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Abstract: The subject matter of this paper concerns the asymptotic regimes for transport
equations with singular coefficients. Such models arise for example in plasma physics, when
dealing with charged particles moving under the action of strong magnetic fields. These
regimes are motivated by the magnetic confinement fusion. The stiffness of the coefficients
comes from the multi-scale character of the problem. According to the different possible
orderings between the typical physical scales (Larmor radius, Debye length, cyclotronic
frequency, plasma frequency) we distinguish several regimes. From the mathematical point
of view the analysis of such regimes reduces to stability properties for transport equations
whose coefficients have different magnitude orders, depending on some small parameter.
The main purpose is to derive limit models by letting the small parameter vanish. In
the magnetic confinement context these asymptotics can be assimilated to homogenization
procedures with respect to the fast cyclotronic movement of particles around the magnetic
lines. We justify rigorously the convergence towards these limit models and we investigate
the well-posedness of them.
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Transport equations with singular coefficients.
Application to the gyro-kinetic models in plasma physics
Résumé : Dans cet article nous étudions le comportement asymptotique des équations de
transport dont les coefficients sont des différents ordres de grandeur. Parmi les applications
visées on rappelle approximation centre-guide et le régime du rayon de Larmor fini dans

la physique des plasmas magnétisés. L’objectif est d’identifier les modéles asymptotiques et
de justifier rigoureusement ces limites.

Mots-clés : Equations de Vlasov-Maxwell, Approximation centre-guide, Energie modulée
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1 Introduction

Motivated by the magnetic confinement fusion, the study of strong magnetic field effect
is now of crucial importance. We are concerned with the dynamics of a population of
charged particles interacting through electro-magnetic fields. We consider a population of
non relativistic electrons whose density is denoted by f. This particle density satisfies the
Vlasov equation

P P _ ( P ) _
i f + Vof —e| E(t,z) + AB(t,z) | -Vpf=0
Me Me
where —e < 0 is the electron charge and m. > 0 is the electron mass. The self-consistent
electro-magnetic field (E, B) verifies the Maxwell equations

O FE — cg curl,B = i/ if dp, B+ curl,E =0
R

€0 3 Me

div, B = = (n —/ f dp) . div,B = 0.
]R3

€0
Here g is the vacuum permittivity, cg is the light speed in the vacuum and n is the con-
centration of the background ion distribution. One of the asymptotic regimes we wish to
address here is the gyro-kinetic model with finite Larmor radius. Let us denote by w; the

plasma frequency
2

en
w2 =
meEo
and by w. the cyclotronic frequency
eB
We = —.
Me

Assuming that the cyclotronic frequency is much larger than the plasma frequency we deduce
that the typical magnetic field magnitude satisfies
MeWwp We  Mewp 1

B =

e wp e €

where we/wp, = 1/¢, 0 < ¢ < 1. We assume also that the electron momentum in the plane
orthogonal to the magnetic field is much larger than the thermal momentum p¢y, given by
2

Pin

Me

= KpTin

where K3 is the Boltzmann constant and T}y, is the temperature. Note that in this case the
Larmor radius corresponding to the cyclotronic frequency w. and the typical momentum 2
remains of order of the Debye length

_ Pth _ Pth (EOKBTth)1/2 _
pL = = = 3 = Ap.
e’n

EMeWc MeWp
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4 M. Bostan

This model is called the finite Larmor radius regime. For example in the two dimensional
setting and assuming that the magnetic field has a constant direction

f:f(t,x,p), (E7B):(E17E2;070307B3)(t7'r)7 (t7$7p)€R+XR2XR2

we are led, up to a multiplicative constant of order 1, to the following Vlasov equation (see

8, 121)

i
8tf5+§-vzf5— (Es(t,z)+B§(t,:c)?p> -Vpf=0 (1)

where the notation ‘p stands for (pa, —p1) for any p = (p1,p2) € R2. When the typical
momentum is supposed of order of the thermal momentum, the Larmor radius vanishes as
the magnetic field becomes very large; we are dealing with the guiding-center approximation.
The guiding-center approximation for the Vlasov-Maxwell system was studied in [4] by the
modulated energy method, see also [3], [6] for other results obtained by this method. The
analysis of the Vlasov or Vlasov-Poisson equations with large external magnetic field have
been carried out in [9], [T1], [I0], [5].

For simplifying we assume that the self-consistent electric field in the Vlasov equation
derives from a potential which is determined by solving the Poisson equation

B = Vi, Aug" =1 / F< dp.
R2

We suppose also that B3 = Bs(x) is a given stationary external magnetic field. The Vlasov
equation leads naturally to problems like

duf + alt,y) - Vyus + @ -Vyu® =0, (t,y) e Ry xR™ (2)
with the initial condition

u®(0,y) = ui(y), y€R™.
For example () can be recast in the form (@) by taking m = 4,y = (z,p) € R? x R?,
us(ta y) = fs(t7 x7p)a a(t7 y) = _(07 07 E(ta .’I])), b(y) = (p7 _B3(‘T)lp)

In this work we focuss on the linear transport equation () when a and b are given smooth
fields. Formally, multiplying () by € one gets b(y) - V,u® = O(e), saying that the variation
of u® along the trajectories of b vanishes as e goes to zero. Following this observation it may
seem reasonable to interpret the asymptotic € \, 0 in (2 as homogenization procedure with
respect to the flow of b. More precisely we appeal here to the ergodic theory.

By Hilbert’s method we have the formal expansion

uf = u+ euy + 2ug + ... (3)
and thus, plugging the ansatz @) in @) yields the equations

et b(y)-Vyu=0 4)

INRIA



Equations de transport a coefficients singuliers 5

e¥ : Qu+alt,y) Vyu+by) Vyur =0 (5)

el 1 Qs +alt,y) - Vyur +b(y) - Vyua =0 (6)

The operator 7 = b(y) - V,, will play a crucial role in our analysis: the equation () says
that at any time ¢t € R4 the leading order term in the expansion (B)) belongs to the kernel of
7. Unfortunately this information (which will be interpreted later on as a constraint) is not
sufficient for uniquely determining u. The use of (B) is mandatory, despite the coupling with
the next term u; in the asymptotic expansion (). Actually, at least in a first step, we do not
need all the information in (@), but only some consequence of it, such that, supplemented by
the constraint (@), it will allow us to determine u. Since we need to eliminate uq in (H), the
idea is to projet (@) at any time ¢ € R4 to the orthogonal complement of the image of 7,
for example in L?(R™). Indeed, we will see that this consequence of () together with the
constraint (@l provide a well-posed limit model for u = lim.\ o u®. And the same procedure
applies for computing w1, usg, ... For example, once we have determined u, by () we know
the image by 7 of u;

Tuy = -0 —a(t,y) - Vyu. (7)

Projecting now (@) on the orthogonal complement of the image of 7 we eliminate ugy and
one gets another equation for uq, which combined to [@) provides a well-posed problem for
Uuy.

Our paper is organized as follows. In Section 2 we recall some notions of ergodic theory.
We introduce the average over a flow associated to a smooth field and we discuss the main
properties of this operator. Section 3 is devoted to the study of the limit model. We prove
existence, uniqueness and regularity results. The convergence towards the limit model is
justified rigorously in Section 4. Based on the concept of prime integrals, an equivalent limit
model is derived in Section 5. We end this paper with some examples.

2 FErgodic theory and average over a flow

We assume that b : R™ — R™ is a given field satisfying

be Wi (R™) (8)
divyb =0 (9)

and the growth condition
3C>0: p(y) <C1+yl), yeR™ (10)

RR n° 0123456789



6 M. Bostan

Under the above hypotheses the characteristic flow Y = Y (s;y) is well defined

dy
I by s, (s.9) B R (11)
Y(0;9) =y, y€R™, (12)
and has the regularity Y € Wﬁ)’coo (R x R™). By (@) we deduce that for any s € R, the map
y — Y (s;y) is measure preserving

0(Y(s;y)) dy= [ 6(y) dy, V6 e L'(R™).

0
R R

We have the following standard result concerning the kernel of u — Tu = divy (b(y)u(y)).
Proposition 2.1 Let u € L _(R™). Then div,(b(y)u(y)) =0 in D'(R™) iff for any s € R

loc

we have u(Y (s;9)) = u(y) for a.a. y € R™.

Remark 2.1 Sometimes we will write u € ker7 meaning that u is constant along the
characteristics, i.e., u(Y (s;y)) = u(y) for all s € R and a.a. y € R™.

For any ¢ € [1,+00] we denote by 7, the linear operator defined by T,u = div,(b(y)u(y))
for any u in the domain

Dy ={ue LYR™) : divy(b(y)u(y)) € L (R™)}.
Thanks to Proposition B we have for any ¢ € [1, +0o0]
ker7, = {u € LIR™) : u(Y(s;y)) =u(y), s €R, a.e.y € R™}.

For any continuous function h € C([a, b]; L4(R™)), with g € [1, +o0], we denote by f: h(t) dt €
L(R™) the Riemann integral of the function ¢ — h(t) € LY(R™) on the interval [a,b]. It is
easily seen by the construction of the Riemann integral that for any function ¢ € L9 /(Rm)
(where 1/g+1/q’ = 1) we have

/Rm(/ab h(t) dt) W)e(y) dy = /ab (/nflb(ty)(p(y) dy) dt (13)
[

Moreover, by Fubini theorem we have

/ab (/j}(t,y)so(y) dy) dt:/Rm(/abh(t,y) dt) o(y) dy

implying that

b
< / 1) g dt.

La(Rm™)

INRIA



Equations de transport a coefficients singuliers 7

which together with (&) yields

b b
</ h(t) dt) (y) = / h(t,y) dt, a.e.y € R™.

Consider now a function u € L%(R™). Observing that for any ¢ € [1,+00) the applica-
tion s — u(Y( )) belongs to C(R; LY(R™)), we deduce that for any 7' > 0 the function

(uyr == = fo ) ds is well defined as a element of LY(R™) and |[(u)7|lLq@m) <
||u||Lq(Rm) Observe that for any function h € L°([a, b]; L°(R™)), the map ¢ € L}(R™) —
f Jamh(t,y)e(y) dy dt belongs to (L'(R™))’ = L*(R™). Therefore there is a unique

function in L°° (Rm), denoted fa h(t) dt, such that for any ¢ € L!(R™) we have
b b
/ </ h(t) dt) (W)e(y) dy = / (/ h(t, y)e(y) dy> di.

In particular we have
b
| by a
a Loo(]Rnl

b b
</ h(t) dt) (y) = / h(t,y) dt, a.e.y € R™.

Notice that for any function v € L (R™), the map s — u(Y (s;-)) belongs to L>°(R; L>°(R™))
and thus we deduce that for any 7' > 0 the function (u)7 := = fOT u(Y(s;+)) ds is well defined
as a element of L>°(R™) and |[{u)7| Lo @m) < |||l Lo @m).

Obviously, when u belongs to ker 7, we have (u)r = u for any ¢ € [1,4+o00] and T > 0.
Generally, when ¢ € (1,400) we prove the weak convergence of (u)r as T goes to +0o0
towards some element in ker 7.

