§��yµz«vCpsr���v��.c�¹�¨�_acuv

|z| z}p�z£vazºrtz£��¥«¥£n¼¥£��y{�¦c.y�rt_���v
∆

��v��
x̃ = 0

³g^&_ac�¥£��y{�¦c.y
kz

¹�rt_ac�¤ �¦psrtc.ygr{_acZ�qcupt��rtwayt��r{z£��vH��vC�¼r{_ac
p{b´��¥£¥«cuy�r{_�c�z£vq¯�wacuv�� cV��¤�r{_az}p�z£vGr{cu��y���¥)�¦�²r{z£��v��¦vÑr{_ac�p¬nqp¬r{c.b � p�rtz«bdc�ytcup{�O��v�p{c�³Æ�ivÑr{_�c���rt_ac.y
_C��v���¹�p{z«vC� cKw��a�Ccuy¬¶[�O��wav���p���¤ |z̈| ��vC� |γ| ��ytc��ayt���O��y{r{z£��v���¥�r{�

kz
¹�� �{p{bd��¥«¥ ��ª���¥£wacK��¤

kz
r{cuv��ap

rt�H¥«z£bdzºrKr{_acVytz}p¬©;��¤�p{��r{way���rtz«va�¼rt_acV��� r{w���r{�¦ytpu³�� ¥}��yt��cdª���¥£wacV��¤
kz

��¥£p{�Hz«vC� ytcu��p{cupirt_acVy���va�¦c
z£vGr{cuy{ª���¥���¤ |γ| ��v���¹Ìp¬wa�Cp¬cE|¦w�c.vGr{¥£n�¹�r{_ac�ytz}p¬©%��¤Y��c.r¬rtz«va� |γ| �.¥«�Gp¬cµrt�V±.cuy{�T»Ð�´ª���¥£wac�¤§��yi¨�_az}��_¼r{_ac
�.��vGr{yt��¥�z}p�v��V¥«�¦va��cuy��qc ·Cvacu��À ³�^&_ac�rtwavaz£va�V��¤

kz
z}p�rt_GwCpg���G��z£v%�Vbd��r¬rtc.y���¤Y�.��bd�ayt��bdz}p¬cµrt�V�Cc

p{��¥£ª�cE���u��p{c ¶[�GnG¶Ã�.�¦p¬cA�qc.�Oc.v��az«va�´�¦v�rt_ac�� �¦v�p{z£�qcuy{cE�Vª¦c._az}� ¥£c���v��%�����a¥«z}�.��r{z£��v�³

�
	�� � ��� � � � � � � � 	 � �!� �!� � ��� �������!� � � 	���� 	 �
ÂÃv�b´��vGnA���a��¥«z}�.��r{z£��v�pÌrt_acYrt_ay{wCpsr	�qz«ytcu� r{z£��v��.��vava��r��Cc/z«voª�cuy¬rtcu��³*^&_az£p�bdcu��vCpÌr{_���r���v�¥«nµ�&�C�Gp¬z«r{z£ª�c
» y{cEp¬��³�v�c.�¦��r{z£ª�c�ÀY��y¢vowa¥£¥Ì�.��vGr{yt��¥

u
�.��v��OcA���a�a¥£z«cE��³Y�a��y¢rt_acA�.��vGr{yt��¥O¥}��¨�p)�¦z«ª¦c.v�z£v�~)y{�¦�C�Gp¬z«r{z£��v�p

��!G�a¹�r{_az}p�p{z«�¦v¼�.��v�p¬r{y���z£vGr�z£p�pt��rtz£p¬·�cE��z£v%r{_acKvac.z£��_o�O��yt_a�o�o����¤�r{_�cKpsr����az£¥£z«±ucu�%cu|Gwaz£¥«z£�aytz«w�bÇ�O��z£v¦r
»Ðp¬z£v��.c

u ≈ |γ| ��v�� |γ| > 0
¤§y{�¦b �ip{p{wabd�qr{z£��v ?�À ³ D���¨¢c.ª�cuy�z«rKz£p�va��r�p{��r{z}ps·Ccu�Ñz£v�r{_ac�c.vGr{z£y{c

�a��b´��z£v­��¤���r{r{y����²rtz«�¦v­��¤µr{_az}pVcE|Gwaz«¥£z£�ay{z£wab¼³�^&_acH¤§��¥£¥£��¨�z«va����y{�¦�C�Gp¬z«r{z£��v­�O��z£v¦r�pV�¦wqrV_a��¨ r{_ac
�O�¦p{z«r{z£��v�� �¦v¦rty{�¦¥Y¥£��¨ »4����À�z«vÑ~Myt���O�¦p{zºrtz«�¦vÑ�T�.��v��OcVbd�q�qz«·�cu��rt�T� ��bd�a¥£nÆ¨�z«r{_Ñrt_ac��.��v�p¬r{y���z£vGr
u ≥ 0

¹q¨�z«r{_a�¦wqrg� �¦v�p{cu|Gwac.vC� cup¢�¦v�rt_ac�p¬rt����z«¥£zºrsn�z£ptp¬w�c�³

� � Î � Î � 	 � 	 Î�� � � �'�
k1

�
k2

�
k3

!*�������+� ������01)���
��E���H��0���0��H� ),�������7(������ ��(��%!
v̄

(��%!
γ

(H� !&�������,! 0��
���	�����H��0���01��� �

�
� ���

σ : R → R
!*�������+� (E������01)���
�� 0��%)'�	�,(H��0�� � �#� �A��� ��
,�6��)���01��� ����),� � � (��

σ(0) = 0(��%!
σ(s) > − 1

k1
, ∀s ∈ R �

� �*�%
�� � � � ),�������	��
 
2( �































u = |γ| + |γ|k1σ(v̄3) (≥ 0)

ω1 = −|γ|k2

(

v̄2 − v̄3
γ̄2

|γ| + γ̄3

)

− k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2

(

v̄1 − v̄3
γ̄1

|γ| + γ̄3

)

+
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

»4� 3 À

�+� � �H���+� � »1G�À
�

�/�A�&���H�'� ����(���� ������� �%��01������0 � � � � ��
 ���	�����H��0���01��� � (��	� �'(���0 � � �,!
�

��� �'� � � �
(�� ��� ���7����01) ���7( ��0�
 0�� � �	�����6
 � ��
 � �	�,� ����0���01��� � �,��0�
�
�����
2!��

�

é§ê�ë�é½ì
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^&_�c��ay{�o��¤C��¤Cr{_az}pM��y{�¦�C�Gp¬z«r{z£��v�z£pY�¦z«ª¦c.vZz«v´�g�a�Ccuv��qz«¸Z�K³ ?a³	eg��rtc/rt_���rYrt_ac��ayt���O�¦p{cu�Kbd�o�azº·C�u��rtz«�¦v
��¤grt_acH� ��vGrty{�¦¥¢¥}��¨Ç���a�a¥£z«cEpZ�¦pd¨/cu¥«¥&rt�Ært_acT� �¦vGr{yt��¥¢¥£��¨�pZ��¤A~Myt���O�¦p{zºrtz«�¦v�p´�;��v�� 3 �on°p{z«bd�a¥£n
ytc.��¥£�¦� z£va�

v̄
z£vdr{_acA� ��vGrty{�¦¥ac ¸q�aytcuptp¬z£��v¼»4� 3 ÀY�Gn

ṽ
³	~	�¦ptp{z«�a¥£c���_a�¦z£�.cup	¤§�¦yMr{_�c�¤§wav�� r{z£��v

σ
��y{c��¦z«ª¦c.v�¹

c¦³ �C³«¹q�on

σ(s) =
α

k1
tanh

(

k1s

α

)

,
�¦y

σ(s) =
s

√

1 +
k2

1
s2

α2

¨�z«r{_
0 < α ≤ 1

³

� ���������	��
��	���%�%����-��%(¢'µ�*-.���

^&_�cgytcup{wa¥ºr�p)��¤�r{_acA�aytc.ªoz£��w�p/p¬cE�²r{z£��v�y{cu¥«ndwa�O��v´rt_acµp{��r{z}ps¤ �¦�²r{z£��v´��¤*�gptp{wabd�qr{z£��v ?�¨�_az}��_Vwav��.��vq¶
�azºrtz«�¦v���¥£¥«n;��w���yt��vGr{c.cEp�rt_acVc.¸oz}p¬r{c.vC� cV��vC�;¥£�q�.��¥Ywavaz}|¦w�c.vacEp{p���¤/rt_acV�qcEp¬z£y{cE�;r{_aytw�p¬rK�qz«ytcu� r{z£��vÑz£v
rt_acgª¦c.¥£�q� z«rsnd��v��´�O�¦p{zºrtz«�¦v�� �¦vGr{yt��¥C�u��p{cupu³�����y/bZ�Gpsr¢wav��qcuyt�¦�²rtw���rtcu�´ª¦c._az}� ¥£cupu¹�rt_az}p/�¦p{p{wabd�qr{z£��v�z£p
v���r�p{��r{z}ps·Ccu��³M¿�c r�w�p�z£¥«¥£w�p¬r{y���rtcirt_az}p���v¼�dp¬z£bd�a¥«c�c.¸a��bd�a¥£c�³
��� � ��� # É�
Ä»4lo�a_acuy{z}�.��¥�ª¦c._az}� ¥£cEÀ � �¦v�p¬z}�qcuyµ�%p{�a_ac.ytz}�.��¥	ª¦c._az}� ¥£c�¹�¨�z«r{_�z«rtp�� cuvGr{c.y���¤)b´��ptp�� �¦z«vq¶
�.z£�az«va�´¨�z«r{_¼rt_acKp{�a_acuy{c � p��.c.vGr{cuyu¹Op¬w��abdzºr{r{cu�%rt�´r{_�cK��� r{z£��v¼��¤Y��y���ªozºrsn¦¹a�qy����Z¤§��y�� cEp.¹���v��¼���a�acu�o¶
b´�¦p{pdc �OcE�²rtpu³2^&_�c¼r{y���v�p{¥£��r{z£��v���¥��qnov���bdz}�.p´��¤irt_acHª�cu_az£�.¥«cHz}pd��z£ª�cuv­�Gn�» =EÀd¨�zºrt_

Fe(ẋ, ẍ) =
−ca|ẋ|ẋ − maẍ + mge3

¹O��v��
ca, ma

�O�¦p{zºrtz«ª¦cK� �¦v�p¬rt��vGrgvowab��Ccuytpi��ptp¬�q�.z£��r{cu�%¨�z«r{_Æ�ayt���d¤§��y�� cup
��v��H�����qcu�o¶[b´��ptp&c �Ìcu� rtp�ytcup{�Ocu�²rtz«ª¦c.¥£n�³�^&_az}p�cE|¦wC��r{z£��vH�u��vH�Oc�y{cu¨�y{z«r¬rtc.vT�¦p�» �.��bd����ytc�¨�z«r{_°»�=uÀ{À
m̄ẍ = −TRe3 + F̄e(ẋ)

¨�zºrt_
m̄ = m + ma

¹a��v��
F̄e(ẋ) = −ca|ẋ|ẋ + mge3

³M^&_acgrtc.ytb
γ(ẋ, t)

��¤
cE|Gw���rtz«�¦v�»Ð��À¢z£p�r{_ow�p&��z£ª�cuv��on

γ(ẋ, t) =
F̄e(ẋ)

m̄
− ẍr = −ca

m̄
|ẋ|ẋ +

mg

m̄
e3 − ẍr

 �_�c.v��qy����%c �Ìcu�²r�p��.��v;�Oc´vac.�¦¥«cE�²rtcu� »§z4³ c¦³ ca

m̄ |ẋ|ẋ ≈ 0
À ¹*�ip{p{wabd�qr{z£��v ?�z}p�va��r�pt��rtz£p¬·�cu�;¨�_acuv

rt_ac�ytc ¤§cuy{cuv�� c��¦�.� cu¥«cuyt��r{z£��vZª�cE�²r{�¦y
ẍr

z£p)cu|Gw���¥ar{� mg
m̄ e3

³Y�gpM��bd��r¬rtc.y)��¤C¤ �¦�²rE¹�rt_acg���O��ª�c�ytc.¥}��rtz«�¦v
�O��z£vGrtp&�¦wqr�r{_���r�r{_acuy{c���¥«¨&��nqp/c.¸qz£p¬rtp��Zª�cu¥«�q�.zºrsn

ẋ
p{w���_�r{_���r

γ(ẋ, t) = 0
³

�gva��rt_ac.y¢c ¸a��bd�a¥£cg¨�_�c.ytci�gptp{wabd�qr{z£��v ?�z}p)va��r¢pt��rtz£p¬·�cu�Vz£p/�ayt��ªGz}�qcE�´�ond��p¬_�z«���ay{z«¤½r{z£va�K¨�z«r{_
rt_acdp¬cE���.way{ytc.vGrµ��r�±.cuy{��y{cu¥£��r{z£ª�cKª¦c.¥£�q� z«rsn�³�ÂÃv��qcucu��¹�r{_ac´p{wab ��¤)c.¸or{c.ytv���¥*¤§�¦yt�.cupA���a��¥«z£cu�Tr{�%r{_ac
p{_az£�Vz}p/cE|Gw���¥�r{�Z±.c.yt��z£vVrt_az£p¢�.�¦p¬c¦³ �)ª�c.v�r{_a�¦wa��_���vacibd��nd_a�¦�Ccgr{_���r/rt_acµp¬c.r/��¤��¬���¦� �gª�cu¥«�q� z«r{z£cup
�a�GcEp�va��rg�Oc.¥£��va�´rt�Vrt_ac�va�¦bZz£v���¥����Oc.y���rtz«�¦v���¥*�q��b´��z£vH��¤Yrt_ac�ª¦c._az}� ¥£c�¹Cr{_acEp¬cKc ¸a��bd�a¥£cupgz«v��az£�u��r{c
rt_���rE¹�z£vVp¬�¦bdc&�u��p{cupu¹��gptp{wabd�qr{z£��v ?Az}p	r{�o��p¬r{yt��va�C³*hH�¦y{cu��ª�c.yE¹�¨�_ac.v´z«rMz}pYªoz«�¦¥£��r{cu��¹�r{_�c�� ��vGrty{�¦¥qz£p
v��´¥«�¦va��cuy&�ac ·�vacE��³/eg��¨�¹qr{�´cuv�p{way{c 
2�A),(�
 p¬rt���az«¥£z«rsn�¹az«rgz}p�p¬waÅ´�.z«cuvGr�r{_���r

γ
�q�ocup�va��r�ª���vaz}p¬_¼vacE��y

rt_acg�.��v�p{z£�ac.ytcu��y{c.¤§c.ytc.v��.c�ª�c.¥£�q� z«rsn
ẋr

³Y^&_az}pMp¬w�����cEpsr�p�r{��ytc.��¥£�¦� c��gptp{wabd�qr{z£��v ?µ�on�rt_ac�¤§�¦¥«¥£��¨�z«v��
¨¢cu��©�cuy¢�¦p{p{wabd�qr{z£��v�³

���u� 
����*�
	 Î��	� ��� �'�	� ���*0 �����
δ > 0

����),� � � (�����
���� (�
�

t
� |γ(ẋr(t), t)| ≥ δ �

fgv��qcuy�r{_�z£pA��ptp¬w�bZ�ar{z£��v�¹Cr{_acZ� �¦v¦rty{�¦¥�¥}��¨�p��ayt���O�¦p{cu�¼z£vÆlocu� r{z£��v 3 ��ytc�¥«�q�u��¥£¥«n%¨/cu¥«¥«¶Ã�qc ·�v�cu�H��vC�
cuv�p{way{c 
2�9),(�
 �¦p¬nobd�qr{��r{z}�Kp¬rt���az«¥£z«rsn%��¤Yr{_acd�qcEp¬z£y{cE�Hytc ¤§c.ytc.vC� c�ª¦c.¥£�o�.zºrsn ���C�Gp¬z«r{z£��v%r{y����scE�²rt��ytn�³i^&_�z£p

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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b´��n��CcZp¬wqÅV�.z«cuv¦ri¤§��yibd��von������a¥«z}�.��r{z£��v�pu³ D���¨¢c.ª¦c.yE¹q¤§��yg�ayt�¦�²rtz£�u��¥���way{�O�¦p{cup���vac�¨¢��w�¥£�¼¥£z«©¦c�r{�
p¬rt��ni��vµrt_ac/pt��¤§c)p{z}�qc/��v��µc.v�p{waytcYr{_C��ru¹E¤§�¦y�z£v�psr���v��.c�¹Er{_�c/� �¦vGr{yt��¥��u��¥}� wa¥}��rtz«�¦vAz}p���¥«¨&��nqp�¨¢c.¥£¥º¶[�C�Gp¬cE�
��v��´rt_���r&rt_acAr{y�����©oz«v��Kc.ytyt��y�pMytcup{wa¥ºrtz«v��K¤§yt��b rt_ac�� ��vGrty{�¦¥O�¦�²r{z£��v%�.��v�vacuª�c.y&�qz£ª�cuy{�¦cgc ¸q�a¥£�¦p{z£ª�c.¥£n�¹
¨�_C��r{cuª�cuyµr{_ac��¦�qª�cuytp{cdc.voªoz«yt��v�bZcuvGrt��¥M�.��v��azºrtz«�¦v�p��¦y��C�o��yt¥£n;��_a�Gp¬cuv�ytc ¤§cuy{cuv�� cdrtyt���scu� r{��ytz£cupi¤§��y
¨�_�z£��_

