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Gathering with Minimum Delay in Sensor Networks

Jean—Claude Bermond, Luisa Gargano, Adele A. Rescigno, 7777

February 8, 2008

Abstract
Data gathering is a fundamental operation in wireless sensor networks in which
data packets generated at sensor nodes are to be collected at a base station. We
investigate the delay of the gathering process and give an optimal data gathering
schedule for tree networks.

1 Introduction

A wireless sensor network is a multi-hop wireless network formed by a large number of low-
cost sensor nodes, each equipped with a sensor, a processor, a radio, and a battery. Due
to the many advantages they offer — e.g. low cost, small size, and wireless data transfer
— wireless sensor networks become attractive to a vast variety of applications like space
exploration, battlefield surveillance, environment observation, and health monitoring.

A basic activity in a sensor network is the systematic gathering of the sensed data at a
base station for further processing. A key challenge in such operation is due to the physical
limits of the sensor nodes, which have limited power and un—replenishable batteries. It is
then important to bound the energy consumption of data dissemination [6, 15, 27]. However,
an other important factor to consider in data gathering applications is the latency of the
information dissemination process. Indeed, the data collected by a node can frequently
change thus making essential that they are received by the base station as soon as it is
possible without being delayed by collisions [29]. In this paper, we will study optimal-time
data gathering algorithms in tree networks.

1.1 Network model

We adopt the sensor network model considered in [8]. In this model each sensor is equipped
with an half-duplex interface, hence,

i) a node cannot receive and transmit at the same time.

Moreover, each node is equipped with omnidirectional antennas allowing the transmis-
sion over a distance R. This implies that for any given node in the network, we can
individuate its neighbors as those sensors within distance R from it, that is, within its
transmission/interference range. In this model,



ii) a collision happens at a node x if two or more of its neighbors try to transmit at the
same time.

However, simultaneous transmissions among pair of nodes can successfully occur whenever
conditions i) and ii) of the above interference model are respected. The time is slotted so
that one-hop transmission of one data item consumes one time slot; the network is assumed
to be synchronous. Moreover, it is assumed that the only traffic in the network is due to
sensor data, thus data transmissions can be completely scheduled.

Summarizing, the network can be represented by means of a direct graph G = (V, A)
where V' represents the sensor nodes and an arc (u,v) € A if v is in the transmis-
sion/interference range of u. Throughout this paper we assume that all nodes have the
same transmission range, hence the graph G is a directed symmetric graph, e.g., (u,v) € A
if and only if (v,u) € A.

The collision—free data gathering problem can be then stated as follows [29].

Data Gathering. Given a graph G = (V, A) and a base station s, for each
v € V —{s}, schedule the multi-hop transmission of the data items sensed at v
to s so that the whole process is collision—free, and the time when the last data
is received by s is minimized.

1.2 Our results

We will give optimal gathering schedules in case the graph modeling the sensor network is a
tree. We will actually study the data gathering problem by studying the related one-to-all
personalized broadcast problem in which the base station wants to communicate different
data items to each other node in the network.

One—to-all personalized broadcast: Given a graph G = (V, A) and a base
station s, for each v € V' — {s}, schedule the multi-hop transmission from s to
v of the data items destined to v so that the whole process is collision—free, and
the time when the last data item is received at the corresponding destination
node is minimized.

Solving the above dissemination problem is equivalent to solve the data gathering in sensor
networks. Indeed, let T' denote the largest time-slot used by a dissemination algorithm,
a gathering schedule with delay T consists in scheduling a transmission from node y to x
during slot ¢ if and only if the broadcasting algorithm schedules a transmission from node
x to y during slot T'—t 4 1, for any ¢ with 1 <t < T

1.3 Related work

Much effort has been devoted to the study of efficient data gathering algorithms taking into
consideration various aspects of sensor networks [1, 4].

The problem of minimizing the delay of the gathering process has been recently recog-
nized and studied. The authors of [8] first afford such a problem; they use the same model
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for sensor networks adopted in this paper. The main difference with our work is that [8]
mainly deals with the case when nodes are equipped with directional antennas, that is, only
the designed neighbor of a transmitting node receives the signal while its other neighbors
can safely receive from different nodes. Under this assumption, [8] gives optimal gathering
schedules for trees. An optimal algorithm for general networks has been presented in [18]
under the hypothesis that each node has one packet of sensed data to deliver.

The work in [29] also deals with the latency of data gathering under the assumption of
unidirectional antennas; the difference with the model in [8] is the assumption of the pos-
sibility to have multiple channels between adjacent nodes. By adopting this model an
approximation algorithm with performance ratio 2 is obtained.

Fast gathering with omnidirectional antennas is considered in [2] and [3], under the
assumption of possibly different transmission and interference ranges, that is, when a node
transmits, all the nodes within a fixed distance dr can receive while nodes within distance
d; (d; > dr) cannot listen to other transmissions due to interference (in our paper d; =
dr). Lower bounds on the time to gather are given and NP-hardness is proved in [2]; an
approximation algorithm with approximation factor 4 is also presented. Paper [3] presents
an on-line gathering algorithm under the described model.

Several papers deal with the problem of maximize the lifetime of the network through
topology aware placement [6, 9], data aggregation [11, 19, 17, 21|, or efficient data flow
[7, 15, 25]. Papers [22, 28, 5] consider the minimization of the gathering delay in conjunction
with the energy spent to complete the process.

Finally, we notice that several papers deal with broadcasting in wireless networks [24],
however this problem is not the reverse of data gathering whereby different data packets
are gathered to the sink.

Paper Overview. The rest of the paper is organized as follows: In Section 2 we
formally describe the problem. Sections 3 and 4 present the proposed optimal solutions in
case of lines and trees, respectively.

2 Mathematical Formulation

We now formulate the one-to-all personalized broadcast problem. Consider a directed
symmetric graph G = (V, A) and let s € V be a special node that will be called the source.
Each node v € V — {s} is associated with an integer weight w(v) that represents the
number of data items destined to node v. The set w = {w(v) | v € V — {s}} will represent
the set of weights of the nodes in V.
We need to schedule (time-label) the transmissions in order to create w(v) collision-free
routes from s to node v, for each v € V' — {s}.

Definition 1 Let p = (ug,--,un) be a path in G. An increasing labeling L of p is an
assignment of integers, Ly(ug,u1) ..., Lp(up—1,up), to the arcs of p such that

Lp(uj, ujir) = Lp(uj1,u5) + 1



forg=1,....h—1.
The labeling is called t-increasing, for some integert > 1, if it is increasing and Ly(ug, uq) =
t.

Consider any set P of paths in G from s to (not necessarily pairwise distinct) nodes in
V —{s} together with their labelings L, for p € P. Notice that any arc a € A can belong
to either zero, or one or more paths in P.