/ ()| o ey

and as before

Proposition 2.2 Assume that ¢ € (1,400) and v € LI(R™). Then there is a unique
function (u) € ker T, such that for any ¢ € ker T, we have

/ (u(y) — (u)())(y) dy = 0. (14)

m

Moreover we have the weak convergences in LI(R™)

T 0 T
(u)y = lim %/OU(Y(S; ) ds = Tlirfm % /u(Y(s; ) ds = lim % /u(Y(s; -)) ds

T—~+00 -7 T——+oco _T

and the inequality ||(u)||Lagmy < ||ullpa@my. In particular the application u € LI(R™) —
(u) € LI(R™) is linear, continuous and ||(-)|| £(pe@mm),Lammy) < 1.

RR n° 0123456789



8 M. Bostan

Proof. We start by checking the uniqueness. Consider two functions u;,us € ker7y
satisfying

/(U(y) —u1(y))p(y) dy = /(U(y) —uz(y))p(y) dy =0

m m

for any ¢ € ker 7. We deduce that

/(m(y) —uz(y))e(y) dy =0, Vo €kerT, .

m

Taking ¢ = |uy — ug|?"*(uy — u2) € ker 7y, we deduce that [, |u; — ug|? dy = 0 saying
that u; = we. In order to justify the existence of (u) consider a sequence (T}), such
that lim,— oo T, = 400 and ({(u)7, ), converges weakly in LI(R™) towards some function
@ € LI(R™). Observe that @& € ker7,. For this it is sufficient to prove that for any t € R
and ¢ € L7 (R™) we have

[ awur (i) dy = [ atww) dy (15)

Indeed, by using the weak convergence lim,,, o (u)7, = @ we deduce

/ AWY(~ty) dy = lim | (uhr, @)Y (~t:y) dy

m n—+00 Jpm

It is easily seen that

1t
< 7 llullzagm) 19l Lo @) (17)

/i+T”‘ /ﬁ(y(s;y))w(y) dy ds

1
T,
and

t
| [t ssnu v as| < fliulan 1ol e (13)

1
Ty

INRIA



Equations de transport a coefficients singuliers 9

Combining ([[H), [[D), [3) yields (&), implying that
w(Y(s;9)) =u(y), seR, ae.yeR™

We claim that @ satisfies ([d)). For any ¢ € ker7, and s € R we have up € L'(R™) and
thus by change of variable along the characteristics we obtain

/ u(y)ely) dy = / u(Y (5:9))e(Y (s:9)) dy = / u(Y (5:9))e(y) dy.

m m m

Taking the average on [0,7T;,] one gets

Tn
[ et an= | m(% | s ds> (w)etw) dy = [ (0}, W)etw) .

Since ¢ € L4’ (R™) we obtain thanks to the weak convergence lim,, . 4 o (u)7, = @ in LI(R™)
that

[ )~ a)ete) dy =0, ¥ o € ker 7.

m

Therefore the existence of the element (u) in () is guaranteed, and by the uniqueness of

such element we deduce also the convergence imy_, o = fOT u(Y'(s;+)) ds = (u) weakly in
L%(R™). Similarly one gets

1 /° I
i [ a0 as = tim o [ u(0) ds = (o) weakly in LR

Since for any T' > 0 we have |[(u)r|[za@m) < |[ullpo@m) we deduce that |[(u)pe@m) <
lu|| Lo(rm). The linearity of (-) follows immediately and we have |[(-)| z(La®m),La@m)) < 1.

(.

Corollary 2.1 Assume that g € (1,+00) and u € LY(R™). Let us denote by (u) € LI(R™)
the function constructed in Proposition [Z2.

a) If u > —M for some constant M > 0 then (u)
b) If u < M for some constant M > 0 then (u) <

> —M.
M.
Proof. a) For any 7' > 0 and a.a. y € R™ we have (u)r(y) = = fOTu(Y(s;y)) ds > —M.

By using the weak convergence limp_, 4 oo (u)7 = (u) in LI(R™) we have for any non negative
function ¢ € C.(R™)

/(<U> +M)p(y)dy = _lim [ ((u)r + M)p(y) dy >0

m T——+oo Rm

implying that (u) > —M. The second item follows in a similar manner. =

RR n° 0123456789



10 M. Bostan

We can prove that the operator (-) is local with respect to the trajectories.

Corollary 2.2 Let A C R™ be a invariant set under the flowY (i.e., Y(s;A) C A for any
s €R). Then for any u € LY(R™) with q € (1,+00) we have

(1au) = 14 (u).
In particular if uy, ug € LY(R™) satisfy up = ug on A, then (u1) = (ug) on A.

Proof. For any ¢ € ker 7, we have [p,.(u — (u))¢ dy = 0. Since A is invariant under the
flow, the function 14¢ belongs to ker 7, and thus [p,.(u — (u))14¢ dy = 0 which says that
(Lau) = 1a(u). If ug,ue € LY(R™) coincide on A then 14(u; — uz) = 0. Consequently we
have

1A<U1 — ’LL2> = <1A(U1 - ’LLQ)> =0

saying that (u1) = (u2) on A. .
Corollary 2.3 Assume that 1 < q1 < g2 < +00 and uw € LT (R™) N L% (R™). We denote

by (u)@ the function of LI(R™) constructed in Proposition [ZA for q € {q1,q2}. Then we
have (u)(®) = (u)(%2) € ker T, Nker Ty, .

Proof. For any T > 0 and ¢ € C.(R™) we have

/m<% /Oi(Y(s;.))ds> W)p(y) dy = %/OT (/Rﬁ(y(s;y))w(y) dy> ds.  (19)

1 /7
: .. — (q1) ; q1 (R™
ThrJrrloo T /0 u(Y(s;-)) ds = (u) weakly in L (R™)

1 /7
1 — .. = (g2) i q2 (RM
Thrjﬁl00 T /0 u(Y(s;+)) ds = (u) weakly in L% (R™).

Therefore, passing to the limit for T — +oo in ([[d) yields

T
Loty ay= tm £ [ ] uvsaew) dyas = [ @@t dy

m T—4o0 m

implying that (u)(@) = (u)(@2) € ker T,, Nker 7, . ]

It is possible to prove that the convergences in Proposition Z2 are strong. This is the object
of the next proposition.

Proposition 2.3 Assume that g € (1,+00) and u € LY(R™). Then

1

1 /7 0
1 . I . _ o armm
TEIEOO T/o u(Y(s;-)) ds Tlirilm T [T u(Y(s;+)) ds = (u) strongly in LY(R™).

INRIA



Equations de transport a coefficients singuliers 11

Proof. We analyze first the case ¢ = 2, which corresponds to the mean ergodic theorem,
or von Neumann’s ergodic theorem (see [I2], pp. 57). For the sake of the completeness we
detail here its proof. Recall that the adjoint of 75 satisfies

D(7)) =D(72), Tyu=—Tou, Yu € D(T).

Therefore we have ker T, = ker 7,* = (rangeT2 )", implying the orthogonal decomposition of
L?(R™)
ker 7o @ rangeT; = (rangeT)™ @ ((range’TQ)L)L = L*([R™).

By Proposition 222 we know that for any u € L?(R™), the function (u)(® is the orthogonal
projection of u on the closed subspace ker7; and thus we have the decomposition u =
()@ + (u — (u)@) with (u)® € ker Ty and u — (u)® € rangeT;. As seen before, for any
T > 0 we have

(@@= 7 [ @)@ (s:) ds = )@

0
and thus
TEIEOO@)T = (u)® + TErf(ﬁ(u — (u)®)p, strongly in L2(R™).
In order to prove that limz_, o (u)7 = (u)® strongly in L?(R™) it remains to check that
limr oo (v) = 0, strongly in L2(R™) for any v € rangeZz. Consider first v = Tow for
some w € Dy. Let us consider a sequence (w,,), C C}(R™) such that

lim (wp, Tow,) = (w, Tow), strongly in L*(R™).

n—-+o0o
1
7,
= 5| e as

- %(wn(Y(T;y)) — wn(y))

We have for any y € R™

(Twn)r(y) = (T2wn ) (Y (s59)) ds

and therefore 5
K Tzwn)rllL2@m) < Zllwallz2@m)-
Passing to the limit for n — 400 one gets ||(v)7|z2@m) < Z|w|r2@m), implying that

limr_, 1o (v)7 = 0 strongly in L2(R™). Consider now a function v € rangeZy. For any 6 > 0
there exists vs € rangeT such that v — vs| 2@m) < 6. We have

[()rllrz@my < {v —vs)7llL2@my + [[{vs) Tl L2@m)
v —vsllL2@my + [{vs)T |l L2@m)
6+ [[{vs)T || L2mm)-

IAIA
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12 M. Bostan

Passing to the limit for 7' — 400 we obtain

limsup || (v)7 || L2@m) < J, V>0

— 400

and consequently limp_, o || (v)7||L2rm) = O for any v € rangeT>.

Consider now the general case ¢ € (1,+00). By density arguments it is sufficient to
treat the case of functions u € C.(R™). Since C.(R™) C L"(R™) for any r € (1,400)
we deduce thanks to Corollary I3 that (u) € L"(R™) and |[{u)||zr@®m) < |lullpr@my for
any r € (1,400). By the previous step we know that limp_, ;o (u)r = (u) strongly in
L(R™) and it is easily seen that (u) € L'(R™) N L>°(R™) and satisfies |[(u)| p1gm) <
lull L1 my, [[{w) | Lo mm) < ||| Loo mmy (use for example the convergence imy . o (u)r = (u)
in D'(R™) and the bounds [[{u)7| L1 @®m) < w1 @m), [[(u)r]l Lo @m) < ||u]| Lo @my for any
T > 0). If ¢ € (1,2) we have by interpolation inequalities

2 1 22
lwyr = llgamey < )z — @) om0 — ()i
2_1 2_2
< @lullzren) T e — (@) — 0 a5 T — +oc.
If ¢ € (2,400) we have
{w)r = (@l La@m) <

2 1—2
Gz = () Ea g )7 = (WDl ey
)|

2
< (2llullpe@m) (W) — (W)l {2 gmy — 0 as T — +oo.

.

It is also possible to define the operator (-) for functions in L!'(R™) and L>°(R™). These
constructions are a little bit more delicate and require some additional hypotheses on the
flow. As usual we introduce the relation on R x R™ given by

y1 ~ya iff 3s€R such that yo =Y (s;41).

Using the properties of the flow it is immediate that the above relation is an equivalence
relation. The classes of R™ with respect to ~ are the orbits. For any measurable set A C R™
observe that 14 is constant along the flow iff A is the union of a certain subset of orbits.
We will write also 14 € ker 7T for such sets A C R™. Let us denote by A the family

A = {A measurable set of R™ : 14 € ker7 }.

We consider the family Ay of sets A € A such that the only integrable function on A,
constant along the flow, is the trivial one. We make the following hypothesis: there are a
set O € Ap and a function £ : R™ \ O — (0, +00) such that

Ey) =&Y (s5y), s€R, ye R™\ O, £(y) dy < +o0. (20)
R™\O

INRIA



Equations de transport a coefficients singuliers 13

We check easily that if such a couple (O, £) exists, then the set O is unique up to a negligible
set. Let us analyze some examples.