γ
�����ay{�G����_acEpMrt_ac�vowa¥£¥�ª�cE�²r{�¦y���rgp{��bdcAr{z£bZc.¶4z£v�p¬rt��v¦rE³M���.�.��y��qz«v���¥£n�¹Gr{_ac��¦�q�scu� r{z£ª�cµ��¤�r{_az}p

p{cu� r{z£��v�z}p�r{�AbZ�q�qz«¤§nµr{_�c¢�.��vGr{yt��¥£¥«cuytp���¤ClocE�²rtz«�¦v 3 z£vK�¦yt�ac.y�rt�i_C��ª�cYrt_ac)rt_aytc.cM¤§�¦¥«¥£��¨�z£va�g�ayt���Oc.y{r{z£cup
pt��rtz£p¬·�cE��p{z«b�wa¥«rt��v�c.��wCp¬¥£n�:
� � � ¥£�q�.��¥��¦p¬nobd�qrt��r{z}�µpsr����az£¥£zºrsnV¨�_�c.vH�gptp¬w�bZ�ar{z£��v �Zz£p�pt��rtz£p¬·�cu��¹
��� � ¨¢c.¥£¥º¶[�O�¦p{cu�qvacEp{p¢��¤*rt_ac�c ¸q�aytcuptp¬z£��vCp/��¤*rt_acK�.��vGr{yt��¥Ìz£va�awqr�p�c.ª¦c.v¼¨�_ac.vH�ip{p{wabd�qr{z£��v �Zz}p�va��r

pt��rtz£p¬·�cu��¹
��� � �¦¥«�¦����¥�w�vazº¤§�¦y{b wa¥«r{z£bd��r{cT�O��w�v��qcu�avacuptpV��¤Art_acÆp{nqpsrtc.b � pVª�c.¥£�q� z«r{z£cup

ẋ
��v��

ω
c.ª¦c.v­¨�_acuv

�ip{p{wabd�qr{z£��v �Zz}p&ªGz£��¥}��rtcu��³
^&_�c�bd�q�qzº·O�.��rtz«�¦v�pK��y{c��.��ytytz«cE�;�¦wqrK¤§�¦y�rt_ac�ª¦c.¥£�q� z«rsn��.��vGr{yt��¥M�¦�q�scu� r{z£ª�cV��¤�~Myt���O�¦p{zºrtz«�¦v°�q¹	�awqr
rt_ac.n���ytc´��¥}p¬�¼ª���¥£z£�;¤§�¦y���r{_�c.yK�.��vGr{yt��¥	¥}��¨�pµ�ay{�¦�C�Gp¬cE�Æz£vÄlocu� r{z£��v 3 bd�q�qwa¥£�¼�Hp¬r{y���z£��_Gr{¤§��yt¨¢��yt�
rtyt��v�p{�C�Gp¬z«r{z£��v�³

~Myt���Oc.y{rsn � � � z}p/p{z£bZ��¥«nd���art��z£vacE�´�on�b�wa¥ºrtz«��¥«noz£va��rt_aciw�vG�O��w�v��qcu�´r{c.ytb´p
1/|γ| ��v�� 1/(|γ|+

γ̄3)
z«v r{_ac�� �¦v¦rty{�¦¥gc.¸o��y{cEp{p{z«�¦v�» =&=EÀV�on���vð�¦�qcu|Gw���r{cT¤§w�v��²rtz«�¦v�rt��©Gz£va��rt_ac�ª���¥«w�cÆ��v�cTz«v r{_ac

v�c.z£��_o�C�¦y{_��G�q�¼��¤Yr{_acZy{c.¤§c.ytc.v��.c�rtyt���scu�²rt��ytn���v��H±.cuy{�%��r
γ = 0

³µ�a�¦ygz£v�p¬rt��vC� c�¹Ì�¦vac��u��vTw�p{c�r{_ac
C1 ¤§wav�� r{z£��v

µτ : [0, +∞) −→ [0, 1]
�qc ·�v�cu�%�on

µτ (s) =

{

sin(πs
2

2τ2 ) ,
zº¤

s ≤ τ
1 ,

��rt_ac.yt¨�z£p{c »4���GÀ

¤§�¦y�p¬�¦bdcµ�.��v�p¬rt��vGr
τ > 0

³Y^&_az£p�nGz£c.¥}�ap¢rt_ac�bd�o�azº·�cE�¼� ��vGrty{�¦¥Oc.¸q�ay{cEp{p{z£��v


























u = γ̄3 + |γ|k1ṽ3

ω1 = −|γ|k2ṽ2 − µτ (|γ| + γ̄3)
k3|γ|γ̄2

(|γ| + γ̄3)2
− µτ (|γ|)

1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2ṽ1 + µτ (|γ| + γ̄3)
k3|γ|γ̄1

(|γ| + γ̄3)2
− µτ (|γ|)

1

|γ|2 γTS(Re2)γ̇

»4�&?�À

^&_�z£pgbZ�q�qz«·C�u��r{z£��vT�a�GcEp�va��rg�aytc.ª¦c.vGr�~Myt���Oc.y{rsn � � � ¤§y{�¦b �Oc.z£va��pt��rtz£p¬·�cu��³i�iv¼r{_ac���r{_acuyg_���v���¹
rt_acK�¦�qr{cuvGr{z£��vH��¤Y~Myt���Oc.y{rsn ��� � z}p�bd��ytc�z«voª¦��¥£ª�cu��³¢Â[rAy{cu¥«z£cupgz«v¼rt_ac�·Cytp¬rg�a¥}���.c���v¼rt_ac�¤§�¦¥«¥£��¨�z«v��
�¦��p{c.ytª���r{z£��v�¹E¨�_az}��_Kz}p	�g�qz£y{cE�²rY� �¦v�p¬cE|Gwac.v��.c)��¤qr{_ac��qz}p{p{z£����rtz«ªoz«rsnA��¤C�qy�����¤§�¦yt�.cup¢»§z4³ c¦³��ip{p{wabd�qrtz«�¦v
3 À²³
� � Î � Î � 	 � 	 Î�� � �%�A�&���H�'� � � (�� �E�,����� ����01��� � 0 � �'(���0 � � �,! (��%! � � (��

u
0 � ),(�
2)'�6
2(��7�,! (&),),����!�0�� � �7�

( 
��,��! �,(&)	� 
 ( � ����),� ����(�� ��
���� �'� � � ),��� ���+(��/�1�
β1, β2

�

|u| ≤ β1 + β2|ẋ|
»4� �¦À

������� �C� � � ),�������	��
�
2�,! �����601)�
 ��� � 
 0��%�,(�� ����
 �9)'0�� �
ẋ

0 � �
�
�
�
�
� �

� ���	�,� �����	���6��!&�'� � ������� �%��01��� ���
γe

�

γ̇e
(���! � � � 
 0��%�,(�� (&),),��
 ���	(���01���

ẍ
(��	� (�
 �'� �

�
�
�
�
� �

é§ê�ë�é½ì
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2��� =AG

� � Î�Î � locuc����a�Oc.vC�qzº¸¼��³ �a³
^&_acK���q�scE�²r{z£ª�cµz}p�va��¨2r{�´bd�q�qz«¤§nVr{_�c�c ¸q�aytcuptp¬z£��vÑ» �¦À&��¤

γ(ẋ, t)
p¬�drt_���r

u
¹���p���z£ª�c.v%�on�»4�&?¦À²¹

�u��vHpt��r{z}p¬¤§n�rt_ac��ayt���Oc.y{rsn;»4� �¦À�¨�zºrt_a��wqrA�qcup¬r{yt��noz«va�Zrt_ac��ayt���Oc.y{rsn���¤	¥£�q�.��¥���p{nobZ�ar{��rtz£��p¬rt���az£¥«z«rsn�³
^*�µr{_�z£p)�awayt�C�Gp¬c¦¹�¥£c r pt��r

∆
�qc.v���r{ci��� ��vGrtz«vowa�¦w�p��¬pt��rtway���r{z£��v�¤§wav�� r{z£��v �gpt��rtz£p¬¤§noz«va�µrt_ac�~Myt���Oc.y{r{z£cup

� � �C� � �C��� ��¤�r{_�cµ¤§wav��²rtz«�¦vHp{��r
∆

��v��¼��¥}p¬��r{_acµ¤§�¦¥«¥£��¨�z£va�d�ay{�¦�Ccuy¬rsn
� �
�
^&_�c.ytcAc.¸qz£p¬rtp&�d� �¦v¦rtz«vowa�¦w�p/¤§wav�� r{z£��v

φ : R
3 −→ R

p¬w���_�r{_C��r ∀(ξ, γ) ∈ R
3 × R

3 ¹ φ(γ) ≤ 1��v��
ξT

pt��r
∆(γ) = φ(γ)ξT γ

»4�*>�À
���O�¦ptp{z«�a¥£c���_a��z}� cµz}p¢r{_ac��.¥£�¦p{p{z}�.��¥�pt��rtwayt��r{z£��v�¤§wav��²rtz«�¦vH�qc ·�v�cu�¼��p

pt��r
∆(γ) := γ min

(

1,
∆

|γ|

) »4���¦À

¿�c r
γd

�qcuva��rtc���von 3 ¶[�qz£bdc.v�p{z£��v���¥O�O��w�v��qcu� C1 r{z£bdc ¶Ã�qc.�Oc.vC�qc.vGrgª¦cu�²rt��y&ª���¥£wacu��¤§wavC�²r{z£��vH¨�_��¦p{c
�ac.ytz«ª���rtz«ª¦cdz£p���¥£p{�¼�C�¦wav��qcE��³¼^&_ac´y{�¦¥«c´��v�����_a��z}� cd��¤/rt_az£p�¤§wav�� r{z£��vÑ¨�z«¥£¥)�Oc��.��bdbdc.vGr{cE�;w��C�¦v
¤§w�y¬rt_ac.yE¹a��¥£��va�d¨�z«r{_Hp{��bdcµc ¸a��bd�a¥£cupu³  gc.·�vac�va��¨

γ
��p¢¤§��¥£¥£��¨�p

γ(ẋ, t) := γd(t) +
pt��r

M (γe,d(ẋ, t)) − ẍr(t)
»Ð�&G¦À

¨�z«r{_
γe,d(ẋ, t) := γe(ẋ, t) − γd(t)

» 3 �¦À
��y{�¦b »Ð�&G�À ¹¦�gptp¬wabd�qrtz«�¦v���¹�r{_�c¢�O��w�v��qcu�avacuptp	��¤

γd
¹���vC��rt_ac&�C�¦wav��qcE�qvacuptp	��¤Cr{_ac¢¤§wavC�²r{z£��v pt��r

M
¹

z«r�¤§��¥£¥£��¨�p)rt_���r�rt_ac.ytcµc ¸qz}psr�p���·�vaz«r{c�ª���¥£wac
Q > 0

p¬wC��_�rt_���rE¹a¨�_���rtc.ª¦c.y
ẋ(t)

¹

|γ(ẋ(t), t)| ≤ Q
» 3 =�À

^&_�c.ytc ¤§��ytc�¹)z«v ªoz«cu¨ ��¤ir{_ac¼c ¸q�aytcuptp{z«�¦v°��¤
u

z«v�»Ð�*?�À ¹/z«v�cu|Gw���¥£z«rsn »Ð� �¦À�z£pZva��¨ p{��r{z}ps·Ccu��³®~My{z£��y
rt��psr���r{z£va��r{_�c%b´��z«v�p¬rt����z«¥£z«±E��rtz«�¦v°ytcup{wa¥ºr´��¤gr{_�z£pVp{cu� r{z£��v�¹/¨/c¼vacucu�°r{�Ñz£v¦rty{�q�qwC� cHp¬�¦bdc%c.¸or{y��
v���rt��r{z£��v�³�loz£v�� c

γd
z}pi�C�¦wav��qcE�T�onH��ptp¬wabd�qrtz«�¦v�¹Ìzºri¤§��¥£¥«��¨�pg¤§yt��b �gptp¬w�bZ�ar{z£��v�pµ�V��v�� 3 »§ytcu�.��¥«¥

rt_���r
γe = Fe/m

À¢��v���» 3 ��À/r{_C��r�r{_�c.ytcAc.¸qz£p¬r�� ��vCpsr���vGr�vGw�bK�Oc.y�p
c̄1 ≥ 0, c̄2 > 0, c̄3 ≥ 0, c̄4 > 0p{w���_�r{_���ru¹ ∀(ẋ, t) ∈ R

3 × R
¹
{

|γe,d(ẋ, t)| ≤ c̄1 + c̄2|ẋ|2

ẋT γe,d(ẋ, t) ≤ c̄3|ẋ| − c̄4|ẋ|3
» 3 ��À

� �¦v�p{z£�qcuy¢r{_acµ¤§�¦¥«¥£��¨�z«v��Z�O��¥£nova��bdz}��¥�z£v
s
¹a¨�z«r{_

v̄r > 0
¹

P (s) := c̄4s
3 − c̄2v̄rs

2 − c̄3s − c̄1v̄r

lqz«v��.c
c̄4 > 0

¹qr{_acuy{cµc.¸oz}p¬rtp��ZvowabK�Oc.y
κ(c̄i, v̄r) ≥ v̄r

p{w���_�rt_���r
s ≥ κ(c̄i, v̄r) ⇒ P (s) ≥ 0

³
^&_ac¢¤§�¦¥«¥£��¨�z«v��grt_ac.�¦y{cub%¹�¨�_��¦p{c/�ayt�o��¤�z}pY�qc.rt��z£¥£cu��z£vd���a�Oc.v��azº¸d��³ >o¹��aytcup{c.vGr�p�rt_ac&b´��z£vKytcup{wa¥ºr

��¤�rt_az£pgp¬cE�²r{z£��v�³
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k1

�
k2

�
k3
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2( � »4�&?�À �
� 0�� �

µτ
(��%!

γ
�&0������ � � »4���GÀ (���! »4��G�À �	����� �,)'��0�����
�� � �+� � �H���7� � »1G¦À

�
�%�A�&���H�'� ����(��

0 < τ < δ
�

���������
τ

(���!
δ

(��	� � � � ),�������7(������ 0�� ����
 ���,! 0�� ����
2(���01��� »Ð���GÀ (���! � �,�,��� �%��01����� �	�������,)���0�����
��
��%�A�&���H�'� ����(�� � ������� �%��01����� � � � � � � � �C(��%!�� (��	� �'(���0 � � �,!

�
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�
2� � 0�� � ���	����������01��� � ��
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� � � � � )��������	��
F0����%�6���
u

(���!
ω

(���� �<�'
�
 ��!&�������,! (��%! �,���6�%!&�,! (�
2��� � (�� � � �H���+� � � � �'��
 �6��01��� �

� �
ẋ

0 � �
�
�
�
�
�

(�
2��� � (�� � � �H���+� � � � ����
 �6��01��� �

� � 
���� ����� ��� ��� �H���+� � »�G��CÀ	�¦»1G¦�uÀ ��� � �E� �'�60�
 0 �'��0���� � ��0����
(ṽ, θ̃) = (0, 0)

� 
 � � �E)�
 �H�'�,!��+
2�A��� � �H���7� �
0 � 
2�A),(�
�
�� (�� ��� �%�+����01),(�
�
�� ���+( �'
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M > c̄1 + c̄2v̄r

� � 0����
M

����� ),��� ���+(��/� (��,���A)'01(��+��! � 0���� � � �

,�6�%)'��01��� pt��r

M
0����+��� �����/0�� � 0��

γ �	� �6��� � �'�#� ���	�#� 0 

M ≥ c̄1 + c̄2(κ(c̄i, v̄r))

2 (���! |γ(ẋ, t)| ≥
τ ∀(ẋ, t)

� ����� (������	(&)'��01��� !*��� (�0�� 0 � ���'��(�
 �+�
R

3 × (−π, π) �
�¢n��.��bd����y{z}p¬�¦vV¨�z«r{_�r{_ac��.��vGr{yt��¥O¥£��¨�p&��¤	locE�²rtz«�¦v 3 ¹ort_ac�� �¦vGr{yt��¥	»Ð�&?¦À¢�qc.�Oc.v���p���v�c ¸or{y����acup{z«�¦v
rtc.ytb´pg»

τ
¹q��v��dr{_�c�¤§wav�� r{z£��v�p p{��r

M
��v��

γd
ÀY¨�_az}��_��u��v´�Oc�r{w�vacu�Vp{�K�¦pYr{�Kbd��¸qz«bdz£±.c�rt_aci�q�¦b´��z£v

��¤	p¬rt���az£¥«z«rsn���¤*rt_ac�� ¥£�¦p{cu�o¶[¥£�G�¦�%p{nqpsrtc.b¼³)¿�c r�w�p�z£¥£¥«w�p¬r{y���rtcµr{_az}p&rtwavaz£va�´�C�Gp{p{z£�az«¥£z«rsn�z£v�rt_acK�u��p{cA��¤
rt_ac�p{�a_ac.ytz}�.��¥Ìª¦c._az}� ¥£c���¥£y{cE���qnV�.��v�p{z£�ac.ytcu��z«v �Y¸a��bd�a¥£c =�³
��� � ��� # É ��»Ðlq�a_ac.ytz}�.��¥�ª¦c._az}� ¥£c�¹a�.��vGr{z£vowacu�CÀ/^*�´p¬z£bd�a¥£zº¤§n¦¹q¨/c���ptp{wabdcgrt_���r�rt_ac��qcup{z«ytcu��ª�cu¥«�q�.zºrsn
ẋr

z}pi�.��v�p¬rt��vGru¹�z4³ c�³
ẍr = 0

³gÂÃvTr{_az}pi�u��p{c�¹
γe(ẋ) = γ(ẋ) = γg + γae(ẋ)

¹C¨�z«r{_
γg = (mg/m̄)e3rt_acV�¦yt��ªoz«rsnT���.�.c.¥£c.y���rtz«�¦v;ª¦cu�²rt��yµ·�cu¥£��¹���v��

γae(ẋ) = −(ca/m̄)|ẋ|ẋ »
ca > 0

Àir{_�c����u� c.¥£c.y���rtz«�¦v
ª¦cu� r{��y¢��ptp¬�q�.z£��r{cu�V¨�zºrt_���cuy{�q�qnov���bdz£��¤§��y�� cupu³	¿�c r&w�p&��ptp{wabdc�r{_C��r¢r{_aci¤§wav�� r{z£��v p{��r

M
z£p&�qc.·�vacE�

�on�»Ð����À.¹O��v��H� �¦v�p¬z}�qcuy�rs¨/���C�Gp{p{z«��¥«cK��_���z}� cup�¤§��y
γd

» ��bd�¦va�V��rt_ac.y�p�À²³���z«y�p¬ru¹�¥£c r
γd = γg

³g^&_acuv
γ = γg +

pt��r
M (γe,d)

��v��
γe,d = γae

³%lqz«v��.c´r{_�c´va��ytbk��¤
γg

z}p�va�¦vq¶[±.c.yt�¼��v��Ñ� �¦v�p¬rt��vGrE¹*��vC�
pt��r

M
z}p��O��wav��acu���on

M
¹	�gptp¬wabd�qrtz«�¦v �¼z£p�pt��rtz£p¬·�cE�;z«¤

M < mg/m̄
³%ÂÃv�r{_az}pK�u��p{c |γ(ẋ, t)| ≥

mg/m̄ − M > 0
³ihT��ytc.��ª�cuyu¹�zº¤

τ < mg/m̄ − M
¹Crt_acZcu|Gwaz£¥«z£�aytz«wab

(ṽ, θ̃) = (0, 0)
z}p �¬��¥£������¥«¥£n �

�¦p¬nobd�qrt��r{z}�.��¥«¥£nÆp¬rt���a¥«cT» zÐ³ c�³�r{_ac��q��b´��z£vÑ��¤���r{r{y����²rtz«�¦v;z}p
R

3 × (−π, π)
À ³ Dg��¨/cuª�cuyu¹�z£bd�C�Gp¬z£va�

rt_az}pKz£vacu|Gw���¥«z«rsn���v
M

b´��n�va��rZ�Cc%� ��bd����r{z£�a¥£c�¨�z«r{_�rt_ac�pt��rtz£p¬¤ ��� r{z£��v���¤�rt_ac¼� ��vC�qzºrtz«�¦v
M ≥

c̄1 + c̄2(κ(c̄i, v̄r))
2 ¨�_�z£��_��¦w���y���vGr{cucupArt_acV¥}��yt��cup¬r��C�Gp{p{z£�a¥«c��q��b´��z£vÑ��¤���r{r{y���� r{z£��v�³%ÂÃv��qcucu��¹	z£v

rt_az}pZ�u��p{c��¦vac%_���p
c̄1 = c̄3 = 0

¹
c̄2 = c̄4 = ca

¹)��v��
κ(c̄i, v̄r) = v̄r

¹/p{�Trt_���rdrt_ac%�.��v��azºrtz«�¦v
M ≥ c̄1 + c̄2(κ(c̄i, v̄r))

2 z£pVva��¨ cE|Gwaz«ª���¥«cuv¦r´rt�
M ≥ cav̄

2
r

³R^&_ac.ytc ¤§�¦y{c¦¹)rt_acÆpt��r{z}p¬¤ ���²rtz«�¦v®��¤
�ip{p{wabd�qrtz«�¦v �d��v�� �&
2� ��(�
 ��p{nobZ�ar{��rtz£�µp¬rt���az«¥£z«rsn���ytcµ��w���yt��v¦rtc.cE�V�ayt��ªoz£�qcE�´rt_���r

sup |ẋr(t)| <
√

mg/(m̄ca)
» 3&3 À

eg��¨�¹Er{�ip¬rt���az£¥«z£±.c/¥£��y{�¦c.y�ytc ¤§cuy{cuv�� cMª¦c.¥£�q� z«r{z£cup*¨�_az£��_��q�gva��r�pt��rtz£p¬¤§ngrt_az}p*z£vacE|¦wC��¥£zºrsn¦¹Ez«r	z£p*vacu�.cuptp{��y{n
rt�Vw�p{cKª���¥£wacEpg��¤

M
¥}��yt��cuy�r{_C��v

mg/m̄
³ D���¨¢c.ª¦c.y�rt_acK�O�¦p{z«r{z£ªGz«rsn¼��¤ |γ(ẋ, t)| �u��vTv��V¥«�¦va��cuyg�Oc

�¦w���y���vGrtc.cu��¥£�o�u��¥£¥«n%��yt��wavC����vGn�y{c.¤§c.ytc.v��.c�ª�cu¥«�q� z«rsn�³/ÂÃv¼r{_az}pg�u��p{c�¹az£v�p¬r{cE���%��¤M��_a�o�¦p{z£va�
γd = γg

¹
�¦vac´bdz«�¦_GrK��pµ¨¢c.¥£¥)p¬c.r

γd = 0
¹	p¬�%rt_���r

γ =
p{��r

M (γe) =
pt��r

M (γg + γae)
³  �zºrt_Ñr{_az}pK��_���z}� c�¹

rt_ac��O�¦p{zºrtz«ªoz«rsnV��¤ |γ(ẋ, t)| z£p&v���r�wav��.��v��azºrtz«�¦v���¥4¹q�awqr�z«rgz}p�p{��r{z}ps·�cE�%z«v%r{_�c�vac.z£��_o�O��yt_a�o�o����¤Y��von
ytc ¤§cuy{cuv�� cAª�cu¥«�q�.zºrsn�p{w���_�r{_���r

ẋr 6=
√

mg/(m̄ca) e3
» 3 �GÀ

��y{�¦bÇ^&_acu��ytc.b = 
2�A),(�
 ��p{nobZ�ar{��rtz£�µp¬rt���az«¥£z«rsn�z}p���¥}p¬�d���art��z£vacE��z«¤
M ≥ g + cav̄

2
r

³

é§ê�ë�é½ì
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�
 ���,� ��
 � �	�����H��0���01����� ��� � )�(����,� � �A!�0 � �,!�0�� ( �,0 � 0�
2(�� �<( �
�

�������,01!*���

���� ����( � ��
2� ���������H��0���01��� )��������	��
F
 ( � ��
����,)���01��� �

�
�
�

� ��� ),(��.!&������� � ),��� � (��	� � 0���� »Ð� =uÀ �

γ := γd +
pt��r

M (γ̂e,d) − ẍr + h(|y|2)y + z̈

� 0�� �
γ̂e,d := γ̂e − γd

(��%! ���7(��7�����+( �'0�
 0�� � �	���,�6
 �1� (���0�� ���������	� � �
�

��� � �'��
 � � �A!�0 � ),(���01��� ),���%),�'��� � � � � ),����!�0���01���
M > c̄1 + c̄2(κ(c̄i, v̄r))

2
� 
 ��� �,����� � � ���601)�� ��01��
2!�� �&
2� ��(�
�(H� ��� ���7����01) ���7( ��0�
 0�� �

�
� � � (�� �+� �,�

���7��
2(&),�,! � � � � � �,���	��� � ��� ),����!�0���01���
M > c̄1 + c̄2(κ(c̄i, v̄r + 2ηz))

2 �

� � -�� ��
.'µ�*- ��� �	�����%
��*�

^&_�z£pdp{cu�²rtz«�¦v°z£¥«¥£w�p¬r{y���rtcup�r{_ac%�Oc.y{¤§��ytbd��v�� c¼��vC�Äyt���aw�p¬r{v�cuptpK��¤�r{_ac¼�ayt���O�¦p{cu�°� ��vGrty{�¦¥«¥£c.y�p�¤§�¦yZ�
bd�q�qcu¥q��¤O�A¾A^g�A¿�ª¦c._az}� ¥£c�p¬z£bdz«¥}��y�rt�irt_ac �	D���ª�cuy �)n�c#�/�ac.ª�cu¥«�¦�CcE���onK�¢c.y{r{z£vd^�cE��_ava��¥£���¦z«cEp��Ayt��w��
»Ðp¬cuc ; ?q¹ �q¹�� 3 ¹�����@§À²³Z^&_az}piª¦c._az}� ¥£c�¹�¨�_��¦p{c�p{_����Oc�yt��w���_a¥£nH� ��ytytcup{�C�¦v��apgr{��r{_acd��v�cZ�qcu�az}�²r{cE�T�¦v
��z£��waytc =�¹¦�Ccu¥«�¦va�¦p	rt�µr{_ac��.¥£�¦p{pM��¤ �¬p{zºrM�¦vZrt��z£¥ �&¾A^g�A¿Hfg�*¾Mp.³�Â[r)z}pMp¬nobdbdc rty{z}����¥£��va���µ�aytz£ªGz£¥£c.��cE�
��¸qz£pgrt��©�c.v;��pgr{_ac´��¸qz}p {G;

−→
k } ³µÂÃvTrt_acK·Cytp¬rµ���a�ayt��¸qz«b´��rtz«�¦v�¹Ozºr�piz£vacuy¬rtz£��bd��r{ytzº¸

J
z}pµ�qz}�����¦v���¥

��v��
J ≈ diag(J1, J1, J2)

³
^&_ac�p{nqpsrtc.b � p&cu|Gw���rtz«�¦v�p&w�p{cu��z«vHp{z«b�wa¥}��r{z£��vCp���ytci�¦z«ª¦c.v%�Gn;» p{c.c ;Á����@�¤§�¦y��qc r���z£¥£p�À























(Σ1) :







ẋ

v̇

Ṙ






=







Rv

−S(ω)v − ue3 + gRT e3 + 1
mRTFae − 1

mLS(e3)Γ

RS(ω)







(Σ2) : Jω̇ = −S(ω)Jω + Γ + Mae

» 3 ?�À

¨�z«r{_
� Fae

r{_ac�ª�cu� r{�¦y���¤�� �o��y��qz£v���rtcup���¤ −→
F ae

c.¸o��y{cEp{p{cu��z£vÑr{_acV�C��p{z£p���¤&r{_ac�z«vacuy¬rtz£��¥Y¤§y���bdc I ¹
¨�zºrt_ −→

F ae
rt_ac�p¬w�b ��¤Y��¥£¥���cuy{�q�qnov���bZz}�iy{cE���²rtz«�¦v�¤§�¦yt�.cupµ»§¥£z«¤½ru¹C�ayt����¹obd��bdc.vGr{w�b �qy����oÀ²¹

� Mae
r{_ac�c.¸or{c.ytv���¥Ìr{��y�|Gwacµz«vC�qw�� cE�%�GnVr{_acEp¬cA¤§��y�� cEp.¹

� L
r{_ac��qz}p¬rt��vC� c��Oc rs¨¢c.c.v�r{_�c��a¥£��vacµ��¤Y� �¦v¦rty{�¦¥«¥£cu�V·�v�p���v���r{_ac�ª¦c._az}� ¥£c$� p�� cuv¦rtc.y���¤�b´��ptpu³

�M¸o��y{cEp{p{z«�¦v�p���¤
Fae

��v��
Mae

��ytcVp{�CcE� z«·�cu�Ñz£vÄ���a�Oc.vC�qzº¸Ä�K³2=*=�³  �z«vC��r{wavav�c.¥¢bZcE��p{waytc.bdc.vGrtp
��v��T��c.yt�o�anGvC��bdz£�µbd�q�qcu¥«z£va�V¤§�¦y�rt_az£pµ�.¥£�¦p{pg��¤M¾i^g�A¿°ª�cu_az£�.¥«cEp�_���ª¦c��Oc.c.vÆy{cu�C�¦y¬rtcu�¼z£v#;Á� 3 @[³i�¢n
p{c r{r{z£va�

γe := ge3 +
1

m
Fae −

1

mL
RS(e3)Γ

» 3 �¦À
rt_acgp{wa��p{nqpsrtc.b

(Σ1)
z£vT» 3 ?�À�r���©�cEp	r{_�c�¤§��ytb���¤�lqnop¬r{cub »�?�À²³ Dg��¨/cuª�c.yE¹��gptp{wabd�qr{z£��v =�z}pMªoz£��¥}��r{cE�

�Ocu�u��w�p{c
Fae

�qcu�Ccuv��ap¢��vdrt_acAª�c._�z£�.¥«c � p)��ytz«cuv¦r���rtz«�¦vd��v��V��va��wa¥}��y)ª�c.¥£�q� z«rsn�¹o��v�����¥}p¬���Ocu�u��w�p{c
Γ

z£p

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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ytc.¥}��rtcu��r{�Kr{_aci��va�¦wa¥£��y)���u� cu¥«cuyt��r{z£��v´p¬�µrt_���r
γe

�ac.�Oc.v��ap¢��¥}p{����vdr{_�cup{cgª���ytz£���a¥£cupu³  iz£pt� ytc.����v�� z£cup
¥£z£©�cZr{_az}pµ��v�cZ�Oc rs¨¢c.cuvÆrt_acdz£�acu��¥Ybd�q�qcu¥Mw�p{cu�Æ¤§��yAr{_acV�.��vGr{yt��¥Y�qcEp¬z£��v���v��Ær{_�c´�a_onop{z}�.��¥Yp{nqpsrtc.b
ytc.��y{cEp¬cuv¦rµ��v����a�O��y{r{w�vazºrsn¼rt�%r{cup¬r��onTp¬z£bKwa¥}��rtz«�¦vÆrt_acdy{�¦�aw�p¬r{vacEp{pi��¤/r{_acd�ayt���O�¦p{cu�;� �¦v¦rty{�¦¥«¥£c.y�pu³
^&_�c�� ��bd�a¥£c rtc�ª�cu_az£�.¥«c � p�p{z«r{w���r{z£��v�»§z4³ c¦³

x
��v��

R
À¢z}p�bdcu�¦p¬w�y{cE��rt���¦c r{_�c.y�¨�z«r{_T��¥£¥�ª�cu¥«�q�.zºrsn%� ��bZ¶

�O��v�c.vGrtp�» zÐ³ c�³
v

��v��
ω
À ³/^&_ac�p¬z£bKwa¥}��rtz«�¦v�ytcup{wa¥«rtp���y{cEp¬cuv¦rtcu�%vac.¸Gr�_C��ª�cµ�Ccuc.vH�¦�qrt��z«vacE�%¨�zºrt_¼r{_ac

cEpsrtz«b´��r{cu���a_onqp¬z}�.��¥�����y���bdc.r{c.y�p¢��¤*r{_ac�ª¦c._az}� ¥£cµ��z£ª�c.v%z£v¼^�����¥«c =�³
~Y��y���bdc rtc.y ¾M��¥«w�c fgvaz«r
b 3

kg� Ga³ �
ms−2

J1
�a³ =

kgm2

J2
��³ � 3

kgm2¿ �a³Á�
m^*���a¥£c =*:Y~Y��y���bdc rtc.y�p/��¤�rt_ac�ª�cu_az£�.¥«c¦³

^*�dr{cEpsrir{_acKy{�¦�aw�p¬r{vacEp{p���¤	r{_ac���y{�¦�C�Gp¬cE�%�.��vGr{yt��¥£¥£c.y�p&¨�³ yE³ rE³�psr���r{z}��bd�q�qc.¥£z£va�Vc.ytyt��y�p.¹q¨¢cK��ptp{wabdc
rt_���rgr{_ac�ytcu��¥���y���ªozºrsn����.�.c.¥£c.y���rtz«�¦v�z}p

g∗ = 9.81 ms−2 ¹�rt_ac�ytcu��¥�ª�c._�z£�.¥«c � p�b´�¦p{p�z}p
m∗ = 3.2 kg

¹
��v���r{_ac�ytcu��¥�ª�c._�z£�.¥«c � p&z£vac.y{r{z}�Zb´��r{ytz«¸�z£p

J∗ = diag(0.13, 0.13, 0.04)
³

�gbZ�¦va�ir{_ac/r{_aytc.c¢� �¦v¦rty{�¦¥�bd�q�qcup	�.��v�p{z£�ac.ytcu��z£v�r{_�c¢�C���Oc.yE¹E�O�¦p{z«r{z£��v�p¬rt���az£¥«z£±u��r{z£��v�z}p�rt_ac¢bZ�Gpsr
�¦�qª���v��.cu����vacµ��vC�%p{z£bKwa¥}��rtz«�¦v�p&��ytci�¦va¥«n��ay{cEp¬cuvGr{cu��¤§��y&rt_az}p&bZ�q�qc¦³M�a�¦y&r{_acµ·�y�p¬r�p{wa��p{nqpsrtc.b

Σ1rt_acd� ��vGrty{�¦¥«¥£c.yi��¤)~Myt���O�¦p{z«r{z£��v ?o¹�bd�q�qz«·�cu�;��pi�ayt���O�¦p{cu�Hz£v�locE�²rtz«�¦vÆ��¹Ìz}pµ���a�a¥£z£cu��³�^&_acd�qcEp¬z£y{cE�
nG��¨ ��va��w�¥£��y�ª�cu¥«�q� z«rsn�z£pZp¬c.r�r{�;±.cuy{�

ωd,3 = 0
¹Y��v����Æ_az£��_��¦��z«vÄ�.��vGr{yt��¥£¥£c.y�z}pK���a�a¥£z«cE�Ñr{�Ær{_ac

p{cu�.��v��dp{wa��p{nqpsrtc.b
Σ2

z£v´��y��qc.yYrt�Kp¬rt����z«¥£z«±uc�r{_�ci��v���wa¥}��yYª¦c.¥£�o�.zºrsnd��r)r{_acg�acup{z«ytcu�dª���¥£wac
ωd

¨�_��¦p{c
·Cytp¬rµrs¨/�¼� �¦bZ�O��v�c.vGrtp���y{cZ��cuvac.y���rtcu�;�GnTr{_acZ·�y�psr��.��vGr{yt��¥£¥«cuyu³de���r{cZr{_C��r�r{_�cd��_���z}� cd��¤&��_�z«�¦_
�G��z£vV� �¦v¦rty{�¦¥«¥£c.yYz}p/_ac.ytcY�sw�p¬r{z«·�cu�V�GnZrt_ac�¤ �¦�²r)rt_���r