Definition 2 The labeling induced by P on the arcs of G consists of the multisets
L(u,v) = {Lp(u,v) | p € P},
for each (u,v) € A.

Let N(u) be the set of neighbors of u in G, that is, N(u) = {z | (u,x) € A} = {z | (z,u) €
A}

Definition 3 The labeling L induced by P on the arcs of G is called strictly collision—free
(SCF) if L is increasing and, for each (u,v) € A it holds:

o L(u,v) is a set (e.g, any integer has at most one occurrence in L(u,v)),
o L(u,v)N L(w,u) =0, for each w € N(u),
o L(u,v)N L(w,2) =10, for each w € N(v)U{v}, z € N(w).

Definition 4 An instance of SCF labeling is a triple (G, w,s) where G is the graph, s is
the source, and w is the set of weights of the nodes in G.
A feasible solution for (G,w,s) is a pair (P, L) where:

o P is a set of w(v) paths (not necessarily distinct) from s to v in G, for each v €
V- {S};
o L is a SCF-labeling induced by P.
An optimal solution (P*, L*) is a feasible solution that minimizes the largest label assigned
to any arc of GG.

The value attained by the optimal solution (P*, L*) for (G,w,s) is denoted by T*((G,w,s))
(or simply by T*(G) when w and s are clear from the contex).



Fig. 1: A tree T.
Example. Let T'= (V, E) be the tree given in Fig. 1, and let s be the source and w(u) = 1
for each u # s. A solution for (T, s,w) is the pair (P, L) where

P = {pl = (S,G,d, f)7p2 = (37b7 €)7p3 = (S,CL,C),p4 = (876)7135 = <87a7d>7p6 = (870’)}
and L is such that
LPl(S’a) =1, Lp1(a7 d) = 2, Lp1(d’ f) =3, LP2(Sab> =2, LP2(b7 6) =3, Lp3(sva> =4,
Ly, (a,¢) =5, Ly, (s,b) =5, Lp,(s,a) =6, Ly, (a,d) =7, Lps(s,a) =38

and
L(s,a) ={1,4,6,8}, L(a,c) ={5}, L(a,d) ={2,7},

L(d, f) = {3}7 L(*S:b) = {2’ 5}7 L(b7 6) = {3}
Notice that minimizing the largest label is equivalent to minimize the time needed by
the algorithm. Indeed, one can just consider solutions where all labels in {1,--- T} are

used: If some integer c is never used, then we can decrease by 1 the value of each label
¢ > ¢+ 1 in the considered feasible solution.

2.1 Notation
The following notation will be used in the sequel.

e Set a path (resp. a t—path) to node v: establish a path from s to v together with its
increasing labeling (resp. t—increasing labeling);

e A node v # s is completed: if w(v) paths from s to v have been set.

3 Lines

In this section we present an optimal algorithm to solve the SCF-labeling problem for
an instance (G, w,s), where G is a line, s is one of its end points, and node weights are
arbitrary non negative integers, that is, w(v) > 0 for each v # s.

Let G be the line of length n with nodes 0,1,---,n and let (i,i+1), fori =0,---,n—1,
be the connection between subsequent nodes. Assume that the source node is s = 0 and
w(n) > 0 (otherwise delete the end vertices of the line with weight 0).

Lemma 1 A solution (P, L) of (G,w,s) is feasible iff
1) The labeling L induced by P is increasing,

2) for eachp,q € P with Ly(s,1) > Ly(s,1): if p leads from s to node h, with1 < h < n,
then
Lq4(s,1) > Ly(s,1) + min{3, h}. (1)



Proof. Conditions of Definition 3 become in the case of the line:
Ly(i,i+1)# Lp(i,i +1); Lg(i,i+1)# Lp(i +1,i +2); Lg(i,i+ 1) # Lp(i + 2,7 + 3).
As L (@ z'—i— 1) Ly(s, 1) i and Ly(i,i4+1) = Ly(s, 1)+ they are equivalent to Lq(s, 1) #

o If h>1 then L ( ) # Lp(s, 1) and Lg(s,1) > Lp(s, 1) trivially imply Lq(s,1) >
Lyp(s,1) +

(s,
o If h > 2 then Lq(s,1) # L Ly(s,1) + 1; this together with Lq(s,1) >
(s,1) 4+ 1 implies Lq(s,1) > Lp(s,1) + 2.

kel
—~

p

L
e Finally, if h > 3 we have Lq(s,1) # Lp(2,3) = Lp(s, 1) 4+ 2; knowing that Lq(s,1) >
Ly(s,1)+2, we get Lqg(s,1) > Ly(s,1
O
For each node i = 1,---,n, let w(i) be the weight of node i, and define 3; = Zj>i w(j),

and let M; = w(1) 4 2w(2) + 30s; My = 2w(2) + 383 and M; =i + 3(3; — 1) if i > 3.
Lemma 2 For a line G with nodes s =0,1,...,n, it holds

7*(G) > max M,.
1<i<n

Proof. By the preceding lemma, all the labels in L(s, 1), L(1,2), L(2,3) are different. We
have w(1) + w(2) + (3 labels in L(s, 1) as there are w(1) + w(2) + B3 paths using the arc
(s,1); similarly we have w(2) + 5 labels in L(1,2) and 5 labels in L(2,3). So all together
we have at least M; = w(1) + 2w(2) + 305 different labels and so 7*(G) > M;. Note that
My < M.

If 2 > 3 then the starting labels of any pair of the (3; paths to j > ¢ differ of at least 3;
besides, since any feasible labeling is an increasing labeling we have that the largest label
of arc (i — 1,4) is > i+ 3(6; — 1). O

We first give in Fig. 2 an SCF-labeling on the line G with the source at node 0 and
then we will prove that it is optimal.

LINE-labeling (G, w, s)
e Set P=0,k=1.
e while node 1 is not completed do
- Let i be the largest node which is not completed (e.g i = max{j | 1 < j < mn,w(j) > 0}.
- Set a k—path to 7 in G, call it p;.
- Let w(i) = w(i) — 1.
- Set k = k + min{3,4}.
e return (P, L), where L is the labeling induced by P.




Fig. 2: The SCF-labeling on lines with source at node 0.

Theorem 1 The algorithm LINE-labeling on G returns an optimal solution (P, L) of value
7*(G) = max M.

1<i<n

Proof. The solution (P, L) returned by algorithm LINE-labeling is feasible for (G, w, s).
Indeed P contains w(i) paths from s to each i # s and the induced labeling L can be easily
proved to be a SCF-labeling of P by noticing that it satisfies 1) and 2) of Lemma 1.

