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Fluctuations of Interacting Markov Chain Monte Carlo Models

Bernard Bercu® Pierre Del Moral! Arnaud Doucet?

January 30, 2008

Abstract

We present a functional central limit theorem for a general class of interacting Markov
chain Monte Carlo interpretations of discrete generation measure-valued equations. The
path space models associated with these stochastic processes belong to the class of non-
linear Markov chains interacting with their empirical occupation measures. We develop
an original theoretical analysis based on resolvent operators and semigroup techniques
to analyze the fluctuation of their occupation measures around their limiting value. We
also present a set of simple regularity conditions that applies to interacting Markov
chain Monte Carlo models on path spaces, yielding what seems to be the first fluctua-
tion theorems for this class of self-interacting models.

Keywords : Multivariate and functional central limit theorems, random fields, mar-
tingale limit theorems, Markov chain Monte Carlo models.

Mathematics Subject Classification :
Primary: 47H20, 60G35, 60J85, 62G09; Secondary: 47D08, 47G10, 621.20.

1 Introduction

1.1 Interacting Markov chain Monte Carlo models

Interacting Markov chain Monte Carlo methods (i-MCMC') are a new class of stochastic
simulation algorithms for the numerical solving of a fairly general class of discrete generation
nonlinear measure-valued equations. This class of models are defined in the following way.
Let (S(l),S(l))lzo be a sequence of measurable spaces, and for every [ > 0 we denote by
P(S (l)) the set of all probability measures on S). We consider a flow of probability measures
7)€ P(SW) that satisfies an evolution equation of the following form

Vi>0 &yl Y) =70 (1.1)

for some mappings ®; : P(S¢—1) — P(SW). In this notation system, we simplify the pre-
sentation using the convention ®o(7(~1) = 70 for I = 0. The i-MCMC model associated

to (1.1)) is defined in terms of a series of Markov transitions. That is, we consider a Markov
transition M© from S(© into itself , and a collection of Markov transitions M, L(Ll) from S®
into itself, indexed by the parameter [ > 0 and the set of probability measures u € P(S (1*1)).
O]

We further assume that the fixed point measure of each operator Mul
that is we have

W20 Ve PSY)  @i)dy) = [ (o) MY (o)

is given by ®;(u);
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For [ = 0, we use the convention Ml(to) = M© and ®y(p) = 7. The initial distributions
of the i-MCMC algorithm will be defined in terms of a series of probability measures v; on
SO, with [ > 0.

Now, we are in position to defined inductively the i-MCMC stochastic algorithm. At
level [ = 0, we let X 0) .= (XT(LO))nZO be a Markov chain on S©) with initial distribution )
and elementary Markov transitions M(?). For every k > 1, given a realization of the chain
Xt = (Xflkfl))nzg, the k-th level chain X\" is a Markov chain with initial distribu-

tion v, and with random Markov transitions M (fk)q) depending on the current occupation

TIn
measures 77,({%1) of the chain at level (k — 1); that is we have that
k - k : - IR
P(X®)| € da | X*D X)) = Méglg,l)(xr’f,dx) with ) = +1 > Sy (1.2)

p=0

The rationale behind this is that the k-th level chain quk) behaves asymptotically as a

Markov chain with time homogeneous elementary transitions Mfr]f,z_l), as long as ngk_l)

good approximation of mk=1)

For a detailed discussion on the origins and the application model areas of these i-MCMC
models we refer the reader to the pair of recent articles [2, [3]. For sufficiently regular models,

(1)

we proved in [2 3] that the occupations measures 7’ converge to the solution 70 of the

is a

equation |D in the sense that lim,_co 777(5 )( f) = 70, almost surely and for any bounded
measurable function f on S®). The pair of articles [3, 4] also provide a collection of non
asymptotic L,.-mean error estimates and exponential deviations inequalities. The fluctuation

analysis of 7755 ) around the limiting measure () has been initiated in [4] in the special case

where M,Sk) (z*,.) = ®(p). In this situation, we observe that the k-th level chain X ) ig g
collection of independent random variables with distributions v for n = 0 and @, (nflk:ll))
for n > 1. The fluctuation analysis of this model is essentially based on the study of
sequences of conditionally independent random variables X *), whose distributions depend
in a nonlinear way on the occupation measure of a similar series of random states X (*—1)
on the lower level set, and so on for lower indexed levels.

The present article studies the fluctuations of the occupation measures associated with
the abstract general class of i-MCMC models discussed above. The theoretical analysis of
this type of models is much more involved than the one of traditional Markov chains since it
relies on the stability properties of sophisticated Markov chains with elementary transitions
that depend in a nonlinear way on the occupation measure of the chain.

The rest of the paper is organized as follows.

The main notation and convention used in this work are presented in a short preliminary
section, section The main result of the article is presented in full details in section
The regularity conditions are summarized in section 2.1 In section [2.2] we state a functional
central limit theorem in terms of the semigroup associated with a first order expansion of
the one step evolution mappings ®; of the limiting measure-valued equation . Section
addresses the fluctuation analysis of an abstract class of time inhomogeneous Markov chains.
In section 4.2] we present a preliminary resolvent analysis to estimate the regularity prop-
erties of resolvent operators and invariant measure type mappings. In section we apply
these results to study the local fluctuations of a class of weighted occupation measures as-
sociated with these models. Section [5| addresses the fluctuation analysis of local interaction
random fields associated with the i-MCMC model. The proof of the main theorem presented
in section [2.2]is a direct consequence of a fluctuation theorem for local interaction random
fields, and it is given at the end of section [5.1



1.2 Notation and conventions

We denote respectively by M(E), Mo(E), P(E), and B(E), the set of all finite signed
measures on some measurable space (F,£), the convex subset of measures with null mass,
the subset of all probability measures, and finally the Banach space of all bounded and
measurable functions f on E equipped with the uniform norm | f|| = sup,cg |f(z)|. We
also denote by By(F) C B(FE) the unit ball of functions f € B(E) with [|f|| < 1, and by
Oscy(E), the convex set of E-measurable functions f with oscillations less than one; that is,

osc(f) =sup{|f(z) — f(y)|; z,y e B} <1

We let u(f) = [ u(dz) f(z), be the Lebesgue integral of a function f € B(E), with respect
to a measure u € M(E). We slight abuse the notation, and sometimes we denote by
wu(A) = p(14) the measure of a measurable subset A € £.