Mae
z}p)vacuzºrt_ac.y¢bdcu�¦p¬waytcu�Zva�¦y)cEpsrtz«b´��rtcu��³Y^&_ac

���a�a¥£z«cE���.��vGr{yt��¥Ort��y�|¦w�cAz}p��u��¥}� wa¥}��rtcu�%���.�.��y��qz£va��rt�

Γ = S(ω)Jωd − JKω(ω − ωd)
» 3 >�À

¨�z«r{_
Kω

�Z�O�¦p{zºrtz«ª¦c�p¬nobdbdc r{ytz}�µ�¦��z£v�b´��r{ytzº¸�_�c.ytcµ��_��¦p{c.v¼�qz£�����¦v���¥4³
^&_acµ¤§�¦¥«¥£��¨�z£va���G��z£v�p���vC�V¤§wavC�²r{z£��vCp���ytcµw�p¬cE�
� k1 = 0.24

¹
k2 = 0.08

¹
k3 = 12.8

¹
Kω = diag(20; 20; 20)

¹
� h(s) = β√

1+β2s/η2

¨�zºrt_
β = 1.28

��v��
η = 12

¹

� σ(s) = α
k1

tanh
(

k1s
α

) ¨�zºrt_
α = 0.9

¹

� kz = 0.8
¹
hz(s) = βz√

1+β2
zs/η

2
z

¨�z«r{_
βz = 0.8

��v��
ηz = 0.8

¹

� p{��r
∆

�¦p&��z£ª�cuv��on;»�=u�GÀ¢¨�zºrt_
∆ = 8

¹
� γd = 0

¹ p{��r
M

�¦p&��z£ª�cuv��on�»4����À¢¨�z«r{_
M = 50

³

é§ê�ë�é½ì
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� µτ
��p¢��z£ª�cuv��onÑ»Ð���¦À¢¨�zºrt_

τ = 1
³

^&_�cH�¦��z£v�p
k1

¹
k2

¹
k3

¹
h(0), kz, hz(0)

_���ª�c¼�Oc.cuvð�qc rtc.ytbZz£vacE�­ªGz}���Ñ�O��¥£cT�a¥}��� cubdc.vGrV�ayt�o�.c ¶
�away{c��Oc.y{¤§��ytbZcE����v r{_ac�¥£z«vacE��ytz«±ucu�ðp{nqpsrtc.b ��¤Zlonqpsrtc.b,»�G¦À !alonqpsrtc.b,»�=H>�À%��r%r{_�c;cE|¦w�z«¥£z«��y{z£wab
(z = 0, ż = 0, x̃ = 0, ṽ = 0, R = I)

z«v%rt_ac�����y{r{z}� w�¥£��y��.��p{cµ��¤Y�dy{c.¤§c.ytc.v��.cAr{y����scu� r{�¦y{nV�.��v�p{z£p¬r{z£va�
��¤M�Z·a¸qcu�¼�O��z£v¦rE¹�¨�z«r{_T��¥«¥*c ¸or{cuy{v���¥�¤§��y�� cEp&�Ccuz«v��Vvac.�¦¥«cE�²rtcu��³  gc.rt��z«¥}p���¤�rt_az}p��¦��z«v%rtwavaz£va�V�ayt�q� c ¶
�away{c���y{cµ��z£ª�cuv�z£vH���a�Oc.v��azº¸H��³ =u�q³M^*¨¢�dp{z£bKwa¥}��rtz«�¦v%�u��p{cup&��ytcµy{cu�C�¦y¬rtcu��³

� 	 � 
 #Ð�q� 	 Î � 
 ¡µ�u�u�a� 	 # 	��¦�q� 	 Î � Î ��� � É�� �����
	 É � 	  $# É �q�´���.�E�q� 	 Î � �q� Ê � Î 	 � ���
^&_ac�� ��vGrty{�¦¥Y���q�scE�²r{z£ª�c´z}p�rt�Tpsr����az£¥£z«±ucdr{_ac�ª�c._�z£�.¥«c � p��.c.vGr{cuy���¤�b´��ptp

G
¹	z«vaz«r{z}��¥£¥£nÆytcup¬r{z£va�T��r

rt_acd�C�Gp¬z«r{z£��v
x(0) = (8, 5,−8)T

³Z^&_�cZz£vaz«r{z}��¥Yª¦c._az}� ¥£c$� pµ��r¬rtzºrtw��qc´z}pµ��z£ª�cuvÆ�on
R(0) = I3

³Z^&_�z£p
�.��yty{cEp¬�O��vC�ap�rt�Vr{_�c�cE|¦w�z«¥£z«��y{z£wab$��r{r{z«r{w��acZ�¦p{p{�q� z}��r{cE�H¨�z«r{_;�V·a¸qcu�;�qcup{z«ytcu�T�C�Gp¬z«r{z£��vTz£vTrt_ac´���q¶
p{c.vC� c���¤g¨�z£v���³�^&_ac¼�qcup{z«ytcu�Ä�C�Gp¬z«r{z£��v®z£p

xr = (0, 0, 0)T
³�ÂÃvaz«r{z}��¥£¥£n�¹Yrt_ac.ytc�z}pZva�Æ¨�z£v���¹M��wqrd�

_���ytz«±u��vGrt��¥Y¨�z«v��°psrtc.��ª�cu¥«�q�.zºrsn
ẋf = (4, 0, 0)T

z}pKz£vGr{yt�q�qw�� cE���Cc.rs¨/cuc.v�rt_ac´r{z£bdc ¶[z«vCpsr���vGrtp
30 s��v��

70 s
¹q¤§�¦¥«¥£��¨¢cu�%�on%�d¥}��yt��cuy���vac�»

ẋf = (8, 0, 0)T
À&r{_acuy{cE��¤½r{cuyu³�^&_az}pgp{z£bKwa¥}��rtz«�¦v%¨&��pg�qc.ªoz}p¬cE�

rt�Zr{cup¬r�r{_�c�y{�¦�aw�p¬r{vacEp{p&��¤�r{_�c��ay{�¦�C�Gp¬cE���.��vGr{yt��¥£¥£c.y¢¨�_ac.v¼vacuzºrt_ac.y�bdcE��p{way{cubdc.vGr¢v���y�cup¬r{z£b´��rtz«�¦v
��¤)��cuy{�q�qnov���bZz}�µytcu��� r{z£��v¼¤§�¦yt�.cup�z}pi��ª���z«¥}���a¥£c�³i^��´rt_az}pg�aw�y{�O�¦p{c�¹O¨/c�_���ª�c�wCp¬cE�

γ̂e = ge3
z«vÆr{_ac

�.��vGr{yt��¥��u��¥}� wa¥}��rtz«�¦v�¹�¨�_�c.ytcu��p¢rt_acKytcu��¥�ª���¥£wac���¤
γe

z£pg��z£ª�cuv%�onÑ» 3 �¦À&¨�z«r{_
g = g∗

��v��
m = m∗ ³Â[r�b´��r¬r{cuytpµ��¥£p{�%r{�¼z«¥£¥£w�psrtyt��r{cZr{_�c´y{�¦¥«cd��v��;z£bZ�O��y{rt��v�� cd��¤/rt_acdz«vGr{cu��y���rt��y��qc ·Cvacu�;�on »�=H>�À ³´ÂÃv

rt_az}p�ytcup{�CcE�²ru¹ars¨/�V�.��vGr{yt��¥�ª¦c.y�p¬z£��v�p���y{cµw�p{cu�%¤§�¦y�� �¦bZ�C��ytz£p{��v%�awayt�C�Gp¬cEp.³¢^&_acµ·�y�psri��vac��q�ocEp�va��r
z£v��.��yt�C�¦yt��r{c����O�¦p{zºrtz«�¦vÆz£v¦rtc.�¦yt��¥	�¦�²rtz«�¦v�³K^&_az}p�� �¦y{ytcup{�C�¦v��ap�r{�Hp¬c.r¬rtz«va��r{_�c�rtc.ytb´p

z, ż, z̈
cu|Gw���¥

rt��±uc.yt��³Y^&_ac�p{cu� �¦v��V�¦vacµ� ��vGr���z£v�p/r{_acµz£v¦rtc.�¦yt��¥Ì�¦�²rtz«�¦v�ytcup{wa¥ºrtz«v��K¤§yt��b rt_ac��.��¥}� w�¥£��r{z£��v���¤
z
��vC�

z«rtp/·�y�p¬r&��v���p{cu�.��v�����y��qc.y)r{z£bZc.¶[�ac.ytz«ª���rtz«ª¦cup/¤§yt��b » =�>�À²³Y^&_acµcuª���¥£wqrtz«�¦vV��¤�rt_acµª�cu_az£�.¥«c � p/�O�¦p{zºrtz«�¦v
��v��T��r¬r{z«r{wC�qc�z}pµp¬_���¨�vH��v;��z£��waytcupA�V��v�� 3 ³  �z«r{_;�C��r{_;�.��vGr{yt��¥*ª�cuytp{z«�¦v�pu¹�rt_ac��O�¦p{z«r{z£��vT��¤Mr{_ac
ª¦c._az}� ¥£c$� p�� cuvGr{c.yg��¤	bd�¦p{p

G
�.��voª�cuy{�¦cup/r{�V�Z·�¸ocE�%�C�Gp¬z«r{z£��v�³ D���¨¢c.ª¦c.yE¹qz«v%r{_acKva��¶[z«vGrtc.��y���¥��¦�²rtz«�¦v

�u��p{c�» p{c.cA�*z£��w�y{ci��À²¹Gr{_aci�C�Gp¬z«r{z£��v´cuy{yt��y/�q�ocupMv���r¢�.��voª�cuy{�¦c¢r{��±uc.yt��¹¦�awac�rt�Kcup¬r{z£b´��rtz«�¦v´c.yty{�¦ytp	�¦v
rt_acKª¦c._az}� ¥£c$� p���_Gnqp{z£�u��¥*����y���bdc rtc.y�p���vC�H�C�o�¦y{¥£n�bd�q�qcu¥«cE�T��cuy{�q�qnov���bZz}��ytcu�¦�²r{z£��v¼¤§�¦yt�.cupu³g��z«�¦waytc
3 p{_a��¨�p/r{_���r¢rt_ac�z£v�� �¦y{�O��y���rtz«�¦vV��¤*r{_acµ�ayt���O�¦p{cu��z«vGr{cu��y���¥���� r{z£��v�bd��©�cEp)rt_az}p&c.yty{�¦y¢�.��voª�cuy{�¦c�r{�
±uc.yt��³	e���r{c�rt_���r&�gptp¬wabd�qrtz«�¦v 0�� � ��¤�~Myt���O�¦p{zºrtz«�¦v�?´»

lim
s→+∞

h(s2)s > |c| ¹o¨�zºrt_
c = γ̂e− γe

ÀYb�w�psr
�OcHp{��r{z}ps·Ccu�Ñrt���¦w���y���vGrtc.c´rt_acHpsr����az£¥«z«rsn���¤gr{_acH� �¦vGr{yt��¥£¥«cE�Äp¬nqp¬r{cub ��v�� � �¦bZ�Oc.vCp{��r{c�¤§��yZ¥£��y{�¦c
¨�z£v��o¶[z£v��qw��.cu�Z�Ccuy¬rtwayt����rtz«�¦v�p.³� �_acuv

η
¹�r{_ac�w��a�Ccuy¬¶[�O��wav��Z��¤

h(s2)s
¹¦z£p)p¬b´��¥£¥£c.y	r{_C��v

10
��v���r{_ac

¨�z£v��¼ª¦c.¥£�o�.zºrsn�z£p �{psrty{�¦va���´»
ẋf = 8e1

À !Gz4³ c�³�¨�_acuvHbZ�q�qcu¥«z£va�Vcuy{yt��y�p&��vHc.¸or{c.ytv���¥�¤§��y�� cEp���ytc�ª�cuy{n
¥}��yt��c !g¨/c/_���ª�c/����p{c.ytª�cE�Az«vZp¬z£bKwa¥}��rtz«�¦v�r{_�c¢�qz£ª�cuy{�¦c.v��.cM��¤qrt_ac¢�C�Gp¬z«r{z£��v�cuy{yt��y��qcup{�az«r{c)r{_ac¢z«vGrtc.��y���¥
�¦�²rtz«�¦v�³�^&_�z£p/c ¸q�a¥}��z£v�p)r{_aciw�p¬ci��¤*��¥£��y{�¦c.y)ª���¥«waci��¤

η
»§z4³ c�³

η � =E��ÀYz«v�r{_aciy{cu�C�¦y¬rtcu�Vp{z«b�wa¥}��r{z£��vCp.³
��cu�.��¥«¥)_a��¨/cuª�cuyµr{_���ru¹Y��p��az£pt� w�ptp{cu��z«v°lqwa��p{cu�²rtz«�¦v 3 ³ 3 ¹	w�p{z«va�T�T¥£��y{�¦cZª���¥«wac���¤

η
_C��pµrt_ac�p{z£�qc

�ayt��¨����¦��©K��¤�z«vC� ytcu��p{z£va��r{_�ciytz£p{©d��¤��¦c r{r{z£va�
γ

� ¥£�¦p{c�rt��±uc.yt��³�Â[r&��¥£p{�K� �¦vGr{ytz«�awar{cup/rt�Kz£v�� ytcu�¦p¬cgr{_ac
p{z£±.cA��¤

γ
�ac ·�vacE���on�»Ð�6=�À²¹a��v��Vrt_ow�p���¥}p¬��r{_�cµ��bd�a¥«z«r{wC�qc���¤*r{_ac�� �¦vGr{yt��¥Ìz«v��awqrtp��ac ·�vacE���on�»Ð���¦À²³

^&_�z£piz«vTr{waytvTz£v�� ytcu�¦p¬cEp&r{_ac�y{z}p{©���¤)p{��r{way���rtz«va�Vr{_acZ���²rtw���rt��y�p.¹C¨�zºrt_T©ova��¨�vT��ptp{�o�.z£��r{cE�H�qcup¬rt���azº¶
¥£z£±.z£va�Vc �Ìcu� rtpu³�^����.��bd�a¥£n�¨�z«r{_T�¦�²rtw���rt��y�p��C��¨¢c.yg¥«z£bdzºr���r{z£��vCp.¹O�Vp¬b´��¥«¥*ª���¥«w�c���¤

η
z£pg�ay{c.¤§c.y����a¥£c�¹

��v��drt_az£p&z£vVrtwaytv�bdz«¥£z«rt��rtcup¢z£vV¤ ��ª��¦y)��¤�r{_acA��va¶4¥£z«v�cibdcu�¦p¬w�y{cubZcuvGr)��y¢cup¬r{z£b´��r{z£��v���¤�rt_acµ���a����y{cuvGr
�¦�.�.c.¥£c.y���r{z£��v

γe
³&ÂÃv ;2= 3 @��V_az«�¦_H�¦��z«v¼���Cp¬cuy{ª¦c.y���¤	rt_az£p�¤§��y�� c��C��p{cu�%��v¼rt_ac�bdcu�¦p¬waytc.bdcuv¦ri��¤	r{_ac

ª¦c._az}� ¥£c$� p¢r{y���vCp¬¥}��rtz«�¦v���¥Ìª�cu¥«�q�.zºrsn
ẋ

��v�����ytz«cuv¦r���rtz«�¦v
R
¹���v���r{_�cµr{_aytw�p¬r�z«vGr{cuv�p{zºrsn

T
z}p��ayt���O�¦p{cu��³

��z£��waytc��Kp{_a��¨�p/p¬z£bKwa¥}��rtz«�¦v´y{cEp¬w�¥ºr�pM��¤�rt_aci�.��vGr{yt��¥£¥£c.yM¨�z«r{_�z«vGr{cu��y���¥��.��yty{cE�²rtz«�¦v�¹�¨�_acuvVw�p{z«v��Kp¬wC��_

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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��vH����p{c.ytª�cuyu³�lob´��¥«¥£c.yiª���¥«w�cup���¤
η

��v��
∆

!¦rt_acKª���¥£wacK�¦p{p{�q� z}��rtcu�¼¨�z«r{_Hrt_ac�¤§wavC�²r{z£��v;p{��r
∆

!Ñ» zÐ³ c�³
η = 6

¹
∆ = 1

Ài��ytc���¥£p{�����a�a¥£z«cE��³K^&_acZ�Cc.r¬rtc.yAr{y�����©oz£va���Oc.y{¤§��ytb´��v��.cK��¤)r{_az}pµ� ��vGrty{�¦¥«¥£c.yE¹C¨�_�z£��_
z}pµ��¥}p¬�%w�p{cu�;z«v;r{_�cZv�c ¸or�p¬z£bKwa¥}��rtz«�¦v;�u��p{c�¹�p{_a��¨�vTrt_acdz«vGr{cuy{cEpsrµ��¤&� �¦bZ��¥«cubZcuvGr{z£va��rt_acdz«vGrtc.��y���¥
�.��yty{cE�²rtz«�¦v���� r{z£��v%¨�zºrt_%r{_ac�cEpsrtz«b´��rtz«�¦v���¤�rt_ac����a�C��ytc.vGr����.�.c.¥£c.y���rtz«�¦v�³

� 	 � 
 #Ð�q� 	 Î � � ¡ � ����� É  �� Î � Ê �u����  � 	 ��� Í 	§� � �u�.� Î���� 	 �q� 	 �q� # ÉRÍ 	 � Ï�� # �q� �OÉ 	 � 	 � 	 � #
� Î �
	§�
	 Î��®É ��� Î ���	� � Ï Î ��Ë #�	 ��É%É �u� 	 �Ä�q� 	 Î �®Î �g� É � Î Ï Ê � � � 	Ð  � Î ��  É ���

^&_ac��.��vGr{yt��¥Ì�¦�q�scu� r{z£ª�cµz£p¢rt�dr{y�����©drt_acµ¤§��¥£¥«��¨�z£va�dytc ¤§c.ytc.vC� cir{y����scu� r{�¦y{n

xr(t) = (10 cos(πt/10), 10 sin(πt/10),−t)T

^&_�cAz£vaz«r{z}��¥Ìª�cu_az}� ¥£c$� p/�O�¦p{z«r{z£��v¼��v�����r¬rtzºrtw��qc���y{ci��z£ª�c.v��on
x(0) = (45, 50,−10)T

��v��
R(0) = I3ytcup{�Ocu�²rtz«ª¦c.¥£n�³	ÂÃvGr{cu��y���¥�� �¦y{ytcu� r{z£��vVz£v¼�C�Gp¬z«r{z£��v%z£p&wCp¬cE��³M^��Zrtcup¬r�r{_ac�yt���awCpsrtvacuptp¢��¤�rt_ac�� �¦vGr{yt��¥£¥«cuy

¨�³ yE³ rE³T��c.yt�q�qnov���bdz}�d�Ccuy¬rtwayt����rtz«�¦v�p.¹Y���{p¬r{yt��va� �Zª���ytz£���a¥£cV¨�z«vC��z£p�p¬z£bKw�¥£��r{cu�Ñ¨�z«r{_°ª�c.¥£�q� z«rsn;z£vq¶
rtc.v�p{z«rsnZª���y{z}��rtz«�¦v�pMytc.�aytcup{c.vGrtcu�d��v��*z£��w�y{c ?o³M���²rtw���¥Ì��v��Vcup¬r{z£bd��r{cE�V���a�C��ytc.vGr¢�¦�.� cu¥«cuyt��r{z£��v�p)��ytc
p{_a��¨�v��¦v°��z«�¦way{c �q³Ñ¿�z£bZz«rt��r{z£��v�p���¤�rt_ac¼���²rtw���rt��y�p���ytc���¥£p{�Tr���©�cuv�z«vGrt�;���u� �¦wavGrK�onÑpt��rtway���r¬¶
z£va�Hrt_ac����a�a¥£z«cE��r{_aytw�p¬rK¤§��y�� cV��v���r{�¦yt|Gwac�� ��bd�O��vacuvGrtp��¦�.� �¦yt�az«va�¼rt�Hr{_�c´¤§��¥£¥«��¨�z£va�Hz£vacu|Gw���¥«z«rsn
�.��v�p¬r{y���z£vGrtp

0 ≤ T ≤ 1.8m∗g∗ = 56.5, |Γi=1,2,3| ≤ 0.3TL
^&_�c�� �¦vGr{yt��¥�ytcup{wa¥«rtpi��¤)��z«�¦waytc >dz£¥«¥£w�p¬r{y���rtc�r{_ac�y{�¦�aw�p¬r{vacEp{pg��¤Yrt_ac��.��vGr{yt��¥£¥«cuy�¨�³ yu³ ru³Apsrty{�¦va����vC�
y�����z£�q¥£n°ª���y{noz£va��¨�z«vC�o¶4z£v��qwC� cu�­�Oc.y{r{w�y{����r{z£��v�p���v�� bd�q�qc.¥£z£va�Äc.ytyt��y�p.³�^&_acHrtyt�¦��©Gz£va�Ñ�O�¦p{zºrtz«�¦v
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&
� �������	��
 � �'���+�'�,� ¹F=E� : = � ?�!%=�>�=¦¹ =9G*G¦�q³

; 3 ��@ DK³ �M�o��vT��v��%~	³C^�p¬z£��rtyt�¦p.³/lqz«va�¦wa¥}��ytzºrsn%��v���¥«nqp{z£p&��¤�ª���ytz}���a¥£c ¶Ãp¬�Oc.cE���.��vGr{yt��¥�bd�¦bZcuvGrg��noyt�¦pu³
� ���6���%(�
$� 
 ���601!&(��%),� � � �������	��
 � (���!
� ���%(�� 01)�� ¹Ì�*>a» 3 À�: 3 >�� ! 3 � �a¹¦��������³

� � �%�;���%!%-��

� 	 � � ��� ������� � ��� � � 	 ��������� �
� �¦v�p{z£�qcuy¢r{_acµ¤§�¦¥«¥£��¨�z«v��d�u��v��az£�a��r{c�¿�nG���aw�va��ªd¤§wav�� r{z£��v

V = 1− γ̄3 = 1 − cos θ̃
» 3 �¦À

 iz �Ocuy{cuv¦rtz£��r{z£va�
V

��¥£��v���rt_acVp{��¥£wqr{z£��v�pµ��¤/rt_ac�p{nqpsrtc.b
Ṙ = RS(ω)

��v���w�p{z£va�T¿�cubZb´�Æ��¨�z«r{_
|γ| = 1

» p{c.c��g�a�Ccuv��qz«¸%�K³ �GÀ²¹a�¦vacµ_���p

V̇ =
(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+

(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

lqwa��p¬r{z«r{wqrtz«va�´c.¸q�ay{cEp{p{z£��v�pµ»�>�À¢��¤
ω1, ω2

��v��%w�p{z£va�T»§�G��À ¹q�¦vac���c.rtp

V̇ = −k
γ̄2
1 + γ̄2

2

(1 + γ̄3)
2 = −k

1− γ̄3

1 + γ̄3
= − kV

1 + γ̄3
≤ −kV

2
≤ 0

» 3 G¦À

^&_�z£p%ytc.¥}��r{z£��v2�C�¦z«vGr�p��¦wqr%r{_���r
V

� �¦voª�c.yt��cEpVc.¸o�O��v�c.vGr{z}��¥£¥«n­rt�®±uc.yt�°¨�_az}��_���¥}p¬�®z«bd�a¥£z«cEp%r{_ac
c.¸q�C�¦vac.vGr{z}��¥¢� �¦vGª¦c.yt��cuv�� c´��¤

θ̃
r{�;±.c.yt��³;�gpK¤§��y�r{_ac%psr����az£¥«z«rsnÑ��¤�rt_ac�cE|¦w�z«¥£z«��y{z£wab

θ̃ = 0
¹Yz«r�z}p

�d�qz£ytcu�²r��.��v�p{cu|Gwacuv�� cµ��¤�» 3 ��À&��v��;» 3 GGÀ²³

� 	 � � ��� ������� � ��� � � 	 ��������� �
Â[r�¤§�¦¥«¥£��¨�p/¤§y{�¦b r{_�c��qc ·�v�zºrtz«�¦v%��¤

θ̃
rt_���r

tan2(θ̃/2) =
γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 =

|γ| − γ̄3

|γ| + γ̄3

» �¦�¦À

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô



3 � � 0����6��� ��)�� "���� ��(��	�	�
� (�� ��

� � (H�'),(�
 ��������� �<(���! �C
2(���!&�
��� � � ���

� �¦v�p{z£�qcuy�rt_acZ�u��v��az£�a��r{cZ¿�n¦���awava��ª�¤§wav�� r{z£��v
V

�qc.·�vacE�T�on°» =���À²³  iz �Ìc.ytc.vGrtz£��r{z£va�
V

��¥£��va��r{_ac
p{��¥£wqrtz«�¦v�p&��¤Ylonqpsrtc.b »�G��CÀÃ¶�»�G��.À&��v��%w�p{z«va�´¿�c.bdb´�d�%»Ðp¬cuc����a�Oc.v��azº¸¼��³ �¦À²¹���vacµ��c.rtp

V̇ = ṽT (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

= ṽ3 (−u + γ̄3) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

ṽ1

ṽ2

)]

lqwa��p¬r{z«r{wqrtz«va�´c.¸q�ay{cEp{p{z£��v�pµ» =*=uÀ¢��¤
u
¹
ω1

¹
ω2

��v��%w�p{z£va�T»§�G��À²¹a�¦vacµ���qr���z£v�p

V̇ = −|γ|k1ṽ
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 = −|γ|k1ṽ

2
3 − k3

k2
tan2(θ̃/2)

»§�/=EÀ

^&_�cK¿�nG���awav���ªV¤§wav�� r{z£��vÆ�ac.ytz«ª���rtz«ª¦c�z£pivacu�¦��rtz«ª¦c�p¬cubdzº¶Ã�qc ·Cvazºrtc�¹Ìp¬�Vr{_���r�r{_ac�ª�cu¥«�q� z«rsn%c.yty{�¦y&r{c.ytb
ṽ
z£p/�C�¦wav��qcE��³Y^&_ac�vac.¸or¢p¬r{c.�´��¤�r{_aci�ayt�G��¤Ì�.��v�p{z}psr�pMz£vVp¬_a��¨�z£va��rt_���r

V̇
z}pMwav�zº¤§�¦y{bd¥£nZ�.��vGr{z£vowa��w�p

��¥«�¦va�Hcu�¦��_Äp¬nqp¬r{cub	� pKp{��¥£wqrtz«�¦v�z«vÄ�¦yt�ac.y�rt�;�qcE�qw�� c¦¹	�GnÑ�����a¥«z}�.��r{z£��v���¤g�¢��y{�C��¥}��r�� p�¥£c.bdb´�Ä» p{c.c
; =A?H@½À ¹Mr{_�c¼�.��voª�cuy{�¦c.v��.c���¤

ṽ3
��v��

θ̃
rt�Ñ±.c.yt����³®^*�;rt_az}pd�awayt�C�Gp¬c¦¹MzºrVp{wqÅV� cEpZr{�Ñp¬_a��¨ r{_���r

V̈z}p��C�¦wav��qcE��³�ÂÃv°ªoz£c.¨ ��¤¼»§�/=EÀ²¹/�gptp¬wabd�qrtz«�¦v ?o¹/��v��Ñrt_ac%�C�¦wav��qcE�qvacuptpZ��¤
ṽ
¹Yr{_�z£pd� �¦v��qz«r{z£��vÄz}p

pt��rtz£p¬·�cE��z«¤
γ
¹
γ̇
¹ ˙̃v3

¹���v�� d
dt tan2(θ̃/2)

��ytcµ�C�¦wav��qcE��³
��y{�¦b �ip{p{wabd�qrtz«�¦vT�a¹Or{_ac��C�¦wav��qcE�qvacEp{pg��¤

ṽ
¹���v��%r{_acZytc.¥}��r{z£��v

ṽ = RT (ẋ − ẋr)
¹Ìzºri¤§��¥£¥«��¨�p

rt_���r
ẋ

z£p��C�¦wav��qcE��³%^&_�c.ytc ¤§��ytc�¹*w�p{z«va�T�ip{p{wabd�qrtz«�¦v�p =V��vC�;�C¹*�¦vacV�qcE�qw�� cEpµr{_C��r
γe

¹
γ

��v��
γ̄��y{ci��¥}p¬���C�¦wav��qcE��¹q��v��drt_���r

u
»§��z£ª�cuvV�onT» =*=EÀ¬À)z}p/��¥£p{��¨¢c.¥£¥º¶Ã�qc ·Cvacu����v��´�O��w�v��qcu��³	^&_�z£p¢z£bZ��¥«z£cup

rt_���r
ẍ

�¦z«ª¦c.v��on
ẍ = −uRe3 + γe(ẋ, t)

»§�o��À
z}p&�O��wav��acu��³)loz£v��.c

γ̇e(ẋ, t) =
∂γe
∂ẋ

(ẋ, t)ẍ +
∂γe
∂t

(ẋ, t),

z«rK� �¦bdcupu¹Ì¤§y{�¦bk�gptp¬w�bZ�ar{z£��v�p =d��vC�;�H��v��Trt_acZ¤ ��� r�r{_���r
ẋ

��v��
ẍ

��y{cd�O��wavC�qcu��¹�r{_���r
γ̇e

��vC�
γ̇

��ytc���¥}p¬�´�O��w�v��qcu��³�¿�c riw�p�va��¨�p{_a��¨ rt_���rµ��¥£��va�´cE����_Hp{nop¬r{cub � pip¬�¦¥«wqrtz«�¦v�¹art_ac.ytc�c.¸oz}p¬rtp
ε > 0p{w���_�r{_���r

|θ̃(t)| ≤ π − ε, ∀t
»§� 3 À

Â[r�¤§�¦¥«¥£��¨�p/¤§y{�¦bk» =*=EÀ ¹�»§�G��À²¹���v��%¿�c.bdb´�V�Kr{_���r

d

dt
(1 − cos θ̃) = −k2(γ̄1ṽ1 + γ̄2ṽ2) − k3

|γ| − γ̄3

|γ| + γ̄3
= −k2(γ̄1ṽ1 + γ̄2ṽ2) − k3 tan2(θ̃/2)

»§�¦�GÀ

lqz«v��.c
γ̄

��v��
ṽ

��ytcµ�C�¦wav��qcE��¹a��v�cµ�u��v%c.v�p{waytcAr{_���r�r{_acuy{cµc ¸qz}psr�p
ε1 > 0

p{w���_�r{_���r

|θ̃| > π − ε1 =⇒ d

dt
(1 − cos θ̃) < 0

�/|¦wC��r{z£��vH» � 3 À	z}p	rt_GwCpMp{��r{z}ps·Ccu��¨�zºrt_
ε = min{ε1, π−|θ̃(0)|} »

> 0
À ³�^&_az}pYz£bd�a¥«z£cupYr{_ac��O��w�v��qcu�q¶

v�cuptp/��¤
tan(θ̃/2)

��v�����¥}p¬�C¹G¤§y{�¦b » �¦�GÀ²¹q��¤
1/(|γ|+ γ3)

³M�g¥«�¦va��¨�z«r{_¼�gptp{wabd�qr{z£��v ?K��v��´rt_acA¤ ���²r
� ê�ß�è4ä	èÐÕ�Útè*ñqÚ åEÚ�ÞÁÞÁä�� Ý�è4Õ�äsß²à äsæ�á�ßuäsÝ�Ô�ß�è*Ú�õ�õ�Þ �gÝ4ÓÁÔEØ¬ä	èÐÕ�äMØsÞÁß²Ý4äsáEò½ÞÁß.ß²õAá��EÔ�Ú�æ�ÓÁØsÝ�ÓÁÝ�Ô�ß�è*Ú�×EèÐß²Ô�ß²æ�ß²×�Ý{÷

é§ê�ë�é½ì
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���
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�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� 3*3

rt_���r
ṽ, γ, γ̄, γ̇

��ytc��O��wav��acu��¹¦r{_az}p/c.v�p{waytcup	rt_���rMrt_acg�.��vGr{yt��¥az£va�awartp
ω1

��v��
ω2

¹G��v��Zrt_GwCp
ω
¹o��ytc

¨¢c.¥£¥«¶[�qc.·�vacE����v����O��w�v��qcu��³)loz«vC� c
γ, ṽ, ω, u

��ytcA�O��w�v��qcu��¹qzºr�¤§�¦¥«¥£��¨�p¢¤§y{�¦bk»�G��CÀ)rt_���r ˙̃v
z}p���¥}p¬�

�O��w�v��qcu��³���z«v���¥«¥£n�¹�p¬z£v��.c´�C��r{_
γ̇

��v��
ω

��ytcZ�O��w�v��qcu��¹*�¦vac´�qcu�qwC� cup�r{_���r
˙̄γ
z£p��C�¦wav��qcE��³�^&_ac

�O��w�v��qcu�avacuptp���¤ d
dt tan2(θ̃/2)

r{_�c.v�¤§��¥£¥«��¨�p�¤§y{�¦b »§�G��À���v���¤§y{�¦b�r{_ac&�O��wav��acu�qvacEp{p���¤
1/(|γ|+γ3)

³
^&_�z£pi� ��vC� ¥£w��qcup�r{_ac��ayt�G��¤Y��¤Mwavaz«¤§��ytb � �¦v¦rtz«vowaz«rsn%��¤

V̇
��v��¼��¤Yrt_ac��.��voª�cuy{�¦c.v��.cA��¤

ṽ3
��v��

θ̃
r{�

±uc.yt��³Ye���r{cA¤§yt��bk» �¦�¦À/rt_���r
γ̄1

��v��
γ̄2

��¥}p¬�d� �¦voª�c.yt��cgr{�´±uc.yt��³
^&_acuy{cHytc.b´��z«v�p´r{�Äp{_a��¨ rt_���r

ṽ1
��v��

ṽ2
�.��voª�cuy{�¦c�rt�Ä±.cuy{�C³ ¿�c.r

γ̄1,2
�qcuva��rtc¼r{_acTª¦cu� r{��y

(γ̄1, γ̄2)
T ³M�¢n��d�qz£y{cE�²rg�u��¥}� wa¥}��rtz«�¦v�¹o��vac��qcE�qw��.cup¢¤§yt��bÇ¿�c.bdb´�V����v���» =&=EÀ/r{_���r

d

dt

γ̄1,2

|γ| = a(t) + b(t)
»§� ?¦À

¨�z«r{_

a(t) := γ̄3









−k2ṽ1 −
k3γ̄1

(|γ| + γ̄3)2

−k2ṽ2 −
k3γ̄2

(|γ| + γ̄3)2









, b(t) :=
1

|γ|

(

ω3 +
1

|γ|2 γTS(Re3)γ̇

)(

γ̄2

−γ̄1

)

Â[r�z£p�psrtyt��z«�¦_¦r{¤§��yt¨¢��yt�Hr{�Tª¦c.ytzº¤§nÆr{_���r
ȧ(t)

z}p��O��wav��acu��» p{�¼r{_C��r
a(t)

z£p�w�vazº¤§�¦y{bd¥£n��.��vGr{z£vowa��wCptÀ
�C��p{cu���¦vÄr{_�c��O��wavC�qcu�qv�cuptp���¤ ˙̃v, γ̄, ˙̄γ

