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CONVECTIVE AND RADIATIVE THERMAL TRANSFER
WITH MULTIPLE REFLECTIONS.
ANALYSIS AND APPROXIMATION BY A FINITE ELEMENT METHOD
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We study a 3D steady-state thermal model taking into account heat transfer by con-
vection, diffusion and radiation with multiple reflections (grey bodies). This model is
a nonlinear integrodifferential system which we solve numerically by a finite element
method. Some results of existence and uniqueness of the solution are proved, the numer-
ical analysis is detailed, error estimates are given and twodimensional numerical results
of thermal exchanges under a car bonnet are presented.

Keywords: Elliptic partial differential equations, non local boundary condition, finite
element method, radiative heat transfer, grey bodies.

1. Introduction

This paper deals with a steady-state thermal model taking into account the three
different heat exchanges: convection, diffusion and radiation. The model of radia-
tion takes into account the emission, the reflection and the absorption of the radiant
energy. The emitted and reflected radiation are diffusely distributed. The surfaces
are assumed to be opaque and to behave like grey bodies; 1.e. the radiative exchanges
do not depend on wavelength. In other respects, we assume that the surfaces are
separated by a non participating media (hence the radiative transfer is apparent in
the boundary conditions). The radiative heat transfer is described by the radiosity:
the radiosity being the radiant energy which flows away from a surface.

We denote by i the fluid velocity, by € the fluid temperature and by w the radiosity.
The unknown in our problem is (6, w) and is a solution of the integrodifferential
system containing the convection-diffusion equation coupled with an integral equa-
tion on the boundary. The boundary condition of the system is non linear, non
local and non monotone.

The present paper details a mathematical analysis and a numerical analysis of this
thermal model. Furthermore, an algorithm to solve the problem is presented and
implemented.

The mathematical analysis of this model has already been partially studied in dif-
ferent papers. Let us describe briefly these existing works.

Firstly, a mathematical analysis of the present radiative model without the con-
vective term has been carried out in ' and ''. The integral equation is studied
in detail and the authors give an explicit expression for its solution w which has
permitted them to study the partial differential equation with only the temperature
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f as an unknown. Then, they truncate the non linearity and prove the existence
of a minimal and a maximal solution to the truncated problem. This technique
of truncation has permitted them notably to write the analysis in the standard
Sobolev space H(().

Our paper ? treated a shape optimal design problem where the direct problem
contained the present thermal model. In our last paper, we wrote a mathemati-
cal analysis of the thermal model used here employing the idea of truncation from
11 We proved that the truncated problem has a solution in H!(£2) and by stating
a weak maximum principle, we obtained the existence of a solution to the initial
problem (the proofs presented therein are not all detailed). We note that in both
references ' and 2 some proof sketches of uniqueness are presented but none are
complete. Also, we presented in 2, an outline of the numerical analysis.

This paper completes 2: firstly, we detail the missing proofs of the mathematical
analysis and then we prove some extra results; secondly, we describe in detail the
numerical analysis.

In 3, 1 and '® the author studies the same thermal model with a different ap-

proach. Flrstly, the coupling between the boundary condition of the partial differ-
ential equation and the integral equation is treated differently and the formulation
obtained takes into account the limit case of black bodies. Secondly, the author
does not use the previous technique of truncation, hence the mathematical analysis
is written in the Banach space H(Q2) N L°(9Q). The author shows that if there
exists a lower and an upper solution to the problem then there exists a solution in
HY(Q) N L3(99Q), 13 . Some others results are presented (such as the maximum

principle and the uniqueness of the solution), however they are incomplete. In 15,
the author presents a finite element error analysis of a quite different formulation
of the radiative terms and there he uses an inverse monotone method.

Let us point out that in the present paper we use the technique of truncation
of ' since it presents the following advantages which we now describe. Firstly, it
permits us to write the mathematical analysis in the standard Sobolev space H*(2).
To this end, we prove the weak maximum principle and we obtain the existence and
uniqueness of the “physical” solution (i.e. the solution which satisfies this maximum
prlnc1ple) Secondly, the framework with which we use to write the numerical analy-
sis (see Theorem 3) requires (notably) the two following properties: i) the equations
must be formulated as a fixed point problem (F(z) = (I4+ToG)(x) =0, z = (6, w));
ii) the linearized problem must be well posed. Again, the trancation allows us to
satisfy these properties in the Sobolev space H!(€). This truncation thus permits
us to write the mathematical analysis and the numerical analysis in the same frame-
work.

The paper 1s organized as follows. In the next section, we write the equations of
the physical model and the boundary value problem. In Section 3, we expound the
mathematical analysis of the equations. We do not consider special restrictions on
the domain 2: it has to be a lipschitz bounded open set in IR", n=2 or 3. With re-
spect to the velocity &, we assume that the fluid is incompressible (div(i) = 0) and
« belongs to (LP(2))" with p > n. In this section, we recall some existing results in
order to prove some additional results. Firstly, we solve the integral equation and
we give an analytical expression of the radiosity w as a function of # (Proposition
1). Following, we obtain a partial differential equation with @ as the only unknown,
the boundary condition being non-linear, non-monotone and non-local (see Sec-

tion 3.2, Problem (P?)). We define the truncated problem (Problem (PQ)), and
this is done by truncating the non-linear boundary conditions to “natural” values.
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This truncated problem has a solution in H*(2) (Proposition 3). By proving that
any solution of this problem satisfies the weak maximum principle (Proposition 2)
it then follows straightforwardly that the initial problem has a solution (¢, w) in
H(Q) x L°°(99) which satisfies the weak maximum principle (Theorem 1).

Next, we study the linearized problem and prove that if the thermal conductivity of
the fluid A is sufficiently large compared to the radiative terms, then the linearized
problem is coercitive in H!(Q). It follows from the Lax-Milgram theorem that this
1s well posed (Proposition 4). The study of this linearized problem is useful to the
analysis of finite element schemes (Section 4) and to the analysis of shape optimal

design problems where the direct problem contains the present model (see 2, 3).

Furthermore and following an idea of '#, we prove that when the linearized problem
is well posed, the physical solution of the (non-linear) problem is unique (Proposi-
tion 5).

In Section 4, we write the numerical analysis. The domain 2 is a subset of IR"
(n = 2 or 3,) and it is supposed polyhedric. Using a standard finite element method,
we discretize the equations of a new truncated problem. Under the assumption that
the linearized problem is well posed (here, when the thermal conductivity A is suffi-
ciently large) we prove the existence and uniqueness of the discrete solution and its
convergence towards the unique physical solution of the initial problem when the
mesh size h is sufficiently small. To this end, we prove that the equations fit into the
framework of '. This previous paper deals with a finite dimensional approximation
of nonlinear problems of the form F(A;2) = 0 where FF: A x X — X, Ais an
interval of IR and X is a Banach space. We consider branches of non-singular solu-
tions to the problem and we use results of *. To this end, we write the continuous
and discrete thermal problems as fixed point problems (Section 4.2) and we obtain
branches of non-singular solutions when A is large enough (Section 4.3). We prove
the convergence of the discrete solution of a linear and decoupled system. The error
estimates are written in detail and are based on estimates of the error of projec-
tion when the function belongs to fractional order spaces (Section 4.4). Finally,
we can apply results of ! (see also ®) and obtain existence and uniqueness of the
discrete solution (fp,wp) and its convergence (Theorem 2). Let us point out that

due to the results of ', this analysis does not require the discrete maximum principle.

In Section 5, we present the algorithm we use in order to numerically solve
the problem. We consider the equations in their coupled form, 1.e.the coupled
partial differential equation-integral system. We linearize the nonlinear boundary
condition using the Newton-Raphson algorithm and we treat the coupling using
a relaxation algorithm. We introduce streamline diffusion into the finite element
scheme whereby the computation of the angle factors are done using a Monte-Carlo
method and shadows effects are taken into account. We then present the linear
systems to be solved.

In Section 6, we consider a twodimensional and stationary incompressible potential
flow under a car bonnet and we present numerical results of heat transfer modeled
by the equations studied previously.