Example 1 We consider m = 2, b(y) = (1,0). In this case we have (Y1,Y2)(s;y) =
(y1 + 8,92), s € R, y € R? and thus the constant functions along the flow are the functions
depending only on ;. We claim that O = R2. Indeed, let f = f(y2) € L*(R?). Therefore

we have
L slan= [ ([ 1)l i) an <o

implying that [, |f(y2)|dy2 = 0 which says that f = 0. In this case (D) is trivially satisfied.
Example 2 We consider m = 2, b(y) = “y = (y2, —y1). The flow is given by

coss sins
—sins coss

Y(S;y)—( )y seR, yeR?

and the functions constant along the trajectories are f = f(|y|). In particular y — e~ lvl
belongs to L!'(R?) implying that O = () and that (1) holds true (with £(y) = e~/ > 0 on
R?).

Example 3 We consider m = 2 and b(y) = (y2, —siny;). It is easily seen that ¢(y) =
%(y2)2 — cosyy is constant along the flow. Actually the constant functions along the
trajectories are the functions depending only on %(y2)2 —cosy; = Y. We claim that
O={yeR? : ¢Y(y) > 1} = O UOy where

01:{y€R2 Y2 > 2|cos (y1/2)]}, 02:{y€R2 D ya < —2]cos (y1/2)]}.

Indeed, let f((y2)?/2 — cosyi) be a function in L*(O). In particular we have
[ 1 2= cosy)] ay < 4.
1

Performing the change of variable 1 = y; € R, 22 = (y2)?/2 — cosy; > 1 we obtain
+oo T
[ sre—cosmiar = [ ([T L2l an) an
01 R \J1 v/ 2(x2 + cosx)
o | f (=)
————— dzo | dz.
/]R ( 1 V2(xa + 1)

Therefore f;roo \)% dxy = 0 saying that f((y2)?/2 — cosyi) = 0 on O;. Similarly we
obtain f((y2)?/2 — cosy1) = 0 on Oy. Observe also that () holds true. Indeed we have

Y

RE\NO={yeR?® : —-1<9(y) <1} ={y € R : |yo| < 2|cos(y1/2)[} = UrezAs

where

A = A+ (27k,0), A={ye[-mm) xR : |y2| <2|cos(y1/2)|}
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and [ 4 dy = 16. Therefore we can consider the function
€)=Y g la)
Yy) = o1k A \Y
kEZ
which is strictly positif on R? \ O, is constant along the flow and
1
Ey)dy =)  rr - 16 =48 < +oo.
/11@2\0 ,CEZZ 21

Under the hypothesis [Z0) we have, for ¢ = 1, a similar result as those in Proposition

Proposition 2.4 Assume that ([Z0) holds and u € L*(R™). Then there is a unique function
(u) € ker Ty such that (u)|o =0 and for any ¢ € ker To, we have

/ (u(y) — (u)(1))p(y) dy = 0. (21)
R™\O

Moreover we have the inequality || (u)| L1@my < [|ul|pi@my. In particular the application
ue LY'R™) — (u) € L*(R™) is linear, continuous and ||(-)|| z(L1@m), L1 @my) < 1.

Proof. Consider a sequence (uy), C C.(R™) satisfying lim,, oo %, = u in L'(R™). For
any n € N, ¢ € (1,400) the function u, belongs to LI(R™) and by Proposition and
Corollary Z3 we know that there is (u,) € ker7,, V ¢ € (1, +00) satisfying

/ (un(®) — (un)(@)o() dy =0, Vo € ker Ty, g€ (1, +00). (22)

m

In particular we have

/ (un () — w())p(y) dy = / (un) () — (ur) (9))ol) .

m m

Taking ¢ = [(un) — ()72 ((u,) — (u;)) € ker 7, implies

R’VVL R’VVL R’VVL
and finally one gets

[(un) = (u)|* dy < [ |un —w|" dy. (23)
R’V?‘L ]Rm

By Fatou’s lemma we deduce that

{un) — ()] dy < limint | [(un) — (un]” dy
R™ a1 Jgm

INRIA



Equations de transport a coefficients singuliers 15

and by dominated convergence theorem we have

lim [ |u, —w|? dy = Uy — wy| dy.
o [ oo = o=
Therefore, passing to the limit for ¢ \, 1 in [Z3)) yields
[(un) = (u)| dy < [ Jun —w| dy
R™ R™

saying that ((u,)), is a Cauchy sequence in L!(R™). Let us denote by (u) the limit of
((un))n in LY(R™). Since ({(uy)), are constant along the flow we check easily that (u) is
also constant along the flow. Moreover, (u) belongs to L!(R™) and by the construction of
O we deduce that (u) = 0 on O. Consider a function ¢ € ker 7T,. Applying ([Z2) with

1/q a1 kor T
€011 1u)))" ¢ Tamo € ker T,

(where £(+) is the function appearing in (Z200)) we deduce that

—1

Lo (€ lw) ™ty = [ ) (€ ) e oy

We keep n fixed for the moment and we intend to pass to the limit for ¢ \, 1 in the above
equality. We use the trivial inequality «* < 14 z, for any = > 0, z € (0,1). One gets for
any g € (1,2)

(€)™ + ) @)1) " < 1+ €Y7 + () )] < 2+ E() + | (a)(v)

and thus

ualy) ((€@)" + ) w)])" so(y)\ < Il oo oy el oo oy (€(8) + [um) (9)])
+ 2l @ lun(y)| € L' R™\ O).

Since £ > 0 on R™ \ O we have the pointwise convergence

li n () (€)Y + ) )) " 0l0) = nlu)ply), y €R™\O

and thus we deduce by Lebesgue’s theorem

tim [ ) (€ )W) e dy= [ e e (@9

a1 Jrm\o R™\O
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16 M. Bostan

By similar arguments we can pass to the limit for ¢ \, 1 in the right hand side of ([24) (for
this observe also that, by Corollary 2Tl we have |[(un)|| oo @m) < [[tnl Lo @m))

q—1

lim [ () ) (€)Y + () (v)])

N Jrmyo

Combining 4), 1)), E8) yields

/ (un(y) = (un)(y))p(y) dy =0, V¢ € ker 7oy,
R™\O

e = [ @ew a6

Passing now to the limit for n — +o0o implies
o (80~ ) dy =0, ¥ < e T 1)
]Rm

We consider the function ¢ = sgn{u). Since (u) is constant along the flow, we have ¢ €
ker 7., and therefore we deduce thanks to (1)

<u>|dy:/ |<u>|dy:/ usgn<u>dys/ il dy < [ ful dy.
R™ Rm\O Rm\O Rm\O R™

The uniqueness of the function (u) constructed above is immediate. Indeed, let us consider
two functions uy, us € ker 77 satisfying

/ (u—u1)<pdy:/ (u—u2)pdy =0, V¢ €kerT.
Rnl\o Rnl\o

By the definition of © we have u; = us = 0 on O and taking ¢ = sgn(u; — ug) € ker 7, we

deduce
/ lug —us| dy = / (u1 —ug)p dy = 0.
R™\O R™\O

Finally u; = up on R™. The linearity of the application v € L'(R™) — (u) € LY(R™)
follows easily by using the characterization (ZI). ]

Employing similar arguments as those in the proof of Proposition B2 we analyze the operator
() in the L>°(R™) setting.

Proposition 2.5 Assume that {20) holds and v € L>(R™). Then there is a unique function
(u) € ker Too such that (u) =0 on O and for any ¢ € ker Ty we have

/ (u(y) — (u) (4))ply) dy = 0.
Rm\O

Moreover we have the weak * convergence in L°°(R™ \ O)

T
(u) = lim l/o u(Y(s;-)) ds

T——+oc0 T

INRIA
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and the inequality || (u) || Lo @m) < ||ul| oo @m). In particular the application u € L>(R™) —
(u) € L*>(R™) is linear, continuous and ||(-)|| (oo ®m), Lo @my) < 1.

Proof. In order to prove the uniqueness, consider uy,us € ker 75, satisfying u; = us =0
on O and me\o(ul —ug)p dy = 0 for any ¢ € ker 7. By Proposition B4 we know that for

any ¢ € L(R™) there is (1)) € ker 7; such that
/ (W —{(Y))vdy =0, Vv € ker 7.
R™\O

In particular we have for v = u; — us € ker 75,

/<u1 ) dy = /Rm\o(ul —un) dy:/ (ur — un) () dy = 0, Vo € L'(R™)

m R™\O

implying that u; = us. The existence follows by considering (77, ), such that lim,, 4o T, =
+o00 and
(u)r, — @ weakly * in L>®(R™\ O)

for some function @ € L>°(R™ \ O). As in the proof of Proposition we check that
u € ker Io, / \O(U —w)pdy=0, VoekerTi, |ulpemrmo)< |ullpemm o)
R’VVL

We take (u) = i 1gm\o- .

We inquire now about the symmetry between the operators (-)(9), (:(¢") when ¢,¢' are
conjugate exponents. We have the natural duality result.

Proposition 2.6 a) Assume that q,q’ € (1,+0), 1/¢+1/q’ =1, u € LYR™), ¢ €

L1 (R™). Then
/u ()" dy=/<u>(”‘)s0 dy.

m m

b) In particular (-Y) is symmetric on L*>(R™) and coincides with the orthogonal projection
on ker To. Moreover we have the orthogonal decomposition L*(R™) = ker To @ ker(-)(?),

¢) Assume that ([Z) holds and that u € L*(R™), p € L= (R™). We denote by (u)), ()
the functions constructed in Propositions [ZA respectively. Then

/u () dy = /<u>(1)<p dy.

m m

Proof. a) The function (¢)(@") belongs to ker 7, and therefore

[ = @)@ ay=o. (29)

m

RR n° 0123456789



18 M. Bostan

Similarly (u)(@ belongs to ker 7, and thus

/ (6 — ()@ ) )@ dy = 0. (20)

m

Combining 5), @) yields

/u ()@ dy=/<U>(")<s0>(" ) dy=/<u>(”‘)s0 dy.

m m m

b) When ¢ = 2 we obtain

/ u ()@ dy = / W@ dy, Vu,p € LXR™).

m m

By the characterization in Proposition 22 we deduce that (-)®) = Projy,, 7, Since ker 75 is
closed we have the orthogonal decomposition

L*(R™) = ker T3 @ (ker T3) " = ker 75 @ ker(-)®.

¢) By Proposition 24 we know that
[ =™ 4 =o.
Rm\O
By construction we have (¢)(°®) =0 on O and thus we have also

[ a= @)™ dy o,

m

By Proposition we deduce that
[ o=@ ay=o.
R™\O

Since (u)) = 0 on O, the above equality can be written

/ (6 — ()™ u)® dy =0,

m

Finally we obtain

[t ay= @@ dy = [ @) dy.

m m m
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The following result is a straightforward consequence of the characterizations for (-)(") with
r € [1,+0o0].

Corollary 2.4 Let u € LP(R™), v € LYR™) and 1/r = 1/p + 1/q with p,q,r € [1,+x)].
Assume that u is constant along the flow. Then

<m,>(r) —u (v)(‘Z).

