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Dérivation d’un modele de type Saint-Venant
non hydrostatique;
Comparaison avec les modeles de type
Boussinesq

Résumé : A partir des équations de Navier-Stokes a surface libre, on obtient
deux modeles moyennés sur la verticale, non hydrostatiques qui étendent le
systeme de Saint-Venant et incluent le frottement et la viscosité. La complexité
des formulations obtenues dépend du niveau d’approximation retenu pour la
pression du fluide. Les modeles obtenus sont comparés aux formulations de
type Boussinesq.

Mots-clés : Equations de Navier-Stokes, équations de Saint-Venant, équations
de Boussinesq, surface libre, termes dispersifs
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1 Introduction

Despite the available numerical results obtained by the simulation of the Navier-
Stokes equations, there exists a demand for models of reduced complexity such
as shallow waters type models.

Non-linear shallow water equations model the dynamics of a shallow, rotat-
ing layer of homogeneous incompressible fluid and are typically used to describe
vertically averaged flows in two or three dimensional domains, in terms of hor-
izontal velocity and depth variation, see Fig. [l This set of equations is par-
ticularly well-suited for the study and numerical simulations of a large class of
geophysical phenomena, such as rivers, coastal domains, oceans, or even run-off
or avalanches when modified with adapted source terms [].

The classical Saint-Venant system [B] with viscosity and friction [I4] [I'7, [[3]
is well suited for modeling of dam breaks or hydraulic jump but due to the
hydrostatic assumption it is not well adapted for the modeling of gravity waves
propagation.

For the modeling of long wavelength, small amplitude, gravity waves, the
Boussinesq system [8, @ [[0] is used. The Boussinesq equations are obtained
from the Euler equations i.e. ignoring rotational and dissipative effects [ [T,
2, M9, 20, 24]. In practice, the use of such models ignoring rotational and
friction effects at the bottom may be very restrictive. Furthermore, even when
well posed, the Boussinesq models often exhibit a lack of conservation energy
that is odd since they are derived from Euler equations [3l, 6].

The objective of this paper is twofold. First, we want to extend the Saint-
Venant system so that the long waves propagation can be modeled and second
we aim at comparing/unifying the obtained formulation with the Boussinesq
system, see Fig. [l The paper is organized as follows. In section Bl we recall
the Navier-Stokes system with a free moving boundary and its closure. We also
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4 Sainte-Marie € Bristeau

Navier-Stokes equations
for incompressible free surface flows

Shallow water assumptlon

/\

[Hydlostatlc modcls Non hydrostatic modcls]
Saint-Venant system Boussinesq system
Multilayer Saint-Venant system Extensions of the Saint-Venant system

Figure 1: Averaged models derived from Navier-Stokes equations.

present the Saint-Venant and Boussinesq assumptions and the associated rescal-
ing. In section Bl we recall the Shallow Water system and show the hydrostatic
Boussinesq system assumption corresponds to the classical Saint-Venant system.
In section Bl the hydrostatic assumption is relaxed and we obtain two formula-
tions of growing complexity extending the Saint-Venant system and depending
on the level of approximation chosen for the fluid pressure.

2 The Navier-Stokes system

Let start with the Navier-Stokes system [I6] restricted to two dimensions with
gravity in which the z axis represents the vertical direction. For simplicity, the
viscosity will be kept constant throughout the paper. Therefore we have the
following general formulation expression:

ou Ow

e + 5 0, (1)
ou ou ou 10p 03, 0%,

o o Ve T pen T ax oz @)
ow ow ow 1 8p 0¥, 03,
EJru%erajL 0z =9t Ox + 0z ' (3)

and we consider this system for
t>tg, z€R, zp(z,t) <z<nlxt),

where 7(z,t) represents the free surface elevation, u = (u,w)? the horizontal
and vertical velocities. The water height is H = n — 23, see Fig. [ We consider
the bathymetry z;, can vary with respect to abscissa x and also with respect to
time t. The chosen form of the viscosity tensor is

ou ou Ow

me*2y% Ezzzy(a‘i’%)a
ow ou  Ow
222—21/% Ezz—l/($+%),

INRIA



Derivation of a non-hydrostatic shallow water model 5

with v the viscosity coefficient. For a more complex form of the viscosity tensor
using eddy and bulk viscosities, the reader can refer to [I5].

z

Free surface
0 ‘ i
n(x,t
H(z,t)
':Zb(x 5 t)
/
Bottom

Figure 2: Notations: water height H(z,t), free surface n(x,t) and bottom
zp(2, t).

2.1 Boundary conditions

The system ([)-@) is complete with boundary conditions. The outward and
upward unit normals to the free surface ns and to the bottom n; are given by

1 _on 1 _ 9z
vt (F) we s ()
1+ (52) 1+ (52)

ox

Let X7 be the total stress tensor with
1 Z$$ Zmz
»r=—plat ( Y., .. ) '
2.1.1 At the free surface

Classically at the free surface we have the kinematic boundary condition

dn dn B
a%’us%*wS*Oa (4)

where the subscript s denotes the value of the considered quantity at the free
surface. Considering the air viscosity is negligible, the continuity of stresses at
the free boundary imposes

a

p
Yrng = ——ng, 5
P (5)

where p® = p%(x,t) is a given function corresponding to the atmospheric pres-
sure. Relation (@) is equivalent to
a

ng.Xrng = —%, and t,.Xrng =0,

ts being orthogonal to n;.

RR n° 0123456789



6 Sainte-Marie € Bristeau

2.1.2 At the bottom

Since we consider the bottom can vary with respect to time ¢, the kinematic
boundary condition is

— +up— —wp =0, (6)

where the subscript b denotes the value of the considered quantity at the bottom
and (x,t) — zp(z,t) is a given function. Note that Eq. (@) reduces to a classical
no-penetration condition when z;, does not depend on time t.

For the stresses at the bottom we consider a wall law under the form

Zrny — (0. Xrmp)ng = k(ve, H)vy, (7)

with v, = up — (0, %)T the relative velocity between the water and the bottom.