2. Physical Model

We consider a stationary incompressible fluid flow and we seek to model heat trans-
fer by convection, diffusion and radiation. For the radiation model, we consider
multiple reflection effects 1.e. we take into account the emission, reflection and
absorption. We assume that the surfaces are opaque and grey, hence the radiative
exchanges do not depend on the wave length. In addition, the surfaces are separated
by a radiatively non participating media and the emitted and reflected radiation are
diffusely distributed (see e.g. '?). Under these assumptions, the radiative transfer
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are described by the radiosity, it is the radiant energy which flows away from a
surface per unit area, it is denoted by w.

We denote by @ the fluid temperature and by  its velocity. Let € be a Lipschitz
bounded open set in IR” (n=2 or 3) and 02 its boundary. The radiosity w is the
solution of the following Fredholm integral equation of the second kind called the
radiosity equation (see e.g. 1?)

w(z) = (1 —¢e(x)) 6Q¢>(x, y) w(y) ds(y) + 6(l‘)0’94(l‘) on 9% (2.1)

where ¢ is the Stephan-Boltzmann’s constant. The function ¢ is the surface emit-
tance and satisfies:
0<eo<e(z)<ep <1ondf (2.2)

The kernel ¢ € L'(92 x 99Q) is the angle factor, it is positive, symmetric and
satisfies:

8(e,9) ds(z) = 1 (2.3)
a0

We refer for instance to ? for the expression of the angle factor ¢(x,y). The

conservation of energy gives:

—AAG+pC, @V = 0in Q

where A, p and C), are respectively the thermal conductivity, the density and the
specific heat (at constant pressure) of the fluid.

We consider on a part of the boundary denoted by I'¢, heat transfer by radiation
and convection. If we denote by h the thermal transfer coefficient and by fy the
outside temperature, 1t follows from Fourier’s law that:

V0.7 = h (0= 0) + 7 :

(0'94 —w) only (2.4)

where w is solution of (2.1) and n is the external normal to 9Q. For a sake of
simplicity, we assume that the thermal transfer coefficient h does not depend on
the fluid velocity , it is a constant. We denote by I'y the part of the boundary
where the temperature is known (Dirichlet’s condition) and we denote by Ty, the
part of the boundary where heat exchanges are null (Neumann’s condition). We
have TqUT, UT; = 9Q and meas(T'y) > 0.

The fluid velocity @ is given and we make the following assumptions:
Assumption 1 The fluid is incompressible (div(d) = 0 in Q) and there exists a
real p > n such that @ € (LP(Q))".

Notice that under Assumption 1, @ belongs to L?(2)" and is divergence free, hence
i has a normal trace in H_%@Q). On the other hand, we do not require that @
belongs to (L (2))".

Assumption 2 The boundary parts denoted by I'y, and 'y are such that 4.7t is
positive on ', UT' ;.

Dimensionless model We denote by Pe the Peclet number, Pe = M,

)
where U* is a characteristic velocity of the flow and L* is a characteristic length.

We denote the Biot number B:, Bi = % (Bi is constant), and the dimensionless

L* 9* 3 * * . . .
reals 61 = % and §; = L)\T“i, where 6% 1s a characteristic temperature and w*
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is a characteristic radiative energy.
The dimensionless model is, see e.g. 1%

Given 4, find (6, w) such that:
—% Al + u- 69 = 0 in Q
g = 8,4 on I'y
g—g = 0 on I,
) % Bi (0—0s) + ———(8 6* 65 w) onT
- = Bi(0- — — 65 w) on
an TR ? !
we) = () [ bley) wly) dsty)
1)
+ e(x) g—; 0% () on 0%2

In the remainder of the paper, @, 6 and w denote the dimensionless variables and
we omit the arrow above the vectorial entities.

Remark 1 The formulation presented above do not consider the case of black bodies
(i.e. € = 1), contrary to the one studied in **, °. In such a case, for example when
g@y=1onTy, I COQand 0 < e(x) <1 onTaUT,UT; withTUT,UT;UT, =
9Q, we could introduce the following extra boundary condition in (P"):

_3_9 = Bi(0—60) + [0.0° =3 | o(x,y) wly) ds(y)] on T
n oL

3. Mathematical analysis

Let us recall that some results of existence and uniqueness related to this radiative
model (with or without the convective term) have been proved by different authors.
Briefly, in ' and 11, the existence of a solution to a truncated problem is obtained,
using either a lower and upper solution method or the Schauder fixed point theorem.
In ® and ? and following the previous idea of truncation, the existence of a solution
to the present model which satisfies the maximum principle is stated using the
Schauder fixed point theorem either on the coupled formulation as (P*) or on the
formulation (PQ) below. In these previous references and thanks to the technique
of truncation, the analysis is written in the standard Sobolev space H1(£2). On
the other hand, in '2 and '*, the author does not use this technique. He proves
that if there exists a lower and an upper solution, then there exists a solution in
HY(Q)N L3(09).

The present section completes the analysis presented in 2. To this end, we use the
analysis of the integral equation done in '' and we follow the idea of truncation.
We define the truncated problem and we recall the existence of a solution in H!(£2)
(Proposition 3). We prove that any solution of this truncated problem satisfies
the weak maximum principle (Proposition 2) and we obtain the existence of a
physical solution to the initial problem i.e. a solution which satisfies the maximum
principle (Theorem 1). Next, we study the linearized problem and obtain that if the
thermal conductivity A is sufficiently large compared to the radiative terms then
the linearized problem is coercitive in H'(£2), hence well posed (Proposition 4).
Following an idea of '* | we obtain the uniqueness of the physical solution when the
linearized problem is well posed (hence when A is sufficiently large) (Proposition 5).
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3.1. Step 1. Resolution of the Integral Equation
We define the operator A by:

Aw(x) = (1-e()) mfb(l‘,y) w(y) ds(y) (3.5)
We write 5
e=¢ g 0*

and we consider the following problem:

{ Given e € LP(99Q), 1 < p < oo, find w € LP(9RQ) such that:
(

Id — A)w = e (3.6)

The operator A is a contracting operator in L? (99) for all p € [1, 0] hence there
exists a unique solution w to (3.6), see e.g. 1. Moreover, let us recall the following
result which is fundamental in the remainder of the analysis:

Proposition 1 (Perret and Witomski, ). Problem (3.6) has a unique solution
w € LP(IQ). This solution can be written:

we) = [ Kew) ) dsto) + (o (3.7)

where the kernel K belongs to L' (9Q x 0Q), is positive and satisfies:

| K ) dst) = 1) (3.8)

AQI((JL‘,@/) 15(7:()93) ds(z) = 1 (3.9)

3.2. Step 2. Analysis of the Partial Differential Equation

We deduce from the analytic expression (3.7) of w, that Problem (P¥) can be
formulated as follows:

Given u, find 8 satisfying:
—%AH 4+ u-Vo = 0 in
g = #; only
(P9) 86
— = 0 on I,
08y
~n = Q) onTly

where the operator () is defined by:

Q) = B (0-00)(0) + 00 0) = 2o [ K 2) 01 00 )]

(3.10)
for almost every x in 0%Q.
We assume that the given temperatures 84 and 8y are positive functions respectively
in H3(I'y) and H=(L'p) N L=(Ty).
The basic idea of the following analysis i1s the truncation of the non linear, non
local operator Q. This idea is due to .
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The truncated problem We define:

ing = Min(inf 84, inffy); O,up = Maz(sup by, supby) (3.11)
Ty ry Iy ry

and

Hmf Zf H(l‘) Hmf a.e
0(x) = {

<
O(z) if Oiny < 6(2) <Oy ae (3.12)
Osup 1f f(z) > Osup ace

The truncated operator denoted by @ is defined as follows:
QO)(x) = Bi(0-00)(x) + [e()d1(0)*(x)

1 i(:()x) /m K(x,y) e(y) 61 (0)*(y) ds(y) ] (3.13)

for almost every x on 02. And the truncated problem is the following:

Given u, find 8 satisfying:
—%AH 4+ u-Vo = 0 in
~ ) = gd on Fd
(P9) 00
— = 0 on I,
08y _
~n = Q) onTly

Let us recall some properties of the truncated operator (). These properties are
of great importance in the remainder of the paper.