Proof. We distinguish several cases.
a) p,q,r € (1,400). Take any function ¢ € ker 7.+ (with 1/r +1/r’ = 1) and observe that
wu € ker 7, (with 1/¢+1/q’ = 1). Therefore we know that

/ (v — ()@ )pu dy = 0

m

saying that (uv)(™ =u (v)(@,
b) r € (1,400),p = r,q = +00 (we assume that (Z0) holds). For any function ¢ € ker 7,
we have pu € ker 77 and thus

[ = w™)pudy=o.
Rm\O
Since pu =0 on O (as function in ker 77) we deduce that

/ (v — (o)) gu dy = 0

m

implying that (uv)(™) = u (v)(>).

The other cases are: ¢) r € (1,4+00), p = 400, ¢ =7, d) r =1, p,g € (1,40), €)
r=p=1qg=+o00,f) r=q=1, p=+4o00,g) r =p = q = +oo. They follow in similar
way and are left to the reader. O

By the orthogonal decompositions in Propositions and B8 we deduce that ker(-)(?) =
range7Z;. We have the general result.

Proposition 2.7 Assume that q € (1,+00). Then ker(-)(® = rangeT,,.

Proof. For any v = T,u € range7, and ¢ € ker 7,/ we have

/(v—())gady: Tqugady:—/Ru’];mpdy:()

m Rm™

saying that (v)(9) = 0. Therefore range7, C ker(-)(? and also range7, C ker(-)(@. Consider
now a linear form h on L?(R™) vanishing on range7,. There is v € L9 (R™) such that
h(w) = [ wv dy for any w € LY(R™). In particular

Touvdy =0, VueD,
Rm
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20 M. Bostan

saying that v € ker 7. For any ¢ € ker(-)(® we can write by Proposition EZf

h(s@)Z/Rgso dy=/<v>(q')s0 dy:/vw@ dy =0

m m

and thus h vanishes on ker(-)(@. Consequently we have rangeZ, = ker(-)(®. =

At this stage let us point out that if range7y is closed, then ker(-)(@) = range7, saying that
the equation T,u = f € LI(R™) is solvable iff (f)(9) = 0. Let us indicate a simple situation
where the above characterization for the range of 7; occurs.

Proposition 2.8 Assume that all the trajectories are closed, uniformly in time i.e.,
AT >0 : VyeR™, 3T, €[0,T] such that Y (T,;y) = .
Then for any q € (1,+00) the range of Ty is closed and we have rangeT, = ker(-)(9).

Proof. By Proposition 2 we have range7, C range7, = ker(-)(@). Conversely, assume that
f € ker(-)(9) and let us check that f € rangeZ,. For any p > 0 let u, € L?(R™) solving

pruy + Tquy, = f. (30)
It is easily seen that the unique solution of the above equation is
0
Uy = / e’ f(Y(s;-)) ds. (31)

Observe that we are done if we prove that (||| za(rm))u>0 is bounded. Indeed, in this case
we can extract a sequence (fin, ), converging towards 0 such that lim, 4 u,, = u weakly
in LY(R™). Passing to the limit in the weak formulation of ([BI) we deduce that v € D, and
[ = Tyu € range7,. In order to estimate (||u,l/za®m))u >0 We use the immediate lemma,
whose proof is left to the reader.

Lemma 2.1 Let g: R — R be a locally integrable T periodic function. Then for any t € R*

we have
1/t 1 7
+ [ atras—% [ ats)as

By Proposition we know that

2 T
<— [ lg(s)]ds.
It Jo

§——00

lim <_1/0f(Y(T--)) dT) = (f)@ =0, strongly in LY(R™)
s s ) - - ) g y N

In particular we have the pointwise convergence

0
lim (—i /S’c fY(7;y)) dT> =0, ae.y eR™

k—-+oo
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for some sequence (sg)y verifying limg_, o s = —00. Observe that

L

and thus, for a.a. y € R™ the function 7 — f(Y(7;y)) is locally integrable. Since the
function 7 — f(Y(7;y)) is T, periodic, we have by Lemma 2]

I . I .
[ = i (< [ dar) <0 aeyer

ST fllpa@my < o0
La(m)

and
1 /° 2 [T
-1 [ s s < |2 [l
s La(R™) 0 La(Rm)
2 T
< |5 [ e
sl Jo La®m)
2T
< =l
Is] (R™)
implying that
< 2T | pagm)- (32)
Lq(]Rnl)

Coming back to ([BIl) one gets after integration by parts

W:—Lm %{/f M}@_/ w”/f )dr ds

and therefore, combining with ([B2) yields
HU‘M”LQ(RM) S 2T||f||Lq(Rm), V 12 > 0.
(|

Remark 2.2 The hypotheses in Proposition [Z8 are verified in the case of a constant mag-
netic field B = (0,0, Bs), Bs # 0. By direct computation we observe that all the trajectories

of

d d
E(Xsz) = (P, P2), %(PI;P2) = —B3(P,—P1)

2T L X
are g periodic.
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22 M. Bostan

Generally we have the following characterization for ker(-)(? = range7,,.

Proposition 2.9 Let f be a function in LY(R™) for some q € (1,400). For any p > 0 we
denote by u,, the unique solution of ([Z). Then the following statements are equivalet

a) (f)@ =0.
b) lim,~ o(puy,) = 0 in LY(R™).

Proof. Assume that b) holds true. Applying the operator (-)(%) in (B0) one gets
<f>(q) = <Nuu>(Q) + <7:1“u>(q) = (uuu>(q), V>0

and therefore

(@ — 1; (@ — (15 () —
(f) Kr})wm <}L1{%(/W,u)> 0.

Conversely, suppose that a) holds true. Considering the function G(s;y) = fso f(Y(r;y)) dr
we obtain by the formula 1) (use the inequality ||G(s;-)||La@m) < |s||f]| Lagem) in order to
justify the integration by parts)

0 0 0 —1
SaG SG(S;-) 1 tG(tM ;')
e B L R s L=

We know that [|G(tp™")/(tp™") || La@m) < |f|| Lam) and by Proposition EZ3 we have for any
t<0

. S, (Y (s:)) ds

—_— = —(f)@ =0, strongly in LI(R™).
R Jimy v (f) gly (R™)

Consequently, by the dominated convergence theorem, one gets

G(tp's)

= dt — 0 as p ™\, 0.

La(R™)

0
Il < [ e
o0

Remark 2.3 With the above notations we have ||pu,l|pawmy < || fllLa@my, ¥ > 0.

Up to this point we have investigated the properties of (-)(9) operating from L?(R™) to
LY(R™) with ¢ € [1,400]. In view of further regularity results for transport equations
with singular coefficients we investigate now how <->(‘J) acts on some particular subspaces of
smooth functions. For this purpose we recall here the following basic results concerning the
derivation operators along fields in R™. For any & = (&1(y), ..., &m(y)), where y € R™, we
denote by L¢ the operator £ - V. A direct computation shows that for any smooth fields
&, m, the commutator between L¢, Ly, is still a first order operator, given by

[L£= Ln] i= L¢Ly — LyLe = Ly

INRIA



Equations de transport a coefficients singuliers 23

where x is the Poisson bracket of ¢ and 7

x =&l [Enli= (- Vy)m — (- Vy)& = Le(ni) — Ly(&i), i € {1,...,m}.

It is well known (see [I], pp. 93) that L¢, L,, commute (or equivalently the Poisson bracket
[€,n] vanishes) iff the flows corresponding to &, 7, let say Z;, Z2, commute

Z1(s15 Z2(82:y)) = Za(s2; Z1(s13y)), s1,82 €R, y € R™.
Consider a smooth field ¢ in involution with b and having bounded divergence

ce Wh(R™), div,c e L®(R™), [¢,b] =0

loc

and let us denote by Z the flow associated to ¢ (we assume that Z is well defined for any
(s,y) € R x R™). For any h € R we denote by 7, the map associating to a function u its
translation on a time h along the flow Z

(thu)(y) = w(Z(h;y)), y € R™ heR.

We claim that for any h € R the operators <->(‘J) and 75, commute. We use the following
easy lemma.

Lemma 2.2 Let ¢ be a smooth field in involution with b. Then the divergence of c is
invariant along the flow of b.

Proof. For any ¢ € {1,...,m} we have
m m
801 ob;
D big-=D cig
j=1 j=1 Oy
Multiplying by g—;, where ¢ € C2(R™), and integrating with respect to y € R™ yield

) it 9= X Le{ay () vy o
2 / m {31/;( 3%) “ By;00: > w0y \ Oyi Yoyop: | Y

1<i,5<m 1<4,5<m

After integration by parts and by taking into account that div,b = 0 one gets

[ (@, -9y dy = [ @ivyt) (e V) dy =0

m m

saying that div, (b div,c) = 0 in D'(R™). Our conclusion follows by Proposition ZIl

Proposition 2.10 Assume that ¢ is a smooth field in involution with b, with bounded di-
vergence and well defined flow. Then for any q € (1,400) the operator (-)(9 commutes with
the translations along the flow of ¢

(wo Z(hy NV = (W)@ o Z(h;-), ue LIYR™), heR.

Moreover, under the hypothesis (20) the above conclusion holds true when ¢ € {1, +00}.
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Proof. First of all observe that 75, maps L?(R™) to LI(R™) (use Liouville’s theorem and
the hypothesis divye € L>°(R™)). Assume that ¢ € (1,400). By Proposition we know
that for any ¢ € 7, we have

/ (u— ()@ )p dy = 0. (33)

m

We denote by ¢_j the function
p-n(z) = p(Z(~h;2)) e i (A ED A,

Notice that ¢_j € ker 7. Indeed, replacing z by Y (s;y) and by taking into account that
the flows Y and Z commute we obtain

P(Z(=h;Y (s;9))) = o(Y (s Z(=h;9))) = p(Z(=h;y)).

Thanks to Lemma, we have
(divye)(Z(=t;Y (s;y))) = (divye)(Y(s; Z(—t;y))) = (divye)(Z(—t;y)).