If k(ve, H) is constant then we recover a Navier friction condition as in [I4].
Introducing laminar k; and turbulent k; friction, we use the expression

K(vb, H,v) = ki + k H|vp|,

corresponding to the boundary condition used in [I7]. Another form of x(vy, H)
is used in [7] and for other wall laws, the reader can also refer to [I8]. Due to
thermomechanical considerations, in the sequel we suppose k(vp, H) > 0 and
k(ve, H) is often simply denoted k.
Let t, satisfying t,.n; = 0 then when multiplied by t; and n,, Eq. [@) leads
to
ty.Xrn, = kvp.ty, and vy.n = 0.

Remark 1 If the boundary condition () was written under the form Yp.ny =
k(ve, H)vy as in Ferrari et al. [13, Eq. (2.25), p. 217], then in absence of
friction and viscosity, this would give

oy =0,

that is not correct.

2.2 The rescaled system

The physical system is rescaled using the quantities
e h and )\, two characteristic dimensions along the z and x axis respectively,
e a, the typical wave amplitude, a; the typical bathymetry variation,
e C = /gh the typical horizontal wave speed.

Classically for the derivation of the Saint-Venant system, we introduce the small
parameter

When considering long waves propagation, another important parameter needs
be considered, namely

INRIA



Derivation of a non-hydrostatic shallow water model 7

a

and we consider for the bathymetry 9= = O(d). Depending on the application,
0 can be considered or not as a small parameter. For finite amplitude wave
theory and assuming z;,(z,t) = zJ, one considers ¢ < 1, § = O(1) whereas the
Boussinesq waves theory requires

ik1l, e<1l and U, =0(1).

where U, is the Ursell number defined by U, = E%, see [23]. All along this
work, we consider € < 1 whereas, even if the parameter ¢ is introduced in the
rescaling, the assumption § < 1 is not considered (paragraphs B and E3))
except when explictly mentioned.

As for the Saint-Venant system [[4] [[7], we introduce some characteristic
quantities : T = \/C for the time, W = as/T = ap/T = €dC for the vertical
velocity, U = W/e = §C, for the horizontal velocity, P = pC? for the pressure.
This leads to the following dimensionless quantities

.z . Z - n -t
x:X, Z:E’ n:a—s, t:?,
ﬁ:%, a:%, and w:%.
Note that the definition of the charateristic velocites implies § = % so ¢ also

corresponds to the Froude number. When 6 = O(1) we have U ~ C and
we recover the classical rescaling used for the Saint-Venant system. For the
bathymetry z, we write z;(x,t) = Zp(z) + b(t) and we introduce Z, = Z;,/h and
b =b/ay. This leads to

8zb ob ob 825 825
E—Eéca—f—WE, and %—E%
The different rescaling applied to the time and space derivatives of z;, means that
a classical shallow water assumption is made concerning the space variations
of the bottom profile whereas we assume the time variations of z;, lie in the
framework of the Boussinesq assumption and are consistent with the rescaling
applied to the velocity w.

We also introduce 7 = 1% and we set & = &. Note that the definitions for
the dimensionless quantities are consistent with the one used for the Boussinesq
system [200, 24]. Note also that the rescaling used by Nwogu [I9] differs from
the preceding one since Nwogu uses w = %w.

As in [I4] [I7), we suppose we are in the following asymptotic regime

v =€, and R = €Ro,

with ko = Ki,0 + €ke,0(Ve, H), Ki,0 being constant.

RR n° 0123456789



8 Sainte-Marie € Bristeau

This non-dimensionalization of the system ([)-@) leads to
ou  Ow

5t =0 (8)
55% +e6%a % +e6? N% +€% = 625(’)2 <2Vogz>
+2 (o ge+<tanSe ). )
£25 (? +6ug—:+6~aal:) +% =1
+§ (55V0 8: + VOEB(S%) + 686 (21/0%) ) (10)
with the boundary conditions @), @), @) and (@) becoming
%Mas%fﬁ;ﬁ:o, (11)
2e6vg % ) — Ps — 252V0% (% ’ % S) = —op*, (12)
Svo (% S + &2 % ) - 5% (2551/0 % é ps> = 552%“, (13)
2w =0, (14)
S (52 % b—i— % b) —6% (2651/0 % b—Pb)
1228 (s 02| - 2 (5] 425 %2) )
=ebrgp| 1+ €2 <%3’)2 (ﬁb+€2%(wbg_§)> . (15)

. . ~ ob _ 9
For the sake of clarity, in the sequel we drop the symbol and we denote §; = “%.

3 The Shallow Water system

In this section we first derive the expression of the fluid pressure p in the context
of the Shallow Water assumption and then show the combination of the Boussi-
nesq and hydrostatic assumption leads to the classical Saint-Venant system.
The process used hereafter is similar to the technique employed by Gerbeau
and Perthame [I4] to derive a formulation for the viscous Saint-Venant system.

INRIA



Derivation of a non-hydrostatic shallow water model 9

3.1 The vertically averaged system

Using the divergence free condition, the system (B)-(I) is rewritten under the
form

02 8 8 (1)

*aﬁ <5y0— +525yoa—w> (17)
55@2’ 535_10 5%&)+% -1

+8% (561/0(;— +5351/0(2 ) +s§aa (2”0(?9—2}) . (18)

Due to the applied rescaling some terms of the viscosity tensor e.g.

are very small and could be neglected. But, as mentioned in [2, Remarks 1
and 2], the approximation of the viscous terms have to preserve the dissipation
energy that is an essential property of the Navier-Stokes and averaged Navier-
Stokes equations. Since we privilege this stability requirement and in order
to keep a symmetric form of the viscosity tensor, we consider in the sequel a
modified version of ([@)-([I¥) under the form

ou Ow

%Jraio, (19)
Ou | B | 0w | 0y _ 40 () o
556t+5 o +&d ER +€8x7€56x 21/0890
0 ou
+& (61/0&)’ (20)

8w 8uw ow? op 0 ou

corresponding to a viscosity tensor of the form

ou ou ow
Yipr =205, Mg =Y =V, X =20—
e "oz "oz

Remark 2 If we strictly follow Audusse [4, Lemma 2.1], the chosen form of
the viscosity tensor will not allow us to include under the form of a square term
in the energy equality the quantity
ou dw
Y B
But we will see in paragraph [I.3 that due to the shallow water assumption, this
quantity appear as a friction term.