Lemma 1 (*° 1) The operator Q satisfies the three following properties:

i) It is a Lipschitz operator from L2*(0Q) into L?(9Q). More precisely, for all
91, 92 mn Lz(ﬁQ),

1Q(01) — Q82)[Jo,00 < K |61 — 2[[0,00 (3.14)
with
. ) l—ey J&1
K = [B 4e¢, 6,62 (1 =
g4 [Bi + 4e1 8107, ( —1-1_61 o

ii) The range of L*(9Q) by Q is bounded into L>°(9S). More precisely,
vt € L2(09Q), |Q(0)(x)] < M a.e. on 0Q (3.15)

with
M = Bi(gsup_ginf) + 26161931”;

iii) If 0(x) > Osup (resp. 0(x) < Oing) then Q(0)(z) > 0 (resp. Q(0)(z) <0).

The proof is done in 19 1 (see also ®). a
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The weak maximum principle We state below a weak maximum principle
for the truncated problem. This maximum principle will permit us to obtain the

existence of a solution to the initial problem. This result has been presented in 2
but the proof has not been detailed.

Proposition 2 Let the assumptions | and 2 be satisfied. Any solution 0 in H(Q)
of Problem (P9) satisfies:

Hmf < 0 < Hsup a.e. inQUFnUFf (316)

Proof. We define the following spaces:
Vo(Q) = {0 € HY(Q); 0lr, = 0} and V;(Q) = {6 € H*(Q); Or, = 04}  (3.17)
%}fttp > n, we define the trilinear mapping a : (LP ())™ x Vo () x V5(2) — IR such
at:
a(u;0,t) = % /QVH Vtdx + /ﬂu Vo tde (3.18)

The weak formulation of (PQ) is:

Find ¢ € V4(2) such that :

1 .
Vt € Vo(Q), a(u;0,t)+ — [ Q()tds = 0
Pe r,

(3.19)

We choose ¢t = (0 — 54p)" as test function, where 67 = Maxz(#,0). We have ¢ in
Vo(£2) and
Vo if 0 > beup

w:‘ 0 if 6<0
We obtain:
i/|w|2d +/ Vit de+ — Q(t)t ds = 0 (3.20)
Pe s x Qu T+ 5o s s = .
It follows from Lemma 1 iii) that:
Qt)tds > 0 (3.21)
Ty
Furthermore, we have:
/u Vttde > 0 (3.22)
Q

As a matter of fact, for all ¢ € Dy(R2) = {p € C(Q), o = 0 on 'y}, we have:

2
/qupgpdd; = /uV(—)dd;
Q Q 2

2 2
/(div(u S0—) . div u) dx
o 2 2
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Using the relation div(u) = 0 and Assumption 2, we obtain:

o?
/ﬂqupgpdd; = <u.n,7>H_

S

X HZ(T;UT,)

Then, (3.22) follows from an argument of density.

We deduce from (3.20)-(3.22) that ||Vt||%2(ﬂ) < 0. It follows from the generalized
Poincaré inequality that ¢ = O a.e. in €, hence § < f,;, a.e. in 2. Then the inequal-
ity @ < 0.up a.e. on R is established using the continuity of the trace mapping.
The inequality 8 > 6;,¢ is obtained using similar arguments with ¢ = (8 — 0;,7)~
with 7 = maz(—t,0). a

Existence of solutions We have the following result of existence related to the
truncated problem. )
Proposition 3 (2,8). Under the assumptions 1 and 2, the truncated problem (P?)
has a solution in H'(Q).

Without the convective term, the proof is done in ** using a method of lower and
upper solutions. More precisely, it is proved that (P?) has a minimal and a maxi-
mal solution in H1(Q). This last proof can be extended to the case u # 0.

With the convective term, the proof is done in 2, ® using the Schauder fixed point
theorem. ad

11

Using the definition of the truncated operator, and using the propositions 2, 3,
1, we obtain straightforwardly the existence of a solution to the initial problem.
Theorem 1 Under the assumptions 1 and 2, there exists a solution (0, w) € H(Q)x
L (082) to Problem (PY) which satisfies (3.16). O

In others words, we proved that Problem (P¥) has at least one physical solution.

The linearized problem Now, we study the linearized problem. This study is
useful to the finite element analysis in next section as well as to the analysis of a
shape optimal design problem where the direct problem contains the present model,
2 3. Furthermore, it provides a proof of uniqueness of the solution (Proposition 5).

Let 6 be a function of H'(Q) which satisfies (3.16), we define the linear operator
L: L?(09Q) — L?(09Q) by:

Lin(x) = Bin(x) + 48 [e(x) (0)°(2) n(x)

- 15(7:()1,)/60 K(z,y) (y) (5)3(3/) n(y) ds(y) ] a.e. on 9£2(3.23)

and we consider the following linearized problem:

Given f € H™Y(Q), g€ H3(Ty), he H™3(T,,), k € H™*(T;),
find n € HY(Q) satisfying:
—%AU+U~V7} = f in Q
(pl) i = g on [y
o
_ 2 = h on I'y,
n
_3_Z = L(p) + k onTy
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We define the Poincaré’s constant by

lInllo,0
Cq = sup ———— (3.24)
nevo() [IV1lloa
and
Amin = 4 (CG+1) 1003, (07)° L (3.25)

Proposition 4 If the thermal conductivity X is strictly greater than Apni, then the
linearized problem (P') is well posed.

Proof. The proof is done using the Lax-Milgram theorem. Let us define the
trilinear mapping ¢ : (LP(€2))"” x V5(2) x V5(2) = IR such that:

1 -
clu;n,t) = a(u;n,t) + — (Bi + 4¢d; )ntds
Pe r;

where the mapping a is defined by (3.18). We define the trilinear mapping / :
(LP ()™ x Vo () x V5(R2) = R by:

1
lwnt) = alwnt) + 5= FfL(n)tdS

= c(unt) — I(nt)
with

M) = o [ 20 [ RGea) 2 P n) dsta) ) )

As usual, we denote by V4(€2) the translated space of V5(£2) and we write the weak
formulation of (P'):

Find n € V;(Q) such that: V ¢t € 145(Q),
. _ 1
Z(U,U,t) =< f,1 ZH-1xH(Q) _E[< h,t >H_%><H%(Fn) + < k,t >H‘%><HL(F,«)]
3.26)
We write below a condition such that the bilinear form [(u;.,.) is Vy-elliptic.
Under Assumption 1 and using an argument of density, we obtain:

~—~

1
¥ € Vo(Q), alwn,n) = 5-lIVillse

And, since 6 satisfies (3.16), we have:

1 1 .
Vn € Vo(R2), c(u;n,n) > ﬁIIVnH%,n + Pe [4 €0 01 g?nf + Bi ||77||g,rf

Using the generalized Poincaré’s inequality we have:

1

1
. 2 3 - 2
clusn,n) > PeCZT ) Il o + — [4eodi 65, + Bil [nllip, (3.27)

Pe
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where Cgq is defined by (3.24).
Now, we bound above the term I(n,n) in the expression of {(u;n,7n). We deduce
from Fubini’s theorem and (3.16) that: Vi € V4 (),

[1(n,m)] < % o Gfup |/F /fm 15(7:()93) K(x,y) <(y) n(y) n(x) ds(y) ds(z)]
< / |2 K 20 )+ @] dst) ds(o

It follows from (3.8) and (3.9) that: ¥n € V5(£2),

Tl < 500 L[ ) ) dst) + [ ele) n'(e) dste) ]
< oo by B Il on (3.25)

And, we deduce from (3.27) and (3.28),

1 1
{(u; > 2 — e 6y 63 B1 2
(Uﬂ]ﬂ]) = Pe(c%_i_l) ||77||1,Q + Pe [ €0 01 Uiny + Z] ||77||0,Ff
4
- ﬁ €1 01 ggup ||77||g,6ﬂ (329)
We consider the norm of H3 () defined by: 1 = inf .
(09) v lBllson = it il
Hence,