Consequently one gets ¢_,(Y(s;y)) = ¢_n(y) and it is easily seen that ¢_j; belongs to
L7 (R™). Applying [B3) with the trial function ¢_; and using the variable change z =
Z(h;y) we deduce that

[ (Zh:9) = () 20 )l dy =0

Observe also that (u)(@(Z(h;-)) belongs to L4(R™) and that it is invariant along the flow
of b

(W) D (Z(h: Y (s;9))) = (W) D (Y (s: Z(h; 9))) = ()@ (Z (s y))-

Consequently, by Proposition we deduce that (uo Z(h;-))@ = (u)@ o Z(h;-). Assume
now that ¢ € {1,400} and that (1) holds. Observe that the set O in 1) is left invariant
under the flow of c¢. Indeed, for any h € R let us denote by ¢, the function y € R™ —
&(Z(h;y)), where & € kerTy, £ > 0 on R™\ O, £ = 0 on O. As before we check that
&n € kerTy. Consider the set A = Z(—h;R™ \ O) N O, which is left invariant under the
flow of b, and the function 1 = 14&£;,. It is easily seen that n € ker 7; and that n > 0 on
A. By the definition of O we have fo 17 dy = 0 and thus A is a negligible set. Therefore,
up to a negligible set we have the inclusion Z(—h;R™ \ O) C R™ \ O implying that, up
to a negligible set, we have Z(h;R™ \ O) = R™ \ O for any h € R. From now on we can
use the same arguments as in the case ¢ € (1,400) replacing the integrations over R™ by
integrations over R™ \ 0. Our conclusion follows thanks to the Propositions 241 The
details are left to the reader. O
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Remark 2.4 In particular we have [b,b] = 0 and therefore {-)(9 commutes with the trans-
lations along the flow of b. We have for any h € R, u € LY(R™), q € [1, +o0]

(u( (s )@ = (W) DY (h; ) = ()2

We shall show that for any smooth field ¢ in involution with b, the operator (-)(9) commutes
with ¢ - V,. We denote by 7 the operator given by

D(7)) = {u € LYR™) : divy(cu) € LYR™)}, Tju = divy(cu) — (divyc)u, u € D(Z)).
We have the standard result (see [7], Proposition IX.3, pp. 153 for similar results).

Lemma 2.3 Assume that g € (1,400) and let u be a function in LY(R™). Then the follow-
ing statements are equivalent

a) u € D(7).

b) (W= (u(Z(h;-)) —u))n is bounded in LI(R™).

Moreover, for any u € D(7;) we have the convergence

o w2 005)

_ 7gc . q(mm
Lim . T u, strongly in LY(R™).

Proposition 2.11 Under the hypotheses of Proposition [ZI0, assume that u € D(T)) for
some q € (1,+00). Then (u)@ € D(7;) and ch<u>(‘1) = <’Z;Cu>(q).

Proof. For any h € R* we have thanks to Proposition 2210

<u<Z<h; ) - u><q> _ @)D (Z(hs-) - ()@
a .

5 (34)

Since u € D(77) we know by Lemma 3 that

w(Z(h;-)) —

lim 4 T u, strongly in LI(R™).

h—0 h
By the continuity of (-)(9 we deduce that (h=*((u)(?(Z(h;-)) — (u)(@));, is bounded in
L%(R™) and consequently, using one more time Lemma and &) one gets

() € DIT?), Te{u)® = tim SEGED) = (0

— (7N @)
lim - (T u)'?.

.

Remark 2.5 In particular Proposition 211 applies for ¢ = b. Actually, for any u € D(7y),
q € [1,+00] we have ’T¢1<u>(Q) = (’]Zzu>(q) =0.
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Remark 2.6 Under the hypotheses of Proposition 210 we check immediately thanks to
Lemma[Z3 that if u € D(T}), then for any s € R, uoY(s;:) € D(7) and
Te(uo Y (5;) = (Teu) o Y(s; ).

q

In particular if u € ker 7, N D(T7) then Tju € ker 7.

The last result in this section states that (-)(¥ commutes with the time derivation. The
proof is standard and comes easily by observing that

(u(t + b)) — (u(@)@ _ <u<t +h) —u(t) ><q>
h h

and by adapting the arguments in Lemma

Proposition 2.12 Assume that u € WHP([0,T]; LY(R™)) for some p,q € (1,+00). Then
the application (t,y) — (u(t,-)) @ (y) belongs to W P([0,T]; LY(R™)) and we have 9y (u)(? =
(Opu) (@),

3 Well-posedness of the limit model

This section is devoted to the study of the limit model, when ¢ goes to 0, for the transport
equation

b
u®(0,y) = ug(y), y € R™.

Recall that b is a given smooth field satisfying @), (@), (). We assume that o satisfies the
conditions
a € LY[0,T]; WH>=(R™)), divya = 0. (36)

Based on Hilbert’s expansion method we have obtained (see (H), (@) the formula u® =
u + euy +20(e) where

b(y) - Vyu =0, du+al(t,y) Vyu+bly)  Vyur =0.
Projecting the second equation on the kernel of 7 leads to the model
O (u) + (a(t) - Vyu(t)) =0, (t,y) € (0,T)x R™.
Notice that 7u = 0 and thus (u) = u. Finally we obtain

{ Owu ~+ (a(t) - Vyu(t)) =0, bly) - Vyu=0, (t,y) € (0,T) x R™ (37)

u(0,y) = uo(y), y € R™.
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We work in the L?(R™) setting, with ¢ € (1, 400). For any ¢ € ker 7, we have

[ {at.9) - ¥y = (alt) V() D)) dy =0

and we introduce the notion of weak solution for (B) as follows.

Definition 3.1 Assume that ug € ker 7, f € L*([0,T]; ker ;) (i.e., f € L*([0,T]; LYR™))
and f(t) € kerT,, t € [0,T]). We say that uw € L>([0,T]; ker7,) is a weak solution for

{ Opu+ (a(t) - Vyut) @ = f(t,y), Tyu=0, (t,y) € (0,T) x R™ (38)

’U,(O, y) = UO(y)a Yy e R™
iff for any ¢ € CL([0,T) x R™) satisfying T = 0 we have
// (t,y)(Ovp + divy(pa)) dydt+/ o(y)p(0,y dy+/ f t,y)p(t,y) dydt = 0. (39)

We start by establishing existence and regularity results for the solution of (BH).

Proposition 3.1 Assume that ug € kerZ,, f € L'([0,T);ker7,) for some ¢ € (1,40o0).
Then there is at least a weak solution w € L>([0,T); ker 7;) of (33) satisfying

t
lu(®)l La@m) < l[uwollLagm) +/O I1f(s)ll Lagmy, t€[0,T].
Moreover, if ug > 0 and f > 0 then u > 0.

Proof. For any € > 0 there is a unique weak solution u* of

{ Owuf + a(t,y) - Vyus + @ -Vyus = f(t,y), (t,y) € (0,T) x R™ (40)

u®(0,y) = uo(y), y ER™.
The solution is given by

W (1, y) = uo(Z°(0: ) + / f(s, Z5(s; ) ds, (t,) € [0,T] x R™

where Z¢ are the characteristics corresponding to the field a+¢~!b. Multiplying by u® (¢, y)|u®(t,y)|?~2
and integrating with respect to y € R™, we obtain thanks to Holder’s inequality

t
1 g < ol oy + / 1£() ] zagamy,s ¢ € (0,7

We extract a sequence (€})j, converging towards 0 such that u®* — u weakly xin L°°([0, T']; LY(R™))
for some function v € L*°([0,T]; LY1(R™)) satisfying

[wll oo (0,719 ®m)) < l[wollLa@my + [1f Il 220, 75520 Rm))-
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By the weak formulation of (Tl) with a function ¢ € CL([0,7) x R™) we deduce that

T b T
[ (atw (a+€—) -vyso) dydt + [ wop0) dy+ [ [ fodyde=0. ()
0 m k RrR™ 0 m

Multiplying by €, and passing to the limit as k¥ — 400 one gets easily by Proposition E]
that u(t) € ker 7, t € [0,T). If the test function in (EIl) verifies 7¢ = 0 we obtain

T T
// u®* (O + a - Vyp) dydt + / uop(0,y) dy + // fop dydt = 0.
0 m Rm 0 m

Passing to the limit for ¥ — 400 we deduce that the weak * limit u satisfies the weak
formulation of B8). If up > 0,f > 0 then u® > 0 for any ¢ > 0 and thus the solution
constructed above is non negative. O

Whereas Proposition Bl yields a satisfactory theoretical result for solving the limit model
B]), its numerical approximation remains a difficult problem. The main drawback of the
weak formulation (B3 is the particular form of the trial functions ¢ € ker 7NCL ([0, T)xR™).
Generally, the choice of such test functions could be a difficult task. Accordingly, we are
looking for a strong formulation of (Bg]). Therefore we inquire about the smoothness of the
solution. A complete regularity analysis can be carried out under the following hypothesis:
we will assume that the field @ is a linear combination of fields in involution with 5% := b

a(t,y) = Zai(t,y)bi(y), bt e Who(R™), [b',0] =0, i€ {1,...r} (42)
i=0

where (;); are smooth coefficients verifying
a; € L0, T); L*(R™)), ¥ -Vya; € LY([0,T]; L>(R™)), 4,7 € {0,1,...,7}. (43)
For any i € {1,...,r} we denote by 7' : D(7;)) C LY(R™) — L9(R™) the operator given by
D(Z,) = {u € LYR™) : divy(b'u) € LYR™)}, TSu=divy(b'u) — (divyb')u, ue D(T,)

and by Y the flow associated to b’. Since [b%,b] = 0 then Y? commutes with Y for any
ie{l,..,r}

Proposition 3.2 Assume that #2), #3) hold, ug € ker Zlﬂ(ﬂgle(’]:j)), f € LY([0,T]; ker T,N
(Mi_,D(7})))) (i-e., f € LY[0,T]; LYR™)), Tyf = 0 and T)f € L'([0,T}); LY(R™)), i €
{1,...,7}) and let us denote by u the weak solution of (F8) constructed in Proposition [Tl
Then we have u(t) € ker Ty N (Nj_;D(T,)), t € [0, T] and

sl LaqoryiLoemy  + Y NI ullLeorze@my < CUF Lo ryLo@my)

=1
+ D T e qorgiza@ny + D 175 ol pa@m))
i=1 i=1
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for some constant depending on EOSiJST Hbi'vyaj||L1([07T];L00(R7n)), >ieo llaallLi(o, 1) Loe mm) -
Moreover, if f € L>=([0,T]; LYR™)), a; € L*([0,T]; L>°(R™)) for any i € {1,...,r} then
Oru € L*([0,T]; LY(R™)).

Proof. For any e > 0 let u® be the solution of [{l). We intend to estimate ||Zqu® || oo (jo,77]; La(rm))+
Sy 175 s || Lo (jo,7); L0 (Rm)) and [[Ou® || L1(jo,7;La (rm ) uniformly with respect to e > 0. Con-
sider the sequences of smooth functions (uop)n, (frn)n such that

nEIEoo Uon = U0, ngrfoo ’Z:Ziuon = 'Z:Ziuo, i€{0,1,...,r} in LY(R™)

lim fu=f, lim T/ fn="T]f, i €{0,1,...r} in L'([0,T]; LY(R™))

and let us denote by (us),, the solutions of (@) corresponding to the initial conditions (ugy )n
and the source terms (fy,)n. Actually (uf,), are strong solutions. It is easily seen that

t
l[ur (8) = w(B) | La@my < llwon — wollLomm) +/0 [fn(s) = f($)l| Laqmy ds, t € [0, T]

and therefore lim, o u5, = u® in L>([0,T]; LY(R™)). Assume for the moment that e,n
are fixed and let us estimate Y.7_ || 7, us,|| Lo (o, 75;La(mm)) and [|0us, || L1 (jo,1);00(m))- Take
heR,ie{l,..,r} and consider the functions

us (ty) = us, (6,Y (R y), an(t,y) = a(;;l(—h;Yi(h;y))a(tYi(h;y))
b(y) = a;;(—h; Yi(hsy))b(Y (hiy)),s wonn(y) = uon (Y (hiy))s fun(t,y) = fult,Yi(hsy)).