¹)��v��
1/(|γ| + γ̄3)

À²³®�/cE�.��w�p¬c
b(t)

z£pZva��rZv�cu� cEp{pt��ytz£¥«n
w�vazº¤§�¦y{bd¥£n��.��vGr{z£vowa��wCp´»§�Ocu�.��w�p{cV��¤&r{_�cVr{cuy{b´p

ω3
��vC�

γ̇
À ¹*rt_ac��.¥£�¦p{p{z£�u��¥Yª¦c.y�p¬z£��vÑ��¤��&��yt����¥}��r � p

¥£c.bdb´�T�q�ocEp�va��rZ�����a¥«n¦³T^&_az}pKc.¸o��¥£��z«v�p�r{_ac�w�p¬c���¤&r{_�c�p{¥«z£��_Gr{¥£n���c.v�c.y���¥£z«±ucu��ª�cuytp{z«�¦vÑ��z£ª�c.vÑ�on
¿�c.bdb´� 3 » p{c.ci���a�Oc.v��azº¸V��³ G¦À ³Yfgp{z«va��r{_aci�C�¦wav��qcE�qvacuptpM��¤

ω3
¹o�gptp{wabd�qr{z£��v�?a¹G��v��Zr{_acg�ay{�¦�Ccuy¬¶

rtz«cEp)�¦�qrt��z«v�cu�V��y{cuªGz£��wCp¬¥£n%» zÐ³ c�³Y�.��voª�cuy{�¦c.v��.c���¤
γ̄1,2

r{��±.cuy{�Z��v��´�O��w�v��qcu�avacuptp)��¤
γ̇
À ¹o��vaciª�c.ytz«·�cup

rt_���r
b(t)

� ��voª¦c.yt��cupMr{�d±.cuy{�C³  gz£y{cE�²r������a¥«z}�.��r{z£��v%��¤	¿�c.bdb´� 3 r{�Vlonqp¬r{c.b »§� ?�À¢c.v�p{waytcup/r{_ac��.��vq¶
ª¦c.yt��cuv�� ci��¤ d

dt
γ̄1,2

|γ|
r{�d±.cuy{�C³Ylqz«v��.c

γ̄1,2
� ��voª¦c.yt��cupMr{�d±.cuy{�d��vC� |γ|+ γ̄3 > 0

¹or{_�c�� ��voª¦c.yt��c.vC� c���¤
ṽ1, ṽ2

rt�´±.c.yt��¤§��¥£¥«��¨�pu³
�ipA¤§��yAr{_ac´p¬rt���az«¥£z«rsnH��¤Mrt_acdcu|Gwaz£¥«z£�aytz«wab

(ṽ, θ̃) = (0, 0)
¹�z«rµz}p��%�qz«ytcu� rµ�.��v�p{cu|Gwacuv�� c���¤´»�=E��À

��v���»§��=EÀ ³

� 	�� � ��� ������� � ��� � � 	 ��������� �

��y{�¦b r{_�c��qc ·�v�zºrtz«�¦v%��¤
γ

�¦z«ª¦c.v��GnÑ» =���À²¹�cu|Gw���rtz«�¦v�»�G��CÀ&�u��v%�Cc�ytc.¨�ytz«r¬r{cuv%�¦p

˙̃v = −S(ω)ṽ − ue3 + RT γ − RTh(|Iv |2)Iv + RT c
» � �¦À

 ic ·Cvac
f : s 7−→ h(s2)s

��v��
f−1 �¦pYzºr�pMz£voª�c.y�p{c/¤§w�v��²rtz«�¦v�³Me���r{c�¹�¤§y{�¦b »�=A?�À ¹�rt_���r

f
z}p)��p¬r{ytz}�²r{¥£n

z£v��.y{cE��p{z«va���.��vGr{z£vowa��wCpY¤§wav�� r{z£��v�³)lqz«v��.c
h

z£p¢p¬r{ytz£� r{¥£n��O�¦p{zºrtz«ª¦c�¹G��vaci_���p
f(0) = 0

³	^&_ac.ytc ¤§�¦y{c¦¹�rt_ac
wCp¬cµ��¤ �M��w�va� � p&z«v�cu|Gw���¥£z«rsnÆ» p{c.c ; ��@§À&��¥£¥«��¨�p/r{�dcEpsr����a¥£z£p{_%r{_acµ¤§�¦¥«¥£��¨�z£va��ytc.¥}��rtz«�¦v

cT Iv ≤ |c||Iv | ≤
∫ |Iv |

0

f(s) ds +

∫ |c|

0

f−1(s) ds

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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��� � � ���

^&_�z£p&¥£cu�¦�ap&w�p&rt�d�.��v�p{z}�qc.y&rt_acµ¤§��¥£¥«��¨�z£va�d�.��v��qz}�a��rtcµ¿�n¦���awava��ªd¤§wavC�²r{z£��v
V

�qc.·�vacE���on

V =
1

2
ṽT ṽ +

1

k2

(

1 − γ̄3

|γ|

)

+

∫ |Iv |

0

f(s) ds − cT Iv +

∫ |c|

0

f−1(s) ds
»§�6>�À

Â[r´z}p´psrtyt��z«�¦_Gr¬¤§��yt¨&��y��Ært�Ñª�c.ytz«¤§nÑr{_���rZrt_ac%¤§wav�� r{z£��v
V

z}pd�O�¦p{zºrtz«ª¦c%��v��°��y{�¦�CcuyZ¨�³ yE³ rE³
ṽ
³­�ivac

ª¦c.ytzº·Ccupg��¥£p{�´rt_���r
V

z}pg��y{�¦�Ccuyg¨�³ yu³ ru³
Iv

�on¼ª�cuy{z«¤§noz«va�Vr{_���rgr{_�c Dgcuptp¬z}��vTb´��r{ytzº¸¼��¤
V

¨�³ yE³ ru³
Ivz}p��qc.·�vaz«r{cV�O�¦p{z«r{z£ª�c�¹�z4³ c¦³ ∂2V

∂I2v
> 0

¹*w�p{z£va�¼r{_ac�� ��vC�qzºrtz«�¦vð» =H?�Àµ��¤¢rt_ac´¤§wavC�²r{z£��v
h
³¼fgp{z«va�®»§� �GÀ²¹

¿�c.bdb´�´�q¹a��vC��rt_ac�ytc.¥}��r{z£��v
İv = Rṽ

¹q�¦vac���c.rtp

V̇ = ṽT (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)] » �¦�¦À

lqwa��p¬r{z«r{wqrtz«va�drt_ac�� �¦vGr{yt��¥Ìc ¸q�aytcuptp¬z£��v�» =*=EÀ¢z£v¦rt�H»§�¦�¦À²¹a�¦vacµ���qr���z£v�p

V̇ = −|γ|k1ṽ
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

» �*G¦À

^&_�c.v�¹qrt_ac��ayt�o��¤	��¤Y� �¦vGª¦c.yt��cuv�� cA��¤
(Iv , ṽ, θ̃)

r{�
(I∗v , 0, 0)

�ay{�q�.c.cu��p���p¢¤§�¦y�~Myt���O�¦p{zºrtz«�¦v¼�a³/eg��r{c
z£vT����y¬rtz£�.wa¥}��y�rt_���rAr{_�cZ�.��v��qz«r{z£��v®» =A?�À���¤Yr{_ac�¤§wav�� r{z£��v

h
z}piwCp¬c.¤§wa¥�rt��cuv�p{way{c�r{_acZ�C�¦wav��qcE�qvacEp{p

��¤
γ̇
¹���v��Tz«rtp��.��b��az«vC��r{z£��vÆ¨�zºrt_;�gptp¬w�bZ�ar{z£��v 0�0�0 � ��¤)~)y{�¦�C�Gp¬z«r{z£��v 3 z£bd�a¥«z£cupirt_acdc ¸qz£p¬r{cuv�� c���¤/�

w�vaz£|Gwacdª¦cu�²rt��y
I∗v

p{w���_;r{_���r
h(|I∗v |2)I∗v = c

³d�away{r{_�c.ytbZ�¦y{c¦¹Ìr{�¼�ayt��ª�cKr{_���r
Iv

�.��voª�cuy{�¦cup�rt�
I∗v�¦vac��.��v%���a�a¥£n��&��yt����¥}��r � p¢¥£c.bdb´�d��z£ª�c.v�z«vH�g�a�Ccuv��qz«¸¼�K³ G�rt�¼» � �GÀ¢¨�zºrt_

a(t) := −RTh(|Iv |2)Iv + RT c , b(t) := −S(ω)ṽ − ue3 + RT γ

�ip	¤§��y	rt_ac�psr����az£¥£zºrsn���¤�rt_ac�cu|Gwaz£¥«z£�aytz«w�b �C�¦z«vGr
(Iv , ṽ, θ̃) = (I∗v 0, 0)

¹�z«rYz£p)�A�az«ytcu� rY�.��v�p{cu|Gwacuv�� c
��¤�»§��>�À²¹�» �*G�À.¹a��v���rt_acµ¤ ��� r¢rt_���r�rt_az}p��C�¦z«vGr�z}p¢r{_ac�w�vaz£|Gwac�bdz£vaz£bKwab ��¤�r{_acµ¤§wavC�²r{z£��v

V
³

� 	 � � ��� ������� � ��� � � 	 ��������� �

��y{�¦bk»1G��CÀ&��vC�;»4����À.¹qzºr�¤§�¦¥«¥£��¨�p¢r{_C��r�r{_�cµr{z£bZc.¶[�ac.ytz«ª���rtz«ª¦ci��¤
v̄

pt��rtz£p¬·�cEp¢r{_acµ¤§�¦¥«¥£��¨�z«v���cE|¦wC��r{z£��v

˙̄v = −S(ω)v̄ − ue3 + RT z̈ + RT (γe − ẍr)

¨�_�z£��_¼�.��v��Oc�y{cu¨�y{z«r¬rtc.vH��p

˙̄v = −S(ω)v̄ − ue3 − RTh(|y|2)y + RT γ + RT c
»�?��¦À

¨�z«r{_
γ

�qc.·�vacE���on�»Ð�6=�À²³ � �¦v�p¬z}�qcuy/rt_ac��.��v��qz}�a��rtc�¿�nG���awav���ª�¤§w�v��²rtz«�¦v

V =
1

2
v̄T v̄ +

1

k2

(

1 − γ̄3

|γ|

)

+

∫ |y|

0

f(s) ds − cT y +

∫ |c|

0

f−1(s) ds
»�? =EÀ

é§ê�ë�é½ì
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¨�_�c.ytcTr{_�c��qc.·�vaz«r{z£��v2��¤
f

z}p��¦z«ª¦c.v�z£vðrt_ac;��y{�o��¤���¤K~Myt���O�¦p{zºrtz«�¦v 3 ��v��
γ̄

z£p%��z£ª�cuv��on�»��GÀ²³
�gv���¥£���¦��w�p{¥£n´r{�´rt_acK��y{�o��¤Y��¤	~)y{�¦�C�Gp¬z«r{z£��v 3 ¹O��v�c�ª�cuy{z«·�cup�r{_���r

V
z}p��O�¦p{zºrtz«ª¦cK��vC�¼�ay{�¦�Ccuy�¨�³ yu³ ru³

ṽ
��v��

y
³Mfip¬z£va�T»�?���À.¹�»Ð�¦��À ¹���v���r{_�c�y{cu¥£��r{z£��v

ẏ = Rv̄
¹���vacµ��c.rtp

V̇ = −|γ|k1v̄
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

»�?���À

��y{�¦b » =H>�À²¹q�¦vacgª¦c.ytzº·�cEpMrt_���r
z, ż

¹q��v��
z̈
��y{ci�C�¦wav��qcE��³M�ayt��b »�?6=�À)��v��Æ»�?���À.¹o��vacµ�qcu�aw�� cEp)rt_���r

y
��v��

v̄
��ytcA�C�¦wav��qcE��³/loz£v�� c

z
��v��

ż
��ytci�O��wavC�qcu��¹ar{_ac�ytc.¥}��rtz«�¦v�p

y = x̃ + z
��v��

v̄ = ṽ + RT żz£bd�a¥£n;rt_���r
x̃

��vC�
ṽ

��y{c���¥}p¬�T�O��w�v��qcu��³;^&_acuvÄzºr�¤§��¥£¥«��¨�p�¤§y{�¦bù~My{�¦�Ccuy¬rsn � � ��¤�r{_�cV¤§wav�� r{z£��v
pt��r

∆
¹G~Myt���Oc.y{rsnT» =H?�ÀY��¤�r{_acg¤§wav��²rtz«�¦v

hz
¹q��vC�Vlonqpsrtc.b » =�>�À	rt_���r

z(3) ytc.b´��z£v�pM�O��w�v��qcu��³  ic.v���r{c
z∗

r{_�c´wavaz}|¦w�cdp{��¥£wqrtz«�¦vÆrt�
h(|z∗|2)z∗ = c

³V��y{�¦b r{_acuy{c¦¹�¨�z«r{_�r{_acVpt��bdc´��yt��w�bZcuvGrtpµ��pµz£v�r{_ac
��y{�o��¤���¤�~Myt���O�¦p{zºrtz«�¦v 3 ¹o��v�ci�qcE�qw�� cEp/r{_acµ� �¦vGª¦c.yt��cuv�� c���¤

(y, v̄, θ̃)
r{�

(z∗, 0, 0)
��v��drt_acAp¬rt���az£¥«z«rsn

��¤�rt_az£p�cu|Gwaz£¥«z£�aytz«wab ��¤*r{_ac
(y, v̄, θ̃)

p¬w���p¬nqp¬r{cub%³
 ic ·�v�c

ȳ := y − z∗, z̄ := z − z∗, w := ż,

gz(ȳ, z̄) := hz(|ȳ − z̄|2)(ȳ − z̄) + hz(|z̄|2)z̄eg��rtc�r{_���r
gz(ȳ, z̄)

z£pg�C�¦wav��qcE�T��vC�¼ª���vaz}p¬_acEp�wa¥«r{z£b´��rtc.¥£n¼p{z£v�� c
ȳ

� �¦vGª¦c.yt��cEp¢r{�V±uc.yt��³�e���r{cK��¥£p{�
rt_���r

x̃ = y − z = ȳ − z̄
³M^&_acuv�¹Clonqp¬r{c.b »�=�>�À&�.��v��Oc�y{cu¨�y{z«r¬rtc.v¼��p

{

˙̄z = w
ẇ = −2kzw − k2

z z̄ + k2
z(

pt��r
∆(z̄ + z∗) − z∗) − kzhz(|z̄|2)z̄ + kzgz(ȳ, z̄)

�¦y&z«v%r{_�c�bZ�¦y{c��.��bd����� r&¤§��ytb
Ż = F (Z) + G(ȳ, Z)

»�? 3 À
¨�z«r{_

Z := (z̄, w)T
¹

F (Z) :=

(

w
−2kzw − k2

z z̄ + k2
z(

pt��r
∆(z̄ + z∗) − z∗) − kzhz(|z̄|2)z̄

)

,

��v��
G(ȳ, Z) := (0, kzgz(ȳ, z̄))

T ¨�_az}��_�ª���vaz£p{_acEp&wa¥ºrtz«b´��r{c.¥£n�³
�ivac´ª¦c.ytzº·Ccupir{_���r

Z = 0
z£pArt_ac´��¥£������¥«¥£nT��p{nobd�qr{��r{z}�.��¥£¥£nÆpsr����a¥£cd�C�¦z«vGr���¤/rt_acVp¬nqp¬r{cub

Ż =
F (Z)

�on��.��v�p{z£�ac.ytz«va��r{_�cµ¤§��¥£¥«��¨�z£va�d�.��vC�qz£����r{c�¿�n¦����wava��ªd¤§wav�� r{z£��v

U =
1

2kz

∫ |z̄|2

0

hz(s) ds +
1

2
|z̄|2 +

1

2

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2 »�?��GÀ

ÂÃvC�qc.cE��¹q�qz �Ìc.ytc.vGrtz£��r{z£va�ZfR��¥£��v���r{_ac�p{��¥£wqr{z£��v���¤�rt_acAp{nqpsrtc.b
Ż = F (Z)

��vC�Vw�p{z«v��K~Myt���Oc.y{rsn � �
��¤�rt_acµ¤§wav�� r{z£��vHp{��r

∆
��v��¼�gptp¬w�bZ�ar{z£��v 0�� � ��¤�~My{�¦�C�Gp¬z«r{z£��v%�a¹a�¦vacµ���qr���z£v�p

U̇ = −hz(|z̄|2)|z̄|2 − kz

(

|z̄|2 +

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2

−
(

z̄T + (
pt��r

∆(z̄ + z∗) − z∗)
)T
(

z̄ +
w

kz

)

)

≤ −hz(|z̄|2)|z̄|2 − kz |z̄|2 − kz

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2

+ 2kz|z̄|
∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

»�?&?�À

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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lqz«v��.c
z

z}p��O��wav��acu��¹
z̄

z}p���¥}p¬�H�O��w�v��qcu��¤§yt��b zºr�pK�qc.·�vaz«r{z£��v�³¼�gp��H� �¦v�p¬cE|Gwac.v��.c�¹�r{_acuy{c´c.¸oz}p¬rtp
δz > 0

p¬wC��_�r{_C��r
hz(|z̄|2) > δz

³	^&_az}p.¹���¥«�¦va�g¨�z«r{_¼»�?*?�À²¹�z«bd�a¥£z«cEp*r{_���r*rt_ac.ytc/c.¸qz£p¬r	p{��bdc&� �¦v�psr���vGrtp
αz, αw > 0

p{w���_�r{_���r

U̇ ≤ −αz|z̄|2 − αw

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2 »�? �¦À
�g�a�a¥£noz«va�´¿�n¦����wava��ª � p)r{_�c.��ytc.b �¦vacAr{_acuv%p{_a��¨�p/r{_C��r

z̄
¹
w
¹C��v��Vr{_ow�p

U
� ��voª¦c.yt��c�rt��±uc.yt��³Y^&_ac

p¬rt���az£¥«z«rsnV��¤�r{_�cAcE|Gwaz«¥£z£�ay{z£wab
Z = 0

��¤*r{_ac�p{nqpsrtc.b
Ż = F (Z)

y{cEp¬w�¥ºr�p¢¤§y{�¦b »�?��¦À&��v���»�? �GÀ²³
loz£v��.c

Z = 0
z}pAr{_ac´�¦¥«�¦����¥£¥«nT�¦p¬nobd�qrt��r{z}�.��¥«¥£nTp¬rt����¥«cd�O��z£v¦r���¤)rt_acVp¬nqp¬r{cub