¥ € Vo(Q), lnll5on < 30 < l0llia
And, inequality (3.29) can be formulated: Vi € V4(2),

. 1 4 3 2 1 3 - 2
Hu;n,m) > [WM ~ Pe €1 01 gsup] ||77||1,n + Pe [4¢1 61 6'mf + B ||77||0,Ff
1

S — 21 01 05, [l
ez~ e st O Ol Il

Finally, we deduce from the expression of d; (d; = w) that if A > A, then

the bilinear form {(u; ., .) is Vp-elliptic and the result follows from the Lax-Milgram
theorem. ad

Remark 2 Let us consider the case meas(I'y,) = 0. Hence 02 = TqUT; and for
all n € Vo(Q), lInllo,ea = |Inllo,r,. Therefore, (3.29) becomes:

. 1 2 1 3 3 - 2
Hu;m,m) > Pe(CI+T) Inlli o — Pe [4 01 (61 Ogup — €0 0ip) — Bil [0l 00

and the upper bound we obtain in order to have the problem (P') well posed is slightly
different. It is the following:
etther

h > 40(67) 0 63, [ —52 — 1] (3.30)
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or
h < 40(07) eo 63, [ Do 1]
0%iny
and (3.31)
* * €1 egup
A > L*(CE+1) [40(0%)e0 07, (= Pt = ) — h]

The condition (3.30) does not depend on A. It expresses that if the convective
exchanges on the boundary are sufficiently large compared to the radiative ones then
the linearized problem s well posed. In other respects, when h = 0 the condition
(3.31) is less restrictive than (3.25).

Remark 3 Let us recall that the formulation of the problem considered in ™ is
different. This formulation presents the advantage to take into account the case of
black bodies i.e. ¢ = 1; and, it is proved in °, Lemma 6, that the linearized problem
is coercitive in HY(Q) (hence well posed) under a condition very similar to (3.30).

4

Uniqueness of the solution Following an idea of (] Theorem 2), we obtain
straightforwardly the uniqueness of the physical solution of (P*) when the linearized
problem is well posed.

Proposition 5 Under the assumptions of Theorem 1 and if the thermal conduc-
tivity A is strictly greater than Amin then there exists a unique solution (0,w) €

HY(Q) x L>=(0Q) to Problem (P¥) which satisfies (3.16) (i.e. a unique physical

solution).

Proof. Following the proof of existence of I we prove that the truncated problem
(P9) has a minimal solution (in H'(Q)) denoted by #_ and a maximal solution (in
H'(Q)) denoted by 6. Now, let us prove that when the linearized problem is well
posed (i.e. when A > Ap;p ), this minimal solution §_ and this maximal solution g+
of (PQ) are equals. By this end, we write n = (#* — 6_) and we have:

—% Anp + u-Vyp = 0 in Q
n = 0 on Fd
0
_a = 0 on I,
n
’)7 — —
o = Q(0F)-Q(6-) onTy

In other respects, there exists a function 6 € L (09), Oiny < é(x) < beup ace.
such that: (07)* — (0_)* = 403(0t —0_) = 46°y. Therefore,
I

— (@) = Bin(e) + 48, [e(@)0* (@) () -

£

() / () )l ds()]

1—¢

It follows from Proposition 4 that if A > A,;,, then the truncated problem (PQ)
has a unique solution @ in H'(2) and this solution satisfies (3.16). Therefore, the

problem (P@) has a unique solution @ in H*(Q2) which satisfies (3.16). Using Propo-
sition 1, we obtain the result. a
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4. Numerical Analysis
4.1. Introduction and Setting of the Result

In this section, we write a numerical analysis related to a truncated problem. For a
technical reason, this truncated problem is slightly different from the previous one,
however, under the assumptions of Proposition 5, it has a unique solution which is
the unique physical solution of (P¥). We assume that  is a polyhedric domain
of R" (n = 2 or 3) and using a standard finite element method, we discretize the
equations. The main result of this section 1s Theorem 2: under the assumption
that the linearized problem is well posed (here when A > A,u,), we prove the
existence and uniqueness of the discrete solution and its convergence towards the
unique physical solution of the initial problem when the mesh size h is small enough.
(We write the numerical analysis of the centered scheme i.e we do not consider a
stabilization procedure). In order to obtain these results, we use the framework of

L. Notice that this framework does not require the discrete maximum principle.

A new truncated problem Let us define a new truncated problem:

Given u, find (6, w) satisfying :

—% Ab + u-VoH = 0
0 = 0a
) 90
) B 0
—5 = Bi(pl0) = 00) + 750 (0" =5 w)
(I — A)w = e 5, 200

where A is the operator defined by (3.5) and ¢ is the C'*-truncation defined in what
follows. Let £ be a real strictly positive such that 8;,; — & > 0. We define:

Oing  1f t < bing —¢
Pinp(t) if Oy —& <t < Oiny
gp(t) = i if Hmf <t < Hsup (432)

Psup(t) Zf gsup S t S gsup +€
gsup Zf Hsup'i'g S t($)

where P, ¢(t) and Py, (t) are polynomials such that ¢(f) defined from R into itself
is of class C%. Namely, Py, is such that:

Oing

Pint(Oing — &) = Ping(Oiny)
0; 1 (4.33)

Pi/nf(gi”f —§) = Pz'/nf(gi” )
Pilrllf(gi”f_g) = Pilrllf(gi”f) =0

The condition (4.33) defines a unique polynomial P;, ¢ of degree 5. Similarly, there
exists a unique polynomial Py, of degree 5 which fulfills the conditions such that

o(t) is C2.

Let us make some remarks concerning the introduction of this new truncated
problem. Firstly, we introduce a truncated problem because of the lack of regularity
of the boundary condition in the 3d case. As a matter of fact, in order to write the

n
on I'y

on I'y,

on I';

on 02
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numerical analysis, we formulate the problem as a fixed point problem and this lack
of regularity on I'; prevents us from doing it in the standard Sobolev space H'(£2).
In other respects, we do not consider the same truncated problem as in the continu-
ous analysis because the technique of the numerical analysis which follows, requires
a C? truncation.

Secondly, we consider a truncated problem in order to discretize a well posed prob-
lem. As a matter of fact, we proved in Section 3 that when A is large enough,
the initial problem (P%¥) has a unique physical solution but we did not prove the
non existence of eventual non physical solutions 1.e. solutions which do not satisfy
the weak maximum principle (3.16). On the other hand, the truncated problem

(PY) has a unique solution in H' () and this solution satisfies the weak maximum
principle (see below).

Assumption 3 The temperatures 64 and 6y given on the boundary are such that:

inf 8, < inffy, supby < sup by
La 1_‘f Ff 'y

and the parameter of truncation & s small enough.

Under Assumption 3, we have the existence and uniqueness of the solution to this
new truncated problem (P%). As a matter of fact, let Q,(f) be the operator
analogue to the operator Q(8) defined by (3.13), but relative to the C*-truncation
©:

Qu(0)(x) = Bi(p(0) —bo)(x) + [e(x)drp(0)"(x)

—15(7:(1,)/6&1 K(z,y) e(y) &1 (0)*(y) ds(y) ] (4.34)

We can easily check that when Assumption 3 holds, the operator @, satisfies the
properties of Lemma 1 (with the constants K and M depending on £). The result of
existence stated in Theorem 1 and the result of uniqueness (Proposition 5) remain
true. Therefore, under the assumptions of Proposition b and when Assumption 3
holds, there exists a unique solution (6, w) € H'(Q) x L>(JQ) to the new trun-

cated problem (PY) and this solution satisfies the weak maximum principle (3.16).
Therefore, this solution is the unique physical solution of the initial problem (P%).