RR n° 0123456789



10 Sainte-Marie € Bristeau

From Egs. (@), it comes

ps = 0p® + 2e0 8_w
0z

+ 0(e26?),

so using Egs. ([[3) and () one obtains

Ju
0z

= 0(£?), % = 0(e), (22)

b

and an integration of Eq. (I from 07 to z gives

p—0p® =dn — z + O(ed), (23)
leading to
9p
o O(9).
The preceding relation inserted in 1) leads to
0%u
Z 24
! (24)

and Eqgs. 22) and @) mean that
u(@, 2,t) = uo(,t) + O(e),

i.e. we recognize the so-called “motion by slices” of the usual Saint-Venant
system. Then we introduce the averaged quantities

1 an — 1 an
U= / udz, u?= / u? dz,
on—zp J,, on—z /s,

and the previous definitions involve

u(z, z,t) =+ O(e), and w2 =a%(z,z,1t)+ O(e). (25)

Note that the velocity @ is exactly the one arising in the conservation law for
the water height since an integration of Eq. ([d) from z, to dn with boundary
conditions () and ([Id) leads to

an Oz 0 N
a — E + %(ng) =0, (26)

with Hs = 6n — 2. Conversely an integration of Eq. (Id) from z, to z with
boundary conditions ([l and () leads to

w_E_az

udz = z— + O(e). (27)

0z 0 /Z Oz Ou  O(zpu)
ot Ox ox

Zb

INRIA



Derivation of a non-hydrostatic shallow water model 11

We use the approximations obtained in this paragraph to simplify the boundary
conditions ([l)-([@) and retaining only the high order terms we obtain

O
Pe gf & O(e%), (29)
o % - ? <255y0 g“ - ps> = 552%]7”, (30)
% w2y =0 (31)

7551/0% % b) + edko (1 + 7 <%> ) u, + 0(e16).  (32)

Using the Leibniz rule i.e.
o [ g b da
N d — d 7 b
e /a@) S-day + 5 g(a(x) = Sog(b(a)),

and the kinematic boundary conditions ([Z8) and (&Il), an integration of Eq. (Z0)
from z;, to dn shows that a solution to ([[)-(EZI)) satisfies

o [ o [ o [ Ou
565/ udz—i—E%/Zb (52u2 +p) dz:g%%/% 21/0£dz

ou an ou
+ovy — 7 ) - Eéaz (2551/0 9z ) —ps)
ou 0z ou
—0vg — 2e6 -
l/anb+ 8$<€V08$b pb>’

and using Eqgs. [B) and B2), we obtain

o [ 0 [ 5, o Ou
il - = 20—
5815/ udz—l—az/Zb (5u +p)dz 558 Voﬁxdz
on 0z ow azb ou
2
e i) _ el e
5 T o ( M G| TP TG B b)

32 (92"
—8ko <1 + % (%) ) up + O(°6), (33)

An expression for the pressure p can be obtained as follows. An integration of
Eq. @) from z to n gives

M Gw O(uw)
2 2:2/ 2 9 o .
€ 5/2 (_Gt +4 5z Ydz 4 €26%(w — w?) + ps — p (6n — 2)
m gy ou ow ow
+€5/Z % ( az> dZ — 2551/06— 4+ 2551/0 a .

RR n° 0123456789



12 Sainte-Marie € Bristeau

and using the boundary conditions [E8) and @), it comes
o [ o [
25 &/Z wdz+5%/z (uw) dz | — &25%w? + 0p* —p = —(6n — 2)

MY Bu dw
+€5/Z % <V0%> dz — 2551/05.

500 0u
Oox 0z

Classically we have

3u57@
oxr Oz

_ Ou

578,7:

+ 0(e26), (34)

S

S

and using relations ([B0), [B4) and the Liebniz rule we have

m 9 ou ow du du 5
55/2 2 <V0$> dz — 2551/05 = 551/0% + 551’0%‘8 + O(e%9).

This leads to the expression for the pressure p

oo [ O [ o [
p=0p*+ (dn—z) 4% 5/2 wdz—i—é%/z (uw) dz

—26%w? — 551/0% — el %

ox

+ O(e36). (35)

Hereafter several models of growing accuracy and complexity will be derived,
depending on the level of approximation chosen for Eq. (BH). In the hydrostatic
case, we will consider an approximation of p in O(¢26), then in section Hl we will
use two expressions of p respectively in O(g262,£36) and in O(39).

Remark 3 For the derivation of Eq. {Z3) note that due to the rescaling applied
to the time derivative of zy, we have

M Gy o [om on Oz
/Z ad,z: a . udZ*éaUS+€5EUb

b

Remark 4 The second relation in {Z4) is crucial for the derivation of shallow
water models. When considering large friction coefficients then the assumption
of asymptotic regime k = ekg no more holds and relation FQ) leads to

ou

— =0(),

5, = °1)
meaning the assumption of motion by slices has to be justified by other argu-
ments.

3.2 Hydrostatic approximation

We begin with the classical hydrostatic approximation. The objectives of this
paragraph are twofold. First we want to obtain the expression of @ as a function
of 0, e, vy, ko and Hs. And second, we aim at verifying that despite the
parameter §, we recover the well-known formulation of the viscous Saint-Venant
system with friction as expressed in the following proposition

INRIA



Derivation of a non-hydrostatic shallow water model 13

Proposition 1 The viscous Saint- Venant system defined by
OH 0

T g(Ha) =0, (36)
O(Hu) = O(Hu*) gOoH? op® dzy O ou
o "o taaw ~ Hor My Ta W)
k(v,H)
——— U, 37
14 2%H g (37)

where H = n—z, and v = (1, %)Tﬂ, results from an hydrostatic approzimation
in O(c%5) of the Navier-Stokes equations.

Proof of prop. [ we retain only the terms up to € in the expression [B3) for
the pressure p i.e. we have

ou ou
p=20p*+ (dn—=z)— 551/0% — &0y 92 ) + O(£%9). (38)

And Eq. B3) with Egs. ) and @) gives
0(Hsu?) | e OH?