Ż = F (Z)
¹
Z

z}p
�O��w�v��qcu��¹���v��

G(ȳ, Z)
� �¦voª�c.yt��cEpMrt�´±.cuy{�C¹or{_acuv�¤§�¦yilonqp¬r{c.b »�? 3 À

Z
�.��voª�cuy{�¦cup¢��¥}p¬�Zrt�´±.c.yt��³Mlo�

rt_���r
(z, ż)

�.��voª�cuy{�¦cup/r{�
(z∗, 0)

³/^&_�cK� �¦vGª¦c.yt��cuv�� cA��¤
z̄

��v��
y := z̄ + x̃

r{��±.c.yt�dz«bd�a¥£z£cup�rt_���r
x̃�.��voª�cuy{�¦cup&rt��±uc.yt��³µ�*z£v���¥«¥£n�¹�p{z«v��.c

v̄ := ṽ + RT ż
��v��

ż
�.��voª�cuy{�¦cµr{�%±.cuy{�C¹

ṽ
��¥}p¬��� ��voª¦c.yt��cup�r{�

±uc.yt��³
¿�c rMw�p	·Cv���¥£¥«nKcup¬rt����¥«z}p¬_Zrt_ac�psr����az£¥£zºrsn���¤Crt_ac�cu|Gwaz£¥£z«�aytz£wab��O��z£vGr

(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
³

��y{�¦bk»�? =uÀ&��vC�;»�?���À.¹
(v̄, ȳ, θ̃) = (0, 0, 0)

z£p��dp¬rt���a¥«cµcE|¦w�z«¥£z«��y{z£wabÇ��¤�rt_ac�� �¦v¦rty{�¦¥«¥£cu��p¬nqp¬r{cub%¹a��v��
¤§yt��b »�?��¦ÀV��v���»�? ��À²¹

Z = 0
z}p���vð�¦p¬nobd�qrt��r{z}�.��¥«¥£n®p¬rt���a¥£cTcu|Gwaz£¥«z£�aytz«w�b �O��z£vGr���¤�rt_acÆp{nop¬r{cub

Ż = F (Z)
³/lqz«v��.cµr{_acµ¤§w�v��²rtz«�¦v

G
z£v�»�? 3 À&z}p�� �¦vGr{z£vGw���w�p&��vC��z}�qcuv¦rtz£�u��¥£¥«n�±.cuy{�Z¨�_ac.v

ȳ = 0
¹q�¦vac

�acu�qw��.cupµrt_���r
(v̄, ȳ, θ̃, Z) = (0, 0, 0, 0)

z£p���¥£p{�¼�Hpsr����a¥£c´cu|Gwaz£¥«z£�aytz«w�bk��¤¢r{_�cV� ��vGrty{�¦¥«¥£cu��p¬nqp¬r{cub%³
^&_�z£p��qz£ytcu�²rt¥«n�z«bd�a¥£z£cup¢r{_�c�psr����az£¥«z«rsnV��¤*rt_ac�cu|Gwaz£¥«z£�aytz«w�b

(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
³

� 	 � � ��� ������� � ��� � � 	 ��������� �

^&_�cK�O�¦p{zºrtz«ªoz«rsn%��¤Yr{_acKr{_aytw�p¬riz£va�awqr
u

z£pgcu��p{z£¥«n¼ª�cuy{z«·�cE�%¤§y{�¦bÇrt_acZ�ac ·�vaz«r{z£��vÆ��¤
u

��z£ª�c.vHz£v°»4� 3 À
��v��Hrt_acd��ptp¬wabd�qrtz«�¦v�pA��v

σ
¹���z£ª�cuvTz«v;~Myt���O�¦p{zºrtz«�¦v ?o³ � �¦v�p{z£�qcuyµva��¨�r{_ac´�u��v��qz}�a��r{cd¿�n¦���awava��ª

¤§w�v��²rtz«�¦v%�¦z«ª¦c.v%�on;»�? =uÀ.³Mfgp{z«va�T»�?���À&��v��¼¿�cubZb´�´�%» p{c.c��g�a�Ccuv��qz«¸%�K³ �GÀ²¹a�¦vacµ��c r�p

V̇ = v̄T (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

= v̄3 (−u + |γ|) − v̄3 (|γ| − γ̄3)

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

v̄1

v̄2

)]

= v̄3 (−u + |γ|)

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

v̄1

v̄2

)

− |γ|k2v̄3

|γ| + γ̄3

(

γ̄1

γ̄2

)]

»�?*>�À
lqwa��p¬r{z«r{wqrtz«va�drt_ac�� �¦vGr{yt��¥Ìc ¸q�aytcuptp¬z£��v�»Ð� 3 À¢z£v¦rt�H»�?*>�À²¹a�¦vacµ���qr���z£v�p

V̇ = −|γ|k1σ(v̄3)v̄3 −
k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

»�?��¦À

��y{�¦b r{_�z£p�cE|Gw���¥£zºrsn¦¹or{_ac���y{�o��¤���¤*r{_az}p��ayt���O�¦p{zºrtz«�¦v��ayt�q� cucu�ap&¥£z«©¦cAr{_ac��ayt�o��¤���¤	~My{�¦�C�Gp¬z«r{z£��v%�a³
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^&_�c�wavaz«¤§��ytb wa¥«r{z£bd��r{c��O��w�v��qcu�avacuptp&��¤
ẋ

y{cEp¬w�¥ºr�p&¤§y{�¦bk»Ð� ��À&��vC�%�ip{p{wabd�qrtz«�¦v 3 �on��u��¥}� wa¥}��rtz«v��
rt_acµr{z£bdc ¶Ã�qc.ytz£ª���r{z£ª�cµ��¤

V = 1
2 |ẋ|2

��vC�%p{_a��¨�z£va�Zr{_���r�zºr�z}p�vacu�¦��r{z£ª�cA¨�_ac.v |ẋ| c.¸a� c.cE�ap��´� cuy¬r���z£v
rt_aytcup{_a��¥}��³YhH��ytcµ�aytcu� z}p{c.¥£n�¹o��vac�_C��p

V̇ = ẋT (−uRe3 + γe(ẋ, t))

fip¬z£va�´�gptp{wabd�qr{z£��v 3 ��v���r{_�c�z«vacE|Gw���¥£zºrsnÑ»Ð� ��À²¹���vacµ���art��z£v�p

V̇ ≤ |ẋ||u| + c3

m
|ẋ| − c4

m
|ẋ|3

≤ |ẋ|
(

β1 + (β2 +
c3

m
)|ẋ| − c4

m
|ẋ|2
)

p{�Zr{_���r
ẋ

z£p&w�³ w�³ ��³Y�on

−1

2

(

β2 +
c3

m

)

+
1

2

√

(

β2 +
c3

m

)2

+
4β1c4

m
ÂÃv�ªoz«cu¨ð��¤*�ip{p{wabd�qrtz«�¦v =�¹ort_acAwavaz«¤§��ytb wa¥ºrtz«b´��r{cµ�C�¦wav��qcE�qvacEp{p¢��¤

γe
¤§��¥£¥«��¨�pu³	lqz«v��.c

ẋ
z}p¢w�³ w�³ ��³£¹

rt_ac�rt_ay{wCpsrgz£va�awar
u

z}pg��¥£p{�´w�³ w�³ ��³«³�^&_acuv�¹��¦vacK�qcE�qw��.cup&¤§yt��bù»§�o��À&rt_���r
ẍ

z}p�w�³ w�³ ��³£³ � ��b��az«v�z«va�
¨�z«r{_H�ip{p{wabd�qr{z£��v.=�¹ar{_az}p�z£bZ��¥«z£cup¢rt_���r

γ̇e
z£p���¥£p{��w�³ w�³ ��³£³

� 	�� � ��� ������� �
	
� � � ��
 �
^&_�ci¤§�¦¥«¥£��¨�z£va�Zr{cu��_�vaz£�u��¥�¥£c.bdb´�Zz£p�wCp¬cE��z£v%r{_ac��ayt�o��¤���¤Y^&_ac.�¦y{cub =

� É � �Ä� 
 � �'�
γe,d

(H� !*� �<�%�,! � � » 3 ��À
�

� 

M ≥ c̄1 + c̄2(κ(c̄i, v̄r))

2 ��������� ∀(ẋ, t)
�

ṽTRT (γe,d(ẋ, t) − pt��r
M (γe,d(ẋ, t))) ≤ 0

»�?&G¦À
� � Î�Î � ^*¨/�´�u��p{cup���ytcµ� ��vCp¬z}�qc.ytcu� :

z½À�Â[¤ |γe,d(ẋ, t)| < M
¹�~Myt���Oc.y{rsn � � ��¤Grt_ac/pt��rtway���r{z£��vA¤§wavC�²r{z£��v p{��r

M
z«bd�a¥£z£cup�r{_���r

γe,d(ẋ, t) =pt��r
M (γe,d(ẋ, t))

¹C��v���r{_ac�ytcup{wa¥«r�¤§��¥£¥«��¨�pu³
z£z}ÀMÂ[¤ |γe,d(ẋ, t)| ≥ M

¹�z«r)¤§�¦¥«¥£��¨�p	¤§yt��b » 3 ��ÀY��v��Zr{_�ci��_a�¦z£�.c���¤�h r{_���r |ẋ| > κ(c̄i, v̄r)
³	^&_�c.v�¹

wCp¬z£va�d~Myt���Oc.y{rsn � � ��¤*rt_ac�p{��r{way���rtz«�¦v�¤§w�v��²rtz«�¦v pt��r
M

¹*» 3 �¦À²¹qrt_ac�ytc.¥}��r{z£��vCp
φ(γe,d(ẋ, t)) ≤ 1

��v��
Rṽ = ẋ − ẋr

¹q��vacµ��c.rtp

ṽTRT (γe,d(ẋ, t) − pt��r
M (γe,d(ẋ, t))) = (1 − φ(γe,d(ẋ, t)))(ẋ − ẋr)

T γe,d(ẋ, t)

≤ (1 − φ(γe,d(ẋ, t)))(ẋγe,d(ẋ, t) + v̄r|γe,d(ẋ, t)|)
≤ −(1− φ(γe,d(ẋ, t)))(c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r)

��y{�¦b r{_�c��qc ·�v�zºrtz«�¦v%��¤�rt_acµ¤§wav�� r{z£��v
κ
¹ar{_ac�z£vacu|Gw���¥«z«rsn |ẋ| > κ(c̄i, v̄r)

z£bd�a¥«z£cup

c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r ≥ 0

ë*ë Ô�I�î��¬í²þ�ï�J²ó�K,L²ô
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� (�� ��

� � (H�'),(�
 ��������� �<(���! �C
2(���!&�
��� � � ���

^&_ow�pu¹qz£vacu|Gw���¥«z«rsn;»�?�G¦À/¤§�¦¥«¥£��¨�pu³
��y{�¦b »Ð�*?�ÀY��v��¼» 3 =EÀ²¹�ytc.¥}��rtz«�¦vH»Ð� �¦À�_a��¥}�ap	rty{wac&¤§�¦y)p{��bdc&�C�Gp¬z«r{z£ª�c��.��v�p¬rt��v¦r�p

β1, β2
³�~)y{�¦�Ccuy¬rsn

�Æ��¤µ^&_ac.�¦y{cub =�»½r{�¦��c.r{_acuyZ¨�z«r{_®r{_�cT� ��bd�a¥£c rtc.vacEp{pZ��¤gr{_�c¼p{nqpsrtc.b � pZp{��¥£wqrtz«�¦v�ptÀKrt_ac.v­�qz£y{cE�²r{¥£n
¤§�¦¥«¥£��¨�p��on;���a�a¥£z£�u��rtz«�¦v���¤�~Myt���O�¦p{zºrtz«�¦v��a³Æloz«vC� c��ip{p{wabd�qr{z£��v =�_a��¥}�apu¹*~Myt���O�¦p{z«r{z£��v �Hz£bZ��¥«z£cup
��¥£p{�ir{_���r

γe
¹
γ̇e

¹
ẍ

��ytc¢�O��w�v��qcu��³	loz£v��.c
γ̇d(t)

z}p	�O��wav��acu��¹¦��vac��qcE�qw�� cEp	¤§yt��bÇ» 3 ��À*rt_���r
γ̇e,d(ẋ, t)ytc.b´��z«v�p��C�¦wav��qcE��³ � ��bK��z«vaz£va�H¨�z«r{_°�ip{p{wabd�qrtz«�¦v���¹&»Ð��GGÀ²¹	��v��Ñ~)y{�¦�Ccuy¬rsn � � ��¤¢rt_ac´¤§wavC�²r{z£��v

pt��r
M

¹�r{_az}p�z£bd�a¥«z£cup�r{_���r
γ̇(ẋ, t)

z£pg��¥}p¬�d�O��wav��acu��³&�gpi�´� ��vCp¬cE|¦w�c.v��.c�¹qz«r�¤§��¥£¥«��¨�p�¤§y{�¦b »4�&?�À¢rt_���r
u

��v��
ω1,2

��ytci¨¢c.¥£¥«¶[�qc.·�vacE����vC�V�O��wav��acu����¥«�¦va�Zcu����_�p¬nqp¬r{c.b � p&p¬�¦¥«wqrtz«�¦v�³Y^&_az}p.¹a��¥«�¦va�K¨�z«r{_�r{_ac
�O��w�v��qcu�avacuptp&��¤

ω3
¹a��¥£¥«��¨�p¢rt�d�acu�qw��.c�~Myt���Oc.y{rsn =���¤�rt_az}p&r{_acu��ytc.b¼³

¿�c r�w�p�v���¨ðcup¬rt���a¥«z}p{_%~)y{�¦�Ccuy¬rsn 3 ³� ;c�_���ª¦cgrt_���rK»Ð� �¦bZ�C��ytci¨�z«r{_Ä»�G���ÀtÀ

˙̃v = −S(ω)ṽ − ue3 + RT γ(ẋ, t) + RT (γe,d(ẋ, t) − p{��r
M (γe,d(ẋ, t)))

»��¦�¦À
^&_�c.ytc ¤§��ytc�¹ort_acµr{z£bdc ¶Ã�qc.ytz£ª���r{z£ª�cµ��¤�r{_�c��.��vC�qz£����r{c�¿�n¦���awava��ªd¤§wavC�²r{z£��v

V
�qc.·�vacE�¼�GnÑ» =���À&��¥£��v��

rt_ac�p{nop¬r{cub � p�p{��¥£wqr{z£��vCp&z£p&�¦z«ª¦c.v%�Gn

V̇ =ṽ3 (−u + γ̄3) + ṽTRT (γe,d −
p{��r

M (γe,d))

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

ṽ1

ṽ2

)]

��c.�a¥}���.z«va�
u, ω1, ω2

�on´r{_acuz«y�c.¸q�ay{cEp{p{z£��v�p¢z£vÑ»4�&?�À.¹q��v�cA�¦�qrt��z«vCp

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 + ṽTRT (γe,d −

pt��r
M (γe,d))

+
(1− µτ (|γ|))

|γ|3k2
(−γ̄1γ

TS(Re2)γ̇ + γ̄2γ
TS(Re1)γ̇)

» � =EÀ

Â[r�¤§�¦¥«¥£��¨�p/¤§y{�¦bk» 3 ��À&��v����ip{p{wabd�qrtz«�¦v%�Zrt_���r
p{��r

M (γe,d(ẋr(t), t)) = γe,d(ẋr(t), t)

¨�_�c.v
M ≥ c̄1 + c̄2v̄

2
r

³ fgp{z«va�­�gptp{wabd�qr{z£��v��o¹µ��vacÑ�qcE�qw�� cEp�r{_���r¼¨�_�c.v
M > c̄1 + c̄2v̄

2
r

¹
pt��r

M (γe,d(ẋ, t)) = γe,d(ẋ, t)
¤§��y

ẋ
z£v°�Hvacuz«�¦_G�O��yt_a�o�q����¤

ẋr
³Æ��way¬rt_ac.ytbd��ytc�¹Yp{z«v��.c

τ ∈ (0, δ)�onH��ptp{wabd�qr{z£��vT�¦vac��acu�qw��.cupg¤§y{�¦b »Ð���oÀ�rt_���r
µτ (|γ|) = 1

z£vÆ�Vvacuz«�¦_o�C�¦y{_a�o�q�H��¤
ẋr

³ �)|Gw���rtz«�¦v
» � =uÀ¢�Ocu�.��bdcup

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

��v��%r{_�c��ayt�G��¤���¤Y¥«�q�.��¥���p{nobd�qr{��r{z}��psr����az£¥£zºrsn��ay{�q�.c.cu��p�¥«z£©�c�r{_ac���y{�o��¤	��¤Y~Myt���O�¦p{z«r{z£��vT�q³�¿�c.rgw�p
v���¨�� �¦v�p¬z}�qcuygrt_ac´�.��p{cK¨�_�c.v