The discrete spaces We assume that Q is a polyhedric domain of R" (n = 2

or 3) and we discretize Problem (P%) with the help of a classical finite element
method. We denote by (7,) a regular and quasi-uniform family of triangulation,

Q = Urer,)T. We associate this family of triangulation to a single reference

Lagrange finite element of class C° (see e.g. %).
Let k be an integer greater or equal than 1. We define:

Un(Q) = {t €C°(Q); YT € Th, t|r € P} (4.35)

and

Von () = {t € Up; t|r, =0} (4.36)

We suppose that 8, is the trace of a function of U, and we define:

Vin () = {t € Up; tlr, = 04} (4.37)
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We define:

{v: 000 = IR, v piecewise constant } ifk=1
Wh(0Q) = | {v e C%(Q); for every T' € T;, such that
a boundary of 9T € 99, v|or € Pe—1} ifk>2

The spaces Vop (Q2) and Vi, () are both subsets of H(Q) and W;(99) is a subset
of L2(99).

The discrete problem We denote by uy, a finite element approximation of the
fluid velocity u. The discrete formulation of (P¥) is the following:

Given up, find (0, wp) € Vip(2) x W () such that:
Vg €1V0h(9), a(un; On,tn)
ey | e Wit 00
Yy, € Wh(ﬁﬁ),

(I —A) wy vy ds = 6—1 / € go(@h)4 vy, ds
a9 o2 Jaq

£

Ty #0)" = down)lta ds = 0

where a(.;.,.) is the trilinear mapping defined by (3.18).

An intermediate problem Let us introduce the following linear decoupled prob-
lem:

Given u, 04 € H%(Fd) and ¢ € L*(Ty),
find @ satisfying :
—%AHN—I— u-V8 = 0 inQ
6~ = 64 only (4.38)
6
g_nN = 0 onl,
6
—g—n = ¢ only
Given ¢ € H%@Q) N L% (99Q), find @ such that : (4.39)
(I-—A)w = e ondQ ’

It follows from the Lax-Milgram theorem and Proposition 1 that under the assump-
tions 1 and 2, this linear decoupled system (4.38)-(4.39) has a unique solution (8, @)

in HY(Q) x L>(0Q). Later, we will be required to write the numerical analysis of
this problem (4.38)-(4.39). Hence, let us specify the weak formulations and the
corresponding discrete formulations. The weak formulation of (4.38) is:

Given u and ¢ € L*(I';), find g V:(£2) such that:

Vi e Vo(Q), a(u;6,t) = / Ctds (4.40)
ry
We write a weak formulation of (4.39) in L?(99):
Given ¢ € H%@Q) N L% (0Q), find @& € L?(9Q) such that:
Yv € L*(09Q), R(w,v) = / evds (4.41)
Ie)
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where R is the bilinear form defined from L?(9Q) x L*(9) into IR by:
R(w,v) = / (I —Awwvds
o0

The discrete formulations are the following:

Given up, and ¢ € L*(T'y), find 0, € Vin(€?) such that:

Vth S Voh(Q), a(uh;éh,th) = / C th d5 (442)
ry
Given e € H%@Q) N L (9Q), find @y, € Wy (99) such that:
(4.43)

Yup € Wh(9Q), R(wp, vp) :/ e vy ds
a9

We make the following assumptions.
Assumption 4 (Regularity and convergence of the velocity fluid). There exists a

real oo, a > L. such that w € H*(Q) and:

PR
lu —unllo,on = O(R®)

Assumption 5 (Regularity of(g, w) ). There exist real § and 7 strictly greater than
(5 —1) such that (é, W), the unique solution to (4.38)-(4.39), belongs to H'1P(Q) x
H7(0%Q).

The main result of this section is the following:
Theorem 2 Let the assumptions 1, 2, 3, | and 5 be satisfied and let the emissivity
¢ be a lipschitz function. If the thermal conductivity A s strictly greater than Apip
and if the mesh size h s small enough, then there exists a unique solution to the
discrete problem (P} ).
In addition, for all ¢’ > 0, there exists a constant C.: independent of h such that

||9—9h||1yﬂ + ||w—wh||07(m S Ca’ hafl (444)

where azr = Min(a —¢',1 =54+ 8 —¢',5) (n being the space dimension) and (6, w)
is the unique solution of (P¥). (In others words, the unique discrete solution of

(P} ) converge to the unique physical solution of the initial problem (P™)). a

In the remainder of the paper, we suppose that the assumptions 1, 2, 3, 4 and
5 are satisfied.

In order to prove Theorem 2, we use the analysis written by Brezzi, Rappaz and
Raviart ' dealing with finite dimensional approximation of nonlinear problems of
the form F(A;z) = 0, where F' : A x X — X for some interval A C IR and some
Banach space X. We consider branches of non-singular solutions to the problem (i.e.
a solution z(A) such that Dy F(A;x) is an isomorphism of X) and we make use of
an extended implicit function theorem in order to obtain existence and uniqueness
of the discrete solution and its convergence. This analysis is notably applied to the
study of the convergence of some finite element methods for Navier-Stokes equations

see 1, ).
'(I‘he prog)f of Theorem 2 is done in four steps which follow.

4.2. First step. The Continuous and Discrete Problems Formulated as
Fized Point Problems

We formulate problems (P¥) and (P/) as fixed point problems.
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Continuous problem We define:
X = H'(Q) x L*(09Q) and Y = L*(Ty) x Hz(9Q) N L= (9Q) x H3(Ty)

and let A be a compact interval of IR** included into |Apin, +0o[ (the bound Aip
is defined by (3.25).

We define the linear operator T" as follows:
T:Y = X; (¢ e,0q) — —(0,) (4.45)

where T = (é, w) € X is the solution of the linear decoupled system (4.38)-(4.39).
Let A be the thermal conductivity, we define the non-linear operator GG by:

T el = d) e 5

where ¢ is the C%-truncation defined by (4.32). (Let us recall that the operators
above depend on A via the dimensionless numbers Pe, Bi, J; and §s).

Git,v) = (Bi (g(t) - o) + p(1)" . 0a) (4.46)

Let us remark that for all t € HY(Q), ¢(¢)* € H%@Q) N L (9Q2). Furthermore,
if the emissivity € is regular enough (for example a lipschitz function) then

5 g—l e(t)* € H7(0Q) N L®(09Q)
2

The temperature 6y is a positive function given in H%(Ff) N L% (T), then for
all (t,v) € HY(Q) x L?(0Q), the term

£

-2

belongs to L*(I'y) and G is a C? operator from A x X into Y.

Bi (p(t) - 00) + (61 ()" = b20)

Remark 4 If in the definition of G we do not truncate the right-hand side of the
integral equation, then we only have

S0 € LY Q)
d2

and Assumption 5 cannot be satisfied.
We define F' from A x X into X by:

Fye)=e+T GA2) VAEA Ve e X
Then, Problem (P¥) is equivalent to the following problem:

(PP { Given A € A, find # = (#,w) € X such that :
=0

Flhio) (4.47)
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Discrete problem We define the finite dimensional space
X = Vin(§2) x Wy (9€)
We have X;, C X. We define the operator T} as follows:
Th:Y = Xu; (C,e,0a) — —(0n, W) (4.48)
where Zj = (éh, wy) € X}, is solution of (4.42)-(4.43) and we define:
Fp(Aszp) = 2p + ThG (X z4)

The discrete problem (P;;U) is equivalent to the following problem:

(Pff‘) { Given A € A, find xp = (04, wy) € X}, such that : (4.49)

Fp(Aap) =0

Let us recall the theorem we will use later. This theorem 1s due to F. Brezzi, J.
Rappaz and P.A. Raviart, ! (see also the work of M. Crouzeix and J. Rappaz, 5).
Theorem 3 (1, °). If the following assumptions are satisfied:

i) the operator G is C? (withp > 2) from A x X intoY and DEG is bounded in
any bounded sub-space of A x X,

ii) there exists Z a Banach space included into Y with continuous injection, such

that: DyG(\ z) € L(X,Z) YAEA, Vo € X

iii)
lm |[(T—=Th)y|lx =0 VYyeY (4.50)
h—0
and .
lim [[(T" = Th)l| z(z,x) =0 (4.51)
h—0

iv) and {(A,z(\)); A\ € A} is a branch of non-singular solutions of Problem (PT').