6(H5a) 9
o T e Taar T
0 0 0z
—edKkoUp — 55%(H5p“) + 5526—2 @ — 56—;]71, + O(£26),

ed

that is also using the expression of p obtained in Eq. B5)

O(Hsu) — ,0(Hsu?) 10H?
o T T Taer T
a9
—Skoup — 5H,;a—’; - %pb +O(29). (39)

Note that due to the assumption concerning the time derivative of z; and the
associated rescaling, the first term in the left hand side of [BY) reads

d(Hsu) ou 0 —z)_
ELE T T
and (B3) coupled with (28] gives
ou _Ju on Ko ap®
§— +6%0— 40— = ——u,— 46 d).
o P Ve T T, O O

Now we come back to Eq. [20), using ZH), BY) and BY) we get

0, Ou, ou 5 Ou 5 Ou op 5.0 ou
05: ng,y) = i tebtug redtug ren— g (s
. ou ., om 9 . )
= 55(,% +ed uax+€58$(n+p )+ O(e79)
el
_ 77’20%“9(525). (40)

RR n° 0123456789



14 Sainte-Marie € Bristeau

Integrating from z, to z and taking into account the boundary condition [B2),

we deduce
Ju  ekrg | _E= %
H

627 o S

> up + O(e?), (41)

and we obtain the following formula which gives an expression of the vertical
velocity though a parabolic correction

u = (1+%(z—zb—%)) up, + O(e?). (42)

Then integrating from z, to dn, we obtain
= (1 + @Hé) wy, + O(2). (43)
31/0

Moreover

2ek (2 — 2)?
2 _ O, . _\=7=b) 2 2
u® = <1+ ” (z— 2 ST, ) | ui + O(e?),

which yields

_ 2
02— (1 + EHOH,;) uf + O(e?),
31/0

meaning .
u? = u* + O(e?). (44)

Using BY), @A) and [E3), the right hand side of Eq. [B3) can be written

o [ du on Oz ou
d— 20y —dz + 62 —p* — = 2edvy —
e /Zb e i oz’ Ox <pb+ S0 Bz b)
5e2 (9> 0z
—(SFLQ (1 + 7 (a—;> ) up = —6HOUb — Héa—xb
0H; , 0 ou 9
Finally from Eqgs. 8), B3), E3), @) and ), we obtain the model
an  0Jz, 0 N
o " o T ag W) =0,
8(H512) 28(H51_L2> 1(9H§ 0 ko _
Y J = = —Hy— 6p®) —
o " T or 2 oa 79 O T e
+55£(4u H @) + O(£%0)
o\ 00 oy '

In terms of the initial variables, the preceding model becomes (B0)-(Ed) that
complete the proof of prop. [l Note that when the bathymetry is constant

2p(x,t) = z), this formulation is equivalent to the viscous Saint-Venant system
obtained by Gerbeau et al. [I4] and Ferrari et al. [13)].

INRIA



Derivation of a non-hydrostatic shallow water model 15

4 Two non-hydrostatic shallow water models

In the previous paragraph we have obtained an approximation of the Navier-
Stokes equations up to €0 terms using an hydrostatic approximation of the
pressure p. In this section we consider two more acurate approximations of the
pressure p respectively in O(¢2§2) and O(e39) leading to two non-hydrostatic
extensions of the Saint-Venant system.

4.1 First extension, § < 1

The first refinement of the classical Saint-Venant model @B8)-@) is achieved
by considering the pressure p given by Eq. 3) with the terms up to O(£26?).
This means we consider the momentum equation along z is no more reduced to

op 0 ou 0 ow
5 = -1+ 92 (Eéuoa ) +€6a (21/08—) + 0(e%6),

but given by

Jw  Op 0 ou 0 dw
&2 252
56t+8 1+5$<€5V08>+€562<2V06)+O( 5%),

and the convective terms are still neglected. Since we keep the terms in 2§
and drop those in €262, this means we assume § < 1 and due to the applied
rescaling this implies U < C so we are in a fluvial regime. The following result
holds.

Proposition 2 The system defined by

S+ 5 (HE) =0, (46)
g gt g (S g+ 3 )
_H%i + 8% (41/H% + H(VéH)zb ( gu 7% ))
G (o~ 5) 5 (o7 S s
_ 2
i (43 (5) ) S @
where v = (1, %2)T zl,, results from an approzimation in O(e26%,368) of the

14+
Navier-Stokes equatzons

The proof of proposition B is given in the next paragraph, we examine here
some properties of the model (EG)-(ED).

Note that except for the dissipative terms corresponding to viscosity or fric-
tion, all the terms added in the non-hydrostatic model {f)-EZ) compared to
the original Saint-Venant model (BH)-(B1) appear as time derivative of the vari-
ables zp, 7 or 4. This means in a stationary regime, the solutions of (Bf)-(B1)

and (HQ)-E7D) are identical.

RR n° 0123456789



16 Sainte-Marie € Bristeau

We first examine the system ({8)- ([1) without friction and viscosity. Starting
from the Euler equations instead of the Navier-Stokes equations does not allow
to account for the motion by slices as obtained in relations @) and EIl). So
if one wants to neglect the viscosity and friction effects in the model (EG)-(ED),
it is necessary to consider an asymptotic regime for example under the form
v = Buny, k = B%kns — and conversely vy = Bro ., Ko = B*Kons — with
0 < 1. Introducing the preceding asymptotic regime and considering § — 0,
the formulation of ([{HH)-(EZ) reads

oH o,
E‘F@(HU)—O,

D s Dty » O (G O R0
8t(Hu)+8z(Hu)+8:c(2H 6 oroi 2 w0l )

or 2 Jzot2”

Oz (. i 0%u . 02 (zpn) oot 22 Dz
oz \ 7 2 9xot | ' orot

or equivalently in a non-conservative form

OH 0,
EJF%(HU)—O,

ou 0w On oz Ou 20w ' = 8P
ot " "or "9z T 6 oz20t 2 0x20t o0z | 2 0zot2’

that is analogous to the expression obtained by Peregrine [20]. It is worth being
noticed that, in any case, the formulations obtained by Nwogu [19], Walkley [24],
Saut et al. [B] and Soares Frazao et al. [22] are different from the preceding
ones. The differences lie either in the continuity equation or in the momentum
equation.