M ≥ c̄1 + c̄2(κ(c̄i, v̄r))
2 ��v�� |γ(ẋ, t)| ≥ τ, ∀(ẋ, t)

³Z^&_az}pi¥}��r{r{cuy
�.��v��azºrtz«�¦v�z£bd�a¥«z£cup�r{_���r

µτ (|γ|) = 1, ∀(ẋ, t)
³)^&_�c.ytc ¤§��ytc�¹ocE|¦wC��r{z£��vÑ» � =EÀ¢�CcE� ��bdcEp

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 + ṽTRT (γe,d −

p{��r
M (γe,d))

é§ê�ë�é½ì
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2��� 3 G

��y{�¦bÇ¿�cubdbd� =���vC��» � =uÀ ¹a��v�cµ�acu�qw��.cup&rt_���r

V̇ ≤ −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

��y{�¦b _acuy{c¦¹or{_ac��ayt�o��¤��ay{�q�.c.cu��p&¥«z£©�cAr{_�c��ay{�o��¤*��¤�~Myt���O�¦p{zºrtz«�¦v¼�o³

� 	�� � ��
 
 � � ����� � ��� ���
� É � �Ä� �

d

dt

(

γ̄

|γ|

)

=
1

|γ|S (γ̄)

(

ω − 1

|γ|2 RTS(γ)γ̇

)

d

dt

(

1 − γ̄3

|γ|

)

=
1

|γ|
(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

� � Î�Î � eg��r{cµrt_���r γ̄
|γ| = RT γ

|γ|
³  gz �Ìc.ytc.vGr{z}��rtz«va�Zrt_az£p�cu|Gw���rtz«�¦v�¹q��v�cA�¦c r�p

d

dt

(

γ̄

|γ|

)

= −S(ω)RT γ

|γ| + RT d

dt

(

γ

|γ|

)

= −S(ω)
γ̄

|γ| + RT d

dt

(

γ

|γ|

)

=
1

|γ|S(γ̄)ω + RT d

dt

(

γ

|γ|

)

» �¦��À

hT��ytc.��ª�cuyu¹G��v�cA_C��p

d

dt

(

γ

|γ|

)

=
(|γ|2I3 − γγT )γ̇

|γ|3 = −S(γ)2γ̇

|γ|3
^&_ow�pu¹

RT d

dt

(

γ

|γ|

)

= − 1

|γ|3 RTS(γ)2γ̇ = − 1

|γ|3 S(γ̄)RTS(γ)γ̇
»�� 3 À

^&_�cµ·�ytp¬r�y{cEp¬w�¥ºr���¤	¿�c.bdb´�d�Zz}p&���art��z£vacE���onVwCp¬z£va�Æ» � 3 À&z£v�»��G��À²³)^&_�c�y{cEp¬wa¥«r�z£p�z«v%r{w�y{v¼w�p{cu��r{�
�¦�qrt��z«v

d

dt

(

1 − γ̄3

|γ|

)

= − 1

|γ|e
T
3 S(γ̄)

(

ω − 1

|γ|2 RTS(γ)γ̇

)

= − 1

|γ|
(

−γ̄2 γ̄1 0
)

(

ω − 1

|γ|2 S(γ̄)RT γ̇

)

=
1

|γ|
(

γ̄1 γ̄2

)

(−ω2

ω1

)

+
1

|γ|3
(

γ̄1 γ̄2

)

(−γTS(Re2)γ̇

γTS(Re1)γ̇

)

eg��rtcirt_���r�rt_ac�ª���ytz£��r{z£��v%��¤
1 + γ̄3

|γ|
z}p&z£v��qc.�Oc.vC�qc.vGr���¤�r{_�c�n¦��¨ ��va��wa¥}��y&ª¦c.¥£�o�.zºrsn

ω3
³
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� � (H�'),(�
 ��������� �<(���! �C
2(���!&�
��� � � ���

� 	�� � � ��� � ������� 	 � ��
 
 ��� 	 � � ��	 � 	
	�� ����


� É � �Ä� � ��� (�� ��(�
2(�� � � ���
x(t)

!&�'�%���7� ( �'��
 �6��01��� �7� ����� !�0 � �������/��01(�
$������(���01���
ẋ = a(t) + b(t)� 0�� �

a(t)
(��6��0 
����#� 
�� ),������0����������C
,�6��)���01���

�
� ������� � � � (��

lim
t→+∞

x(t) = c
(��%!

lim
t→+∞

b(t) = 0
�

� 0�� �
c

(�),�����,�+(��/����(�
 ���
�

��� �'� �
lim

t→+∞
ẋ(t) = 0 �

eg��rtcirt_���r�rt_ac��.�¦p¬c
b = 0

� �¦y{ytcup{�O��v��ap/rt��rt_ac�� ¥}��ptp{z£�u��¥Ìª�cuytp{z«�¦v���¤	�&��yt����¥£��r�� p/¥£c.bdb´�a³

� 	 ��� � ����� � �!� ���
�
�2¨&��n�rt�Z�ac r{cuy{bdz£vacAr{_acµ� �¦vGr{yt��¥O�¦��z£v�p¢� �¦v�p¬z}p¬rtp¢z«v%� �¦v�p¬z}�qcuy{z£va��rt_acA¥«z£vacu��y{z£±u��r{z£��vV��¤�lonqp¬r{c.b »1G¦À
�.��bd�a¥£c.bdc.vGrtcu�Ñ¨�z«r{_ »�=H>�À���r�r{_�c�cu|Gwaz£¥£z«�aytz£wab »

z = 0, ż = 0, x̃ = 0
¹
ṽ = 0

¹
R = I3

¹
u = g

¹
ω = 0

Àg¤§�¦yirt_ac´����y¬rtz£�.wa¥£��yA�u��p{c�¨�_�c.ytcKrt_acdy{c.¤§c.ytc.v��.cKrtyt���scu�²rt��ytn¼z£p���·a¸qcu�Æ�C�¦z«vGrE¹
Fe = mge3

¹
��v��¼rt_ac��qcEp¬z£ytcu�¼n¦��¨���va��wa¥}��yiª�cu¥«�q� z«rsn%z£picu|Gw���¥�r{��±.cuy{�C³�ÂÃvHr{_�z£pA���a�Oc.vC�qzº¸�¹Or{_�c��G��z£v¼r{wavaz£va��z£p
�Oc.y{¤§��ytbdcu�;¤§��y�r{_acV�O�¦p{z«r{z£��vÄ� �¦vGr{yt��¥£¥«cuy���¤&~My{�¦�C�Gp¬z«r{z£��v ?a¹���v���r{_ac�p{��bZcdrtcu��_av�z£|Gwac����a�a¥£z«cEpµr{�
rt_ac���rt_ac.y��.��vGr{yt��¥£¥£c.y�p.³

egcu��y&rt_ac��qcEp¬z£y{cE��cE|Gwaz«¥£z£�ay{z£wab¼¹
γ

�¦p&��z£ª�c.v%�on;»4�6=uÀ&�u��v%�Cc����a�ayt��¸oz£b´��rtcu�V�on

γ ≈ ge3 + (h(0) + kzhz(0))x̃ + h(0)z − 2kz ż

lqc r¬rtz«v��
w := ż

��v���w�p¬z£va�drt_acµ¤ ��� r¢rt_���r ∂σ(s)
∂s |s=0 = 1

¹q��v�c��qcu�qwC� cup¢¤§yt��b »Ð� 3 À/r{_���r


















u ≈ g + (h(0) + kzhz(0))x̃3 + gk1ṽ3 + h(0)z3 + (gk1 − 2kz)w3

ω1 ≈ −k3
4g (h(0) + kzhz(0))x̃2 − gk2ṽ2 − k3h(0)

4g z2 − (gk2 − k3kz

2g )w2 − k3
4 (eT2 RT e3)

ω2 ≈ k3
4g (h(0) + kzhz(0))x̃1 + gk2ṽ1 + k3h(0)

4g z1 + (gk2 − k3kz

2g )w1 + k3
4 (eT1 RT e3)

ω3 ≈ 0

 ic ·Cvac
θ1 := eT1 RT e3

¹/��v��
θ2 := eT2 RT e3

³ÑÂ[r´� �¦bZcEp�¤§yt��b
ṘT = −S(ω)RT ¹

ω3 ≈ 0
¹M��v��

R ≈ I3
r{_���r

θ̇1 ≈ −ω2, θ̇2 ≈ ω1

fip¬z£va�Kr{_acµ���O��ª�cA���a�ayt��¸qz«b´��r{z£��v�pu¹��¦vacg�¦�qrt��z«v�p)r{_�cg¤§�¦¥«¥£��¨�z«v��K¥£z«vacE��y&p¬nqp¬r{cub ¨�_�z£��_�z£p/r{_�ci¥£z«v�cu��y
���a�ayt��¸qz«b´��rtz«�¦vV��¤�r{_�c�� ��vGrty{�¦¥«¥£cu��c.yty{�¦y&p{nqpsrtc.bk»�G¦À&�.��bd�a¥£c.bdc.vGr{cE��¨�z«r{_�»�=H>�À



































ż = w
ẇ = −2kzw + kzhz(0)x̃
˙̃x = ṽ
˙̃v = (gθ1, gθ2,−(h(0) + kzhz(0))x̃3 − gk1ṽ3 − h(0)z3 − (gk1 − 2kz)w3)

T

θ̇1 = −k3
4g (h(0) + kzhz(0))x̃1 − gk2ṽ1 − k3h(0)

4g z1 − (gk2 − k3kz

2g )w1 − k3
4 θ1

θ̇2 = −k3
4g (h(0) + kzhz(0))x̃2 − gk2ṽ2 − k3h(0)

4g z2 − (gk2 − k3kz

2g ))w2 − k3
4 θ2

é§ê�ë�é½ì
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^&_�cA��y{cE� cu�az«va�´p{nqpsrtc.bÇ�u��v¼�Cc��acu� �¦bd�C�Gp¬cE�Vz£v¦rt�dr{_aytc.cµz£v��qcu�Ccuv��qc.vGrgp{wa��p{nqpsrtc.b´p

(Σ3) :















ż3 = w3

ẇ3 = −2kzw3 + kzhz(0)x̃3

˙̃x3 = ṽ3

˙̃v3 = −(h(0) + kzhz(0))x̃3 − gk1ṽ3 − h(0)z3 − (gk1 − 2kz)w3

(Σi) :























żi = wi
ẇi = −2kzwi + kzhz(0)x̃i
˙̃xi = ṽi
˙̃vi = gθi
θ̇i = −k3

4g (h(0) + kzhz(0))x̃i − gk2ṽi − k3h(0)
4g zi − (gk2 − k3kz

2g )wi − k3
4 θi

(i = 1, 2)

¨�_��¦p{cµ��_C��y����²rtc.ytz£p¬r{z}���O��¥£nova��bdz}��¥}p���ytci�¦z«ª¦c.v%�on

P3(λ) = λ4 + (2kz + gk1)λ
3 + (h(0) + 2gkzk1 + kzhz(0))λ2

+ (2kzh(0) + gkzhz(0)k1)λ + kzhz(0)h(0)

Pi(λ) = λ5 +

(

2kz +
k3

4

)

λ4 +

(

g2k2 +
kzk3

2

)

λ3 +

(

2g2kzk2 +
h(0)k3

4
+

kzhz(0)k3

4

)

λ2

+

(

g2kzhz(0)k2 +
kzh(0)k3

2

)

λ +
kzhz(0)h(0)k3

4
�gbd��va�db´��vonV�O�¦ptp¬z£�az£¥«z«r{z£cupu¹q��v�c��.��v�¹o¤§��y�z£v�psr���v��.c�¹q�ayt�q� cucu�%��p¢¤§��¥£¥£��¨�p.³Y^���©�c

h(0) = 2gk1kz − 4k2
z , k2 =

k1k3

4g
, kz <

gk1

2

» ���GÀ

^&_�c.v�¹

P3(λ) = (λ + 2kz)

(

λ3 + gk1λ
2 + (2gk1kz − 4k2

z + kzhz(0))λ +
1

2
hz(0)(2gk1kz − 4k2

z)

)

Pi(λ) = (λ + 2kz)

(

λ4 +
k3

4

(

λ3 + gk1λ
2 + (2gk1kz − 4k2

z + kzhz(0))λ +
1

2
hz(0)(2gk1kz − 4k2

z)

))

�¢n;rt��©Gz£va�
2kz < gk1

¹Y��vac����qr���z£v�p��on����a��¥«z}�.��r{z£��v���¤&rt_ac%����wqrt_q¶7Dgwayt¨�zºrt±�� ytzºrtc.ytz«�¦vÑr{_���rZ��¥«¥
yt�o��r�p���¤

P3(λ)
_���ª¦c�vac.�G��rtz«ª¦c�y{cE��¥*����y{rtpu³g^&_acd� �¦bZ��¥«cubZcuvGrt��ytn��O�¦ptp{z«�az£¥£zºrsn¼��¤M_C��ªGz£va����¥«¥�yt�G��rtp

��¤
P3(λ)

ytcu��¥Ìvac.�G��r{z£ª�c���v���cE|Gw���¥�¥£cu�¦�ap¢r{�´��_a�o�¦p{c
k1, kz, hz(0)

�¦p¢¤§��¥£¥«��¨�p

k1 =
3λ0

g
, kz = λ0, hz(0) = λ0

» �*?�À

¨�z«r{_
λ0

�qcuva��rtz«va�T��v���y{��zºrtyt��y{nH�O�¦p{zºrtz«ª¦c´vowabK�Oc.yE³Ve���r{cdr{_C��r
h(0) = 2λ2

0

��v��
k2 = 3λ0k3

4g2
z£v

rt_az}p��.�¦p¬c¦³M�iv�cA�¦�qrt��z«vCp

P3(λ) = (λ + λ0)
4

Pi(λ) = (λ + λ0)

(

λ4 +
k3

4
(λ + λ0)

3

)
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^&_�c.v�¹�z«rMp¬waÅ´�.cup�rt�µ��_��G�Gp¬c
k3

p{w���_�r{_���r
k3 � 4λ0

z£vZ��y��qc.y�r{�A��c.r	r{_ac&yt�G��rtp���¤
Pi(λ)

vacu��y�r{_a�Gp¬c
��¤

P̄i(λ) := (λ + λ0)
3
(

λ + k3
4

) ³M^&_�cA�G��z£v�p
k1

¹
k2

¹
kz

¹
hz(0)

¹
h(0)

w�p{cu��¤§��y&rt_ac�p¬z£bKw�¥£��r{z£��v�p¢��¤
lqcu�²rtz«�¦v ?�_���ª¦cµ�Ccuc.vH�.��¥£�.wa¥£��r{cE��¨�z«r{_

λ0 = 0.8
��v��

k3 = 12.8
³
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Â[rYz}pY��ptp¬w�bZcE��rt_���r	rt_ac�y{cEp¬w�¥ºr���vGr*¤§�¦yt�.c −→
F ae

��¤Ì��cuy{�q�qnov���bZz}�Y¤§�¦yt�.cupY���a�a¥£z«cEp���rM�i�O��z£vGr
P

�qc.·�vacE�
�on −−→

GP = 0.05
−→
k
³  gc.·�vac −→v e := −→v P −−→v f

¨�_a�Gp¬c�ª¦cu�²rt��yY��¤Ì�.�G�¦yt�az«v���r{cEp	c ¸q�aytcuptp¬cE�Kz£vdr{_acg����p{z£p
rt_ac��O�o�an¦¶4·a¸qcu��¤§y���bdc B z£p

ve = vP − vf = (v + 0.05[ω1, ω2, 0]T ) − RT ẋf

¿�c r −→
F a

�qc.v���r{cTr{_ac�p¬wab ��¤�¥£zº¤½r¼��v��­�qy����Ñ¤§�¦yt�.cupu¹ −→
Dm

r{_ac;bZ�¦bdc.vGr{wab �qy����C¹&��v�� −→
F ae :=−→

F a +
−→
Dm

rt_acKytcup{wa¥«rt��vGr�¤§�¦yt�.c�³  �z«r{_
Fa

��v��
Dm

�qc.va��r{z£va�Vrt_acKª¦cu� r{��yi��¤M� �o�¦yt�qz£v���r{cupg��¤ −→
F a��v�� −→

Dm
c.¸q�ay{cEp{p{cu��z£v�rt_ac����¦p¬z}p&��¤�r{_ac�ª¦c._az}� ¥£cup�� p¢¤§yt��bZc B ¹a��v��

Fae
r{_ac�ª¦cu�²rt��y���¤�� �o�¦yt�qz£v���r{cup

��¤ −→
F ae

c ¸q�aytcuptp¬cE�Vz£v%r{_ac����¦p¬z}p&��¤*r{_ac�z£vacuy¬rtz£��¥Ì¤§yt��bZc I ¹���vac�_��¦p

Fae = R(Fa + Dm)

����y&rt_ac�p¬z£bKw�¥£��r{z£��v�p¢¨¢c�_���ª�cAw�p{cu�

Fa,i = −ke1

√

v2
e,1 + v2

e,2ve,i − ke2|ve|ve,i, i = 1, 2

Fa,3 = −ke3(v
2
e,1 + v2

e,2) − ke4|ve,3|ve,3
¨�z«r{_

ke1 = 0.13, ke2 = 0.03, ke3 = 0.03, ke4 = 0.005
8i��v��

Dm = −0.28
√

|T |ve
¨�zºrt_

Trt_ac�rt_aytw�psri¤§��y�� c � p�z£vGr{cuv�p¬z«rsn�³A^&_ac�rt��y�|¦w�c�z«vC�qw�� cE�H�on%r{_ac�c ¸or{cuy{v���¥�¤§�¦yt�.cup�_��¦p��Oc.cuv;�.��¥£�.wa¥}��r{cE�
�¦�.�.��y��qz«v��Krt�

Mae = −0.05S(e3)R
TFae
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