Then, there exists a neighborhood V of the origin in X and for a mesh size h
small enough, a unique function A € A — xp(A) € Xy of class CP such that
{(A, zn(N); A € A} is a branch of non singular solutions to Problem (PF') and
(x(A) —xp(A) €V forall X € A.
In addition, there exists a constant C independent of h and A such that :

lz(N) —zn(Nllx < CIT=T)(GAz(V))llx  VA€A (4.52)

O
We prove in the next steps that the assumptions of Theorem 3 are satisfied for
problems (P¥) and (P[).

4.3. Second Step. Linearized Problem

Let A be given and x()) be the unique solution of (P¥). We state a sufficient
condition on A such that {(A, (X))} is a branch of non singular solutions i.e. such
that D, F(A; #) is an isomorphism of X.

Lemma 2 Let Apipn be the real defined by (3.25). If the thermal conductivity A is
strictly greater than Amin then Dy F(A;2) is an isomorphism of X.
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Proof. The linear operator Dy F'(A; ) is an isomorphism of X if and only if for all
y = (&,v) € X, there exists a unique z = (1, 7) € X such that

z + T(D,G(Ax).z) = ¥y (4.53)

and if there exists a constant ¢ > 0 such that: ||z||x < ¢||y||x-

Let us recall that since (#,w) is the unique solution of (P¥), @ satisfies the weak
maximum principle (3.16) and ¢(6) = 6 a.e. on 9Q. Hence, Equation (4.53) is
equivalent to:

1 1 .
—ﬁAn+u~V77— —ﬁA€+U~V€ inQ (4.54)
n= 13 on 'y (4.55)
on _ 9¢
on o¢ . € 3
o . + Bin+ =9 (401 ° n—4d2r) onTy (4.57)
(I—A)r= (I-A)v + 42§ 6%y on 9Q (4.58)

It follows from Proposition 1 that Dy F(A; ) is an isomorphism of X if and only if
for all (&,v) € X, there exists a unique n € H'(Q) which satisfies:

1 1 .
~ P An + u-Vnp= ~ P AL + u-VE inQ (4.59)
n= 13 on Iy (4.60)
on %
= o on I, (4.61)
I
e é(&, vy m) on I'y (4.62)
where
(€, v; '’ % by ——(2) [(I— A
Evne) = L)) — F5(x) — 02 (@) [({ = A)v(z)
+ / K(z,y) (I — A)v(y) ds(y)] a.e. on 99
a0
with L(n) defined by (3.23). Finally, the result follows from Proposition 4. a

4.4. Third Step. Error Estimates on the Linear Decoupled System

In this section, we prove that the relation (4.50) holds. To this end, we prove that
the operator Tp defined by (4.48) is well defined from Y into X} (propositions 6
and 8), we write an estimate of the finite element error [|[(T—T}3)(y)||x forally € Y
(propositions 7 and 8), and finally (4.50) follows.

4.4.1. The Linear Partial Differential Equation

Proposition 6 If the mesh size h is small enough, Problem (4.42) has a unique
solution.
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Proof. We prove that the bilinear mapping a(up;.,.) defined by (3.18) is Vgp-
elliptic when the mesh size h is small enough. Notice that the relation div(up) =0
is a priori not satisfied as it 1s in the continuous case. We write:

92
a(up; 0,65) = a(u;6,,6,) — /(U—Uh)v(jh
Q

Ydx
Using the relation (3.22) and Hoélder’s inequality, we deduce that there exist posi-

tives constants C7 and C5 such that:

92
alun;n,0) = Cillballie — Ca llu—walloall V(o0

Cullonllf o = Cz llu— wnllollonlly

\Y

and using Assumption 4, we deduce there exists a constant C, independent of
h such that:

alup; 0n,05) > (C1 — Cu h®) [|64]17 o

Therefore, the mapping a(up; ., .) is Vop-elliptic for h sufficiently small and the
result follows from Lax-Milgram’s theorem. ad

Let 6 and ), be respectively the solutions of (4.40) and (4.42), we establish an
error estimate of ||§ — 0 || under norm H'. The coupling term [, u V0 ¢ dx in the

equation (4.40) prevents us from applying Céa’s lemma (see e.g. !). Nevertheless,
we adapt the same idea of proof.

Lemma 3 Let 6 and ), be respectively the solutions of (4.40) and ({.42). For all
ty € Vor(Q2), we have:

a(u;é—éh,th) + /(u—uh) Vo, t, dr = 0 (4.63)
Q

Proof. We subtract the equation (4.40) from the equation (4.42) with ¢ = 5
as a test function (tp € Vop(Q2) C V5 (R2)). We obtain:

Vi, € Voh(Q), a(u;@,th) — a(uh;éh,th) =0
hence,
a(u;é—éh,th) + a(u;éh,th) — a(uh;éh,th) =0
which gives (4.63). O

We denote by H’fL the Lagrange interpolation operator from H°(Q2), s > %, into

Vor(Q2) of degree k (let us recall that functions belonging to H°(2), s > 5 are

continuous in ). Further we denote by Pj, the operator of projection from V;()
onto Vpu(€2) in the sense of the semi-norm Hé l.e. Ppv is defined by:

/ V(v = Poo)Vupde =0 Yo, € Vop(Q) (4.64)
Q

We recall
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Lemma 4 Let s and t be two reals such that: s > 5, 1 <t < s. Then for all
v E H* () N Vu(Q), there exists a constant C independent of h such that:
i

o= Puollea < Ch*lollo (4.65)

wW)For alle, 0 <e<s—1%,
o= Paolloco. < CH* 5ol (4.66)
The proof of this lemma is done in 8, Theorem 3.2 and Corollary 3.3. o

We deduce the following
Lemma 5 Let v be a function in Vo(Q)NH*(Q) with s > . There exists a constant

C' independent of h such that for all vy, € Vop(2), for all € > 0 and for all ¢ > n,

v =whllocon < CORTE57 [lulloa + A57F |lo—willi0)

Proof. We write:
Yo € Vor(Q), [lv—wnllocon < [lv = Prvlloco,o + [lvn = Prvlloccn (4.67)

Let us bound by above the term ||vy, — Pyv||0,00, 0. The injection from W14(Q) into
L (Q) is continuous for all ¢ > n, hence:

[lvh — Prvllocs,e < Clvp — Prv|l1 g0 forallg>n
We apply an inverse inequality to (v, — Ppv) € Vor(Q) (see e.g. *, Theorem 17.2):
lvh — Povliga < C A7 3|vy — Pyvlig
Then, we deduce from Poincaré’s inequality that:

C ha~% ||lup — Puv|La
Cha % (|lv—upllia + |lv—Puvlla)

llon = Phvllo,co,0 <
<

and we deduce from (4.65) (with ¢ = 1) that:
llon = Prolloco < C (h5™%|lo—wllia + A5 3ol 0) (4.68)
Finally, we obtain the result by combining (4.66)(4.67) and (4.68). a

Proposition 7 Let 0 and ), be the solutions of (4.40) and (4.42). Under assump-
tions 4 and 5 and for all ¢ > 0, there exists a positive constant C, independent of
h such that: L ; B

160 = Onllro < Cc h*7° ||0]l14p,0 (4.69)
where & = min(a, 1 — 5 + ).