Let Ly,q.(a) be the largest label assigned to the arc a, for a € A. We shall show that
Liar(i —1,i) < M; for eachi =1,... n.
The algorithm LINE-labeling first sets a path to the node n. Hence, the smallest label of
any arc (i — 1,4), with ¢ < h, is i. Furthermore, paths are set every 3 steps while there are
not completed nodes at distance at least 3 from s, and paths to node 2 are set every 2 steps
until it is completed. This and Definition 1 say that:
- If4 >3 then L(i — 1,4) = {i,i +3,i +6,---,i +3(8 — 1)}. Hence Lpa.(i — 1,4) =
i+3(8—1) = M,.
- If ¢ = 2 then by the algorithm first paths to the nodes at distance larger than 2 and
then paths to the node at distance 2 are set. This implies that the algorithm labels arc
(1,2) with the integers in the set X = {2,5,8,---,2 + 3(03 — 1)} when paths to the
(3 nodes at distance at least 3 are set, and, if w(2) > 0, with the integers in the set
Y={24+3(0—-1)+3,---,2+ 303 + 2(w(2) — 1)} when paths to node 2 are set for w(2)
times. Hence, we have L(1,2) = X UY and

Limaz(1,2) =24 3(8s — 1) if w(2) =0, and Lyg(1,2) = 2w(2) + 305 if w(2) > 0.

Then the largest label assigned to the arc (1,2) is at most M.

- If i = 1 then the algorithm labels arc (s, 1) with the integers in the set X = {1,4,7,---, 1+
3(P3—1)} when paths to the 3 nodes at distance at least 3 are set. If w(2) = 0 and w(1) > 0
the algorithm labels with the integers in Z = {1+ 305, --- 303 +w(1)} when paths to 1 are
set.

If w(2) > 0 the algorithm labels the arc (s, 1) with the integers in Y = {1+ 3(f85 — 1) +
3,--- 14303+ 2(w(2) — 1)} when paths to 2 are set and furthermore, if w(1) > 0, arc (s, 1)
is labeled with the integers in Z = {1 +308; +2(w(2) —1)+2,--- 303 + 2w(2) + w(1)} when
paths to 1 are set.

Hence, we have L., (s,1) = 303 — 2 if w(1) = w(2) = 0; Lpaz(s, 1) = 2w(2) + 303 — 1 if
w(l) =0 and w(2) > 0, and Lya.(s, 1) = w(1) + 2w(2) + 355 if w(1) > 0. Then the largest
label assigned to the arc (s, 1) is at most M;. O

The above theorem provides a simpler form of the optimal label (i.e. time) when each
sensor node has at least one request to be completed.

Corollary 1 If G is a line and w(i) > 1, for 1 <i <mn, then
T*(G) = My = w(l) +2w(2) + 3> _w(j).
j=3
In the particular case where w(i) = 1 for each node then we have that 7*(G) = 3n — 3.
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4 Trees

Let T'= (V, E) be any tree and s be a fixed node in 7. We assume here that each node has
exactly one path to be set, that is, w(v) = 1 for each v € V' — {s} (recall that the source
has weight w(s) = 0). We will show how to obtain an optimal labeling for (T, w, s).

4.1 Defintions and Notation

Definition 5 Given a tree T. We shall denote by |T| the size of T' in terms of the weights
of the nodes in T, that is
TI= > w).

veV(T)

Notice that |T'| represents the number of paths to be set in 7. Since we assume that
w(v) =1 for each v € V' — {s} then we start with |T'| = |V| — 1.

Root T at s and let T3, 75, - - -, T,, denote the subtrees of T' rooted at the sons of s. For
each t =1,..., m, we denote by:

— 8; the son of s which is the root of T;,

— «; the number nodes at level 2 in Tj,

— [3; the number nodes at level 3 or more in 7T;.

Definition 6 Define the shade of subtree T;, for 1 <i <m, as
T — 1 —+ 20[,' + 361

Consider the case m = 1, then T consists of a root of degree 1 and T} as the only subtree.
A one-to-all personalized optimal broadcasting in 7' is obtained by applying the optimal
algorithm LINE-labeling to the line L obtained from 7' by replacing the w(j) vertices at
distance j in T by a vertex j with weight w(j) in L. Then by Corollary 1 the number of
steps is 7*(L) = 1 4 27 + 30.

One main idea of the algorithm consists in setting, if that is possible, a path to a node
in the subtree T; having the biggest value 7;. So we define the following order.

Definition 7 Given i,7 =1,...,m with i # j, we say that
o T, < T; if either 7, > 7; or 7, = 7; and |T;| > |1},
o I, =1T; if , =1; and |T;| = |T;|.

Unless otherwise stated, in the following we assume that the subtrees are ranked ac-
cording their shade that is Ti,---,T,, is a reordering of the subtrees of T such that
/A i S Y
In order to describe the SCF labeling algorithm, we introduce the following terminology.

e One step: one time—slot.



A node v # s is completed if a path from s to v has been set.

e Set a path (resp. a t-path) to T;: set a path (resp. a t-path) to a node v in T; which
is the furthest from s among all nodes in 7; which are not yet completed.

When we set a path to some T; the corresponding value |T;| of the remaining weights
in T; will be decreased by one and also «; and (3; if they are non zero.

o T is completed: if a path has been set to each node in 7Tj, that is |T;| = 0.
e Step t is called idle if no t-path is set.

e T is available at step t (e.g. a t—path to T; can be set) only if no path was set to a
node v in 7; at some step ' s.t. ¢/ <t <t 4+ min{3,¢(v)}, where £(v) is the level of
v in T. Said otherwise, if at some step ¢’ we set a path to a node v in T}, then T; is
not available at step ¢ 4+ j where 1 < j < min{3,¢(v)}. in particular if v is at a level
at least 3, then T} is not available at steps ¢’ + 1 and ' + 2.

4.2 The algorithm

The SCF labeling algorithm on a tree 7' is given in Fig. 3. We first give an informal
description of the behavior of the algorithm during a generic step ¢ > 1: Let T; be an
available subtree that precedes all the other available subtrees of T" according to the order
relation <; set a t—path to T;; update the shade of T;.



TREE-labeling (T, w, s) [T has non empty subtrees Ty, ..., T,, and root s/
1. Set P=0andt=1
Lett;=1fori=1,...,m [t; is the minimum step at which a path to T; can be set]
Set M ={1,...,m} [M represents the set of subtrees not yet completed]
2. while M # ()
2.1 Rename the indices in M so that for the permuted subtrees it holds 73 X T, = ... X T] M-
2.2 if there exists ¢ < |M| with ¢; <t then
Let i be the smallest such index (e.g. t1,..., ¢,y >tand T; X Tipy = ... 2 Tjuy).
if NOT (|M‘ =2,1=1, ﬂ] = 1,@2 >ﬁg :0, to St—i—l) then
[Ezecute the generic step of the algorithm]
- Set a t-path to T; and call it p
-P=PU{p}.
- If T; is completed then M = M — {i} .
- t; = t + min{3, ¢}, where ¢ is the length of p,
- Update T}, eg.: 7, = 7; — min{3, (},

Ny fLite=1 ,_{1 itr=2 , _ ,_{1 if (>3
w(si) = w(s:) {0 oth. ’ 0 oth. bi = b 0 oth.
2.3 else [Here is the special case: |M|=2,i=1, /1 =1,a3 > o =0/

- Set a t-path to T} and call it p
- Set a t 4+ 1-path to s; and call it q;
- Set a t + 2-path to T3 and call it q»
-P=PU{p,a1,q}.
- tl :t—|—3and tQ =14 4.
- Update T1 and T2 <€g ™ =T — 3, 61 = O, Tg = T — 3, ’UJ(SQ) = O, Qg = Qg — 1)
- If ap = 0 then M = {1} .
-t=1t42.