We recall that a bounded integral operator M from a measurable space (E, &) into an
auxiliary measurable space (F, F) into itself, is an operator f +— M (f) from B(F') into B(E),
so that the functions

M(f)(@) = /F M(x.dy) f(y) €R

are E-measurable and bounded, for any f € B(F). By Fubini’s theorem, we recall that a
bounded integral operator M from a measurable space (E, &) into an auxiliary measurable
space (F,F) also generates a dual operator p +— puM from M(E) into M(F') defined by

(M)(f) = p(M(F)).

We denote by [|M|| := supsep, () [M(f)| the norm of the operator f — M(f) and
we equip the Banach space M(FE) with the corresponding total variation norm |u| =
supseg, (g |#(f)]- We let B(M) be the Dobrushin coefficient of a bounded integral operator
M defined by the following formula

B(M) = sup {ose(M(f)) 5 f € Oscy(F)}

(
When M has a constant mass, that is M (1)(z) = M (1)(y) for any (z,y) € E?, the operator
p— pM maps Mo(E) into Mo(F), and G(M) coincides with the norm of this operator.

We equip the sets of distribution flows M (E)YN with the uniform total variation distance
defined by

V0 = (M)nz0: b = (Bn)nz0 € M(E)N  |ln—p = sup 1 — o
n>

We extend a given bounded integral operator u € M(E) — uM € M(F) into an mapping
1= ()0 € M(E)" —nD = (1,M),>0 € M(F)"

Sometimes, we slightly abuse the notation and we denote by v instead of (v/),>0 the constant
distribution flows equal to a given measure v € P(E).

For any R%valued function f = (f%)1<j<q € B(F)4, any integral operator M from F
into F', and any p € M(F), we will slightly abuse the notation, and we write M (f) and
p(f) the Ré%valued function and the point in R? given respectively by

M(f) = (M) M) and u(f) = (u(f), ()
We also simplify the notation and sometimes we write
MI(ff = M(fY) (f* = M(f*))(=)
instead of
MI(f' = M(f')(@)) (f* = M(f2)(@)](=) = M(f1 ) (@) = M(f1)(2) M(f?)()
Unless otherwise is stated, we denote by c(k), k € N, a constant whose value may vary from
line to line but only depends on the parameter k. For any pair of integers 0 < m < n, we

denote by (n),, := n!/(n —m)! the number of one to one mappings from {1,...,m} into
{1,...,n}. Finally, we shall use the conventions ) y = 0 and [y = 1.
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2 Statement of some results

2.1 Regularity conditions

Our first regularity condition is a first order weak regularity condition on the mappings ®;
governing the measure-valued equation ([1.1). Namely, we further assume that, for any [ > 0,
the mappings ®;41 : P(SW) — P(S+1D) satisfy the following first order local decomposition

[‘1’1+1(M) - ‘I)l+1(7f(l))} = (u— 7D Dyyr + Ey(p, 7) (2.1)

In the above display, Dyy1 : B(S¢HD) — B(SW) stands for a bounded integral operator
from SO into S¢+1) (that may depend on the measure 7)); and Z;(u,n) stands for a
remainder signed measure on S(+1) indexed by the set of probability measures p,n € P(S @) ).
We further require that

|awmxnfg/!w—n@%m\50Aw (2.2)

for some integral operator =; from B(SU*V) into the set 73(S®) of all tensor product
functions g = 3., a; (b} ®@ h?), with I C N, (h},h2)ier € (B(SV)?)!, and a sequence of
numbers (a;);e; € R! such that

91:= " Jail IBIIR2] < o0 and xi:= sup /wwmmm<w
icl feBi(sH)

Our second regularity condition concerns the integral operators M,(f). We assume the

operators M,Sl) satisfy the following pair of regularity conditions

my(ny) == sup  B((MP)™) <1 (2.3)
neP(sU-1)
and
[0 =] ()| < [ =] Tr(ride) (2.4)

for some collection of bounded integral operators T, from B(S®) into B(SU~1)), and in-
dexed by the set of measures p € P(SU~1) with

sup /fmmwwmsmwuwdm<m
peEP(SU-1)

We end this section with some comments on this set of conditions.

Firstly, we mention that the regularity condition (2.1)) is a first order refinement of a
Lipschitz type condition we used in [2) 3] to derive a series of L,-mean error bounds and
exponential inequalities. This condition has been introduced in [4] for studying the fluctu-

ations of the elementary i-MCMC model when M,Sl) (x,.) = ®;(p). The second regularity
condition is a local Lipschitz type continuity condition on the collection of operators
M/(f). This conditions is less stringent than the one we used in [3]. In the latter referenced
article, we assumed that holds for some operators I'; , = I'; that do not depend on .

Therefore, most of the asymptotic results presented in [3] do not apply directly in the
present context. Nevertheless, it can be checked that the inductive proof of the L,-mean
error bounds presented in theorem 5.2 hold true under the weaker condition ; thus, for
every | > 0 and any function f € B(S"), we also know that n,(ll )( f) converge almost surely
to 7W(f) as n — oc.