The mathematical and numerical analysis of the obtained model is not in the
scope of this paper but let us mention some interesting works in the literature.
The Sobolev equation

0 02 0 0 0 0
—o-(al@) ) + ola) 7 = — (@) ) + Bla) 5

has been studied by several authors [T}, B] as an alternative to the Korteweg-
de Vries equations. Perotto and Saleri [ZI] proposed an a posteriori error
analysis for the Peregrine formulation of the Boussinesq system with constant
bathymetry. Bona et al. [Bl 6] have studied the well-posedness of several high-
order generalizations of the Boussinesq equations.

4.2 Derivation

Proof of prop. @ the refinement of the classical Saint-Venant model (BG)-(B1)
is achieved by improving the approximation for the pressure p. Actually, if we
only drop the terms in O(£26?) in the momentum equation along 2 so the system
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@)- (@) becomes

_6zb 0 §

w—g—%/%udz,

ou o Ou® 2 o Quw dp 2 0 ou 8 ou
= i — oy ==

by e Gy e e =g (g, ) + 5 (g
Oow  Jdp 0 ou 0 ow

2527 L 2 - ow 262

Eéat—i—az 1+8x(56V08)+568 (QVOa)—i—O( 5%),

)

with the boundary conditions [8)-(B2). This means we consider the pressure p

is given by ([BH) where we retain only the terms up to 262 and €36 i.e.

du Ou o [
Dnh = Op* 4 (0n—z) —edvy %‘S€5Voa—+€25& w dz
+0(26%,€3%6),
leading to
2
Pnh = O0p*+ (dn—z) —edy %‘ - 551/0% +&25(6m — z)aa;b

on
—526—/ /udzldz—l—(? 252 5)
Oz

Retaining only the terms up to O(e262,£36), relation [B3) gives

o [ 20 [, o [
6&/ udz—i—éa—/%udz—i—%/% DPnh dz

o 0 0 0
n a Zb w
fg(g—/ 2V0_dz+526$ +a— <2€5V0 E‘bpnhh))

6zb
—0Ko (1 + 7(%) ) up + 0(5262’535).

(49)

Now we derive the expressions for the quantities appearing in #X) and [{J) and
depending on u, w and p. Since kg = ko, + O(¢), from Eqgs. @) and EJ) we

have
% = <1+€%(sz(22£,)2))%
#2002y  SBEAE) o)
_ (1+%(z—zb_ (22—;:)2)) %
_%% <1 - Z;I;b + (22};(;)2) up + O(e0),
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18 Sainte-Marie € Bristeau
S0
ou ko Oup, ekg OHs 9
o N CTNERAALE < 0 e A U dialc)
Oz |, ( * 2vg 6) Ox * 2vy Ox U+ O(e7) (50)
EKQ ou erkg OHy _ 9
= (14 DOp) 2t fR T 1
( * 610 6) Oor 6y Ox i+ 0(e), (51)
ou Ooup €K Ozp 9
- - 2 _Br% 2
Oz |, ox vy Ox up +0(7) (52)
ERQ ou  ekg , 0z 10Hs, _ 9
= (1- )= 20z ST
( 31y 6) ox I (61’ 3 Ox )quO(s ) (53)
and
m oy EKQ Ouy, eroHs 0z, 10Hj
— = Hs(1 Hs)—2 — 29 (Z= 79 2
/Zb g vt (1+ 31y ’) ox 2 (8:E 3 Oz Jus +O(7)
- ou ERQ 8H5_ EHOHg azb 1(9H5 _ 2
B VOH&@xi 3H§ oxr 2 (8:576 ox )u+(9( )
ou  ekg Oz, 10Hs)\ _ 9
= wHs— - 2, (24 2228 4
e TR 6(8:c+3 a:c)”O(E)’ (54)
and finally from B4l we get
m o Gy on U 5
o — s 5
/z,, " 5. / W+ O(%)
€K0 ou  ekgOHs 9
= wHs(1+20p) = 20820y .
"o 5< Jr6V0 5>6x+ 6 Ox st + O(e7)
From (&) and (B3)) we have
ow ou ou
_9 e — a I el I e
Phl, — 26 7z |, op* + Hs + &dvg oz, edvg 9z,
o1
= a4 Hs — g2 @H -
op® + Hs — =6 5 681‘

7625110 (82’1, + 1 8H5

5 5%)6+0(535)’ (55)

and

on u H? ot
= - _ a _ 76 -

/z,, (2551/0 9 ph)dz Hsop 5 + 4edvoHy o
Hs 0u 70z _

20koHs | =2 — — ===
teToroHs 6 Ox 68$u

- éﬁﬁ) + 0(e36),

30x (56)

where pj, corresponds to the gravitational, viscous and friction part of the pres-
sure p given by Eq. ) i.e.
ou

ou
pr = 0p® + (0n — z) — ediy %'é —edvg—

. (57)
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Inserting (B4), (E3) and B4) in equilibrium E3) leads to

o, 50, o, 1oHZ 9 [ B
6at(H5u)+6 8z(H6u )+ 552 B2 . Appp dz =
o . B o
—Hé%(ép +Zb) +€6£(4VOH§%)
+52_62 @4_7%* _626H0% _%*4_ @
6 oz \"0%\ Py or " 2 Ox ar " o
0z 52 02y 2
—E Apnh|b—6lio(1+7(%) )Ub+0(€262,535),

where Apnn = pnn — pr. And using the expression for the pressure p,; given in
Eq. @) it comes

f5252H5% <577% B 8(;;11)) N 525%? %2:217 (58)
and
_5262% (5 a_z a(aZI;U)) " 26H‘5% (59)
2

0%u 0?(zpr) 9%z,
- - 2 _ _ 2 hadiiad ) 2¢2 _3
= 3 (zb DDt 2z pn > e“0zyp + O(e°6°,°9).

We finally obtain the model

oH; 0, .