24 t=t+1.

endwhile
3. return (P, L)

Fig. 3: The SCF labeling algorithm on trees.

The TREE-labeling algorithm sets, at step t, a t-path to T; only if T; is available. As
in Lemma 1, we can then conclude that

Lemma 3 The solution (P, L) returned by algorithm TREE-labeling on (T, w, s) is feasible.

The rest of the paper is devoted to prove the optimality of the algorithm.

4.3 Preliminary Results

In this section we establish some facts that will be used in order to prove the optimality of
the proposed algorithm.
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Fact 1 For any subtree T; with |T;| > 1 it holds
2T —1 <7 <3|T;| — 3.
Proof. By definition |T;| = 3; + a; + 1 and 7; = 35; + 2a; + 1. Hence
2T —1=20,4+20; + 1 <30, +2a; + 1 = 7, < 30, + 3a; = 3|T;| — 3,

where the last inequality follows noticing that |7;| > 1 implies «; > 1. O
Fact 2 Let T; X Tj.

o If, =1 and T; < T} then o; > o; and 3; < B3;.

o I;=Tj (e.g., 7 = 7; and |T;| = |Tj|) iff o = a; and B; = B;.

Tl =2 i [Ti] =2

Fact 3 If T, < T; th »<{ .
ac T 2T then B < 0 otherwise

Proof. Trivially, if |T;| = 1 then §; = 0. Let then |T;| > 1. If T; < T} then 7; > 7;. This
implies that 33; > 303; 4+ 2a;; — 2cy;. From this we get

36]' + 204]' — QOéi
3

2 1
25j+§aj+—a,-+1.

Til=1+aq+8>1+a+ 3

Hence, noticing that a; > 1, we get |T;| > G, + 2. O
Definition 8 Define, for each i,j =1,...,m, with i # 7,

1 if T, =T
Ay =TI+ [Tl +6-1,  and  e={} TD=T0
i =TI+ T+ 6 an TZV0  otherwise

Fact 4 For any i, j it holds A, j — 7, = |T;| — ||
Proof. Recalling that 7; = 33; + 2a; + 1 and by Definition 8 we have

Aij =7 =Tl + [T + 8 = 1= (14 200 + 36;) = |Ti| + T3] = 2|T3] = |T3| = |Til.

Fact 5 A;; > max{|T|, 1 + er} only if eitheri=1 and j =2,3 ori=2 and j = 1.

Proof. Assume first either ¢ > 3 or i = 2 and j > 3. We have |T'| — |T;| — |T};| > |T3| or
|T| — |T;| — |T;] > |T3|. By Fact 3 we know that §; < min{|T}|,|T3|} — 1. Hence, in any
case we get

7] = Aij = [T] = [T = T3] = Bi+ 1> 2,

which implies A; ; < |T'| < max{|T|, 7 + er}.
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Assume now ¢ = 1 and j > 4 and suppose, by contradiction, that A;; > |T'| and A, ; >
71 + €. We have

o + [T < |T| = [T = [T = |T| = A+ i =1 < S = 1 < |Th| = 3. (2)
From the assumption that Ay ; > 7 4 er and by Fact 4 we get
Th| < [T5].

From this, (2), and Fact 1, we have
2 4
Ty = 3ﬁ]+2a]+1 > 2|7}|—1 > 2|T1|—1 > 2(|TQ|+|T3|)—|—5 > 5(7‘2—|-’7’3)+5 > 57'34—5 > T3

thus contradicting the assumption 73 < T for any j > 4. O

4.4 A lower bound

We establish a lower bound on the optimal labeling of any instance (T, w, s).
Let T be such that T3 <15 < ... <X T,,. Define

MGZL'(T) = max{|T| =N — 1, al + €T, ALQ, AQJ, A173}
Theorem 2 Assuming that Ty < Ty < ... X T, we have T*(T) > Max(T).

Proof. Any algorithm needs to set a path to each node, hence 7*(T') > |T|.

By Definition 6 and Corollary 1, the shade 7; of T; is the minimum label that can be assigned
when only paths to the nodes in T; are set. Since paths must be set to all nodes in each T},
fori=1,--- m,and 74 > 175 > -+ > 7,,, we have that 7*(T) > 7.

Furthermore, if T} = T, then at least 71 + 1 labels are necessary.

Consider now A, ;. For each path to a node at level at least 3 in 7; no path to some other
node in 7} can be set in the following 2 steps. Moreover, at most one of the following two
steps can be used to set a path to Tj, except for the eventual step in which a path to the
root of 7T} is set and immediately after a path to some other node in 7} is set. The remaining
step can be used to set a path to some T, with ¢ = 7, 7. Hence, for any algorithm there are
at least 3;—1—3,; ; |Ti| idle steps, which implies 7*(T') > |T'|+ ;i —=1=3_,; ; [Te| = A
By Fact 5, we obtain that 7*(7") is lower bounded by Maxz(T). O

4.5 Optimality

We show now that the SFC—labeling algorithm for trees is optimal, that is, the maximum
label assigned to any arc of T is 7(T) < Maxz(T) thus matching the lower bound of
Theorem 2.

We first recall that we are in the hypothesis that the weight of each node is 1. The order
in which nodes are chosen as end—points of the paths set by the algorithm implies that the
largest label assigned to an arc of T' is always to be searched among those assigned to the
arcs outgoing the root s of T'. Therefore, it coincides with the largest ¢ for which a t—path
is set in 7.
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Lemma 4 Lett denote the largest integer such that a t—path is set inT' during the execution
of the SFC=labeling algorithm. The largest label assigned by the algorithm to any arc of T
is T(T) =t.

By the above Lemma, we need to show that the largest ¢ such that a t—path is set in T’
is upper bounded by Max(T).

The proof will proceed by induction. We will consider the first steps of the algorithm
mainly those which send to different subtrees (before the step where we send again to a
subtree to which we already sent) and we will apply the induction on the tree 7" obtained
by deleting the vertices completed in these first steps. For that we introduce the following
definition.