The main advantage of this set of conditions is that it stable under a state space enlarge-
ment, so that the asymptotic analysis of such models, including the functional central limit
theorem presented in the next section, applies directly without further work to i-MCMC

models on path spaces. We shall return to this key property in section [3|



2.2 A functional central limit theorem

To describe precisely the fluctuations of the empirical measures 177(1[) around their limiting

value 7, we need a few notation. We denote by Dy, with 0 < k < [ the semigroup
associated with the bounded integral operators Dy introduced in . More formally, we
have

Vi<k<lI Dy = DypDjy1...Dy

For k£ > [, we use the convention Dy ; = Id, the identity operator.

We refer the reader to [4] for an explicit functional representation of these semigroups
for a class of Feynman-Kac models arising in physics, biology and information engineering
sciences.

In this notation, the functional central limit theorem describing the fluctuations of the
i-MCMC model around the solution of the equation is stated as follows.

Theorem 2.1 For every k > 0, the sequence of random fields (Uék))nzo on B(S®)) defined

below
U = Vi [ — 2]

converges in law, as n tends to infinity and in the sense of finite dimensional distributions,
to a sequence of Gaussian random fields U®) on B(S®)) given by the following formula

@
U= 3" I VEDDg 1
0<I<k

In the above display, (V(l))l>0 stands for a collection of independent and centered Gaussian
fields with a variance function given by

E(VO(?) =70 [(f = aO(1)?] +23 70 [(£ =200 (MO,)" (f =01

n>1

(2.5)

We end this section with some comments on this functional central limit theorem.
Firstly, in the special case where M;(f) (z,.) = ®;(p) for all I > 1, the variance function
(2.5) reduces to the one we obtained in [4]; that is we have

E(VO(£)2) == [(f =70

Loosely speaking, this special class of i-MCMC model behaves as a sequence of indepen-

dent random variables with distributions @l(ng _1)) given by the local invariant measures of

Markov chain Monte Carlo model with general transitions M (2_1) (2, .).
U

In these interpretations, the additional terms in the right ha7;1d side reflects the fluc-
tuations of this MCMC model around their limiting invariant measure. Although the choice
M,(f) (#!,.) = ®;(u) seems in some sense optimal, it is difficult to compare the fluctuation
variances of these models.

Our second remark is that the functional central limit theorem stated above applies
directly without further work to the analysis of the fluctuations of the occupation measures
of (Xy(Lk))ggkg around the limiting tensor product measure ®0§k§l71’(k), for any time horizon
I > 0. We shall discuss this stability property in the next section devoted to i-MCMC
models on path spaces.

Since preparing the original version of this paper, the authors’ attention have been
drawn to a recent work of Yves Atchadé [I] which analyzes the local fluctuations of some
related algorithms; namely the importance-resampling MCMC algorithm and a version of



the equi-energy sampler. In [I], the author provides a pair of local central limit theorems for
(k)

quantities associated to some random measures 7y, which converge almost surely to 7(F)
as n tends to infinity, and given by the following formula

n

— > [t ==

In our notational system, it is shown in [ ] that the above quantities converge in law to
a centered Gaussian random variable V*)(f.) that does not depend on the first order
semigroup Dy, ;, nor on the fluctuations of the i-MCMC model on lower indexed levels. As
it will become transparent in the further developments of the present article, this local
fluctuation result is only true if we choose the random sequence WZ(,k) = CIDk(ng:l)), and
it does not reflect the complete fluctuations of the i-MCMC model around the limiting

measures 7T(l) .

3 Path space i-MCMC models

In this section, we fix a final time horizon [ of the equation (1.1f) and we design an i-MCMC
interpretation of the path space model given by

vn>0 XxXI=x",. . xP)esll:= ] s®
0<k<li

For every 0 < k < [ we denote by n*) € P(S(*)) the image measure of a measure n € P(SMH)
on the k-th coordinate level set S*) of the product space SU := Hogkgl S*) In this

notation, it is readily checked that XT[Z} is an SU-valued self-interacting Markov chain with
elementary transitions defined by

P(X)hy € dr | (X ocpen, X[ = ML (X1, do) (3.1)

[[—1]

with the occupation measures 7;, - and the collection of transitions M [l[]lfl] defined by the

following synthetic formulae

=

Z(S [z 1] and M[[}l 1]( [l] dx H M[z 1 (= 1)( 7(L),dl‘)

n—+1
+ 0<k<l

In the above displayed formulae we have use the convention M (?21) = MO for | =0, and
N

dr := dx® x ... x dz™ stands for an infinitesimal neighborhood of a generic point in the
product space z := (2°,...,2!) € SU. We leave the reader to check that (3.1)) coincides
with the i-MCMC model associated with the limiting evolution equation

= o (71 with =720 g.. . @x®
and the invariant measure mapping
oy pe P s dp(p) =10 00 (u0) @ ... @ & (uY) e P(SH)

To describe the main result of this section, we need to introduce additional notation.
For any 0 < k; < ko, we set

Glhrka] . — H S®)and  glkkel = ®k1§k§k27r(k) € P(S[kl’]@])

k1<k<ko



For any 0 < k < [, any pair (u1, pu2) € (P(S[OJC]) X P(S[k+2’l+”)) and any integral operator
D from S*) into S*+1) we denote by (1 ® D @ pg) from SU into S+

(11 ® D @ p2) (1, 2, 23),d(y1, y2,y3)) = pi(dy1) D(x1,dy2) pa(dys)

where d(y1,y2,y3) = dy1 X dya X dys stands for an infinitesimal neighborhood of a generic
point (y1,y2,y3) € S+ = (S[O’k] x S+ S[Hz’l“]), and (x1,z2,73) a point in the set
Sl = (S10+=1) 5 (k) ) GlE+LIY).