A direct computation shows that

{ atufzh + a’h(tv y) : vyuih + th(y) ’ vyufzh = fnh(tv y)a (ta y) € (Oa T) X R™ (44)
ufzh(07 y) = uOnh(y)7 ye R™.
Combining with the formulation EI) of uS one gets
o (uih,h—ui> + 9=t us, +alt,y) - Yy, (uihh—ui>
+hrb g yus, 2, (M) = fush, (t,y) € (0,T) xR™  (45)
)

g (0,9)=u5(0,y) _ tonn(y)—ton
h " _“0}(y)h“0 (y, yERm.

Obviously we have

. i - i . ui tayi h7y —Ui tuy i e i, €
i 5 = iy PO )9 = T
. fnh_fn . fntayzh7y _fnt7y 7 7

fig P = o PEERERERED i) 9t = T,
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Ly Yonh —Uon uon (Y (h;y)) — uon(y)
h—0 h h—0 h

=b'(y) - Vyuon(y) = T uon.

Taking the derivatives with respect to y and then with respect to h in the equality Y (—h; Yi(h;y)) =
y, we deduce after some easy manipulations that

1 (ay? . oy

By direct computations we obtain immediately

tim 0 (5.7, )a  (a- V)b = [b.d]
. bh—b i 7 7
lim — (b V)b — (b- V)b = [b,b] = 0.

By passing to the limit for h — 0 in ([#3) we deduce that qufl solves weakly the problem

{ 8t(7:1lufz) +a- Vy(']:;ufl) + z Vy(lz;lufz) = ijn — b a] - Vyuy, (46)

7,u,(0,-) = T uon.
As in the proof of Proposition Bl we obtain for any ¢ € [0,7] and i € {1, ...,7}
. . t . .
T35 Olecem) < ol + [ 1T0(6) = 0 0(6)] - 9y 0 ey s 47

Since a = ) _, axb” we obtain by direct computation, with the notation 7.0 := T,

and therefore
6] Vyus, = 3 (T o) (T,
k=0
Consequently () implies
. . t .
1Zgus Ol La@ny < T uonllLa@m) + | 174 fu(s)||Laem) ds
0

t r
+ / S - Vyon(5)]l s e | 7505 () [ gy ds. (48)
k=0
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Actually (ER) holds also for b’ replaced by b° = b since [b,b] = 0
¢
17usOllza@my < 173 w0nll Lam) +/O 173 Fu ()| Logemy ds

t T
| 1 Vsou e | T e s (49)
k=0

Summing up the above inequalities one gets

ZHTU ”L‘I(Rm < Z||7;iU0n||Lq(Rm)+/ZHTan ”L‘I(Rm

+ ZZ/ 15 V()| o (o 1 TS () oy (50)

i=0 k=0

By Gronwall’s lemma we deduce that for any ¢ € [0, T]

DTl orizaemy < O {1 T uonll oy + 1T fullrorizoeny ) (51)
i=0 =0
for some constant depending on Zo<z J<r |t -V vl 10,1 (mmy) - After extraction even-
tually we can assume that (7;u;,), converges weakly * in L>([0,T]; LY(R™)) towards

some function w® € L*>([0,T]; LY(R™)) for any i € {0,1,...,r}. Since we know that
limy,— oo us, = uf in L°([0, T]; LL(R™)) it is easily seen that

u®(t) € ﬁZT:OD(’Z:;), Tqiug(t) =w'(t), tel0,T].
Moreover, passing to the limit with respect to m in (BI) and taking into account that

limy,— oo Tgton = Tquo = 0 in LY(R™) and lim,,—. 1 7y fn = Tof = 0 in L'([0, T]; LY(R™))

we obtain
S T | L oryamyy < C Y {1 TguollLam + 11T fllLaqoryiLeemy) }- (52)
1=1 =1

Recall that the weak solution u constructed in Proposition Bl has been obtained by taking
a weak x limit point of the family (u®)es¢ in L>([0,T]; LY(R™)). Therefore we deduce by
passing to the limit for e \, 0 in ([B2) that u(t) € N;_,D(7), t € [0,T] and

D T ull o o.ryany < CY N Tguoll Lagem + 175 fll L qoryiLarmy) }- (53)

=1 i=1

Since 7Tyu = 0, observe also that

la(t) - Vyut)l|lpa@ny = | > ai(O)b" - Vyu(t)l|pa@my < > [0 (®)]| poo @ |5 w(t) | Logm)

i=1 i=1
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and thus
10wull Lo, rszamyy = IF = (@ Vyu) Dl ory;za@m)
< f e qomyza@my + Y TGl poe o rypagemy el o1 o, 17; 200 remy)
=1
< Nl qorizamy + C Y T fllzqoriza@my) + 1175 uoll o@m) }-

i=1

When f belongs to L>°([0,T]; LY(R™)) and «; € L*([0,T]; L>°(R™)) for any i € {1,...,7}
we obtain

IN

8¢l Loo ([0, 7] L9 (R™Y) £l oo o riza@my) + D llevill oo (o712 @)y | Ty ul Lo (0,735 Laqmy)

i=1

< N flleso,r);Lammy) + CZ{||T;f||Ll([o,T];Lq(Rm)) + 1T woll Larmy }-

i=1

A

.

Thanks to the previous regularity result we are able to establish the existence of strong
solution for ([B).

Definition 3.2 Under the hypotheses {3), #3), (Bd) we say that u is a strong solution
of [@8) iff u € L>=([0, T}; LYR™)), Opu € L([0,T]; LIR™)), Tju € L=([0,T]; LYR™)) for
any i € {1,...,r} and

Ocu+ 321 (i (1) Tju(t) = f(1),  te(0,T)
{ u(0) = uyp. ' (54)

Corollary 3.1 Assume that [3), @3), D) hold. Then for any ug € (N_;D(T)) Nker 7,
and f € L'([0,T]; (Nj—;D(T,")) Nker Ty), there is a strong solution u for (B8) verifying

0vull (0,170 (mmy)  + ZHIZZUHL”([O,T];LQ(Rm))SO”f”Ll([O,T];Lq(]Rm))

i=1

+ O AT fll qoryza@my) + 1T ol Laem)}- (55)
=1

Proof. Let u be the solution constructed in Proposition B2 This function has the regularity
in (BH), satisfies T;u = 0 and

m

/OT/ u(Opp + divy(pa)) dydt + /Rmuw((), y) dy + /OT/RJ@ dydt =0 (56)
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for any function ¢ € C}([0,T") x R™) verifying T¢ = 0. Since a = Y _;_, a;b* and Tyu = 0
one gets

T T r
//udivy(mp) dydt //udivy{(z b))} dydt
0JR™ 0JRm =0

T T )
—Z//aigo%’u dydt

i=1/O/R™

implying that .
// (Opu + Z 041’2'Z e dydt = / fop dydt. (57)
0JR™

Using now the properties of the operators (-)(@, (-)(¢") we obtain for any t € [0, T

- . o = (a") - a u
L0 SeoTu0 @ = [0S a0 a
> [ o) (@ Tu(e) ay (59)

(we have used the equality (¢(¢))(@") = o(t) which is valid since 7, ¢ =0). Combining (£17),

ER) yields
T r
// (&u + Z <o¢ﬂ?ju>(q) — f) v dydt = 0.
0JR™ i=1

()

Observe that the function dyu+ > ;_; <aﬂ;iu> — f belongs to ker 7, and thus we obtain

Byu + Z (i Tiu@)? = £t), te (0,7).

Since for any i € {1,...,r} we have u(t) € ker 7, N D(7,"), we deduce by Remark ELH that
T/ u(t) € ker 7;. Therefore, by Corollary 224 we obtain

(i ()T u() @ = (e () T u(t).

Finally u solves

Ovu+ 331 (i (1)) Tfu(t) = f(t),  te(0,T)
{ u(0) = up. (59)
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Remark 3.1 Notice that if u is a strong solution of (24) whose initial condition belongs to
ker 7, then the constraint Tou = 0 is automatically satisfied. Indeed, we have

> ()T u(t) € ker 7, t € [0,7]

i=1
and therefore Oyu € ker 7,. We deduce that 0yT,u = 0 implying that Tou(t) = Tqup = 0 for
t€0,T].
As usual, the existence of strong solution for the adjoint problem implies the uniqueness of

weak solution.

Proposition 3.3 Assume that {3), {3) hold. Then for any ug € ker 7, and f € L'([0,T); ker 7,),
with q € (1,400), there is at most one weak solution of (38).

Proof. Let u € L*([0,T);ker7;) be any weak solution of [B8) with vanishing initial
condition and source term. We will show that © = 0. We know that

// (00 + a - V,0) dydt =0 (60)

for any function § € CL([0,T) x R™) satisfying 76 = 0. Consider a function n = n(t) €
C([0,T]) and ¢ = ¢(y) € (N ZZlD(’Z:; ))Nker 7, .. By Corollary Bl there is a strong solution
@ of

{ at@ - <a(T - t) ’ Vy¢>(q ) = 77(T - t)w(y)7 (t7y) € (07T> x R™

satisfying @, 7./, ¢ € L>([0,T); Lt (R™)), 8,% € L*([0,T); L' (R™)). It is easily seen that
o(t,y) = ¢(T — t,y) has the same regularity as @, ¢(t) € ker 7, and

{ —0p — (alt) - Vyp) 1) =n(t)e(y),  (ty) € (0,T) x R™
w(Ta y) =0, Yy € R™,

We use now (Bl) with the function ¢ (observe that the formulation () still holds true for
trial functions having the regularity of ¢)

T
0 = //u(@tcp—i—wvygp) dydt
0 m

T T
= // udyp dydt + //(u(t»(‘”a - Vyp dydt
O m O m

= /OT/g(awp +{a(t) - Vyp) (@) dydt

T
= = [ 00 [ wteso) aya

We deduce that [p,, u(t,y)¥(y) dy = 0 for any ¢ € [0, T] and any ¢ € (Nj_;D(7;,)) Nker T, .
Since u(t) € ker 7, it follows that u(t) =0, ¢t € [0, T). O
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Remark 3.2 The uniqueness of the weak solution for (38) guarantees the uniqueness of the
strong solution in Corollary [Z1

In order to establish the conservation of the L? norm for weak solutions without source term
we use the easy lemma.

Lemma 3.1 Let f € WH®(R™) be a smooth function and ¢ a smooth field with bounded
divergence. Assume that v € D(c- V) C LYR™) for some q € (1,+00). Then we have

_ 1 .
By)(c- Vy)v p|* v dy = 4 [v|? div, (Bc) dy
R™ R™

Corollary 3.2 Assume that [{3), #3) hold and that ug € ker Ty, f € L'([0,T);ker T,) for
some q € (1,400). Then the weak solution of (38) satisfies for any t € [0,T]

u(t, y)|* dy = —/Iuo ) dy+/ (s y)luls, y)|" (s, y) dy ds.
]Rm
In particular, when f =0 the LY norm is preserved.