B T o (He1) =0 o
0 _ 5 0 o YOHF 5 0 [z} 0%u 2} 0*(=mu)\

O (Hot) + 05 (Hsw) + 55 = =05\ S owat ~ 2 ozt ) —

0 o 0 ou ERQ ou 0zp _
ng%@p +2p) + E <4€5V0H50$ + 5 Zp (zb - +7 u>)

£20ko Ozp 0z ou 5.0z 22 0%u 02 (zpti)
_ A T - §=2( 2
> Oz ( ax“+zbax)+€ oz ( 2 xot P ozor )
5e2  Dzp\ 2 0 2t 0Pz 2.2 3
—0ko (1 + T(%) )ub —€ 5? peYS + O(e%6%,¢°9), (61)

that complete the proof of propositionBl When the terms in O(g26) are dropped
in (B1), we verify that we recover the classical viscous hydrostatic Saint-Venant
model with friction (BOl)-(E&).

4.3 Energy equality

Until now, we have not verified the derived models satisfy an energy equality.
The system (B@)-@1) that is equivalent to the Saint-Venant system, admits a
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20 Sainte-Marie € Bristeau

dissipation energy [2 [[. Indeed we have

aEh o [ H? ou op® ou. 2
ETRRT: (“<Eh+97)—4”H“£> o —wH(Z)
(\_f H) _ 0z
AT PrgHgs, o (62)

1+

with B, = HTﬂz + % + Hp“. The energy equality ([B2) associated with the
hydrostatic Saint-Venant model can be obtained using classical computations
by multiplying Eq. B3) when p = py, by the velocity @.

The only differences between the hydrostatic Saint-Venant model (B0)- (1)
and its extended version (EQ)-E7) comes from

e the non hydrostatic terms of the pressure p,p,

e the terms involving the viscosity and the friction at the bottom,

so the energy equality for [@)-(@E) will differ from Eq. (G2) only by the terms

G = ﬁ(% :nAPthru((; Apnhly

o ol [ ).

Cs = U(%/:npv,f,

Ci = u% (QE(SVQ?)—,L:b—pqu gayoaa"; %b),

where Appy = ppn —pn and py, p = pp — dp® denotes the terms in the pressure p
containing the viscosity and friction. The quantities C1-C4 corresponding to the
non-hydrostatic terms, come from the multiplication of Eq. (B3]) by @ and have
to be added to ([B2). Since @ = u + O(c) = up + O(e) and Ap,y = O(£262), we
rewrite C; under the form

a [ )
¢ = il / Apan + 1222 Apunl, + O(26)
2p

Ox
— (% Zj"upnh_ Zj"g Apnh+ubg Apanl, + O(262)
- a% :7 ulpun + [wApunlz] —/:nwmai”h +u ZZ” Appil, + O(26%)
- %/:n UAppn + WsAppn|, — /:"waAaZnh B % Apanly + O(e26),

where relation (BIl) has been used. From Eqs. @) and (1), we have
Apnh'g = 0(5262)a

on 9
Apnh|b = 525/ 8_1: + 0(5252)7
OApnn 5 0w 99
5 Eéat—l—(?(eé),
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leading to
a [ M dw Dz
- = Ap,, 25 — — = Ap, 252
Ci o )., UAppp + € /Zb wat 5 Dnnl, + O(e767)
a [ o [Mw? Oz
- = Ap,, 25— — — — Ap, 252).
Jz ), AP TG | T Ty Aperly T O

Due to the rescaling applied to the time derivative of z, (see paragraph E2),
the Leibniz rule applied to obtain the preceding relation reads

Ay R R e A - G IO)
Yot o2 w2 e, 7w/, 2700

/5’7 ow 0zp wf on w? 9 [0 w? 9 [ w?
2p
And finally we have for C;

o [ o [Mw? Oz
_ 9 Apoy + 262 [ 9% A 262).
G oz ., P05 [ 2 T e prnl, + O(e707)

From relations [#2) and {3]) we obtain

K z—2)? H,
U= <1+€—0 (zzb%?ls))ﬂ(1+€f(zzb,H5))ﬁ+(9(€2),
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so we have for Co and Cs

o [ Ou M J9u [ Ou
Cy = %/Zb u(256u0%) — 2ed1p . %(%),

o [0 du morou\®  ou [°"o(fu)
= %/Zb u<2€5l/0%)2€51/0 (/Zb <%> +€% . or

a [ M Hy
C3 = B ﬁpu,f*/ %pv,f,
Zp Zp
a [ N g m J(fu) 5
== a_ u v - Pv v 55
oz /., up ,f+/2b azp,erE/Zb e pu,r +O(e”0)

0x0z

o [
%/ upy + [
on —
+€/ a(fU)pv,f+O(536)7
2p
o [

ox

m o 92y m P2y
¥ wpv,f]‘zz — 551/0/ We—— — 256V0/ wﬁ
2

) + 0(£%9),

on a aw on (910 2
= on) Test [wpo, 712 — 26010 /z,, 0z < 6z> e /zb <E>

92 1y 24
ar " 82

on ) )
_ N
55”08 / ( )+ £0 9:" 92 .

on on —
owon / o(f)
., Or 0z . Ox

a [ dw
— %/ Upy,§ + [wpvﬁf] — 2e01y ( ‘
2p

- E(SVQ

+edvg Do, f + (9(536),

b

)

m 1 ow an ou ou
+2561/0/ (—) — edvyg— / ( ) —
o \ 0% ox * 0z|,

on
+€(Sl/0/ awau / vf+0( 35)

0z ou

—E(SVO%UH) E ,

and from relation EI]) we also have

M Jw du M Jw z—2p 9
Vo/z %& = Eﬂo/z % (1 H(; >Ub+(9(€ ),

b b

b

Hs 8z, M a9 (za) AP 2
= — —z=— 1-— @)
RO Bzt 1 TN /Zb "0z T or? m, ) o)
B Hs 8221, I{2 0%u Hs 0 (0 _9 2
=S ™ s a2 T (o) PO
. Hs 0%z . 0 H2 ou Y 6 ou
= ERo—=— == K —u Ko—%
02 9zt 02 \ 6 ox 6 \ox
H5 8H5 au (9 H5 azb _92 ERQ 8H5 82;, _92 2
— — | == - O(e?).
jLEHOS Ox 6xu+sﬁoax<2 oz 2 9z Oz +0()
The preceding expression shows that due to relation (EII), the term
b [ 0w du
0 ox 0z’