Definition 9 We denote the fact that the algorithm on T starts by setting k paths to
pairwise different subtrees of T' (that is, it sets a t—path to some node v; in T;, for i =
1,...,k) by

(Ty ... Tg)

We denote by T’ the updated tree, resulting from (Ty...Ty), that is, T’ has subtrees
... 1Ty T, where

) m’

- T! denotes the updated subtree T; after the i—path to v; has been set (that is, w'(v;) = 0
and |T}| =|T;| = 1, fori=1,... k

! !
Ty =Tor, -, Tl = T

Notice that the subtrees T| ..., T! , are not necessarily ordered according to the relation
=. Let iy,43,- -+, iy be a permutation of 1,...,m such that T; = ... 2T} ; we will always

consider permutations that maintain the original order on equal subtrees, that is
if T, =T, then i; <ip. (3)

We denote by o}, B!, 7/ the parameters of 7;. In particular (unless the special case k = 2,

11

B1=1,a0 > 0 =0, T3 =, and T is available) we have for i = 1,..., k:

3 ifp>1
&= {O otherwise , Bi=D 0 otherwise’ ¢ ' )1 if T =1
0 ifT;, =0

The following properties hold for T”.

Fact 6 Assume (Ty...T}) and that NOT (k =2, 51 = 1,aa > B2 =0 and T3 = (). For
any 1 <1< j<k.

1) If 7, > 7, then 1] > T],-,'

13



2) if T; < Tj and T; < T} then B; =0, 3; > 2, |T;| < |T;|, and 7 = 7; + L.

Proof. If |Tj| =1, then 7} = 0 ; otherwise 7} > 7, — 3 and 7; < 7; — 2; 50 7/ > 7.
Assume now that T; < T; and T} < T]. By Definition 7 we can have four cases:

- 7, = 7; with [T;| > [T}, and 7} = 7; with |T}| > [T]|. This is impossible since it
should be both |T;| > |T}| and |T;| = |T}| + 1 > |T}| + 1 = |T;].

- 7, = 7; with |T;| > |Tj|, and 7/ > 7/. By the algorithm this case can occur only if
B; =0 and B; > 1. By Fact 2 this is impossible.

- 7 > 75 and 7; > 7/ It is impossible by 1).

- 7 > 75 and 7; = 7/ with |T}| > |T]|. We can have both 7; > 7; and 7] = 7] only if
7, =7 —3=1; —2=7,. Hence we have 7, = 7; + 1 and ; = 0 < ;. Furthermore,
|T| > |T}| implies |T;| > |T;] and 3; > 2 (otherwise, if 3; = 1 we would get T} = T7).

O

Fact 7 Assume (T} ...Ty) with either k >4 or k=3 and T3 <X T}, T5:
i) | T|>m+k—2;
ii) |T;| > p1+ 1, for eachi=2,... k;
iii) |T;| > P2 + 1, for eachi=3,... k.

Proof.
Let T” be the tree resulting after (T3 ...T). If |[Ty| = 1 then |T;| =1 for each i = 1,- - k;
hence, 1), ii), and iii) hold. We assume then that |T7| > 2 which implies a; > 1.

We first prove ii). If k£ > 4 then at steps 4, ...,k we did not choose 7] which was available
and so Ty XT3 <X ... T, 2 T]. If k=3 T3 = T by hypothesis. So we have

T, < T] foreach i=2,... k.
Let A =1if $; > 1 and 0 otherwise .
It can occur either 7; > 71 =1 —2—Aor 7, =7 =7 —2— A with [T;| > |T]| = |T1| — 1,
Hence, w.l.o.g. let 1 < ¢ < k be such that

T > > >1—2—A

and
Tog1 = =Tpg=T1—2—A with |Tos1l,- - |Tk| > |10 — 1. (4)

Recalling that 7, > 71 > 1 we get

CBIZL Z:L,k (5)
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For any ¢ = 2,...,¢ we have 7; = 30; + 2a; + 1 > 301 + 2a; — A. We can then deduce that,

2 2 1+A
@Zﬁl‘l—g@l—gai—T
and
2 2 1+ A 2 a; 2—A 2 1
Tl = Bitaitl > fitzon— 50— ——— o+l =it o+ o+ > Bt oty
|Ti| = Bi+a;+ fitza—za g Taitl=fitgonto+— Prtzantyg

(6)

where the last inequality holds since a; > 0 and A < 1.
From this, recalling that ay > 1, we get that |T;| > (1 + 1 and ii) holds for any i < /.
Fori=/¢+1,...,k, we have |T;| > |T1| — 1 = 81 + oy > 1 + 1. Hence ii) holds for each
1=2,...,k.

In the same way we can have iii) by noting that if we have k£ > 4 then either 7] < T}
and so Ty = T7 = T3, or Ty = T} and so by Fact 6, 8, = 0 and so T}, was available at step 4
and so Ty <X T}

Consider now inequality i). By (6) we have that for each i =2,... ¢

2 1 a2
li> + = —|——_—Z _— = = 7
| |_51 3041 3 |1 3 3 ()

Hence, by (4) and (7) we have

m k Y/ k
T| = Y T =) T =T+ > _ITi+ > Ty
=1 =1 =2

i=0+1
> T+ (- DT = 5= 2)+ (k= (T - 1)
= k|T1|—k:+1—(€—1)a1_1
_ Tl+(k—3)51+(/<—2>a1—(5—1)0‘13‘1. (8)

The function in (8) is decreasing in ¢ and its minimum, for ¢ = k, is 7 + (k — 3)51 +
(k —2)oq — (k —1)%-1. Recalling that oy > 1 and k > 3, we get the desired bound
|T| > 1+ k—2. O

Theorem 3 Assume that Ty < ... < T,,. Denote by (P,L) the solution returned by
algorithm TREE-labeling. It holds

T(T) < Max(T) (9)

Proof. At any step of the algorithm the tree can have any number m > 1 of subtrees of
positive weight. When we say that the algorithm sets a t—path to a subtree T; and |T;| = 0
at step t, this means that no t—path is actually set (e.g. ¢ is an idle step).

We first analyze the special case of the algorithm in which m =2, 8, =1, f, = 0 and T5
is available. So 7 > 1 and a1 > ag — 1. The first two steps of the algorithm are (T} 73),
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where the path set to T3 is a path to ss (the root of Ty). Let T" be the tree resulting after
(T1Ty), at the third step a path to Ty is set. Hence, the first three steps of the algorithm
are

(T\Tu)(T5)
Let T2 be the tree resulting after (T1T5)(T3). Next the algorithm on T' proceeds as follows

(RTINTYTE) - ATV Ty) - (T T T (T ).

where T is the tree resulting from T¢~" after the 2 steps (T 'T4 ). To see this, we notice
that in each T* it holds T} < T%, since 72 =7 —3>n—3=rfand 7{ =7 ' —2> 7§ =
max{rs ! — 2,0}, for £ > 2. Moreover, in the hypothesis of this case a; > @y — 1, which
implies that T4 = () for £ > ay. Finally, by the hypothesis we have

€Er = 0, |T| =3+ oy + o S 3+ 20[1 +1= 71, and ALQ,AQJ S |T|
Hence, Maz(T) = 7; but

T(T)=3+420;+1=m = Max(T).