Proof. Consider the sequences (uop)n and (fn)n such that lim,, 4o v, = ug in LI(R™),
limy,— 0o fr = f in L1([0,T]; LY(R™)). Let us denote by u,u,, the unique solutions associ-
ated to (ug, f), (won, frn) respectively. Thanks to the uniqueness result of Proposition B3 we
deduce by Proposition Bl that

[ltn — u||Lm([07T];Lq(Rm)) < [Juon — UOHLQ(RM) + I fn — f||L1([07T];Lq(Rm))

and therefore it is sufficient to analyze the case of strong solutions (u,),. Taking into
account that |u,|9"%u, € ker 7, we have by Lemma Bl

/(a(t) 'vyun(t)>(Q)|un|q_2un dy

m

/g(t) . Vyun(t)<|un(t)|q—2un(t)>(q/) dy
= /g(t) : Vyun(t)|un(t)|q_2un(t) dy

3

- / it y) Tt ()| 721, iy

=0
L[ = .
- ——/d1vy(2aib)|un|qdy
/R 5

1
= ——/|un|qdivya dy = 0.
q

m

Our conclusion follows immediately by multiplying the equation dyu, + (a(t) - Vyu, (1))@ =
fn(t) by un(t)]9 %u,(t) and integrating with respect to y € R™. O
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Naturally we can obtain more smoothness for the solution provided that the data are more
regular. We present here a simplified version for the homogeneous problem. The proof is a
direct consequence of Propositions B2 B2T11

Proposition 3.4 Assume that {Z3), 3 hold and let us denote by u the solution of (33)
with f =0 and the initial condition uy satisfying for some q € (1,400)
ug € (ﬂleD(’Z;i)) Nker 7, %juo € ﬂleD(’]:;), Vie{l,..r}

Then we have

Z Z ||7:1i7:1ju||L°°([O,T];Lq(Rm)) <C Z Z |\Tqi7qjuo||Lq(Rm) + Z ||Tqiuo|\Lq(Rm)
=1

i=1 j=1 i=1 j=1

with C depending on 32, i j e 17373 @kl oo,y my) s Yorciger 174l 0,700 (my)
and

107ull L oz + O N0 T ullpao.rizey < C [ DD N T T uollne + > 1T w0l 1o
i=1 i=1 j=1 i=1
wizih C depending on Z1§i,j,k§r H'Z;i'];jozkHLl([o,T];Lw(Rm)); Z1§z‘,j§r ||7:1iajHLI([O,T];L“’(RW));
Yimt leill oz @my) and 325y 10wl i o, 1y:Loe @) -

Proof. We only sketch the arguments. For any j € {1,...,r} we have formally

T(a) V) = T (Z T)
1=1

Z} (7 ) (Tgu) + Z} (i T (Tju))

= (V) @) + Y () (T).

i=1

Applying now Proposition EZT1] yields

T {a(t) - Vyu() ! = (T (a(t) - Vyu(t)?
= ((a(®) Vu)(Tq”u»(")+Z<(7;jai)(7;%)>(”‘)

and therefore v/ := ’Z;j u satisfies the problem

{ Ay’ + (a(t) - Vyo )\ = =370 (TJei)(Tju)'D = = f7,  (t,y) € (0,T) x R™
v’ (0,y) = 7] uo(y), y € R™. o
61
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The above computations can be justified rigorously by observing that, thanks to Proposition
B2 we already know that u(t) € D(7J)Nker 7y, t € [0,T], and that for any smooth function
© we have

/ u divy (divy(p ¥)a) dy = - / divy (e bj)(z ai’]:;u) dy (62)

m m

/go Z(bj - Vyai)Tju dy — / divy(pa)Z]u dy.
=1 R

Notice also by Lemma and Remark 26 that, if ¢ is a smooth function such that 7¢ = 0,
then div, (¢ &) = ¢ div,b/ + b7 - V¢ remains constant along the flow of b. Therefore, for
any smooth function ¢, compactly supported in [0,7) x R™, such that 7¢ = 0, we can
apply the weak formulation ([B%) with the trial function div, (¢ b7)

T
// u(Opdivy (¢ bj) + div, (divy (¢ b])a)) dydt + / uo(y)divy (¢(0,y) bj) dy=0. (63)
O m m
But we can write

T T
/ / udpdivy (¢ b)) dydt = — / / (7] u)Osp dydt (64)
0 0

m Rm™

/ uo(y)divy (00, 9) ) dy = — / (TIu0)p(0, y) dy. (65)

m m

Combining (62), @3), ), ([BT) shows that v/ = TJu solves weakly the problem (BI). As
in the proof of Proposition (see formula (B3])) we obtain

T T t
ST Olsan < O {IT T ol + [ 1T G ) (60
i=1 1=1

for some constant C' depending on 3, , ;. | 7 vl L o, 7352 R ) - By Proposition XTI we

obtain

17, 7 ()l paermy =

Y TH(T an(s) (T u(s)
k=1

La(Rm)
> { (T T ar()0" ()@ + (T () (0" (5) @ }

k=1

La(R™)

> UT T an(s)llze 0" () e + 1T an(s) | o | Tjv" ()] 2o }
k=1

IN
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Since by Proposition we already know that

D vl orpLa@ny < C > 1T Fuoll ogm)
k=1 k=1

therefore, summing up the inequalities (BO) for j € {1,...,r} implies the first assertion in
our conclusion, by Gronwall’s lemma. The estimate for 8thj u comes immediately by (&)
and the estimate for 9?u follows easily by using the equality

Opu+ > { O Tiun) + (o Tuw) @} =o.
=1

[
4 Convergence towards the limit model
This section is devoted to the asymptotic behavior of the solutions (u®)c~¢o of
. ) e _ m
Ouf +alt,y) - Vyus + = Vyu® =0, (t,y) € (0,T) xR (67)
us(0,y) = ug(y), y €R™.

We assume that b, a satisfy the hypotheses ([§), (@), (), @) and we work in the L?(R™) set-
ting (¢ = 2). Motivated by Hilbert’s expansion method, we intend to show the convergence
of (u%)e>0 as & goes to 0 towards the solution u of
{ deu+ (a(t) - Vyu(t)® =0, (t,y) € (0,T) x R™
u(0,y) = uo(y), y €R™.

Our main result is the following.

(68)

Theorem 4.1 Assume that (a;)ieq1,...»y are smooth and satisfy

> leillro.rize @y + Y 10wsllr o,z Lo ) < +00

=1 =1
SN T sl oryne@my + DY Y T TS akllp qorypoem)) < +00.
=1 j=1 1=1 j=1 k=1

Suppose that
up € (Ni_,D(TF)) Nker Ty, TJug € N D(TF), Vje{l,..r}

and that (u§)e>o are smooth initial conditions such that lime o u§ = ug in L2(R™). We de-
note by u®, u the solutions of [€4), (E8) respectively. Then we have lim o u® = u, in L*([0,T]; L*(R™)).
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Proof. By the Propositions B2, and Corollary there is a unique strong solution u
for @3), satisfying ||u(t)||2rm) = ||uollL2@m) for any ¢ € [0,T] and

10l oo o152 emyy + D I T3l Lo o,y 2mm)) < O Y I T3 w0l 2 grem)-
=1 =1
Since u(t) € ker 7a, t € [0,T], we have
(Opu+ a(t) - Vyu(t))@ = 8, ()@ + (a(t) - Vyut)® = du + (a(t) - Vyu(t))® =0
and thus by Proposition Z9 there are (v,),>0 such that

Ouutalt,y) - Vyu-+ pva(t,y) + Tovn = 0, lim (1) = 0in LAR™), 1€ [0,7]. (69)
"
Moreover, by Remark we know that

[ vpll Lo (0, 73;L2(R™)) [0ru + a(t) - Vyul| Lo (o, 7);2mm))

<
< NOwull oo (jo,1); 22 (RY)

+ O lleullwrr oz @my 1Tl Lo o, 1322

i=1

C> T uol L2 @m)- (70)

i=1

IN

Combining ([E7), X)) and the equation Zou = 0 yields

(at +a(t,y)-Vy + %) ' Vy> (u —u —evy) = poy — e(Bpvp + alt, y) - Vyou). (71)

€

We investigate now the regularity of v,. By Remark we have

1[040, (0] L2y < ||OFu + Z v Tiu + Z i ()0 Tyu

i=1 i=1 L2(R™)
and thus Proposition Bl implies
wlldevpl oo myzz@my < C | DD T T wollz@my + ) [ Tuollz@my |- (72)
i=1 j=1 i=1

Applying now the operator 73, i € {0,1,...,7}, in (), yields

0T+ {(Tay) (T ) + oy(T T w)} + pTiv, + TT5v, = 0.

Jj=1
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By Remark and Proposition B4 we obtain as before
U T0u(0) oy < 107 Tu(t) + S {(Tay )N TFu(t) + oy (N T u(E) ] 12 ey
j=1

implying that
pY T vul o oriez@ny <C | YD NG T ullz@n + Y 1T uoll2@my | - (73)
i=0 i=1 j=1 =1
Multiplying ([Il) by u® — v — v, and integrating over R™ yields

1d
5@ —u—ev)®e@my < lpoa®llpzem) |6 = u = ev) @)l z2@m

+ €

Ovu(t) + Y ai(t) T vu(t)
=0

L2 (Rnl)

X

I = u = £0)(0)] g

and we deduce that

d - ;
1w —u—ev )l z2@m)y < llwvu@)ll2@m) + Ce(l1060, ()] 2 @m) + > T vu®)ll2my)-
=0

Combining with (), ([@3), we obtain for any ¢ € [0, 7]
T
||(u€ —u— EUM)(t)HLZ(]Rm) < ||u8 —Uug — E’UH(O)HLz(Rm) + /0 ||MUM(S)||L2(]RM) ds

€ " ;
+ C;(”Natvu||L1([0,T];L2(RM)) > uT3vull L o.1iz2 @)
=0

< lug — uo — evu(0)|[ L2 wm) + /OT v ()l e @m) ds + C%-
Consequently one gets by ([[0) for any ¢ € [0,T]
[(w® —w)(O)ll2@my < [lug — vollL2@m) + E(HNU,LL(UHN(R"I) + lr0u(0) | 22 @)
+ C% + vl Lo,y L2(Rmy)

€
< flug — uollz2@m) + C; + vl o, 7722 () -
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Since the functions ¢ — [|pv, ()| 2(rm) converge pointwise to 0 as p \, 0 (cf. (E3)) and they
are uniformly bounded on [0,7] (cf. {)) we deduce by dominated convergence theorem
that

li . myy = 0.

M%HMWHLI([O,T],L%R )

In particular, for y = €°, with 6 € (0,1) we have

[uf = ul| oo o,77, 2Ry < U — ol L2@m) + Ce' ™% + [|€%0s || L1 o,7), 2R )) — 0, ase \, 0.