Zb
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has to be treated as a friction term in the energy equality. We finally have for
R=Cy—C3+Cy

e ] ) v () ()
+55u08% /577 <w%> +€25@% <"“O% (I? gi %62»
_522“0 ((H(;% + %u)Q - <—2 (%) * 522 aazzb
A(2)5) 5 )

Hs 0%z

2 5 b

228k 0
Oy ot

Returning to the initial variables and integrating C; and R into relation (G2)

gives an energy equality for the model HH)-ED) under the form

0 Huw? o [_ B ou ou
pn (Eh 5 ) +% (u(EthHpnh)y/Zb <2Hu6—+w&)>

Up + 0(535)

dup \ 0zp 2 0%z
92 Zcb el i)
(p”h|b+ - ) ot "2 aeor

where
— " "0z Ou  O(mu)\’ o
2 2 _ - _ _ b
Huw _/w_/(at “or T T on St
zbu ? 8u8(zbu)7z Oz 2
A
Ozp ((zp 0u  O(zpa)
+22b6t<28w D >
n
Hﬁnh = /pnh-
2p

When the time derivatives of p® and z; are dropped, the right hand side of the
preceding energy equality is always negative.

4.4 A more complex approximation, j = O(1)

Now we return to the dimensionless and rescaled variables. The assumption that
the elevation of the free surface is small done in paragraph is now relaxed
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i.e. 0 = O(1). This means that no assumption is made concerning the hydraulic
regime. We consider for the pressure p the complete expression obtained in (BH)
and the following proposition is a refinement of the Proposition

Proposition 3 The system defined by

oH o, .
o + %(Hu) =0, (63)
O, 0 o 10H* (Hpugms) . O0" 02
i 0 + gr (@) + 5+ = = = —Hop - —gH 50

B} ou, 0 Hou (70z 101\ _
+%(4I/H%) +% <Ii(Vb,H)H <E% <6%+§%) u>)

K(vp, H) 5705\%\ _ Oz, (\10H 0Oz, _
k(vy,H)H (1 * 2 <8$) U+H(Vb,H) ox (2 ox * oz )U

- 1+ 3v
H 0u 0z 0zp 8221, 10 28225
o a. ] 4o Pngnvu a. -\ H ) 64
2 a:c> g Promel ¥ 25 Hm 50, ot (64)
where v = (1,%)T L~ results from an approxvimation in O(e38) of the

1457
Navier-Stokes equations. In the previous expressions, H,, is a modified wa-
ter height taking into account the Coriolis-Boussinesq coefficient and prng nv,
Png,nol, corresponds to the vertically averaged and bottom value of the non grav-

itational and non viscous part of the pressure p given by (Z3).

Proof of prop. @: we still start from the averaged momentum equation (B3)
where, compared to the first extension of the Saint-Venant model detailed in
paragraphs BTl and B3 the expressions of

on on
/ pdz and / u?dz,
Zp Zb

have to be refined. The approximation u2 = %% 4+ O(e?) obtained in para-
graph B2 is no more sufficient. From 1), BY), @2) and E3) we get

_ ero (o (z—z)® Hs)\\_ 2
u = <1+ (z 2p o, 3)>u+(9(€)

= (L+ef(z— 2, Hs))a+ O(?),

N ’ . 2
wo= o ((z zb—l—E/Zb f(z,zb,H(;)dz)u)—i—O(E)

0 0
= 5 50 (9 m Ha)a) + O(),
dp 9. . 0 ou 5
3 6%(]) +n)—256£ Z/O—z)—i—(?(s d),

and Eq. [Hf) is equivalent to

ou . ou  .on ) Sho

s L2t s s L e 0RO

at "o oe’ T H (1t )"
5 0 o ,
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Now we can improve the approximation Q) in the following way

5%(1/0%) = 55% +552u%+552 %+ %— 258% (uo%)
= gt((l—i—af) )—i—s&%l—l—sf)@(%((l—i—af)ﬂ)
+55(%(77 +p*) + 55210% - 3525(,% (Vo%) + O(%6)
= —m%% +€52wg— +526%(f )+5252 (fu )
6 (D OO oy

Taking into acount the boundary condition ([B2), an integration of the preceding
relation from z;, to z gives

ou €K z—2p\ _ 9 _ 7811/2
—_ — _— 1 — —_
Vo (14—3';8 )( - )u—i—sé(éufw—i—éuaz be

o (_[? o ( o [ 0 o

o (“/Zb f) paF>= (“ /Zb f)”Z‘""b’% (”0%)
dvo(z — 2) OHs Ou 3

T o ax)—i—(’)(a 5), (65)

where the relation

/Zw%fs /Z:wg eu(fw — flywlp) +€u—/ fs

has been used. Another integration of relation (G3) between z;, and z gives
VY
u = <1+%<zzb%>) +—u/ fw
52626U/Z/Z1 268 ( / / ) 252 (2/ / )
+—Uu—
v Or ), J., vy Ot = vy O

) 9%u 2(z — 2)? OHs 0u
0x? c Hs Ox Oz

2
= (1 40 (z —zp — M)) up + e20Au + O(36),

+ 0(£%9),

%) 2H§
so we obtain the new expressions for 2 and u?
0 = (1 + @H(;) up + £20Au + O(%6),
31/0
2 -
TR (1 + EHOHtg) u? + 2e20Au + O(36),
31/0
2ek (z — 2)? g2k (z — )2\ °
2 (R, 0y, 220
B ( T TP em, )T, TP g, e
+2e20Au + O(36),
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so finally

_ 2 262k -
u? (1 + ;IZO Hs + 165 3 H5) u? + 2e20Au

2
(1 + 155 o H5) a* + O(%9).