Proposition 3.1 For anyl > 0, the mappings @y and the collectwn of Markov transitions
/i) (.) and 4 as long as the corre-

sponding conditions are met for the marginal mappings ®j, and the transitions My R) where

1 <k <. In addition, the mappings P11 satisfy the first order decomposition with
[1+1]

M,E] satisfy the set of regularity conditions 2

bounded integral operators Dy ) from Sl into S given by
Dy = 700 @ Diq + Z 70K @ Dy, @ rlet2i+]
0<k<l

Before presenting the proof of this proposition, we emphasize that this latter directly
implies that the functional central limit theorem stated in section is also valid for the
path space i-MCMC model discussed above. In other words, for every k > 0, the sequence
of random fields (U,[Lk])nzo on B(S™)) defined by

UT[Lk] =/n [777[;9] - W[k]} = nl—i—l En: [ (x©,x$y T (W(O) ®...& W(k)):|
v p=0

converges in law, as n tends to infinity and in the sense of finite dimensional distributions,
to a sequence of Gaussian random fields U defined as U*) by replacing the the semigroups
Dy, 1, and the limiting measures 7 by the corresponding objects on path spaces.

Proof of proposition :
With some obvious notation, we have

e () = @ ()’

0<k<I
Using the fact that
I Q) e — & mell < D Nl — mel
0<k<I 0<k<I 0<k<l

for any sequence of probability measures py, nx € P(S (k)), with 0 < k <[, we prove that

() = 3 ((E)') =y 3t <
0<k<li

as soon as

n > np = (\/ogkglnk) X <1 +

log (1 + 1) >
No<k<t log (1/my(ny))

We prove the pair of regularity conditions and by induction on the parameter .
We use the notation Dy, Z(j, =) myy, nyg) and 'y, the corresponding objects introduced
in the statement of conditions , , and . The results are clearly true for m =0
with

Do) (p) = 7@ and M[ ] Ly = M©

In this case, we readily find that

Djoy = Do =0, Zy =0, myg) =mo, ngy=no and I, =To,=0

7



Assume now that the result has been proved at some rank [. For any measure p on S/ =

Sl % S+ we denote by pl! and 0+ its image measures on S and S®. In this notation
we have

Dy (1) = Oy () @ ppa (uO)

and

MY ((uy0), da, ) = My (u, d) x My, (v, dy)

for any (u,v) € S = (SW x SU), where d(x,y) = dz x dy stand for an infinitesimal
neighborhood of a generic point (z,y) € S = (SU x SO, After some elementary
computations, using the decomposition

[‘P[m] (1) = @pg) (W(l))} = oy (u) @ B (1) — (e @ @y (2 1)
= (') @ |11 (1) = By (V)]
+ [q)[z] (1) — @y (W[H])} © @41 (7))
+ {q’[z](u[lfu) il (W[H])} ® {‘I’Hl(ﬂ(l)) — &y ()

we find that the first order condition 1) is satisfied with an integral operator Dy} from
S into SUH1 defined for any f € by

Dyiny(u, d(z,y)) = &y (rl71)(dz) Digpry(u, dy) + Dyy(u, dz) @41 (7 D) (dy)
= W[l](dl') D41 (u, dy) + Dy (u, dx) w(l+1)(dy)

Condition ([2.4)) is proved using the same type of arguments. This ends the proof of the
proposition. ]

4 On the fluctuations of time inhomogeneous Markov chains

We discuss in this section the fluctuations of time inhomogeneous Markov chains with ele-
mentary Markov transitions that may depend on some predictable flow of distributions on
some possibly different state space.

4.1 Description of the models

We consider a collection of Markov transitions M, on some measurable space (S, S) indexed
by the set of probability measures n € P(S’), on some possibly different measurable space
(S7,8"). We further assume that there exists an integer ng > 0 such that

m(ng) == sup B(M;°) <1 and weset p(ng):=2no/(1—m(no)) (4.1)
neP(S’)

We also assume that for any pair of measures (1, 1) € P(S")? we have

(M}, — M| (f)!é/ [ = nl (@) Tulf,dg) (4.2)

for some collection of bounded integral operator I';, from B(S) into B(S’), indexed by the
set of measures p € P(S’) with

sup / I'u(f,dg) llgll < A ||f]| for some finite constant A < oo
HEP(S")



We associate to the collection of transitions M, an S-valued non homogeneous Markov
chain X,, with a prescribed initial distribution v € P(S), and some elementary transitions
defined by

Vn >0 P(Xpi1 € da | Fp) = My, (Xy, dz) (4.3)

In the above displayed formula, F,, is a o-field that contains the o-field generated by the
random states X, from the origin p = 0 up to the current time horizon p = n. In other
words, the randomness included in 7, may come from a different stochastic process but the
distributions 7,, are measurable with respect to F,,. We further assume that the variations
of the flow 7, are controlled by some sequence of random variables 7(n) in the sense that

Vn >0 17 — 1|l < 7(n), and weset 7(n):= Z 7(p) (4.4)

For n = 0 we use the convention 17— = 0, the null measure on S’.

4.2 Regularity properties of resolvent operators

The main simplification of conditions (4.1) comes from the fact that M, has an unique
invariant measure

®(n) My, = @(n) € P(5)
In addition, the resolvent operators
Py i f€B(S) = Py(f) =Y [My —®(n)] (f) € B(S) (4.5)
n>0

are well defined absolutely convergent series that satisfy the Poisson equation given by

{ (My = 1d)P, = (®(n) —1d)

()P, = 0

In the rest of the article, we shall use the following definition.

Definition 4.1 The integral operator P, defined by the series 1s called the resolvent
operator associated to the Markov transition M, and the fized point measure ®(n).

Resolvent operators are classical tools for the asymptotic analysis of time inhomogeneous
Markov chains. In our context the Markov chain interacts with a flow a probability measures.
To analyze the situation where this flow converges to some limiting measure, it is convenient
to study the regularity properties of the resolvent operators P, as well as the ones of the
invariant measure mapping ®(7) associated with M.