The rest of the proof is devoted to show that 7(7') < Max(T) for each tree. The proof
is by induction on the shade of Ty, (recall that 73 < Ty < ... < T,,). As a base consider

the trees of the special case above and trees T' such that 7 = 1; in the latter case, we have
|T;| =1 for eachi=1,... mand 7(T) = |T| = Max(T).

Suppose now that (9) holds for any tree in which the shade of the first subtree (according
to the relation <) is at most 7, — 1; we prove that (9) holds for 7'

Notice that we are assuming that 7" does not belong to the special case (e.g., m = 2,
B1 =1, By =0, and T, is available) and that |77 > 2.

We separate four cases according to the value attaining Max (7).

Case 1: Max(T) = Ay > max{r +ep, |T|}.
In such a case we know that 3; > 1, otherwise Ay = |T1]| + |T2| + 8 — 1 < |T'|; hence, the
first tree steps of the algorithm are (including the case |T3| = 0)

(T T2 T3).

Let T” be the tree resulting after (177573). We will show that after the first 3 steps (117573),
the algorithm on 7" proceeds as on input 7" and

Maz(T') < Max(T) — 3. (10)
This implies the desired inequality
T(T)=34+T(T") <3+ Max(T") = Max(T).
By definition of A; 5 and using Ay o > |T'], we get

|T| —|T1| — |T2] < 41 — 1. (11)
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By Fact 4 and using A; 5 > 71, we get
71| < |T3|. (12)
By (11) and Fact 1, we get
T3 < 3|Ts| < 3(|T| — |T1| — |To]) < 3(61 — 1) = (301 + 204 + 1) — (201 + 4),
from which, since a; > 1, it follows
<7 —6=1 —3. (13)
Moreover, by (11) and (12) we have
To| > T +1> B+ +2>01+3> (T —|Th| — |Ta]) +4 > T3] + |Tu] + 45 (14)
which, using Fact 1, implies
Ty > 2|To| — 1 > 2(|T5| + |T4|) + 7 > 4min{|Ts|, |T4|} + 7.
Noticing that Fact 1 implies 4|Ty| > 74 and 4|T3| > 73 > 74, we get
T > T4+ 8. (15)

From (13) and (15) and recalling that 7, > 75, we obtain that in the tree 7", resulting

after <T1T2T3>3
T <Ty, Ti<Ty=Ty,, Ty=<T,="T,.
Moreover, we have
Ty < Ty;

indeed, if we assume T > T3 we either have |T3| = |T3| or, by Fact 6, we have |T5| > |T3|
contradicting (14).

We notice now that 7] # T3, since by (12) they have different weights. Hence, by

the definition of < (cfr. Definition 7), we get that the only possible orderings on the the
subtrees of T" are:

T <Ty<Ty, T/ <Ty<Ty, To<T <Ty, Ty=<T <Tj.

Moreover, both sequences of steps (T1T5T3)(TTy) and (T7T>T3)(T4T7) are possible dur-
ing the execution of the algorithm on 7'; in particular if 7) < 7] we know by Fact 6 that
By = 0.

Hence, after the first 3 steps, the algorithm on T proceeds as on input 7”. For T” we have:

IT'| = |T|—{ 3 if |T] - 0 : e = ep = 0 (since |T1| < |T3)), 71 = 11—3 (since f; > 1).
2 otherwise

In case 17 < T}, it holds

/ A21—3 1f52>0
I . _ , / / _
Bla =Bz =3 A {Wﬂ+ﬂﬂ—1<ﬂ% i3, =00 S ba<hi-d,
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where the last inequality follows from (14).
In case Ty < T7, by Fact 6 we have 8, =0, 5y > 1 and 7y > 75; hence 7, = 7, —2 = 71 — 3
and

Alp=012=3, Ay =L+ [T+ 8- 1= [T +|Ti -1 < |T"| (i =1,3,4).
Summarizing, in both cases 7] < T3 and T3 < T7, inequality (10) holds.

Case 2: Max(T) = Ay > max{n + e, |T|}.
We first notice that by definition of Ay and using Ay > |T'|, we get

2<|T =T = [Tz + 2 < fo, (16)

Using Fact 4 and Agy > 71 > 79 we get

2| < |Thl. (17)
Moreover, since Ay; > 71 + €, we get
Th[ + B < |To| + P, (18)
which also implies 717 # T, and
er = 0. (19)

Finally, from (16) we have |T3| < |T'| — |T1| — |T%| < (2 — 2; from this and Fact 1 it follows
7'3§3|T3‘—3§352—9§7'2—9 (20)
We distinguish now two subcases on the value of f;.

e 51> 1.
The first tree steps of the algorithm are therefore (T717573). Let T be the tree resulting
after (T175T3). From (16) and (20) and recalling that 7 =7, —3 > 7o — 3 = 73, we
obtain that in the tree T":
T, < Ty, Ty < T3,T,.

Hence, after the first 3 steps the algorithm on T proceeds as on input 7”. For T" we

have:
T <Ty<Ty or T/ <Ty<Ty=T,<Ts.
Moreover,
7| = |T\—{ 3 T[>0 0 (since T3] £ |T|), 7 = 7—3 (since B > 0).
2 otherwise

Az —3 if [T5] >0
Ay3—2<A;5—3 otherwise ’

similarly, if Ty < T3 , from Fact 5 one has A}, < Ay — 3.
Summarizing, it holds Max(T") = Max(T) — 3. Therefore,

Aly=Ar =3, A/m = Ay — 3, Alg= {

T(T)=3+T(T") <3+ Max(T") = Max(T).
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[ ] ﬁl = 0
The first two steps of the algorithm are (T175). Let T” be the tree resulting after
(T1Ty). Recalling that 32 > 2 and that 74 — 2 > 73 (cfr. (16) and (20)), we obtain
that the first 4 steps of the algorithm are

Let 7" be the tree resulting after (1175)(77T%). Using (20), we have
=< <H—-9=7,-6=7—6.

Hence, after the first 4 steps the algorithm on T proceeds as on input 7" where the
subtrees with largest shade are 7| and Ty with

T < Ty or ) < T

followed by T3 and Tj' in some order. Moreover,

P8 S om0 22 40, = e =)

Therefore |7"| < Agy —4 = Max(T) — 4 and 77 < Max(T) — 4
Moreover, if Ty < T

7'5127'2—3§T1—3§A271—4:Ma.’l)(T)—4.