Proof. The mapping a(u;.,.) is Vp-elliptic, hence there exists & > 0 such that:

a(u; 0 — 04,0 —0,) > allf =04l o (4.70)
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And the equation (4.63) gives: ¥t € Von(2),

a(w; 0 — 04,0 — 0) = a(u;0—0,,0 —t),) — /(u—uh) VO (th — 0y) do (4.71)
Q

Using Holder’s inequality, we find an upper bound for the first term of (4.71):

ja(us 6 =6, 6 —ti)] < C 10— 0nllia [16 —tallia + llullog 10— thllocoal (4.72)

We then find an upper bound for the second term of (4.71):

|/(U— un) VOx(th —0) de| < [Ju—ualloa [10 = Onlla+ 1] 0]
Q
X {116 = Onllo,c0,00 + 116 = thll0,c0,0] (4.73)

We write 7, = ||9~ — 9~h||1yg and combining (4.70), (4.71), (4.72) and (4.73), we
obtain:
T < Cm [10—tallia + llulloq 16 = tallocon ]

+  Cllu=upllo,almn + 101,0] [[16 = Oallo,co,e + (16 = tllo,00,0] (4.74)
for all t, € Vu(2). We write ) = Phé, Py, being defined by (4.64). Then, it follows
from assumptions 4 and 5, lemmas 4 and 5 that:

[I_O(hn/q—n/2+oc)] Tf% _ [O(h1+ﬁ—n/2—a) + O(hn/q—n/2+oc)] ™
_ O(h1+ﬁ—n/2—a+oc) < 0

where ¢ > 0 and ¢ is any real such that ¢ > n. Hence, let us choose ¢ such

that % — % = &. We write a Taylor’s expansion of (1 — O(h?/9=7/2+2)} in the

neighborhood of 0 and we obtain the following second order inequation:

Tf% _ [O(h1+ﬁ—n/2—a) + O(hoc—a)] T — O(h1+ﬁ—n/2+oc—a) <0

Let 7 and 7 be the solutions to the corresponding equation. They are real and
74 18 such that 7 < 7, < 7. In addition, 7175 < 0 hence 7 < 0. Then, we find:

Th =10 = Opll1,0 < 72 = O(R*F)
with & = min(o,1 — 5 + §), and the proof is complete. a

4.4.2. The Integral Fquation

Proposition 8 There exists unique solutions @ and Wy, respectively to problems
(4.41) and (4.43). In addition, under Assumption 5, there exists a positive constant
C' wndependent of h such that:

|0 — wpllo,on < C A7 [|W]]y 00 (4.75)
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Proof. Let us prove that the bilinear mapping R is elliptic in L?(9Q). We have:
Yw € L?(09), R(w,w) = f(,m(I—A)w2 ds and faﬂA w? ds < ||A]]o,00 ||w||gy(fm.
It is proved in ' that A is a contracting operator from L (9€) into L (99)(i.e.
[|A]]0,00 < 1), hence:

R(w,w) (1= [|4llo.c0) 1wll5 62

>
It follows from Lax-Milgram’s theorem that problems (4.41) and (4.43) have respec-
tively a unique solution. Further, it follows from the LZ-ellipticity of R(.,.) and its
continuity from L2(0Q) x L*(0Q) into IR that:

||71} — lZ}hHon < ||71} — vhHon Y, € VQ(Q) (476)

Let s;, be the L?-local projection operator from L?(9) into Px_1, k integer > 1,
defined as follows: spv € Py_1, f(’)T(Shv — v)wp, ds = 0 for all wy, € Py_1 and for
all 0T € 92, T € Tp. Let v be areal, 0 < v < k, for all v € HY(9Q) there exists a
positive constant C' independent of h such that (see e.g. ® p102):

||v— SthoyaQ S C hW |v|%aﬂ (477)

Then, the error estimate (4.75) follows from Assumption 5, (4.76) and (4.77). O

4.5. Fourth Step. Conclusion and Results

Let us recall that the assumptions 1, 2, 3, 4 and 5 hold. Then, we verify that the
four assumptions i)-iv) of Theorem 3 are satisfied.
Using the regularity of the truncation operator ¢, the operator GG defined by (4.46)

is C? from A x X into Y. And, D2G(A;z) is a bounded operator in any bounded
sub-space of A x X. We choose 7 =Y and we obtain D,G(\;z) € L(X;Z) VA€
A, Yo € X. Hence, assumptions ¢) and i) are satisfied.

Assumption iv) follows from Lemma 2.

Let 0 and ), be the solutions respectively to problems (4.40) and (4.42) and let @
and @y be the solutions respectively to problems (4.41) and (4.43). Tt follows from
Proposition 7 and Proposition 8 that for all £ > 0 and under assumptions 4 and 5,

there exists a constant C; independent of A, ¢ and @ such that:

Ve Z=Y, (T-TWlx = I(0-0.)R)a + (@ —in)g)loen
Ch® ([|0li4s,.0 + [1@lly,00)

IN

where a. = Min(a —e,1 — 5 + 3 —¢,7). Therefore relations (4.50) and (4.51) are
satisfied.
Finally, we apply Theorem 3. The estimate (4.52) gives:

[l2(A) = 2n(M)]lx C T = T) (G, 2 (M) llx

<
< Ceh®™ (||0]li4s.0 + ||@ly,00)

which states (4.44) and Theorem 2. m|
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5. Linear Systems

In this section, we consider the discrete problem (P;L”) with the truncation ¢ = Id

i.e we consider the discretization of the initial problem (P¥). We present linear
systems and algorithms we use in order to solve this problem.

5.1. The Integral Equation

Let the discrete temperature @, be given on the boundary 02, we compute the
discrete radiosity wy, the solution of the integral equation.
We denote by {X;}1<i<r characteristic functions of surfaces (9Q)". {X;}1<i<r is a
base of Wh(ﬁfl). We seek wy, in the space Wy, (99) defined as follows: T

r

= ZwZX' . We assume that the emittance ¢ is constant on surfaces.

Therefore 1t belongs to Wy (9€2). We write:

.Sj_SF”_/m /m (z,y) ds(y) ds(z).

where S; is the surface of (9Q)" and F = (Fy;), 1 < 4,j < r is the angle

factor matrix (see e.g. '?). The computation of this matrix is done using a
Monte-Carlo method and shadow effects are taken into account. More details
concerning its computation can be found in 7

’ )
. €, = L / £ 0; ds
o2 Joaqy:

LS =(Si), 1<i,j<r; Ep=(e)and Wy = (w}), 1<i<r.
. D, =diag(e;), 1<i<r

. and M = diag(S;) — [I — D;] S. We have:

‘ S; if i=j

—(—e) Sy 0 iy (5.78)

The matrix S is symmetric and the matrix M is positive definite. The linear system
we solve is :

{ Given Fp, find W, € IR" such that: (5.79)

MW, = B

5.2. The Partial Differential Equation

Let wy be given on 982. We compute 8, the solution of the non linear partial
differential equation. More precisely, we solve the following problem:

Given uy, and wp, find 05 € Vi, () such that:
Yty € Vou() , alup;0n,ts)

+ % /Ff[Bi (0n —bo) + =9

(5.80)

((51 92 —(52 wh)] th ds = 0

We use a Newton-Raphson’s algorithm to solve (5.80). We denote by (Vi (2))’
the dual space of Vj;,(Q2) and we define the operator A} as follows:

A;“LLU :Vin (Q) — (VOh (Q))/ . gh g A;“LLU (Hh)
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where
< AR (0n),th > = a(un;Oh,tn)
1 €
_ Bi (6, —0 — (5,6 =4 iy d
+ oo Ff[l(h 0)+(1_6)(1h 2 wh)] th ds

= 0

<, > is the scalar product in the duality (Von (2)),Von(€2). Tt is obvious that the
operator A} is differentiable from V45 (£2) into (Vor(€2))’. At iterate n, we solve the
following linear system:

Given up, wy and 67, find 92"’1 € Vin(82) such that: Vi, € Von(2), (5.81)
< (A}f)'(ﬁﬁ)ﬂg"’l,th > = < (AY)(07).00 tn > — < AY(07), ¢ > ’
We denote by (¢;)i=1,m, a base of Vo,(€2) and we seek 92"’1 in the form:
92"’1(9:) = Z(GZH)i t;(x) (m is the number of nodes). We denote:
i=1
O, = ((67)")i=1,m X
. £ n
Aij = a(uh;ti,tj) + ﬁ /Ff[BZ + 4@(51 (Gh)B]ti tj ds
1 €
B;j(OF,Wy) = — Bi 6 —— (36 () + & t; d
LW = g [ 1B+ TG0 O+ ) 4 ds
The linear problem (5.81) becomes:
Given W) and ©F, find @Z‘H € IR™ such that:
n+l " (5.82)
A- eh = B( h Wh)

The matrix A is sparse, non-symmetric and positive definite.