Proposition 4.2 Under the regularity conditions and , we have sup,cp gy | Pl <
p(no). In addition, for any f € B(S) and any (u,n) € P(S’) we have the following Lipschitz
type inequalities

[@(n) = ()] ()] S/ |7 = 1l (DI T u(f, dg) (4.6)

and

1Py = Pa] (NI < / [0 = w1l (9)| X3,(f, dg) (4.7)

where (Y, Y),) is a pair of bounded integral operators from B(S) into B(S') indexed by the
set of measures p € P(S") such that

/ gl Tu(f.dg) < plno) A If]] and / lgll Tu(f. dg) < p(no) (1 + p(no)) A || f]



Proof:
The first assertion is proved in [3]. For completeness, it is only sketched here. We simply
use the fact that

= [ @) - M) B d) = [P < 3 oselM ()
n>0 "s0
to check that
no—1 9
”P ) < Z’B Mﬂ osc(f) = HPnH <2 Z Z /3(M7§p—1)no+r) < 1_I8(%
n=0 p>1 =0

The end of the proof of the first assertion is now immediate. The proof of (4.6 is based on
the following decomposition

[@(n) = 2(w)] (f) = {[2(n) — ©(w)] My + () [My — Myu]} (f)

with f, := (f —®(u)(f)). Under our regularity conditions on the integral operators M,,, we
find that

[[@(n) = ()] (N < [P() = D)) My (fu)| + 1| [My — M) ()
< [[@(n) = ()] Mu(fu)l +/ [l =1l (9)] Ty dg)

This recursion readily implies (4.6)) with the integral operator given by

uw(frdg) == Tu(M (), dg)

n>0
Finally we observe that
[ 9l Tt < 3 [l TR d) < &Y IR
n>0 n>0

Arguing as above, we conclude that

/ ol p(frdg) < A S ose(MP(f) < plno) A |I£]

n>0

This ends the proof of (4.6). The proof of (4.7]) follows the same type of arguments. Firstly,
we observe that
Py — Py = Py(My — M) Py + [2(p) — (n)] Py

To check this formula, we first use the fact that M, P, = P, M, to prove that
Pu(My — Id) = (M, — Id) P, = (®(u) — Id)

This yields
Pu(My, — Id)Py = (®(p) — 1d)F,

Using the Poisson equation and the fact that P,(1) = 0 we also have the decomposition
P,(M, — Id)P, = P,(®(n) — Id) = —P,
Combining these two formulae, we conclude that

PH(MW_MM)PW = [Pn_Pu] — [®(p) —‘P(n)]Pn

10



This ends the proof of the decomposition given above. It is now easily checked that

HUL—RAUHSHM@—A%VMﬂH+/\M—MQMTA&U%W)

< / =1 (@) {Tu(Pu(F). dg) + Tu(Pu(f), dg)}

The end of the proof follows the same type of arguments as before. This ends the proof of
the proposition. |

4.3 Local fluctuations of weighted occupation measures

This section is concerned with the fluctuation analysis of the occupation measures of the
time inhomogeneous Markov chain introduced in . In section |5, we shall use these
results to analyze the fluctuations of i-MCMC models. The fluctuation analysis of this type
of models is related to the fluctuations of weighted occupation measures with respect to
some weight array type functions (cf. for instance [4]).

Definition 4.3 We let W be the set of non negative and non increasing weight array func-
tions w = (wn(p))o<p<n,0<n, Satisfying the following conditions

lim Vo<p<nwn(p) =0 with Ve € [0,1] w(e) := lim Z w2 (p) < oo

and some scaling function w such that lim(, ¢\ 0—1+4)(@(€0), @(€1)) = (0,1). We observe
that the traditional and constant fluctuation rates sequences wy(p) = 1/y/n belong to W,
with the identity function w(e) = e.

Definition 4.4 We associate to a given weight array function w € W the mapping
W s € M(S) = W(n) = (Wa(n))nzo € M(S)"

defined for any flow of measures n = (Np)n>0 € P(S), and any n > 0, by the weighted
measures

Wa(m) = > walp) mp

0<p<n

The next proposition presents a pivotal decomposition formula of the weighted occupa-
tion measures in terms of a particular martingale on fixed time horizon with a negligible
remainder bias term.

Proposition 4.5 We consider the flow of random measures ¢ := ((n),en € M(S)N defined
for any n > 0 by the following formula

Yn>0  G=1[0x, — P (nn-1)]

For n = 0, we use the convention ® (n—-1) = vy, so that (o = [0x, — vo]. For any weight
array function w € W, the weighted measures Wy, (() satisfy the following decomposition

Wa(Q)(f) = Y walp) AMpa(f) +La(f) (4.8)

0<p<n

with the martingale increments

AMp+1(f) = Mp+1(f) - Mp(f) = (Pnp—l(f)(Xerl) - anpnp—l(f)(Xp))

and a remainder signed measure L, such that

[Ln || < wn(0) (14 p(no)7(n)) (2+p(no)) A

11



Proof:
We let P, _, be the integral operator solution of the Poisson equation associated with the

Markov tran81t10n M,, ., with a fixed point measure ® (1,—1). By construction, we have

Cn(f) = [f(Xn) - (7771—1) (f)] = P%—l(f)(Xn) - My,_, <P77n71 (f))(Xn)

For n = 0, we use the convention P, , = Id and M,,_, = 1. The proof of (4.8) is based on
the following decomposition

Cn(f) = An(f) + Bu(f) + Cu(f) + AMy 1 (f)
with the random processes A, (f), Bn(f) and C,(f) defined below
An(f) = [Pnn - P"]n—l] (f)(Xn+1)
Bn(f) = |:P77n71 (f)(Xn) - P77n (f)(Xn—H)]
Cn(f) = [Mnn - Mnnq] Pnnfl(f)(Xn)
Using the Lipschitz inequality (4.7]) presented in proposition , we prove that

[An(H) < [ [Pr = Py ] (D]

/ 010 — 101] (9)] X}, (. dg) < () p(r0) (1 + pl)) A 1]
In addition, using the Lipschitz regularity condition (4.2)), we also obtain
Cn ()] < || [My, = My, ] (Py,-,(f))