O
5 The limit model in terms of prime integrals

In the previous section we have derived a limit model for the transport equation (G7)
based on the computation of the fields (b); in involution with b. We investigate now the
same limit model from the view point of prime integral concept. Surely, this approach will
provide an equivalent analysis. Nevertheless, in practical situations (see the examples in
the next section) the computations simplify when prime integrals are employed. We assume
that there are m — 1 prime integrals, independent on R™, associated to the field b

b-Vy' =0, i€{l,..,m—1} (74)
rank (aw (y)) =m—1, yeR™ (75)
8yj (m—1)xm

Let us recall, that generally, around any non singular point yo of b (i.e., b(yo) # 0) there are
(m — 1) independent prime integrals, defined only locally, in a small enough neighborhood
of yo (see [, pp. 95). For any y € R™ we denote by M(y) the matrix whose lines
are V!, ..., V™1 and b. The hypotheses (), (&) imply that detM (y) # 0 for any
y € R™. The idea is to search for fields ¢ = ¢(y) such that c(y) - V,u remains constant along
the flow of b for any function w which is constant along the same flow. If u is constant on
the characteristics of b, there is a function v = v(z) : R™~! — R such that

u(y) = v (y), .. v (y)), yeR™.

Therefore one gets

% 7m ﬁ 1 m—1 a—wk
3y~ 2 7 O G

implying that
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In particular, if %c(y) do not depend on y, the directional derivative c-V, remains constant
along the trajectories of b. Actually, the following more general result holds.

Lemma 5.1 Assume that (7)), [Z3) hold and let ¢ be a smooth field such that y — g—f(y)c(y)
and y — b(y) - c(y) are constant along the flow of b. Then we have

cly) - (vy@ + Tb)

Proof. For any ¢ € {1,...,m — 1} we have
i 301
[e,b]; = ZCJ 0, Z iy = —Tc) . (76)
j=1 j=1 y i

By the hypotheses we know that y — M (y)c(y) is constant along the flow of b and thus
0=T(M(y)c(y)) = (TM) c(y) + M(y) Tc

implying that
Te=-M"'(y )(TM)C( ), y €R™. (77)

For any i € {1,...,m — 1} we have 31", by(y) 22
respect to y;, j € {17 ...,m} one gets

i m 2,14
z‘% My 5™y ) L0
k=1

Oyr 0y; dyrdy;

BUk = 0 and by taking the derivative with

saying that

<M(y)g—z> CH(TM)i; =0, i€ {1,.om =1}, j€{l,..,m} (78)
Notice also that
(M(y)S—Z) ‘+(TM)mj:Zb (y )gz +7Tb; = 6i (1|b|2>+7bj. (79)
mj k=1 J
Combining (), [@) yields
O m Xm
M)+ TM = (v((i?)+7b> (80)
and thus by ([[@), [Z0), &) one gets
el = (G + M T8 ) el =) (S e 6D
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where L™ (y) is the line V, ('b‘ ) + Tb. Observe that the last column C,,(y) of the matrix

M~1(y) solves the linear system M (y)Cy,(y) = (0, ...,0,1)t. Since b(y)/|b(y)|? solves also
the above system, we deduce that C,,, = b/|b|. It is easily seen that for any 4, € {1,...,m}

— Om—l m i Tm m
(s (S ) =iy = @ns Iy
ij

and consequently

[e,;b] = Cr(y) (L™ (y) - c(y)) =

b(y), yeR™.

O
For any i € {1,...,m — 1} let us denote by ¢’(y) the unique solution of the linear system

M(y)c'(y) = €' := (6i)1<j<m

where d;; are the Kronecker’s symbols. Notice that M (y) ‘bb((y))lz = e™ and thus c!(y), ..., ™ (y), b(y)
are linearly independent at any y € R™. According to Lemma BJl we have for any ¢ €

{1,...,m—1}

¢(y) - (V% + (by) - v, )0)
e

In particular, for any function u constant along the flow of b, the directional derivative
¢ - Vyu remains constant along the same flow for any ¢ € {1,...,m — 1}. We denote by
B0, 15 -+, Bm—1 the coordinates of a with respect to b, ¢, ...,c™~! and we assume that (3;);
are smooth and bounded

(Ci ) Vy)(b : vy) —(b- Vy)(ci ) Vy) = (b- Vy)-

a(t,y) = Po(t,y)b +Zﬁzty y), (ty) €[0,T]xR™. (82)

Thanks to Corollary 24l one gets for any function u € (ﬁ;l_llD(’Z;Ci)) N ker 7,

() m—1
(a(t) - Vyu(t)@ = <Z Bi(t)e*(y) - Vyult )> =D (i)™ (y) - Vyult).
i=1
It remains to compute (5;);. Multiplying [2) by M (y) yields
m—1
M(y)a(t,y) = Bo(t,y)lb)I*e™ + D Bilt, y)e
i=1
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implying that

Bi(t,y) = M(y)al(t,y) - €', i€ {1,...,m—1}, Bo(t,y)|by)]> = M(y)a(t,y) ™

or equivalently to

o a(t,y)-b
ﬁl(t7y) = a(t7 y) : Vywz7 (S {1a ey, — 1}7 /60(t7y) = ( |by(;)|2(y)
Finally one gets the following form of the limit model
m—1 . .
O+ Y la(t) - V') I M~ (y)e! - Vyu =0 (83)
i=1

supplemented by the constraint 7,u = 0. Actually we check that this constraint is a conse-
quence of the equation (B3), provided that the initial condition satisfies T,ug = 0. Indeed,
by Lemma Bl it is easily seen that for any ¢ € {1,...,m — 1} we have

T, ((a(t) - V)0 - Vyu) = alt)- V)T (e V)
{at) - Vyu') ™) (" - V) Tyu
c(y) - (Vo + () - V)b)

— {a(t) - V') Zqu.

lb(y)[?
Therefore, by applying 7, to (&3] we obtain
m—1
OTqu + Z (a(t) - vy7/1i>(oo)(0i - Vy)Igu
i=1
- m_1<a<t) V') - (V15 + 0 V) Tyu =0
- | EOE ‘

and thus it is clear that if Tyug = 0, then Tyu(t) =0, ¢t € [0,T].
5.1 Examples

We apply the previous theoretical results in two particular cases. The first example
treats the general case in two dimensions. The second one concerns the finite Larmor radius
regime, in the particular case of a constant magnetic field.

Two dimensional case
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We consider m = 2 and let a = a(t,y),b = b(y) be two smooth fields on R? such that
b(y) # 0,V y € R% We assume that div,b = 0 and thus there is a function ¢ = ¥ (y) such
that o o

by) = —,—=— ) =V, ¥, yeR?%
) <8y2 8y1> v ¥
Actually 1 is a prime integral of the flow associated to b, since b(y)- V4 = 0 for any y € R?.

The matrix M (y) is given by
o 9%
Oy2 Oy1

and the vector ¢! is equal to —1b/|b|?. Writing a as a linear combination of the vectors b, ¢!
one gets
b (a-b)

1 1
W_ |b|2 b—(a b)C

a(t,y>=<a~b>#+<a+b>

In this case we obtain the limit model
(a(t) -+ b)t>)

lb(y)[?
u(ov y) = UO(y), Yy € RZ.

Opu + Lb-Vyu=0, (ty) €(0,T) x R?

Finite Larmor radius regime

We investigate now the finite Larmor radius regime ([Il) with a constant magnetic field
Bz # 0. We have m = 4, y = (z,p) € R? x R?, a(t,y) = (0,0, —E1(t,x), —Ex(t, x)),
I;(y) = (p1, p2, — B3pz2, B3p1) = (p, —Bs 1p). The characteristic flow Y = (X, P) associated

to b satisfies Ix P
% = P(S,I,p), E = _B3 J‘1:)(5;‘1‘151))'

It is easily seen that a set of independent prime integrals are given by

- ~ ~ 1
! (z,p) = Bsxa + p1, ¥3(x,p) = —Bsx1 +p2, 3 (p) = §|P|2

and thus we need to invert the matrix

0 Bj 1 0
| =By 0 0 1
ME)=1 "0 o p»

p1 p2 —DBspa Bsp:

In order to simplify our computations it is very convenient to introduce the new variable
1 ~ ~

r=a— g = (=12, 91)/Bs and the new unknown ¢¢(t, 2, p) = f°(¢,x,p). The equation for

g° becomes

B:g° iLEt P V.*—E [t p V4 E—EBL-V £=0
tgd +B3 7Z+Bg =29 7Z+B3 pg c 3D ;Dg -
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and thus the fields to analyze in this case are

a(t,z,p) = Lip m+j -F m+j b(p) = (0,0, —B3*p)
2yY Bg ) Bg ) ) Bg ) p » Yy 3 D).

A set of independent prime integrals is given by

1
Pl=2z1, P2 =2, ¢ = §|P|2'

The matrix to be inverted is

10 0 0
0 1 0 0
M =

P=100 pn p

0 0 —Bsps DBsp:

It is easily seen that M ! is given by

1 0 0 0
0 1 0 0

M~ (p) = P _pe
00 B oty

00 Tpl% Bs|[p[?

In view of [&3) we need to compute (a(t) - V(. ,y¥")(>), i € {1,2,3}. A direct computation
shows that the flow (Z, P)(s; z,p) associated to b is given by

cosf —sinf )

Zsiz) == Plsizp) = RsBap. 0= Gng o0

Consequently the constant functions along the flow are the functions with radial symmetry
with respect to p. Observe also that the hypothesis ([0) holds true with O = () and £(z,p) =
e I=P=Ipl* (2, p) € R®. Since all the trajectories are 27/Bs periodic, we have

Bs

(u)(>®) (z,p) = o /03_3 u(z, R(sB3)p) ds = %/0 ’ u(z, R(0)p) df

for any bounded function u € L>(R*). We have

. LW L(R(O)p)
(a(t) - Ve pth) < B l? (t’” Bg>> 2ng/0 b2 (t’2+ B ) @

1 L1 (o) 1 27 “(R(0)p)
. 2\ (c0) Y _p = — 7}7
(@) V) <33 By (t’2+ Bg>> 27TB3/0 E (t,z+ B3 ) a6.
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We claim that the coefficient {(a(t) - V(z)p)1/13>(°°) vanishes. Indeed

27
Bs [Bs L P(s;
(a(t) - V(e py®) ) = 5 [ E (t,z + 7(8’2’1))) - P(s;z,p) ds.
i 0 B3

Taking into account that F(t) derives from a potential ¢(t) and that

d LP(s;2,p) LP(s;2,p)
— t NPV = F |t )L Pos:
d8¢<,z+ B > <,z+ B ) (s:2,p)

we deduce that

27T
Bs (B d LP(s;2,p)
1) - 3y(oo) _ 28 Zole ) 45 =0.
(a®) - Vi p¥”) o ), Pl s=0

Plugging into (B3)) all these computations yields the limit model

27 s
/ LE(t,erM) df-V.g=0
0 B3

9
Y9t 9 Es

which is equivalent to

of+

/%LE (t,x— 2+7L(R(a)p)) -V, f=0.
0

271'33 B3 B3

Therefore the finite Larmor radius regime leads to a transport equation for the particle
density, whose advection field is given by a gyro-average type operator. For more details,
the reader can refer to [2] where a complete analysis of the coupled Vlasov-Poisson equations
(with finite Larmor radius) was performed.

From the application point of view (plasma confinement) a much interesting case would
be that of a variable magnetic field. And surely, the numerical approximation of these
models is of crucial importance for simulating tokamak regimes. These topics will be the
object of future works.
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