In order to avoid numerical instabilities, we introduce artificial diffusion into the
numerical scheme in a classical manner. We use a streamline diffusion method and
the expression of a(up;.,.) is modified as follows:

1

d(uh;ti,tj) = a(uh;ti,tj) + P_ /rthi th dx
€ Ja

1

Pe Q

(I4+m) Vt; Vt; de + / up Vi; t; da
Q

where 75, 18 the matrix of artificial diffusion. It is positive definite and its terms
vanish with h. Its expression is: 7, = % (Pe)? up Tuy,.

5.3. Algorithm of Resolution

In order to solve Problem (P), we use the following relaxation algorithm:
a. Initialization: ©) given.
b. Let ©F known on 08, compute W} the solution of (5.79).

c. Let W and O}, compute @Z‘H the solution of (5.82).
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o5t — ol

d. Test: if I Al < ¢ then stop. If not, re-iterate.
h

In the numerical tests we performed, we computed ©f as the solution of the thermal
model without the radiative terms.

We do not study the convergence of this algorithm. Nevertheless, we never had any
problem in practice concerning its convergence.

6. Numerical Results

We consider a twodimensional air flow under a car bonnet. Parts under the bonnet
are modeled as indicated on Figure 1. Physical data corresponds to a car moving
at 80 kilometers per hour (Peclet’s number Pe equals 10°).

The fluid flow is a stationary incompressible potential flow. The normal velocity of
the flow is known on the air entrance (i.e. on the radiator exit) and equals 5 m/s.
The fluid potential is known on exit. The condition u.n equals 0 is imposed at all
others places on the boundary.

Temperatures are imposed (Dirichlet’s condition) on the air entrance (280 °K), on
the engine block (420 °K) and on the exhaust pipe (520 °K). The thermal flow Vf.n
equals 0 on the air exit and we consider at all others places (i.e. on the external
surface, on the hose, on the screen and on the battery) heat transfer described by
relation (2.4). The emittance £ depends on x and is such that 0.5 < £ < 0.8 every-
where on the boundary except on the air exit. As a matter of fact, from a radiative
point of view, we model the air exit as a black body (¢ = 1) at a given temperature
Ocrit = 320°K.

The software we have used has been written by A. Habbal, working for the com-
panies SIMULOG S.A. and RENAULT S.A. and then, has been completed by the
first author of this paper in order to incorporate the radiation effects. This software
is written into the library Modulef (INRIA/SIMULOG). We make a piecewise con-
stant approximation for the radiosity w and a piecewise linear approximation for
the temperature #. The angle factors ¢(z,y) are computed by a software written
by A. Mezrhab using a Monte-Carlo’s method, 7. Shadow effects are taken into
account.

7. Conclusion

We wrote a mathematical analysis and a numerical analysis of the thermal model
which takes into account the following types of heat transfer: convection, diffusion
and radiation of grey bodies separated by a non participating media. The initial
motivation of this study was a shape optimal design problem as applied to the au-
tomotive industry, 2, 3.

In order to prove the present analysis, we used a technique of truncation which
consists of truncating the non linear, non monotone and non local boundary condi-
tion to “natural” values i.e. to the inf-sup values of the temperature given on the
boundary. Then, we proved: i) the existence and uniqueness of the physical solution
in the standard Sobolev space H'(2); and ii) the existence, uniqueness and conver-
gence of a finite element solution. These results hold under the condition that the
linearized problem (Problem (P'), Section 3.2) is well posed in H!($2). We further
proved that this linearized problem is well posed when the thermal conductivity A
is large enough compared to the radiative data.

In other respects, we would like to point out that our present analysis can be eas-
ily extended to the weakly coupled model Navier-Stokes equations / present thermal
equations. As a matter of fact, we assumed that the fluid flow is incompressible and
u belongs to (LF(2))” with p > n. Therefore if u is a solution of the steady state
Navier-Stokes equations, the velocity field satisfies these assumptions. In addition,
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Figure 4: Isotherms

it is proved in ' and ® that the Navier-Stokes equations considered in the stream
function formulation or in the velocity-pressure formulation fit into the framework
of 1. Let v denotes the fluid viscosity coefficient, if v is small enough (or equiva-
lently if the Reynolds number is small enough) then the linearized Navier-Stokes
equations are well posed, . Under this condition, the Navier-Stokes equations have
a branch of non singular solutions.

In other respects, the convergence of mixed finite element methods (in two dimen-
sional space) using the stream function formulation and conforming finite element
methods using the velocity-pressure formulation can be proved using Theorem 3,
15 Therefore, from these results and the analysis presented in this paper, we can
dlrectly obtam if the Reynolds is small enough and if the thermal conductivity A is
sufficiently large the existence and uniqueness of a branch of non singular solutions
to the (weakly) coupled system of steady state Navier-Stokes equations and to the
thermal problem (P¥). In addition, if we use an adapted finite element method, the
existence, uniqueness and convergence of the corresponding C? branch of discrete
solutions are obtained.

Acknowledgment

This work and the software development were partially supported by the companies
Renault S.A. and Simulog S.A. The authors gratefully acknowlege them. Also, the
authors would like to thank the referee for his helpful comments.



30 Convective and Radiative Thermal Transfer with Multiple Reflections

References

1. F. Brezzi, J. Rappaz and P.A. Raviart, Finite-dimensionnal approzimation of non-linear
problems. Part I: branches of nonsingular solutions, Num. Math. 36 (1980) 1-25.

2. D. Chenais, J. Monnier and J.P. Vila, Shape optimal design for a fluid-heat coupled
system, Appl. Math. and Comp. Sc., vol. 6, No2, (1996) 245-261.

3. D. Chenais, J. Monnier and J.P. Vila, A shape optimal design problem with convective
and radiative heat transfer. Analysis and implementation., J. Optim. Th. Appl., To
appear.

4. P.G. Ciarlet, Basic error estimates for elliptic problems, in Handbook of numerical
analysis. Vol. II. Finite element methods (part 1), eds P.G. Ciarlet and J.L.
Lions (North-Holland, Amsterdam, 1991).

5. M. Crouzeix and J. Rappaz, On numerical approximation in bifurcation theory,
(Masson, RMA, 1990).

6. V. Girault and P.A. Raviart, Finite element method for Navier-Stokes equa-
tions, (Springer-Verlag, Paris, 1986).

7. A. Mezrhab, Contribution a l'étude numérique et expérimentale des échanges ra-
diatifs, Thesis, University of Provence, 1991.

8. J. Monnier, Conception optimale de forme pour un systéme couplé fluide-thermique.
Application a Uaérothermique d’un véhicule, Thesis, University of Nice-Sophia Antipolis
(1995).

9. J. Monnier, Free convection with radiative thermal transfer of grey bodies. Analysis and
approzimation by finite element methods, Math. Models Meth. Appl. Sc., 9 (10) 2000.

10. C. Perret, Simulation numérique des échanges thermiques et des contraintes thermoélas-
tiques dans un tirage Czochralski, Thesis, University of J. Fourier - Grenoble 1 (1989).

11. C. Perret and P. Witomski, Equation de la chaleur et réflections multiples, Annales
Institut Poincaré, 8(6) (1991) 677-689.

12. E.M. Sparrow and R.D. Cess, Radiation heat transfer, (Mc Graw-Hill Book Co,
New-York, 1978).

13. T. Tiihonen, Stefan-Boltzmann radiation on non-convez surfaces, Math. Meth. in Appl.
Sc., 20 (1997) 47-57.

14. T. Tithonen, A nonlocal problem arising from heat radiation on non-convex surfaces,
Euro. Jnl of Appl. Math., 8 (1997) 403-416.

15. T. Tithonen, Finite element approximation of nonlocal heat radiation problems, Math.

Models Meth. Appl. Sc., 8(6) (1998) 1071-1089.