<| /r ] (@)] T (Pan 1 (£),dg)

(n) APy, [ LfIF < 7(n) A p(no) ([ £]l
By definition of the weighted measure W,,({), we have

Wa(Q) ==Y wa()G(f)

0<p<n
= Z wn(p) AMp41(f) + Z wn(p)(Ap(f) + Bp(f) + Cp(f)) (4.9)
0<p<n 0<p<n

From previous calculations, we have

> wa)(Ap(f) + Cp(f))| < wa(0) T(n) A p(no)(2+ p(no)) |1 /]

0<p<n

Finally, we use the following decomposition

Yo wa®@)Bp(f) = Y [walp) Pyyy (f)(Xp) = walp+ 1) Py, (F)(Xps)]

0<p<n 0<p<n

+ Y [walp+1) —wa(p)] Py () (Xpt1)
0<p<n

with the convention wy(n + 1) = 0. This readily implies that

>~ waP)Bp(f)| <2 wa0) £l + (o) 1] Y [walp) — walp +1)]

0<p<n 0<p<n
= (24 p(n0)) I F]] wn(0)
The end of the proof is now a direct consequence of formula (4.9). [

Now, we are in position to state and to prove the main result of this section.

12



Theorem 4.6 We suppose there exists some measure 1, and some integer m > 1 such that

VieBi(S)  E(lna(f) —n(f)I") Sem(n)  with Y em(n) < oo

n>0

We let V,, := W, (() be the sequence of random fields on B(S) associated with a given weight
array function w € W and defined in @ We suppose that w € W is chosen so that
wp(0)7(n) tends to 0 as as n — oco. In this situation, V, converges in law, as n — 0o to a
Gaussian random field V' on B(S) such that

V(f.9) € B(S)®  E(V(H)V(9) = @(n) [Cy(f.9)]

with the local covariance functions

Cn(f,9) == My [(Py(f) — MyPy(f)) (Py(g9) — MyPy(9))]

Proof:
Using proposition it is clearly sufficient to prove that the random fields
Wi(Q) = wa(p) AMpy, (4.10)
0<p<n

converge in law to the Gaussian random field V' as n — oco. To use the Lindeberg central
limit theorem for triangular arrays of R%valued random variables, we let f = ( fi)lgigd €
B(S) be a collection of d-valued functions; and we consider the R?-valued random variables
WL(O(f) = WL (f))1<i<a- We further denote by F,, the o-field generated by the random
variables X, for any ¢ < p. By construction, for any functions f and g € B(S) and for every
0 < p <n we find that

E(wn(p) AMp41(f) | Fp) =0

E(wn(p)® AMp1(f)AMpy1(g) | Fp) = wa(p)® Cp(f,9)(Xp)
with the local covariance function

Cg,)(f»g) = an [(Pﬁp—l(f) 77p 1(fk))( Np— 1( ) M P?Yp 1(9))]

Using proposition 4.2, after some tedious but elementary calculations we find that

1CLF.9) — Colfs )l < en) {/|np1— W TA((f,g).dh)

o [l =l 00127 00,00 |

with pair of bounded integral operator Y}, i = 1,2, from B(S)? into B(S’) such that

/ 1Al X (. g), d) < cn) 119l

In the above displayed formula, ¢() < oo stands for a finite constant whose value only
depends on the measure 7. Under our assumptions, the following almost sure convergence
result readily follows

lim |G, (f,9) = Culf. 9)ll = 0 (4.11)

We let 7, be the distribution flow of the random variables X,,. We proved in [3] that the

quantities
1

n+1

Y (A(Xp) = 2(np)(h))

0<p<n

13



converge almost surely to 0 for any function h € B(S) as n — oo. On the other hand, we
also have the almost sure convergence result

lim —— 37 ©(,)(h) = o) (h)

noent s,
This also implies that
lim E = Jim_—— > mp(h) = ®(n)(h)
O<p<n 0<p<n

from which we conclude that lim, ..o 7 (h) = ®(n)(h). On the other hand, using the
Burkholder-Davis-Gundy type inequalities for martingales with independent and symmetric
increments (see for instance lemma 7.2 in [4]), we find that for any weight array function
(vn(p))o<p<n and any m > 1, we have

1 1
m m 2

E(| Y wld)h(X) —m)| | <atm) [ 3 0a)?] ose(n)

0<p<n 0<p<n

for some constants a(m) whose values only depend on the parameter m. Thus, if we set
vn(p) = wy(p)?, we find that

ma L 1

<a(m) wa(0) [ D wa(p)®| osc(h)

Under our assumptions on the weight functions w, if we take h = Cy(f, g) then by (4.11))
we obtain the following almost sure convergence result

/ _
JLIEOZWn Glf:9) JE&Z% £:9)(%s)
ZRIgIgOan Cy(f.9)) = 2()(Cy (£, 9))
Therefore, we also have the almost sure convergence result

nh_{gozwn AMp-‘rl(f)AMp-l-l(g) | fp) = @(n)(Cn(f,g))

Since we have Vo<p<pwn(p) = wp(0) — 0, as n — oo, the Lindeberg condition is satisfied
and we conclude that the sequence of random fields W) (¢) defined in (4.10) converges in
law to the Gaussian random field V' as n — oo. This ends the proof of the theorem. |

We end this section with an alternative and simpler representation of the covariance
function of the random field V' presented in proposition [4.6] We have

_ / My (z,dy) [Py(f)(y) — My(Py(f)) ()]

14



Using the decomposition

and the fact that
/ My(z, dy) [Py (f)(y) — Py(f)(@)] = [My(By(f))(z) — Py (f)(x)] = = [f(x) — ©(n)(f)]

we readily prove the formula

Co(f: () =/ My(z,dy) [Py(f)(y) = Py(f)(@)]* = [f(z) = 2() (/)]

On the other hand, recalling that ®(n) = ®(n)M, and using again the Poisson equation we
also have

/ ®(n)(dz) My(z,dy) [Py(f)(y) — Py(f)(@)]* =2 @(n) [Py(f) (f = 2(0)(f))]

and

2 0(n) [P(f) (f = 2(n)(f))]
=20(n) [(f = @((f)?] +2X 21 @) [M(f — 2m)(f)) (f — 2(n)(/))]
In summary, we have proved the following proposition.