Now concerning the expression of the pressure terms, it has to be noticed that
Egs. BH) and EX) only differ by the terms

on
A= 526282/ ww dz — 26%w?.
€T z

Using
(9Zb 8 #
U—U+O(€), —W—£/Zbudz,
it comes
#n?—22 90 , 0u on ou O(zpt)
_ 2s2 07N 2T O _OUy o 010U N
A = e < R A TR v e Gkl Car )
_ 1N 2
5@6(%1&)&7 B @+8(zbu) .
Ox Ox ox ox

This leads to the new expression for the fluid pressure p appearing in (B3]

on on
/ p dz / (Pnn + A)dz
Zp Zp

on 252H, ot o2 OHs 0t
/ pandz + £ - ‘5( 1H2(52)? — 2H2u a“ 6H, 202y
N

8) oz 0z

+9H5—Z—xa + 3H, aa;;a? + ?;b 8;{5 2) + O(%5),

where fjbn DPnh = fzin(ph + Appp) is given by ). Conversely using BH) we
obtain

£262 0 ou 0z 0U 0 0z

= o, (= (m?== 4H, H O(e36),
Py ph|b+2(8x(6zu)+ 0z 0z +8x(68))+( )
where pppl, is given by (J). Inserting (B4), (BA) and @) in equilibrium (B3

leads to the system

0Hjs 0
ot * Ox (H(;u) =0 (6
0 _ 5 0 9 1 8H§ a(H(;ﬁng,m,) _ 0 o

(Sat (H(;u) +6 oz (H(; mU ) + 5 or + o = Héal' (5}) + Zb)

9 o1 5. O Hs Ou T0z, 00n, _
+e 58 (41/0H6a ) +e 5% (“OHé( 6 Or (g%*‘g%)“))

0zp 10Hs 0Oz, Hso0u 0zp
25 a a._ a_ a8 a._ - 5 FMng,nv
RS, <(2 or T o)t 8x> g Pramly

azb 9 6zb 52,217 10 2622’1,
oo (1 5 (%) ) w0 o~y (M%) + Ot
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where
m 2263,
H" = H; <1+ 1502 H(;),
on
Héﬁng,nv = / (p _ph) dz
_ 2 9 (H} *u  Hj &*(zu) —577H—‘? 92
oxr \ 6 O0x0Ot 2 Ox0t 2 Oxz0t
an, . ou  O(zpu) e25%Hy 5, Oty 2
—0Hs— (on— — —4H: (—
ot Mor ~ar ) T 6 i(52)
0% O0Hjs 0u Oz, OU
—2H}tu—— — 6Hs—— 0 + 9Hs—— —
g e T s
(922’17 ) azb 8H5 ) 2 Hg 8 Zb 3
+3H5 G:UQU +6%W ) e 57 atQ +O(€ 5),
and
png,nv|b = (p 7ph)|b
) 0 ou 0 ,0z on 0z
= — | —=(H} =) +2Hs= (=0) + 26— =@
2 ( o1 i g,) +2Hs g, (5 0m) +20, m“)

%5 H. g2 |y 9 0ty 09 (g2
e < o 0% 6t>+ ow oz T 2gr g, )T

252 - 2
o (3( a—zu)) + 2 4 OED),

2 dx %9 o2
e28 (., 0%u 0?(zpn) an 0(zpt) an Ou
- <H5 arot T o 0% e P0% 0,
0%u 9 0%z, on 0z 9 0%z,
H s(H g2 % 5H.
i 68m8t))+€ ( U TERRT 6t>+€ o0

£25? 0 ou 0 0z
+—- (g(H,?%ﬁ)) + 2%(H58—;ﬁ2) + O(%9).
In terms of the initial variables, the model (EH)-(&d) corresponds to the one
depicted in proposition Blwith obvious expressions for Hy,, HPng no and prg.ne |p.

In order to obtain the energy equality for the model (E3)-([Ed), we use the
same process and the same notations as in paragraph 23 but the approximation
order is now O(g36) instead of O(2§2). Still using 4 = u + O(e) = up + O(e),
we have

- a [ 0z

— a= | Ap+aa
) m M HAp 92

= — A Ap]®" — — = A )
5 (/Zb u p>+[w )2y /z,, W T Uy pl, + O(e”0),

with Ap = p—pnp, p being given by [BH). From Egs. (BH), (B2) and the boundary
condition ([28), we get

o A (uw)

Apl, = O(%5), Ap|, = 5252/ Ers e26%(w? — wj) + O(£%4),
Zp x
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0Ap 5 5 0(uw) 5 Ow 3
5 £0 p 256waz+(’)(5 d),
leading to

B on on 9

C, = g/ uAp+5262/Zb wag—;u—i—gs%Q(wf—wg)
azb
ot

o ([ 2 0z
= %</ U(Ap+w7)> 6bAp|b+(9( e%d).
Zp

Returning to the initial variables, the preceding relation and the expression of
R obtained in paragraph B3 allows us to write an energy equality for the model

(m)'(m) U.Dder ‘he f()rm

oE 0 [_, - _
_+—(u(E+Hp)—y/Zb ot T

Apl, + O(=%9),

ot 0
N A ou oH \*
B 21//2b <<%> " <%) ) 6 (H(’)x * %u>
5 (0m _10n 2f_ m\ N2 om0 3(02))
3 Or 40z ox 1+'§—f 2\ Oz

op® Ooup \ 0zp H 9%z,
—H whly +2 ST
ot +(p ly + V@x) ot "2 gxor"
with
_ Hu? Huw?
g = v Hw  gHntz)
2 2 2
n — 2Kk2H?
Hp = /pdz, Hu2:H(1+ n 2)u2,
2 15v
— " +nz+ 22 (0a)’ 0u O(zpti)
H PR 27H n b - o -
v /z,,w ( 3 o) ~ Ut )e ey

+ (228 2 (2 i Lol (L= 0u 0
ox ot ot 2 Ox oz
Note that except for the friction terms, the previous expression is analogous
to the energy equality for the Navier-Stokes system [I6] but expressed with
the vertically averaged variables. When the time derivatives of p® and z;, are

dropped, the right hand side of the preceding energy equality is negative when
g_;l is enough small.

5 Conclusion

In this paper we have derived two extensions of the Saint-Venant system when
the hydrostatic assumption is relaxed. The obtained models, especially in sec-
tion @l are similar to Boussinesq type models but derived in a more rigourous
context and satisfying an energy equality.
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On one hand the averaged models of shallow water type presented in this
paper reduce the complexity of the discretization of the Navier-Stokes equations
since they are written over a fixed domain. But on the other hand their math-
ematical formulation is more complex since high order derivatives — especially
in space — appear.

The preliminary numerical simulations and comparison with experimental
measurements performed with the proposed models are promising. They are
not presented in this paper and will be described in a forthcoming publication.
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