Finally,
Al AL, A'{A < |T"| (since B; = 0), A;l = Ay — 4,

and, by Fact 3,

Ay g Dy < T+ T+ || + 85 — 1< T+ |T5| + || + |TY'| = 3 < |T"].

Summarizing, it holds Max(T") < Maxz(T) — 4. Therefore,

T(T)=4+T(T') <4+ Max(T") < Max(T).

Case 3: Max(T) = Ay 3> max{r +ep, |T|}.
In this case we have 31 > 1, otherwise A; 3 < |T'|; hence, the first tree steps of the algorithm
are

(T T>T3).
By definition of A; 3 and using Fact 4, we get like in case 1

T — |T\| = |T5] < By — 1, (21)

Th| < [T5]. (22)
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By (21) and Fact 1, we get
T3 <7 <3| =3 <3(T| =TT = [T5]) =3 <36 —6<(n—3)-6=m -9 (23)
from which it follows
Ty <1 <7 —-9<7 —6, 73 <13 <71 <71 —6. (24)
Moreover, by (21) and (22) we have
T3 > [T +12 fiton +2> fy+3> (7] — |13 |Tol) + 4> [To] + [T + 4 (25)
which, by Fact 1, implies
73 > 2|15 — 1 > 2(|Te| + |T4|) + 7 > 4min{|T3|, |Ty4|} + 7.
Noticing that Fact 1 implies 4|Ty| > 74 and 4|T3| > 17 > 74, we get
Ty > T3 > T4+ 7. (26)

Let T” be the tree resulting after (717573). Recalling that 5, > 2 and using (24) and
(26), we have

=1 — 3, <1 <1 <71 —6, <13 <713 < 1 <7 —6 (27)

From this we obtain that the only possible orderings of the first subtrees of 7" are:

T, < Ty 2 Ty, T, < Ty < Ty.

We notice that both sequences of steps (T1/ToT3)(T1T3T5) and (TZIxTs)(T1T5Ty) are
possible during the execution of the algorithm on T'; in particular if 74 < T we know by
Fact 6 that #3 = 0. Hence, after the first 3 steps, the algorithm on T" proceeds as on input
T

For T" we have:

|T'| =|T| -3, er=er=0(by (24) and (27)), 7 =7 —3 (by (27)),

, Ag1—3 if >0
/ ! 2,1 2
Alp SBip—3, A3 <Biz—3, By < { |T"| otherwise
and, if 75 < T3 , 5 =0 and
Agy =T + [T =1 < [T7].
Hence Max(T') < Max(T) — 3 and
T(T)=3+T(T") <3+ Max(T') < Max(T).
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Case 4: Max(T) = max{r + e7,|T|}.
Let k be the largest integer such that the first £ steps of the algorithm are

(T\Ty ... Ty,

and, letting 7" be the tree resulting after (1175 ...Ty), it holds Ty A T}, for each i =
1.k
o First assume that either k > 4 or k = 3 and T3 <X 77, T;. Let the ordering on 7" be such
that

T XT; 2T,

i.e., T} has the largest shade among all the subtrees of T, followed by T} and by some Tj.
Moreover,

a) during the execution of the algorithm on 7', any sequences of steps (1175 ... Ty)(T7)
is possible, for any 1 <<k —1.
Indeed, any of the subtrees 17,73, ..., T} _, is available at step k+1 and i can assume
any value among 1,...,k — 2. Moreover, if T} _; < T then Fact 6 implies B;_1 = 0;
hence T} _, is available at step £+ 1 and i = k — 1 can hold.

b) if either 7T} < 77 or T}, < T} then by Fact 6 we have (3, = 0, and this implies that 7},
is available at step k£ 4 2 and j can assume value k.

We now distinguish two cases according to the value of 7.

- Leti<k-—1.
By a) and b) , we have that after the first k steps, the algorithm on 7" proceeds as on
input 7”. For T" we have:

17| = |T| -k, TZSTi—QS{ﬁ_S if 1 > 2 (by Fact 6)

n—2 ifi=1 ’
furthermore,
ﬁlvﬁ? < |T3|a R |Tk‘| (by Fact 7)
Bi=p06;=0 for 3<i<k—1and3<j<k (by Fact 6 since T} X T} < T} or T)

B <|Ti| —2,|Tx| —2 for j > k (by Fact 3 since 11,15 < T;)

this and Fact 3 imply that
A/

2,37

A

Js2?

AL, < |7,
Hence,

Max(T") = wmax{|T'|, 7] + e}
max{|T| —k,71 —3+ep} ifi>20ori=1and 5 >1
max{|T| —k, 71 —2+ep} ifi=1and ;=0
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Since ep» < 1 and by i) of Fact 7, we have that if either ¢ > 2 or ¢ = 1 and 5} > 1
then max{|T| — k,n —3 +ep} =|T| — k.

Let us consider now ¢ = 1 and ; = 0.
Obviously if ep» = 0 then by Fact 7 we have max{|T| — k, 71 — 2+ ep} = |T| — k.
Assume then er = 1. In this case T} = T} for some j > 2. This implies that

T\ > T+ |1 +k—2=2+1)+k—2=2n+k=7+k—1
and max{|T| — k,7y — 2+ e} = max{|T| — k,7n — 1} = |T| — k. Hence, we have
Max(T") < |T| -k,

and
T(T)=k+T(T") <k+ Mazx(T") <|T| < Max(T).

- Leti=k.
In this case we have T} < T17,T5,...,T,_,. Hence, by Fact 6 we get f1,..., 08,1 > 1
and B, = 0 that imply 77 < ... < T}_,. Since a path to 7} cannot be set at step
k + 1, we obtain that the first £ + 1 steps of the algorithm are

(T\Ty... Ty)(T)).

Let 7" be the tree resulting after (I775 ... Ty )(T]). We have that, after the first &+ 1
steps, the algorithm on T proceeds as on input 7" where the subtree with largest
shade is T}/ followed by T3/, T3 in this order; i.e.,

T, < Ty 2Ty

Moreover,
T"| = |T|—k—1, T =17, = T,—2 = 11—3 (by Fact 6) , ern = 0 (since T} < Ty)

A Ay < |T7| (since B, = 0), Ay, < [T/[+|T5|+[T7|=3 < [T"| -3 (by Fact 3)

Hence, by using Fact 7 we get Max(T") = max{[T"|, 7 + epr, A} 5, AY,, Af 3} <
max{|T| —k—-1,1n —=3}=|T|—k—1=|T"]| and

TT)=k+1+T(T")<k+14+Max(T")<k+1+|T"|=|T| < Max(T).
e Assume now that k = 3 and either 7] < T3 or Ty < T3 (including also the case T3 = ().