Proposition 4.7 The limiting covariance function presented in theorem|[].6 is alternatively
defined for any function f € B(S) by the following formula

®(n) [Cy(f, 1]
= () [(f = 2)(F)*] + 21 () [(f = () (f)) My(f = 2(n)(f))]

5 A fluctuation theorem for local interaction random fields

5.1 Introduction

This section presents the fluctuation analysis of a class of weighted random fields associated
with the i-MCMC model. Following the local fluctuation analysis for time inhomogenous
Markov chain models presented in section we introduce the following weighted random
fields models.

Definition 5.1 We consider the flow of random measures

V>0 Vn>0 6= [5xff> - (nfj_‘f))}

Forn =0, we use the convention ®; (n—1) = v; so that 6(()1) = [5X(l) — Vl} . We associate with
0

a sequence of weight array functions (w);>o € WY, the flow of random fields (Wy) (6®))0
on the sets of functions (B(S1));s0 given by

ViZz0 Yn>=0  WPED) = > wip) o

0<p<n
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We observe that the regularity conditions and ensure that the collection of
Markov operators Mél) and their fixed point measures mappings ®;(n) satisfy the regularity
conditions and introduced in section Also observe that the i-MCMC chain
XU+ s a time inhomogeneous model of the form with a collection of elementary
(gl) ! associated with the

transitions M that depends on the flow of occupation measures nnl

U
i-MCMC chain at level [. Note that in this situation, condition (4.4]) is satisfied with

2

> 0 _ 0 <0 =
Y20y =l < T00) = ey

and we have
1
=(1) — @ — <«
7 (n) : 0<§ T (p) =2 g T <2(1+log(n+1))
<p<n 0<p<n

Finally, we recall that for any m > 1 we have
1
vn+1

for a collection of finite constants b(m) whose values only depend on the parameter m (see
for instance [3]). Using theorem we can prove that the random fields

Wi>0 VfeBi(sY)  E(nd(f) - D)) < bm) el) (5.1)

v = wh(sh) (5.2)
associated with a given weight array function w® € W where lim,, (wg) (0)log (n)) =0,
converges in law to a Gaussian random field V() as n — oo such that

v(f,9) € BT EVO(NHVD(g) =70 [CO(f,9)] (5.3)

In the above display, the covariance functions C’(l)( f,g) are defined in terms of the resolvent

O

operator Pwl(l_l) associated with the Markov transition Mfrl()l_l) and the fixed point measure
@) (7)) = 7() with the following formula

! ! I ! ! ! !
C(l)(f, 9) = M7(r()5—1) |:(Pﬂ(-(3—l)(f) - M7(r()l—l)Pﬂ(.(3—l) (9)) (Pi(g—n (9) - Mi()z—npi(z_n (9))}
The main objective of this section is to prove the following theorem.

Theorem 5.2 We consider a collection of weight array functions (w(l))lzo e WN where
lim,, o0 (wg)(O) log (n)) = 0 for any | > 0. In this situation, the corresponding flow of
weighted random fields (Vn(l))lzo defined in , converges in law, as n tends to infinity and
in the sense of finite dimensional distributions, to a sequence of independent and centered

Gaussian fields (V(l))l>0 with covariance functions defined in .

Using this result, the proof of the functional central limit theorem follows exactly
the same arguments as the one we used in the proof of theorem 2.1 presented in section 6
in the recent article [4].

Proof of theorem [2.1] :

We let S* := $S%~1 be the k-th iterate of the mapping S : n € M(SON — S(n) =
(Sn(1))nz0 € M(SD)N defined for any 1 = (7 )n>0 € M(SV)N by

1
=0 Sam) =g >, M
0<p<n
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We observe that the time averaged semigroup S* can be rewritten in terms of the following

weighted summations
1
Sh(n) = > sP )

n-+1
T Sn

with the weight array functions s = (s%k) (p))o<p<n defined by the induction

VE>1 YO<p<n st (p) = Z ! s (q) and sM(p):=1

p<g<n

We also known from proposition 6.1 in [4] that

lim © 37 S0 ()2 = (20 k2

n—oo n
0<q<n

and for any k > 1, the weight array functions w®) defined by

>0 Yo<p<n wPp) =sPw) [ S ()2
0<g<n

belong the set W introduced in definition with lim, s (w,(lk)(O) log (n))=0.
On the other hand, using the proposition 5.2 in [4], we have the following multilevel
expansion

nk) — (k) = Z S (50 D—iy+1,6 + =) (5-4)
0<i<k

where Z2(F) = (E%k))nzo is a flow of signed and random measures such that

Vm > 1 sup  E(ZH(f)™)m < b(m) e(k) (log (n+1))"/(n+1)
FEBI(S™)

In the above display, b(m) stand for some constant whose value only depend on the parameter
m. This multilevel expansion implies that

1 _ _ =(k
VoD [ —a®] = 37— 37 s @2 WD) Dy + 5

0<i<k 0<g<n

(k=)

with the weighted distribution flow mappings W associated with the weight functions

. . =(k
w1 and a remainder signed measure :EL) such that

sup  E(EV () < e(k) (log (n+1)*/y/(n+1)
feBL(SH)

The proof of theorem is now a direct consequence of theorem This ends the proof
of the theorem. [

5.2 A martingale limit theorem

This section is mainly concerned with the proof of theorem We following the same
lines of arguments as the ones we used in section devoted to the fluctuations of weighted
occupation measures associated with time inhomogeous Markov chain models.
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Firstly, we fix some notation. For any k > 0 and any px € P(S* 1), we let P‘Sk) be the

resolvent operator associated with the Markov transition M ,Sk) and the fixed point measure
®p(p) € P(S*)). We also set
pM () == 2nk /(1 = my (i)

with the pair of parameters (ny, my) defined in (2.3)).