Suppose that £ = 0: since k = 3, we can deduce that 7] = T3. Therefore, T, < T3 < T7.
By Fact 6, we get to the contradiction 3; > 2. Hence, throughout this case we can assume

ﬁlzland T{:Tl—3. (28)
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Furthermore,

Ngy—3 if By >1
T = |T| =3  Al,=A,—3, Ay < { |T2|’1_ 5 i gz T As=A-3
(29)
and by Fact 7
Ay =T+ T+ 61— 1 =2 < |Ti| + |Tu| + |To| = 5 < |T| - 5. (30)

Moreover, by Fact 6 we get

if T3 < T then 3, =0, ;=7 —2=m7 —3and A3, Ay, <[T|—-3 (31)
if T3 < T3, Ty then (33=0, and Az, Az, < |T| -3, (32)
if 7] < T}, T] then (=0, and A}, A, < |T] —3. (33)

We show now that in each of the possible orderings on the subtrees of T”, it holds
Max(T") < max{|T| — 3,71 + er — 3} = Maz(T) — 3; (34)
indeed:

— If either T] <X Ty < T} or T| <X Ty < Ty < T} then we have (34) by using (28), (29),
(30) and considering that ez = er;

— if either T} <X T} < T3y or T| =X T3 < Ty < T} then we have (34) by using (28), (29),
(32), (30) and considering that e < 1 and that e;» = 0 (since #; > 1 and (3 = 0);

— if either 77 < Ty, < Ty or 1] = Ty < T3 < T3 then we have (34) by using (28), (29),
(33), (30) and considering that ey < 1 and that ez» = 0 (since 3; > 1 and 8, = 0);

— if either Ty < 77 X T4 or Ty < T] =X Ty < T} then we have (34) by using (31),
(29) and considering that er = 0 (since §; > 1 and f; = 0) and that e;» = 0 (since
T3 = T);

— if either Ty < T3 < 1] or Ty < T3 < T; < T] then we have (34) by using (31),
(29), (32) and considering that ez = 0 (since §; > 1 and By = 0), that 71 = 75 (by
Fact 6) and that if 7 = 1 then Gy = 03 = 0, as = a3 and |T'| > |T| + |Ts| + |T5| =
|Th| + 200 +2 > 15+ 4 =71 + 4;

— if either Ty < Ty < 1] or Ty < T, < T4 < T then we have (34) by using (31), (29),
(33) and reasoning as in the previous case.

Hence, by (34) we have

T(T)=3+T7(T") <3+ Max(T') < Max(T).
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e Finally, consider the last possible case: k =2, 7] < T3 and ; = 0.
This means that the first two steps of the algorithm are (7775) and at the third step a path
to T} can be set. Hence, we have

7'{ =T — 2.

Noticing that, by Fact 6, if 51 = 0 then T3 £ T7, we distinguish 4 cases according to the
relation between T3, and T5.
- 7] XT) < T5 and 3 = 0 then
T =1T1=2, ep=er A,=205,=[NO[+T-3<|T|-3, Az <|T|-2
Hence, Max(T") = max{|T| — 2,71 + ex — 2} = Max(T) — 2 and

T(T) =2+ T(T") < 2+ Max(T') = 2 + Max(T) — 2 = Max(T).

- If 7] 2T < T3 and By > 0 (except for G = 1 and T3 = () then the first 4 steps of
the algorithm are
(T To) (T T3)

where T4 = T3. Let T” be the tree resulting after (T175)(77T5). Hence, after the first
4 steps the algorithm on 7" proceeds as on input 7”.

First notice that in this case T < T4 since otherwise by Fact 6 it should be 3; > 2;
furthermore, T = Ty < T3 since Ty < T3. Hence, the possible orderings of the
subtrees of the tree T” are:

T <1y < TY, T Ty < T/, Ty < Ty < Ty, T < T/ =T/, Ty < Ty <Ty.
For T" we have
IT"| = |T| — 4, A/1,,2: A,1/,37A/1/,4 <|T| =4 =|T"] (since 3, = 0)
AgJ =Ny —4
AS 5, Ay, < |T| =4 = |T"| (since §, < Ty — 2 by Fact 3)
Aj, <|T| =4 =|T"| (since 54 < Ty — 2 by Fact 3)

To bound Max(T"), we distinguish two cases according to the relation between Ty
and T7'. First notice that ez = 0 since §; = 0 and 3, > 0.
Let 77" < T¥. Since

ern =1 iff Bo=1and ay = a3 — 2

we have
if ern = 1 then |T‘ > |T1’ + ’TQ’ + ’T3| > |T1‘ + ‘TQ‘ =201+1=mn
and

7'1—3§|T|—4 ifGT//Zl

"
T, + €pn = .
! {7'1—4 lfGTN:O
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Hence,

Maz(T") = max{|T"|, 7/ + epr, A5}

{max{]T] - 4, A271 - 4} S MCLQZ'(T) —4 if €T = 1

max{|T| — 4,71 — 4, Agy — 4} < Maz(T) =4 if eps =0 O

Let Ty < T{'. Since Ty # T, we have ez» = 0. Furthermore, since T} < Ty, 1 = 0
and By > 0 we have |T}| > |T3|. Hence,

Ay =T+ |Ta| + By =52 2T+ Py —4 =30 +20+2—4=1,—3=1)
and
Mazx(T") = max{|T"|, Ay} = max{|T| — 4, Ay — 4} < Max(T) — 4. (36)
By (35) and (36) we have

T(T)=4+T(T") <4+ Max(T") = Max(T).

- If 77 <X T} and T3 < T} then the only possible orderings of the subtrees of the tree 7"
are:
T <Ty =T, T, =<T;=<Th

For T' we have
IT'| =|T| =2,  Al, A3 AL, <|T| -2 (since f; = 0)

Ay < |Ts| + |Th| + |To] — 4 < |T'| — 4 (since 35 < Ty — 2 by Fact 3).
Hence, if e7v < e then we have Max(T") < Max(T) — 2.

Suppose now that ez = 1 and ep = 0. We have 7] =T5, a3 = a1 — 1, /1 = 0 = (3
and ’T| 2 |T1‘ + ‘TQ‘ + ‘Tg‘ = |T2| + 20[1 + 1 Z T + 1, hence,
Max(T') = max{|T"|, 7] + e} = max{|T| — 2,71 — 1} = |T| =2 < Max(T) — 2.

In any case we get

T(T)=2+T(T") <2+ Max(T") < Max(T).

- IfT] X T, By = 1 and T3 = () then after the first step (71) on 7', we get that the
algorithm continues as having in input a tree T' corresponding to the special case
considered in the base. For T' we have: |T'| = |T| —1, 71 = 72, and Maz(T) = 5. We

get that Max(T) =17 <7 — 1. Hence

T(T)=1+T(T) <1+ Max(T) <1 < Max(T).
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