Using proposition , we find that the weighted measures W}Lk) (6 (k)) satisfy the following
decomposition

WHED) ()= 3 w® () AMPY, () + LY (/)

0<p<n

for any f € B(S™®) with the martingale increments
k k k k k k
AW, (1) = M) = M) = (P () = ML P (X9

(k)

and the remainder signed measure IL;;” which are such that

IO < {wP(0) (14250 (k) (1 +log (n+ 1)) 24+ pP (1)) A} — 0

We consider a sequence of functions f = (f")i<i<g, Wwith d > 1, and [ = (fi)k>0 €
[110 B (S*)), and we let W (f) = (W )(f)1<i<a be the Ré%-valued and F(™-adapted
process defined for any [ > 0 and any 1 < i < d by

Wy = 3 wEEE)(f)
0<k<l

From the previous discussion, we find that
W) = M) + £ (F)
with the F(™-martingale M ( f%) given below

M) = ST AMP(F) with AMP(F) = ST W) AMY) () (5.5)

0<k<l 0<p<n

and the remainder bias type measure £ =D o0<k< LY ), such that lim,,_, HC H = 0.
The theorem 5.2 m is now a direct consequence of the following proposition (see for instance
the arguments used in section 4.2 in [4]).

Proposition 5.3 The sequence of martingales Mgn)(f) defined in converges in law,
as n — oo, to an R¥-valued and Gaussian martingale M(f) = (M(f*))1<i<a such that for
any 1 > 0 and any pair of inderes 1 <1i,j5 <d

MU, M= 3 7B [eBs, )]

0<k<l
with the local covariance functions m*) [C(k)(fi, f7)] defined in .

Proof:
The proof of the proposition follows the same lines of arguments as those we used in the
proof of theorem Firstly, we consider the decomposition

l(n+1)+n

M= X vPO)



where for every 0 < i <Il(n+1)+n, withi =k(n+1)+pforsome 0 <k <l,and0<p<mn
VI(f) = w (p) AMYY, (fi)

We further denote by Q(n the o-field generated by the random variables (X, x® ngi)l) for

any pair of parameters (k,p) such that k(n + 1) + p < i. By construction, for any flow of
functions f = (fi)i>0 and g = (g1)i>0 € [[;>0 B(S®) and for every 0 < i < I(n+1)+n, with
i=k(n+ 1)+ p for some 0 <k <[, and 0 < p < n, we find that
EV(f) 16(%) =0
EV (DY (9) | 670 = vl (0)? O (£, )X

with the local covariance function

c7(f,9)
= M(?k)fl) |:<P(£€k)1)(fk) - M(?k)l)P(gck)l)(fk)) <P(Z€k)1)(gk) - M(ick)fl)P(fk) 1)(gk)>:|
TMp Mp—1 Np Mp—1 Mp—1 Tp

Under our Lipschitz regularity conditions (2.3)) and ([2.4)), the proposition applies to the

fixed point mappings ®; and the resolvent operators P,Sk). As in the proof of theorem
after some tedious but elementary calculations we obtain

||C;()k)(fag) (f, < {/‘ np 1 (k= 1)} (h)‘Tfr]z)i(k—l)((fk,gk),dh)
/‘ Y - 1)} (h)‘rgﬁ)ﬁ(k1)((fk79k),dh)}

where Tfﬁ)’ﬁ(kﬂ), i = 1,2, is a pair of bounded integral operator from l’)’(S(”“))2 into B(S(k_l))
such that

/ 1l T8 (oo g0), dB) < c®) 11l

Combining the generalized Minkowski integral inequality with (5.1]) we prove the following
almost sure converge result

Jim G0 (f.9) = €W (f,9)]) = 0

We let m(f) be the distribution flow of the random variables Xr(bk). One the one hand, since

(k)

the quantities 7, (h) converge almost surely to 7(¥)(h), as n — oo, for every k > 0 and any
function h € B(S®*)), we also have that

1
lim E(n{¥)(h)) = lim > alfl(h) = a®)(h) = lim 7 (k) = =*)(n)
n—00 n n—oon + 1 p n—oo
0<p<n
On the other hand, using the Burkholder-Davis-Gundy type inequalities for martingales
with independent and symmetric increments (see for instance lemma 7.2 in [4]), we find
that for any weight array function (vy(p))o<p<n and any m > 1, we have

ma L 1

3=
N
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for some constants a(m) whose values only depend on the parameter m. Thus, if we set
vn(p) = wy(p)?, we find that

3=
|

E Z w%(p)(h(Xng)) - Wék)(h)) < a(m) Z wy(p)? osc(h)

Under our assumptions on the weight functions w®), if we take h = C*)(f, ) then we
obtain the following almost sure convergence results

lim Y wP(p)? OO (f,9)(XY) = lim Zw N (p)? C®(f,9) (X))
p=0
nlggozw D p)?* mi?(CH(f,9)) = 7 (CP(f,9))

This yields the almost sure convergence

lim (M® (), MO (g)) = (f,9) = 3 a®(CP(f,9))

n—00
0<k<l

Using the same arguments as the ones we used in the proof of theorem 4.4 in [], we

conclude that the R%valued martingale Ml(n)( f) converges in law, as n tends to infinity, to
a martingale M;(f) with a predictable bracket given for any air of indexes 1 < j,j' < d by

(M), M(F7 ) =B (7, 1)

This ends the proof of the proposition. |
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